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1 . Introduction. In this paper we continue our study of lattice, 
liomomorphisms initiated in [10]. We will be concerned with sublattices 
of G {X, ffl) and G (X, 3?) ; X  here is an arbitrary, not necessarily compact- 
space (all spaces, however, will be assumed to be Hausdorff completely 
regular). For notation and terminology we refer to [13]. We shall first 
briefly summarize the known results relevant to our discussion.

According to a result of Kaplansky [8], if X  is a compact space, 
then every prime ideal P  of G(X, 0t) is associated with a point of X. If 
we assign to P the two-valued (lattice) homomorphism cp (cp(f) = 0 for 
/eP and cp(f) = 1 for f  4P), then by Lemma 2.3 in [10], P is associated 
with p iff p is a weak support of cp. Thus, Lemma 2.2 in [10] is a strength­
ening of the Kaplansky result: if X  is compact, then every real-homo­
morphism <p (not necessarily two-valued) of G(X, Ж) has a one-point weak 
support.

If X  is P-compact but not compact, then not every prime ideal of 
G(X, ffl) is associated with a point of X. First results in this direction 
have been obtained by Bialynicki-Birula (these results have been communi­
cated to the author in 1968 but have never been published): in case of 
P-compact X  the prime ideal P of G{X,M) that are associated with 
points of X  are precisely those that satisfy the condition:

There exists a sequence /i,/2, . . .  of functions in  G(X,t%) such that 
for every g in  G(X, 0t) there exists an f  in  P  and an n with g </v/n.

At the suggestion of the author S. Shore has translated the Bialynicki- 
Birula condition in terms of homomorphisms. We shall formulate this 
translation in a somewhat more general form: consider namely homomor­
phisms <p: L->p%, where I  is a sublattice of G(X,0&). The translation 
of the Bialynicki-Birula condition is as follows :

(С,,): there exists a sequence /x,/2, ... of functions from L such that 
for every re cp[P] and for every g in  L there exists an f  in  L  with q?(/)<?* 
and an n such that g ^ f ^ f n>
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At this point, the problem of supports of homomorphisms of G(X, 01) 
have been completely solved. We shall state the relevant results.

1.1. Every homomorphism y : G(X, 0t ) 0! has a one-point support 
if  and only if  X  is fin ite  ([10], Theorem A).

The above remains true i f  one considers only two-valued homomorphisms 
or only homomorphisms onto (Shore, unpublished).

1.2. Every homomorphism y : C(A, &)->(% has a one-point weak 
support in  X  if  and only if  X  is compact ([10], Lemma 2.2 and [17], Corollary 
2.9).

1.3. I f  X  is an arbitrary space, then every homomorphism y : C(X, 01) 
-> 01 which has one-point weak support in  X , satisfies condition (Ĉ ,) (unpub­
lished).

1.4. Every homomorphism y :  O'(A, 01) -> 0k satisfying (C,,) has a one- 
point weak support in  X  if  and only if  X  is 01-compact (unpublished) (x).

Homomorphisms of the lattice C{X,$?) have been studied in [11],
[15], [16]. In addition to the results stated in these papers we have theorems 
completely paralling those for G{X,0t) with one essential difference: 
according to the general statement in [14] (statement 4.10) every weak 
support of a homomorphism y  defined on G{X,&) is, in fact, a support 
for y. In this connection, we do not have an analogue of statement 1.1 
for О (A, JO; on the other hand, analogues of statements 1.2-1.4 for 
О (A, JO are true for both one-point weak supports as well as one-point 
supports.

