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In this paper we investigate the variety of idempotent commutative
groupoids. In particular, we improve the results of Gratzer and Padmanabhan
on the number p, of essentially n-ary polynomials in idempotent commutative
groupoids. They have shown that if an idempotent commutative groupoid (G, )
is different from a semilattice, then

Pa(G,) = 3(2"—(—1))

for all n. Moreover, they have proved that the equality is achieved if and only if
(G,-) is polynomially equivalent to an affine space over GF(3).

We prove that if (G, -) is different from a semilattice and not polynomially
equivalent to an affine space over GF(3), then

P,(G,") 2 3"7?

for all n > 4. Also, we give a complete characterization of those groupoids for
which the lower bound is attained. These results we obtain by detailed analysis
of the variety of idempotent commutative groupodis, proving a series of
theorems and lemmas which give an insight into the complexity of this variety.

1. Introduction

There are many papers characterizing algebras and their various prop-
erties with the number p, = p,(¥) of essentially n-ary polynomials (or equiv-
alently, with the number s, of n-ary polynomials) and the interest for these
numbers is growing (cf. [14], [1], [2], [13], [18]) and see [13], [22] for
further references.

In this paper we consider the number p, for idempotent commutative
groupoids. Note that such groupoids are very often treated not only in
universal algebra, but also in such disciplines as propositional calculus of
many-valued logics, synthesis of automata, etc. (cf. [17).

In their paper [14] Gritzer and Padmanabhan, improving the earlier
result of Gritzer and Plonka [15], proved that, except a semilattice, for
idempotent commutative groupoids (G,")

Pa(G,*) 2 (2" —(=1))

for all n. Moreover, they have shown that the lower bound is attained here if
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and only if the groupoid in question is polynomially equivalent to an affine
space over the Galois field GF(3).

Recall that a semilattice is a groupoid S = (4,") with x'y being idem-
potent, commutative and associative on A. If § is nontrivial (i.e., card 4 > 1),
then we have py(S) = 0, p,(S) = 1 (these characterize idempotent algebras) and
p.(S) =1 for all n> 2. Moreover, it is easy to see (cf. also [15]) that an
idempotent groupoid (G,) is a semilattice if and only if p,(G,*) = p3(G,") = 1.

In turn, if (G,+) is an abelian group of exponent 3, then the groupoid
% = (G, 2x+2y) is equivalent to an affine space over GF (3) (cf. [4]) and will be
called here an affine groupoid of dimension 3. If 4 is nontrivial (ie.,
card G > 1), then p,(¥%)=%(2"—(—1)") for all n. Moreover, an idempotent
groupoid (G,-) is an affine groupoid of dimension 3 if and only if

P2(G,-)=1, p3(G,')=3 and p,(G,)=5 (cf [14])
Our main results are the following:

TueoreM 1. If an idempotent commutative groupoid (G,:) is neither
a semilattice nor an affine groupoid of dimension 3, then

p.(G,') = 37!
for all n>4.

In Section 5 an example is provided showing that n =4 cannot be
replaced here by n > 3. Also, the inequality is sharp, as the following shows:

THEOREM 2. Let F = {G,};; be a semilattice ordered system of groupoids of
dimension 3 such that card I > 1 and at least one of G, is nontrivial. If (G,") is the
sum of the system F, then p,(G,*) = 3""! for all n > 1. On the other hand, if for
an idempotent commutative groupoid (G,-)

P,(G,))=3, p3(G,))=9 and p,G,')=27
then, conversely, (G,*) is a sum of a system, as above.

This result can be considered as a one more contribution to the Taylor’s
problem [22], p. 41.

Further theorems are stated successively in sections.

Our results are obtained by detailed analysis of the variety of idempotent,
commutative groupoids (Sections 4-13). To this aim we introduce a special
terminology (Section 2), which is used subsequently. Throughout, a number of
lemmas is proved, which shed a light on the structure of the variety. The main
method used is that of admissible groups of functions. It is of some interest,
that in many cases problems in question reduce to the investigation of
idempotent polynomials of abelian groups. In Section 3, for convenience of the
reader, we cite the results which we apply in our proofs.
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2. Terminology

We adopt here the definitions and notations from Gritzer [11]. In
particular, we denote by p, = p,(¥) the number of essentially n-ary poly-
nomials over an algebra. Two algebras (4, F,) and (4, F,) are said to be
(polynomially) equivalent if their sets of polynomials (4(F,) and A(F,)) are
equal,

To simplify the notation we make no special distinction between polyno-
mials and polynomial symbols, if no confusion can arise. Accordingly, we say
about polynomials over a variety rather then about polynomial symbols.

An identity f = g is said to be regular [19] if the sets of variables appearing
in fand g are equal. A regular identity is called strongly regular if each variable
appears in it only once on each side.

If E is a set of identities, then E* denotes the variety of all algebras
satisfying all identities of E. Let f be an n-ary polynomial over the class E*.
Then a permutation o €S, is said to be trivial for f (with respect to E*) if the
identity

f(xl’ ey x,,) =f(xu1: ey xm)

is an identity of E*. Similarly, an identity /= g is called trivial for the class E* if
it is an identity in E*. In such a case, polynomials (polynomial symbols) f and
g will be called equivalent over E*.

Now, let n be a positive integer and let (G,+) be an abelian group of
exponent d/2"— 1. Denote by G(d, n) the groupoid (G, (d+ 1) (x+ y)/2). Further,
if (G, +) is an abelian group of an odd exponent m, then by G(m) we denote the
groupoid (G,(m+1)(x+y)/2). If p is prime, then G(p) is called an affine
groupoid of dimension p (p > 3). All these groupoids are medial.

Recall that a groupoid (G,-) is medial (entropic) if it satisfies the law:

(xy) (uv) = (xu) (yv)
while (G,-) is distributive if (G,") satisfies:

(xy)z =(x2)(yz) and  z(xy) = (zx)(zy).

For a concept of a sum of a semilattice ordered system (also known as
a sum of a direct system or simply a Plonka sum) see [3] and [19].

For a groupoid (G,-) we write x, ... x, instead of (...(x,-x,)-
Xn—1)*X, and xy” stands for the expression (...(x-y):  -)-y, where x occurs
once and y occurs n times (n > 1). If the groupoid is written additively, then we
use the notation x, + +x, and x+ny, respectively.

In this paper we adopt the following notations:

V() — the variety of all idempotent and commutative groupoids.
V.(-) — the subvariety of V(-) of all groupoids (G, ) satisfying x)" = x.

Vua(*) (m < n) — the subvariety of V(+) of all groupoids (G, ") satisfying

xy™ = xy".
VP (-) — the subvariety of V() of all groupoids (G, ) satisfying xy™ = yx"
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M(-) — the subvariety of V() of all medial groupoids.

M,(+) — the subvariety of M(-) of all groupoids (G, ") satisfying xy" = x.

M*(:) — the subvariety of M(:) of all groupoids (G,) satisfying
xy = xy"*1.

Further, for m > 3, we denote by K¥(-) the subvariety of V(*) of all
groupoids (G,) satisfying the identity

(m) Xy Xy' " Xpog Xy =Xp Xy Xm—p1 Xy (m=3)

and by K,(-) we denote the subvariety of K¥X(:) of all groupoids (G,-)
satisfying xy™ 2% = x.

In the paper the most important role plays the following varieties: V,(-)
(the variety of Steiner quasigroups), V; ,(-) (the variety of near-semilattices)
and moreover the variety VZ(‘) (totally commutative groupoids).

In general, the symbol V' (f], ...) or shortly V' (F) denotes the variety of all
idempotent and symmetric algebras (4, F) of a given type. For example,
V(+,-) denotes the variety of algebras (4,+,") of type (2, 2) satisfying the
identities:

x+x=x, Xx+y=y+x, xx=x and xy=ypx.

Let f=f(x;,..., Xx,) be a function on a set 4. We say that f admits
a permutation g € S, of its variables if f = {7, i.e, f (X1, .., Xp) =S (Xg1s -5 Xgn)-
By G(f) we denote the group of all admissible permutations of f. The group
G(f) is called the admissible (or symmetric) group of the function f (see [15]).
This group plays an important role in this paper, especially in finding the
minimal number p,(G,*) for groupoids (G,-) from V(-). It is clear that if
f=fx,,..., x,) is an essentially n-ary polynomial over (G,-), then we have

n!
card G(f)

since all polynomials f (x,4, ..., X,,), Where o €S, are essentially n-ary and the
n!

card G(f)

p,(G,") =

number of such polynomials is precisely

3. Applied results

In this section we state various results concerning groupoids (algebras)
used in this paper.

THEOREM A ([7], Th. 1). If (G, )eV(*) and card G = 2, then for all n the
polynomials xy" and y are distinct.

THEOREM B. Suppose (G,-)e V,(+) and xy* is essentially binary for all k < n.
Then (G,") contains at least 2n— 1 essentially binary polynomials if n is odd, and
(G,") contains at least n—1 essentially binary polynomials if n is even.
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TaeoreM C ([8], Th. 4). If (G,")eV (') and (G,*). satisfies a nontrivial
strongly regular identity, then (G,*) is medial, ie., (G,-)e M(").

THEOREM D ([8], Th. 8). For an idempotent groupoid (G,-) the following
conditions are equivalent:
(i) (G,-) is a semilattice.
(i) (G,-) is commutative, distributive and xy = xy* holds in (G,").
(i) (G,*) is commutative and the polynomial s(x, y, z) = (xz)(yz) admits
a nontrivial permutation of its variables.
(iv) (G,*) is commutative, distributive and xy* = yx? holds in (G,-).
(V) (G,") is commutative, medial and xy* = xy* holds in (G,).
(vi) (G,*) satisfies the following identity

XyXg oo Xgog Xy = Xy X3 ... XXy
Jor a certain n = 3.
(vii) The above identity holds for some left iteration of the polynomial xy,

Xy (%50 - enm 1 X)) = X505 (- (%, ). . )
SJor some n 2= 3.
(viii) (G,*) is commutative and some simple iteration s,(x,, ..., X,)
=X, ... X, of xy, where n > 3 admits a transposition (k, k+1) of its variables,
where 2 < k < n—1, ie., the following identity:

ie.,

Xy oo Xp—1 X X1 e Xp—1 Xy = Xg oo Xg—1 Xgt1 X o o0 Xg—1 Xy
holds in (G,).

THEOREM E (Characterization Theorem in [6] or Th. 1 in [8]). A groupoid
(G,*) is in the variety M,(-) if and only if there exists an abelian group (G,+) of
exponent df2"—1 such that (G,') = G(d, n).

THEOREM F (Corollary in [8]). A groupoid (G,*) belongs to the variety
My () ifand only if (G,-) is a sum of a direct system of groupoids from M, (), i.e.,
of groupoids of the form G(d, n).

THeOREM G ([5], Th. 1). If(G,*)e V() and m is the smallest natural number

such that the polynomial
Spp = Sp(Xyyies X)) = X4 o0 X,

admits a nontrivial permutation of its variables, then the groupoid (G,-) satisfies
the following identity:
(m) X1 Xg oo Xpe1 Xy = Xy Xz ovo Xm—g Xq.

TueoreM H([8], Th.3). For every n, M,(*) = K,+,(") and M2*(*)
= K3+2()

THeEOREM I ([10], Th. 3). For any strongly nonregular variety K, the lattice
of subvarieties of the variety (R(K))* is isomorphic to the direct product of the

two element chain and the lattice of subvarieties of the variety K (R(K) denotes
the set of all regular identities of K).
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THEOREM J (e.g. in [12]). If (G, +) is an abelian group of exponent d, then the
number A, of all idempotent essentially n-ary polynomials over the group (G, +) is
equal ((d—1)"—(—1y)/d.

TueoreM K ([20], Th. 2). If (G,+) is an abelian group of an odd exponent
d and 1(G,+) is the set of all idempotent polynomials over (G,+), then the
algebra (G, 1(G,+)) is polynomially equivalent to a groupoid (G,(d+1)(x +y)/2).

TueorREM L ([21], Corollary 1). Let K be a strongly nonregular variety of
algebras, #, a finite free algebra in the regular variety (R (K))* and ¢ (j) denotes
the finite number of elements of a free algebra in K with j free generators, then

card #, = 3. () 0())-
j=1
(Recall that a variety Vis strongly regular if an identity of the form p(x, y) = x
holds in ¥, cf. [10]).

THeoReM M (Formula in [17]). If X is an independent set of a finite algebra
A and (X) denotes the subalgebra of N generated by X, then

card(X> = 3 p,(0)
k=0

where p, denotes the number of all essentially k-ary polynomials over (X).

THEOREM N (see e.g., [1], [4]). If K is a variety of algebras and & , is a free
algebra with n free generators, then

P FD) =Y (—1)"*() card #,.

k=0

4. Nonmedial groupoids

Our proof of Theorem 1 splits into several cases. It is of some interest that
the main trouble lies in the case n = 4. In this section we consider the case of
nonmedial groupoids and n 2 5. The following theorem is next applied
repeatedly for obtaining further particular results.

THEOREM 4.1. If (G, ) is a nonmedial idempotent commutative groupoid, then
P,(G,")>3""! for all n>5.

For such groupoids we prove even more, namely
P+(G,") = §n!

A polynomial symbol (polynomial) p = p(x,, ..., x,) is said to be linear if
each variables occurs in it only once (e.g., for one binary symbol , the
polynomials x, x,x;, x,(X,X3), (x, x,)(x3x,) and so on are linear). An
identity f'= g, where both fand g are linear is called a linear identity (cf. [11]).
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Lemma 4.2. If (G, )e V(+), card G > 2, then every n-ary linear polynomial
(n = 1) over (G,") is essentially n-ary.

Proof. For n =1 the statement is obvious. Further, it is easy to see that
for any n-ary linear polynomial f (n > 2) over a binary symbol , there exists
an (n—1)-ary linear polynomial g such that

glxy X35 X35 ooey Xp) =S (Xg1:Xg25 o0 0s Xgn)

for some permutation c€S,. Using this fact, the idempotency, and the
commutativity of , the proof proceeds on induction on n.

Note that analogously as above one can prove the following

LemMa 4.3. If (A, F) is an idempotent symmetric algebra, ie., (A, F)e V (F)
and card A > 2, then-every linear polynomial over (A, F) depends on all its
variables.

LemMA 44. If (G, )e V(') and (G,") is nonmedial, then every two nonequiva-
lent linear polynomials in V (-) represent two different polynomials over (G,*).

