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Let A denote a linear invertible bounded operator acting in a complex
Banach space X. We are interested in solving a linear equation Az = f. We
assume that it is only possible to calculate linear combinations of known
vectors and to compute vector Az when 2 is known.

Since at the beggining we know the vector f only we can calculate any
linear combination of vectors f, Af, A%f,...or in other words calculate any
vector of the form p(A)f where p is a polynomial. If we could find such a se-
quence {p,} of polynomials that p,(A)f — A~!f we obtain a semiiterative
method of solving linear equations. The operator calculus and approxima-
tion theory of analytic functions form a theoretical background for methods
of this kind. They have been studied by R. S. Varga, L. Reichel and others.

If the space X is finite—dimensional then there exists a polynomial ¢
such that ¢(A) = 0,¢(0) # 0 — a minimal polynomial of A or its multiple.

Let p(X) = q_(9/\_)q_—(_g§_&, p is a polynomial and it follows from its definition
that Aq(0)p(A) = ¢(0) — q(A) and therefore p(A) = A~1. If the minimal
polynomial q has zero of multiplicity k at A then ¢()(A\)=0,(0 < j < k—1)
and setting

p(A)= 27"

we have

PO = =3 (1) Gosa(0) = NI = O,

These simple algebraic considerations lead to the following theorem.
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THEOREM 1. If 0 € Q C C then the following conditions are equivalent:
(i) Pn(A) > A~ withn — oo for any invertible finite-dimensional operator
A whose spectrum is contained in the set §Q,

(#7) p(nk)()\) — p]Y(X) for k=0,1,2,... and for any A € Q.

Proof. (ii)=(i). Any finite-dimensional operator may be represented
in the form A = E (Aj + N;)E;, where the operators E; are projections
such that F; EJ 3 i.iEis Z E; =1 and N; € L(ranE ) are nilpotent

operators, N j’ = 0 for some nonnegative integer k;. This representation is
equivalent to the Kronecker canonical form. For any function f analytic in
the neighbourhood of the spectrum of A we have

J(A) = 3 F O + N,

and using Taylor formula we obtain

f(4)= ZZ _f“ )N E;.

Writting this formula for f = p, — p we obtain the estimation
ki—1

Ipn(4) — A7H| < max [pPV(A) ~ PN D Z HN’E Il

0<l<k j

from which the desired convergence follows.
(i)=(ii) Let X be a m-dimensional complex Banach space with basis
€1,€2,...,eyn and N, Ay be the operators defined by

_ Jegtr, fork=1,2,....m—-1,
Neg = {0, for k = m,

Ay = Al + N. Then 0(A)) = {A} and

(AT = Pa(AN))er = Z .(P(’) ~PD(A)Nier =

- Z %(p(i)(/\)—P%i)(/\))eiH- |

In view of the linear independence of the vectors e, eq,...,€,, the conver-
gence pn(Ay) — A3! implies that pi )(/\) — pB(A)fork =0,1,2,...,m—1.

THEOREM 2. There ezxists a sequence of polynomials {p,}32, such that
for any invertible finite-dimensional operator A, p,(A) — A~ with n — oco.
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Proof. Let Q, = K(0,n)\Ko(0,2)\{z € C : 1 < argz < £}, where
K(e,r) (Ko(c,7)) denotes the closed (open) disc of radius r and center c.
It follows from the Runge approximation theorem ({3] or [10]) that there
exists a polynomial p, such that lp(nk)()\) — ()| < Lforall A € Qu,k =
0,1,2,...,n. The definition of the sets ,, implies that o(A) C 2, for suf-
ficiently large n. Now the thesis of the Theorem follows from Theorem 1.

Theorem 2 shows that there exists a universal semiiterative algorithm
for all linear finite-dimensional problems. However in practice such an al-
gorithm would be not very efficient — the polynomials p,, used in the proof
are of high degrees and hard to construct. Moreover it follows from the
maximum principle that for each n € N there exists z, such that |2,] = 1
and |pn(zn)| > |pa(2) > |p(1)] = L > n— L. Hence if we cannot localize
the spectrum of A we cannot forsee for how large n p,(A)f is sufficiently
accurate approximation of z = A7l f.

