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Introduction

Pawlak ([27] and [28]) introduced and extensively studied the notion of a rough set
and its application to the theory of information systems. In {29] he proposed a “rough
logic” in which we can express several notions connected with rough sets. Logics of
this kind were also considered in several other papers (see [16], {25], [26], [32], [33]
and [38]).

In [38] Szczerba introduced a new quantifier and called it a rough quantifier. This
quantifier binds one variable in one formula. The semantics of the rough quantifier is
determined by an equivalence relation in the following way: a sentence Qzy(z) is true if
and only if there is an equivalence class contained in the set of elements satisfying the
formula . In consequence, the sentence ~Qz—p(z) is true if and only if each equivalence
class contains an element satisfying . He proved that the logic with the rough quan-
tifier is compact and has the upward Skolem-Léwenheim property. Moreover, the set
of its tautologies is recursively enumerable. An axiomatization of this logic is presented
in [20].

It was observed in {14], [15] that one can define other quantifiers in a similar way.
Namely, instead of an equivalence relation one could take a linear or partial ordering.
Papers [14], [15] also include some axiomatizations and several model-theoretic properties
of logics with quantifiers of this type.

The main part of this paper is devoted to the study of the case when the semantics
of the additional quantifier is defined using the class of all binary relations. In general,
an arbitrary class of binary relations K allows us to define in a similar manner a new
quantifier Qk. We say that Qg is determined by K. In the last part of the paper we
consider the family of all logics with an additional quantifier determined by a fixed class
of relations.

There are several motivations for studying quantifiers determined by a class of rela-
tions. The first one is that they are defined in a very natural way. Thus it is interesting to
study properties of logics with such a quantifier. Moreover, they provide an answer to a
problem asked by Sgro in [35]. Namely, we show here that several logics with a quantifier
determined by a class of relations constitute a “natural” example of a logic for which the
L.os ultraproduct theorem holds.

Another interesting problem concerns the connection between the properties of the
class of relations and the properties of the logic with the quantifier determined by this
class. It seems that properties of a class of relations have essential impact on the set of
its tautologies. However, we show that several notions and results concerning logics of
the type under consideration can be obtained in some uniform way, independently of the



6 M. Krynicki

choice of the class of relations. The results of our paper indicate that this uniformity is
more meaningful than the properties of classes of relations.

Finally, the definition of rough quantifier as a quantifier determined by a class of
relations was inspired by investigations of information systems. Hence the language with
the rough quantifier is a possible language which could be used in the theoretical research
of information systems. We hope that our general results concerning some wider class of
languages could also be useful in this framework.

The paper is divided into five parts. In the first part we study the properties of the
family of monotone quantifiers on a cardinal x and some operations defined in this fam-
ily. The second part of the paper is devoted to the study of the family of quantifiers
determined by relations, in a similar way to a rough quantifier. We call them relational
quantifiers. We prove that not every operation on the family of monotone quantifiers is
an operation on the family of all relational quantifiers. In the third part of the paper we
study a logic with an arbitrary relational quantifier. We prove the completeness, com-
pactness, Skolem-Lowenheim and interpolation theorems for this logic. We prove that
there is a strict connection between logic considered here and logic with the monotone
quantifier as studied in [22]. In the fourth part we study the model theory of the logic
with a relational quantifier. Here we discuss different notions of the submodel relation,
some preservations theorems, properties of unions of chains of models, product and ul-
traproduct constructions. In the last part of the paper we discuss the correspondence
between the properties of classes of relations and the properties of logics determined by
these classes. We consider the family of all logics with the quantifier determined by a
class of relations. We prove that this family is a complete distributive lattice. Some parts
of this section have been published in [17].

We assume familiarity with some fundamental notions of lattice theory and model
theory. The notation connected with lattice theory used in this paper is taken from [31]
and [30]. We also refer to these books for notions not explained here such as for example N-
complement, U-complement, pseudocomplement, pseudo-Boolean algebra, quasi-Boolean
algebra and others. The model-theoretic notions and notations are mainly taken from [5].
By @ we denote a valuation in a given model (i.e. an infinite sequence of elements). If
f is a unary function defined on elements of this model then by fa we will denote the
sequence of values of the function f for the censecutive elements of the sequence a@. By
Rg f and Dom f we denote the image and domain of the function f respectively. The
identity function on the set X is denoted by Idx. For a structure A and a formula ¢(z)
we denote by ¢(A) the set of elements satisfying ¢ in the structure .A. The set of all free
variables of the formula ¢ is denoted by Fr(y). We will use the symbols 3", 35 32" for
the quantifiers “there exist exactly n”, “there exist at most n” and “there exist at least
n”, respectively.

Some results of this paper were proven during my stay at the Department of Mathe-
matics of the University of Helsinki. I would like to thank my Finnish friends for inviting
me to give a series of lectures on relational quantifiers and for discussions concerning
the subject of this paper. I am also greatly indebted to Heniek Kotlarski for linguistic
corections of the paper.
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1. Algebras of monotone quantifiers

1.1. Family of monotone quantifiers. Let ¥ denote a finite or infinite cardinal.
A family q C P(k) is called monotone if for every X,Y C & the conditions X C Y and
X € qimply Y € q. Each monotone family q C P(«) will be called a monotone quantifier
on «. There are many examples of monotone quantifiers. Below there are some of them.

ExAMPLE 1.1. § and P(x). They are called trivial quantifiers.

ExAMPLE 1.2. 3= {X C k; X # 0} and V = {«}. They are called the eristential and
universal quantifier, respectively.

EXAMPLE 1.3. q(X) ={Y C ;X C Y} and q*(X) ={Y C 5, X NY # @}, where
X C k is fixed. We will say that q(X) is the quantifier generated by X.

ExAMPLE 1.4. Q) = {Y C &;card(Y) > A}, where ) is a cardinal number. Q, is
called the cardinal quantifier (see e.g. [23] or [10]).

ExaMPLE 1.5. Each filter on «.

EXAMPLE 1.6. Qs = {X Ck;da € rVbe v be X Vb Cal, Qs = {X C k;Va €
k3b € kb € X Aa € b}. The quantifiers Qg and Q¢ are called the quantifier of final seg-
ments and cofinality quantifier, respectively. These quantifiers are examples of quantifiers
determined by linear orderings (see [14]).

EXAMPLE 1.7. Let R be an equivalence relation on . Qg = {X C &; X contains
an equivalence class of R}, Qp = {X C &; X has nonempty intersection with each
equivalence class of R}. Qg and Q} are called rough quantifiers and were introduced
in [38].

ExAMPLE 1.8. Let (k, O) be a topology. Qo = {X C x;Y C X for some Y € O}. We
will call Qo the topological quantifier (cf. [34]).

By mon(r), where r C P(x), we denote the least monotone quantifier containing r
(i.e. mon(r) = {X C P(x);3Y e r Y C X}). It is easy to see that the operation mon
is a topological closure operation on P(x). We will say that r C P(k) is a base for a
monotone quantifier q C P(x), or that q is generated by r if q=mon(r). For q # @ and
x # O there are many bases for q. What can we say about the least or minimal base for
q? It is clear that each minimal base is an antichain in (P(k), C). But the converse is also
true. Each base which is an antichain in (P(x), C) has to be minimal. Thus a monotone
quantifier q C P(x) has a minimal base if and only if q has a base which is an antichain
in (P(x), C). From this it follows that if q contains a decreasing sequence of sets but does
not contain any lower bound of this sequence, then q has no minimal base. This gives us
many examples of monotone quantifiers without a minimal base.

PROPOSITION 1.1. Each minimal base is the least base.

Proof. Let ry be any minimal base and r; be a base such that ry & r; . Thus there
existan X € rp—ry and aY € r; such that Y C X. But rg is a base, so there exist Z € ry
such that Z C Y. Because Y # X we have X # Z and hence ry is not an antichain. This
shows that it is not a minimal base. »
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COROLLARY 1.2. Each quantifier with a finite base has the least base. In particular,
each monotone quantifier on a finite cardinal number has the least base. m

By M(x) we denote the set of all monotone quantifiers on a cardinal number .
It is well known that for infinite x there are 22" ultrafilters on & (see e.g. [1]). Thus
card(M(k)) = 27" for infinite x. The problem of determining the number of elements
of M(x) for finite x was already proposed by Dedekind in [8]. This question is strictly
connected with the problem of determining the number of elements of the finitely gener-
ated free distributive lattices (see [36] and [37]). The numbers of elements of M(4), M(5)
and M(6) were found in [8], [6] and [40], respectively. Namely we have: card(M(0)) = 2,
card(M(1)) = 3, card(M(2)) = 6, card(M(3)) = 20, card(M(4)) = 168, card(M(5)) = 7581
and card(M(6)) = 7828354. In general we can only deduce that for finite x, card(M(x))
is equal to the number of all antichains in the lattice (P(x), C). To our knowledge, the
combinatorial problem of giving a formula for the number of antichains in the lattice
(P(k), C) is not solved in a satisfactory manner.

1.2. Lattice of monotone quantifiers. The family M(k) is closed under infinite
set-theoretic union and intersection. That is, we have

THEOREM 1.3. (M(k),C) is a distributive complete lattice with P(k) and § as the
unit and zero element, respectively. In this lattice the least upper bound and greatest lower
bound of every family of elements coincide with the set-theoretic union and intersection,
respeclively. =

Let us define N(x) = M(x) — {0}.

COROLLARY 1.4. (N(k), C) is a distributive complete lattice with P(x) and {x} as the

unit and zero element, respectively. m

We write M(k) (N(x)) rather than (M(«), C) ((N(x), Q)).

If k # @ then M(k) is not closed under set-theoretic complement. This same holds for
N(&) for arbitrary x. But by completeness of our lattices, U-compl and N-comp! exist in
M(k) and N(x).

PROPOSITION 1.5. (a) For q € M(k)(N(k)) we have

U-compl(q) in M(x) (N(x)) = { ég(('{gl}) Z : 7—_é ié:}

(b) For q € M(x),

N-compl(q) in M(k) = { ?a(ﬁ) Z g 7=é g,

(c) For q € N(k), N-compl(q) in N(x) = mon(—(]q). =

Thus a monotone (nonempty) quantifier q has a complement in M(x) (N(x)) if and
only if q = P(x) or q =0 ({x}). As a consequence we have

COROLLARY 1.6. The lattice M(x) (N(k)) is a Boolean algebra if and only if x = 0
(k=1). n
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However, M(x) and N(k) in general are not Boolean algebras but they are pseudo-
Boolean algebras.
For q € N(x) the dual quantifier q* is defined as follows:

9" ={X Crik— X ¢q}.
It is easy to verify that if q is a monotone quantifier then so is q*. Thus the operation of
duality * is an operation in M(k).
The following is easy to prove.

PROPOSITION 1.7. (a) 0* = P(k).

(b) P(k)* =

(c) (@*)" =a.

(d) (Uz‘e[ Qi) =i 95

(e) (ﬂie] Qi) = Uiel q;. =

Part (b) of this proposition shows that * is not an operation in N(k).
By (c) and (d) we have

COROLLARY 1.8. (M(k),U,N,*) is a quasi-Boolean algebra. w

We observe that the quasi-Boolean algebra (M(k),U, N,* ) can be extended to a quasi-
pseudo-Boolean algebra if and only if K < 1.

1.3. Other operations in M(x). For q € M(x) and q' € M(k) we can define the
product (cf. [22]) of monotone quantifiers as follows:

q*ql = {X g [ X A,HI(X) 6 q and H2(X) Eq’}7

where II; for i = 1,2 denote the ith projection.

Thus the product is a function from M(k) x M(A) to M(x x A). In the case of infinite
x we can identify x? with x and consider the product operation as a binary operation in
M(x).

The following propositions are rather obvious.

PROPOSITION 1.9. (a) qxq' =0 iff eitherq=90 orq’ = 0.
(by axq' =P(k x A) iff q= P(k) and q' = P()\). =

PROPOSITION 1.10. For qg,q5 € M(k), q1,9; € M()) and q2 € M(u) we have

(a) (a0 Uqp) * a1 = (qo *q1) U (95 *a1),
(b) go * (91 Uq") = (9o *a1) U (qo * q}),
(c) (@oNqg) *q1 = (90 xaq1) N (qp * q1),
(d) qo* (@1 Nay) = (g0 *q1) N (o * q1),
(e) under the natural identification of k x (A x p) with (k x A) X g,

Qo * (q1%q2) = (qo *q1) *q2. =

Now we consider connections between the product and duality operations. Using
Propositions 1.7 and 1.9 we observe that if =@ or ' =0 or q = P(x) or ' = P()\)
then q* * (q')* C (q*q')*. In other cases the converse inclusion holds:
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PROPOSITION 1.11. Assume that q € M(k) and ' € M(A). If 0 # q # P(k) and
B #q # P(N), then (axa)* C g % (q)",

Proof Let X € (qxq’)*. Then —X ¢ qxq’. Thus I, (—X) € qor II,(—X) € q.
Assume the first possibility and set X' = II;(—X). By —=X C X' x A we have X D
(k — X') x A. By assumption q # @, thus & — X’ # @ and hence II2(X) = A. Moreover,
—IT;(X) € X’. By monotonicity of q, we infer that —II1(X) & q. Thus IT;(X) € q* and
using q' # P()) we obtain IT5(X) € (q’)*. This means that X € q* = (q')*. =

Some easy examples show that in general, the inclusion in the last proposition cannot
be replaced by equality.

