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On some compactness criterion for Orlicz subspace Еф(й)

Abstract. In the first part of this paper we present a compactness criterion for Еф{(2), 
where Ф: X x T - > [ 0 ,  + o o ] is an t -function and Еф( й ) is the linear subspace of generalized 
Orlicz space L 0 (Q) introduced in [1]. In the second part the necessary and sufficient con­
ditions for Ф-mean continuity of all х е Е ф(й) are found, as in [7 ] only the sufficient con­
ditions are given. Next, using these conditions, the Kolmogorov compactness criterion for 
Еф(£2) is proved.

0. We introduce the following denotations. Let R be the set of real 
numbers, N the set of integers, X  a real Banach space and let (T, Q, M) 
be a measurable space, where T  is an arbitrary set, Q a cr-algebra of subsets 
of T and M  a family of countably additive non-negative measures on Q. 
The set function vM(A) = sup ii(A), AeQ, is a сг-subadditive submeasure

fieM
on Q [1]. By Qc we denote the ring of sets from Q on which the submeasure 
vM is finite and order continuous [1].

1. Let Q be an arbitrary measurable subset of T. In the following by 
Q we will understand the family of all measurable subsets of Q and by Qc, 
the family of all measurable subsets of Q on which the submeasure vM 
is finite and order continuous.

A function Ф: X  x T-+ [0, +  oo] is called ,A-function if there exists a null 
set A a (2 (i.e. vM(A) =  0) such that the following conditions are satisfied:

(a) Ф is ^  x (^-measurable, where ^  is the cr-algebra of Borel subsets of X ,
(b) Ф(-, t) is convex, even and lower semicontinuous on X  for all teQ\A. 
If S(Q, X) =  S(X) denotes the set of all measurable functions x: Æ-> X

(in the sense of [1]), then the functional

1ф{х) =  sup j Ф(х(0, t)dpi
цеМ П

defined on the whole S(X) is a convex pseudomodular [6]. The modular 
space

L0{Q) =  (xeSpO: 1ф(кх) <  oo for some к >  0}
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is called an Orlicz space. For all x€S (X ) it is defined

\\х\\ф = inf {e >  0: I 0 (x/ e) 1}.

This functional is a norm (so named Luxemburg) on L0(Q). The submeasure 
v: Q->[0, oo] is said to be (Qc, vM)-continuous if for every e >  0 there exist 
A e Qc and Ô >  0 such that v (£\Л) ^ e and v (B) e if В <= A and vM (B) ^ Ô. 

In the following we always suppose the condition:

( +  ) 1Ф (xxa) < 00 f°r every x e X , A e Qc and the submeasure A /ф (xxa)
is (Qc vM)-continuous for all x e X .

Let now

Еф(й) =  cl (Lin {xxa- x e X ,  A g Qc})

where the closure is taken in the norm of L0 (Q). Hence E0(Q) is a closed 
linear subspace of L0(Q) and every function xeE 0(Q) has (Qc, vM)-continuous 
norm, i.e. the submeasure Л И  \\х х а \\ф is (Qc, vM)-continuous.

We say that a family srf c  L0(Q) has (Qc, vM)-equicontinuous norms, if 
for every e >  0 there are AeQc and <5 > 0 such that

ЦхХя и Нф < £ and \\х Хв \\ф < £

for every x eA  if В <= A and vM(B) ^  <5.
It can be easily proved that sé <= L0(Q) has (Qc, v^-equicontinuous 

norms iff for every e > 0 and all r >  0 there exist a set AeQc and Ô >  0 
such that 1Ф(гххп\л) ^  £ and 1ф(гххв) ^ £ for all xe<s/ if В a  A and 
vM(B )^ ô ,

1.1. Lemma. Let Ф be an J f  -function continuous at zero and 
sé = (x„: neN ] <= E0(Q). Under these assumptions ||хи||ф-»0  iff x„(t)->0 
in submeasure vM on every AeQc, i.e. vM{teA : ||xn(t)|| > e} -*Q for all e >  0, 
A eQ c, and the family $4 has (Qc,vM)-equicontinuous norms.

Proof. Sufficiency. Let e > 0, r >  0 be arbitrary. Then there can be 
found a set A e Q c and Ô >  0 such that

(1.1) 11*1. ^ £/2

and

(1.2) 1ф(гхпХв) < £/2

for all neN  if В c  A and vM(B) ^  S.
Let now (x„fc) be any subsequence of (x„). Then we choose a subsequence 

(yt) of (x„fc) converging to zero a.e. on A. Hence and by continuity of Ф 
at zero we obtain

f ( t )  :=  Ф(гу{(1), t)-+ 0
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a.e. in T, as /-► oo. Thus, using Egoroff theorem [1], we find a set AeQc 
such that vM(Aô) ^ ô and 0 uniformly on A\AS. Therefore and in
virtue of (1.2) we have

1ф (гУ1Ха ) < 1ф ( гУг Xaô) + 1ф ( rVi Хаха#) ^  £

for sufficiently large leN . So ||х„Хл11ф 0- Hence and from (1.1) it follows
that ||х„||ф -> 0 as n —► oo.

