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1. Introduction. In this work we will examine the effect of numeri-
cal integration on the finite element approximation of eigenvectors of the 
eigenvalue problem

2

L(f> =  -  ^  9j(aij(x )di(f}) = A(f> 
i,j= 1

0 = 0
where Q is a convex polygonal domain in R 2.

Similar problems have been studied by many authors. A classical work 
here is a prominent paper by Fix [6]. Recently Banerjee, Osborn [2] obtained 
the optimal estimates for eigenvectors and eigenvalues. Those estimates are 
optimal in the sense that they are of the same order as the optimal estimates 
for classical finite element approximation (without numerical integration). 
The authors assumed that the precision of the numerical integration for the 
problem (1.1) was one higher than that for the corresponding source (linear) 
boundary value problem.

In [1] Banerjee improved those results. As eigenvectors were concerned, 
Banerjee proved that the increased degree of precision of the quadrature 
was not necessary to obtain optimal estimates. As the optimal results for 
eigenvalues were concerned, Banerjee showed that the assumption about the 
increased degree of precision of a quadrature could not be released.

Also papers by Vanmaele, Van Keer [8], [9] are worth mentioning. Exam-
ples of numerical integration applied to finite element approximation of non-
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linear eigenvalue problems (bifurcation problems) can be found in Crouzeix, 
Rappaz [5].

In our work we give a complete proof of the fact that the optimal esti-
mates for eigenfunctions can be obtained by the assumption that the preci-
sion of the numerical quadrature is the same as that for the corresponding 
linear boundary value problem. The method of our proof differs from the 
method of Banerjee from [1]. We make use of the a-projectors,where a is 
a corresponding bilinear form for the operator L defined in (1.1). Hence 
we are able to define approximate solution operators on the whole space 
V =  Hl (Q) .  In the proof we also apply finite element estimates in the L°°- 
norm.

Our main result is presented in Section 4. In Sec. 2 we formulate the 
problem. In Sec.3 the convergence results are established. In Sec. 5 there 
are remarks about a slightly general problem than (1.1), where instead of 
the term \(j) at the right-hand side we have Ac<f) and c is a given function. 
Results of the previous sections are applied to show that also in this more 
general case the optimal order of convergence for approximate eigenvectors 
is preserved.

2. Problem setting. The problem setting is like in [1], [2]. However for 
clarity we repeat some definitions. At first let us transform the eigenvalue 
problem (1.1) to its variational form

0 /  G Hq (Q ) A E M
(2 .1 ) 7

a(4>, u) =  A6(</>, v) \/v £

where the bilinear forms a : Hq (Q)  x Hq (Q)  —>• R, b : X2(17) x L2(f2) —> K. 
are defined by:

2

(2.2) a { u , v ) — J  ciij(diu)(djv)dx Vu, v E Hq (Q)
q  i,j=i

(2.3) b ( u , v ) =  ^ uvdx E f 2(i2).
a

About the coefficients ci{j we assume that they are sufficiently smooth, 
that Vi, j  : ciij =  dji and

2 2

(2.4) 3 5 > 0 V a ; € f i V ( | 1)6 ) € R 2 ^  > 5 £ f,? -
i,j= 1 i—1

These assumptions imply the symmetry of the form a and its IIq (J?)-ellipti- 
city, i.e.:

(2.5) 3a > 0 Vv E Hl(Q) a(v,v) > «||u[|2.
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Now let us pass to describing the approximation. We will examine the 
problem (2.1) in Q C R 2-a convex polygonal domain whose triangulation 
is denoted by Th- Assuming that consists of closed triangles i f ,  we will 
require that no vertex of any triangle lies on the interior of a side of an-
other triangle and that the union of all triangles gives Q. Furthermore rh is 
required to be uniformly regular in the following sense:

(2.6) 3v > 0 : vh < p x  E h/c < h Vit G t h Vh < ho,

where Jik  =  d iam if, pk  =  sup{diami> : S is a ball contained in i t } ,  h =  
m axhx. We define V  =  Hq (O)  and an approximate space Vh of lagrangian 
type finite elements:

(2.7) Vh =  {vh G C(Q) : vh\dn =  0 A (vh\K G Pk(K)  V if G rh},
where Pk(K ) are polynomials of degree k.