We will see in the next chapter that the product is not an operation on the family
of relational quantifiers. Hence we introduce here a more useful operation denoted by x
and called the strong product. Namely, for q € M(k) and q' € M(\) we define

axq ={XCrx\3I¥eqiZeqd Y xZCX}

PROPOSITION 1.12. For q € M(k) and q' € M(\) we have

(a)axq'=0iffq=0orq =0,

(b)axq =Pk xA) iff (q=P(k) andq’ #0) or (q#0 andq = P()\)). n

PROPOSITION 1.13. For qo,qp € M(k), q1,9] € M()) and q2 € M(p) we have

(a) (@0 Uag) x a1 = (g0 x a1) U (ap x 1),

(b) qo x (91U Q") = (90 x q1) U (g0 X q1),

(c) (@oNgp) x a1 S (g0 x q1) N (qp X q1),

(d) 9o x (a1 Nq}) € (g0 x Q1) N (g0 X qY),

(e) under the natural identification of k x (A x p) with (k X A) X p,

Qo % (91 X q2) = (g0 X q1) X q2. ™

In general, the inclusions in (c¢) and (d) cannot be replaced by equalities. Indeed, let
us take K > 2, A > 1, q = {X Ck;i € X} fori =0,1,q={X C A\ X # 0}, and
X = {(0,0),(1,1)}. Then X € (q0 xq)N{q1 x q) and X ¢ (q0 N q1) X q. But we can
prove the following

PROPOSITION 1.14. Let qo,q; € M(k), and q1,9; € M(X). Then
(a) if qo is closed under finite intersections then

90 x (91 Nq}) = (d0 x q1) N (do x q1),
(b) ¢f a1 is closed under finite intersections then

(a0 Nap) x g1 = (g0 X q1)N(qp x q1)- ™
Finally, we consider connections between the strong product and duality operations.
PROPOSITION 1.15. If q € M(k) and q’ € M()) then

q* xq”* C(axq)"

Proof Let X € q* x q’*. Then for some Yy € q* and Zy € q'*, Yy x Zy C X.

This means —Yy € q, —Zo ¢ q', and Yy x Zg C X. But we have: X € (q x q')* iff
VY e q¥Z € q (Y xZ)NX # B. Nowif Y € qand Z € q/, then Y € —Y; and
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Zg-Zy . LetzeYNYyand y € ZN Zy. Hence (z,y) € (Y x Z) N X. This shows that
Xe(gqxqg). =

Let £, > 1 and let q € M(x) (q" € M(X)) be defined as follows: q (q') = {X C
k (A);0 € X} Thusq* =q,9* =q andqxq = {X C & x X(0,0) € X} and hence
(@ x )" = q x q'. This is the case when the inclusion in the last proposition becomes
equality. The following example shows that in general this inclusion cannot be replaced by
equality. Let «k = A > w and q = {X C ;s — X is finite}. Then q* xq* = {X C x%;3Y,2Z
infinite ¥ x Z C X} and Id, ¢ q* x q*. But Id, € (q x q)*.

Now we compare the product and strong product operations. It follows from Propo-
sitions 1.9 and 1.12 that for ¢ € M(k) and q' € M()) if 9 = P(k) or @' = P()), then
q*q’ C qx q’. Moreover, if q = P(x) and P(A) #q' #0 or ¢ = P()\) and P(k) # q # 0,
then qxq’ ¢ q x q’. But in other cases the opposite inclusion holds.

PROPOSITION 1.16. Let q € M(k) and q' € M(X). If either q # P(k) and q' # P()\),
orq= P(k) and q' = P()\), thenqxq' Cqx*q’.

Proof. The case q = P(x) and q' = P(A) follows from Proposition 1.9(b). Assume
that ¢ # P(x),q # P(A) and X €qx q’. ThusforsomeY €qand Z€q',Y x Z C X.
It follows that II1(X) 2 Y € q and II5(X) 2 Z € g/, which means that X € qxq’. =

If for every = € &, {z} € q, and for every z € A, {z} € ¢, then it is easy to see that
gxq = qxq’. Suppose now that {z} & q for some = € « and {y} ¢ q for some y € A and
that q # 0 # q'. Then (s x {y}) U ({z} x A\) € g+ q' — q x q'. Thus the inclusion in the
last proposition cannot be replaced by equality.

2. Algebras of relational quantifiers

2.1. Basic properties of the family of relational quantifiers. Let R be a binary
relation on & (i.e. R C k2). The relation R determines the following family of subsets
of «:

ar={X Ck;JacrVbex ((a,b)e R=2>be X)}.

It is clear that qg is a monotone quantifier.

For a relation R C 2 and a € k we define R, = {b € «;(a,b) € R}. The family
{Ra}acx is a base for the monotone quantifier qg.

For R C x? we define R as follows:

(a,b)e R iff R, C Ry

In some cases there is a strict connection between R and R. This is expressed in the
following way.

PROPOSITION 2.1. (a) R~ C R if and only if R is transitive.

(b) R = R7! if and only if R is reflexive and transitive.

(¢) R= R if and only if R is an equivalence relation. m

For each R C &2 the relation R is reflexive and transitive but not necessarily anti-
symmetric. Thus the relation R = RN R~! is an equivalence relation on &, and the set
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of equivalence classes, & = k/ }~Z, is partially ordered by the relation induced by R. We
denote this ordering by (K, <g). Some connections between the properties of qg and the
properties of this ordering are given in the following

PROPOSITION 2.2. (a) qr s closed under intersections if and only if (K, <g) is directed
to the left.

(b) qr has the least base if and only if for all a € & there is a minimal element b in
(R, <Rr) such thatb <p a.

(c) ar has a finite base if and only if (K, <g) has only finitely many minimal elements
and below each element there is a minimal one.

(d) qr has a base of a cardinality not greater than A if and only if there is a subset
X C K of cardinality not greater than A such that for all a € R, there is b € X such that
b<pa.m

COROLLARY 2.3. (a) qr has a base of cardinality not greater than the cardinality of
R, in particular, not greater than k.

(b) qr has a one-element base if and only if (K, <g) has the least element. m

DEFINITION 2.1. A family q C P(k) is called a relational quantifier on x if q = qp
for some R C k2.

Let R(x) denote the family of all relational quantifiers on k. Observe that R(x) C
M(k). It is obvious that @ & R(k), thus R(k) & N(x).

Remark 24. If k is infinite, then card(R(k)) = 2.

Proof. We have card(R(k)) < card({R; R C k?} = 2=° = 2%, Now for X C & let
R(X)=r x X. Thus qp(x) = {Z C k; X C Z}. Then X # X' implies qQr(x) # Qr(x")-
This shows that card(R(x)) > 2*. =

By calculation we verify that card(R(k)) = card(N(«)) for =0,1,2,3 and card(R(4)) =
160 < card(N(4)), and card(R(5)) = 5568 < card(N(5)).

PROPOSITION 2.5. If k > 3 then N(k) — R(x) # 0.

Proof. In the case of infinite x this obviously holds by a cardinality argument.
Assume now that « is finite. Let q be the family of subsets of x having at least two
elements. Thus the least base for q has (5) elements. But for k > 3, s < (3). By
Corollary 2.3(a), q is not relational. m

The family R(x) is dense in N(«) in the sense that each nonempty monotone quantifier
is the union as well as the intersection of some families of relational quantifiers. Indeed,
let g € N(x). We define R = {p € R(x); p C q} and Rq = {p € R(x);q C p}. It is easy
to prove the following.

PROPOSITION 2.6. (a) |JRY =q.
(b) MRq=q. =
Finally, we give some characterization of relational quantifiers.

THEOREM 2.7. Let q € N(&). Then q € R(x) if and only if q has a base of cardinality
not greater than k.
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Proof. The implication = is the content of Corollary 2.3(a). Now let {X;}.cr be a
base of q. We may assume that I = « (if card(I) < & we put X; = & for card(I) < ¢ < k).
We take R = |J;c;{i} x X;. Thusq=qg. =

It follows from this result that for finite x the number of elements of R(k) is the same
as the number of antichains of power at most x in the ordering (P(k), C).

2.2. Relations and quantifiers. In this section we consider connections between
several properties of relations and of quantifiers. We begin with the following obvious
fact.

Remark 2.8. Let R,S Ck?. IfRC S thenqs Cqgr. =
Now let us consider some simple examples of relational quantifiers.
EXAMPLE 2.1. Let R = 2. Then qp = {x}.

EXAMPLE 2.2. Let R be the membership relation on . Then qgr = Qg. In particular,
if & is finite or a non-limit ordinal then qg = P(k).

ExXAMPLE 2.3. Let R be the inclusion relation on . Then if & is a limit ordinal then
qg coincides with a family from Example 2.2. If k is a successor ordinal then qg is the
family of sets containing the last element.

ExXAMPLE 2.4. Let K = w and let R be a linear ordering on & in the type w* + w.
Then qp (qg-1) is the family of sets containing final (initial) segments of this ordering.
Thus qr and qg-1 are quite different, but (x, R) and (k, R~!) are isomorphic.

Examples 2.2 and 2.3 show that different relations can determine the same quantifier.
But the opposite case is also possible. In Example 2.4 we have isomorphic relations which
determine different quantifiers. Let us consider the following equivalence relation = on
the family of all binary relations on «:

R=xS iff qrR = qQs.
We will try to describe the cardinalities of equivalence classes of this relation.

We have: qr = {«} if and only if R = 2. This means that the full relation forms a
one-element equivalence class.

THEOREM 2.9. If R # k2%, k # 2 and k # 3 then card(|R]x) > 2% — 1. Moreover,
this bound is the best possible. In the cases Kk = 2 and k = 3, card([R]x) > 2 and
card([R]<) > 6 respectively.

Proof.

Case 1: qr has a one-element base. Let {Xg} be such a base. Of course Xy # .
Now, for a nonempty set A C s we put R[A] = (A x Xy) U ((k — A) x k). We have: if
A # A’ then R[A] # R[A] and qgj4] = qr[a] = qr- This shows that card([R]x) > 2" ~1.
In the case card(x — X) = 1 we have card([R]x) = 2* — 1.

Case 2: qr has no one-element base and & 1s infinite. There exist a,b € & such that
R, # Ry. Let A, B C  be such that AUB =k, AN B = { and card(A) = card(B) = .
Let f be a one-to-one function from B onto k and g a one-to-one function from & onto
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A. For X C & we define S[X] = (U,cp{z} X Rf(z)) U (9(X) x Ra) U (g(k — X) x Rp).
Then qsix] = qr and if X # X' then S[X] # S[X']. This shows that card([R]x<) = 2".

Case 3: qr has no one-element base and k is finite. The cases Kk = 0 and Kk = 1 are
trivial. In the case x = 2 there is exactly one relational quantifier without one-element
base. Namely q = mon{{{0}, {1}}). We can see that there are exactly two relations R on
k such that qg = q. If kK = 3 and a quantifier has the least base having three elements
then there are 3!=6 relations determined by them. If the least base has two elements
then there are more than 6 relations determined by them. Assume now that x > 4 and
the least base for qg has k > 1 elements. If ¥ = k then there are «! different relations
determined by them. But ! > 2% if k > 4. Now let k£ < & and {Xj,...,Xx_1} be the
least base for qg . For each one-to-one function f fromk—1toxand @ #ACk—Rgf
we define S(f, A) = (UF2{f (i)} x X:) U(A x Xi_1) U (k — ((Rg f U A)) x «). Of course
Ar = qs(s,4) and for different f and A we obtain different relations. Thus we obtain
(2° R+ 1)k (k—1)-... (k—k+2) > (2%7*+1 —1).4.2k=2 = 2~+1 _ 2k > 9F relations.
This finishes the proof. =

Thus in the case of infinite &, for each relation R # k2 there are 2~ different relations
determining the same quantifier. If « is finite then the exact number of relations which
determine a given quantifier is not known except in some simple cases.

THEOREM 2.10. Let R C k2%. Then we have the following.

(a) If R # k% and R is reflezive on &, then there is erists a relation S C k? which is
not reflezive on k and R < S.

(b) If R is antireflezive on k and k > 2, then there exists a relation S C &* which is
not antireflexive on kK and R < §.

(c) If R is symmetric on k, R # k and & > 2, then there ezists a relation S C &2
which is not symmetric on Kk and R < S.

(d) If R is antisymmetric on k and k > 3, then there ezists a relation S C k% which
is not antisymmetric on k and R < S. For k = 2 this is also true provided q # P(k).

(e) If R is transitive on k, R # k% and k > 3 then there exists a relation S C k2
which is not transitive on k and R < S.

Proof. (a) We take a,b € & such that (a,b) € R and define S = (R — ({a,b} x k)) U
({a} x Ry) U ({b} x R,). (b) is proved in a similar way. To prove (c) we find R’ < R such
that R’ is neither reflexive nor antireflexive. Now we define S as in (a), where a, b are such
that (a,a) € R’ and (b,b) ¢ R'. The proof of (d) is rather easy. (e} The case when qp is
generated by a one-element set is easy. In the other cases there exist a, b. c,d € & such that
(a,b),(c,d) € Rand (a,d) ¢ R. Weput S = (R— ({b,c} xk))U({b} x Re)U({c} X Rp). m

Now we consider the following question: what operations on relations determine an
operation on quantifiers? We start with the set-theoretic operations.

EXAMPLE 2.5. Let F and G be one-to-one functions from x onto « such that G(0) = 0,
and F has no fixed point. Thus F,G C «? and let R = Idx. Then R < F < G because
qr = qr = q¢ = 3. But RU F < RU G does not hold because {0} € qruc — qrur-
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EXAMPLE 2.6. Let S = k® — R, Sg = k2 — F and S; = k%2 — G, where R, F, S are the
relations from Example 2.5. Thus again S < Sy < S;. But we have SNSy = k? - (RUF)
and SN S; = k2 — (RUG). It follows that k — {0} € qsns, — gsnsS,,» Which shows that
SN Sy =< SNS; does not hold.

EXAMPLE 2.7. Let & be a limit ordinal, R the membership relation on « and S the
inclusion relation on k. Then R =< S but —R < —S does not hold because q_g = P(k) #

q({0}) = a-s.
These examples show that the set-theoretic operations on relations do not correspond

to any operations on quantifiers. However, we can observe the following.

Remark 2.11. For all R, S C k% we have

drus €qrNQqs S qrUQGs & Qrns- @
PROPOSITION 2.12. If R, S C k2 then
qrNgs = U qrus = U qrus’ = U qr/us’-
R'<R S'<S R'<R,8'xS

Proof. We prove the first equality only. Let X € qgNqgs. Then there exist ¢ € x and
b € k such that R, C X and S, C X. If a = b, then X € qgus. Assume a # b. We define
R = ({a} x Rp) U ({d} x R,) U (({(x — {a,b}) x k) N R). Then R < R’ and X € qrus- »

PROPOSITION 2.13. If & is an infinite cardinal and R, S C k2, then there ezist R', S'
such that R < R/, S< S and qrUQqs = qrins'.