Before we state our results concerning sublattices of G (X, 0 ) and 
C(X, 2£) it will again be useful to recall results obtained for other structures. 
Consider G(X,M) as, say, a ring. (Bing-) homomorphisms of G(X, 01) 
into 01 have, in general, one-point supports; in fact, all homomorphisms 
of О (A, 01) have one-point supports iff A  is ^-compact. Becall now that 
X  is ^-compact iff X  is Q-closed in A. Now, it has been shown in [6], 
that to each subring A of C (A, 01) satisfying certain natural conditions 
it is possible to assign a compactification cX of A  such that all homomor­
phisms y : A M have one-point supports iff A  is ^-closed in cX. It turns 
out that theorems of the above type hold true for various structures of 
continuous functions; e. g. in [7] we have discussed G(X,0t) considered 
as a lattice-ordered group with a convergence structure and in [14] 
(Theorem 8.2a and 8.2b) we have discussed 0(A, 21) considered as a ring. 
The purpose of this paper is to obtain similar results for G (X ,0l) and 
О (A, JO considered as lattices; in other words we shall show that to 
each sublattice L  of G{A, 01) (respectively, of G{A, JO) satisfying certain 
conditions it is possible to assign a compactification cLA  of A  such that

d) The above unpublished results have been obtained in cooperation with 
Shore.
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every (lattice-) homomorphism of L  satisfying (Op) has a one-point weak 
support in X  iff X  is ^-closed in cLX. The case of G(X, 0t) is discussed 
in Section 2 ; Section 3 deals with G (X, 0?) ; finally, in Section 4 we apply 
these results to obtain a characterization of the class M of strongly non- 
measurable cardinals in terms of sublattices of G(X, 0t). (The class M is 
defined in [12]. [12] contains also a characterization of M in terms of 
subrings of G(X, M); a similar characterization of M in terms of subring 
of G(X,££) is given in [14], Theorem 8.6.)

To conclude this section we shall reproduce a statement from [14] 
(footnote (x)) concerning compactifications.

1.5. L emma. Let E be a compact space; let X  be an E-completely regular 
space and let be an E-separating class for X. Then

(a) among all compactifications cX of X  having the property
(1) every f  in  $  admits a  continuous extension f* : cX -> E 

there exists the smallest one ; we will denote it by cgX ;
(b) c%X is E-completely regular ;
(c) c%X can also be characterized as the compactification having property 

(i) and the following one
(ii) for every p, qe cX \X  with p Ф q there exists an f  in  $  with f*(p ) 

¥^f*{q), where f*  is the continuous extension of f  with f* : cX -^E .
(Note that the implication in (ii) holds, in fact, for every p , qe cX, 

P Ф T)
2. Homomorphisms o f sublattices of (J(X, 0!). Let L  be a sublattice 

of G(X, 01). Two subsets A and В  of X  are called L-separated provided that 
there exists an/in L  with / [X ] n/[.B] = 0 . L  is called entangled (2) provided 
that for every p, qe X, p Ф q and for every /, g e L  there exists an he L 
with hlU  < / 1 U and g\ V < h\ V, where U and V are neighborhoods of 
p and q, respectively. L  is called strongly entangled (2) provided that for 
every pair A and В  of L-separated subsets of X  and every /, ge L  there 
exists an such that h\A < f  \A and g \B  < h \B.

Throughout the rest of this section we shall employ the following 
notations: 01 = ^ и { ±  oo} will denote the two-point compactification 
of the reals 0t\ if cX is a compactification of space a X, then C{cX, M) 
will denote the set of all continuous functions g : cX -> M such that g is 
finite on X. Given an L  in G(X, M), we denote by cLX  the compactification 
described in Lemma 1.5 with E = 0t (in other words, cLX  is the smallest 
compactification such that every fe  L  can be, ± сю admitting, continuously

(2) These conditions are modifications of those introduced by Blair [4]. See 
also [3] and [19]. The justification of the present terminology is that functions in L  
do not form a chain on any two-point subset of X .
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extended over cLX). L  will denote the set of all restrictions of functions 
from C(cLX, M) to X ; clearly L cz L. For every f e L , f  will denote the 
function from C(cLX, 0t) with / = f\X ; L  will denote the set of all /, 
where f e L .

L emma 2 .1 . Let cX be a compactification of X  and let p 0e cX \X . The 
following conditions are equivalent:

(a) there exists a continuous function a : cX [0, 1] such that a (p 0) = 0 
and a(p) > 0 for pe  X ;

(b) for every sequence gx, g2, . . .  of functions in  G(cX, 0t) there exists 
a function geC (cX , 0t) and a sequence £7X, U2, . . .  of neighborhoods of p 0 
such that gn \ Un < g | TJn for n = 1 , 2 ,. . .