Necessity. If ||х„||ф-»0  as n-* oo, then, by Theorem 2.2 in [1], 
x„(t)->0 in submeasure vM on every set AeQ c. Thus it is enough to show 
the (Qc, vM)-equicontinuity of norms of the family sé = (x„: neN}. Let then 
e > 0 be given. One can choose n0eN  such that ||х„Хл11ф ^ e f°r everY 
n > n0 and all AeQ. Since every element from E0(Q) has (Qc, vM)-conti- 
nuous norm, so Нх^ ^ Н ф ^ e/2 and ||х,Хв11ф < e/2 for some AteQc, àt >  0

"о
(i = 1,2,..., n0) if В a At and vM(B) ^ Ôf. Taking A =  (J At and

j= 1
0 =  min <5j, we obtain the conditions from definition of (Qc, vM)-equi-i^ i«no
continuity for sé =  {x„: n‘eN } ,  what ends this proof.

1.2. T h e o r e m . Let Ф be the same as in previous lemma. A family 
sé cz E0(Q) is conditionally compact iff the following two conditions are 
satisfied:

(1) sé has (Qc, vM)-equicontinuous norms,
(2) for every sequence (x„) of elements from s/ there is a subsequence 

(x„fc) and xeE 0(Q) such that

vM{teA: ||x„fc(0 -x (0 ll >>?}-* 0

as к —> oo, for all r\ >  0 and AeQc.
Proof. Sufficiency. Let (x„: neN} cz sé be arbitrary. Then a family 

{(x"k —x): where x„k, x are the same as in (2), has (Qc, vM)-equi-
continuous norms and applying Lemma LI to this family we obtain the 
conditional compactness of sé.

Necessity. If (x„: neN ] cz stf, then ||x — х„к||ф ->0 as k-+oo for some 
subsequence (x„fc) of (x„) and x eE 0(Q). Then, by the previous lemma, we 
obtain (2), immediately.

To prove condition (1) of our theorem, assume e > 0 be given. We 
find a set {x l5...,xp} of functions from E0(Q) which is an (e/3)-net for the 
family sé. Since xf (i =  1,...,p) have (Qc, vM)-continuous norms, so one can 
choose ôi >  0 and AieQc (i =  1,..., p) such that

(L3) \\x i Хй' А^Ф < Ф
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and

(1-4) Ы Х в \\ф < Ф
p

for B cz Ai when vM(B) < ôt. Put A =  [ j  At, Ô =  min <V
i = l  l < i < p

If x is an arbitrary element from then

1|х-*г11Ф < e/3

for some i =  1 , p. Hence and by (1.3) we get

НхХпиНф < H*iXn\J® + e/3.

Either, we obtain by (1.3) and (1.4) that

Н * Х в 11ф ^  Н ^ Х в п а 411ф+11^Хо\а, 11ф +  е/3 <  e

if В a A and vM(B) Ô, which concludes the proof.

2. Assume in the following that T  is the «-dimensional Euclidean space 
with the usual norm |-|, M  consists of only one element m — the Lebesgue 
measure. If A cz T and heT, then A + h denotes the set { t + h : teA}.

The translation Th x : Q -* X  is defined as follows

for all x e S (A) and heT.
Notice that

/ф(Тйх) = {  <P(x(t-\-h),t)dm(t) =  J <P(x{t),t-h)dm(t).

Denoting the right-hand side of the above equality by I0ft(x) one can show 
that for all h e T  the functional I0h is a pseudomodular on 5(A). From 
the above equality we have

where || • ||ф denotes the Luxemburg seminorm generated by I0ft.
Let Ô >  0 be arbitrary. By means of the family of pseudomodulars 

{^фа}|а|<й we define a new pseudomodular

The modular space defined by this pseudomodular will be denoted by 
I 0(Q) and the Luxemburg norm — by || ||d. It is easily proved that

(Thx)(t) =
x(t +  h) if teQ  n (Q  — h),
0 elsewhere in Q,

Qr\(Q — h) (Q + h)nO

I Ax) =  sup 1Ф (x).
\h\$0

(2.1) M b = sup ||x | | = sup ||Тлх||ф

is satisfied for all xeS (X ).