Proof. We define the relation R’ as follows: R}, = Rayx and R}, = k where
A+ 2k < K, Kk € wand A is a limit ordinal. Similarly we define S} ,,,, = Sxy+x and
842k = K, where X and & are as above. Then we can see that qgr Uqs and qrns: have
the same base. m

COROLLARY 2.14. If & is infinite and R, S C k2, then
qrUQgs = ﬂ qr'ns’- =
R'<R,S8'x<S
The following example shows that the last corollary does not hold for finite &.
EXAMPLE 2.8. Let x = 10 and let relations R and S be such that bases of qr and qg

are families of all two-element subsets of {0,...,4} and {5,...,9} respectively. Then for
all R, S’ if " < R and S’ < S then qrns' = P(k).

A similar example can be given for every finite x > 5.
For R C k2 and S C u? we can define the relation R x S on & x p as follows:

((z,y),(z,t)) e Rx S iff (z,z) € R and (y,t) € S.
PROPOSITION 2.15. If R C 2 and S C u? then qrxs = qr X qs.
Proof. We check at once that {(R X S)(a.b)}(a.b)crxp i @ base for qr X qs. =

2.3. Lattices of relational quantifiers. In the first chapter we observed that the
family of monotone quantifiers forms a lattice. In this section we show that the family of
relational quantifiers forms a sublattice of this lattice.
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We begin with some easy but very useful observations.

LEMMA 2.16. If {X;}icr is a base for q and {Y;};cy is a base for @', then the family
{X:}ier U{Yj}jes is a base for qU Q' and the family {X,UY;;i € I,j € J} is o base for
qQqNq’. =

LEMMA 2.17. Let q € M(x) — R(k). Then

(a) The family R9 = {q’ € R(k);q’ C q} has no greatest element.
(b) The family Rq = {q' € R(x);q C q'} has no least element. =

Now we can prove the following.

THEOREM 2.18. If k < 3 or k is infinite, then (R(k), C) is a distributive lattice with
P(x) and {k} as the unit and zero elements, respectively. Moreover, it is a sublattice of
the lattice (M(k), C) as well as of the lattice (N(k), C).

Proof. If K < 3 then R(x) and N(x) coincide, so the theorem follows from Corol-
lary 1.4. Assume now that « is infinite. It follows from Lemma 2.16 and Theorem 2.7
that R(k) is closed under finite set-theoretic union and intersection. m

THEOREM 2.19. Let k and X be infinite cardinals. Then (R(k), C) is A-complete lattice
if and only if k* < k.

Proof. The proof bases on the following generalization of Lemma 2.16. If {q; }.¢cs is
a family of monotone quantifiers and {X}},¢, is a base for g; then {X};i € I,j € J} is
a base for U;c; Qi and {U,¢; X}y f € [1igs Ji} s a base for ¢, qi- Thus each family
of relational quantifiers of cardinality not greater than x has the least upper bound in
R(x). Similarly if the cardinality A of the family of quantifiers is such that x* < & then
the greatest lower bound of this family exists in R(x). Assume now k* > k. We will show
that (R(k), C) is not A-complete. Without loss of generality we can assume that A < .
We take a partition of &, {A?}icx jex, and define for 4 € A the quantifier q; as follows:
X €q;iff 35 A{ C X. Thus each q; has a base of power k, and hence it is relational. By
our observation, the family {U;c. A{(i); f € k*} is a base for the quantifier q = Nicx 9
This base contains x* pairwise incomparable subsets of x without common boundary in
q. Thus q is not relational. Let q' € R(«) be such that q" C q; for all i € A. Since q' C q
and q' # q, there exists a function f € x* such that the set X = |J,, A{m does not
belong to q'. We put q” = q' Uq(X). Then q” € R(x), 9’ G q” and q” C q; for all i € A.
This shows that the family {q;};cx has no greatest lower bound in R(x). Thus (R(x), C)
Is not A-complete. m

The last part of this proof can be given in a more general form. Namely, we observe
that if R(k) # N(«) then (R(x), C) is not a complete lattice. Let q € N(x) — R(x) and
consider Rq and RY as defined in Lemma 2.17. By the definition of the least upper bound
and the greatest lower bound and Proposition 2.6 we obtain: the least upper bound of
R9 in R(k) is exactly the least element in Rq and the greatest lower bound of Rq in R(x)
is exactly the greatest element in R9 . By Lemma 2.17 such elements do not exist. This
argument also proves the following.
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THEOREM 2.20. If & is finite but at least 4, then (R(x), C) is not a lattice. Moreover,
it is neither an upper semilattice nor a lower semilattice. m

The results of this section show that for k = 0,1,2,3, R(x) and N(x) coincide as
lattices, for other finite &, R(k) is not a lattice, and in case of infinite «, R(k) is a
sublattice of N(k) but it is not a complete lattice. In each case R(k) is a dense sublattice
(if ¥ is infinite or equal to 0, 1, 2 or 3) or is a dense subordering (if x is finite and at
least 4) of N(«). Now we can ask whether R(x) is a pseudo-Boolean algebra for infinite «.
Firstly we observe that the U-complement and N-complement operations in R(x) coincide
with such operations in N{x). The results of these operations in N(k) are always relational
quantifiers. Thus in R(x) the pseudocomplement operation is well defined. But the answer
to the question “is R(x) a pseudo-Boolean algebra?” is in general negative.

THEOREM 2.21. (R(k), C) is a pseudo-Boolean algebra if and only if k < 3. =

2.4. Other operations in R(x). In this section we consider the following operations
on monotone quantifiers: duality, product and strong product.

Let us begin with the duality operation. We have P(x)* = §. Thus * is not an operation
in R(x). But we can ask if it is an operation in R(x) — { P(x)}.

THEOREM 2.22. (R(k) — {P(x)},*) is an algebra if and only if x < 3.

Proof. For any q € M(«k), we have: q* = 0 if and only if q = P(k). Hence * is an
operation in N(k) — { P(x)}. To consider the case x > 3 we first prove the following.

LEMMA 2.23. Let {X;}ier be a base for q. Then the family {Rg(f); f € [1ic; X} is
a base for q*.

This lemma follows from the following sequence of equivalences: X € q* iff —X ¢ q
fiviel -X2X,iffViel XNX,;#0. =

Assume k is infinite. Let {A;};c,. be a partition of x such that each A; has at least
two elements. Let ¢ = mon({A;};c«<). By the last lemma, q* has a base containing 2*
pairwise incomparable subsets. Thus by Theorem 2.7, q* € R(x). Let now & be finite
but at least 5. Let K = AU B where card(A) = card(B) or card(A) = card(B) + 1 and
ANB = @. We put q = mon({A, B}). Thus the base of q* contains card(A) x card(B) > &
noncomparable subsets. In the case k = 4 we consider q = mon({0, 1,2}, {1, 2, 3}, {0, 3}).
Applying Lemma 2.23 we can easily prove that q* ¢ R(4). This finishes the proof of
Theorem 2.22. m

Let us consider now the product eperation.

PROPOSITION 2.24. Let k > u > 2 or k = u > 3. Then there erist q € R(k) and
q’ € R(u) such that q«q' € R(k x p).

Proof. Assume first that « is infinite. Let q = {x}, 9 = mon({0,1}) and p =
{f € ©%;{0,1} C Rg(f)}. Obviously q+q' = mon{p). But p contains p* > 2* > k-

noncomparable subsets of kK X g. Thus qxq' & R(x x p). (BU
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In the case of « finite we take q = {x} and q' = q1q, . The least base of q x q’ contains
all functions from & into p. This base has u* elements. Obviously, u* > p-xkif & > p > 2
ork=p>3 Thusqxq ¢ R(k X ). m

On the other hand, we can prove that the product operation is an operation from
R(x) x R(1) to R(x x 1) as well as from R(2) x R(2) into R(2 x 2).

The final conclusion is that product is not, in general, an operation in the class of
relational quantifiers. The situation is different in the case of the strong product operation.
Namely, immediately from Proposition 2.15 we have the following.

PROPOSITION 2.25. For any cardinals k, u the strong product is a function from
R(x) x R(p) into R(k x u). =

An alternative proof of this result is based on the observation that if @ = mon({ X }:cs)
and q' = mon({Y;};es) then q x @’ = mon({X; x Y;}icrjes)-

3. Logics with relational quantifiers

3.1. Structures with relational quantifiers. We will consider a language with
one additional quantifier, denoted by L(Q). Formulas of this language are defined as
formulas of the elementary language with the following additional condition: if ¢ is a
formula, and z a variable, then Qzy is a formula. Languages of this type were first
considered by Mostowski in [23]. The notion of generalized quantifier was defined there.
This definition is as follows: a generalized quantifier or simply quantifier is a functor @
associating with every structure A a family Q(.A) of subsets of the universe of A such
that the following property is satisfied: if f is a bijection between the universes of A
and B then for every subset X of the universe of A4 we have: X € Q(A) if and only if
J(X) € Q(B). In particular, a family Q(A) is closed under permutations of the universe of
A. Later the notion of quantifier was also used in some weaker versions which correspond
to the so-called weak models (see [12]). A weak model for L(Q) is a pair (A,q) where
A is a usual structure of appropriate signature and q C P(|.A]|). The definition of the
satisfaction relation is enriched by the following clause:

(A,q) F Qzplal iff {b; (A,q) [ pla(z/b)]} € q.

It is well known (see e.g. [12]) that the logic L(Q) based on such a semantic has many nice
properties, analogously to the elementary logic. This allows one to apply weak models
in many constructions of models for logics with additional quantifiers in a strong (i.e.
Mostowski) sense (see e.g. [12], [20], [15]). In our paper we also use weak models as a
useful tool for investigation of our logic with relational quantifiers. As follows from the
preceding parts of our paper, we use the notion of quantifier in the weak sense. In the
first part of our paper we considered monotone quantifiers. The logic with the class of
structures restricted to weak models with nontrivial monotone quantifiers was considered
in [22]. We assume familiarity with that paper.
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In the first part of our paper we introduced some operations on monotone quantifiers.
We now observe that the duality operation is definable in our language. Namely we have:

(Avq*) ': Qzy iff (-A7 q) ': ~Qzp.
We use Q*xp as an abbreviation of ~Qz—p. @Q* is called the dual quantifier for Q.

The syntax of the logic with relational quantifier is the langnage L(Q). Structures for
this logic are of the form (R;.A), where A is the usual structure of appropriate signature,
and R is a binary relation on the universe of A. We denote such a structure by A®. The
definition of the satisfaction relation is enriched by the following clause:

AR = Qryla) if and only if
there exists a € |.A| such that for all b if (a,b) € R then AF |= p[a(z/b)).

From this definition we have:
AR = Q*zyla) if and only if
for all a € |.A| there exists b such that (a,b) € R and AR |= pla(z/b)).

We say that A” is a model for a set of sentences T if AR =0 forallo eT.

As follows from the definition of the satisfaction relation we can consider equivalently
weak models with relational quantifiers instead of structures of the form .A® . Indeed, we
have

LEMMA 3.1. For each structure AR, formula ¢ and valuation @ in A we have

AR = olal iff (Aqr) Eela) =

This shows that the logic with relational quantifier is in fact a logic with additional
quantifier so that the class of weak models with relational quantifiers is its class of all
possible models.

3.2. Completeness theorem. We say that a formula ¢ of the language L(Q) is a
tautology of the logic with relational quantifier if for every structure AR of appropriate
signature, and arbitrary valuation @ in .4, A® = p[a). In this section we show that the set
of all tautologies of the logic with relational quantifier is axiomatizable. For this purpose
let us consider the following schemes of formulas.

A0. Each substitution of the elementary tautology.

Al. Qzp(z) = Qup(y), if ¥ is not free in (r) and = does not occur in ¢(z) in the
scope of the quantifier binding y.

A2. Vz(p = ¢) = (Qzp = Qzy),

A3. Qz(z = 1),

A4. Yz .. .z, V(i (z =) A Nicicicn (@i # 25) =
Vo an o Q2(Vjea, (& = ) AN jea, "QE(Viea,— (3 (& = )]s

where the disjunction after the negation is taken over all possible families { Ao, . ..
..., A,} of noncomparable subsets of {1,...,n}.

An easy verification shows the following.

LEMMA 3.2. Formulas A0—-A4 are tautologies of the logic with relational quantifier. m
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Let us take AO-A4 as axioms of a logic with relational quantifier. As inference rules we
take modus ponens and generalization only. The notion of the proof is as usual. By T }- ¢
we denote that o is provable from T. We say that the set of sentences T is consistent if
the sentence Jz(z # z) is not provable from T. Otherwise we say that T is inconsistent.

Now we prove the completeness theorem for the logic with relational quantifier.

THEOREM 3.3. Let T be a set of sentences of L(Q). Then T is consistent if and only
if T has a model.

Proof. The implication from right to left follows from Lemma 3.2 and the fact that
inference rules preserve tautologies. For the converse we consider two cases.

Case 1: Top = TU{32"z(x = z)}pnew is consistent. We put T = Ty U {—c¢ = ¢¢;€ <
¢ < A} where {c.},<» is a sequence of new constants and A = max(card(T),w). Let
Ty be a complete Henkin theory extending T§. In the usual way we construct (see [12])
a weak model for T. Let (A4,q) be this model. Then elements of the universe of A are
equivalence classes of some equivalence relation, say eq, on the set of terms and q =
{X,;T1 F Qro(z)}, where X, = {[7]eq; T1 F ¢(7)}. Thus the power of q is not greater
than the power of A. Thus by Theorem 2.7, mon(q) is a relational quantifier. Moreover,
we know (see e.g. [22]) that the same sentences are true in (A, q) as in (A, mon(q)). Let
us take R such that qg = mon(q). By Lemma 3.1, A® is a model for 7; and, hence, for T

Case 2: T U {32"z(z = z)}new is inconsistent. In this case for some n € w the set of
sentences Ty = T U {3!"z(xz = z)} is consistent. Now we construct a weak model (A, q)
for some complete Henkin extension of Ty in the same way as in the first case. Using the
axiom A4 we can see that the family q has no more than n generators. By Theorem 2.7,
q is relational. m

COROLLARY 3.4. For every infinite structure (A, q), where q is a monotone quantifier,
there exists a binary relation R on |A| such that (A,qr) = (A,q). =

3.3. Some simple consequences. Directly from the Completeness Theorem we can
deduce the Compactness and the upward Lowenheim--Skolem Theorem.

