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Structures of continuous functions VI
Lattices of continuous functions

1. Introduction. In this paper we continue our study of lattice,
homomorphisms initiated in [10]. We will be concerned with sublattices
of C(X, #Z) and C(X,%); X here is an arbitrary, not necessarily compact-
space (all spaces, however, will be assumed to be Hausdorff completely
regular). For notation and terminology we refer to [13]. We shall first
briefly summarize the known results relevant to our discussion.

According to a result of Kaplansky [8], if X is a compact space,
then every prime ideal P of C(X, #) is associated with a point of X. If
we assign to P the two-valued (lattice) homomorphism ¢ (¢(f) = 0 for
feP and ¢(f) = 1 for f¢ P), then by Lemma 2.3 in [10], P is associated
with p iff p is a weak support of ¢. Thus, Lemma 2.2 in [10] is a strength-
ening of the Kaplansky result: if X is compact, then every real-homo-
morphism ¢ (not necessarily two-valued) of €'(X, #) has a one-point weak
support.

If X is R-compact but not compact, then not every prime ideal of
C(X, #) is associated with a point of X. First results in this direction
have been obtained by Bialynicki-Birula (these results have been communi-
cated to the author in 1958 but have never been published): in case of
R-compact X the prime ideal P of C(X, %) that are associated with
points of X are precisely those that satisfy the condition:

There exists a sequence fi,fs, ... of functions in C(X, R) such that
Jor every g in C(X, R) there exists an f in P and an n with g < fv f,.

At the suggestion of the author S. Shore has translated the Biatynicki-
Birula condition in terms of homomorphisms. We shall formulate this
translation in a somewhat more general form: consider namely homomor-
Phisms ¢: L %, where L is a sublattice of C(X, #). The translation
of the Bialynicki-Birula condition is as follows:

(Cy): there ewists a sequence fy, fa, ... of functions from L such that
Jor every ve [L] and Jor every g in L there exists an f in L with ¢(f) < r
and an n such that g <fvf,.
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At this point, the problem of supports of homomorphisms of C(X, %)
have been completely solved. We shall state the relevant results.

1.1. Every homomorphism ¢: C(X, B)~> R has & one-point support
if and only if X is finite ([10], Theorem A).

The above remains true if one considers only two-valued homomorphisms
or only homomorphisms onto # (Shore, unpublished).

1.2. Hvery homomorphism ¢: C(X,R)—> R has & one-point weak
support in X if and only if X is compact ([10], Lemma 2.2 and [17], Corollary
2.9).

1.3. If X is an arbitrary space, then every homomorphism ¢: C(X, &)
— R which has one-point weak support in X, satisfies condition (C,) (unpub-
lished).

1.4. Every homomorphism ¢: C(X, ) — # satisfying (C,) has a one-
point weak support in X if and only if X is R-compact (unpublished)(*).

Homomorphisms of the lattice C(X,%) have been studied in [11],
[15], [16]. In addition to the results stated in these papers we have theorems
completely paralling those for C(X,#) with one essential difference:
according to the general statement in [14] (statement 4.10) every weak
support of a homomorphism ¢ defined on C(X, %) is, in fact, a support
for ¢. In this connection, we do not have an analogue of statement 1.1
for O(X,%); on the other hand, analogues of statements 1.2-1.4 for
C(X,%) are true for both one-point weak supports as well as one-point
supports.

Before we state our results concerning sublattices of O(X, #) and
C (X, &) it will again be useful to recall results obtained for other structures.
Consider C(X, #) as, say, a ring. (Ring-) homomorphisms of C(X, %)
into # have, in general, one-point supports; in fact, all homomorphisms
of C(X, #) have one-point supports iff X is #-compact. Recall now that
X is #-compact iff X is @-closed in fX. Now, it has been shown in [6],
that to each subring A of C(X, #Z) satisfying certain natural conditions
it is possible to assign a compactification ¢X of X such that all homomor-
phisms p: A — # have one-point supports iff X is ¢-closed in ¢X. It turns
out that theorems of the above type hold true for various structures of
continuous functions; e. g. in [7] we have discussed C(X, #) considered
as a lattice-ordered group with a convergence structure and in [14]
(Theorem 8.2a and 8.2b) we have discussed C(X, Z) considered as a ring.
The purpose of this paper is to obtain similar results for C(X, #) and
C(X, %) considered as lattices; in other words we shall show that to
each sublattice L of C(X, #) (respectively, of C(X, %)) satistying certain
conditions it is possible to assign a compactification ¢, X of X such that

{(*) The above unpublished results have been obtained in cooperation with
Shore.



