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1. Introduction. In this work we will examine the effect of numeri-
cal integration on the finite element approximation of eigenvectors of the
eigenvalue problem

(L1 - Lé=- gz:l 9i(aij(z)0;9) = A in 2

¢=0 on 012,

where (2 is a convex polygonal domain in R2.

Similar problems have been studied by many authors. A classical work
here is a prominent paper by Fix [6]. Recently Banerjee, Osborn [2] obtained
the optimal estimates for eigenvectors and eigenvalues. Those estimates are
optimal in the sense that they are of the same order as the optimal estimates
for classical finite element approximation (without numerical integration).
The authors assumed that the precision of the numerical integration for the
problem (1.1) was one higher than that for the corresponding source (linear)
boundary value problem.

In [1] Banerjee improved those results. As eigenvectors were concerned,
Banerjee proved that the increased degree of precision of the quadrature
was not necessary to obtain optimal estimates. As the optimal results for
eigenvalues were concerned, Banerjee showed that the assumption about the
increased degree of precision of a quadrature could not be released.

Also papers by Vanmaele, Van Keer [8], [9] are worth mentioning. Exam-
ples of numerical integration applied to finite element approximation of non-
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linear eigenvalue problems (bifurcation problems) can be found in Crouzeix,
Rappaz [5].

In our work we give a complete proof of the fact that the optimal esti-
mates for eigenfunctions can be obtained by the assumption that the preci-
sion of the numerical quadrature is the same as that for the corresponding
linear boundary value problem. The method of our proof differs from the
method of Banerjee from [1]. We make use of the a-projectors,where a is
a corresponding bilinear form for the operator L defined in (1.1). Hence
we are able to define approximate solution operators on the whole space
V = H}(£2). In the proof we also apply finite element estimates in the L>°-
norm.

Our main result is presented in Section 4. In Sec. 2 we formulate the
problem. In Sec.3 the convergence results are established. In Sec. 5 there
are remarks about a slightly general problem than (1.1), where instead of
the term A¢ at the right-hand side we have Ac¢ and ¢ is a given function.
Results of the previous sections are applied to show that also in this more
general case the optimal order of convergence for approximate eigenvectors
is preserved.

2. Problem setting. The problem setting is like in [1], [2]. However for
clarity we repeat some definitions. At first let us transform the eigenvalue
problem (1.1) to its variational form

0£pc H} ) NeR
a(¢,v) = Ab($,v) Vv € Ho(92),

where the bilinear forms a : HJ(2) x H}(2) — R, b: L} (2) x L}*(2) = R
are defined by:

(2.1)

(2.2) a(u,v) = f 2 a;j(0u)(9;v)de  Yu,v € HY(2)
2 i,7=1

(2.3) b(u,v) = f uwvde  Yu,v € L*(1).
2

About the coefficients a;; we assume that they are sufficiently smooth,
that Vi,7 : a;; = a;; and

2 2
(2.4) Ja>0Ve € 2V(E,&)ER? D ay(a)g; > a )y &
’i,j:l =1
These assumptions imply the symmetry of the form @ and its Hg(12)-ellipti-
city, i.e.:

(2.5) o > 0Vv € HY(R)  a(v,v) > afv|3.
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Now let us pass to describing the approximation. We will examine the
problem (2.1) in 2 C R*a convex polygonal domain whose triangulation
is denoted by 7. Assuming that 7, consists of closed triangles K, we will
require that no vertex of any triangle lies on the interior of a side of an-
other triangle and that the union of all triangles gives §2. Furthermore 74, is
required to be uniformly regular in the following sense:

(2.6) J>0:vh<pg <hg <h VYK e, ¥h<h,

where hi = diam K, pg = sup{diam S : S is a ball contained in K}, h =
max hy. We define V = H}(£2) and an approximate space V}, of lagrangian
type finite elements:

(2.7) vV, = {’Uh € C(ﬁ) : Uhlag =0A (Uhlj{ € Pk(]&") VK € Th},
where Pp(K) are polynomials of degree k.
Denoting by K- a reference triangle and by Fix(Z) = B2 +bk- an affine

function mapping K onto K, we are now in a position to define quadrature
rules which will be the same as those considered in [1], i.e.:

L
(2:8) [ f@dz =Y aif(b)
f\) =1
with weights @; > 0 and knots /l;l e i
L
(29) f f("c)dx =~ ng,]\’f(bl’](), where
o K =1

. bl,K = FK(E) cK wiLK = |d€t BK’LTJI.