THEOREM 3.5. Let T be a set of sentences. Then T has a model if and only if each
finite subset of T has a model. =

THEOREM 3.6. If a set of sentences has an infinite model then for every cardinal
number k, it has a model of power at least k. ®

From the proof of Theorem 3.3 we deduce the following downward Lowenheim—Skolem
Theorem.

THEOREM 3.7. Let T be a set of sentences. If T has a model then T has a model of
power not greater than max(card(T),w). =

In the next part of the paper we give some stronger version of the Compactness and
Loéwenheim—Skolem Theorems.
Finally, we deduce the interpolation theorem for the logic with relational quantifier.
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THEOREM 3.8. Let ¢ and v be sentences of L(Q) such that - ¢ = 1. Then there
ezists a formula x containing only those nonlogical symbols which occur both in ¢ and 1,
and such that - ¢ = x and - x = .

Proof. We use the interpolation theorem for the logic with monotone quantifier
(see [22]) and similarity of their axiomatization with the axiomatization given above. =

COROLLARY 3.9. The theorems of Beth and Craig hold for the logic with relational
quantifier. m

4. Model theory of relational quantifiers

4.1. Basic notions. As we have seen in the previous part of our paper, logics with
relational and monotone quantifiers are very similar. This suggests that the model theories
of these logics coincide. In this part of the paper we study similarities and differences
between the model theories of monotone quantifiers and relational quantifiers. We begin
with some basic definitions. Let AF and B be structures of the same signature. The
form of these structures suggests the following definition. We say that A% and BS are
strongly isomorphic (AR ~, BS) if the structures (A, R) and (B, S) are isomorphic as
first order structures. A function f : |A| — |B| is called a g-isomorphism between AR
and B if f is an isomorphism of the structures .4 and B and for each X C |.A| we have:
X € qg if and only if f(X) € qs. We say that AR and BS are isomorphic (A% ~ B%)
if there is a g-isomorphism between AR and BS. The last notion of isomorphism is used
for monotone quantifiers (see [22]). It is obvious that if A® ~; BS, then A% ~ BS. The
converse implication does not hold as the following shows.

ExAMPLE 4.1. Let « be an infinite cardinal and |A| = . Let R and S be the in-
clusion and membership relations, respectively, on . Thus the identity mapping is a
g-isomorphism between A® and A% (cf. Examples 2.2 and 2.3). But of course .A% is not
strongly isomorphic to A% because R is reflexive but S is not.

PROPOSITION 4.1. Let f be a g-isomorphism between AR and BS. Then for every

valuation @ in A and every formula ¢ we have
AR = pla] if and only if B® = p[f(a@)]. =

For a structure .A® we denote by Th(AR) the set of sentences of L(Q) true in A%.
We say that structures A® and BS are elementarily equivalent (AR = BY) if Th(AR) =
Th(B5). It follows immediately from Proposition 4.1 that if AR ~ BS then AR = BS.

The relation of elementary equivalence for the logic with relational quantifier coincides
with the same relation for the logic with monotone quantifier. Namely by Lemma 3.1 the
following holds.

PROPOSITION 4.2. AR = BS if and only if (A,qr) and (B,qs) are elementarily
equivalent in the sense of weak structures. m
The above proposition shows that the game-theoretic characterization of the elemen-

tary equivalence relation for monotone quantifiers (see e.g. [22], [13], [41]) works in our
case as well, at least for infinite structures. This characterization is as follows. For two
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structures AR and B® and n € w we define a two-player game G, (A", BS). There are
moves of two sorts. One move is for the existential quantifier and the other is for the
additional quantifier §. The sort of move is chosen by the first player. The game finishes
after n moves. The move for the existential quantifier is as in the usual Ehrenfeucht game
(see [9]). The move for the relational quantifier is as follows. The first player chooses a
model (say AF) and an element z from it. The second player chooses an element y from
the opposite model. If R; # 0 = S, or S, # @ = R, then the game finishes and the first
player wins. If R, = @ = S, then the move finishes. If R; and S, are nonempty then the
first player chooses an element b such that (y,b) € S and the second player chooses an
element a such that (r,a) € R. The pair (a,b) is added to the set of pairs constructed in
this game. The second player wins the game if this set of pairs is a partial isomorphism
from A to BS. Otherwise the first player wins. We write AR ~,, BS if the second player
has a winning strategy in the game G, (AR, BS). The following theorem is proved in a
standard way (see e.g. [13], [22], [41] or [17]).

THEOREM 4.3. (a) If AR ~, BS for alln € w then AR = BS.
(b) If AR, BS are structures of finite signature without functional symbols and AE =
BS then AR ~, BS forallncw. =

EXAMPLE 4.2. Let A = (w,<), R = {(n,m) € w},Ik € wm = n+2k}, S =
{(n,m) € w? 3k € w m = 2(n + k)}. Then A% and AS are not isomorphic because
qr # qs. But using the game-theoretic characterization of elementary equivalence we
prove that AR = AS. This shows that the elementary equivalence relation is strictly
weaker than the isomorphism relation.

DEFINITION 4.1. We say that the structure AR is an elementary substructure or
submodel of the structure BS (AR<BS) if ACB (i.e. A is a substructure of B in the usual
sense) and for every valuation @ in A® and a formula ¢, if A®=yp[a), then BSy[al.

Thus the notion of the elementary substructure for structures with relational quanti-
fier is the same as this relation for weak models as defined in [12] (i.e. A" < BS if and
only if (A, qr) is an elementary substructure of (53,qgs) in the sense of weak models).

In the usual way we prove the following form of the upward Skolem-Léwenheim
theorem.

THEOREM 4.4. Let £ be a cardinal number and AR an infinite model. Then there
ezists a model BS such that card(|B°|) > & and AR < BS.

The above theorem can also be proved using interpretability of the logic with relational
quantifier in elementary logic. In order to show this interpretability we define a translation
F from the set of formulas of L(Q) to the set of elementary formulas of the language
enriched by one binary predicate R. This definition goes by induction as follows:

F(p) = ¢ for atomic ¢,

F(p A} =F(p) AF(¥),

F(~p) = —F(p),

F(3zp) = 3aF(p),

F(Qzy) = Iyvz(R(y, ) = F(y)), where y is not free in .
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It is obvious that for every formula ¢ of L(Q), F(y) has the same free variables as
¢. By induction with respect to the construction of a formula ¢, we easily prove the
following.

PROPOSITION 4.5. For an arbitrary structure AR, a valuation @ in AR and a formula
@, we have

AR = pla] if and only if (A R) FF(p)(d]. =
COROLLARY 4.6. (a) A formula ¢ of L(Q) is a tautology in the logic with relational
quantifier if and only if F(p) is an elementary tautology.

(b) For all structures AR and BS we have: if (A, R) is an elementary substructure of
(B,S), then AR < B5. n

Statement (a) gives another proof of the fact that the set of tautologies of the logic
with relational quantifier is recursively enumerable. An easy example (e.g. Examples 2.2
and 2.3) shows that the implication in (b) cannot be reversed.

Using Corollary 4.6(b) and the Skolem-Léwenheim theorems for elementary logic one
can prove Theorem 4.4 and the following version of the downward Skolem-Léwenheim
theorem:

THEOREM 4.7. Let AR be a model and X C | A|. If k is a cardinal such that card(X)+
card(L) < k < card(|.A|), then there ezists BS such that card(|B|) = k, X C |B| and
AR <B5 »

4.2. Substructure relations and preservation theorems. The substructure re-
lation is one of fundamental relations in model theory. For weak models this relation
can be defined in several different ways (see [3], [4]). We have the same situation in the
case of structures for logics with relational quantifiers. Below we define seven possible
substructure relations C; (¢ = 0,1,...,6) which seem to be interesting to consider. We
use the symbol C to denote the substructure relation between structures for elementary
logic.

DEFINITION 4.2. Let A and B be structures of the same signature. We define

AR Co BS iff AC B,

AR C, BS iff AC B and qg C qs,

AR C, BS iff AC B and for all X € q5, X N|A| € qr,

AR C;3 BS iff A C B and for all X C |B| we have: X € q5 iff X N |A| € qg,

AR C, BS iff (A, R) C (B, S),

AR Cg BS iff (A, R) C (B, S) and for all X € qs5, X N |A| € qg,

AR Cq BY iff (A, R) C (B, S) and for all X C |B| we have: X € qs iff X N|A| € qg.

The relation C; was considered in [22] as a substructure relation for the monotone
quantifier. In [3] the relation C; was also considered as a possible substructure relation
for weak models. Other relations considered there are different from our relations. In [14]
and [15] the relation C4 was used as the substructure relation.
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It follows immediately from the definition that each C; is reflexive and transitive.
Moreover, if AR C; BS and B® C; AR, then (A, qr) = (B,qs), for i # 0, and AR = BS
for i > 4.

THEOREM 4.8. The following diagram presents all dependencies between the substruc-
ture relations introduced above (i.e. each implication which does not follow from this di-

agram fails).
Cs - &1
\ Co \ So
Cs Cq

Proof. The implications which occur in this diagram are obvious. In order to prove
that the other implications do not hold we will consider four examples. In each example
we put A = (A) and B = (B).

EXAMPLE 4.3. Let A = U, 47 and B = AU, A}, where AF N A} = 0 if
(i,k) # (j,1) and card(A]) = w. Let R, S be equivalence relations having as equivalence
classes {A%};c. and {Ag}iew,je{o,l}, respectively. Then AR C; BS for i = 0,1,4, and this
inclusion does not hold for i = 2, 3,5, 6.

EXAMPLE 4.4. Let A be an arbitrary infinite set and B = A U {ag}, where ag ¢ A.
Let R be a linear ordering on A and S = RU (B x {ag}). Then the inclusion A% C; BS
holds for 7 = 0,4 and does not hold for i =1,2,3,5,6.

ExAMPLE 4.5. Let A= B =w and R and S are as in Example 4.1. Then AR C, BS
for 1 =0,1,2,3 but not for i = 4,5, 6.

EXAMPLE 4.6. Let A be an infinite set, B = AU {ag}, where ap ¢ A, R = Id4 and
S =RU({ag} x B)U(B x {ag}). Thus we have qs = {X C B;X N A # 0 and ap € X}
and qr = {X C A; X # 0}. Then the inclusion AR C; B holds for i = 0,2,4,5 and fails
fori=1,3,6. =

We say that a formula ¢ of L(Q) is in prenez form if it is of the form Q121 ... Qnz, ¥,

where Q; € {3,V,Q, @*} and v is quantifier-free. For each formula ¢ of Z(Q) there exists
a formula * in prenex form such that E ¢ & *.

DEFINITION 4.3. A formula Qqz; ... @,T,p in prenex form is called:

o strictly existential iff Qn,...,Qn € {3},

o generally existential iff Qy,...,Q, € {3,Q},

e orthogonally ezistential iff Q1,...,Qn € {3,Q*},
o weakly existential iff Q1,...,Q, € {3,Q,Q*}.
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We say that a formula ¢ of L{Q) is strictly (generally, orthogonally, weakly) ezistential
if ¢ is logically equivalent to a formula in prenex form of this type.

We say that a formula ¢ is preserved by C; if for any structures AR, BS such that
AR C,; BS and for every valuation @ in A the condition AR |= ¢[a] implies BS = ¢[a).
It follows from the well known result for elementary logic (see e.g. [5]) that each strictly
existential formula is preserved by Cg. In [22] it is observed that if a formula ¢ is generally
existential, then  is preserved by C;. From this and Theorem 4.8 we get that all generally
existential formulas are preserved by C; and Cg. We prove an even stronger fact.

THEOREM 4.9. Each weakly ezistential formula is preserved by Cs and Cg.

Proof. Assume_AR C3 BS. We show by induction on ¢ that for every valuation @
in AR, if AR |= ¢[a], then B® |= p[a). The case when ¢ is quantifier-free or of the form
3y is trivial. Let ¢ be of the form Qzv. Then X = {b € |A|; A® = ¢[a(z/b)]} € qr. By
the inductive assumption X C Y = {b € |B|; B° |= ¢[a(z/b)]}. Then X C Y N |A| and
hence Y N |A| € qgr, we get Y € qs. Thus B’ |= Qzy. Let now ¢ be of the form Q*z.
Then X = {b € |A; AR k= ~p[a(z/8)]} & an. I now ¥ = {b € B}, BS k= ~wla(z/b)]},
then X DY N|A| and Y N|A| € qr. Thus Y ¢ q5 and in consequence B = Q*zy[a). m

LEMMA 4.10. Let AR C3 BS. Then there ezists S’ such that S < S’ and AR Cg BS'.

Proof. Let |A| = A and |B| = B. We have A C B. We put §' = RU ((B — A) x A).
Thus we have: X € qs» iff € BS; C X iff Ja € AR, C X iff XNA€qpriff X €qs.
This means that S < §’. Moreover, immediately from the definition of S’ it follows that
AR CeBS . u

COROLLARY 4.11. The relations C3 and Cg preserve the same class of formulas. m
Now we consider C5 and Cs. Similarly to Theorem 4.9 we prove the following.

PROPOSITION 4.12. Each orthogonally existential formula is preserved by Co and by
Cs. m

EXAMPLE 4.7. Let R be a linear ordering on A without last element and B = AU{ao},
where ag & A. Let S be defined as follows: S = RU ({ag} x B) U (B x {ao}). We put
A = (A, A) and B = (B, A). Thus AR C; B® for i = 0,2,4,5 and AR = QzU(z) and
BS = -QzU(z), where U is the name of the unary relation A in A as well as in B.

This example shows that C3 and Cg preserve a wider class of formulas than C; where
1 =0,2,4,5.