Proof. Let f= g be an identity in (G,-) where f and g are nonequivalent
linear polynomials over V(-). It follows that the groupoid (G,-) satisfies
‘a linear identity which is a nontrivial (with respect to the variety V(:)).
Applying Theorem C we infer that (G,-) is medial, a contradiction.

LEmMMA 4.5. If (G,")eV(-), card G = 2, then the following polynomials:
Ji=fi(xg, o0 X)) =% ... X,
f=L10xg, o X)) = (...(((xlxz)x3)(x4x5))x6 x,_l)x,,,
Fs=f30eg, ooy ) = (o (1 %) (63 %) Xs) -« Xgm 1),
are essentially n-ary.
Proof. It follows immediately from Lemma 4.2.

LeMMA 4.6. If (G,*) is a nonmedial groupoid from V (-), then the admissible
group of the polynomial

=g X) =X, ... X,

is of order 2.

213...n
permutation are the admissible permutations of f;. Thus G(f}) has at least two
elements. Let now f; = f{ where ¢ is a nontrivial permutation o€S,. This
implies that (G,) satisfies a nontrivial linear identity. Using Theorem C we
infer that (G,-) is medial, a contradiction.

123.. s
Proof. Observe that the transposition ( n) and the identity
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LemMA 4.7. If (G, ) is a nonmedial groupoid from V (-), then the admissible
group of the polynomial

fi=L2(x1y oy X)) = (...(((xlxz)xa)(x4x5))x6 e Xpo l)x,,
is a Boolean group of order 4.
Proof It is easy to see that the group G(f;) contains the following

.. 123...n
elements: the identity permutation, the transpositions ( ),

213 n
123456..n 23456 n
(1 23546 n) and the permutation (2 13546... n)' Hence the

group G(f,) contains isomorphically the four-element Boolean group.

Let now f, =f5 for a nontrivial c€S, (¢ —is not equal to the above
permutations). As in the previous lemma applying Theorem C we get
a contradiction.

Analogously one can prove the following
LemMa 4.8. If (G, ) is a nonmedial groupoid from V (-), then the admissible
group of the polynomial
fi=fxg, 00 %)= (((xl X5) (x4 x4))x5 xn—l)xn
is a Boolean group of order 8.

Lemma 4.9. If (G, ) is a nonmedial groupoid from V(-), then p,(G,*) = §n!
for n=5.

Proof. Using Lemmas 4.2, 4.5, 4.6, 4.7 and 4.8, we have

I | !
2 (Go) > n! 4 n! + n!
card G(f;) card G(f;) card G(f;)
nt n! nl 7
=gt ="p!
2+4+8 8n. for n2 5.

LemMa 4.10. If (G, ) is a nonmedial groupoid from V (-), then p,(G,*) > 3
and p,(G,") = 15.

Proof To get this assertion it suffices to consider the following
polynomials: f(x;, X, x3) =x; %, %5, g(x;, X5, X3, Xg)=X;%,%;%, and
m(x;, X;, X3, Xz) = (X, X,) (x4 x,). Using Lemma 4.2 we infer that these poly-
nomials depend on all their variables. Further, the proof runs analogously as in
the previous lemmas.

Proof of Theorem 4.1. The proof follows from Lemma 4.9 and the
inequality § n! > 3""! for all n > 5.
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S. Steiner quasigroups

In this section we prove

THEOREM 3.1. If(G,") is a Steiner quasigroup, i.e., (G, )€ V,(-), then (G,") is
either an affine space over GF(3) or p,(G,")> 3 and p,(G,")> 3""! for all
n=4

To prove this fact we need several lemmas.
Lemma 5.2. If (G,-)eV(-), card G > 2, then the polynomials
5= 5(xy, X5, X3) = (x; X3) (x5 X3),
g = q(xy, x5, X3, %) = ((xy, X3, xa))xv
depend on each variable, the polynomial
P = P(xy, X3, X3) = ((x; X5)%3)%;
depends on x,, x4 and if (G,-)€ V,(*), then p is essentially ternary. Further, the
polynomial
r=r(xy, Xz, X3, Xz) = (%, (x5 X3)) (X3 x,)
depends on x,, x, and x,.

Proof. Since cardG =2, s(x,, X,, X3) =5(x,, X4, X;) and x,Xx;
= 5(x,, X,, X5) we infer that s is essentially ternary. Using Lemma 4.2 and
the identities

qxys Xz5 X3, X} = q(X3, Xy, X3, Xg),  Q(X3, Xz, X3, Xg) = X3 X3 Xg,

we deduce that g is essentially 4-ary for groupoids (G,-)eV(:). Now we
prove that p depends on x, and x, for groupoids (G,*) belonging to V(-)
(card G = 2).

Indeed, if p does not depend on x,, then we have

((xy)2)x = zx? = (xz?)x.

Putting x = z we get yx* = x which contradicts Theorem A. Similarly, one can
prove that p depends on x,. Assume that (G,:)e V,() and card G > 2. If p does
not depend on Xx,, then

xq =%y %5 = (g X5)x5)%; = p(xg, X3, X5)
also does not depend on x,, a contradiction.
To prove that r =r(x,, x,, x5, x,) depends on x,, x, and x, for
groupoids from V(-) it is enough to observe that
P(X1, Xg0 X35 X3) = (23 (03 X3))(x3 X3) = ((x3 X3)x 1) %3 = plx3, X3, X,)

and
F(Xz X3, Xg, X3, Xg) = (X3 X3) (X4 X3) = 8(x5, X4, X3)
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and use the fact that s is essentially ternary and p depends on x, and x,. The
proof of the lemma is completed.

LEMMA 5.3. Let (G, )e V(-) and card G > 2. Then (G,) is an affine space
over GF(3) if and only if the polynomial:

r="rX;, Xp, X3, Xg) = (x1(xz xa))(xa X4)
is not essentially 4-ary.

Proof If (G,") is an affine space over GF(3), then there exists an abelian
group (G, +) of exponent 3 such that xy = 2x+2y. It is easy to see that for the
groupoid (G,-) we have r(x,, x,, X3, X,) = X,(x, x,). Hence r does not depend
on x, and therefore r is not essentially 4-ary.

Assume that r is not essentially 4-ary. According to the previous lemma
r does not depend on x,. This yields the following identities:

(x1(xz X3)) (3 X4) = (X4 %,) (x4 X,) = (x, x) (x4 X,).
Putting x; = x and y for the remaining variables we get
(yOx) rx) = y(yx)* = y.
Using this identity and putting x, = x, in the above identity we get
(g X)Xy = Xy x5 = (%, X3) (x; X,) = (3 G2 %)) (x5 %) = x4 (x4 x,)* = x,.
Thus (G, ) satisfies xy? = x and therefore (G,-)& V,(-). Using this fact we get
(31 (23 x3)) (x5 X4) = (365 X3) (24 X,) = X5 (x4 Xy).
Hence we get x,(x4 x;) = (x, (x; x3)) (X3 x,). Substituting in this identity x, by
X, X3 We get
(x5 x3) (%1 x4) = (x1 ((xz xa)xs» (3 x4) = (%1 x5) (x5 X4).

This implies that (G,-) is medial and hence (G,-)e M,(*). Applying now
Theorem E we get our requirement. This completes the proof of the lemma.

LemMa 5.4, If (G,*)eV,(-) and (G,*) is nonmedial, then the polynomial
=Xy, Xg, X3, Xg) = (% (x, x,)) (X3 x,4)
does not admit any nontrivial permuiation of its variables, i.e., card G(r) = 1.
Proof. Suppose that
(r) r(x1, X3, X3, Xq) = (%, Xips Xips X;,)

holds in (G,")e V() for some nontrivial permutation ¢ = (i, iy, Iy, i,) Of the
set {1, 2, 3, 4}.

First we prove that i; # 1. To prove this we have to check that the
following identities:
(1) (31 (%2 x3)) (3 x,) = (g (2 X4)) (%4 X3),
2 (33 Gz %3)) (23 x4) = (x, (x4 X3)) (x3X5),
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(3) (61 (22 X)) (X3 x,4) = (x4 (3 X)) (x5 x4),s
@) (1 (2 x3)) (3 X4) = (3¢, (3 X)) (x4 %)
do not hold in the considered groupoid (G,-). Let us add that r admits
a nontrivial cycle of variables x,, x;, x, (x, is fixed) if and only if the identity
(4) holds. We show that none of the identities (1)«(4) hold in (G,-). Putting
X, = X, in (1) we have
Xg = X3(%3X,) = (X3 (x5 X)) (X3 %,) = (%, (5 X)) (X4 X3) = X4 (x4 X3) = X3.
Hence we get x; = x,, a contradiction. Putting x, = x, in the remaining
identities we obtain in either case a contradiction that the polynomial xy is not
essentially binary. For example, checking (2) we have
X5 (%3 Xq) = (%3 X3) (303 X,) = (% x3) (%3 %) = x,4(x;3 X,).
Hence we get x = xy? = x(yy) = xy, a contradiction.
Thus we have proved i, #1 in the identity (r). Putting x, = x and

X, = X3 =X, =y in the identity (r) and using the fact i, # 1 we get either

x = xy* = (x(y) y) = ((xy) Oy) = xy* = xy, or

x = xy* = (x(yy)) ) = (yOx)) (xy) = y(xy)* = y, or else

x = xy* = (x(yy)) y) = (YO»)) ).

From these identities we infer that i, =1 in (r)
Furthr it suffices to check that none of the following identities can be true
in the considered groupoids:

®) (61 e X3)) (33 x4) = (34 (3 X3)) (x5 X,),
(6) (e (2 X3)) (63 X4) = (x4 (3 X)) (x2 X 1),
(7 (201 (x5 X3)} (3 X4) = (3303 X)) (x4 X 1),
@®) (2 (3 X)) (63 X4) = (%304 X)) (x5 X,),
) (31 (2 x3)) (x3 %) = (3503 X)) (x4 X4),
(10) (1 ez x3)) (63 ) = (X2(x4 X5)) (x5 X4)-

Setting x, = x, in the identities (6)}+9), we infer that the polynomials:
(xy)z or (x2)(y2)

are not essentially ternary. This contradicts Lemmas 4.2 and 5.2. A substitution
X, = X, in (10) gives

(g x3) (x4 x3) = (x1(x3 x3))(x3 X,) = (xs(x4 xs)) (x5 x,)
= (x4 X3) (X3 X,) = x4(x3 %) = (x| X3)X,.

Thus we obtain (xz)(yz) = (xz)y. Since the polynomial (xz)(yz) admits the
transposition (x, y) we infer that (G,-) is a semilattice which is imposible ((G,)
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is nonmedial). It remains to prove that (5) does not hold in (G,-). Indeed,
putting x,x, for x, in (5) we get
((eg x3) %) %4 = (x4 (x, x3)) (xa(xa x4)) = ((e3 x4) (%2 xa)) (3 %4).
Since the polynomial
((xs %4) (%3 xz)) (x3%4)
admits the transposition (x,, x,) of its variables we deduce that (G, ") satisfies
the following identity
Xy Xy XqXy=X4X;X3X;.
Applying Theorem C, we infer that (G,-) is medial which contradicts the
assumption. The proof of the lemma is completed.

Proof of Theorem 5.1. Assume that (G,-) is a Steiner quasigroup. If
card G = 1, then clearly (G, - ) is an affine space over GF (3). If card G = 2, then
the proof splits into two cases: (G, -} is medial and (G, ) is nonmedial. If (G, - ) is
medial, then (G,")e M,(-) and applying Theorem E we infer that (G,*) is an
affine space over GF(3).

Take into consideration the nonmedial case. Applying for such groupoids
Lemmas 49 and 4.10 we get

p,(G,')=3 and p,(G,)=in!>3"1 for n>5.

It remains to prove that p,(G,-) > 27. In this case we even show that
p4(Ga ') 2 39.
Consider the polynomials:

S, = 54(3‘1, X25 X3, x4) =Xy X9 X3 X4,
m=m(xy, X,, X3, Xg) = (X; X3) (X3 X,),
r= r(xp Xoy Xg, x4) = (x1(xz xa))(xa x4)

over the groupoid (G,").
By Lemmas 4.2 and 5.2 we infer that all the listed polynomials are
essentially 4-ary. Since (G,") is nonmedial we infer from Theorem C that

cardG(s,)=2 and card G(m) = 8.

Using this fact and Lemma 5.4 we obtain

G 2 . 2 m
Pl ) 2 card G(r) card G(s,) card G(m)
24 24 24
—T+—2' ?—-39>27.

This completes the proof of Theorem S.1.
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ExaMmPLE. The following example shows that in Theorem 1 n > 4 cannot
be replaced by n > 3. Take a free distributive Steiner quasigroup (G, ) with at
least three free generators. Then (G, -) is nonmedial, p,(G,*) =1, p;(G,) =3
(since the only essentially ternary polynomials over (G, ) are xyz, yzx and 2xy),
while in view of Theorem 5.1, p,(G,')> 3""! for n = 4.

6. Near-semilattices

We prove
THEOREM 6.1. If (G,") is a near-semilattice (i.e., (G, )€ Vy 1(*)) which is not
a semilattice, then py(G,*) =6 and p,(G,")>3""" for all n> 4.

Lemma 6.2. If (G,-) is a near-semilattice which is not a semilattice, then
p.(G,")>3""! for all n 2 5.

Proof. According to (ii) of Theorem D we infer that (G,-) is nondis-
tributive and hence (G, -) is nonmedial (the medial law implies the distributive
laws provided (G,*) is idempotent). Now applying Theorem 4.1 we get our
requirement.

LEMMA 6.3. Let (G, ) be a near-semilattice. Then (G,") is not a semilattice if
and only if p,(G,) = 6.

Proof. Assume that (G,-) is a near-semilattice which is not a semilattice.
Using Theorem D (ii) we infer that the groupoid (G,-) is nondistributive.
Consider now the polynomials:

xyz and (xz2)(yz).
By Lemmas 4.2 and 5.2 both these polynomials are essentially ternary.
Permuting variables in these polynomials, using again Theorem D and the
assumption we infer that the six polynomials:
xyz, yzx, zxy, (x2)(z), (xy)(zy) and (yx)(zx)

are essentially ternary and pairwisely distinct. Hence p,(G,’) = 6. Since any
non-one-element semilattice (G, -) satisfies p,(G,*) = 1 for all n > 1, we see that
the converse is obvious. This finishes the proof of the lemma.