Theorem 3 is an infinite—dimensional version of Theorem 1, Theorem 4 —
of Theorem 2. To see that Theorem 2 does not hold for infinite-dimensional
operators let us consider the operator S — the bilateral shift defined by
Sen = eny1, where {e;}%_ is an orthonormal basis of the Hilbert space.
The equation Sz = e; cannot be solved by such methods because for any
" polynomial p the vector p(.5)e; is orthogonal to the solution & = eo and

hence [lz — p(S)ea||® = |leoll* + [Ip(S)ea]l* > 1.

LEMMA 1. Let {f,}22, be a sequence of analytic functions such that
each one is defined on some neighbourhood of 0 and f,(V) — 0 (weakly) for
any quasinilpotent operator V acting in a complex Hilbert space H. Then
there exists a positive number v such that all the functions f, have analytic
extensions to K(0,r) and f,(A) — 0 uniformly on K(0,r).

Proof. Let f,(2) = Y o’ @m,n2™ be the power series expansion of f,

at zero. Since lim sup,,_, oo %/|@m,x|, the inverse of the convergence radius of
the series expansion of f,, is finite

(1) Sm = Sup ¥/|am | < for all m € N.

neN

Let e1,e9,€3,... be an orthonormal basis of H, and S, the truncated
shift

_ | exy1, fork < m;
Snek = {0, for k > n.

The convergence fm(Sn)er = Y rco @mkek+1 — 0 with m — oo implies
that forall neN

(2) . — 0 with m — oo.
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To show the lemma it suffices to prove that sup,, , {/|@m,n| < 0. Assume
the converse

(3) sup {/|@m,n| = 00

m,n
We shall show by induction that then there exist sequences {my}, {nx} of
natural numbers such that

(4) |@m, ni| > exp(kng) and ng > 2ng_q

forall k€ N, where ng = 0.

Suppose that the numbers mg, n, (k= 1,2,...,1—1) satisfying (4) have
been already defined and there exists no pair (n;, m;) satisfying (4). This
means that

(5) |am n} < exp(in) forall n,me N, n>2n_y.
It follows from (2) that there exists m’ > m;_, such that
|@m,n] <1 forall m>m', n<2n_;.

This with (5) implies that

Ylamnl < exp(in) for m,neN m>m.

and this with (1) gives further 3/|as, | < max{e!, s;,sq,...,8m }, for all
n,m € N contradicting (3).

This contradiction yields the existence of the sequences {nyx}, {m} sa-
tisfying (4) for all k € N.

Now we shall construct quasinilpotent weighted shift V such that

fm(V) 4 O(weakly). Let z =exp <—k+———l_n’°" ):exp (l_k""Jr(k_l)n"‘l)

N —Nk—1 Ng —Nk—1

Oy 141 = Opy_ 42 = ... = @y, = T,k =1,2,... It follows from the condi-
tion ngy > 2nk_; that {zx} is a decreasing sequence. We define operator V by
Ver = arepsr, kK =1,2,3,.... Since ||V™ex|| = araks1 - Qkin—1€k+n and
the sequence {a,} is nonincreasing it is easy to see that ||[V"|| = aya3 ...,
in particular |[V™| = gz megla ™ g™ = exp(YF (1 - Ing +
(I = 1)ni—1)) = exp(k — kng). It now follows from the spectral radius for-
mula that 7(V) = sup,e, vy Al = limpooo [V7|['7 = limgooo [V ]]19F =
limg_,o exp(kox — k) = 0. Thus V is a quasinilpotent operator.

On the other hand (fm,(V)er,en+1) = {(@mynV™€1,€0,41) =
= Uy 01Q2 ..., = @, n, eXp(k — kng) and by (4) |[fm, (V)] >
> |{(fmi(V)er,en,+1)] > €*. It follows now from the Banach Uniform Prin-
ciple that f,,(V) /4 0(weakly). This is contradiction with assumption of the
Lemma and shows that M = sup,, nen V|@m,a]| < 00 iie. |ap o] < M™ for
m,n € N.
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Note that if |£|’ |77| < "M then |fn( )! = |Z:o=0 a7n,n€n| < 21?;1 M
Q_nlWIT + 80 = 2+ s, where by (2) s = sup,, |amo| < o and |fm(€) —
T = |35 € = 1) T €715 < e = 1l D52 M pppeer =
4M|€ —n|. Thus the sequence { f,,} is a sequence of uniformly bounded and
equicontinous function in the disc A'(0, Z}W) If f is a limit of a subsequence
of this sequence then it follows from (2) that f = 0. Therefore f,(A) — 0
with n — oo uniformly in K(0, ﬁ)