Consequently, X  is Q-closed in  cX if  and only if  condition (b) is satisfied 
for every p 0e cX \ X (3).

Proof. We shall first observe that if gx,g 2, . . . , g n are functions 
from C(cX, à,), F  is a closed subset of 0 t  such that (g fp ), .. ., gn(p))eF  
for every p <r cX , and а : F  0! is a continuous function such that а [gx (p ), ... 
. . . , g n(p ))*B  for every p e X , then the composition а(дг{р), gn{p)) 
also belongs to C (cX, @t) ; in particular, C(cX, Ш) is closed under composition 
with continuous functions a: M such that a(Mn) cz 0t. This remark
can be used to justify all the algebraic properties of C(cX, 0t) which we 
will use in the sequel of this proof (e. g., C{cX, 01) is a lattice; C(cX, 0t) 
is closed under addition, provided that at least one of the summands is 
bounded; C(cX, 0t) is closed under multiplication of bounded functions; 
C(cX, 01) is closed under taking reciprocals of function g such that g(p) > 0 
for every p e X). It is also easy to see that C {cX, ffl) is closed under uniform 
convergence (consider first bounded functions) (4).

Assume (a) is satisfied. Clearly, we can assume the functions g i, g2, . . .  
from condition (b) are non-negative. Futhermore, considering a homo­
morphism of [0, + oo] onto [0,1] which takes 0 into 0 and + oo into 1, 
we see that (b) is equivalent to the following:

(b') for every sequence glf g2, . . .  of functions from C{cX, 01) such that 
gn(X) a  [0,1), there exists a sequence TJxy TJ2, ... of neighborhoods of p 0 
and a function g in  C(cX, 0t) such that g{X) cz [0,1) and gn \ Un ^  g I СГ» 
for n = 1, 2, ...

(3) A particular case of this lemma concerning the compactification cX  = (3X 
has been shown in [8] and it was also stated in [9] (footnote on p. 80).

(4) A concept similar to C (cX , 01) have been studied in [4] and some of the 
stated here properties of C (cX , Щ  can he infered from the arguments in [4].
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To show (b'), let U0 = cX and Un = {pecX : a(p) < 1/n} for n 
= 1 ,2 , . . .  For every n > 0 we can find a function aneC(cX ,0t) such 
that ' an(p) = 0 for pe cX \JJn_1, an(p) = 1 for p e U m, and an(cX) 
<= [0,1]. Let us set tn = l - l j 2 n, g[ = шах{^, t j ,  g'n = max{^, ...

for n =  1 ,2 , . . .  and define
oo

9 an9nm
n=i

For each pe cX and n > 1 we have 0 < g'n(p) < 1 — tn_x = l/2n_1, conse­
quently, the above series is uniformly convergent; thus geC (cX ,0 l). 
If p is and arbitrary point of X, then there exists an n0',n0 — 1, 2, .. .,  
such that pe UnQ_1 and p iT Jn for n ^ n 0 (note that Xnf^\Un = 0). 
Then an(p) = 0 for n > n 0} consequently n

g{p) = («1 g'i+ ••• +an0g'n0)(p)
< g'i(p) + ••• +gh0(p)
= ma,x{g1( p ) , . . . , g no(p ),tnQ} < l

and this proves that g(X) c  [0 ,1). Finally, if pe TJn, ax( )̂ = ... = an(p) 
= iso  g(p) > g[(p )+  ... + gn{p) =ша х { д Л р ) , gn(P), tn}>9n{p)- Thus, 
indeed, gn \ Un < g \ Un. (b') is shown.

Assume (b) is satisfied and let gn = n. Let g be given by (b). Clearly, 
we can assume that g > 1. Clearly, as a we can take the reciprocal of g.