Our next lemmas will serve to prove that p,(G,-) > 27 for all near-
semilattices which are not semilattices.

Lemma 64. If (G,")e Vi 2(°) and (G,) is not a semilattice, then the
polynomial:
g =q(xy, X3, X35, Xg) = (7 %3) (%2 x3)) %4
does not admit any nontrivial permutation of its variables.

Proof Assume that

(@ ((xl x3)(x; xa))x4 =Xy, x;,) (%, xi,))xu
2 — “Disertationes Mathematicac™ 8 U
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holds for some nontrivial permutation ¢ = (i, i,, i3, is) of the set {1,2,3,4}. If
=4, then putting x, = (x, x3)(x,x;) in (@) we get
(3 X3) (x5 X3) = ((x; x3) (2 x3)) (61 %3) (x4 X))
= ((xi. x,) (%4, xig)) ((xl X3) (%, xa))
= ({01 %3) (2 X)) (061, X)) (i, X))
= ((x;, %;,) (i, x; ) (e, xi,) (xi, x,))
= (%, %;,) (X, Xi5)-

Thus we have (x, X3)(x, X3) = (x;, X;,)(x;, X;,) for some nontrivial permutatlon
(i, iy, i3)€S,. This proves that the polynomial s(x, y, z) = (xz)(yz) is sym-
metric. Applying (iii) of Theorem D we deduce that (G,*) is a semilattice
which contradicts the assumption.

Suppose now that i, € {1, 2, 3}. If i, = 3, then g is a symmetric polynomial
with respect to the variables x,, x, and x, or ¢ admits the transposition
(x3, x4), ie, (G,*) satisfies

q(xy, X3, X3, Xg) = q(xy, X3, X4, X3)-

Puting in the identity x, = x, we get (x; X3)x, = (x, X4)Xx; which would imply
that (G,-) is a semilattice. If g¢ were a symmetric polynomial with respect to
Xy, X5, X4, then we would have

(xy)z = (xyH)z = (xy) ¥)z = q(x, ¥, , 2)
=q(z, y, . x) = (@) 0Y)x = (zy*)x) = (2)x.

Hence (xy)z = x(yz) which proves that (G,-) is a semilattice, a contradiction.
Further, to complete the proof it remains to show that none of the
following identities holds in (G,-):

(1) (061 x3) (2 X3)) x4 = ((¢2 %3) (Xa X3)) %5,
2 (001 %3) (%2 X3)) %4 = (063 %2) (x4 X)) %y,
3) ((ey x3) (x5 X)) % g = (%3 X4) (X5 X)Xy,
4) ((cy x3) (e3 x3)) x4 = (e X3) (x4 X3)) %3,
(5) ((eg x3) (x5 X3)) x4 = (x4 X4) (X3 X)) X,
(6) (g X3) (x5 x3)) x4 = ((x3 %) (x4 X,))x,

(it suffices to consider only these identities since the polynomial g admits the
transposition (x,, x,) of its variables).

Putting x, = x; in the first three identities and x, = x, in the remaining
ones we get the associativity of xy which contradicts the assumption. The proof
of the lemma is completed.
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LeMMa 6.5. If (G, )eV (), card G = 2, then the polynomials:
Sq = 54Xy, X5, X3 X)) =X, X;X3%,,
m=m(x,, Xy, X5, Xz) = (X; X;) (x5 X,),
g =q(xy, Xz, X3, Xg) = ((x4 x3) (x; X3)) X4,
h=h(xy, X5, X3, X,) = ((x X5)x3) ((x, x3)x,)

are essentially 4-ary.
Proof. Applying Lemmas 4.2 and 5.2, we infer that s,, m and g are
essentially 4-ary. Using the identities

hix,, x5, x5, x,) = h(x,, x,, X3, x,) and
h(xy, x5, X3, X4} = (x3 %) (x4 x5)
and Lemma 5.2, we infer that h is essentially 4-ary.
LEMMA 6.6. If (G,-)e V; 5(*) and (G,*) is not a semilattice, then s, # q and
m#h.
Proof. Indeed, if s, = g, then we have
(xy)z = ((xp)2) ((xy)2) = ((x2) =) ((x)2)

= ((x»)2) ((x2) 02)) = ((x2) (v2)) ((x2) 2)) = (xz) (z).
Hence (G, ") is distributive. Applying (ii) of Theorem D, we infer that (G,-) is
a semilattice which is impossible. Assume contrary h = m. Putting x, = x, in
the identity
((ey 22)23) (4 X2)x4) = () X2) (33 x,)
we deduce that (G,-) is distributive. Applying again (ii) of Theorem D we prove
that (G,-) is a semilattice which is impossible.

LEMMA 6.7. Let (G, YeV;.1(*). Then (G,") is not a semilattice if and only if
the admissible group of the polynomial

h = h(x,, x5, X3, Xg) = ((x, X2)x3) ((x; X3)X4)
is a Boolean group of order 4.

Proof. Assume that G(h) is a Boolean group of order 4 over a groupoid
(G,")eVy.2(). According to Lemma 6.5 we infer that h is essentially 4-ary.
Using this fact we have

4!
card G(h)
Thus p,(G,") = 6 which proves that (G,') is not a semilattice since for
semilattices we have p, =1 for all n > 1, a contradiction.

Let now (G, )€V, ,(*) and let (G,") be not a semilattice. Consider the
polynomial h over (G,-). Applying Lemma 6.5 we infer that h is essentially

41
)z =—=0.
P4(G» ) 4 6
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4-ary over (G,"). It is clear that the following permutations: the identity, the

transpositions (1, 2), (3, 4) and (1, 2) (3, 4) of S, are the admissible permutations

of the polynomial h, ie., all these permutations are in G(h). This implies that

the group G(h) contains isomorphically the Boolean group of order 4. To end

the proof it suffices to show that if o€ G(h), then o is one of the mentioned

permutations, ie. ce{(1, 2), (3, 4), (1, 2)(3, 4), the identity permutation}.
Assume that

(h) (g X2)x3) (x4 X5)xa) = (e, X)) (Oxi, Xi)%:,)

for some nontrivial ¢ = (i, iy, i3, iy) €S,.

For the set X = {i;, i,} we have the following possibilities: {1, 2}, {1, 3},
{1,4}, {2,3}, {2, 4} and {3, 4}.

If X ={1,2}, then ¢ is a trivial permutation.

If X = {1, 3} (analogously the proof runs if X = {1, 4}), then the identity
(h) gives

(Geg x3)x3) (x4 x2)%4) = ((x3 x2)%)((x3 X2)X,).
Putting in this identity x5 = x, we get
(xy X5) %3 = ((x, xz)xs) ((x1 xz)xa) = ((xa xz)x1)((x3 xz)xs)
= ((xa xz)xl)(xz x}) = ((xs xz)x1) (x5 x3) = x; (%, xa)z = X (X3 X3).
Hence (G,-) satisfies the associative law, a contradiction.
If X = {2, 3} (similarly for X = {2, 4}), then (h) implies
((eq x)x3) (4 X;)x,) = ((eq x3) %) ((x, X3)Xy)-
As above x; = x, gives
(xy x3)xy = ((x1 xa)xz) ((xl xs)xa) = ((x1 xa)xz) (33 X3) = x,(x; x3).

Thus (G, ) satisfies (x; x,)x, = x,(x, x;) which implies the associativity of xy,
a contradiction.
Assume that X = {3, 4}. Then the identity (h) is equivalent to the identity

(g Xa)%3) {06y X2 )34) = ((0324) %) (63 X4)x2)-
Putting here x; = x, we get (x;x,)x3 = (x; X3)(x,x,). Thus (G,-) is dist-
ributive. Using (ii) of Theorem D we infer that (G,-) is a semilattice,
a contradiction. This all prove that h admits only trivial permutations of its

variables and therefore G(h) is a Boolean group of order 4. The proof of the
lemma is completed.

LemMa 6.8. If (G,")eVy,,(') and (G,-) is not a semilattice, then the
admissible group of the polynomials s, and q is a two-element group and the
admissible group of the polynomial m is a Boolean group of order 8.

Proof. The fact that card G(q) = 2 follows from Lemma 6.4. Applying (ii)
of Theorem D we infer that (G,-) is nondistributive and hence (G,-) is



Totally commutative groupoids 21

nonmedial. Using Lemma 4.6 we deduce that card G(s,) = 2. Analogously
using the fact that (G,-) is a nonmedial groupoid one can easily find the
admissible permutations for the polynomial m(x,, x,, x5, X,) = (x; X;) (X3 X,)
and to check that the admissible group of m is a Boolean group of order 8. The
proof of the lemma is completed.

LEMMA 6.9. If (G, )€ V4,,(*) and (G, ") is not a semilattice then s, # q° for
all ges,.

Proof. Assume that
Xy Xy X3Xy = ((xh xlz) (xiz xia))xh

for some (i, i,, i3, i) = 0€S,. If ¢ is a transposition (1, 2), then the proof
follows from Lemma 6.6. If {i,, i,} % {1, 2} in the above identity, then the
polynomial s, admits a nontrivial permutation (the transposition (i, , i,)). This
means that (G,-) satisfies a nontrivial linear (strongly regular) identity.
Applying Theorem C we infer that (G,-) is medial and hence (G,') is
distributive. According to (ii) of Theorem D our groupoid is a semilattice which
contradicts the assumption.

LemMa 6.10. If (G,-) is a near-semilattice which is not a semilattice, then
p4(G) .) > 33.

Proof. Consider the following polynomials.
Sa = 54(%1, X3, X3, Xg) = X1 X3 X3 Xy,
m=m(x,, x,, X3, Xg) = (x; X5) (X3 X,),
g =q{xy, X3, X3, X4) = ((x1 x3) (x, xa))xu
h = h(x;, Xy, X3, X4) = ((%; X3)%3) ((x; X3)x4).

According to Lemma 6.5 all these polynomials are essentially 4-ary. Now using
Lemmas 6.6-6.9 we get

. 4! 4! 41 4!
P
Pul0:) > G0 cara Glg) Tcard Ry T card G (m)
4 4 4 4
=?+5+-4_+_8——33.

The proof of the lemma is completed.

Proof of Theorem 6.1. The proof follows from Lemmas 6.2, 6.3 and
6.10.

7. Totally commutative groupoids

In this section and the next ones the crucial role plays the polynomial
xoy = xy? over groupoids (G,*) from V(-).
First observe that if x o y is not essentially binary (card G > 2), then using
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Theorem A we get xoy = x. This case was considered in Section 5. In Section
6 the case when xo y = xy was treated. In this section we deal with groupoids
(G,") satisfying xy* = yx2, ie., with groupoids (G,-)e VZ(+). It is clear that
every semilattice and also every near-semilattice belongs to the variety V().
However for those we have, in fact xy = xy*. So it will be appropriate to give
examples of groupoids from the variety V#(-) which are not near-semilattices.

ExaMPLE 1. Let N be the set of all natural numbers. We define on the set
N a binary operation as follows:

x> if x=y,
=N +maxx, y)  if x#y.

It is clear that xy is essentially binary on N and that the groupoid (N,-)
belongs to V(-). One can easily check that

xy* = k+max(x,y) for k=1,2,... and x # .

This implies that (N,*)eV2(-) and (N,-) is not a near-semilattice. Let us add
that in the definition the number 1 can be replaced by any natural number a. If
a =0, then the groupoid considered is obviously a semilattice.

ExampLE 2. Let N, = {1, 2, ... n}. Define on the set N, a binary operation
; as follows:

X if x=y,
x;y=<n if x=nor y=n,
1+ max(x,y) else.

It is easy to see that x;y is essentially binary on N, for n > 2. One can also
prove that (N,,;)e VZ(-) for all n, and (N, ;) is not a near-semilattice for n > 4.

Observe that in both the examples every nontrivial binary polynomial is
commutative. Actually, every member of VZ(-) has this property (see [7], Th.
4), and that is why we call them totally commutative.

In this section we prove the following

THEOREM 7.1. If (G,")e V(') and (G,') is not a near-semilattice, then
p,(G,))>3""1 for all n> 3.

From the above two examples we get
LeMMA 7.2. The variety V, ,(-) is properly contained in the variety VZ(-).

Let us add that to prove the above theorem we need several lemmas,
especially to prove the theorem for n =3 and n= 4.

Lemma 7.3.If (G, )e VZ(*) and (G," )¢ V5 ("), then (G,") is nondistributive.
Proof. This follows from (iv) of Theorem D.

Lemma 74. If (G,")e V#(*) and (G,*)¢ Vy 5(*), then p,(G,*) > 3"~ for all
nzs.
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Proof. Using the previous lemma we infer that (G,-) is a nonmedial
groupoid. Applying Theorem 4.1 we get our requirement.

LEMMA 7.5. If (G,")e VA(-), then (G,")e¥™(+) for all n> 1.

Proof. For n =1 and n = 2 the statement is obvious. Assume now that
(G,") satisfies xy* = yx* for all x, ye G and 1 < k < n where n > 3. Consider
the polynomial xy"*!. We have

xy"t = (xy" " y? =y 1) = (yley ) ey )
= (xy") (xy" 1) = () (%" 1) = (%" D x) (%" Y)
= x(yx""1)? = (yx""Y)x? = yx"*1L,

Thus we get xy"*! = yx"*! for the groupoid (G,-) which completes the proof
of the lemma.

LeMMA 7.6. Let (G,")eV¥(). Then (G, )eV (') if and only if
(G, )eVi.(:) for a certain n> 2.

Proof. The statement V; 5(+) = Vj ,() is obvious for all n > 2. Assume
now that (G,-)e V#(+) and (G,") satisfies xy = xy" for some n = 3. Using the
previous lemma we infer (G,-) satisfies xy* = yx* for all k. Hence we get

xy = (xy)y"~! = ylxyy
xy = (xy) (xy) = (y(xp)" 1) (xy) = y(xy)" = (xp)y" = xy"* 1.

Thus we have xy = xy"*! and xy = x)y". This gives xy = xy> and hence
(G,-)eVy,2(). The proof of the lemma is completed.

and

The next several lemmas will concern ternary polynomials in idempotent
commutative algebras of type (2, 2). Let us add that any groupoid (G,*)e VZ(*)
can be treated as an idempotent commutative algebra of type (2, 2), namely,
(G,-) is polynomially equivalent to an algebra (G,-,0) of type (2, 2) where
xoy = xy*. It is also clear that the algebra (G,-,0) belongs to the variety
V(+,).