Compactness criterion for Orlicz subspace 249

The function x e L 0 (I2) is called Ф-теап continuous [5] if for every e > 0 
there exists Ô >  0 such that

\\Thx — х\\ф < s for \h\ < Ô.

If Ф is an Ж -function without parameter, then every function from 
Еф(й) is Ф-mean continuous ([5]). In paper [2] it is proved that each 
real function, bounded and vanishing outside a set of finite measure, is 
also Ф-теап continuous, when Ф: R x T -> [0 ,  +co) is an Ж -function. The 
theorem mentioned below, the main result in this part of this paper, gives 
a sufficient and necessary condition in order that all functions хеЕ ф(й ) 
be Ф-теап continuous.

2.1. Theorem. Let the following conditions be given.
(1) Every function x from E0 (Q) is Ф-теап continuous.
(2) There exist constants Ô, к >  0 and a family of non-negative measurable 

functions f h: Q -> R such that the inequality

Ф(х,Г — h) ^ Ф(кх, t )+ fh(t)

is fulfilled for all x e X ,  teQ n (Q  + h)\A (m(A) = 0)), h eT  with the property 
\h\ ^  Ô and

sup J f h(t)dm(t) <  oo.
|й|«с5 Q

(3) There are constants c, Ô >  0 such that for all xeS (X )

sup ||Тлх||ф ^  С ||х||ф,

i.e. L0 (Q)^> L0(Q).
The following implications hold: (2) => (3) => (1).
I f  we assume additionally that X  is a separable space and Ф is continuous 

at zero, then the implication (1)=>(2) is also fulfilled.
Proof. (2)=>(3). One can suppose d =  sup J fh(t)dm(t) > 1. Let Ô be

\h\̂ô О
the same as in (2). Then for all xeS(2T) we have

I 0((l/d)x) ^ 1Ф(кх) + 1.

Therefore I ô((l/2d)(x/£)) ^ 1 for all £ > 0 satisfying 1ф(кх/е) ^ 1. Hence 
||x||a ^ 2dk ||х||ф. Putting c = 2kd, we obtain the required inequality, by (2.1).

(3) => (1). First, let у be an arbitrary simple function, i.e.
П

y( t ) =  Z  ytXAiit)
i =  1

for teQ, where y.-eX, А;е(?с, for i = 1 ,...,n, are pairwise disjoint. Then
П

(Thy)(t) =  Z  yiX(Ai-h) {̂2(t)
i= 1
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for teQ. Hence and by condition ( +  ) we have
П

\\Thy-y\\0 < £  biXiAi-h^Aih-*®
i= 1

as h-+ 0, i.e. у is Ф-mean continuous.
Let now x be an element of E0(Q) and £ > 0 be given. Then we 

find a simple function у such that

IIx—у \\ф < e/3 max (1, c).

Therefore and in virtue of (3) we have also

\\Thx — Thу\\ф ^ e/3

for all h eT  satisfying \h\ ^ <5.
From the above inequalities we get

П х - х \ \ ф  ^ \\Thx - T hy\\0+\\Thy-y\\0+\\y-x\\0 < £

for |/l| ^ where ^ Ô is some positive number.
(1)=>(2). The idea of proof of this implication is taken from proofs 

of theorems on comparison of Orlicz classes and spaces [3]. Before we will 
approach the proof of this implication, we will show the following simple 
lemma:

L emma. I f  X  is separable, then there is a countable family {x,-: /e TV} 
of functions from E0(Q) such that cl (x f (f)} = X for teQ\A (m(A) = 0).

00

Proof. Since m is c-finite, so Q =  y  Û,, where QiEQc. In virtue of
i — 1

condition ( +  ), it is enough to take {yjXn.: i , j e N ]  in place of {хг: ieTV}, 
where {yj: } gTV} is dense subset of X.

P roo f of (1)=^(2). Suppose, for simplicity, that the set A from the above 
lemma and from (2) is empty. Let us write for every neN

r sup {Ф(х, t — h) — Ф(п2пх, f)} for teQr^(Q + h),
fh(t) =  xeX , .

( 0 otherwise.

From assumptions ( + ) and the continuity Ф at zero we obtain that Ф(-,0 
is continuous for every x e X .  Hence and by the preceding lemma, we have

r sup (Ф(2“ "хг(Г), t — h) — Ф(ихг(г), t)] for te Q n (Q  + h), 
f hn(t) =  \ 1

( 0 otherwise.