L emma 2.2. Assume that L is an 01-separating sublattice of G(X,0t). 
I f  L is strongly entangled, then L is entangled (relative to eLX).

Proof. Let p, qe cLX, p Ф q, and f , g e L. There exists an f xe L  with 
fi(P) Ф fiig)- Let TJX, U2 be neighborhoods of f x(p) and f x(q) respectively, 
with и гг\и2 = 0 .  f f 1 [U 1] and are L-separated, hence there
exists an h eL  with C^i] and g jf ï^ U J^  < ТЧ/ГЧ г̂]-
Clearly h |/f1 [ Uf] < /l/f1 [ Ux] and g I ff1 [Z72] < h \fx [ I7a] ; furthermore
/i_1[£4] and f f 1 [U 2'] are neighborhoods of p and q, respectively. Thus L 
is entangled (relative to cLX).

We shall now prove the main theorem.
2.3. Theorem. Let L be a sublattice of С(X, 01) such that
(a) L is 01-separating,
(b) L is strongly entangled,
(c) L is cofinal with L.
Then every homomorphism p: L -+ 0  satisfying (C,,) has a one-point 

weak support in X  if  and only if  X  is Q-closed in  cLX.
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Proof. Assume that X  is Q-closed in cLX  and let <p: A -> 9% be a homo­
morphism satisfying (C,,). If 99 is constant, then there is nothing to show; 
we shall therefore assume that 99 is non-constant. We can consider 9? as 
a homomorphism of A. By Lemma 2.2, A is entangled; consequently, 
by Theorem 2.6 in [17], 9? has a one-point weak support p 0 in cLX. We 
shall show that p 0e X. Assume p 0e cLX \X . By (Ĉ ,) there exists a sequence 
jfi,/2, ... of functions in A such that for every re 99[A] and fe  A there 
is an he A with 9?(Д) < r and /< /wv h for some n. Since X  is ф-closed in 
cLX, there exists, by Lemma 2 .1 , g in C(cLX , 9%) such that for every ny 
fn\Un ^  g\Un is a neighborhood of p 0. By (c), we can assume that ge A. 
Since 99 is non-constant, there exist gx, g2e A with <p{gi) < p(g2)- Let 
9s = 9V 9z‘ ВУ (Op), there exists a g^e L  such that (p(g4) < <p(9i) and 
9s < 9*v fn for some n. But gz \ Un > g \ Un > fn\Un hence g3\Un ^ g ^ U n. 
Since p 0 is a weak support of 99, we have <p{g3) < 99(̂ 4); consequently, 
99 (#2) < pigs) ^  vigi)- This contradicts the fact that <р(дг) < (р{д2)- Thus 
p 0eX .

Conversely, assume that X  is not ^-closed in cLX. Then there exists 
a point p Qe glX ^ X  such that for every ge C(cLX, M) we have g(p0) = g (p) 
for some p in X. This, in particular, implies that for every fe L , f (p 0) is 
a real number. Define

(1 ) <p{f)=f(Po) for every / e t ;

clearly, 99 is a homomorphism with 99 : A -> 9$. We shall show that 99 satisfies 
(Cy). Since A is cofinal with A, there exists a sequence f x, /2, ... of functions 
from A with/n > n for n = 1, 2, ... Let he L  and let r e 99 [A] ; say r = <p{go) 
for some g0e A. Since h(p0) is finite, there exists a neighborhood U of 
p 0 and an n such that h\ U ^ n .  Let Zx — {ре X : h(p) < n}, Z2 = {ре X : 
h(p) > n + 1 }. Zx and Z2 are А-separated; hence, by (b), there exists 
a gx in A such that gx \ Zx < g0 \ Z x and h\Z2^ g x\Z2. Since p 0e Zx (the 
closure is, of course, taken in cL(X)) we have (jiiPo) ^  9o(P0); i. e., <р{дг) 
<<p{9o) = r .  Let g = g xv g 0; we have <p(g) = cp{gx)w (p{g0) = <p{g0) = r. 
I t p e Z 2, then h(p) < gx(p) < g(p). If p i Z 2y then h{p) < n + 1 ^ f n+x(p). 
Thus gv  hn+x. (Cv) is shown.