Lemma 7.7. If (A,+,")eV(+,") and card A > 2, then the following
polynomials:

(x+y)+z, (x+yz, xy+z and (xy)z
are essentially ternary.
Proof This follows from Lemma 4.3.

Further we need one more definition. Recall (cf. [9]) that an algebra
(A, {f.}ier) of type T = (n,)er is proper if the mapping t —; is one-to-one and f,
is essentially n,-ary provided n, > 1.

LemMA 7.8. If (A,+,')eV(+,") and (A,+,-) is proper, then the following
polynomials:
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(x+y)+z, (x+yz, xy+z and (xy)z
are pairwisely distinct.

Proofl. We give here only the proof for (x+y)z # (xy)z since in the
remaining cases the proof runs similarly. Assume to the contrary that
(x+y)z=(xy)z in (4,+,'). Then we have

xy = (xy)(xy) = (x+y) (xy) = (xy) (x+y) = (x+)) (x+y) = x+y
Thus we get x+y = xy, a contradiction.

Lemma 7.9. If (G,")e V2(*) and (G,*)¢ Vy.5(*), then the following polyno-
mials:

(*) (xy)z, (xy)oz, (xo0y)z and (xoy)oz
where xoy = xy* are essentially ternary and pairwisely distinct.

Proof Consider the following algebra (G, ', 0) of type (2,2). It is clear that
this algebra is in V(+,-). By the assumption the considerd algebra is proper.
Applying Lemmas 7.7. and 7.8 we get our assertion.

LemMMA 7.10. If (G,")e VZ(*), then the polynomials listed in (*) admit the
identity permutation and the transposition (x, y) of their variables.

Proof. This is obvious.
Lemma 7.11. If (G,-)e VZ(-) -and (G, )¢V, 2(*), then the polynomials:
(xy)z, (xy)oz and (xoy)z (where xoy = xy?)

admit only trivial permutations of their variables (i.e., the admissible groups of
these polynomials are of order 2).

Proof. It is clear that if any polynomial of (*) admits a nontrivial
permutation of its variables, then the polynomial is symmetric. The assertion
for (xy)z follows from the fact that (G,-) cannot be a semilattice. Let now
(xy)oz = (xz)o y. Putting here z = xy, we get

xy = xyoxy =(x(xy)oy =yx*oy = xy?oy = xy’y* = xy*.

Hence (G,) satisfies xy = xy*. Thus (G,*)eV, 4(-). Applying Lemma 7.6, we
infer that (G,-) is a near-semilattice which contradicts the assumption of the
lemma.

Assume that (xoy)z = (xoz)y holds in (G,). Then putting x = y we get

yz=(yo2)y = (zoy)y = zy*y = z°

This implies that (G, )eV; (). By Lemma 7.6 we infer that (G,:) is
a near-semilattice, a contradiction.

Lemma 7.12. If (G, )eVZ(-) and (G,*) is not a near-semilattice, then
P1(G,) = 10.
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Proof. Consider the polynomials: (xy)z, (xo y)z and (xy)oz. Permuting
variables in these polynomials and applying Lemmas 7.9-7.11 we get 9 essen-
tially ternary and pairwisely distinct polynomials over (G,-). To get
p3(G,') = 10 we consider one more ternary polynomial, namely (xoy)oz.
Using Lemmas 7.3 and 7.11, we get the required inequality p;(G,*) = 10.

Now we deal with 4-ary polynomials over (G, )e V(+).

LeMMa 7.13. If (G,")e V(') and card G = 2, then the following 4-ary
polynomials over (G,-)

J1(xqs X25 X3, X4) = X4 X3 X3 Xy, Salxys X35 X3, x4) = (X1 X5 X3) 0%y,
(*=)

S30xgs Xa5 X3, Xg) = (xg X5)(x3%4),  Salxg, X2, X3, Xg) = (X, X5)0(x; 0X,),
where xoy = xy* are essentially 4-ary.

Proof. It is clear that the algebra (G, -, o) belongs to the variety V(+,*).
Using the idempotency, the commutativity of both polynomials xy and xoy
and the fact that the polynomials from Lemma 7.7 are essentially ternary we
infer that all polynomials from (%) are essentially 4-ary. (The proof of this
lemma follows also from Lemma 4.3.)

LeMMa 7.14. If (G,-)e VZ(*) and (G, )¢ V;.2(+), then the admissible group of
polynomials f, and f, from (*#) are of order 2. The admissible permutations of f,
and f, are the identity permutation and the transposition (1, 2).

Proof. The second statement is obvious. Using Theorem D (iv), we infer
that (G,-) is nondistributive and hence nonmedial. Applying Lemma 4.6 we get
card G(f;) =2

Now we prove that card G(f,) = 2. Assume that

*®) (xy X3 x5)0 x4 = (X, X, X, )0, .
holds in (G,-) for some nontrivial permutation (i,, i,, iy, i) = 0€8,. If iy = 4,
then putting x, = x, x, x5 in (*,*) we get
Xy Xy Xy = Xg X5 X30X%; X3 X3 = (X;,, X;,%;,) O(X X X3)
= (x; X5 X3) 0 (x;, X, X;)) = (%;, X;, X)) 0 (%, Xy, %;,)
= (x;, X, X;,)

Hence (G,) satisfies x, x,x; = X; X;,x; for some nontrivial permutation
(iy, iy, i3)€S5. This implies that (G, ) is a semilattice which contradicts
(G,")¢V1,2(°).
If {1, 2} ={i,,i,} in the identity (*,*), then putting x, = x, = x,
=y and x, =z we get xyoz=xz0y Wthh contradicts Lemma 7.11,
Assume now that {1, 2} # {i;, i,}. If {1, 2} n {i,, i,} =D then {i,, i,} =
= {3, 4}, and hence the polynomial f, admits the transposition (3, 4). This
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proves that f,(x, x, y, z) = (xx)y)oz = (xy)o z admits the transposition (y, z)
and hence (xy)oz is symmetric which again contradicts Lemma 7.11.
Further without loss of generality we may assume that i, =1 and i, = 4
since if i, = 3, then f, admits a nontrivial transposition (1, 3) with the fixed
i, = 4. This contradicts the earlier considered case. If i; = 1 and i, = 4, then by
(*,*) we infer that f; admits the transpositions (1, 4) and (2, 4). This gives

(x; X3 X3) 0, = (X1 X4 X3)0X,.
Putting in this identity x, = x, x, x,, we get

Xy X5 X3 = (¢, (1 X, X3))x3)0 ;.
Setting here x, = x, =x, xy =y, we have

Xy = ((x((xx)y))y)ox = ((px?H)y)ox = ((xy*)y)ox = xy*ox.

Thus we get xy = xy*ox. Using Lemma 7.5, we infer that xy = yx3ox
= yx3x? = yx* = xy5. Thus (G,")eV; s(-). According to Lemma 7.6 the
groupoid (G,:) is a near-semilattice, which contradicts the assumption
(G,")#V1,2(-). The proof of the lemma is completed.

LemMMA 7.15. If (G,-)e V2(*) and (G, ) ¢ V; 4(+), then the polynomials in (x%)
are pairwisely distinct.

Proof. If fi =f,, then putting x =x, =x, =x; and y=x, we get
xy=xoy which contradicts (G,")¢V;,('). If f; i=1,2) is equal to
Sy (j=3,4), then f; (i=1, 2) admits a nontrivial transposition (3, 4) which
contradicts the preceding lemma. If f; =f,, then setting x = x, = x, and
y = x3 = x, we get a contradiction xy = xoy which finishes the proof of the
lemma.

LEMMA 7.16. If (G,-)e V(") and (G,*) ¢V, 5(*), then the admissible groups
of the polynomials f, and f, from (xx) are Boolean groups of order 8.

Proof. According to (iv) of Theorem D we infer that (G,-) is nonmedial.
Further it is easy to check that the admissible groups G(f;) and G(,) contain
the following permutations:

o _(1234) (1234 _ (1234
17\2134) 2T\1243) 93T%% 0aTi3,44,)

05 =0,0,4, O0g=0,0,, 0,;=0,05 and the identity.
This proves that the admissible groups G(f) (i = 1, 2) contain isomorphically
an eight-element Boolean group.
Assume that f; = ff (i =1, 2) and for some nontrivial permutation ges,
(here a nontrivial permutation means that o # o, where i=1, 8, g, is the
identity permutation). It is easy to see that the identity f; = £ implies that



Some lemmas on idempotent algebras 27

J; (i =1, 2)is a symmetric polynomial. If f, is symmetric, then (G, - ) satisfies the
medial law, a contradiction. If f, is symmetric, then we have:

xy = xyoxy = (xx)o(yy) = xoy.
Thus (G,-) satisfies xy = xoy which contradicts (G, )¢V, ,(*)

LEMMA 7.17. If (G,-)e V(') and (G,*) is not a near-semilattice, then
p4(G,") > 30.

Proof. Consider the polynomials of (x+) from Lemma 7.13. Using Lemma
7.13, we infer that all polynomials f; (i = 1, 2, 3, 4) are essentially 4-ary. Then
applying Lemmas 7.14-7.16 we get

41 4! 4! 41

Gz @ ! ! !
S e AN AN AN A
4 4 41 4
—?+E+§+§=3O.

This ends the proof of the lemma.

Proof of Theorem 7.1. The proof follows from Lemmas 7.4, 7.12 and
7.17.

8. Some lemmas on idempotent algebras

In this section we prove three lemmas concerning idempotent algebras
which are used in the sequel.

Lemma 8.1. If f=f(x,, ..., x,,) and g = g(x,, ..., x,) depend on all their
variables on a set A, f and g are idempotent and f is symmetric, then the
compositions

F=F(Xgy oo Xio1s Y1y oes Yur Xk 19 00y Xpp)
=f(x1,~--, Xi—1s GP1s - oos Yuds Xi 15 o5 x,,,),
G=G1s s Vjm1s Xga ey Xpgy Vyt1s 0000 Vo)
=g(1s oo V=15 (1, oos Xy Yyt1s-os Vi)
where i=1,...,mand j=1, ..., n depend on all their variables.
Proof. Since
F(Xgyiees Xim1s Yy Vaeoos Yo Xigs ees X)) =S (X0 coes Xim1s Vs Xig 15 »evs Xpp)

holds in (4, f, g), we infer that F depends on all vanables x,, ..., x;-;,
Xit+1, ---» X, and on at least one of the variables y,, ..., y,. Assume that F does
not depend on y, for some 1 < s < n. Consider then the following composition:

1 2 2
Fo=Fo(xi, .., X0, X3, ooy X2, o, X7, X7)

=f(g(x1, ..., xa), glx}, ..., x2), ..., g(xT, ..., x)
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Using the fact that f'is symmetric and F does not depend on y, we infer that F,
does not depend on the variables x}, x2, ..., x'. This proves that also the
composition

f(g(yl) (AR ] J’..), Teey g(yj> veey xu))=g(y1’ (R Y,.)

does not depend on y, (1 < s < n) which is impossible.
To prove that G depends on all its variables we use

G(yp LERT] }’1—1, Xy ey Xy yj+1, veey }’,.) = g(yla ters yj—l’ X, yj+1: sy y,.)

and the fact that f is idempotent and symmetric. The proof of the lemma. is
completed.

LEMMA 8.2. If (A, +,-,0)isa pr;)per idempotent algebra of type (2, 2, 2),
where + is commutative, and o are noncommutative and xy # yox, then
pS(A: +) *s O) ? 11

Proof. Consider the following polynomials over (4, +, ', 0)
(x+y)+z, (x+y)z, z(x+y), ()+z, Ox)+z,
(x+y)oz, zo(x+y), (xoy)+z, and (yox)+z.

By virtue of Lemma 8.1 all these polynomials are essentially ternary. Further
the proof splits into two cases: + is associative and + is nonassociative.
First of all observe that under the assumptions of the commutativity of +,
the noncommutativity of - and o, and the idempotency of (4, +, -, o) one can
prove that all the above ternary polynomials are pairwisely distinct. For
example, if (xoy)+z=(yox)+z holds in (4, +, -, 0), then we have

xoy=(xoy)+(xoy)=(yox)+(xoy) =(yox)+(yox)=yox.

Hence xoy = yox which is impossible.
Turn now to the first case, ie. (4, +) is a semilattice. In this case we infer
that (x+ y)z is nonsymmetric. Indeed, if the converse is true, then we obtain

x4y =(x+y)(x+y) = ((x+y)+y)x = (x+y)x = (x+x)y = xy.

Thus we have x+y = xy, a contradiction.
Analogously one can prove that the polynomials

z(x+y), (x+y)oz and zo(x+y)

are nonsymmetric, i.e., they admit only trivial permutations of their variables.
So, if + 1is associative, then permuting variables in

x+y+z, (x+y)z, z(x+y), (x+y)oz and zo(x+y)

we get 13 essentially termary and pairwisely distinct polynomials over
(4, +, ', 0). Hence p,(4, +,+,0) = 13.
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If + is nonassociative, then the following polynomials

(x+))+z, +2)+x, (+x)+y, x+yz,  z(x+y), (x+y)ogz,
zo(x+y), (x))+z, (m+z, (xo))+z and (yox)+z
are essentially ternary (by the previous lemma). Further, one can show that the
listed polynomials are pairwisely distinct. For example, let us check that none
of the following identities
xy)+z=p+2)+x and (xy)+z=(x+2)+y
holds in the algebra (4, +, -, o). If the first identity holds, then we obtain
xy+y=0(p+y)+x=y+x =x+y, and hence
xy=xy+xy=0+xy)+x =(xy+y)+x=y+x)+x = (xx)+y = x+y.
Thus we get xy = x+y, a contradiction.
If (xy})+2z =(z+x)+y, then we have x+y = (x+x)+y = xy+x. Using
this identity we obtain
xy =xy+xy=xy+x)+y=x+y)+y=0P)+x=y+x=x+y.
Hence xy = x+y, a contradiction. Thus in this case we get p,(4, +, -, 0)
2 11. The proof of the lemma is completed.
In the sequel we shall use the following
Lemma 8.3. (Lemma 3 in [9]). If (4, +, °, *) is a proper idempotent algebra
of type (2, 2, 2) such that (A, +,)eV(+, *) and (A, %) is noncommutative, then
pj(As +9 ) *) ; 10-

9. Ternary polynomials

The main result of this section is
THEOREM 9.1, If (G,")eV(-) and p,(G,") > 2, then p;5(G,")=9.