For Cs and Cg the analogue of Lemma 4.10 does not hold. Indeed, let AE and BS
be such that qr # {|.A|}, as € {X;|A| C X} and A C B. Then obviously, AR C; BS.
Assume now that AR C5 BS' and let X € qr — {|A|}. Then X U (|B| - JA|) € s — gs.
This means that qs # qg.

Let on m denote the sentence “there exist at least n 4+ 2 elements or there exist at
least m big subsets (i.e. belonging to q) having at most n elements”. It is easy to see that
the sentence o, 2 is preserved by Cs but not by Co. This shows that the class of formulas
preserved by Cs strictly contains the class of formulas preserved by Co. It follows that
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the class of formulas preserved by Cjs is greater than the class of orthogonally existential
formulas.

Now, let us consider the relation C,4. It is obvious that each strictly existential formula
is preserved by Cj4.

EXAMPLE 4.8. Let A, B, R and S be defined as in Example 4.3. Let F be a choice
function for the family {A%};e, and U = {F(A?)}ico- We put A = (A,U) and B =
(B,U). Then AR C; BS for i =0,1,4 and AF = Q*zU(z) and B® | Qz-U(z).

Examples 4.7 and 4.8 suggest that only strictly existential formulas are preserved by
C4. But that is not true. Indeed, the sentence IzQy(z # y) is an example of a generally
existential formula preserved by C4. This formula is not strictly existential because it is
not preserved by Cg. Now let o, denote the sentence: “there exist at least n + 1 elements
or 3z1...za[A;; 3 # T; A /\;.1=1 Q*z(x = z;)]”. on is an example of an orthogonally
but not strictly existential sentence preserved by C,.

PROPOSITION 4.13. A formula ¢ of L(Q) is preserved by C4 if and only if F(y) is
equivalent to a strictly existential formula. m

We can also give some more information about the set of formulas preserved by Cy;
it will be given in Theorem 4.16.

LEMMA 4.14. Let AR C, BS and assume there erists a base for qgs of cardinality not
greater than that of |B| — |A|. Then there ezists a relation S’ such that qs = qs: and
AR C, BY.

Proof. Let {a¢}¢<a be a one-to-one sequence of all elements of |[B|—|.A| and {X¢}e<p
be a base for qs. By assumption we can take a = 3. We define §' = RUUJ; ., ({ac} x X¢).
Using the definition of C; we can prove that qs = qs-. Immediately from the definition
of S’ we obtain AR C4 BS'. =

LEMMA 4.15. If AR C, BS and BS is infinite, then for every cardinal number k, there
ezists a structure B§ such that card(|Bo|) > &, BS < BS' and AR C4 B§'.

Proof. In the proof we use some notions and results concerning weak models. Let
(A,q) be a weak model and let qunin be a monotone family generated by all subsets
of |A| belonging to q and definable with parameters in (A, q). We call qmi, a minimal
quantifier for (A,q). It is well known (see e.g. [22]) that (A, qmin) is an elementary weak
substructure of (A4, q). In general, a minimal quantifier need not be relational. But this
holds in the case of structures of power not less than the power of the language. To
prove the lemma we use the result of [4] which is as follows. For each infinite weak model
(A,q) and for every cardinal A there exists a structure (B, p) such that card(|B|) > A,
q C p and (A, q) is an elementary weak substructure of (3, p). We apply this result to
the structure (B,qs) and A > max(card(|B|), ). Thus there exists an elementary weak
extension (By,q’) of (B,qg) such that card(|B;|) > A, and qs C q'. As follows from the
proof of the above-mentioned result, q’ is the union of some minimal quantifier and qs.
Thus q’ is relational. It follows that there exists a structure Bf such that BS < B and
AR C By ". Now we can apply Lemma 4.14 and complete the proof. m
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We say that a formula ¢ is inf-preserved by C; if for every AF and a valuation @ in
A and every infinite BS, if AR C; B® and AR |= y[a), then BS |= o[a]. Of course if ¢ is
preserved by C; then ¢ is inf-preserved by C;.

From the above definition and previous results we have the following.

THEOREM 4.16, If ¢ is preserved by C4 then p is preserved by Cs and inf-preserved
byC,. m

We denote by A(C;) (A™(C;)) the class of formulas preserved (inf-preserved) by C;.
We summarize our results in the following diagrams:

A(Cy)
/ \
A(Gg) = A(C3) 2 A(Cs) 2 A(C2) 2 A(Co),

Ny’

Ai“f(g4) g Ai“f(gl),
(+) A(Ca) € A™(C1) NA(Cs).

By Example 4.8 we have A(Cy) € A(C4) and A(Cy) € A(C,). Example 4.7 shows
that A(C,) € A(Cs) and A(Cy) € A(C4). Similarly we have A(Cy) € A(C3) because
the sentence oy, ., is preserved by C4 but not preserved by C,. Finally, let o, denote
the sentence “there exist at least n + 1 elements or there exist exactly n elements and
no one-element set is a big set”. Of course o}, is L(Q)-expressible and it is preserved by
C4. Thus A(C4) € A(C,). This shows also that in the inclusion (*) we cannot replace
A™M(Cy) by A(Cy).

Using the sentences 0, , and o, we can also deduce the following:

A(C1) NA(Cq) # A(Co),  A(C2) N A(C4) # A(So)-
The question whether the equality A(C;) N A(C3) = A(Cp) holds is open.

4.3. The chain property. Let A denote a relation between structures such that if
ARABS then AR C, BS. Examples of such relations are substructure relations C; for
i =20,...,6 and the elementary substructure relation <. These cases will be of main
interest for us.

A sequence of structures { AR}, ¢, is called a A-chain if for every n € w, Af» AAfj‘r’l”.
If { AR}, ¢, is a A-chain we define the union of this chain as the structure B® such that B
is the usual union of structures {A, }nc. and R =, ., Rn- We define BR =, AR~

DEFINITION 4.4. We say that the relation A has the chain property if for every A-chain
{AZB=},c. and every n € w the relation A holds between A%~ and the union of the chain.

new

THEOREM 4.17. C; for 1 =10,2,4,5 has the chain property.

Proof. For i = 0,4 this is obvious. Let i be 2 or 5, {Af=},c,, be a C;-chain, B® be
the union of this chain and n be fixed. Let X € qr. Then there exists a € |B| such that
R, C X. Let m = min{k;a € |A|}. We consider two cases.
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1°. m < n. In this case (R,)s C R, C X, hence (R,), = R, N|A,| C X N|A,|. This
gives X N |A| € qg,.

2°. n < m. We take Y = (Rn)q. Of course Y € qg,,, thus Y N |A4,| € qg,. But
YCX, SOXﬂI.Anlean. [

THEOREM 4.18. The following relations do not have the chain property: C; for i =
1,3,6, and <.

Proof. Let A, = {0,...,n} xw, Ry = A2, Rpy1 = R, U (A, x {(n+ 1L,n+ 1)} U
[(An41 — An) X Ag] and A, = (A,). We consider the sequence { A%}, ... Observe that
it is a Cg-chain. We define R = UnEw R,,. We can see that for X C l_JnE“J A, we have:
X € qp iff for some k € w, AgU{(n,n);n >k} C X. Thus 4g & qg, but for every n € w,
Ap N |A,| = Ao € qr,. This shows that AR~ is not a C;-substructure of Uncw Afn
for any n € w. This shows that C; for 4 = 1, 3,6 does not have the chain property. For
the relation < we put B, = (An+1,40) and consider the sequence {Bf‘"“}neu. It is
easy to see that it is a <-chain. But for every n € w, BE~+1 4 Uneo BE"+ because
BE+! = QzP(z) and Unco Bf*+' = ~QzP(z) where P is the name for the relation
naming Ag in B, (compare also a similar result in [15] and [39}). =

The following question is open: which formulas are preserved by unions of chains? We
can see that formulas of the form Vz; ...Vz,Q*y3z; ... 32,1 where ¥ is quantifier free
are preserved by C;-chains for i = 3,4, 5, 6.

The union of a chain of weak models is defined in a different way (see {12] or [3]). The
definition is given only for a Cs-chain of weak models. However, it makes sense for every
Co-chain. Let {{A.,qn)}necw be a chain of weak models such that A, C A,, if n < m.
By the union of this chain we mean a weak model (B,q") such that B =], . A, and
q¥ = {X C |B;3InVm > n X N |An| € am}-

ncw

EXAMPLE 4.9. For n € wlet A, = {0,...,n} xw and R,, C A2 be such that qg, is the
family of all cofinite subsets of A,. We put A, = (4,) and let (B, q) be the union of this
chain in the sense of the weak models. Then q = {X C U, , An;Vn € w {I; (n,]) ¢ X}
is finite}. Suppose that q is relational. Then by Corollary 2.3(a), q has a countable base
{Xn}new- We put k, = min{l;Vm >l (n,m) € X,} and take X = {(n,l);! > k,}. Then
(n,kn) € X, — X for each n € w. This means that X,, ¢ X. But X € q. Contradiction.

The last example shows that the definition of the union of chain of models in the
sense of weak models cannot be accepted in the case of the structures for the logic with
relational quantifier. This does not allow us to apply the union-of-chains construction to
models of the logic with relational quantifiers, in contrast to weak models (see [12]).

Let {Afn}, ¢, be a Ca-chain. Let AR =, A" and (A,q¥) be the union of this
chain in the sense of weak models.

new

PROPOSITION 4.19. qr C q“.

Proof. Let X € qg. Then R, C X for some a € |A|. If n is such that a € |A,| then
XN |Am| 2 Ry N|Am| 2 (Rm)e for m > n. This means that X € q. »

It is easy to see the following.
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PROPOSITION 4.20. The following conditions are equivalent.

(i) qr = q”.
(ii) For allm € w and (an)n>m € [Tnom
such that |, < (RBn)a € Upsm(Rn)a,- ®

The union of a chain of structures can also be defined in another way. For example
the union of a Cy-chain {(Ar,qn)}new of weak models is defined in [3] as a weak model
(A,q°), where A =J,, An and q¢° = {J, ¢, Gn- We call it the strong union. The strong
union is taken also as the union of structures for the logic with monotone quantifier
in [21]. Using Theorem 2.7 we can see that if A is infinite and all g, are relational then
q° is also relational. However, in the case of a C;-chain of structures for the logic with
monotone quantifier the union in the sense of weak models and the strong union coincide.
In general for monotone quantifiers the inclusion q* C q° holds.

Usually the union of a chain of models is used to construct new models of a given
theory. Unfortunately, in our case, this cannot be done. The reason is that the union of
an elementary chain of models in the sense of relational structures as well as in the sense
of strong union is not necessarily an elementary extension of the structures occurring in
the chain. However, this elementarity holds in the case of the union of a chain in the sense
of weak models but, as we observed, this union may not be a structure with relational
quantifier. We can overcome this difficulty if we proceed as follows. Let {Af~}, ¢, be a
Cy-chain. Let (A, q) be the union of this chain in the sense of weak models. Now we take
any minimal model for {A4,q). For infinite structures this minimal model is a structure
with relational quantifier. Let us denote it by AF. If the original chain of models is
elementary, then AR~ < A® for all n € w. This kind of union of a chain was applied in
[21]. Implicitly we also used it in the proof of Lemma 4.15. We will call it the minimal
union.

| An| there ezist k € w and a € | A 1| — | Akl

4.4. Product operations. The product of weak models (A,q) and (B,q’) with
monotone quantifiers q and q' is defined (see [22]) as the weak model (A x B,q * q'),
where A x B is the usual product of first order structures and q  q’ is the product of
monotone quantifiers as defined in the first section. As Proposition 2.24 shows, in general,
g+ q’ is not a relational quantifier even if q and q' are relational. Thus in the case of
models for the logic with relational quantifier we have to adopt another definition of the
product operation of structures. Proposition 2.25 suggests that the strong product of
quantifiers could be used in this case. We define the strong product of weak models as
follows: (A4,q) x (B,q') = (A x B,q x q'). This operation on the class of weak models
corresponds (see Proposition 2.15) to the following operation on the class of models with
relational quantifier:

AR x BS = (A x ByR”*S,
The operation defined above will be called the product.

Using the game theoretic characterization of elementary equivalence (see Theorem 4.3)
we can prove the following:

THEOREM 4.21. If AR = BS and CT =DV then AR xCT =B xDV. »
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This result says that the product operation determines an operation on the topologi-
cal space of structures with relational quantifier. As observed in [22], the strong product
operation on the class of structures with monotone quantifier also has this property. Corol-
lary 3.4 shows that the topological space of infinite structures with nontrivial relational
quantifier and the topological space of infinite structures with monotone quantifier coin-
cide. Thus we can ask if the determined operations coincide, too. The following example
shows that this question has a negative answer.

EXAMPLE 4.10. Let P be the set of even natural numbers and R be the membership
relation on w. We put A = (w, P). Thus (A,qg) X (A,qr) E Qz—U(z) and AR x AR |=
—Qz—U(z), where U is the name of the unary relation occurring in the structure under
consideration. This means (A, qgr) x (A, qr) # A% x AR

In order to consider the class of formulas preserved under the product operation we
first consider the reduced product operation.

Let {AR},c; be a family of structures and let F be a filter on I. We define, and
denote by [];c; Afh /F, the reduced product of this family as the structure B5, where
B=]l;c; Ai/Fand S = [[,c; Ri/F (ie. ([f]r, [g]F) € Siff {i € I; (f(3),g(i)) € R} € F).
Thus qs is the monotone family generated by the family of sets having the form S5, =
{lglr; {3 (f(3),9(9)) € Ri} € F} = {{g]lF;3J € FVi € J (f(i),9(i)) € R} = {[g]F; 3T €
FYi € J g(i) € (R} = Ujer ﬂiEJwi_l (R:)#:))/F, where m; is the projection
on the ith coordinate. In the case of the logic with monotone quantifier the reduced
product operation is defined (see [22]) as follows: [[;.;(Ai,q:)/F = (]I, A:/F, q), where
q = mon({N;c;7; (Xi)/F;J € F and X; € q;}). Immediately from these definitions we
obtain qs C q. Now we observe even more.

THEOREM 4.22. For every family of structures {A%}ic; and filter F on I,

(HA,-/F, qS) = H(Ai:q}t.-)/F,

i€l i€l
where § =[], Ri/F.