THEOREM 3. If 0 € Q C C then the following conditions are equivalent:
(i) |lpa(A) — A7Y|| — 0 for any bounded operator A acting in some Ba-
nach space X whose spectrum is contained in the set (2,
(it) pn(A)b — A~1b for any bounded operator A with o(A) C Q and any
vector b,
(iit) for each compact set G C Q there exists an open neighbourhood Go of
G such that p,(A) — p(A) uniformly in the set Gy.

Proof. (i) =(ii) obvious.

(ii)=(iii). For any A € Q and any quasinilpotent operator V the co-
nvergence p,(A + V) — (M + V)7! means that f, (V) — 0, where
fax(m) = pa(A+ 1) — (A + n)~! is an analytic function in a neighbou-
rhood of 0. It follows from Lemma 1 that there exists an open neighbou-
rhood of 0 on which f, » — 0 uniformly, or in other words there exists an
open neighbourhood G\ of A on which p,(n) — p(n) uniformly. For any
compact subset G C § there exists a finite open covering by the sets G,
GC Un(G) G»; = G, it is now obvious that p,(A) — p(A) uniformly in G.

(111)2( ). Suppose that A is a bounded operator, 6(A) C Q and G is an
open neighbourhood of 6(A) such that there exist polynomials p,, such that
Pn(A) — p(A) uniformly for A € G. Since o(A) is compact and C'\ G is closed
and disjoint with o(A4) § U inf{|z— Al;z€ C\ G, X € 0(A)} > 0 there exist
a finite number of discs Ko(zi,6/3) with centers in o' = |J,¢,(4) K(2,6/3)
that cover o’. It is obvious that Ko(z;,6/3) C G and that there exists a
closed curve I' formed from arcs of the circles S(z;,6/3) that contains the
set o' inside. Moreover inf{|z — A|;z € T, A € o(A)} > /3 and therefore
supyer ||(A — A)7!|| < oo. Therefore

Ipn(4) - A71]| = H : J =)A= w”
1 -1 .
< 5y T maxip,(3) = p(A)| max||(A - A7 = 0 with n — co.

THEOREM 4. Suppose that ) is a compact or an open subset of the com-
plez plane such that the set C' \ 2 has an unbounded component contai-
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ning zero. Then there exists a sequence of polynomials {p,}3>, such that
pn(A) — A7 with n — oo for any bounded operator A such that o(A) C Q.

Proof. (compactQ case) If Q is compact then the unbounded component
G of C \ Q containing the origin is an open and connected subset of the
complex plain. This set is also arcwise connected [6]. Let I'y be any curve
contained in G that starts at the origin and ends at a point z such that |2| >
SUp,cq |z|. Since Q and T'g are compact and disjoint sets é U inf X |z—z| >

z 0
0.

The set Q; = {z € C;infzeq |z — 2| < £} is an open neighbourhood of
Q. The complement of its closure has an unbounded component containing
the origin and therefore by the Runge approximation theorem [3 or 10]
there exists a sequence {p, } of polynomials that converges uniformly to the
function p(A) = (A)~! on the set Q;. Applying Theorem 3 we obtain the
thesis.

(open Q case) Let G be the unbounded component of C \ Q contai-
ning zero and let Q, = K(0,n) \ U,eq Ko(z, %) for n = 1,2,3,.... Note
that Q,, is compact, C \ , C G and ; C Q3 C Q3 C .... Moreover for
each compact set o C Q ¢, & inf{|]\ — z|; A € 0,2 € G} > 0 because G
is closed, therefore the sets | J,c; Ko(z,€5/3), U, ¢, Ko(2,€,/3) are disjoint
and for n > max{3/¢,,supy¢, |A|} the set | )., Ko(2,€,/3) is an open ne-
ighbourhood of ¢ and is contained in ,. It follows from the Mergelyan
approximation theorem [3 or 10] that there exist polynomials p, such that
supyeq, |Pn(A) — p(A)| < #. Now the thesis of the Theorem follows from
Theorem 3.