LemMa 9.2. If (G,")eV(-) and 1< p,(G,") <4, then the polynomial
x*y = xy3 is essentially binary.

Proof. Since p,(G,") = 1 we infer that (G,-) is proper. Consider now the
polynomial x o y = xy?. If x o y is not essentially binary, then by Theorem A we
get xoy = x. Therefore x*»y = xy is essentially binary. Assume that xoy is
essentially binary and suppose x*y = xy? is not essentially binary. Then using
again Theorem A we deduce that xy? =x. Hence (G, )eVi(-) and
(G,")¢V,(-). Applying Theorem B we get p,(G,") = 2-3—1= 15> 4, which
contradicts the assumption of the lemma.

LemMa 9.3. If(G,")e V (-) and p,(G,*) = 2 or p,(G,") = 4, then p4(G,*) > 9.

Proof. First of all observe that (G,-)e V(*) and p,(G,") = 2 imply that
(G, )e VA(*)\W,.2(*). Indeed, consider the polynomial xoy = xy*. The assum-
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ption p,(G, ) = 2 implies that x oy is essentially binary since in the opposite
case using Theorem A we see that (G,-) is a proper Steiner quasigroup. For
such groupoids we have p, = 1, a contradiction. Thus (G, ) satisfies xy? = yx?
and hence (G,-)e VZ(:). If xy = xy? holds in (G,"), then using e.g., Marczew-
ski’s formula of a description of the set A® () for a given algebra 2 (see [16])
we get p,(G,-) = 1. Thus we have proved (G,")e V2(-)\V;.2(*). An application
of Lemma 7.17 (or Theorem 7.1) gives p4(G,') > 9.

Assume that p,(G,*) = 4. As above we see that xoy = xy? is essentially
binary and xy # x o). Consider now two cases: xo y is commutative and xoy
is noncommutative. If the first case holds, then (G,‘)=(G, -, o) where
(G, -, 0)eV(+,"). Assume contrary that p,(G,-, 0) <9.

An application of Lemma 4 of [9] proves that p,(G, -, o) = 2. Hence
p,(G,*) =2 and further (G, )eVZ(*)\V;.2(*). For such groupoids we have
earlier proved that p,>9, a contradiction. If xoy is noncommutative
(essentially binary), then the assumption p,(G,") > 4 implies that the groupoid
(G,-) contains one more essentially binary polynomial, say, x+ y being different
from the polynomials xy, xoy and yox. Consider the proper algebra
(G, +,-,0) of type (2,2, 2). If + is commutative, then using Lemma 8.3 we get

p3(G,") = p3(G, +, -, 0) > 10.

If + is noncommutative, then applying Lemma 82 to the algebra
(G, +,+,0) we get py(G,*) = 11. The proof of the lemma is completed.

From now in all lemmas in this section we assume that (G,-)e V(-) and
the polynomial xoy = xy? is essentially binary and noncommutative

LemMa 9.3. We have (xoy)z¢{xyz, yzx, zxy}.
Proof. See the proof of Lemma 8.2.

LemMA 9.4. If xy = xy?, then (xy) o z is nonsymmetric (i.e., it does not admit
any nontrivial permutation of its variables).

Prool. Indeed, if (xy)oz is symmetric, then
xo0y = (xx)oy=(xy)ox =(yx)ox = (yx)x? = yx* = yx = xy.

Thus we get xy = xoy, a contradiction.
LemMa 9.5. If xy = xy?, then (xoy)z¢{(xy)oz, (rz)ox}.

Proof If (xoy)z =(xy)oz, then (xoy)z =(yox)z which is impossible
(see the proof of Lemma 8.2). If (xoy)z = (yz)ox, then putting y = z we get
yox =(yy)ox =(xoy)y = xy’y = xy* = xy. Hence o is commutative, con-
tradiction.

Lemma 9.6. If xy = xy> and (xoy)z admits the transposition (x, z), then
z0(xy) is nonsymmetric.
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Proof. Assume contrary that zo(xy) is symmetric. Then we have
xoy = xoyy) = xo(xy) = y(xy)* = (xy*)(xy) = (x 0 y)(xy).
Thus we get xoy = (xoy)(xy). Using this identity and the identity (xo y)z
=(zoy)x we get
x0y = (xoy)(xy) ={(xy)o y)x = (xy)y*)x = (xy’)x
= (xy)x = yx? = yox.
Hence xoy = yox which is impossible.
LEMMA 9.7. If xy = xy*, then p,(G,") = 9.
Proof. Consider two cases:
(1 (xoy)z#(xz)oy and (2) (xoyiz=(xz)oy.

If the first case holds, then using Lemmas 8.1 and 9.3-9.5 we infer that the
following polynomials: xyz, yzx, zxy, (xy)o z, (yz)ox, (zx)oy, zo(xy), (xo y)z
and (yox)z are essentially ternary and pairwisely distinct (we use also the fact
that (xoy)z # (yox)z and (xy)oz # zo(xy)).

If (2) holds, then the polynomial (x o y)z admits the transposition (x, z).
This means that (G, - ) satisfies (x o y)z = (zo y)x. Applying Lemmas 8.1, 9.4 and
9.6 we infer that the polynomials (xy)z, (xy)oz and zo(xy) are essentially
ternary and nonsymmetric. Permuting variables in these polynomials we get
9 essentially ternary and different polynomials. Thus in both cases we have
p3(G,') 29 which completes the proof of the lemma.

LEMMA 9.8. If xy? = xy* and (x o y)z admits a nontrivial permutation of its
variables, then (xoy)z = (xoz)y holds in (G,").

Proof. Since (G, ', o) is a proper idempotent algebra such that is
commutative and o is noncommutative we infer that (xoy)z # (yox)z. If
(xoy)z =(zoy)x holds, then we have

xy =yx = (yoy)x = (xoy)y = xy’y = xy> = xy*.

Hence we get a contradiction xy = xo y. If (xoy)z = (yoz)x holds in (G,"),
then we obtain

xy = (xox)y = (xop)x = (yox)x = (yx?)x = yx* = yx* = yox.
This proves that xoy is commutative, a contradiction.

LEMMA 9.9. If xy* = xy? and (x0y)z = (x 02)y, then the polynomial zo(xy)
is nonsymmetric.

Proof. If zo(xy) admits a nontrivial permutation of its variables, then the
polynomial is symmetric and hence we get

xoy = xo0(yy) = yo(xy) = y(xy)* = (xy?) (xy) = (x 0 y) (xy).
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Using the identity (xoy)z = (xoz)y we obtain
x0y = (x0y) (xy) = (xo(xy)y = (yo(xx))y = (yox)y
= (yoy)x = yx = xy.
Thus this gives xy = xoy, a contradiction.
LemMa 9.10. If xy* = xy* holds in (G,), then p4(G,") = 9.

Proof. If (x o y)z does not admit any nontrivial permutation of variables
X, , z, then permuting variables in polynomials (xy)z and (x o y)z and applying
Lemma 8.1 we get 9 essentially ternary polynomials over (G,-). If (xoy)z
admits a nontrivial permutation of its variables, then the algebra (G, -, o)
satisfies (xoy)z = (xo0z)y (by Lemma 9.8). .

Observe that in this case the polynomial (xy)oz does not admit any
nontrivial permutation of x, y, z. Indeed, if the converse is true, then we have

xoy=(xx)oy =(yx)ox = (yx)x? = yx? = yx* = yox.

Hence xoy = yox, a contradiction.

Applying Lemma 8.1 to the polynomials (xy)z, (xy)oz and zo(xy) and
permuting variables in these polynomials we get 9 essentially ternary and
pairwisely distinct polynomials. Thus p5(G,-) 2 9 which completes the proof of
the lemma.

LEmMMA 9.11. If xy* = yx? and (x o y)z admits a nontrivial permutation of its
variables, then the identity (xoy)z =(xoz)y holds in (G,").

Proof. Assume that (xo y)z = (6x 0 oy)oz for some permutation o of the
set. {x, y, z}. If o is a cycle, then we have
xy =yx =(yoy)x=ox)y=(xoyy=(xy’)y=xy’=yx* = yox.
Hence xy = y ox. This proves that o is commutative which is impossible. The
proof of (xoy)z #(yox)z can be found in the proof of Lemma 8.2. If
(xoy)z = (zoy)x holds, then putting y = z we get
xy =yx =(yoy)x =(xoy)y = (xy*)y = xy* = yx* = yox,

a contradiction. Therefore (G, -, 0) satisfies (x 0 y)z = (x0z)y. Since the trans-
position (y, z) is the only admissible nontrivial permutation for the polynomial
(xoy)z. This finishes the proof of the lemma.

LeMMA 9.12. If xy® = yx? and (xo y)z = (x 0 z)y holds then the polynomials
(xy)oz and zo(xy) do not admit any nontrivial permutations of their variables.

Proof If (xy)oz admits a nontrivial permutation, then (xy)oz is
symmetric. Using this fact and the identity (xoy)z =(xo0z)y we have

xy = (xy)o(xy) = (xy)y)ox = (xy*)ox = (xoy)ox = ((x0y)x)x
= ((xox)y)x = (xy)x = yx? = yox.

This gives the commutativity of o, a contradiction.
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Assume that zo(xy) is symmetric. Then we get
xoy = x0(yy) = yo(xy) = (y(xy)) (xy) = (xy*)(xy)
= (x0y)(xy) = (xo(xy))y = (yo (xx))y = (yox)y
=(yoy)x=yx (we use also (xo0y)z =(x02z)y).
Thus we get the commutativity of xoy, a contradiction.
LEMMA 9.13. If xy* = yx?, then p,(G,") > 9.

Proof. If (xoy)z does not admit any nontrivial permutation of its
variables, then using Lemmas 8.1 and 9.3 we get 9 pairwisely distinct and
essentially ternary polynomials over (G, ) by permuting variables x, y, z in the
polynomials xyz and (xoy)z.

If (x 0 y)z admits a nontrivial permutation of x, y, z then applying Lemma
9.11 we get (xoy)z =(xo0z)y. By Lemma 9.12 we infer that the polynomials
(xy)oz and zo(xy) are nonsymmetric (they are also different). Applying
Lemmas 8.1 and 9.12 we infer that the following polynomials: xyz, yzx, zxy,
(xy)oz, (yz)ox, (zx)oy, zo(xy), xo(yz) and yo(zx) are essentially ternary and
pairwisely distinct. Thus in both cases we have p;(G,-) = 9 which completes
the proof of the lernma.

Proof of Theorem 9.1. Assume that (G,-)e V() and p,(G,*) = 2. We
prove p;(G,:)=9.

According to Lemma 9.3 it suffices to consider the case p,(G,')=3.
Consider the polynomial x oy = xy?. It is clear that x oy is essentially binary.
If xoy=yox, then (G,')eV#(+). Since p,(G,)=3 we infer that (G,')
€ V2(*\V;,2(*)- An application of Lemma 7.12 gives p,(G,) > 9 (we can apply
also Theorem 7.1).

Assume now that x o y is essentially binary and noncommutative. Here the
assumption p,(G,) = 3 implies that the polynomial xy? is essentially binary
(see Lemma 9.2). Using the fact that xy? is essentially binary and xy, xoy and
yox are the only essentially binary polynomials over (G, -) we infer that (G,)
must satisfy one of the following identities: xy =xy®, xy*>=xy* and
xy? = yx3. Further the proof follows from Lemmas 9.7, 9.10 and 9.13. This
finishes the proof of the theorem.

10. Nonmedial groupoids (continued)

In this section we prove

THeoreM 10.1. If (G,-)e V(*), (G,-) is nonmedial, x o y = xy* is essentially
binary and noncommutative, then p,(G,") = 3, p3(G,") =9 and p,(G, ) > 3"}
for all n > 4.

To prove p,(G,*) > 27 for such groupoids we need the following notion.

3 — “Disertationes Mathematicae”
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Recall that for an algebra (4, +,) of type (2, 2) we say that is
distributive with respect to + if the following distributive laws hold in
(4, +,°):

(x+y)z=xz+yz and z(x+))=zx+zy.

Our proof of the theorem splits into two cases: x oy = xy? is distributive with
respect to xy and the second case x o y = xy? is not distributive with respect to

xy.
In this section we assume that (G,-)e V(-) and xoy = xy? is essentially

binary and noncommutative. Let us note, that notations for polynomials

introduced in lemmas are used consequently throughout the section.

LemMA 10.2. The following polynomials
Sq = S4(xy, X3, X3, Xg) = X1 X; X3 Xy,
m=m(xy, X;, X3, Xg) = (% X3) (X3 Xg),
P =plxy, X5, X3, X4) = (X1 X,)0(x3 X,),
g =q(xy, Xz X3, X4) = (X, 0X,)(x3 X),
r=r(Xgs Xg5 X3, X4) = (X1 0X,)(X30%y)
are all essentially 4-ary.

Proof. The fact that s, and m are essentially 4-ary was proved earlier (see
Lemma 4.2). To prove that p, g and r are essentially 4-ary we use Lemma 8.1
and the fact that under the assumption of Lemma 8.1 one can prove that the
following composition of polynomials f and g

f(xl, veey Xie1s g(}’p Caey y"), Xit1s over Xj—1, g(zl, vy Zn), Xjt1s v 05 xm)
depends on all its variables where i=1,...,mand j=1,..., m.

LEMMA 10.3. If xoy = xy? is distributive with respect to xy, then the
polynomial

q=q(xy, X3, X3, X4) = (x; 0x,) (3 x,)
does not admit any nontrivial permutation of its variables.
Proof. Assume that
(9 (e, 0x2) (x3x4) = (x;, 0 %) (x;, x;,)

for some nontrivial permutation (i, i,, iy, i) =6€S,. Let X = {i5, i,}. If
X = {3, 4}, then putting x, =x, x, =y and x;=x, =z in (q) we get
(xoy)z = (yox)z which is impossible (see the proof of Lemma 8.2).

If X = {1, 2}, then q admits the transposition (1, 2). Using this fact we
have

(xoy)z = q(xs Vs 2, Z) = Q(y, X, Z, Z) = (yOX)Z.