Denoting by i f -  a reference triangle and by Fk (x ) = Bj^x +  bx- an affine 
function mapping i f  onto i f ,  we are now in a position to define quadrature 
rules which will be the same as those considered in [1], i.e.:

L

(2.8) f  f (x )dx  «  £//(& /)
K  1=1

with weights ćD/ > 0 and knots 6; G it
L

(2.9) J' f (x )dx  ~  ), where
/f i=i

. &/,/<■ = Fr {Bi) G i f  =  | deti?x|a5;.
By E x ( f )  we will denote an error of the quadrature for the element it G 
and a continuous function /  : i f  —> R, i.e.:

L

(2.10) Ek (1)=  f  f ( x ) d x - Y , “ i,Kf(bi,K)-
K  1=1

Now the forms : Vh X Vh —> R and bh : C(J2) X C(l2) —> R' can be 
defined:

(2.11) ah(uh,v h) =  EE u i ,k  ^2{aij(diUh)(djVh))(bitK) Vuh,vh G W
i<erh i i,j

(2.12) bh(u, v) =  EE ui,K(uv)(bi>K) Mu,v G C(f2).

Throughout the text we will assume that the considered quadrature rule 
satisfies :

(2.13) Ek($) = 0 V ?  6 P2k-2(K).
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By Th. 4.1.2 from [4] (2.13) implies the uniform Vh - ellipticity of the forms 
ah, he.:

(2.14) 3/3 > 0 Vh < h0 Vvh E Vh ah(vh, vh) > (3\\vh\\\.

We will consider the following approximation to the eigenvalue problem
(2 .1) :

(2 15) 0 7̂  4>h € Vh A € R
ah{4>h,vh) — h(.&h, v h) E Vh-

Let the bilinear operators T : L2{Q) V,Th '- C(Q)  —> Vh be defined:

(2.16) a(Tu,v)  =  b(u,v) Vu € V \fu E L2(Q)

(2.17) ah( f hu, vh) =  bh(u, vh) \/vh E Vh Vw E C(Q).

By the Lax-Milgram theorem the operator T belongs to L(L2, V)  but there 
arises the problem of existence of the approximate solution operators Th- 
However we see that for every u G C(fi )  the mapping bh(u, ) : Vh —» E is 
a linear functional. Since its domain Vh is finite dimensional, this mapping 
is also bounded. Thus by (2.14) and the Lax- Milgram theorem there exists 
an element &h € Vh such that a/l(cr/l, Vh) =  bh(u,Vh) E Vh- Of course
ah depends on u. Now we set ThU =  ah- At this stage we leave open the 
question of boundedness of Th : C{Q)  —> Vh- We will come back to this 
problem in Sec. 3, where not only the boundedness but also the uniform 
boundedness of Th will be established.
It is obvious that the problems (2.1), (2.15) are equivalent to:

(2.18) n4> =  T<f>, <f>ev

1
(2.19) n<f>h =  Th<t>h, <Ph € Vh, where p =  - .

It is known that Ao is an isolated eigenvalue of (1.1) with a finite mul-
tiplicity m if and only if /xo = 1 /Ao is an isolated eigenvalue of T with 
the same multiplicity m (see [3] Prop. 2.28 p. 112). The Ao - eigenspace 
for the problem (1.1) and the /llq — eigenspace for (2.18) are identical. This 
holds also for invariant subspaces (called also generalized eigenspaces). Since 
T  G L(L2, V)  and the embedding of V — Hq (Q)  into Z 2(i?) is compact, the 
operator T  : V  —> V  is compact and all its eigenvalues are isolated with a 
finite multiplicity. Let us further remark that T  : V  —» V , Th : Vh Vh are 
selfadjoint. Therefore their spectra are real (in fact their spectra are positive 
because of (2.5) and (2.14)) , invariant subspaces are equal to eigenspaces, 
algebraic multiplicities are the same as geometric ones.
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3 . C onvergence. Since Q is a convex polygon, the boundary value 
problem (2.16) is “regular” in the sense:

(3.1) \/u ^ l 2(Q) T u e v n H 2{ a ) a  r e i ( i 2, / / 2)

As suggested in [3] let us define the a-projectors Uh : V  —► Vh by:

(3.2) a(u -  IIhu,vh) = 0 Mu e V  Mvh £ Vh.