Let Q@ C C be an open domain. Consider the linear space L*(£2) of all
functions analytic on © and such that

||f||2L2(Q) = ff |f(2)]2dQ < o0.
Q

It is known that L2(§) with usual scalar product is a Hilbert space [3 or
10]. In this space the norm convergence implies stronger consequences then
in usual L? spaces.

LEMMA 2. Let f be analytic and f € L*(Q), where  C C is an open

and bounded domain. Then for any zo € Q and j =0,1,2,... we have
(6) PO )l < s 222 v L dist(20, 992) 0+,

Proof. Put zy € Q arbitrary and K = {z € C; [z — 20| < dist(20,0Q)}.
For any z € K we have z = zy + re'®, with 0 < 7 < dist(2z9,00),0 < ¢ < 27

and f(z) = $220 L0602 20)%; hence [f(2)]* = T30, L)) (5

v,u=0 vt
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20)(z — z9)#, which imply
IAGey = [ [ 171> [ [ 1f(z)IPdE
Q K

v dist(z0,0Q) 2
- 3 L)) [ gy [ eit-weag
vip!
v,u=0 0 0
Z 1 (20)1* 2(v+1)
=T (V')Q( + 1 dlSt(Zo, 89)

lf(])( 19 (20)12 2(j+1)
(J')2 Y dist(z,0Q)
and (6) follows.

THEOREM 5. Let @ C C be open and bounded, f,f, € L) n =
0,1,2,... analytic functions. Then for j = 0,1,2,... and z € Q arbitrary,

, . 1IN/ T
FOG) = [P < 22 dist(2,090) 0N f — folliacay
holds.

Proof. The thesis follows immediately from Lemma 2.
COROLLARY. If0 & Q and p,, n = 0,1,2,... are polynomials such that
lpn — pllL2ge) — 0 with n — oo, where p(z) = 1 then
pa(A) = A7l with n — o0
for any matriz A such that its spectrum o(A) is contained in Q.

Proof. The thesis follows immediately from Theorems 1 and 5.
Observe also that general estimate for ||p,(A) — A~1|| can be obtained
from the Dunford integral formula

pa(A) = A7 = o [ (pa(X) — p(V) (M = 4) TMd,

an

where the set {2 with sufficiently regular boundary 91, satisfies assumptions
of the Corollary. We get applying Schwartz inequality:

o0
Ipa(4) — A=Y < 199U 'sup 1T = A7 [ Ipae) - p(2)lld]
on

|00 a1 _ ) 1/2
<5 s a1 = 4) ”(mf Ipa(2) = p(2)I"ldz)

<c( [ ine)- p(2)Pla)”,
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where [|.|| stands for any matrix norm, and C is a constant. Moreover
\ 1/2
(J 1pa(2) = p(P1d21) " = lIpn = plizacony
89

holds. This implies the following.

THEOREM 6. Let Q be an open domain with sufficiently regular boundary
O such that 0 € Q, p(z) = % and p, the sequence of polynomials. If ||p, —
pllLzsq) — 0 when n — oo then p,(A) — A~Y with n — oo for any mairix
A such that o(A) C Q.

Many general ideas of studied methods may be illustrated on the example
case @ = K(1,7) where 7 < 1. Writting the power series expansion of the
function p(A) in the point Mg = 1

oo

(7) pMN)=(1-(1=-I)"= Z(l — ),

J=0

we see that the polynomials

n
pa() =) (1= Y
j=0
converge uniformly to the function p on K(1,r) for all » < 1. We may
also look at the expansion (7) as an expansion into series of orthogonal
polynomials — polynomials ¢,(A) = (1 —A)*, n =0,1,2,... are orthogonal
with respect to the scalar product in L2($(1,7)) because
[ Nl = [ 2"z"|de]
S(1,7) S(0,r)
27
— f prtmtlitn—itm gy 27”,2n+16n,m.
0

The same polynomials are also orthogonal with respect to the scalar product
in the space L?(K(1,7)) because

/ f Qn(/\)mdS:f f ShEm S
K1) K(0,r)

T 2 2n+2
— m+n+1 ettn=m) i — ors T
Jor Pyt 1)

Let us investigate now some computational aspects of general ideas presen-
ted above.