Thus we get (xoy)z=(yox)z, a contradiction.
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Further we have for the set X the following possibilities: {1, 2}, {1, 4},
{2, 3} and {2, 4}. For every this set corresponds two identities of the form (q).
For example, if X = {1, 3}, then we have two possibilities:

(x0%5)(x3%4) = (x,0x)(x,x3) or (x;0%,)(x3%x,) = (x4 0x,)(x x3).
If the first of these identities holds, then we obtain
(1 0%,5) (x3x4) = (X3 0%4) (X X3) = (x30%5) (x; x) = (x,0x,) (5‘4x3)-

Hence we get (x; 0x,)(x;3x,) =(x;0x;)(x3x,) which implies the identity
(xoy)z = (yox)z, a contradiction,
If the second identity holds, then we obtain

(1 0%2) (3 x4) = (x40 %,) (%, X3) = (x30x,)(x; X4).

Hence we have
= (xox)(yy) = (o x) (xy) = (¥x)x) (xy) = x(xy)* = x 0 (xy).

Since xoy is distributive with respect to xy we get

xy =x0(xy) =(xox)(xoy)=x(xo0y) = (xoy)x.
Thus we obtain xy = (xoy)x. Putting in this identity xy for x we get
xo0y = xy? = ((xy)o y)(xy). Using again the distributive laws for o with respect
to we get

xoy ={((xy)oy)(xy) = ((x 0y)(y0y))(xy) = ((x0»)y)(x)
= ((x0 ) ) (xy) = (Y 0 ) (ey)) (xy) = y(xy)* = yo(xy)
=(yox)(yoy) = (yox)y.

(Above we use also (x; 0x,)(x3X,) = (X3 0%,) (% X4).)

Combining the identities xy = (xoy)x and xoy = (yox)y we get xoy
= yx which proves that o is commutative, a contradiction.

Let X = {2, 4}. Thus we obtain

(x,0%5)(x3X,) =(x30%x)(X3%g) OF  (X;0%,)(xX3X,) = (Xy0X3)(X5X4).
If the first case holds, then we have
(3, 0x5)(x3x,) = (x30%,)(%;%x,) = (x40%) (%5 X3) = (x5 0%1)(X3%,).

Thus (x, 0x,;)(x3x,) = (x,0x,)(x3x,) is the considered case.
If the second case holds, then

(31 0%5) (x3 x4) = (3; 0x3) (x; X,) = (x; 0X,4) (X5 X3).
Using this identity and the distributivity of x o y with respect to xy we obtain
xoy = (xy)y = y(xy) = o y)(xy) = (yox)(yy)
=(yox)y =(yox)(yoy) = yo(xy) = (y(xy))(xy)
= (xy?)(xy) = (x0y) (xy) = (x 0 x) (hy) = xy.
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Hence xy = x oy which is impossible. The proof of the remaining cases, i.e., for
X = {1,4} and X = {2, 3} runs similarly. The proof of the lemma is completed.

LemMA 104. If (G,-) is nonmedial, then the polynomials s,, m and p (see
Lemma 10.2) satisfy

cardG(s,)=2, cardG(m)=8 and cardG(p)=4.

Proof. The first statement follows from 4.6, the second one follows from
the commutativity xy and the nonmediality xy. To prove card G(p) =4
observe that if
(p) P(Xy, X3, X3, Xg) = P(Xq1, Xuz> X35 Xga)
holds for some nontrivial permutation o € S, then the identity (p) implies either
the polynomial p is symmetric or the algebra (G, -, o) satisfies the following
identity

(X1 x3) 0 (3 X4) = (x3 X4) O (x; X;).
In both cases we have

xoy = (xx)o(yy) = (yy)o(xx) = yox.
Thus we get xoy = yox, a contradiction.

Lemma 10.5. The following polynomials:

gy = q (x5 X3, X3, X4) = (X, 0%5) (X3 X,),
q; = qz(xp Xy X3, x4) = (xzoxl)(xa X4)s
43 = q3(x 5 X5, X3, X,4) = (X30Xx,) (x4 X,),
Gs = q4(x1, X3, X3, X4) = (x,0%3) (% X,),
ry=ri(xy, X3, X3, X4) = (x,0x,) (x5 0x,),
ry =ra{xy, Xz, X3, X4) = (x,0%,) (x5 0x,),
r3 =r3(xg, X5, X3, X,) = (X; 0X,) (X, 0X3),
Fo =T4(X15 X3, X3, Xg) = (35 0%;)(x, 0 x3)
are pairwisely distinct.

Proof. Let us check that q, # q,. Indeed, if g, = g, then setting x, = x,
x,=yand x; = x, =z we get (xo))z = (yox)z which is impossible. In the
same way one can prove that all ¢’s are different. Analogously using the
commutativity of xy and the inequality (xoy)z # (yox)z we prove that
@ #{ry, 12, 13, 1} for all i Assume that r, = r, for some 2 < i < 4. Identifying

variables x; with x, or x, with x, in this identity we get a contradiction with
(xoy)z # (yox)z.

LemMa 10.6. If (G,-) is nonmedial, then r, # s5 for all 6eS, and i =1,
2, 3, 4.
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Proof. Assume that

ri(X1s X55 X35 X4) = 54X 15 Xp2, Xg30 Xg4)
for some oeS,. First of all observe that the polynomial r,(x,, x,, X5, X,)
1234

3412
group G(s7). According to Lemma 4.6 we infer that G(s3) consists only of the
transposition (g1, 62) and the identity permutation. This contradicts g, € G(s%),
a contradiction.

LEMMA 10.7. r; # m° for all €S, and i=1, 2, 3, 4.

admits the permutation o, =( ) Thus o, belongs to the admissible

Proof. To prove this it suffices to check that
(%1 0%,) (x30%,) & {(x x5) (x5 x4), (x5 %3) (%4 X,)s (% X3) (%5 %)}
If, eg, (x;0x;)(x30x,)=(x,x3)(x,x;), then putting x, =xy3=x and
X, =x, =y we get
xoy = (xoy)(x0y) = (yx)(yx) = yx = xy.

Hence xoy is commutative, a contradiction.
Analogously one shows the remaining inequalities of the above polyno-
mials.

LemMAa 10.8. g, #p° for all 0eS, and i=1, 2, 3, 4.

Proof. It suffices to prove that g, is none of the polynomials: (x, x,)
0(x3xy), (%3 x3)0(x4 %), (x3x5)0(xy X5), (3, X4)0 (x5 x3), (x;X5)0(x,X,) and
(x3x4)0(xy x3). If g, = p° for some c€S,, then p is either symmetric or g,
admits a nontrivial ‘transposition (x,, x,): In both cases one can prove that
xoy is commutative, a contradiction.

Lemma 10.9. If (x; 0x,)(x30x,) # (x, Xx3)0(x;x,), then r,# p° for all
ceS, and i=1, 2, 3, 4.

Proof. Without loss of generality we can consider only the identity
r, =p° for c€8§,. It suffices to show that none of the following identities:

(1) (1 0x5)(x30x,) = (x5 ;) 0 (x5 X,),
) (33 0x,) (x30%,) = (x5 X3) 0 (x X),
3 (31 0x5) (X3 0%,) = (x3x5) 0 (x X5),
(4) (31 0x5) (x30%4) = (x; X,) 0 (x5 X5),
) (31 0x,)(x30x,) = (x; X3)0(x;X,),
(6) (31 0%5) (x5 0x,) = (x5 X5) 0 (x4 X3),

holds in the groupoid (G,-) (in the algebra (G, *, 0)).
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Proof. If (1) holds, then putting x, = x, =x and xy=x, =y we get
x0y = xy which is impossible. The same argument proves that (3) does not
hold. Assume that (2) holds. Then we have

xoy=(xoy)(xoy)=(yx)o(xy) =xyoxy = xy.

Hence xoy = xy, a contradiction. Similarly we show that (4) and (6) do not
hold. The identity (5) is not satisfied by the assumption. The proof of the lemma
is completed.

Lemma 10.10. If (G,') is nonmedial, l;hen q; #sq for all eSS, and
i=1,2 3, 4.

Proof. Assume that (x;,0x,)(xyX,) = X,y X,; X,3X%,4 for some oc€S,.
Applying Lemma 4.6 we infer that {c1, 62} = {3, 4} (since in the opposite case
s, admits a nontrivial permutation). Thus the above identity can be rewritten
as follows:

(3 0%,) (3 %) = (X3 X4)%1)X;  OF  (x303,) (%3 X4) = (%3 X)%,) ;.
Putting in both cases x5 = x, we get either
(x10X5)%3 = (X3%;)x; OF  (X;0%;)%3 = (x3%;)x;
which contradicts Lemma 9.3.

LemMMmA 10.11. g,# m°® for all €S, and i=1, 2, 3, 4.

Proof. If q, =m” for some ceS,, then using the fact that q,(x,, x,,
X3, X4) = (X; 0X,)(x3x,) admits the transposition (x5, x,) of its variables we
infer that the polynomial m is either symmetric or the following identity
(%1 0X45) (x5 x4) = (%, X,) (x5 x4) holds in the considered algebra (G, -, o). In
both cases we have

(xoy)Z = (xo.V)(ZZ) = ql(xs y> zZ, Z) = ql(y: X, Z, Z) = (yox)z'
Thus we get (xo y)z = (yo x)z, a contradiction. This proves that g; # m? for all
ceS, and all i=1,2 3,4,
LemMA 10.12. If xoy is nondistributive with respect to xy, then
(1 0 %3)(x30x,) # (x; X3) 0(x, X5).
Proof. Suppose (x; 0x,) (x5 0x,) = (x,; x;)o(x, x,) holds in (G, -, 0), then
we have
(xy)oz =(xy)o(zz) = (xoz)(yoz) and
zo(xy)= (zz)o(xy) = (zox)(z0y).
This proves that o is distributive with respect to which contradicts the
assumption of the lemma. The proof of the lemma is completed.

Proof of Theorem 10.1. Let (G,*)e V() and (G,*) be nonmedial. For
n > 5 the proof follows from Theorem 4.1. The fact p,(G,*) > 3 immediately
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follows since xy, xoy and yox are essentially binary and different. To prove
that p,(G,) 2 9 we apply Theorem 9.1. Now we proof p,(G,*) > 27. The proof
of this inequality splits into two cases:

xoy is distributive with respect to xy and
xoy is not distributive with respect to xy.

If the first case holds we consider the polynomials 5,, m, p from Lemma
10.2 and the polynomials g;,r; (i,j=1,...,4) from Lemma 10.5. Using
Lemma 10.2 we infer that all these polynomials are essentially 4-ary. Applying
Lemma 10.4 we get 21 essentially 4-ary polynomials over the groupoid (G,)
since we have

4! 4! 4!
2z + +
card G(s,) card G(m) card G(p)

Since x o y is nondistributive with respect to xy we infer that (x, o0 x,)(x30x,)
# (x, x3)0(x, x,) (Lermma 10.12). Using Lemmas 10.5-10.11 we get 8 more
essentially 4-ary polynomials, namely g;, r; (i,j = 1, 2, 3, 4). All the 29 poly-
nomials are essentially 4-ary and pairwisely distinct. Thus in this case we have
p.(G,-) > 27.

Turn to the case: x oy is distributive with respect to xy. Take into account
the polynomials: s,, p and g. As above applying Lemma 10.2 we infer that these
polynomials are essentialy 4-ary. By Lemmas 10.3, 104 and 10.10 we get

41 4! 4! 41 4! 4!

. > - - — —d— =" .
Pul0:) 2 3Gy Tcard 6l TardGp) 2 T2 Ta = 0>

This completes the proof of Theorem 10.1.

=12+34+6 =21.

p4(G).)

11. Medial groupoids

In this section we prove the following

THEOREM 11.1. If (G,") is an idempotent, commutative medial groupoid such
that xoy = xy? is essentially binary and noncommutative, then p,(G,") > 3""!
Jor all n=1.

In this section we assume that xoy = xy* is essentially binary and
noncomrmutative over groupoids (G, )eV (-)

LemMA 11.2. Let (G,-)e M(*). Then xoy = x in(G,") if and only if (G,") is
an affine space over GF(3)

Proof It follows from Theorem E.

LEMMA 11.3. Let (G,-)e M(-). Then the jollowing are equivalent:

(i) (G,') is a semilattice,
(ii) The identity xy = xy* holds in (G,*),
(iii) The identity xy* = yx* holds in (G,-).
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Proof. The proof follows from Theorem D and the fact that the medial
law and the idempotency for groupoids imply the distributivity.

LEMMA 114. If (G,")e M(-), then the polynomial x oy = xy* is distributive
with respect to xy.

Proof. We show only the right distributive law, ie., (xy)o:z
= (xoz}(yoz). Indeed, we have

(x02)(yo2) = ((x2)2)((¥2)2) = (x2) (¥2))z = ((xy)2)z = (xy) o z.
Thus we get (xy)oz=(xo0z)(yoz).
Lemma 115, If (G, )eM(-), then the algebra (G,-, o) satisfies
(6, 0x,) (x50 x,) = (x; X3) 0 (x; X,).
Proof. We have
(x;0x,5)(x30%y) = ((x1 xz)xz) ((xa x4)x4)
= ((xl x,) (%, x4)) (x3x4) = ((xl X4) (%, x4)) (%5 x4)
= (%3 X3) (%3 %4)% = (X X3) 0 (%3 X,).
This completes the proof of the lemma.

LeMMA 11.6. If xoy = xy* is distributive with respect to xy, then the
Jollowing polynomial
g = g(xy, X3, X3, X4, X5) = (x, oxz)(xa(x4x5))
satisfies card G(g) < 6.
Proof. Suppose that

(8) (x; 0x,) (xa (x4 xs)) = (X,10X,3) (x03 (Xo4 xas))

holds for some nontrivial permutation o€ S;. Let Y= {04, ¢5}. If Y= {4, 5},
then putting x, = x, in (g) we infer that

glxy, Xo, X3, X4y X4) = q(Xg, X3, X3, X4)

admits a nontrivial permutation of its variables which contradicts Lemma 10.3.
If Y= {1, 2}, then the polynomial g admits the transposition (x,, x,) and
hence the polynomial

g(xy, X5, X3, X4, Xg) = q(%;, X5, X5, X,)

admits the transposition (x,, x,) which contradicts Lemma 10.3.

Further, for the set Y we have the following possibilities: {1, 3}, {1, 4},
{1, 5}, {2, 3}, {2, 4}, (3, 4} and {3, 5}.

If Y= {1, 3}, then the proof runs similarly to the above cases.