Thus fh are measurable. It is easily shown that condition (2) is satisfied 
iff there is ne IS such that

sup J f hn(t)dm(t) <  0 0 .
\h\̂ 1/2" Q
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Assume, in the following, that condition (2) is not fulfilled. Hence for all 
ne IS we find hne T  such that

(2.2) \K\ < 1/2- and f fhn (0 dm (t) > n.
S3

Let now
r max {0, Ф(2~nxi II*•©*i

bnj,h( 0 = • for t e Q n (Q  + h),
t o otherwise.

Since Л"(0 f°r aH teQ ,  as j  -*■ oo, we have

J bnhh (t) dm (t) J /„" (t) dm (f).
П _ Q

Therefore and by (2.2), we find an index N (n) such that denoting 
MO = b*N{nhhn(t) we get i

(2.3) j bn(t)dm(t) ^ n
a

for all ne IS. Let

Bnk = {teQ n (Q  + hn): Ф(2~пxk{t), t - h n)-<P(nxk(t), t) = b„(t){ 

for к =  1,..., N (n) and let

M O

* i(0

M O

for teBn?l,
k- 1

for teBnk\ U M o k = 2,3,...,iV(n),

0 otherwise. 

It is easily seen that х„€£ф(£2) and

(2.4) M 0  =
f Ф (2 "хя(О Л -Л „ )-ф(ихп(0.0

0

for teQ n (Q  + h„), 
otherwise.

Hence and from (2.3) it follows

J Ф(2 nxn( t ) , t - h n)dm(t) ^ n
Si (S3 + h„)

for all rceiV.
Now, using Lemma 1.7.3 from [3] to the function

MO
Ф(2 nxn( t ) , t - h n) for teQ n (Q  + hn), 
0 otherwise,

we will choose a sequence (Ak) of pairwise disjoint sets from Q and an 
increasing sequence (nk) of integers such that

(2.5) Ak cz Q n (Q  + h„k) and J <P(2~"kxHk{t), t -h „k)dm(t) = 2~"knk
Ak *
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is satisfied for all keN. Define the function x for all teQ  as follows:
00

x(t) =  £  x (t)XAk(t)-
k = 1 

i
Let yt(t) = У  xn (t)xAt {t) and / > 0 be arbitrary. For sufficiently large keN

k= 1
we have l ^ nk. Hence and by (2.4) and (2.5) we get

00
1ф (l (x -  y,)) ^ £  J Ф(пк х„к (t), t) dm (t)

к = i + 1 Afc
oo

^ X  I Ф(2~nkx„k(t ) , t -h „k)dm(t)
к — i + 1 Afc

oo
— X (nk/2"fc) -* 0 as i -»• oo.

к = i + 1
Thus xeE 0 (Q).

To prove that x is not Ф-mean continuous, it is enough to show that
ll*L = sup IITh х||ф = oo for arbitrary S >  0. But this means that I 0( lx) = oo

\h\as
for all 1,0 >  0. Let then 1,0 >  0 be arbitrary constants. We will choose 
i, /qefV such that 2~l <  l and \hn \ < Ô and nk — i ^ 1 for all к ^ kx. So 
we have

h ( lx )=  sup X  j  Ф(1хп (t),t-h )dm{t)
\h\̂0 k= 1 Ak (Q + h)

>  J Ф (2~% к(0, t -h „k)dm(t)
Ak

^ 2nk J 4>(2""kxnjk(0, t - h Ul)dm(t) = 2“ 4
for each к ^ fcl5 by (2.5). Thus we obtain a contradiction which finishes the 
proof of this theorem.

Examples. 1° In 2.1.1 from [8] a family Ж of functions к: [0, + oo)
is defined such that /cgjT iff

^(^1+гг) ^  (1 + ci kil)C2&(*г)

is satisfied for all tx, t 2eT, where ct and c2 are some constants dependent 
on k. The functibns from Ж are continuous and the map

Pk{t) =  sup 
«1

k(tl + t) 
k(h)

also belongs to Ж. Therefore, we have

M*i + *2) ^  pk(ti)k(t2) for all t1, t 2e T  and Pfc(0) =  1 ^ Pk(t)
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for each teT. Now it is easily seen that the function

Ф(х, t) = q>(x)k(t),

where cp: 2Г -► [0, +  oo) is an yT-function without parameter, кеЖ , satisfies 
condition (2) of Theorem 2.1 with the functions f h identically equal zero.

2° Let Ф: R x R -> [0, + oo) be given as follows:

Ф(х, t) = <p(x)p(,),

where <p(x) is an J^-function without parameter satisfying condition (A2)
[4] and p(t) is a measurable function with the properties: p(t) ^ 1 for 
all teR  and there is an open set A c= R such that p(t) is strictly monotonie
on A. This function Ф does not satisfy condition (2) of Theorem 2.1, since

sup {<p(x)p(t_h) — ̂ (nx )^ }  ^  sup (p(x)m  {(p(x)p{t~h)~p(t) — /P(t)) = 00
xeR xeR

for all te A n (A  + h), neN  and h <  0 if p(t) is increasing and h >  0 if
p(t) is decreasing on A, where /„ are positive numbers such that q>(nx)
^ l„(p(x) for sufficiently large xeR .

3. Kolmogorov’s compactness criterion for the space Еф{й). Suppose in 
this part that X  = R. If r >  0, then xr denotes the Steklov
function, i.e.

xr(t) =  (l/mr) J x{s)dm(s)
Kr(t)

for teQ, where K r(t) is a closed ball with radius r and center t, 
mr = m(Kr(t)) and

f x(s) if seQ ,
x(s) =  1 0 if ,фО.

It is known (cf. [2]) that

(3.1) ||хг||ф < sup |ГГлх||ф.
\h\ir

We say that an -function Ф2 satisfies the condition Ax (see [2]) with 
respect to the ^-function Ф1 if for each к >  0 there is a function 
f k: T->[0, + oo) such that

<Mx, f) ^  (1/к)Ф2(х, t )+ fk(t)

is fulfilled for all xeR , teT\A  (m{A) = 0) and j f k(t)dm(r) < oo for every
в

compact В с  T.
3.1. Theorem. Let Ф be A-function.
I. I f  Ф satisfies condition A  ̂ with respect to Ф1(ы)= |u|, (ueR ),
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then a family sé c= E0(Q) is conditionally compact if the following condition 
are satisfied:

(i) IMU < К for all xestf and some К  >  0,
(ii) for every e >  0 there is a compact Gl cz T such that

for every x&sé i f r  ^ Ô.
II. I f  Ф fulfils condition (2) of Theorem 2.1, then the above conditions 

(i), (ii), (iii) are necessary for conditional compactness of the family -stf c= Еф (Q).
Proof. It is sufficient to prove the theorem for the special case 

Q =  T, as the theorem follows for general Q from its application in this 
special case to the set s3 = (x: xe<s/j.

The point I of our theorem follows from Theorem 2.3 in [2], immediately. 
Let us then suppose that .с/ is conditionally compact in Еф := ЕФ(Т). Since 
condition (i) is obvious and (ii) holds by Theorem 1.2, so it is enough to 
show (iii).

Let G be an arbitrary compact subset of T  and let e, r0 > 0 be given. 
Moreover, let GrQ =  cl ( (J KrQ(t)). Denote the family of functions xxar

tcf: r0
(x e sé) by sé (GrQ) . This family as a subset of Еф is also conditionally 
compact. Then there is a finite set (x f: i =  1,..., n] forming an e/3 max (1, c)- 
net for ,srf(GrQ), where c is the constant from (3) of Theorem 2.1. The 
functions х, can be chosen continuous on GrQ and vanishing outside this 
set (Lemma 2.7 in [2]). So there is 0 < ^ r0 such that

for i =  1,..., n if t, seGrQ and \t — s\ <  <5j. Hence for teG, i = 1,..., n and 
r < Si we have |(х;)г(0 - х г(г)1 ^ е/3||хс||ф, so

\\x~хг\\ф ^ e

(t) — JCi (s)| ^  8/3 IIzgIU

(3.2) ((х.-)г-х.-)хс||ф < e/3

if r ^ Ô j and i =
Notice that for arbitrary уеЕф, r ^ r0 there is satisfied

Let now xe.c/. We will find x{ such that

(3.4) il^XGro —^ilU  <  Ф  max (1, c).
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If we denote <50 = min (<5l5 <5), where Ô is the constant from (3) of Theorem
2.1, then, by this theorem and (3.1), (3.2), (3.3), (3.4), we obtain

(3.5) ||(x —xr) Хс,\\ф ^ II(x — X,-)XgIIф + ||(*i— (Xi)r)ZgIф + ||((-XiOr~*»■)Xg||ф
^ e/3 max (1, с) + е/3 + e/3 max (1, с) ^ e if r ^ S0.

If Gx is the set from (ii) then, applying (3.5) to the set G = (Gj), 
and (3.1) and (3) of Theorem 2.1, we have

Цх-*г11ф <  Il (JC — Xr) X(d ! )ro IIФ +  llXZr\(Cl)roL +  l|xPZr\(Gl)roIL 

< 2в+||(ххг\б1)г11ф ^ (2 +  c)e

it r ^ d0 and xesé. This ends the proof of our theorem.
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