Proof. The proof is based on the following observation: if {q;}ics is a family of
monotone quantifiers, F is a filter on I, and {X,};¢s is a family of subsets of I such that
X; € q; for all i € I, then ;7 (X,)/F = Ve, 77 H(X:)/F for all Jy,J2 € F. To
see this take [f]r € (;c; 7 '(X:)/F and an arbitrary h € [];c; Xi. Let g be defined as
follows:

N f(’t) ifiGJang,
9(1) = { h(i) ifig JiNJa.

Then [f]r = (9] and [g]F € Ve, 77 (X;)/F. =

A slightly different notion of reduced product operation occurs in [4] and [35]. But a
model obtained by means of this operation need not be a structure with monotone quan-
tifier. However, in the case of monotone quantifiers and ultrafilters all these definitions
give equivalent structures (see [11]).
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The product of structures for the logic with relational quantifier is a particular case of
the reduced product operation. This observation does not hold in the case of monotone
quantifiers. From this observation and Theorem 7.1 of [22] we have the following.

COROLLARY 4.23. The general Horn formulas (i.e. formulas of the form Qix; ...
... Qnznyp where Q are arbitrary quantifiers and ¢ is a conjunction of formulas of the
form x1A...Axr = xo where each x; is an atomic formula) are preserved under reduced
products and products.

Similarly we can immediately deduce Lo$’s Theorem.

COROLLARY 4.24. Let {A™}icr be a family of structures and F an ultrafilter on I.
Then for every formula ¢ and a valuation {[fa]F}new in [;c; Ai/F we have:

[[AY/F E @l(fa/Finesl if and only if {i € I, AR  o[(fa())new]} € F.

el

Los’s Theorem can also be obtained using the interpretation of the logic with relational
quantifier in the elementary logic (see translation F defined after Theorem 4.4).

As a consequence of Los’s Theorem we can obtain the Compactness Theorem, the
upward Lowenheim~Skolem Theorem as well as the theorems concerning the characteri-
zation of elementary classes (cf. [22] or [1]).

It is mentioned in [22] that the question whether the Keisler-Shelah Theorem holds
for monotone quantifiers is an open problem. Here we obtain a partial answer to it.

THEOREM 4.25. If AR = BY, then there exist C*, and a set I and ultrafilter F on I
such that BS < C¥ and (AR)!/F ~ (CF)!/F.

Proof. We can easily see that T = Th;s(B%) UTh((A, R)F) is consistent. Let (C, P)
be a model for 7. Then BS < CF and (C, P) = (A, R). By the Keisler-Shelah Theorem
we have (C,P)!/F = (A,R)!/F for some I and ultrafilter F on I. Thus (AR)!/F ~
(CPY/F. w

We say that a map f : |A| — |B| is an elementary embedding of AR into BY if the
image of f is an elementary substructure of B, and f is an isomorphism between A® and
this substructure. For example, the canonical map of a model to any of its ultrapowers
is an elementary embedding.

If there exists an elementary embedding of A% into BS, then we say that AF is
elementarily embeddable in BS.

COROLLARY 4.26. For arbitrary structures AR and BS we have: AR = BS if and
only if there ezist a set I and an ultrafilter F on I such that (AR)!/F and (B%)!/F are
elementarily embeddable in each other.

Proof. It follows from Theorem 4.25 that there exist a set J and an ultrafilter G on J
such that (AR)7 /G is elementarily embeddable in (B%)” /G. Applying the same argument
once again we conclude that for some set J’ and ultrafilter H on J', ((B%)’/G)’ "/H is el-
ementarily embeddable in ((AR)7/G)’" /H. Let I=JxJ' and F={XCJxJ'; {jeJ’; {ieJ;
(i,j)€X}eG}eH}. By the well known properties of iteration of the ultraproduct con-
struction (see e.g. [1]) we conclude that I and F have the required properties. »
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THEOREM 4.27. Let (A,q) and (B, p) be structures with monotone quantifiers for a
countable language such that (A,q) = (B,p). Then there exist @ C P(JA|), a structure
with a monotone quantifier (C,p’), a set I and an ultrafilter F on I such that q' C q,
(A,q’) is an elementary substructure of (A,q), (B,p) is an elementary substructure of
(C,p") and (A,q')!/F ~ (C,p")!/F. Moreover, if ' is minimal or even relational, then
we can take q' = q.

Proof. We may assume that .A and B are infinite. We let q’ be the minimal quantifier
for (A, q). Thus (A, q’) is an elementary substructure of (A4, q). In the same way we find
p" C p such that p” is relational and (B, p"’) is an elementary substructure of (B, p). Now
we can apply Theorem 4.25 to the models (A,q’') and (B, p”) and obtain the result. =

COROLLARY 4.28. Let (A,q) and (B,p) be structures with monotone quantifiers for
a countable language such that (A,q) = (B, p). Then there exist monotone quantifiers qq,
Po, a set I and an ultrafilter F' on I such that (A,qg) is an elementary substructure of
(A, q), (B,po) is an elementary substructure of (B,p) and the structures (A,qo)!/F and
(B,po)!/F are mutually elementarily embeddable. Moreover, if q or p is minimal or even
relational, then we can take qo = q or pp = p, respectively. m

COROLLARY 4.29. If AR = BS, then there ezist a set I and an ultrafilter F on I such
that AR is elementarily embeddable in (BS)! /F. =

COROLLARY 4.30. A map f : |A| — |B| is an elementary embedding of A" into B°
if and only if there ezist a set I and an ultrafilter F on I and an elementary embedding
g of BS into (A®)I/F such that g(f(a)) = h(a) for all a € | A|, where h is the canonical
embedding of AR into (AR)!/F, i.e. the following diagram commutes:

AR

(AR/F

BS =
A chain of structures (Af=),¢, is called an ultrapower chain if Af_ﬁ‘ is an ultrapower
of AR~ for each n € w. Any minimal union of an ultrapower chain {AR=}, ., will be
called an wultralimit of (A0R°)neu. Using the last two corollaries, in the usual manner we
deduce the Kochen ultralimit theorem:

COROLLARY 4.31. AR = B% if and only if AR and BS have isomorphic ultralimits. w

A class K of structures of a fixed signature 7 is called an EC9-class (Ecg-class) if
there exists a sentence ¢ (set T' of sentences) such that K = {A®; AR is of signature 7
and AR |= ¢ (T)}. Using properties of the ultraproduct construction in the usual manner
we prove the following.
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PROPOSITION 4.32. (a) A class K s ECX if and only if K is closed under elementary
equivalence, isomorphism and the formation of ultraproducts.

(b) A class K is EC? if and only if K is closed under elementary equivalence and K
as well as its complement are closed under isomorphism and the formation of ultraprod-
ucts. m

PRrROPOSITION 4.33. A class K is closed under elementary equivalence if and only if
K and its complement are closed under isomorphism and the formation of ultralimits. w

THEOREM 4.34. (a) A class K is EC% if and only iof K is closed under the forma-
tion of ultraproducts and ultralimits and its complement is closed under the formation of
ultralimits.

(b) A class K is EC® if and only if K and its complement are closed under isomor-
phism and the formation of ultraproducts and ultralimits. m

5. Classes of relations and their logics

5.1. Logics determined by classes of relations. In the previous section we con-
sidered the logic having as possible models structures of the form A%, where R is an
arbitrary binary relation on the universe of A. Now we restrict the class of possible mod-
els to structures of the form AR, where R is a binary relation having some property.
Logics of this kind have been considered in {38], [20], [14] and [15].

Let R be a class of binary relations (i.e. pairs (A, R) where R C A) closed under
isomorphism. By L(R) we denote the logic with relational quantifier having as a class of
possible models the class of structures of the form A® | where (J.4|, R) € R.

Each logic L(R) determines the set of its tautologies V(R) (i.e. V(R) = {0 € L(Q) : o
is true in each model for L(R)}). The following is rather obvious.

PropPosSITION 5.1. (a) If R’ C R then V(R) C V(R/).

(b) V(R) contains each first order tautology.

(¢) If for every cardinal k < w there exists R C k® such that (k,R) € R, then an
elementary sentence (i.e. without the quantifier Q) belongs to V(R) if and only if it is a
first order tautology. =

There are many natural examples of classes of binary relations. Among them let us
consider the following.

e Ry, — the class of all binary relations,

e R.q — the class of all equivalence relations,

e R, — the class of all partial orderings (i.e. reflexive, antisymmetric and transitive
relations),

e Ry ,dn — the class of all dense partial orderings (i.e. partial orderings < such that
for all different elements z, y if £ < y then there exists an element z such that z < z,
z<y,z#zand z #y),

e R, — the class of all partial orderings without any maximal element,
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e R, — the class of all trees (i.e. partial orderings in which the set of all predecessors
of any fixed element is well ordered),

e Ryoq — the class of all directed partial orderings (i.e. partial orderings < such that
for all elements z, y there is z such that z < z and y < 2),

e R,,o — the class of all strict partial orderings (i.e. antireflexive and transitive
relations),

® Rypodn — the class of all dense strict partial orderings,

e R, — the class of all strict partial orderings which are trees,

e Ry, (Rsjo) — the class of all (strict) linear orderings,

o Rioar (Rsioar) — the class of all (strict) discrete linear orderings,

¢ Riodn (Rsioan) — the class of all (strict) dense linear orderings,

o Ryoq (Rswod) — the class of all (strict) well orderings,

o Riom (Rsiom) — the class of all (strict) linear orderings with the last element,

¢ Rigwm (Rsiowm) — the class of all (strict) linear orderings without the last element.

The first natural question concerning any logic is the question of axiomatization of
the set of tautologies of this logic. For logics determined by the classes of relations listed
above this question has been considered in [14], [15] and [20]. In each case a complete
axiomatization has been found. In these axiomatizations the only inference rules are
modus ponens and generalization. Let us now consider the following formulas and schemes
of formulas.

B1. Qzo(z) = Qye(y) if y is not free in p(z) and = does not occur in the scope of
the quantifier binding y,

B2. Vz(p = ¢) = (Qzy = Qzv),

B3. Qz(z = z),

B4. Q*z(z = 1),

BS5. Q*z(z = y) = Qa(z = y),

B6. Qzp A Qzy = Qz(p N Y),

B7. 32"z(z = z), for n € w,

B8. Qzy => Qz(p Az #y),

B9. Qz(pVz =y) = Qe V Qz(z = yi),

B10. 3z(Qy(z = y) A Q*y(z = y)),

B11. Qz(z # z).

The following scheme gives more axioms:

BO. Each substitution of the first order tautology.

The following is proved (explicitly or implicitly) in [14).

THEOREM 5.2. (a) B0-B2, B4-B6 form an aziomatization of L(R)), L(Riodr).
L(Rwod) and L(Rpod)'

(b) B0-B2, B4-B7 form an aziomatization of L{Riodn)-

(c) B0-B2, B6, B8 form en aziomatization of L(Rs)), L(Rsear) and L(Rgwoq)-

(d) B0-B2, B6-B8 form an atiomatization of L(Rsiodn)-

(e) B0-B2, B10 form an aziomatization of L(Riom).
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(f) B0-B4, B6, B8 form an aziomatization of L(Riowm) and L(Rgowm)-
(g) B0-B2, Bl1 form an aziomatization of L(Rsjom). ®

In [15] the following has been proved.

THEOREM 5.3. (a) B0-B4, B9 form an ariomatization of L(Rp,) and L(Ry,).

(b) B0-B4, B7, B9 form an aziomatization of L(Rpodn)-

(c) B0-B4, B8 form an aziomatization of L(Rym)-

(d) B0-B3, B8 form an aziomatization of L(Rspo) and L(Rs,).

(e) B0-B3, B7, B8 form an aziomatization of L{Rspodn). ®

In order to present an axiomatization of the logic L(Req) we introduce some abbre-

viations. Formulas of the form Qzyp A Vy(p(y) = -Qz(p(z) A z # y)), where y does not
occur in ¢, will be denoted by Q!'zy. We also need the following scheme of formulas:

B12. (Q'zp A Qlzyp A 3z(p A ) = Vz(p & ).
By Q="zyp we denote the formula 3z;...32,Q*z(¢ = (VI_,z = z;)). Similarly,
Q2"zp and Q="z¢p are abbreviations of the formulas ~Q<""'zy and QZ"zp A Q<"zy,

respectively. For a formula ¢ and a natural number n, the formula y ~;, z mod (¢) is a
shorthand for

Iy ...Elyn_l(Q*a:(go = (z = yvn\_/lz = y,-)) /\Q"z(go = (9: = zvn\_/lz = yi))),
i=1 i=1

where the pairwise different variables ¥1,...,¥n—1,% and z do not occur in ¢. We write
Y ~n 2 instead of y ~, z mod (z = z). We also need the following schemes of formulas:

B13. Q"z(z = z) =
yi... E]yn(/\o<-i<j§n ViFy A Algign Qz(Tn ~n yi) AV V]gign T ~n Yi),
B14. Q7"zp = Iy1 ... Iyn[Aocicicn ¥i # ¥i A Nicicn @'(Tn ~n 3 mod (p))A
A]gign Vz((z ~n y; mod (p)) = ¢)].
Finally, formulas of the form Vy(Q'zx(z,y) = 3z(x(z,y) A ~p(z))) will be denoted
by ¢ z(x(z,¥), ¢(z)). The last scheme of formulas which we need is the following:

B15. [Q>"*lzp(z) A ALy Q*av;(z) A N, Z (xi(,3:), 0)] =
3zt ... 3am AJeylo(@5) A i(25) A Ny 25 # 20 A Ny Y9:(Qaxi (2, 3:) =
“xi(z,%:))]-

In [20] the following has been proved.