We shall show that 99 does not have a one-point weak support in X. 
Let p be any point of X, let / be any function in A. Since A is cofinal with 
A, we can find an f x in A with f{p0) <fi(Po)- We have p 0 Ф p, hence, 
using property (ii) (Lemma 1.5) of the compactification cLX, as well as 
assumption of the present theorem, it is possible to find a ge A such that
f  and g agree on a neighborhood of p, but 99 (g) — g(p0) ^  fi(Po) >f(Po) 
= 9o(f). This proves that p is not a weak support of 99.
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The theorem is shown.
We shall now be concerned with homomorphism that map constant 

functions into their values. Since some parts of these considerations will 
be applied in the next section, we shall state the following two lemmas 
for lattices of functions with values in an arbitrary chain. Thus, in what 
follows, E  is a chain (with the order topology) and L  is a sublattice of 
G(X, E ). For ее E, e denotes the constant function in G(X, E) with value e. 
If L contains all constant functions, then an E-homomorphism of L  (see
[3], Definition) is a homomorphism <p: L -> E  with the property <p(e) = e 
for every eeE . Of course, the definitions of UL-separated” and “strongly 
entangled” apply to this general case.

2.4. Lemma. Suppose that L cz G(X, E) contains all constant functions 
and let <p: L E be an E-homomorphism. I f  p 0 is a weak support of <p, then 
Po is a support of cp.

Proof. We have to show that for every fe L , cp(f) = f{p 0). Let 
e0 = f (p 0). We shall first show that <p(f) ^  eq . If во has an immediate 
successor, then U = {peX : f ( p ) ^ e 0} is an open neighborhood of p 0 
and/ve0 = eQ on U, hence <p{f)v <p(e0) = <p{fve0) = <p(e0) = e0 therefore 
<P(f) < e0. If e0 does not have an immediate successor, then, for every 
e > e0, TJe = {ре X : f(p ) < ej is an open neighborhood of p 0 and f v  e 
on Ue, and this implies <p(f) < e. Since e0 does not have an immediate 
successor, this implies that <p(f) < e0. In a similar way, we can show that 
<P(f) > e0.

2.5. L emma. Let E be a chain without the last element and E0 is a cofinal 
subset of E. Let L cz G(X, E) be a strongly entangled lattice containing all 
constant functions and let g: L -> E be an E-homomorphism. Then, for 
every eeE  and every f e L  there is a g in  L and an e0 in  E0 such that

9? (g )< e  and f ^ g v e Q.

Proof. Select three elements e0, e1} e2 of E 0 such that <p(f) < e2 
< ex < e0. If e2, then there is nothing to show; indeed, as g we can 
take/. Assume therefore that e < e2. Let V = {p e X : f(p ) < e j,  U = {p eX: 
f{p)>  e0}. V and U are L-separated; consequently, there is a ge L  such 
that g < e on V and g ^ f  on U. Clearly, f ^ g v e 0-, thus, it suffices to 
show that (p(g) < e. Assume <p(g) > e; let Vx = {ре X : f(p ) < e2}, Ux 
= {peX : f(p ) ^  Fi, U, are _Zi*separated; consequently, there is an 
he L  such that h > e2 on Vx and h < e on Ux. Since V и Ux = X, we have 
9A h ^  e on X ; therefore cp(g)л <p(h) = cp{gл h) < e; but <p(g) > e, thus 
9?(̂ ) < e. On the other hand, / v l > e 2 on I ;  hence cp{f) v <p(h) — <p(fvh) 
^ e2; but this is impossible because <p{f) < e2 and q> (h )^ e< e2. This 
shows that p(g) < e and the lemma is shown.
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2.6. I f  LczC(X,é%) is a strongly entangled lattice containing all 
constant functions, then every Ш-homomorphism <p: L-^£% satisfies (C,,).