The general Theorems 4, 5, 6 can be applied in practice to approxi-
mate the solution of big system of linear algebraic equations Az = b, wi-
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thout any special assumptions about the matrix A, other then its invertibi-
lity.

The only thing we need is the bounded set  C C containing the spec-
trum o(A) of A and such that 0 ¢ Q. It is clear that this set should be as
small as possible. The numerical process based on the above theory will, in
- general, sharply depend on properties of (2, such as extremal distance of its
points to zero (condition number of A!), the shape of Q, the qualities of the
boundary 92 (for example its smootness), and also certain general topologi-
cal properties of {2 as for example its connectedness or simple connectedness.
In other words we need some reasonable estimate of the spectrum o(A) of
A. Observe that methods of this kind depend on © and not on A.

Recall here that it is always possible to multiply the equation Az = b on
the left by the matrix A* so as to get an equivalent system with symmetric
and positive definite matrix. Unfortunately this transformation increases the
condition coefficient of the system of equations to the square and may be
disastrous in certain situations.

It should be stressed here that numerical process we are interested in,
splits in natural way into two parts: _
1° creation of the polynomial p, approximating the function p(z) = L on

§2;

20 application of p, to the system Az = b.

In fact the first part of this process can be accomplished even a long
time before the second part. At this stage, the most important thing is to
get polynomials px, & = 0,1,2,...,n which well approximate the function
1 on Q, the question of computing time being not so important. It could
be even desirable to produce the whole library of polynomials for typical
domains 2.

The second part of our process is the strict solver of the problem and on
this level time optimization is very important.

There are several possibilities of construction of polynomials p,,. Let us
quote some of them:

(i) interpolation of the function p(z) = 1 on the complex domain 2,

(ii) Fourier expansion of p(z)in L?(Q2), based on orthogonal polynomials,
(iii) Fourier expansion of p(z) in L?(dQ), based on orthogonal polynomials,
(iv) the best approximation of p(z) by complex polynomials of fixed degree
n in C(£) (in supremum norm).

(i) Interpolation. For the compact K C 2 C C we can take as p,
the Lagrange or Hermite interpolating polynomials. It is known that if C'\
K the complement of K is simply connected then p, will converge to %
uniformly on K with all derivatives, provided that the interpolation nodes
are "equidistant” on K. In this case the convergence is optimal. (see [3 or
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10}). For large class of such sets, so called Fejer nodes, conformal images of
n-th roots of unity, can be applied.

For arbitrary compact K, which is union of finite number of compo-
nents not degenerating to single points, on which p is regular, the choice of
so called Fekete’s nodes, i.e. points 29, 21,...,2; maximizing the function
F(zo,21,...,2K) = H#k |z; — zx| assure the uniform convergence on K of
pn to p with all derivatives, (for details see [3,Chapter2 or 10])

Let us make here a few remarks concerning the interpolation in the
context of general algorithmus solving systems of linear algebraic equations
via polynomial approximation of p(z). Let x,, = p,(A)b be the approximate
solution of the system Az = b. We are looking for a right choice of the
polynomial p,,.

For the residual vector r,, = b — Az, we have

Tn=b— Az, = (I — Ap,(A))b = Vyiy1(A)b
where V,,11(z) is polynomial of degree n + 1 such that
(8) Vat1(0) = 1.
Observe that any polynomial V,,; satisfying (8) can be written in the fol-

lowing form
z z z
Van(e) = (1- 2) <1__)...(1__),
+1(2) - Qo Q1 qn

where o, ¢1,- - ., ¢ are (distinct from zero!) zeros of V,41. It is easy to prove
the following proposition.

PRrROPOSITION 1. The polynomial V,,11 of degree n+ 1 satisfies condition
(8) if and only if there exists polynomial p,, of degree n such that

Vn+l(z) =1- an(z), ze(.

Put for any £ =0,1,2,...