If Y={3, 4} or Y= {3, 5}, then we prove that (G,*) is a semilattice.
Indeed, if, e.g., Y= {3, 4}, then the polynomial g admits the transposition
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(x5, x4) and hence the following polynomial

g(xz, X35 X3, X4, X5) = (X, 0X,) (xa(x¢x5)) = ((x4 xs)xa)xz
admits the nontrivial transposition (x;, x,). Applying now (viii) of Theorem
D we deduce that (G,-) is a semilattice which is impossible.
The case Y= {2, 3} is similar to the case Y= {1, 3}.
Let Y= {2, 4} (similarly, if Y= {2, 5}). Then by the identity (g) we get
(31 0) (303 (x4 X5)) = (x; 0x) (33 (x; X5)).
Using this identity we obtain
xoy =xy* = y(yx) = (yoy)(y(xx)) = (yox)(y(yx))
= (yox)(xy*) = (yox)(xoy).

Thus we get xoy = (yox)(xoy) which implies that xoy is commutative,
a contradiction.

Observe that if g admits the transposition (x,, x,) of its variables (e.g.
Y= {1, 4}) then g admits the transposition (x,, x5) and conversely. These all
prove that o from the identity (g) satisfies 0(2) =2 and ¢(3)=3 (if o is
nontrivial). Thus we have proved that card G{(g) < 6. The proof of the lemma is
completed.

LemMa 11.7. If (G,-)e M(-), then the admissible group of the polynomial
g =g(x;, X3, X3, X, X5) = (X; 0%,) (X3 (x4 X))
is isomorphic to S,.
Proof. Using the medial law we have
g(x gy Xg X3, Xg, Xs5) = (%1 0%5) (X3 (x4 X))
= ((x; %)x5) (3(%4 X5)) = ((¢; X5) (x4 X5)) (%5 X3)
= ((xy x4) (x5 x5)) (%3 X3).

Thus g(x,, X,, X3, X4, X5) = ((x; X,) (x, x5))(x; x3). This proves that g admits
the transposition (x,, x,) of its variables. Hence we infer that the admissible
group G(f) contains such ¢ €S, for which ¢ (i) =i (i = 2, 3). This implies that
G(f) contains isomorphically the group §;. Using the previous lemma we
deduce that G(f)= S, which completes the proof of the lemma.

LEMMA 11.8. The admissible group of the polynomial
P = P(%1, X3, X3, Xg) = (X, X,) O (X3 X,)
is a Boolean group of order 4.

Proof. It is obvious that the following permutations

1234y (1234) (1234) 4 the identit
2134 \1243) \2143) y
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are in the group G(p). If €S, and o is a nontrivial permutation admitting

variables of p, then the polynomial p is symmetric or (G, -, 0) satisfies
(3 X3) 0 (x3x4) = (x3X4) 0%y %)

In both cases one proves the commutativity of xoy.

LEMMA 119. g #5% for all 6eS,, where s, and q denote the same
polynomials as in Lemma 10.2.

Proof. Using Lemma 11.4 we infer that xoy = xy? is distributive with
respect to xy and hence by Lemma 10.3 the polynomial g(x, x,, x3, x,)
= (x, 0x,)(x; x,) admits only the identity permutation and the transposition
(x3, x4) of its variables. Assume now that q=si for some oceS,. Since
540xy, X5, X3, X4) = X, X, X3 X, admits the transposition (1, 2) we infer that the
identity g = s% is equivalent either to

(x10%) (X3 xg) = (X3 x) X)X, OF (3, 0X) (3 Xg) = ((x3 X4) %)%, .
Putting in these identities x, = x, = x and x5 = x, = y we get in both cases:
xy = (xox)(yy) = (ny)x)x = (yx)x = yx* = yox

Hence xy = yox which proves that xoy is commutative.

LemMa 11.10. If (G,)eV(:) and the polynomial s,=s,(x,,...,X,)
=X, ... X, does not admit any nontrivial permutation of its variables, then

n!
. ?_.
P.(G,) 2

Proof. Under the assumption of the lemma we infer that the admissible

group of s, consists only of the identity permutation and the transposition
] !

(1, 2). Applying Lemma 4.2 we get p,(G,") = #'(s") = % The proof of the

lemma is completed.
Further we deal with groupoids (G,") satisfying
(m) Xy Xg  Xpe1Xp =XpXg eoo Xpye1 Xy
for some m = 3.
LemMa 11.11. If (G, )e V(-) and (G, ) does not satisfy (m) form =3, 4, ..,
]
then p,(G,") > =.
2
Proof. Let (G,")e V() and card G > 2. Suppose that s, = s5, for some
nontrivial 6 €§,, and some m > 3. Without loss of generality we may assume
that m is the smallest number such that s, = sZ holds in (G,-). Applying

Theorem G we infer that groupoid (G, -) satisfies (m), a contradiction. Now the
proof follows from the previous lemma.
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LemMa 11.12. If (G, )e V(') and (G, ") does not satisfy (m) form= 3,4, ...,
then p,(G,")>3""! for n> 6.

!
Proof. Using the previous lemma we get p,(G,") = % >3""! forn>6.

Lemma 11.13. If (G, )e M(:) and the identity (4) does not hold, then the
admissible group of the polynomial:
2 =0(xy, X3, X3, Xg5 Xs) = ((xl X5) (%5 x4))x5
is isomorphic to the group S,.

Proof. The medial law implies that the group G(g) contains every &S,
for which o(5) = 5. If g admits any other permutation of its variables (i.e., any
nontrivial permutation), then g is symmetric. Hence we get

54(X15 Xg5 X3, Xg) = @(Xg, X3, X3, Xa, Xg) = 0(Xy, X3, X3, X3, X;)
= 54(x4, X3, X3, X).
Thus we see that (G,-) satisfies (4) which contradicts the assumption.

Lemma 11.14. If (G, )eM(-) and (G,-) does not satisfy (m) for all
m=23,4, ..., then ps(G, ) > 81.

Proof. Consider the following 5-ary polynomials:
S5 = S5(X 1, Xg, X3, X4, Xs5) = X; X3 X3 X4 X5,
g = g(x;, X3, X3, Xg, X5) = (¥ 0%3) (x3(x4 X5)),
2 = a(xy, X3, X3, X4, X5) = ((xl X,) (%3 x4))x5.
Using Lemmas 4.2 and 8.1 we infer that all these polynomials are essentially
5-ary over (G,"). Since (G,") does not satisfy (m) for all m = 3, 4, ... we infer
by Theorem G that card G(s,) = 2 for all m > 2. Applying Lemmas 11.7 and
11.13 we obtain
5! 5! 5!
G,")=
Ps(G.) card G(s5) +ard G(g) +card G(o)
=60+20+5 =85> 81.

The proof of the lemma is completed.

LEMMA 11.15. The assumption as in the preceding lemma. Then
p4(G, *) > 21.

Proof To prove this inequality. Take the polynomials:
Sa = S4(X 1, X3, X3, X4) = X1 X3 X3 Xg,
P = p(Xy, X35 X3, Xg) = (X1 X;) O (X3 Xy),

g = q(xy, X35 X3, X4) = (x;0X;) (x5 X,).
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As above using Lemmas 4.2 and 8.1 we infer that s,, p and g are essentially
4-ary (see also Lemma 10.2). Applying Lemmas 11.8, 11.9 and Theorem
G (card G(s,) = 2) we obtain
4! 4! 4! 4! 4! 4!
> =—+—+—-—=30>27.

PiG.) 2 G T ard ) TardGlg 2 T4 T2

LemMMa 11.16. If (G,")e M(-), xoy = xy? is essentially binary, noncom-
mutative and (G, ) does not satisfy (m) form = 3, 4, ..., then p,(G,") > 3"~ for
all n> 4.

Proof. The proof follows from Lemmas 11.12, 11.14 and 11.15. The proof
of the lemma is completed.

Now we turn to the last case, i.e., to the case if (G, ') satisfies the identity
(m) for some m > 3. According to Theorem G it is the same to say that the
polynomial s, = s,(x,, ..., X,,) = X; ... X,, admits a nontrivial permutation
ceS, for some m>3.

Lemma 11.17. If(G, +) is an abelian group of exponent d > d, = 2, then the
number A, of all idempotent essentially n-ary polynomials over (G, +) satisfies
(do—1)y—(=1)

dO
Proof. According to Theorem J we have 4, = ((d—1)"—(—1)")/d. Thus

the result follows from the fact that the function f(x) = ((x—1)"—(—1)")/x is
increasing for x > 2 and a fixed n = 2.

Ay 2 for all n.

Lemma 11.18. If (G, +) is an abelian group of exponent d > 5, then
A, >3 for all n>3.

Proof An easy consequence of Lemma 11.17.

LemMa 11.19. If (G, )e M, (), then (G, ") either equivalent to an affine space
over GF(3) or p,(G,")>3""! for all n>3.

Proof. According to Theorem E there exists an abelian group (G, +) of
exponent d|2"—1 such that (G,-) = (G,(d+1)(x+)/2). Since d is a divisor
of 2°—1 we infer that d is odd. If d =1, then the assertion is obvious.
If d =3, then (G,)=(G, 2(x+y)) and hence (G,*) is an affine space over
GF(3). Assume that d>5. Applying now Theorem K we infer that
P.(G.(d+1)(x+y)/2) is equal to the number 4, of all idempotent and essentially
n-ary polynomials over the group (G, +) of exponent d. According to Lemma
11.18 we get our requirement. This completes the proof of the lemma.

LemMma 11.20. If (G,-}e V(') and (G,") satisfies. the identity (m), Le., (G,*)
satisfies
XyXy' " Xpe1 Xy =Xy Xy Xy Xy
for some m > 5 and (G,*) does not satisfies the identity (4), then p,(G,-) > 3""!
for all n = 3.
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Proof. Using Theorem H we infer that (G,-)e M%_,(-). By Theorem
F we get that (G, ") is a sum of groupoids (G, ') from the variety M,,-,("). It
is clear that all groupoids (G;, ) are subgroupoids of (G, ). Thus we obtain the
inequality p,(G,-) 2 p,(G,,") for all n and all ieI. Applying Theorem E to the
groupoids (G;,*) we infer that there exist abelian groups of exponent d; such
that d,|2""2—1 and (G,,") = (G,,(d;+ 1)(x+)/2). If d, =1 for all iel, then
(G,) is a sum of one-element groupoids and hence (G,*) is a semilattice (for
details see [19]). But any semilattice satisfies the identity (m) for all m which
contradicts the assumption that (G,-) does not satisfy (4). This proves that
there exists i, eI such that d,, > 3 and d, |2™~2—1. First observe that if every
d,|2m"~2—1 satisfies d, <3, then the groupoid (G,*) according to Theo-
rem E and Theorem F is a sum of affine spaces over GF(3), i.e., of groupoids
from M,(-). Applying now Theorem F and Theorem H we get
(G,")eM%(-) = K, (). Hence (G, -) satisfies the identity (4) which is impossible.
Thus we have proved that there exists d, > 5 such that d; [2""%~1 and
(Giy»*) = (Gyys (dy, +1) (x + y)/2) where (G,,, +) is an abelian group of exponent
d,,. Using Theorem E we infer that (G ,")eM,,—,(*). Since d,,>35 we
conclude that (G, ,*) is not equivalent to an affine space over GF (3) Applymg
now Lemma 11.19 we get p,(G,,") > 3""! for all n> 3. This gives p,(G,")
2 p,(G,,) > 3""! for all n> 3. Hence p,(G,") > 3"~ which completes the
proof of the lemma.

LemMMa 11.21. If (G,-) is a free groupoid in the variety M,(-) with n-free
generators, then card G = 3" !,

Proof. According to Theorem E the groupoid (G,-) is an affine space over
GF(3) which by Theorem K is polynomially equivalent to the full idempotent
reduct of a linear space over GF(3). Applying now Theorem J we infer that
P.(G,") = (2"—(—1)")/3 for all n. Using Theorem M we get

n k_(__ 1)\
card G = Z ( )pk(G,-)= Y (Z)L:;l)—

k=0 k=0

=%<Z": 2"(")— i(—l)"(n» =3[A+2y-(1+(=Dy1 =
x=o \k/ K=o k

Hence we get that card G = 3"~ ! which completes the proof of the lemma.

LEMMA 11.22. The lattice of subvarieties of the variety K3(*) is a four-ele-
ment lattice {0, a, b, 1}, where a is the variety of semilattices, b is the variety of
affine spaces over GF(3), O is the variety of one-element groupoids and 1 is the
whole variety K%(-).

Proof. First observe (applying Theorem F) that M3(-) is a regular variety
defined by all regular identities of the variety M,(-) (for details see [8]). Hence
by Theorem E we infer that M%(-) is defined by all regular identities of the
variety of all affine spaces over GF(3). Since the variety of affine spaces over
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GF(3) is equationally complete we infer, using Theorem I that the lattice of
subvarieties of the variety M%(-) is isomorphic to the Cartesian square of
a two-element chain. It is clear that both varieties a and b are subvarieties of
K3%(-). Applying now Theorem H we deduce that the lattice of subvarieties of
K%(-) is the four-element lattice {0, a, b, 1} which completes the proof of the
lemma.

As a corollary from this lemma we get

LEMMA 11.23. Any groupoid (G,*) from K%(-) which is neither a semilattice
nor an affine space over GF(3) generates the variety Ki(-), ie., Ki(‘)
= HSP(G,").

LemMA 11.24. Free groupoids in the variety K} (-) with finite free generators
are finite,

Proof. It is easy to see that the free groupoid G, with two free generators
a, b is finite and has five elements, namely G, = {a, b, ab, ab?, ba*}. Further, G,
is neither a sernilattice nor an affine space over GF(3) and therefore using the
previous lemma we get K¥(-) = HSP(G,) and hence K¥(-) = HSP(GY) for all
k (where G% denotes the Cartesian power of the groupoid G,).

Let now G, be a free groupoid in K¥(-) with the set of free generators
a,, a,, ..., a, where n is finite and n > 2. Analogously as above we prove that
K%(-)=HSP(G,) for all n > 2. Assume that G,, is infinite for some m > 2. This
implies that there exists an infinite sequence of elements b, b,, ... from G, (all
elements are pairwisely distinct) and there exists a sequence of n-ary polyno-
mials f;,f,,  such that

b, =fla,, a5,...,a,), i=1,2,...

It is clear that the groupoid G7% is finite. Hence we infer that at least two
polynomials of the sequence f;,f,,  on the groupoid G% are equal, say,
Ji =1, Thus the identity f; = f, is an identity of the groupoid GJ and hence it
is also an identity of the variety KX(-). This proves that f; =/, is an identity in
the groupoid G, which contradicts b, % b,.  The proof of the lemma is
completed.