Proof. Suffices to let fn = n  for n = 1 , 2 , . . .  and apply Lemma 2.5.
From the above we obtain
2.7. Theorem. Let L <=. C(X, M) be a lattice containing all the constant 

functions and satisfying conditions (a), (b) and (c) of Theorem 2.3. Every 
0t-homomorphism cp: L-> 01 has a one-point support in  X  if  and only if  
X  is Q-elosed in eLX.

Proof. The “if” part follows from Theorem 2.3, Lemma 2.4 and 
statement 2.6. To show the “only if” part, we repeat the last part of the 
proof of Theorem 2.3 and observe that the homomorphism defined in 
(1 ) is obviously an ^-homomorphism.

3. Homomorphism of sublattices of G(X, 3f). Theorem analogous 
to Theorem 2.3 holds for sublattices of С{Х,Ж). If L  is a sublattice of 
С{Х,Ж), then by cLX  we denote the compactification of X  obtained 
by Lemma 1.5 with E  = 2£, where Ж denotes the standard two-point 
compactification { — o o}u ^ u {-f oo} of 2£. G(cX,&), L, L  are defined 
similarly as in the previous section. We have

3.1. Theorem. Let L be a sublattice of G{X,2£) such that
(a) L is Z-separating',
(b) L is strongly entangled;
(c) L is cofinal with L.
Then every homomorphism q>: Е-+Ж satisfying (Cy) has a one-point 

support in  X  if  and only if  X  is Q-closed in  cLX.
We note that the above theorem is a particular case of Theorem 2.3. 

Indeed, a sublattice of С{Х,Ж) is a sublattice of G(X,M)', furthermore, 
conditions (a) and (b) in Theorems 2.3 and 3.1 are identical. Conditions
(c) in these two theorems are not identical (L differs in each case); but 
(by part (b) of Lemma 1.5) the compactification cLX  in Theorem 3.1 
is 0 - dimensional ; hence, these two conditions are easily seem to be equi­
valent. Finally, by statement 4.10 in [14], a weak support of (p is a support 
of (p.

In an analogous way we can obtain (compare with Theorem 2.7):
3.2. Theorem. Let L  be a sublattice of C (X ,$f) which contains all 

the constant functions and satisfies conditions (a), (b) and (c) of Theorem 
3.1. Every 2£-homomorphism has a one-point support in  X  if  and only if  
X  is Q-closed in  cLX.

4. Characterization of the class M . In this section we shall give 
a characterization of the class M  of cardinals (defined in [12]) in terms 
of sublattices of С(Х,Ж).
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Let X m denote the discrete space of cardinality m.
4.1. Theorem. Let m be a cardinal satisfying ms° =m. me M  if  

and only i f  there exists a sublattice L of C{Xm, Z) which satisfies conditions 
(а), (Ь), (c) of Theorem 3.1 and such that

(i) cardL = m
and

(ii) every homomorphism 9r. L->3£ satisfying (Cy) has a one-point 
support in X.

Proof. If cXm is a O-dimensional compactification of Xm with weight 
cXm = m and L  is the lattice of all the restrictions of functions from 
G(cXm,Z ) to Xm, then, in view of ms° = m, we have cardL =m. Con- 
тег sely, if L  is a snblattice of C{Xm,Z ) with card L  = m, then cLX  is 
a O-dimensional and weight cLX  = m. Thns, by Theorem 3.1, the existance 
of an L  with the required properties is equivalent to the existence of 
a O-dimensional compactification cXm of Xm such that weight cXm — m 
and Xm is Q-closed in cXm. Consequently, the theorem follows from 
Theorem 5.1 in [12].

An analogous theorem can be stated foi* sublattices of C(Xm,jR) 
(with support replaced by weak support).

We also have (from Theorem 3.2):
4.2. Theorem. Let m be a cardinal satisfying mK°=m. m e M i f  and 

only if  there exists a sublattice L of C{Xm,££) which contains all constant 
functions, satisfies conditions (a), (b), (c) of Theorem 3.1 and such that

(i) card-L = m 
and

(ii) every & -homomorphism <p: L->££ has a one-point support in  X.
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