By Ex(f) we will denote an error of the quadrature for the element K € 7,
and a continuous function f: K — R,i.e.:

(2.10) Ex(f) = ff r)d:v——Zw, K f(bi,x)-

Now the forms aj, : Vi x Vi, — R and by, : C(2) x C(£2) — R can be
defined:

(2 11) ap uh,vh) = Z Zwl K Z aij(()iuh)(ijh))(bu() Vuh,vh eV,

Ker, |
(2.12)  bp(u,v) = Z Zwl x(uv)(bix)  Vu,v € C(2).
Kery,

Throughout the text we will assume that the considered quadrature rule
satisfies :

(2.13) Ex($)=0 VYé€ Prs(K),
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By Th. 4.1.2 from [4] (2.13) implies the uniform V), - ellipticity of the forms
ap,1.e.:

(2.14) E!ﬂ >0 Vh < ho Yo, € V), ah(vh,vh) > ,Bﬂvhlﬁ

We will consider the following approximation to the eigenvalue problem
(2.1):

0 7& Qbh € ‘/h /\ € R
an(Pn,vn) = Abp(dn,vr)  VYvp € V.

Let the bilinear operators T : L}(22) — V, Ty : C(2) — V}, be defined:

(2.15)

(2.16) a(Tu,v) = b(u,v) Vv €V Vue L*(2)
(2.17) an(Tru,v) = bu(u,vp) VYo, € Vi Yu € C(12).

By the Lax-Milgram theorem the operator T belongs to L(L?, V) but there
arises the problem of existence of the approximate solution operators Ty.
However we see that for every u € C(f2) the mapping by(u, ): Vi — R is
a linear functional. Since its domain V,, is finite dimensional, this mapping
is also bounded. Thus by (2.14) and the Lax- Milgram theorem there exists
an element o, € V), such that an(on,vy) = bp(u,vn) Yo, € Vi Of course
oy depends on u. Now we set fhu = op. At this stage we leave open the
question of boundedness of T}, : C(£2) — V. We will come back to this
problem in Sec. 3, where not only the boundedness but also the uniform
boundedness of T} will be established.

It is obvious that the problems (2.1), (2.15) are equivalent to:

(2.18) pp=T¢, eV

(2.19) ppr = Th¢h7 ¢n €V, where pu=

S =

It is known that A is an isolated eigenvalue of (1.1) with a finite mul-
tiplicity m if and only if uo = 1/XA¢ is an isolated eigenvalue of T' with
the same multiplicity m (see [3] Prop. 2.28 p. 112). The Ay - eigenspace
for the problem (1.1) and the pp — eigenspace for (2.18) are identical. This
holds also for invariant subspaces (called also generalized eigenspaces). Since
T € L(L?,V) and the embedding of V = H3(£2) into L%(£2) is compact, the
operator T : V' — V is compact and all its eigenvalues are isolated with a
finite multiplicity. Let us further remark that 7:V — V, Ty, : Vi, — V), are
selfadjoint. Therefore their spectra are real (in fact their spectra are positive
because of (2.5) and (2.14)) , invariant subspaces are equal to eigenspaces,
algebraic multiplicities are the same as geometric ones.
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3. Convergence. Since {2 is a convex polygon, the boundary value
problem (2.16) is “regular” in the sense:

(3.1) Vue LX) Tue VN H*(2) A T € L(L* H?)
As suggested in [3] let us define the a-projectors Il : V — V), by:
(3.2) a(u— Hpu,v,) =0 Yu eV Vo, € Vy.
Let also approximate operators S, be introduced by:
(3.3) Sy, = Tpdl),.

Thus the domain of S} is equal to the whole V, while the domain of Th
remains C({2). We use the symbol S, to distinguish the operators S =
Twll, from the operators T) = II,T used in the papers [1], [2]. In the
following for A C R? we will denote by || [|k,4 ] llk,q,45 | 1k,45] kg4 =
norms and seminorms in H*(A), W*9(A). Sometimes subscripts will be
omitted if it causes no misunderstanding. The symbol || {Jo = | |o denotes
the norm in L2. For v, € V,, we define additionally a new norm:

onllie = [ > lonll? &
Ker,

In this section we will prove the convergence

st h—0
17 = Sulleevy = IT = Tadlnllnvy — 0.
First let us quote Th. 4.1.4, Th. 4.1.5 from [4]:

THEOREM 1 (Ciarlet): Suppose Eﬁ(a) =0 V(E € sz_g(f(), where K is
a reference element. Then there exists a constant C independent of h such
that:

(3.4) |Ex(f(0;00)(8;w2))] < CRE S ko0, 5 1w l] 1,5 [w2]1,56
Vi,j=1,2 VYwy,wy € P(K) VYfe€Wre(K).