(9) Vilz) = (1 - qch—l) (1 - q:_z) (1 - qz_o)

Vg(z) =1

hence Viy1(2) = (1 - qik) Vi(z), and by Proposition 1 we get 1 — zp,(z) =
(1 - -qin-) (1 = 2pn_1(2)) which gives immediately

pi(2) = prr (2) + —Vi(2).
9k
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Since zx = pr(A)d and 7 = Viy1(A)b, the last formula suggests the
following algorithm

(10)  zp=2p1 + 2L k=0,1,...,n, 2_,=0, r_y=b.

qk
We find in (10) the well known old Richardson iterative process. This
points out that the zeros qo, ¢1,- .., qx of Vi41 play an important role as the

coefficients of the Richardson iteration.

ProOPOSITION 2. The following conditions are equivalent:

(i) q is a zero of Vpy1 of order s > 0;

(ii) q is the node of interpolation of order s > 0 of the function % by poly-
nomial p,(z).

Proof. Since V,11(2) = 1 — zpn(z), we have VT(Li)l(z) = —jp(n]'l)(z) -
zp(nj)(z) for y = 0,1,...,s. This formula proves that Vrfi)l(q) = 0 if and only
if pslj)(q) = (—;% = (%—)(]) |z=q j=0,1,...,s, which ends the proof.

It follows then that p, is always some interpolating polynomial for —;—
and that good choise of p, means the good choice of interpolation nodes
40> q1,- - -, qn. Moreover those nodes are the coefficients in the Richardson
formula (10) defining one of the possible algorithms for solution of our pro-
blem.

Observe that (10) do not define uniquely this algorithm if the order of co-
efficients is not fixed. It is known [7] that numerical properties of Richardson

iteration strongly depend on this order.

(ii) Fourier expansion on . Let @ C C be bounded open domain
containing o(A) and such that 0 ¢ Q. If p € J;_,span{l,2!,...,2"} C
L%(Q) then p(z) = % can be approximated by polynomial p, of the best
approximation of degree n in the L2(Q) norm. The sequence {p;} of such
polynomials will converge uniformly with all derivatives to p on any compact
K C Q, hence also on 0(A). Observe that there is a great variety of domains
2, also not connected or not simply connected, which satisfy above condition
for p. On such domains p may be approximated by Fourier expansion based
on the system Qp,Q1,Q3,... of orthogonal polynomials on Q: (Q;,Q;) =
é;,;- For optimal polynomial p, we have pn(2) = Y7_ ¢;Q;(2) where ¢; =
(p,@Q;). Such polynomials often give satisfactory approximation. The system
Qo,Q1,Q2,...can readily be generated by orthonormalization procedure of
Gram-Schmidt or Lanczos type.

For Gram-Schmidt proces the polynomials ¢(2) = (2=
k = 0,1,2,... are convenient basis for orthogonalization. Complex zp and

real d have to be choosen so that |%‘L| < 1 for z € Q. The Gram—Schmidt
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procedure can be modified so that all integrations will occure between func-
tions ¢y and ¢@; only. Hence when computing Fourier coefficient ¢, the Green
formula for complex analytic functions f, ¢

[ [ 17Eae = 5 [ r)ae
Q o

(the boundary 92 has to be positively oriented!) can be easily applied. This
hint replaces the double integral on the left hand side by this on the right.
As a result, the triangular matrix of Gram—-Schmidt formula is produced, as
well as the sequence of Fourier coefficients. Any polynomial @, as well as
Pn can be easily computed.

Computations have been made following this procedure for various do-
mains . Figures below show examples of domains ; n is the degree of
optimal L%(Q) polynomial p,(z) and numbers into domains represent resi-
duals r,(2) = 1 — zp,(2) for z € Q.Computations have been proceeed with
14 decimals. For integration composed Gauss—Legendre quadrature of order
16 has been used.

(ii1) Fourier expansions on 9.

Theorem 6 enables us to apply Fourier expansions of p on J€2. First a
system of orthogonal polynomials on 02 should be generated, (as above,
Gram-Schmidt proces may be applied) and then Fourier coefficients com-
puted using the scalar product of Ly(3Q): (f,p)r,00) = [aq f(2)p(2)|dz|;

also a priori error bound can be found.