THEOREM 5.4. B0-B4, B12-B15 form an aziomatization of L(Req). ®

By Theorems 5.2 and 5.3 we have V(Rj,) = V(Rioar) = V(Rwod) = V(Rpod),
V(Rslo) = V(R»slodr) = V(stod)a V(Rlowm) = V(R'slowm), V(Rpo) = V(Rtr) and
V(Rspo) = V(Rstr). From Proposition 5.1 it follows immediately that V(Rgpoe) C V(Ryo)
g V(RIOdn)nV(Rlom)a V(Rspo) g V(Rslo) g V(Rslodn)nV(Rslom)y V(Rpo) g V(Rpodn)
C V(Riodn), V(Rspo) € V(Rspodn) € V(Rsiodn) and V(Rwm) € V(Riowm). Theo-
rem 5.3(b)(c)(e) and the observation that B7,B8 € V(Rwm) give V(Rpodn)UV (Rspodn) €
V(Rwm). Similarly using Theorem 5.2(b)(d)(f) we deduce that V(Riodn) U V(Rsioan) €
V(Riowm)- An easy verification allows us to observe that we also have V(Req) € V(Rwm)-
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These dependencies between sets of tautologies of the logics considered are represented
in the following diagram:

Rlowm
V(Rlom) V(Rlodn\/ me)\/ SlOdn) V(RSIOm)
V(Rlo) \/ podn V( SPOdn*)\/V(R'SIO)
V(Rpo) V(Req) V(Rspo)

V(Rbin)
Constidering the schemes of formulas B4-B11 and the formula

FyQz(z # y) = YyQz(z # v),

we observe that no other inclusion except those on the diagram holds.

It is interesting that the set of tautologies of the logic L{R.q) is contained in the set
of tautologies of the logic with the Chang quantifier (for definition see e.g. [1]), and in
consequence, in the set of tautologies of the logic with the cardinal quantifier “there exist
at least w,”.

5.2. Classes of relations vs. sets of sentences. In the first section of this chapter
we observed that different classes of relations can determine logics with the same set of
tautologies. Thus the following natural question arises: for any class R of relations does
there exist the greatest class R’ such that V(R) = V(R')? In order to give an answer to
this question we introduce the following,.

DEFINITION 5.1. Let F be a set of sentences and let R be a class of binary relations.
We say that F is correlated with R if for every set A and R C A? we have: (4,R) € R
if and only if for all & € F and every first order structure A of signature containing the
signature of the sentence o and such that |A4| = A we have AR = 0.

For each set of sentences F there exists exactly one class R such that F is correlated
with R. This allows us to prove the following.
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THEOREM 5.5. For any class of binary relations R there ezists a greatest class RT
such that V(R) = V(RT).

Proof. We put F = V(R) and let R* be such that F is correlated with R*. From the
definition of R* it follows that R C R*. Thus, by Proposition 5.1(a), V(R*) C V(R).
On the other hand, if (4, R) € R* then every sentence o € V(R) is true in every model
arising from (A, R). Thus V(R) C V(R*). Assume now that V(R’) = V(R) and let
(A, R) € R'. Directly from Definition 5.1 it follows that (A, R) € R*. This finishes the
proof of Theorem 5.5. m

The cardinality argument shows that not for every class of relations R does there
exist a set of sentences F such that F is correlated with R. If one exists, we will call such
a class full.

From Definition 5.1 and Theorem 2.10 we have the following

PROPOSITION 5.6. Each of the following classes is not full: the class of all reflezive
relations, the class of all antirefletive relations, the class of all symmetric relations, the
class of all antisymmetric relations, the class of all transitive relations. m

COROLLARY 5.7. The following classes are not full: the class of all equivalence rela-
tions, the class of all linear orderings, the class of all directed partial orderings, the class
of all partial orderings. w

Here are some examples of full classes.

ExaMPLE 5.1. F = {Qz(z # z)} is correlated with the class of relations R =
{(A, R); 3zVy—~R(z,y)}.

EXAMPLE 5.2. F = {-Qz(z # z)} is correlated with the class of relations Rg =
{(A, R);VzIyR(z,y)}.

ExAMPLE 5.3. F = {JyQz(z = y)} is correlated with the class of binary relations
with an isolated element, i.e. R = {(A, R); 3zyVz(R(z,2) = y = 2)}.

ExaMPLE 5.4. F = {32-Qy(z # y)} is correlated with the class of binary relations
with a greatest element, i.e. R = {(4, R); 3zVyR(y, z)}.

EXAMPLE 5.5. Let R = {(A, R);Vzy3zR(z,2) A R(y,2)} (i.e. R is the class of all
directed binary relations) and let F = {Qz-¢ = -Qzp; Fr(p) = {r}}. Let (A,R) € R
and AR = Qz-¢p where | A| = A. Then for some a € 4, R, C ~p(AR). Suppose now that
AR = Qzp. Thus for some b € A, R, C p(AR). Now if c is such that (a,c), (b,c) € R then
AR | —p|c] and A" |= p[c], which is a contradiction. Now let (A4, R) be such that for all
A if |A| = A then for every ¢ with Fr(p) = {z}, A® = Qz~¢ = -Qzy. Suppose that R
is not directed. Thus for some a,b € A, R, N Ry = . Let us take A = (4, S, a,b) where
S = A% — R. Then AR = Qz—S(a,z) and A® = Qz-S(b,7). Thus A® | QzS(a,z)
because Ry C —R,. Contradiction. This shows that F is correlated with R.

The last example also shows that for a given full class R there can exist many sets F
such that F is correlated with R. Let us put Fo = {Vy; ...y.(Qz—¢ = ~Qzy); Fr(p) C
{z,¥1,---,9=}} and F; be the set of sentences of the form Qz—~U(z) = -QzU(x) where
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U is a unary predicate. Thus F1 & F & Fg, where F is as in the last example, and Fy as
well as F; is correlated with the same class of relations as F.

Now our starting point will be a set of sentences. We will determine the class of
relations correlated with them.

EXAMPLE 5.6. Let F = {Vy;...y.(Qzp A QzvY = Qz(p A ¥));Fr(p) U Fr(y) C
{z,y1,.-.,yn}}. We put Ry = {(4, R);Vzy3IzVi(R(2,t) = R(z,t) A R(y,t))}. As in the
above examples we can easily verify that F is correlated with R;.

ExaMPLE 5.7. Let F = {Vy(-Qz(z # y) = Qz(z = y))}. We put Ry = {(A, R);
Vy[IzVz(R(z,z) = 2 # y) V I2Vz(R(z, 2) = z = y)]}. Thus F is correlated with Rs.

EXAMPLE 5.8. Let F = {Vy1...4:(Qz(p V Vi1 o = y) = Qzp V Vi, Qz(z = w));
Fr(y) = {x}}. Let ¢ denote the sentence

VeVy3Iz[VE(R(z,t) = t = y) V (-~ R(z,y) AVE(R(2,t) = R(x,t)))].
Now we put Rg = {(A, R); (A, R) |= $}. We can prove that F is correlated with R.

5.3. The Galois connection. In this part of our paper we assume, for technical
reasons, that the signature of all structures of the logics considered is fixed and contains
infinitely many constants and relations of each arity. Let Sn(Q) denote the set of all
sentences of the language L(Q) of this infinite signature. As in the preceding section for
a class of binary relations R we define

V(R) = {0 € Sn(Q); VAYR C |A*[(JA|,R) € R = A" = 4]}
Now let F C Sn(Q). We define
R(F) = {(A,R); RC A’ AVo e FVA(|A| = A= AR = 0)}.
Let P(BIN) denote the family of all classes of binary relations. Thus V is a func-
tor from P(BIN) into P(Sn(Q)), the family of all subsets of Sn(Q), and R is a functor

from P(Sn(@®)) into P(BIN). Then P(BIN) as well as P(Sn(Q)) are partially ordered by
inclusion.

THEOREM 5.8. V and R constitute a Galois correspondence.

Proof. If F;,F; € P(Sn(Q)) and F; C F; then it is clear that R(F2) C R(F;). By
Proposition 5.1 the functor V is also antimonotone. Immediately from the definition we
can verify that for F € P(Sn(Q)), F C V(R(F)) and for R € P(BIN), R C R(V(R)). =

Thus, as follows from the general theory of Galois correspondence (see e.g. [24] or [7]),
for any R € P(BIN) and F € P(Sn(@Q)), V(R(V(R))) = V(R) and R(V(R(F))) = R(F).
Moreover, the operations R — R* = R(V(R)) and F — F* = V(R(F)) are closure
operations in P(BIN) and P(Sn(Q)), respectively. Any element which is a fixed point of
these operations is called closed (in P(BIN) or P(Sn(Q)), respectively). We can easily
deduce the following.

ProprosITION 5.9. (a) R* = J{R; V(R) = V(R")} = U{R"; V(R) C V(R')},
(b) F* = U{F; R(F) = R(F)} = U{F;R(F) CR(F')}. =
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PROPOSITION 5.10. (a) F is correlated with R if and only if F* is correlated with R.
(b) R is closed if and only if R is full.
(c) If F is closed then F is closed under semantical consequence.

Proof. To prove (a) we observe that F is correlated with R if and only if R = R(F).
Now we apply properties of the operations V and R. In (b) the implication from left to
right is obvious. To prove the converse implication we apply part (a). Part (c) is rather
clear. m

Let F denote the translation defined after Theorem 4.4. We have the following char-
acterization of closed elements.

PROPOSITION 5.11.
() R* = N,epm) —~(Mod(F(=p){R} = — U, cy(my Mod(~F(¢)) { B}.
(b) F* = N{Th(A%); F C Th(A®)}. =

From Proposition 5.11(a) it follows that each closed class is a complement of a union
of PC classes. But of course not every such class is closed. As shown in Proposition 5.6,
as well as in Corollary 5.7, even not every EC class is closed.

By Proposition 5.10(b) the classes occurring in Ex. 5.1-5.7 are closed classes which
are EC. Using the fact that R(,c; Fi) = N;e; R(F:) for every {F;}icr, we can obtain
more examples of closed EC classes. This allows us to determine the closure of some
classes.

ExaMPLE 5.9. R}, = Rg N R; NR2 where R, R; and R are the classes defined in
Examples 5.2, 5.6 and 5.7 respectively. In this case R}, is an EC class.

ExampLE 5.10. R}, = Ro N R3 where Rg and Rj3 are the classes defined in Exam-
ples 5.2 and 5.8 respectively. Then Ry, is an EC class.

Below we give examples of closed classes which are not EC.

ExXAMPLE 5.11. Let R- = {(w,=)}. Thus RL = {(A4, R); 4 is infinite and for all
a € A there exist b € A such that R, = {a} and for all a, R, # 0}. If (4,R) € RZ
then “32"z(z = z)”, “VrQy(r = y)", “-Qz(z # z)” € V({(4, R)}). Conversely, assume
that for some sequence of relations U and some sentence o we have (A4, U)E k= 0. Using
the operation F and the Skolem-Lowenheim theorem we can deduce that there exists
a countable model DS which is an elementary submodel of (4, U)®. Thus we can take
|D| = w and we have qs = q—. This shows that V(R=) C V({(A, R)}), which means that
(A,R) e R:.

It can be seen that R* is ECa but not EC because the complement of RZ is not
closed under the ultraproduct construction. We can also observe that R = {(w, #)}* is
an ECA class but not an EC class.

EXAMPLE 5.12. The class Riys = {(4, R); A is infinite} is correlated with F =
{32"z(z = z);n € w}. Thus Ry, is closed. This is another example of a closed class
which is an ECA class but not EC.
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ExaMPLE 5.13. The class Rg, = {(A, R); A is finite} is correlated with F = {“if F is
a one-to-one function then F is onto”}. Rg, is a closed class which is not even ECa. It
is a complement of a PC class.

ExaMPLE 5.14. Let R, = {{w, <)}. We show that (A, R) € R} if and only if A4 is
infinite and gg = {X C A; A — X is finite}. The implication from left to right follows
from the fact that “32"z(z = z)” € V(R,,) for all n € w and that “If P is linear ordering
without the first element then Vz-QyP(z,y)” € V(R,). The converse implication can
be proved using a downward Skolem-Léwenheim argument (cf. Example 3.3). Obviously
R} is not closed under the ultrapower construction and hence it is not an ECa class.

DEFINITION 5.2. A class R is called

e an EF-class if R is correlated with {¢} for some sentence o € L(Q) in the language
of empty signature,

e an ES-class if R is correlated with some family of sentences of L(Q) in the language
of empty signature,

e an FA-class if R is correlated with {o} for some sentence o € L(Q).

Obviously each EF-class is an ES as well as an FA-class. The classes occurring in
Examples 5.1-5.4 and 5.7 are EF-classes. The classes RZ, ;‘é and R;,s are ES-classes.
The classes Rgn, Rj, and R}, are FA-classes.

Using the translation F we can observe the following.

PROPOSITION 5.12. (a) Each EF-class is an EC class.
(b) Each ES-class is an ECa class.
(c) Each FA-class is a complement of a PC class. »

COROLLARY 5.13. There exist ES-classes which are not FA-classes and there ezist
FA-classes which are not ES-classes.

Proof. The classes R*, R; and R;,r are not FA-classes because their complements
are not closed under the ultraproduct construction and hence they cannot be PC classes.
The class Rg, is not an ES-class because it is not an ECx class. =

PROPOSITION 5.14. There exists a closed class which is neither an ES-class nor an
FA-class.

Proof. For a class of relations R let Sp(R) = {n € w; there is (4, R) € R such that
card(A) = n}. Consider the set Sppa = {Sp(R); R is an FA-class}. Spg, is countable,
hence there exists X C w such that X & Spps. Let Rx = {(A4, R); A is finite and
card(A) € X}. Then Ry is correlated with F = {-3!"z(z = z);n ¢ X}U {“if F is a
one-to-one function then F is onto”} and, consequently, it is closed. On the other hand,
Rx is not an ECx class and hence it is not an ES-class. Moreover, Sp(Rx) ¢ Spga and
thus Rx is not an FA-class. w

5.4. The lattice of closed classes. Let REL denote the family of all closed classes
in P(BIN) and VAL denote the family of all closed sets in P(Sn(Q)). By the general
theory (see e.g. [7]), the family REL forms a complete lattice. In this lattice we have
sup{Ri}ier = (U;er Ri)* and inf{R;}ic; = (;¢y Ri. For the same reason the family
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VAL forms a complete lattice. Also in this lattice we have sup{F;};c; = (Uier Fi)* and
inf{F;}ier = ;e  Fi- The functor V and the functor R give us one-to-one correspondences
between closed elements of REL and elements of VAL. These functors are mutually inverse
antiisomorphisms with respect to inclusion. Moreover, the following equalities are satisfied

(see e.g. [24]):
R(NF)=(URE) . =((UF)) = NREF,
i€l i€l el el
V(R = (UV(Ri))*, V((UR:)) =NV,
iel i€l iel iel

This means that R and V are mutually inverse antiisomorphisms of the lattices REL and
VAL.

THEOREM 5.15. (REL, C) is a complete distributive lattice of power 2% with the least
and greatest elements.

Proof. Completeness of this lattice was observed above. The least element is the
empty family and the greatest element is the class of all binary relations. m

Now for X C w we define Rx by Ry = {(A, R); card(4) € X}. In the proof of
Proposition 5.14 we observed that Ry is a closed class. Obviously, if X # Y then Rx #
Ry. Thus REL has at least 2"¢ elements. On the other hand, card(REL) = card(VAL) <
2Ro,

To prove distributivity of this lattice we prove the following.

LEMMA 5.16. Let R = R({0:}icr) and R' = R({0;}jes). For k € IUJ let o}, denote
the sentence obtained from oy, by changing the names of primitive notions in such a way
that for 1,I' € IU J if | # ' then o} and o} have disjoint signatures. Then

RNR' =R({o5}rerus),
(RUR')*=R({o] Vo;;ic I andje€ J}).

Proof of the lemma. The first equality and the inclusion C in the second equal-
ity are rather obvious. Assume now that (4,R) ¢ (RUR’)*. Thus (4,R) ¢ R and
(A,R) ¢ R’. Then for some i € I there exists a sequence of relations U and for some
j € J there exists a sequence of relations V such that (A, U)F |= ~o} and (4,V) —a.
Using the assumption that the signatures of o and o} are disjoint we can deduce that
for some sequence of relations W we have (4, W)® = -0} A —o}. This means that
(A,R)¢ R({o} Vosi€elandje J}). »

Now let us come back to the proof of the theorem. Assume that R = R({0:}icr),
R’ = R({o;}jes), R” = R({0k}xek) and that for p,r € TUJ UK if p # r then o}, and
o, have disjoint signatures. Then we have inf{sup{R,R'}, R"} = inf{R({o; Voj;i € [
and j € J}), R"} = R({o: Voj;i € I and j € J}U {ox;k € K}) and sup{R N R”,
R'NR"} = sup{R({o1}icruk), R{othesuk)} = R({o: Voj;i € I and j € J}U {ow;
k € K}). To check the last equality we observe that for every set of sentences F and
sentence o, if o € F then R(F) = R(FU {o V ¢’}) for all ¢’. This concludes the proof of
Theorem 5.15. =
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Now we can ask which elements of REL have a complement. We give here a partial
answer only. It is easy to observe that each EF-class has a complement in REL. As a
matter of fact, if R = R({o}) where o is of empty signature then R({—oc}) is exactly the
set-theoretic complement of R. Moreover, by Lemma 5.16 we have the following

PROPOSITION 5.17. The family of all EF-classes is a sublattice of REL and forms
a Boolean algebra. Operations in this Boolean algebra are the usual set-theoretic opera-
tions. =

Lemma 5.16 gives us also the following

PROPOSITION 5.18. The family of all ES-classes (FA-classes) forms a sublattice of
REL. Operations in this sublattice are the usual set-theoretic operations. m

The classes Riyr (see Ex. 5.12) and Ragy, (see Ex. 5.13) show that neither the family of
all ES-classes nor the family of all FA-classes is closed under the set-theoretic complement.
Moreover, as follows from the proof of Remark 5.19 the union of these families is not closed
under set-theoretic complement.

Not only EF-classes have a complement in the lattice REL. Other examples are the
classes Ry, ¢, RX and R; (see Ex. 5.11); their set-theoretic complements are closed classes.
All examples of elements with a complement in REL we know are those for which the
set-theoretic complement is a closed class.

REMARK 5.19. REL is not closed under set-theoretic complements.

Proof. Let us take the class R} (see Ex. 3.1). We will show that its set-theoretic
complement is not closed. Let Ag = {(n,a,8);n €wand o, <w(n+ 1)}, A=Ay Uuw
and R = Ida U (w x Ao) U {((n, &, B), (m, a,¥)); (n, a, B), (M, a,7) € Ap and (n < m or
(n = m and 8 < v))}. As follows from Example 3.1, (A4, R) ¢ R},. It follows that the
closure of the set-theoretic complement of R}, contains {(4, R)}*. But as follows from
the proof of the main theorem of [15], V({(4, R)}) = V(Rym), where Ry, is the class
of all partial orderings without maximal element. Thus {(A, R)}* N R}, # 0. This shows
that the set-theoretic complement of R} is not closed. m

In a lattice with a least (greatest) element by an atom (coatom) we mean any minimal
(maximal) element in the subordering obtained by removal of the least (greatest) element.

THEOREM 5.20. In REL there are infinitely many atoms and coatoms.

Proof. Let (A, R) be finite. We consider R4 gy = {(4, R)}*. We have: (B, S) €
R(a,r) if and only if (B,qs) = (A,qg). Using sentences of empty signature of L(Q)
we can completely describe the structure (A, qr). It follows that R4 g) is an EF-class.
Now if R is a nonempty closed class such that R C R4 gy then R = R4 g) because
if (B, S) € R then (B,qs) =~ (A,qg) and in consequence {{A, R)}* = {(B,S)}* C R.
Thus R(4,r) is an atom for every finite (A4, R). Obviously the complement of R4 g) is a
coatom in REL. =

Now we show that there are other kinds of elements in REL which are atoms, besides
those in the proof of the last theorem.
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PROPOSITION 5.21. (a) RL and R}, are atoms in REL.
(b) The complements of RL and R, are coatoms in REL.
(c) Ry, is not an atom in REL.

Proof. (a) We show that if (A, R) € RX then {(A4, R)}* = RZ. This follows from
the fact that “Qzy(z) = Izp(z)”€ V({(4, R)}), which allows us to apply the Skolem-
Lowenheim theorem for elementary logic (see also Ex. 5.11). A similar argument is used
for R.

(b) is an immediate consequence of (a).

(c) Let R C w? be such that qg = {X C wy; wy — X is finite}. Thus (w;, R) € R},
(see Ex. 5.14). Let o be the sentence “if S is a linear ordering then 3z-QyS(z,y)”. Then
0 € V{(w1, R)}) and 0 € V(R,,). Thus {(w1,R)}* # R’ . =

It is easy to see that if R is an atom in REL then R = {(A4, R)}* for some (A4, R).
From the last proposition it follows that the converse implication does not hold. Another
consequence of this proposition is the existence of atoms in REL which are not FA-classes.

As mentioned before, the lattice REL is antiisomorphic to the lattice VAL. Elements
of each of these lattices are in one-to-one correspondence with the elements of the family
of all logics determined by classes of relations. Each logic of this type is determined by
some class of relations—an element of REL, and each such logic determines the set of its
tautologies—an element of VAL. It is natural to consider the class of all logics of this type
with the following relation: a logic L is weaker than a logic L’ if every tautology of L is
a tautology of L. In this way we obtain a partial ordering isomorphic to VAL. Thus we
have:

THEOREM 5.22. The class of all logics determined by a class of relations forms a
complete distributive lattice of power 2%, In this lattice there are infinitely many atoms
and coatoms. a

Coatoms in this lattice are maximal consistent logics of the considered type.
It is natural to consider the following relation on Sn(Q), denoted by =":

et I {p) C U}
Obviously, the relation =* is reflexive and transitive, therefore the relation
O =F"y if pE"Yandyke
is an equivalence relation on Sn(Q). Let LF denote the set of equivalence classes of this

relation. The relation |=* in a canonical way determines a partial ordering on LF. Let
us denote this ordering by <*.

PROPOSITION 5.23. (LF, <*) is a distributive lattice isomorphic to some sublattice
of the lattice VAL.

Proof. It is clear that each element of LF corresponds to exactly one element of
VAL. These elements of VAL are in one-to-one correspondence with FA-classes. It follows
that (LF, <*) is antiisomorphic to the family of all FA-classes with the inclusion relation.
The conclusion follows from this and Proposition 5.18. =
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From the point of view of the family of all logics with a quantifier determined by a class
of relations £F could be considered as, in a sense, the family of all finitely axiomatizable
logics of this kind.

Let £E denote the subset of LF determined by sentences of empty signature.

For sentences o,7 of empty signature we have: ¢ =* 7 if and only if 6 = 7 is a
tautology of the logic with relational quantifier considered in the third chapter. Thus we
have

PROPOSITION 5.34. (LE,<*) is a sublattice of (LF,<*). This sublattice is a Boolean

algebra. w

5.5. Further properties. Let R and R’ be two classes of binary relations. We say
that R and R’ are symbiotic if for any structures A%, A'® such that (JA}, R) € R and
(JA'[, R') € R’ there exist structures B° and B’ such that (IB,S) e R, (|B,S") e R/,
AR = B'S" and A = BS. One could also say that R and R’ are symbiotic if each theory
which has a model in L(R) has also a model in L(R’) and conversely. The following is
rather obvious.

PRoOPOSITION 5.25. If R and R’ are symbiotic then V(R) = V(R'). u

We say that the class of binary relations R is compact if the logic L(R) has the
compactness property.

EXAMPLE 5.15. The class of equivalence relations, the class of linear orderings, the
class of well orderings, the class of all trees, the class of all partial orderings are examples
of compact classes (see [38], [14], [15]).

PROPOSITION 5.26. If R and R’ are symbiotic, then R is compact if and only if R/
is compact. w

ProPoSITION 5.27. If R and R’ are compact then R and R’ are symbiotic if and
only if V(R) = V(R').

Proof. The implication from left to right was already observed without the com-
pactness assumption. Assume now that a structure AF is such that (|A4|, R) € R. Using
compactness of L(R’) and the assumption V(R) = V(R') we can show that Th(A®) has
a model in L(R'). This finishes the proof. m

PROPOSITION 5.28. If R is compact, R C R’ and V(R) = V(R'), then R’ is compact.

Proof. Let T be a set of sentences such that each finite subset of T has a model in
L(R’). By V(R) = V(R'), each finite subset of T has a model in L(R). Thus T has a
model in L(R). This model is also in L(R'). =

From the last two propositions we have the following.

COROLLARY 5.29. If R is compact, then R* is also compact. Moreover, R and R*
are symbiotic. m

THEOREM 5.30. Let R be a class of binary relations. If R is closed under the ultra-
product construction then R is compact.
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Proof. We observe that if R is closed under the ultraproduct construction then the
class of structures of L(R) is also closed under the ultraproduct construction. Thus we
can prove Los's Theorem (cf. Corollary 4.23) for L(R) and hence in a standard way we
can prove the Compactness Theorem for L(R). =

The last theorem gives us many examples of compact classes. Indeed, as follows from
our results, if there exists a class R’ closed under the ultraproduct construction such that
V(R) = V(R') and R’ C R, then R is compact.

The converse of Theorem 5.30 does not hold. For example, the class of all well orderings
is not closed under the ultraproduct construction but it is compact.

Finally, let us consider the case when R is a PCx class. In such case L(R) has many
nice properties. For example, it follows directly from Theorem 5.30 that L(R) has the
compactness property. This can be also proved in another way using the translation F
defined after Theorem 4.4.

Let R = Mod(X) where X is a set of first order sentences. Then immediately from
Proposition 4.5 we have the following.

PROPOSITION 5.31. If ¢ is a formula of L(Q), then we have: ¢ € V(R) if and only
if L EF(p). m
PROPOSITION 5.32. If T is a set of sentences of L(Q) and k a cardinal number then

we have: T has a model of power & if and only if ZU{F(c);0 € T} has a model of power
K. m

These propositions give us the following.

THEOREM 5.33. If R € PCp, then R is compact and L(R) has downward and up-
ward Skolem~Lowenheim properties. If a set of sentences PC-defining R is recursively
enumerable then V(R) is recursively enumerable. »

As a consequence we can deduce that there exists a class of relations not symbiotic
with any PC4 class.

5.6. Some open questions. The results of this chapter show that the family of
logics determined by classes of relations is largest possible (cf. Theorems 5.15 and 5.22).
One reason for this fact is that in our considerations we assume nothing about classes of
relations. But it seems natural to consider classes of relations satisfying some conditions
as for example the following condition for a class R:

(*) For each cardinal & there is (4, R) € R such that card(A) = &.

Obviously, the family of logics determined by classes of relations satisfying the condition
(%) is a proper subfamily of the family of all logics of this type. It is of interest what are
the properties of this subfamily. This question needs still more investigations.

Full classes and the dual notion—closed subsets of Sn(Q), play a special role in our
considerations. Propositions 5.9-5.11 give some description of these objects. But this
characterization is far from satisfactory. The problem of finding such a characterization
is open and it seems to be not easy. This is indicated by Theorems 5.2 and 5.3 which show
that strongly different classes could determine logics with the same set of tautologies.
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One of the main questions considered in this chapter is the following: are there any
correspondences between properties of relations and properties of logics determined by
them? Several examples show that this correspondence is very weak. On the other hand,
using an axiomatization of a given logic, it is often possible to find properties which
define the closed class of relations determining the initial logic (cf. Examples 5.9 and
5.10). Conversely, as Theorem 5.33 shows, some assumptions about a class of relations
give us several properties of the determined logic. Finally, the question of connections
between properties of classes of relations and properties of logics determined by these
classes needs further investigation.

In this chapter, as in the whole paper, we considered logics with quantifiers binding
only one variable. It is easy to see that in a similar way classes of binary r_ela.tions' can
determine logics with quantifiers binding more than one variable. For example in [16]
the author defined the so-called multivariable rough quantifier. The extension of this
definition to relational quantifiers seems to be very natural. This definition corresponds
to the definition of weak n-ary quantifiers as defined at the end of [22]. Another definition
of n-ary relational quantifier could be given in the style of the definition of the Magidor-
Malitz quantifier (see [21]), the idea of which comes from the combinatorial Ramsey
theorem. It seems that the subject of multivariable relational quantifiers opens a wide
area of interesting questions. Some of them are considered in [18].
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