If g € [1,00) satisfies kq > 2, then Vf € WF(K) Yw € Py(K):
(3.5) | Exc(fw)l < CRFu(EYV 279 fllk g, rellwlln, s
where u(K') denotes a measure of K.

CoRrOLLARY 1: Suppose E;\\((,,/)\) =0V e sz_g(l/x’\'). Then

(3()) I((L — ah)(uh, ’U}L)] < Ch|[uh||1|vjl|1 Vuh,vh < Vh
(3.7) [(b— bp)(up, vp)] < Ch™||uplh||vnlls Vun,vn € Vi,

where r =1 fork>2 andr =1—¢ with anye >0 for k= 1.
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Proof. From the estimate (3.4) we get:

(@ — an)(un,vn)| = ' > Y Ex(aij(@iun)(divn))

Kery 14,

0> ChFllasglikcollunllk xlvnlix <
Kem, ij

<> ChMlaisllv,oollenllim vnlie <

tj

< Ch* flunllkm lvnli0-
From the inverse inequality |[usllgr, < CR*™Flluplli,o we get the desired
(3.6).

The proof of (3.7) for k > 2 is identical if we take advantage of (3.5)

with ¢ = 2. For £ = 1 we cannot set ¢ = 2, since the assumption kg > 2 is
not satisfied. However we can set ¢ = 2+ ¢ for any ¢ > 0. Then

[(b — bp)(un, vi)l = I > EK(uhUh)} <

Kery,

IA

<Ch Yy B2 sl prsxllonlhg <

Ker,
< Chp(2)' P79 junlly o s,0llvnllr,0,

where in the last step we used the Holder inequality:

1 1 1
Y a B
§ laxbrek| < ( E ‘“I\’Ia) ( E V)KIﬁ) ( E ICKI”)1
K K K K

with 1/a=1/2-1/(2+6), f=2+8,7=2.
Evidently it suffices to use the inverse inequality

Nunlliogs,0 < CRTEETYCFI |yl o = CR™CF) |yl o

and the proof is complete.
And now we formulate our main result in this section:

THEOREM 2: Suppose E;\;((E) =0Vee ng..2(f(). Then:
(3.8) 1T = Sallevy < CRT,
where v = 1 for k > 2 while r = 1~ ¢ with any e > 0 for k = 1.

Proof. In the proof the property (3.1) and the uniform boundedness of
the a-projectors T, € L(V) will intervene many times. For v € V = H}(12)
we have:

(T — Sp)ulfy < Wy(u)+ Wa(u) + Wa(w), where
Wilu) =l — Op)Tully  Walu) = |[H,TT = H)ul
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Wi(w) = ||[(T,T — Tp) T pull;-

By (3.1) and the general theory of finite element method (see for example
Ciarlet [4]): Wy(u) < Ch|Tuly < Ch|lullo < Chljull;.

Next we see that Wa(u) < C||T(I - Hp)ully < C||(I—14)l}o. Since (3.1)
holds, the Aubin—Nitsche lemma yields: |[(I — Hp)ullo < Ch||(L — Ix)ulx
and consequently: Wy (u) < Ch||(I — Ip)ull1 < Chllul}s.

It is enough to estimate the term Ws(u). In order to do that let us denote

Up = Hhu V= (ﬂhT - Th)ﬂhu.
By (2.13), (2.14) the following inequalities take place:

Bllonll? < an(vn, vr) = an(TpTun, vy) — an(Trun, va) =
= ((ap, — a) + «)( I Tun,vp) — bp(un,vn) =
= (an — a)(IpTup,vp) + a{Tup,vn) — dp(up,vn) =
= (an — a)(HpTup,vn) + (b — bp)(un, vr).
The Corollary 1 yields:
Bllorllt < ChTnTunllrlonls + CR[Junlltllvnll <

< CRfJupllal|onlls
and ,
Wa(u) = l[oally < CHlJunlly = CH Tl < OB .

Thus for any u € H}(£2) we have: ||(T — Si)ully < Ch™||u||; and the thesis
(3.8) is established.

Remark. This result may be compared to the analogous estimate (3.19)
from [2], where it was proved that ||[(T — S)|v, || < Ch*~1 with a certain
constant 1 < o < 2.