(iv) Best approximation on C(2). Recently a new variant of the Re-
mez algorithm in a complex domain has been published. Authors claim that
this algorithm gives effectively a second order convergence. One may hope
that this algorithm will enable the effective use of the best approximation
by polynomials in supremum norm for our problem. See [8].

Cyclic version. Let us say a few words at the end about the so called
cyclic version of polynomial algorithm. Observe that if p,, is chosen so that
a(Vay1(A)) is inside the unit circle |z| < 1, then by the spectral radius
formula limg o $/||(Vas1(A))¥|] < 1 and therefore (V,41(A))* — 0 when
k — oo. This enables us to use the following cyclic algorithm:

Put yo =pu(A)b, so =b—Ay =7mn, Ao =pu(A)so

Yet1= Yk + Dk, Skp1= b — Ay, Ak+1 = pn(A )3k+1,
k=0,1,2,..
We have then

Sk41 = b — Ayp — App(A)sk = Vi1 (A)sk
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and
sk = (Vag1(A)*r, =0 as k— oo (n being fixed!).

This version of polynomial algorithm may be useful in case when we
can not get good enough approximation of p(z) = % on  to apply it
directly. In such a case it is sufficient to find an approximation satisfying
Vas1(2)] = |1 — 2pa(z)} < 1, for any z € Q. Then the cyclic version may be
applied to minimize the residual vector si.

Version with starting vector. Infinite-dimensional problems may be
approximated by various finite-dimensional ones, problems of smaller di-
mensions are cheaper to solve but less accurate, their solutions may serve
as starting vectors in iteration procedures for higher dimensional systems.
Suppose that togeather with the linear system Az = f we have some ap-
proximation zg of the solution z. We may seek for better polynomial appro-
ximations of z in the form

(11) Tn = pn(A)f + (In(A)-TOa

where p,, ¢, are polynomials. Note that if 2o = 0 then we return to the
problem discussed before. It is natural to demand that if zp is an exact
solution of Az = f then also z, = x. This restricts our attention to the
polynomials p,, ¢, satisfying the identity

(12) ¢ = pn(A)Az + gu(A)z

for all z € X and operators A with spectrum contained in the domain 2.
This is equivalent to the condition

(13) qn(’\) =1- ’\pn(’\)a
this is the same condition as that in Proposition 1 for polynomials V;,.
Substracting (12) from (11) we get the expression for the error z — z,, =
gn{A)(z — z¢). Trying to minimize this error we may look for polynomials ¢y
for which supycq |¢n(A)| is as small as possible or at least supyeq |gn(A)] — 0
with n — oo. It is easy to see that this condition is satisfied by polynomials
V,. Therefore we may construct as before polynomials p, and then define ¢,
by (13). We may also try to define polynomials g, directly, similarily to the
ways of construction of polynomials p, we have the following possibilities:

Interpolation — Interpolate the function identical to 0 at Fejer or
Fekete points {z(()"), z%"), . z&")} by polynomial g, of degree at most n+ 1

with additional condition ¢,(0) = 1. The obtained result is the same as if
having defined p, by interpolation of p(A) = A~! at Fejer or Fekete points
we put ¢,(A) = 1 = Apa(A).
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Minimizing L%(2) or L?(9§!) norm — we may define g, as that poly-
nomial of degree at most n + 1 satisfying the condition ¢,(0) = 1 for which
the respective norm is the smallest.

In all these cases similar estimations as before may be obtained with
nearly the same methods.

Examples of approximation of p(z) = 1/z by optimal L?(Q) polynomial
of degree n on various domains

Im A Im A
10+ 10+
T [o0s 0.02 0.08 310-% 610~ 2107
3103 3104 21076 21078
0.02 310~% 0.02 6107* 21078 61074
4-1073 2104 2106 21076
;1 1005 0.02 0.08 1 L2107 6107t 4107
} t > t t >
6| 1 10 Re 0f 1 10 Re
n=10 n=20
Im 4
In A
410-* 81077
510~ 0.7 21073
/\ @3-10‘2 15
-3\ -2 -1 0 1\y3 Re



Semiiterative methods for linear equations 19

{1

[2]
(3]
(4]

[5]
[6]
(7]

(8]
(9]
(10]

(11]

ImaA ImA
6-10%
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