Let also approximate operators Sh be introduced by:

(3.3) sh =  fhnh.
Thus the domain of Sh is equal to the whole V, while the domain of Th 
remains C(Q).  We use the symbol Sh to distinguish the operators Sh =  
TpIIh from the operators Th = IIhT used in the papers [1], [2]. In the 
following for A C R 2 we will denote by || \\k,A,\\ Ik g,a , I \k,A, I Ik,q,A 
norms and seminorms in H k{A ), W k,q(A). Sometimes subscripts will be 
omitted if it causes no misunderstanding. The symbol || ||o =  | |o denotes 
the norm in L2. For up £ Vh we define additionally a new norm:

I M U  == , /  E  IM Ib f-
V K£Th

In this section we will prove the convergence

\\T -  A|| l ( v ) =  IIT -  f hn h\\L(v) -■=? 0.

First let us quote Th. 4.1.4, Th. 4.1.5 from [4]:

T h e o r e m  1 (Ciarlet): Suppose E^(4>) =  0 M4> £ P2k-2{K), where K  is 
a reference element. Then there exists a constant C independent of h such 
that:

(3.4) |£jf(/(9jK)l)(9jl02))l < Cft^/IU.oo.A'IhBlIU.A'Ml.K
Vi, j  =  1,2 Vt0 U w2 e  Pk{K)  V / €

If q € [l,oo) satisfies kq > 2, then V/ 6 T4/fc,9(A') Vu; 6 l’f:(A ):

(3.5) \EK(fw)\ < C/iV(A-)1/2- 1/,||/|U,„A'll«'lli,A',
where p {K )  denotes a measure of K .

C o r o l l a r y  1: Suppose E g ($ )  =  0 M$ £ P2k - 2 (K ).  Then

(3.6) | (a - ah)(uh,Vh)\ < Ch\\uh\\i K|i Muh,vh € Vh
(3.7) |(6 -  bh)(uh, vh)\ < ClAWuhWiWv^h Muh,v h £ Vh, 

where r =  1 for k > 2 and r =  1 — e with any £ > 0 for k =  1.
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P r o o f .  From the estimate (3.4) we get:

|(a — o/l)(u/l, Vh)\ =  | y  y  E K ( ai j ( d iu h) ( d j V h))

K e r h i,j

* EE
K e r h i 3

< E Cft‘ n aij||fc,oo||wń||/c,T̂  K ll.f l  <
ij

S Ch |,y/l[i)iQ.

From the inverse inequality \\uh\\k,Th < C,/i1~fe||w/l||i)r? we get the desired 
(3.6).

The proof of (3.7) for k >  2 is identical if we take advantage of (3.5) 
with q =  2. For k =  1 we cannot set q =  2, since the assumption kq > 2 is 
not satisfied. However we can set g = 2 -f- for any S > 0. Then

|(6- 6/l)(u/l ,n/l)| y  EK(uhvh)
Kerh

<

-  ^  X /  1/g||«fc||l,2 + fi,K||v/i||l,K <
Kerh

< C,/ip,(l?)1'/2_1//9||n/l||1)2+5, |̂|u/l||i)̂ ,

where in the last step we used the Holder inequality:

y  w k k̂ k̂ \ <
K

E i a* r ) i ( E M ' ,) ł ( E i c* r ) ł

with 1 fa  — 1/2 — 1/ ( 2 + 6) ,/?  = 2 + 7 =  2.
Evidently it suffices to use the inverse inequality

IKIIi,2+«,n < C ( h - ^ - ^ \ \ u Ą ^  =

and the proof is complete.
And now we formulate our main result in this section:

T h e o r e m  2: Suppose Efi(<j>) =  0 V</ £ P2k - 2 (K ).  Then: 

(3.8) ||t -^ | | l (v ) < c r ,

where r — 1 for k > 2 while r =  1 — e with cmy £ > 0 /or k =  1.