LeMMa 11.25. If (G,) is a free groupoid in the variety K¥(*) with m free
generators, then card G = (4™ —~1)/3.

Proof. According to the previous lemma the groupoid (G, ) is finite. Now
applying Theorem L, Lemma 11.21 and Theorem H we obtain

card G = kz<>3k1 %i ()
%(23'*() ) %((1+3)M—1)=4m3_1.
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LemMa 11.26. If(G,) is a free groupoid in the variety K¥(+) with m = 2 free
generators, then p,(G,")=3""! for all n> 1,
Proof. Applying Theorem N and Lemma 11.25 we obtain
" (n 4 —1
G,")= —yh——
PG = X (k)( P

=0

(B G- ()

(@+(=1y—(+(-1)) =31

-

M:

W =

_1
3

Thus p,(G,")=3""! for all n>1.

LemMa 11.27. If (G,-) is an idempotent commutative groupoid satisfying
Xg Xy Xq X, = X4X3XyX, then (G,-) is either a semilattice, or an affine space over
GF@3) or p,(G,")=3""for all n> 1.

Proof. Assume that (G,) is neither a semilattice nor an affine space over
GF(3). Since (G, )e K% (-) we infer, according to Lemma 11.23 that (G,*) must
generate the variety K¥(-). Since any free groupoid F in the variety KX(-) with
at least two free generators is also not a semilattice and not an affine space over
GF(3), we infer using Lemma 1123 that F generatess K}('), ie,

%(*) = HSP(F). Thus HSP(G) = HSP(F). Hence we get p,(G,") = p,(F,") for
all n. Now using Lemma 11.26 we obtain p,(G,) = 3""? for all n > 1, which
completes the proof of the lemma.

LEMMA 11,28, If (G,")eV ('), xoy = xy* is essentially binary, noncom-
mutative and (G, ") satisfies the identity (m) for some m > 4, then p,(G,") = 3"~ 1
foralnzl,

Proof. Since xoy = xy?* is essentially binary and noncommutative we

infer that (G, ) is neither a semilattice nor an affine space over GF(3). If (G,*)
satisfies the identity (m) for some m > 5 and (G, ) does not satisfies the identity
(4), then applying Lemma 11.20 we get p,(G,*) > 3""1 for all n > 3. If (G,")
. satisfies the identity (m) for m = 4, then (G, )e K¥(-). Using Lemma 11.27 we
get p,(G,")=3""! for all n > 1 which completes the proof of the lemma.

Proof of Theorem 11.1. Let (G,") be an idempotent commutative
medial groupoid such that xoy = xy® is essentially binary and noncom-
mutative. We prove that p,(G,-) > 3"~ ! for all n > 1. For n = 2 the statement
is obvious. For n = 3 the proof follows from Theorem 9.1. If (G,-) does not
satisfy the identity (m) for m = 3, 4, ..., then the proof follows from Lemma
11.16 since in this case we have p,(G,') > 3"~ ! for all n > 4.If (G, ) satisfies the
identity (m) for some m > 4, then applying Lemma 11.28 we get p,(G,*) = 3" !
for all n. This completes the proof of the theorem.
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12. Proof of Theorem 1

Let (G,-) be an idempotent commutative groupoid being not a semilattice
and not an afline space over GF(3). We prove that p,(G,-) > 3" ! foralln > 4.
The proof splits into two main cases: (G, ") is nonmedial, (G,) is medial and
several subcases depending on the polynomial xo y = xy?. First we consider
the nonmedial case. Take the polynomial x 0y = xy%. Assume that x oy is not
essentially binary. Since (G, ) is nonmedial we infer that card G > 2 and hence
"using Lemma 4.2 we deduce that xy is essentially binary. Now applying
Theorem A we infer that (G, ) is a Steiner quasigroup. According to Theorem
5.1 we get p,(G,-)>3"""! for all n>4. Let xoy be essentially binary. If
xoy = xy, then (G,-) is a near-semilattice being not a semilattice, then using
Theorem 6.1 we get p,(G,") > 3""! for all n > 4. If x0y = xy? is essentially
binary, commutative and xy # xoy, then (G,*) belongs to the variety VZ(-)
and the assertion follows from Theorem 7.1. Thus, in the nonmedial case it
remains to consider the subcase: xoy = xy? is essentially binary and noncom-
mutative. In this case the proof follows from Theorem 10.1. This completes the
proof of the theorem in the nonmedial case. If (G,*) is medial, then the proof
follows from Theorem 11.1., The proof of Theorem 1 is completed.

13. Proof of Theorem 2

In this section we will prove Theorem 2 but before we prove the following

TaeorEM 13.1. Let (G,-) be an idempotent commutative groupoid. Then
p,(G,*) =3 and p,(G,') = 27 if and only if (G,*) is a groupoid different from
a semilattice an affine space over GF(3), satisfying the identities

xy=xy*,  (xy)uv) = (xu)(yv).
Before proving this theorem some lemmas are needed.

LeMMA 13.2. If (G,") is a groupoid satisfying p,(G,") = 3 or p,(G,") =27,
then (G,*) is neither a semilattice nor an affine space over GF(3).

Proof. Observe that for any semilattice (G,-) with card G > 2 we have
p,(G, )= 1foralln > 1.If(G,") is an affine space over GF(3) with card G = 2,
then using the Gritzer—Padmanabhan result (see Introduction) we have
P.(G,")=(2"—(—1)")/3 for all n. This completes the proof of the lemma.

Lemma 133. If (G,-)eV(:) and (G,") is nonmedial, then p,(G, ) > 27.

Proof. Consider the polynomial xoy = xy* over (G,-). Since (G,*) is
nonmedial we infer that card G > 2 and hence by Lemma 4.2 the polynomial
xy is essentially binary. Assume that x o y = xy? is not essentially binary. Then
applying Theorem A we deduce that (G, ) is a Steiner quasigroup. The
nonmediality of (G, ") implies that (G,-) is not an affine space over GF(3) (see
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Theorem E). Using for such groupoids Theorem 5.1 we get p,(G,-) > 27. If
x oy is essentially binary, then we have two possibilities: x 0 y is commutative,
x 0y is noncommutative. If the first possibility occurs, then applying Theorems
6.1 and 7.1 we get p,(G,-) > 27. If xoy is essentially binary and noncom-
mutative, then the proof follows from Theorem 10.1. This completes the proof
of the lemma.

LemMa 134. If (G,-)eM(-) and p,(G,") = 3, then the polynomial xoy
= xy? is essentially binary and noncommutative.

Proof. Since p,(G,') =3 we infer that xy is essentially binary. Assume
now that xoy = xy? is not essentially binary. Then applying Theorem A and
Lemma 112 we deduce that (G,') is an affine space over GF(3) which
contradicts p,(G, ) = 3 (see Lemma 13.2). Thus xoy is essentially binary. If
xoy is commutative, then applying Lemma 11.3 we infer that (G,-) is
a semilattice which contradicts Lemma 13.2.

Lemma 13.5. If (G,-)e M(-) and p,(G,’) =3, then (G,") satisfies either
xy = xy* or xy* = yx3.

Proof. Consider the polynomial x * y = xy3. According to Lemma 9.2 the
polynomial x#*y is essentially binary. Since p,(G,") =3 we infer, using the
previous lemma that xy, xy> and yx?> are the omly essentially binary
polynomials over (G,-). If xy? = xy* holds in (G,"), then according to (v) of
Theorem D, the groupoid (G, -) is a semilattice, — a contradiction. Further, the
polynomial x#y as essentially binary must be equal xy or yx? which
completes the proof of the lemma.

Lemma 136. If (G,")eM(:) and (G,*) satisfies xy* = yx*, then (G,)
satisfies xy = xy°.

Proof Using the idempotency and the medial law we have

xy = ((ey) () (xp) = ((c)x) ((xy)y) = (ey?) (rx?).
Hence xy = (xy?)(yx?). Using this identity and xy® = yx* we get

xy = (xy?) (xy?) = (xp) (xy2)y = (1)) x)y
= (x)y)y = (xy*}y)y = xy*.

Hence we get xy = xy>.

LemMa 13.7. Let (G,-)eM(:) and let xy* = yx*. Then the following
conditions are equivalent:

@) (G,") is a semilattice,

(i) (G,*) satisfies xy* = xy,

(iii) (G,) satisfies xy* = xy?,

(iv) (G,*) satisfies xy* = yx2.

Proof. It is clear that the first condition implies all the remaining ones.
Assume that xy* = xy holds in (G, ). Then applying the previous lemma we get

4 — “Disertationes Mathematicae™
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xy? = (xy*)y = xy® = xy. This proves that (G,-) satisfies xy = xy* and hence
by Lemma 11.3 (G,') is a semilattice. If (G,-) satisfies xy? = xy*, then
analogously as above we have xy = xy°> = xy* = yx? and hence consequently
(by Lemma 11.3) (G,") is a semilattice. If xy* = yx* holds in (G,-), then
applying the previous lemma we get xy = xp’ = (xy4)y = (yx3)y = (xy*)y
= xy*. Hence (G,') satisfies (ii) and therefore (G,*) is a semilattice which
completes the proof of the lemma.

Lemma 13.8. If (G,-) is an affine space over GF(5) with card G = 2, then
(G,"YeM(), p,(G,") = 3, (G,") satisfies the identities xy* = yx?, xy* = x and
(xy))x = y.

Proof. Let (G,')=(G, 3x+3y) where (G, +) is an abelian group of
exponent 5 with card G > 2. Then (G,-)e M(+) is obvious. Using Theorem
J and Theorem K we get p,(G,*) = (4"—(—1)")/5 for all n. Hence p,(G,") = 3.
We check only the identity xy? = yx> (similarly one can check the remaining
ones). If xy =3x+3y, then xy?> =4x+2y and xy> = 2x+4y which gives
xy? = yx3,

LemMMA 13.9. Let (G, ) be an idempotent commutative medial groupoid. Then
(G,") is an affine space over GF(5) if and only if (G,*) satisfies (xy*)x = y.

Proof. According to the previous lemma it suffices to prove that if
(G,")eM(-) and (G,") satisfies (xy*)x =y, then (G,") is an affine space over
GF(5). First observe that the identity (xy?)x = y implies xy* = x. Indeed, we
have xy = (xy*)x? and hence

x = ((xy®)x?) (xy?) = (xy) (xy?) = y(rx)*.
Thus we obtain x = y(yx)?. Putting xy* for y in this identity we get
x = (xy?) (")) = (xy?)y* = xp*.
Hence xy* = x holds in (G,").

Let now o be a fixed element in G. Consider a groupoid (G, +) where
x+y = (xy)o. It is clear that (G, +) is a commutative groupoid satisfying
x+o0 = x. Using the medial law (also the distributive law) we have

(x+y)+2z = (((xy)0%)2)0* = ((((xy)0%)2)0)0?
= (((x3)0%) (20)0* = ((x3) (z0)) 0
= ((zy) (x0))0% = (z+y)+x = x+(y +2).

Hence (G, +) is a commutative semigroup with zero. Further, observe that an
element (bo)a® is a unique solution of an equation a+u = b for every a, beG.
Thus (G, +) is an abelian group. We have 2x = xo0?,

3x = ((x0®)x)0® = (((x0%)x)0)0? = ((x0*)(x0))0? = 0x20* = x0, 4x = x0?,
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and 5x = ((x0?)x)o® = 0. Thus we have proved that (G, +) is an abelian group
of exponent 5. Using the fact that 3x =xo we have 3x+3y = xo+yo
= ((x0) (y0))o® = (xy)o* = xy. Thus we get (G,-) = (G, 3x+3y). According to
Theorem K the groupoid (G, 3x +3y) is polynomially equivalent to an affine
space over GF(5) which completes the proof of the lemma.

LEMMA 13.10. Let (G, )e M(-) be a groupoid with card G = 2 satisfying the
identity xy* = yx*. Then the following two conditions are equivalent:

) (G,') is an affine space over GF(5),

(i) p,(G,-)=3.

Proof The implication (i)=>(ii) follows from Lemma 13.8. To prove
(i) = (i) we consider the following polynomial x [J y = xy*. Applying Lemma
13.7 we infer using p,(G,-) = 3 that xy* is not essentially binary. Since xy? is
essentially binary (see Lemma 13.4) and xy? = yx® we infer that xy* is also
essentially binary, applying now Theorem A we deduce that xy* = x. This
identity together with xy? = yx? gives xy?x = yx* = y. Hence (G, ) satisfies
the identity xy?x = y. Applying the previous lemma we prove that (G, ) is an
affine space over GF(5). The proof of the lemma is completed.

Proof of Theorem 13.1. Assume that (G,")e V(+) and p,(G,-) = 3*~!
for k = 2 and k = 4. Then using Lemmas 13.2 and 13.3 we infer that (G,-) is
medial being not a semilattice and not an affine space over GF(3). Applying
now Lemma 13.5 we see that (G,-) satisfies xy = xy? or xy? = yx3. If (G,")
satisfies the identity xy* = yx3, then (G,-) is an affine space over GF(5)
(according to Lemma 13.10). Using now Theorem J and Theorem K we get
P,(G,") = (4"—(—1)")/5 for all n. This proves that p,(G,')= 51 which con-
tradicts p,(G,*) = 27. Thus (G,") satisfies the identity xy = xy* which com-
pletes the proof of the theorem since the converse follows from Lemma 11.27
and Theorem H.

Proof of Theorem 2. Let F = {G};, be a family of affine groupoids of
dimension 3 (affine spaces over GF(3)) such that card I > 1 and there exists ie |
such that card G, > 1. Assume that G is the sum of the system F. Using
Theorem E we infer that (G;,)e M,(-) for all ieI. Applying now Theorem
F and Theorem H we see that (G, )€ K¥(-). According to the assumptions on
the system F, the groupoid (G,-) is neither an affine space over GF(3) nor
a semilattice. By Lemma 11.23 we obtain p,(G,")=3""! for all n> 1.

Assume now that (G,")eV(-) and p(G,)=3*""* for k=2, 3, 4.
According to Lemma 13.2 we deduce that (G,-) is neither a semilattice nor an
affine space over GF (3). Applying Theorems 13.1, E, F and H we infer that the
groupoid (G,-) is a sum of a required system F. The proof of the theorem is
completed.
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