4. Estimates for eigenvectors. Let the spaces V, V), and the operators
T, Th, Sy, be complexified in the usual manner. Th. 2 implies (see for example
[3]) that if wo is an eigenvalue of 7" with multiplicity m, then there exists
v > 0 such that a ball K(ug,v) — {0} C C lies in the resolvent set of T
and for h sufficiently small the intersection of the open ball K'(po,7) and the
spectrum of 5, consists of exactly m eigenvalues p3 (Sp), p2(Sh), - - m(Sh)
counting their multiplicities.

Let M be an invariant subspace associated with pp and T'; let M(S5})) be
an invariant subspace associated with 3 (S4), ..., tm(Sr) and Sy. From the
classical perturbation theory (see Th. 6.6 p. 280 in [3]) under the assump-
tions of Th. 2 we have:

-~

(4.1) 8(M,M(Sy)) < Cep, where
(4.2) en =sup{||(T = Sk)dlli : 4 € M AJ|g]l1 = 1}.
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The so-called gap (M, M(S4)) is defined as:

(4.3) 8(M,M(S))) = max{ sup dist(¢, M(S})), sup dist(¢n, M)}
deM ér EM(S,)
llell=1 llénll=1

Now let us consider the relations between the eigenvalue problems:

Find (4, ¢) € C X V such that pu¢ = Sn¢ = Ty 1.
Find (p, ¢n) € C X Vi, such that oy, = Thn.

Since 9 = T w1, and Range fh C Vy, these problems have the same eigen-
values except for 4 = 0. Denoting by 1;(Sr) = Jin, we can treat fi;; as
eigenvalues of Tn. The eigenspaces are also identical. Although an equality
of the respective invariant subspaces for 5, and Ty is not so obvious, it does
hold. More on the subject can be found in [3] p. 238-9. Recollecting that Th
is selfadjoint, we arrive at:

M(S) = M(Th) = Ker(ﬁlh ~Tp) + -+ Kex(fimn — Th).

Of course M = Ker(ug —

In this section we are gomg to prove that the eigenvectors converge with
the order A*, more precisely that the gap 6(M M(Th)) < Chk for k > 2
and 6(M,M(Th)) < Ch'~* for k = 1. This fact was stated in Th. 3.1 in [1].
However we present a complete proof and follow another method.

In order to do that we _will at first establish the uniform boundedness of
the operators T}, in L(C(12),V3). :

LEMMA 1: Suppose E,’g(a) =0Vpe PO(IA(). Then
() [ba(u, )| < C”u“c(ﬁ)“”hno Yoy, € Vi Yu € C(92).
(b) “Th“L(c(?i),vh) <C.

Proof. (a) Since > wix = p(K) and since by (2.6) u(K) < Ch?, we
have:

o, vl < lullogm D D wnillvnllocox <
K 1

< CRJull gy D l1onllo,oo -
K

From Hélder inequality :37x [[vallo,co,x < /2 g 124/ 2 i I10nllG oo i The

sum . 1% is equal to the number of triangles K in 74. According to the
assumption (2.6) it is not greater than C/h*. From the inverse inequality;

(4.4)
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llvallo,00,5 < $H|vnllo,2,x and from (4.4) we conclude that:

1 9 :
b, vp) < Ch?”““@(ﬁ)‘ﬁd Z ('E”WL”OJ,K) )
K

which is our assertion. B
(b) By (2.14) we have for v € C(£2):

ﬁ||fhu||% < ah(fhu,ﬁlu) = bh(u,Thu).

From part (a):

BlITwulli < Cllll oI Thullo,
so our claim is established.
Now we can formulate the main result about the order of convergence of
approximate eigenfunctions:

THEOREM 3: Let us assume that M = Ker (o —T) C H} nWhthoo(2)
and Ex(¢) = 0 V¢ € Poy2(K). Then
(45) Sy (M, M) < ChP, where
. Mh = M(Th) = Kel‘(ﬁlh -Th)+"'+Ker(ﬁmh —Th)
and p==Fk fork > 2, whilep=1—¢ with anye >0 for k = 1.

Proof. The case ¥ = 1 is an immediate consequence of Th. 2 and
(4.1)-(4.2).
Bearing in mind the definition (4.2) of £, we obtain for £ > 2:

(T — Sw)¢lly < Wi(¢) + Wa(4) with

Wi(¢) = (T = T)dlh  Wa($) = | T(¢ — Trd)||s.