Structure of continuous functions 413

every (lattice-) homomorphism of L satisfying (C,) has a one-point weak
support in X iff X is @-closed in ¢;, X. The case of O(X, #) is discussed
in Section 2; Section 3 deals with C(X, Z); finally, in Section 4 we apply
these results to obtain a characterization of the class M of strongly non-
measurable cardinals in terms of sublattices of C(X, #). (The class M is
defined in [12]. [12] contains also a characterization of M in terms of
subrings of C(X, #); a similar characterization of M in terms of subring
of C(X,%) is given in [14], Theorem 8.5.)

To conclude this section we shall reproduce a statement from [14]
{footnote (1)) concerning compactifications.

1.5. LEMMA. Let E be a compact space; let X be an H-completely reqular
space and let § be an E-separating class for X. Then

(a) among all compactifications cX of X having the property

(i) every f in & admits a continuous extension f*: ¢X - B
there exists the smallest one; we will denote it by cz X ;

(b) eg X is H-completely regular;

(e) egX can also be characterized as the compactification having property
(1) and the following one

(ii) for every p, qe cX\X with p # q there exists an f in F with f*(p)
# *(q), where f* is the continuous extension of f with f*: ¢X — E.

(Note that the implication in (ii) holds, in fact, for every 2, ge ¢X,
P #4q)

2. Homomorphisms of sublattices of C (X, #). Let L be a sublattice
of C(X, #). Two subsets A and B of X are called L-separated provided that
there exists an fin I with f[41Nnf[B] = @. L is called entangled (2) provided
that for every p, ge X, p # ¢ and for every f, ge L there exists an he L
with h/U < fIU and ¢|V < h|V, where U and V are neighborhoods of
p and g, respectively. L is called strongly entangled(?) provided that for
every pair 4 and B of L-separated subsets of X and every f, ge L there
exists an he L such that k|4 < f|4 and ¢|B < h|B.

Throughout the rest of this section we shall employ the following
notations: # = ZU{+ oo} will denote the two-point compactification
of the reals #; if ¢X is a compactification of space a X, then 3] (X, ?}2)
will denote the set of all continuous functions g: ¢X — # such that g is
finite on X. Given an L in C(X, %), we denote by ¢, X the compactification
described in Lemma 1.5 with £ = % (in other words, ¢; X is the smallest
compactification such that every fe L can be, + oo admitting, continuously

(2) These conditions are modifications of those introduced by Blair [4]. See
also [3] and [19]. The justification of the present terminology is that functions in L
do not form a chain on any two-point subset of X.
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extended over r, X). L will denote the set of all restrictions of functions
from C'(OLX .@) to X; clea.rly L < L. For every feL f will denote the
funetion from C(c, X, #) with f = f|X; L will denote the set of all f,
where fe L.

LeMMA 2.1. Let ¢X be a compactification of X and let pye cXN\X. The
following conditions are equivalent:

(a) there exists a continuous function a: cX — [0, 1] such that a(p,) = 0
and a(p) >0 for pe X;

(b) for every sequence ¢, §s, ... of functions in O'~(cX, é) there exists
a function ge é(cX, .%7) and o sequence U, U,, ... of neighborhoods of p,
such that g,| U, < g| U, for n =1,2,...

Consequently, X is Q-closed in ¢X if and only if condition (b) is satisfied
for every pye c X\ X (3).

Proof. We shall first observe that if ¢, ¢5,..., g, are functions
from O(cX, #), F is a closed subset of #" such that (92(D)y vy Gu(D)) e F
for every pecX, and a: F'— 2 is a continuous function such that a{g.(p), ...

..,gn(p))eR for every pe X, then the composition a(gl(p), . ,gn(p))
also belongs to (~7(0X %) in pa,rtlcula,r, O’(cX .9?) ig closed under composition
with continuous functions a: %" — 2 such that a(%") < . This remark
can be used to justify all the algebraic propertles of O’(cX 32) which we
will use in the sequel of this proof (e. g., ¢ (eX, 9‘2) is a lattice; c (eX, 9")
is closed under addition, provided that at least one of the summands is
bounded ¢ (eX, g}) is closed under multiplication of bounded functions;

(cX .%’) is closed under taking reolprocals of functlon g such that g(p) >0

for every pe X). It is also easy to see that ¢ (cX, %’) is closed under uniform
convergence (consider first bounded funections)(*).

Assume (a) is satisfied. