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On some compactness criterion for Orlicz subspace E(£2)

Abstract. In the first part of this paper we present a compactness criterion for Eq{Q),
where @: X x T— [0, +00] is an ../ "-function and E,(f2) is the linear subspace of generalized
Orlicz space L4 () introduced in [1]. In the second part the necessary and sufficient con- -
ditions for @-mean continuity of all xe E,(Q) are found, as in [7] only the sufficient con-
ditions are given. Next, using these conditions, the Kolmogorov compactness criterion for
E4(Q) is proved.

0. We introduce the following denotations. Let R be the set of real
numbers, N the set of integers, X a real Banach space and let (T, Q, M)
be a measurable space, where T is an arbitrary set, Q a c-algebra of subsets
of T and M a family of countably additive non-negative measures on Q.

The set function vy (A) = sup u(4), A€Q, is a og-subadditive submeasure
neM

on Q [1]. By Q. we denote the ring of sets from Q on which the submeasure
vy 18 finite and order continuous [1].

1. Let Q@ be an arbitrary measurable subset of T. In the following by
QO we will understand the family of all measurable subsets of Q@ and by Q.,
the family of all measurable subsets of 2 on which the submeasure vy,
is finite and order continuous.

A function @: X x T— [0, + o0] is called .4 -function if there exists a null
set A < Q (i.e. vy (A4) = 0) such that the following conditions are satisfied:

(a) @ is # x Q-measurable, where 4 is the o-algebra of Borel subsets of X, .

(b) @(-, t) is convex, even and lower semicontinuous on X for all te Q\A.

If S(Q, X) = S(X) denotes the set of all measurable functions x: Q - X
(in the sense of [1]), then the functional

Ip(x) L sup | @ (x(t), t)du

ueM Q

defined on the whole S(X) is a convex pseudomodular [6]. The modular
space

Lo(Q) = {xeS(X): Ip(kx) < oo for some k > 0}
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is called an Orlicz space. For all xeS(X) it is defined
Ixllg = inf {&¢ > 0: Iy(x/e) < 1}.

This functional is a norm (so named Luxemburg) on Lg(2). The submeasure

v: Q0 - [0, o] is said to be (Q,, vu)-continuous if for every ¢ > 0 there exist

AeQ.and 6 > 0 such that v(Q\4) < ¢ and v(B) < ¢if B < A and vy (B) < 6.
In the following we always suppose the condition:

(+) Ip(xyx4) < oo for every xe X, AeQ, and the submeasure 4 — I4(x).4)
is (Q., vy)-continuous for all xe X. ‘

Let now
Eo(2) = cl (Lin {xy,: xe X, AeQ,})

where the closure is taken in the norm of L4 (£2). Hence E,(Q) is a closed
linear subspace of L, () and every function x e Eg(Q) has (Q,, vy)-continuous
norm, i.e. the submeasure A |xy4lo 18 (Q., va)-continuous.

We say that a family of < Ly (€2) has (Q., vy)-equicontinuous norms, if
for every ¢ > O there are 4eQ, and J > 0 such that

Ixta4lle < & and Ixxplle < &

for every xe A if B = A and vy (B) < 6.

It can be easily proved that &/ < Lg(f2) has (Q., vy)-equicontinuous
norms iff for every ¢ > 0 and all r > O there exist a set 4eQ, and 6 > 0
such that Ip(rxxop4) < e and Io(rxyg) < ¢ for all xes/ if B< A and
M (B) S 57 ‘

1.1. LEMMA. Let & be an A -function continuous at zero and
-l = {x,: neN} < E4(R). Under these assumptions |x,llo =0 iff x,(t)—0
in submeasure vy on every AeQ,, i.e. vy {t€A: |x,(t)]| > ¢} =0 for all ¢ > 0,
AeQ., and the family o/ has (Q,, vy)-equicontinuous norms.

Proof. ‘Sufficiency. Let ¢ > 0, r > 0 be arbitrary. Then there can be
found a set AeQ, and 6 > 0O such that

(1.1) flxn XQ\A"d) < ¢/2
and
(1.2) Iy (rx, xs) < &/2

for all neN if B < 4 and vy (B) < 4.

Let now (x, ) be any subsequence of (x,). Then we choose a subsequence
(y)) of (x,) converging to zero a.e. on A. Hence and by continuity of @
at zero we obtain

fi(@) = @ (ryi(2), 1) >0
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ae. in T, as [— oco. Thus, using Egoroff theorem [1], we find a set A€,
such that vy (A4;) < J and f,(¢) >0 uniformly on A\A;. Therefore and in
virtue of (1.2) we have

Io(ryixa) < lo(ryixa)+1o(ryixaa,) < &

for sufficiently large IeN. So ||x,x4lle = 0. Hence and from (1.1) it follows
that ||x,lle =0 as n > oo.

Necessity. If |x,|le >0 as n— oo, then, by Theorem 2.2 in [1],
x,(t) — 0 in submeasure v, on every set Ae Q.. Thus it is enough to show
the (Q., vi)-equicontinuity of norms of the family &/ = {x,: neN}. Let then
¢ > 0 be given. One can choose noeN such that ||x,y.le < ¢ for every
n > ny and all AeQ. Since every element from E4(2) has (Q., vy)-conti-
nuous norm, so ||x; xo4,lle < &/2 and |x; xslle < &/2 for some 4;€Q,, §; > 0

no

(i=1,2,..,n) if Bc A and vy(B) <J;. Taking A=) 4; and
i=1
0 = min J;, we obtain the conditions from definition of (Q,, vy)-equi-

1<i<n
continuityofor A = {x,: we N}, what ends this proof.

1.2. THEOREM. Let & be the same as in previous lemma. A family
o < Eg(Q) is conditionally compact iff the following two conditions are
satisfied:
(1) o has (Q,, vy)-equicontinuous norms,

(2) for every sequence (x,) of elements from </ there is a subsequence
(xn,) and xe€ E4(Q) such that

vm{te A: ||x, (—x @l > n} -0

as k— oo, for all n > 0 and A€Q,.

Proof. Sufficiency. Let {x,: neN} < o/ be arbitrary. Then a family
{(x,,k—x): keN}, where Xy, X are the same as in (2), has (Q., vy)-equi-
continuous norms and applying Lemma 1.1 to this family we obtain the
conditional compactness of ..

Necessity. 1f {x,: neN} < .o/, then |x—x,[o—0 as k—co for some
subsequence (xn,) Of (x,) and xe€Eq (). Then, by the previous lemma, we
obtain (2), immediately.

To prove condition (1) of our theorem, assume ¢ > 0 be given. We
find a set {x,,...,x,} of functions from E, () which is an (¢/3)-net for the
family /. Since x; (i = 1, ..., p) have (Q., vy)-continuous norms, so one can
choose §; > 0 and A;eQ, (i = 1,..., p) such that

(1.3) (B XQ\Ainm < ¢/3



248 A. Kaminska

and
(1.4) llx; xslle < &/3

for B = A; when vy (B) < §,. Put 4 = igjl A;, 0= 1213217 ;.

If x is an arbitrary element from ./, then

Ix—xille < ¢/3
for some i = 1,..., p. Hence and by (1.3) we get
Ixxoalle < Ixixoulo+e/3.
Either, we obtain by (1.3) and (1.4) that
ixxslle < X xpnalot1xiXovallo+e/3 < e

if B< A and vy (B) < 8, which concludes the p'roof.

2. Assume in the following that T is the n-dimensional Euclidean space
with the usual norm |-|, M consists of only one element m — the Lebesgue
measure. If 4 = T and heT, then AFh denotes the set {tFh: te A}.

The translation T,x: Q — X is defined as follows
x(t+h) if te@Rn(2-h),

0 elsewhere in Q,

(Tux) (1) = {

for all xeS(X) and heT.
Notice that

Io(Tix)= [ @(x(t+h),t)dm@)= [ @(x(®),t—h)dm(r).

Q@2 h) @+

Denoting the right-hand side of the above equality by Iy, (x) one can show
that for all heT the functional I,, is a pseudomodular on S(X). From
the above equality we have

IThixlle = lIxlla,

where |- ||y, denotes the Luxemburg seminorm generated by Io,.
Let 6 > 0 be arbitrary. By means of the family of pseudomodulars
{Ip,}n<s we define a new pseudomodular

I5(x) = sup Iy, (x).
thi<o

The modular space defined by this pseudomodular will be denoted by
I;(2) and the Luxemburg norm — by | -[;. It is easily proved that

(2.1) Ixlls = sup lxlle, = sup 1T x|
jhl<o |nl <o

is satisfied for all xe S (X).
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The function x € L, (Q) is called ®-mean continuous [5] if for every ¢ > 0
there exists 6 > O such that

ITax—x|le <& for |h < 4.

If & is an A4 '-function without parameter, then every function from
Eyp(Q) is ¢-mean continuous ([5]). In paper [2] it is proved that each
real function, bounded and vanishing outside a set of finite measure, is
also ¢-mean continuous, when @: Rx T— [0, + o) is an A -function. The
theorem mentioned below, the main result in this part of this paper, gives
a sufficient and necessary condition in order that all functions xe Eg,(Q)
be #-mean continuous.

2.1. THEOREM. Let the following conditions be given.

(1) Every function x from Eg(Q) is ®-mean continuous.

(2) There exist constants 8,k > 0 and a family of non-negative measurable
Sunctions f,: Q — R such that the inequality

D(x,t—h) < @(kx, t)+£, (1)
is fulfilled for all xe X, te QN (Q+h)\A (m(A) = 0)), he T with the property
|h| < 0 and
sup | fu()dm(t) < .

lh| <6 2
(3) There are constants c¢,d > 0 such that for all xeS(X)
sup [Ty xlle < cllxlo,
m<s
ie. Ly(Q)= L;(RQ).
The following implications hold: (2) = (3) = (1).
If we assume additionally that X is a separable space and @ is continuous
at zero, then the implication (1)=(2) is also fulfilled.

Proof. (2)=(3). One can suppose d = sup | f,(t)dm(t) > 1. Let & be
<o Q
the same as in (2). Then for all xeS(X) we have
I, ((1/d)x) < Ig(kx)+1.

Therefore 1,((1/2d)(x/e)) < 1 for all &€ > O satisfying I, (kx/e) < 1. Hence
Ixll; < 2dk ||x| . Putting ¢ = 2kd, we obtain the required inequality, by (2.1).
(3)=(1). First, let y be an arbitrary simple function, i..

y@) = Y Vi Xa;(2)
i=1
for te Q, where y;e X, A;eQ,, for i = 1,...,n, are pairwise disjoint. Then

(T,Y)®) = Y ViXa;—m-a(D)

i=1
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for te Q. Hence and by condition (+) we have

1Thy—ylle < z ”,ViX(Ai—h)-'-Ai”(D_’O
i=1

as h— 0, ie. y is ¢-mean continuous.
Let now x be an element of E,(2) and ¢ > 0 be given. Then we
find a simple function y such that

Ix—yllo < &/3 max (1, c).
Therefore and in virtue of (3) we have also
ITix—Thyylle < &/3

for all he T satisfying |h| < 6
From the above inequalities we get

ITix—=xlle < | Thx=Thylo+1Thy—ylo+ly—xlo < &

for |h| < 8,, where 8, < & is some positive number.

(1)=(2). The idea of proof of this implication is taken from proofs
of theorems on comparison of Orlicz classes and spaces [3]. Before we will
approach the proof of this implication, we will show the following simple
lemma:

LemMMA. If X is separable, then there is a countable family {x;: ie N}
of functions from E4(Q) such that cl {x;(t)} = X for te Q\A (m(A) = 0).

Proof. Since m is o-finite, so @ = () @;, where ©;6Q.. In virtue of
i=1

condition (+), it is enough to take {y;xq: i,jeN} in place of {x;: ieN},
where {y;: je N} is dense subset of X.

Proof of (1)= (2). Suppose, for simplicity, that the set A from the above
lemma and from (2) is empty. Let us write for every neN

sup {®(x,t—h)—®n2"x,1)} for te Q2N (Q+h),
f;ln(t) — { Sex

otherwise.

From assumptions (+) and the continuity @ at zero we obtain that & (-, ¢)
is continuous for every xe X. Hence and by the preceding lemma, we have

i

Coosup (@(27"x; (1), t—h)—@(nx; (1), 1)]  for 1e QN (Q+h),
fa () = {

otherwise.

Thus f," are measurable. It is easily shown that condition (2) is satisfied
iff there is ne N such that

sup | fir()ydm(1) < 0.

|| < 1/27 O
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Assume, in the following, that condition (2) is not fulfilled. Hence for all

neN we tind h,e T such that

(2.2) lh) < 1/2* and | Jun (@) dm(t) > n.
Q
Let now
max {0, (27" x;(t), t—h)— P (nx;(t), t): i = 1,..., j}
in(t) = for te QN (Q+h),
0 otherwise.

Since b7, (1) T (1) for all te Q, as j —» oo, we have
fbru@)dm (@)~ | fir (@) dm(p).
2 2

Therefore and by (2.2), we find an index N (n) such that denoting

bn(t) = b'i:i(n),hn (t) we get |
@3) [ bu@®dm(®) > n
2

for all neN. Let
B, = teQn(Q+h,): &(27"x,(t), t—h,)—®(nx, (t), 1) = b, (1)}
for k = 1,..., N(n) and let '

x;(t) for teB,,_l,k 1

X, (1) ={ x.(t) for teB,,\ U B,;, k=2,3,...,N(n),
i=1
0 otherwise.

It is easily seen that X,e€ E4 () and

P(27"x,(t), t—h)—P(nx,(1),1) for teQn(Q+h,),
0 otherwise.

24)  b,(1) = {

Hence and from (2.3) it follows

G 27" %, (1), t—h,)dm (1) = n
Q (Q+hy)

“for all neN.
Now, using Lemma 1.7.3 from [3] to the function

(27 "x,(1),t—h,) for teQn(Q+h,),
a,(t) = C
0 otherwise,

we will choose a sequence (4,) of pairwise disjoint sets from Q and an

increasing sequence (n,) of integers such that

25) A, = QN (Q+h,) and [ @Q7TF, (1), t—h,)dm(t) = 27"n,

A
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is satisfied for all ke N. Define the function x for all teQ as follows:

x(t) = k; X (8) X, (0)-

Let y;(t) = ). f,,k(t) X4, () and [ > 0 be arbitrary. For sufficiently large ke N
1

we have | < n,. Hence and by (2.4) and (2.5) we get

Io(l(x—y)) < ) Z 1 ] @ (n X, (1), t)dm(t)
=i+ Ak

o0

< ) [ e@27x, (1), t—h,)dm()

k=i+1 A

e

Y (m/2") >0 as i— 0.
k=it1

Thus xe€ Eg ().
To prove that x is not ¥-mean continuous, it is enough to show that

lIxlls = sup || T, x|l = oo for arbitrary 6 > 0. But this means that I, (Ix) = o

<9

for all /,0 > 0. Let then [,0 > O be arbitrary constants. We will choose
i,kyeN such that 27" <[ and |h,| < & and n,—i > 1 for all k > k,. So
we have

[e0]

Lx=sup Y | &(, 1), t—h)dm()

Ih| <6 k=1 A (2+h)

> [ ®Q27'%, (1), t—h,)dm()

Ag

> 2% [ @27 %, (1), t—h,)dm(t) = 27y

. Ax
for each k > k,, by (2.5). Thus we obtain a contradiction which finishes the
proof of this theorem.
ExampLEs. 1° In 2.1.1 from [8] a family #  of functions k: T— [0, + c0)
is defined such that ket iff
k(ti+1z) < (L+cqlt])2k(ty)

is satisfied for all t,,t,eT, where ¢; and ¢, are some constants dependent
on k. The functions from #  are continuous and the map
k(t,+1)
P.(t) = sup ————
U k()
also belongs to . Therefore, we have

k(t,+1t,) < P (t,)k(t,) for all t;,t,eT and P, (0) = 1 < P, ()
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for each teT. Now it is easily seen that the function

D(x,1) = @ (X)k(®),

where ¢: X — [0, + o0) is an .4 -function without parameter, k € ., satisfies
conditign (2) of Theorem 2.1 with the functions f, identically equal zero.
2 Let &: RxR — [0, +o0) be given as follows:

P(x, 1) = @ (x)*Y,

where ¢@(x) is an 4 -function without parameter satisfying condition (4,)
[4] and p(t) is a measurable function with the properties: p(¢r) > 1 for
all te R and there is an open set A < R such that p(t) is strictly monotonic
on A. This function @ does not satisfy condition (2) of Theorem 2.1, since

sup {@ (x)P* ™" — @ (nx)P} > sup ¢ ()7 {p (x)P¢ P PO_ PO} =0

xeR xeR

for all teAn(A+h), neN and h <0 if p(t) is increasing and h > 0 if
p(¢) is decreasing on A, where I, are positive numbers such that ¢ (nx)
< I, ¢ (x) for sufficiently large xeR.

3. Kolmogorov’s compactness criterion for the space E,(£2). Suppose in
this part that X = R. If xeL,(Q), r > 0, then x, denotes the Steklov
function, i.e.

x, (&) = (1/m,) | %(s)dm(s)

K, (1)
for teQ, where K,(t) is a closed ball with radius r and center ¢,
m, = m(K,(t)) and .

20s) = x(s) if seQ,
W=10 i s¢o.
It is known (cf. [2]) that
(.1) Ixllo < sup [Ty x|lo-

| <r

We say that an .4 -function @, satisfies the condition 4, (see [2]) with
respect to the 4 -function @, if for each k > 0 there is a function
fi: T— [0, + ) such that

@, (x,1) < (1/k) D5 (x, )+£i(0)
is fulfilled for all xeR, te T\A (m(4) = 0) and [f,(t)dm(t) < oo for every
B
compact B < T.
3.1. THEOREM. Let @ be .4 -function.
L. If & satisfies condition A, with respect to @,(u) = |ul, (ueR),
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then a family of < E4 () is conditionally compact if the following condition
are satisfied:

(@) fixle < K for all xesf and some K > 0,

(i) for every & > 0 there is a compact G, < T such that

Ixx06,lle < &

for all xe o,
(iii) for each ¢ > O there exists & > 0 such that

: “x_xr”Q) < e

for every xeof ifir < 0.

IL. If @ fulfils condition (2) of Theorem 2.1, then the above conditions
(i), (ii), (iii) are necessary for conditional compactness of the family </ < E4(Q).

Proof. It is sufficient to prove the theorem for the special case
Q = T, as the theorem follows for general Q from its application in this
special case to the set & = {X: xeo/}. :

The point I of our theorem follows from Theorem 2.3 in [2], immediately.
Let us then suppose that .o/ is conditionally compact in E4 := E4(T). Since
condition (i) is obvious and (ii) holds by Theorem 1.2, so it is enough to
show (iii).

Let G be an arbitrary compact subset of T and let ¢, r, > 0 be given.
Moreover, let G, = cd(U K,O(t)). Denote the family of functions XXa,,

teG
(xe) by o/ (G,;). This family as a subset of E, is also conditionally
compact. Then there is a finite set {x;: i = 1,..., n} forming an &/3 max (1, ¢)-
net for </ (G, ), where ¢ is the constant from (3) of Theorem 2.1. The
functions x; can be chosen continuous on G, and vanishing outside this
set (Lemma 2.7 in [2]). So there is 0 < d, < r, such that

Ix; ()= x; () < &/3Mxgllo

fori=1,...,n ifrt,seG,O and |t—s| < §,. Hence for teG, i =1,...,n and
r < é; we have |(x), (1) —x; (1) < &/3 llxglle, sO

(3.2) ”((xi)r_xi)XGHm < ¢/3

ifr<é,and i=1,...,n.

Notice that for arbitrary yeEq, r < ry there is satisfied

(3.3) ' Iy xcllo < e, ) lo-

Let now xe.o/. We will find x; such that

(3.4) Ixx6,, —xilo < &3 max (1, c).
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If we denote é, = min (9, 6), where 4 is the constant from (3) of Theorem
2.1, then, by this theorem and (3.1), (3.2), (3.3), (3.4), we obtain

(335) = x)xclle < Mx—x) x6lo+ | (= (x)) xal| o + () — %) x| o
< ¢3max (1,c)+¢3+¢3max (1,¢) < e if r < .

If G, is the set from (ii) then, applying (3.5) to the set G = (Gy),,
and (3.1) and (3) of Theorem 2.1, we have

Ix—xllo < "(x"xr)X(qil),O”w'*‘”xXT\(Gl),O”:b“‘||erT\(Gl),0||¢
< 2e+(xxr6 hllo < 2+0)e

it r < 0, and xe.o/. This ends the proof of our theorem.
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