From Lemma 1(b): Wa(¢) < C||¢ — Hrdllo,00- Standard L°- estimates of
Schatz (see [7]) for polygonal domains yield in our case:

”QS - Hh.quO,oo < Chk+1|¢|k+1,oo for k > 2.
According to Th. 4.1.6 of [4], the term W;(¢) may be estimated in the
following way:

1) = (7 = Ta)ell < CREITllksr + [161]5)-

Since T'¢ = po¢ belongs to H**1, we conclude that Wi(¢) < Ch*||@||k+1-

In the finite dimensional space M the norms || ||x+1,000 || lle+15> || |1
are equivalent. Consequently for ¢ € M such that ||¢||y = 1, the norms
l|0]lk+1,005 [|@llk+1 are bounded by a constant. Thus

(M, My) < Cen <C sup (Wi + Wa)(¢) < ChF + Ch¥ = ChE.
dEM
lélh=1



12 E. Lewinska

5. Final remarks. In fact in [1], {2] a more general eigenvalue problem

2
Lu=— Z 0(ai;j0;¢) = Ae¢p in £2
(5'1) i,j=1

¢=0 on 02
is considered. It is assumed that the function ¢ = ¢(z) is sufficiently smooth
and Vz : ¢(z) > ¢o > 0, where ¢p is a constant.

A variational formulation of (5.1) reads:

(5.2) a(¢,v) = Ab(cgp,v) Vv €V,
while its approximation is defined in a natural way as:
(53) ah(th,vh) = )\bh(c¢h,vh) Yo, € V).

Introducing the new operators 7°¢ : L%(2) — V, T,f : C(2) — Vj by the
formulae:

(5.4) T°u = T(cu) Vu € L*(2),
(5.5) Téu = Th(eu) Yu € C(2),
we see that (5.2),(5.3) are equivalent to :
(5.6) T°6 = pg

(5.7) Tign = pibn.

Rem ark 1: The estimate (3.8), which guarantees the convergence, takes
place also for the operators 7°¢, T}, i.e.

(5.8) 1Teu — T pully < CR™||ully Vu € HE(R2)

withr =1fork>2and r=1—¢,for k =1 (¢ > 0). The justification is
not so straightforward although not very complicated as shown below. For
u€eV:

1T — TEHpully = ||T(cu) — Ta(cdyu)|ly <
< T = Trdlp)(cw)lly + | Th(H n(cw) — el pu)l;.

By Th. 2 the first term is bounded by Ch"||cu||; and further since ¢ is smooth
by Ch”||u]1. It suffices to prove:

(5.9) ITavlls < CR||ully, where v = Il,(cu) — cllpu.

Since ﬁllfh"i“% < ah(fhv,Tth: bh(v,fhv) = (b — b)(v,Thv) + b(v,Thv) <

(b — by)(v, Tyv) + Const||v||o||Trv]lo. Thus

(b = b)(v, Tho)]
I Tholls

(5.10) | Twollr < +Cllollo-
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Since |[v|lo < || new — cullo + ||e(w — T pu)||o, by the Aubin-Nitsche Lemma
we see that:

(5.11) lollo < Ch(lTyeu — cully + llu — Taull) < Chllul.
Next using the smoothness of ¢ and an obvious estimate ||cf||x,, < Const
llelle.coll flikq Vf € W52 Wk € N Vg > 1, as in the proof of Corollary 1 we
show that:

(5.12) |(b = ba)(v, Tyo)| < CR|[Tholjalfulls.

The formulae (5.10)(5.12) yield (5.9).

Remark 2: The estimate for eigenfunctions (4.5) remains valid for the
problem (5.1). Let us suppose that M€ is an eigenspace for the opera-

tor T° and its m-multiple eigenvalue pg, while Mﬁ is an algebraic sum

of eigenspaces for the approximate operator TVC and its m eigenvalues ly-
mg in the nelghborhood of po counting their multlphatles Then by (5.8):

Sv(Me, M £) < Cep, where €, = sup{||T°¢ — ThHhQSHl e MAn| oL = 1}.
As in the proof of Th. 3, we have for £ > 2:

17°¢ ~ Titlndlly = |T(cd) — Tu(ellno)|h <
< (T = Ta)(ed)ih + 1 Talcod — cllng)fh <
< CRHT(eg)rt + Clle(d = Td)lo,o0-
Since T'(cg) = 1°¢ = po¢ and ||e(¢— 1 1,d)||0,00 < C||p— I 1$l|0,00, following

the lines of the proof of Th. 3 we conclude that also in the general case (5.1):
Sv (M, MP)y < Ch*  for k > 2
EV(]MC,]’\ZE) < Ch'™¢ withany ¢ >0 for k = 1.
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