P r o o f .  In the proof the property (3.1) and the uniform boundedness of 
the a-projectors 77̂  6 7 (F ) will intervene many times. For u £ V  =  H^{Q) 
we have:

||(T -  5i,)u||i < W j(u) +  W2(u) + W3(m), where 
Wx(u) = ||(7  -  77a )T «||i W2(u ) =  | |IIhT(I -  /rfc)«|]i
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w 3(u) = \\(nhT -  f h) n hu\\i.

By (3.1) and the general theory of finite element method (see for example 
Ciarlet [4]): W x{u) < Ch\Tu\2 < Ch\\u\\0 < C7i|M|i.

Next we see that Wo(u) < C\\T(I — IIh)u\\\ < C\\(I — Hh)\\o- Since (3.1) 
holds, the Aubin-Nitsche lemma yields: \\(I -  IIh)u\\0 < Ch\\(I -  IIh)u\\i 
and consequently: W 2 (u) < Ch\\(I — IIh)u\\i < ( S ' .

It is enough to estimate the term W^(u). In order to do that let us denote

uh =  n hu vh =  (n hT -  Th)nhu.
By (2.13), (2.14) the following inequalities take place:

P\\vh\\l < ah(vh,v h) = ah(IIhTuh,vh) -  ah(Thuh,v h) =
=  ((ah -  a) +  n)(JIhTuh,v h) -  bh(uh,vh) =
=  (ah -  a)(IIhTuh,vh) +  a(Tuh,v h) -  bh(uh,v h) =
= (cih -  a)(IIhTuh,v h) +  (b -  bh)(uh,vh).

The Corollary 1 yields:

/3IKII5 < Ch\\nhTuhU v h\̂ +  <
< C hluftlW K H i

and
w 3(u) =  ||t)fc||i < Chrllitftll! = C'ft’-||/7fc«||1 < C ftr||t*|li.

Thus for any u G Hq (Q)  we have: ||(T — 5,/l)n||i < C /iT'||w||i and the thesis
(3.8) is established.

R e m a rk . This result may be compared to the analogous estimate (3.19) 
from [2], where it was proved that ||(T — S'/l)|v'h|| < Ch" -1 with a certain 
constant 1 < a < 2.

4. Estimates for eigenvectors. Let the spaces V, Vh and the operators 
T, Th, Sh be complexified in the usual manner. Th. 2 implies (see for example 
[3]) that if hq is an eigenvalue of T  with multiplicity m, then there exists 
7 > 0 such that a ball /L (/io ,7 ) — { â o } C C lies in the resolvent set of T 
and for h sufficiently small the intersection of the open ball K ( â o >7 ) and the 
spectrum of Sh consists of exactly m eigenvalues AT^/i), f-l2 {Sh), • • - ,l-im(Sh) 
counting their multiplicities.

Let M  be an invariant subspace associated with /.iq and T; let M(Sh ) be 
an invariant subspace associated with fti(Sh), • • • ) and Sh- From the
classical perturbation theory (see Th. 6.6 p. 280 in [3]) under the assump-
tions of Th. 2 we have:

(4.1) 6(M, M(Sh)) < Ceh, where
(4.2) eh = sup{||(T -  S M U  : </> € M  A ||0||, = 1}.
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The so-called gap S(My M(Sh))  is defined as:

(4.3) 6(M,M(Sh) )  =  max{ snp dist(</>, M(Sh)),  sup d is t (^ ,M )} .
4>GM (f)hEM(Sh)

l!0fU=i lk/illi=i

Now let us consider the relations between the eigenvalue problems:

Find (/i, 4>) 6 €  X V  such that /i</> = Sh4> =  ThIIh(j). 
Find (/i,<f>h) G C x V h such that = Th4>h-

Since Sh =  ThJTh and Range Th C Vh, these problems have the same eigen-
values except for /i =  0. Denoting by f-ii(Sh) = Pih, we can treat Jlih as 
eigenvalues of Th- The eigenspaces are also identical. Although an equality 
of the respective invariant subspaces for Sh and Th is not so obvious, it does 
hold. More on the subject can be found in [3] p. 238-9. Recollecting that Th 
is selfadjoint, we arrive at:

M ( S h) =  M (T h) = Ker(Jlih - T h) + ----- b Ker(^m/l -  Th).

Of course M  =  Ker(qo — T).
In this section we are going to prove thatMhe eigenvectors converge with 

the order hk, more precisely that the gap S(My M(Th)) < Chk for k > 2 
and S(M, M(Th))  < Ch1~£ for k =  1. This fact was stated in Th. 3.1 in [1]. 
However we present a complete proof and follow another method.

In order to do that we will at first establish the uniform boundedness of 
the operators Th in L(C(Q),  Vh)-

Le m m a  1: Suppose =  0 V</> £ Pq (K).  Then

(a) \bh(u ,vh)\ <  C IM Ic^ lK H o  Vvfc € Vh Vw € C(Q).

(k) \\Th\\nc{J2),vh) -  C-

P r o o f ,  (a) Since Y h u i,i< — t (K )  and since by (2.6) p (K )  < Ch2, we 
have:

\bh(u,vh)\ < ^

(4.4) K l

< Ch2\\u\ c(n) £ l k l [0,oo,/C-
K

From Holder inequality : ^ K | K ||0,«>,K < v T / c  12\JY,k  IKIIo ,oo.tf-The
sum YLk  "1S eclual to the number of triangles K  in Th. According to the 
assumption (2.6) it is not greater than C/h2. From the inverse inequality;
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I K I k oo,K < T\\vh\\o,2,K and from (4.4) we conclude that:

Ih ( u , v h) < Ch2\\u\\c mc(0) h Y2 (^IKI|o,2,A'^ ,

which is our assertion.
(b) By (2.14) we have for u £ (7(12):

fi\\fhu\\\ < ah( f hu,Thu) = bh(u,'Thu).

From part (a):
P\\fhn\\\ < C||ti||c (j j )||f*«||0,

so our claim is established.
Now we can formulate the main result about the order of convergence of 

approximate eigenfunctions:

T h e o r e m  3: Let us assume that M  =  K er (/j,q —T) C Hq Pi W k+1,oq(L2) 
and Eg(4>) =  0 V0 G P2k - 2 (K)-  Then

6v{M, Mh) < Chp, where

M h = M {T h) = KeT(Jlih - T h)-\------- b KeT(Jimh -  Th)

and p = k for k > 2, while p =  1 — £ with any e > 0 for k =  1.

P r o o f .  The case k — 1 is an immediate consequence of Th. 2 and 
(4.1)—(4.2). ■

Bearing in mind the definition (4.2) of £h, we obtain for k > 2:

II(T -  Sh)J>||i < Wx(<f>) +  W2((f>) with

Wi(0) = ||(r-:zy<£||i w2(<i>) = \\fh(4>-nh<i>)\\1.
From Lemma 1(b): W 2(cf)) < C\\<f> — JTh4>\\o,oo- Standard L°°- estimates of 
Schatz (see [7]) for polygonal domains yield in our case:

||0 -  #/i0||o,oo < Chk+1\(f)\k+i j00 for k > 2.

According to Th. 4.1.6 of [4], the term W\{4>) may be estimated in the 
following way:

1V i W  =  ll(T -  Th)4,\| < Cfe‘ (||T̂ ||t+1 +  |M*).

Since T(f> =  /io0 belongs to H k+1, we conclude that W\{4>) < C hk\\<f)\\k+i.
In the finite dimensional space M  the norms || ||a;+i ,oo , || ||jt+i, || ||i 

are equivalent. Consequently for 0 £ M  such that ||0||i = 1, the norms 
||0 |U+i,oo5 H0 IU+1 are bounded by a.constant. Thus

8 (M ,M h) < C eh < C  sup (Wi  +  W2)(4>) < Chk +  Chk+1 =  Chk.
0€M

IWIi = i
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5. Final remarks. In fact in [1], [2] a more general eigenvalue problem
2

Lu =  -  djiandió) = Xc(f> in Q
(5-1) f e i

cf) =  0 on 8Q

is considered. It is assumed that the function c = c(x) is sufficiently smooth 
and Mx : c(x) > c0 >  0, where c0 is a constant.

A variational formulation of (5.1) reads:

(5.2) a(<f>, v) =  \b{c(j), v) Vv e  V, 

while its approximation is defined in a natural way as:

(5.3) ah(<f>h,vh) =  Abh(c<t>h,v h) \fvh e Vh.

Introducing the new operators T c : L2{Q) —► V,  : C{Q)  —>■ Vh by the 
formulae:

(5.4) T cu = T ( c u ) V u e  L2(Q),

(5.5) =  Th{cu) Vu € C{U),  
we see that (5.2),(5.3) are equivalent to
(5.6) T c(j> =  n(f>

(5.7) T ch4>h =

R em  ark  1: The estimate (3.8), which guarantees the convergence, takes 
place also for the operators T c, T£, i.e.

(5.8) \\Tcu -  Ą 77H I 1 < C/ir|l“ lli Vti 6 Hl{Q )

with r =  1 for k > 2 and r — 1 — £, for k =  1 (e > 0). The justification is 
not so straightforward although not very complicated as shown below. For 
u e V :

IIT cu -  n n hu\\! =  IIT(cu) -  Th{cIIhu)IK <

< ||(r -  Thiih){cu)\\i +  \\fh( n h(cu) -  c i ihu)\\i.

By Th. 2 the first term is bounded by (7hr||cw||i and further since c is smooth 
by Chr||u||i. It suffices to prove:

(5.9) \\Thv\\i < Chr\\u\\i, where v =  l l h(cu) -  c l lhu.

Since P\\Thv\\\ < ah(Thv, Thv) = bh(v, Thv) = (bh -  b)(v, Thv) + b(v, Thv) < 
(6 -  bh)(v,Thv) +  Const||»||o||2),t)||o. Thus

\(bh -b)(v,Thv)\

l|7>||i
+ C1M|o.(5.10)
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Since ||n||0 < ||IIpcu — cw||0 +  [|c(̂  -  IIhu)\\o1 by the Aubin-Nitsche Lemma 
we see that:

(5.11) IHIo < Ch(\\nhcu -  c m ||i  + ||u -  l l hu\\i) < Ch\\u\\i.

Next using the smoothness of c and an obvious estimate ||c/||fc)9 < Const 
||cIU,oo||/|U,g V / G W k,q Vk G N Mq > 1, as in the proof of Corollary 1 we 
show that:

(5.12) |(6 -  bh)(v,Thv)\ < C h lT H I ilM l! .

The formulae (5.10)-(5.12) yield (5.9).

R e m a r k  2: The estimate for eigenfunctions (4.5) remains valid for the 
problem (5.1). Let us suppose that M c is an eigenspace for the opera-
tor T c and its m-multiple eigenvalue fio, while M £ is an algebraic sum 
of eigenspaces for the approximate operator T£ and its m eigenvalues ly-
ing in the neighborhood of hq counting their multiplicities. Then by (5.8): 
8V( M C,M£)  < C eh, where eh =  sup{||Tc0 - 2^77^011! : 0 G M  A||0||i =  1}. 
As in the proof of Th. 3, we have for k > 2:

\\t c4> -  n n ^ W x  =  IIT(c4>) -  f h{ c n h<j>)\\x <

< ||(r -  ? h)(c4)IK + 1| f h(<4 -  ciih<t>)\\i <
< C hh\\T(c<j>)k+\ +  C W c ^ - n ^ W o ^ .

Since T(c<f>) = T c(f) =  ^o0and ||c(0 — 77^^)||0j0o < C\\(f>-nh<f)\\o>00, following 
the lines of the proof of Th. 3 we conclude that also in the general case (5.1):

6V( M C,M£) < Chk for k > 2

6 y ( M c,M^) < Ch1~£ with any e > 0 for k =  1.
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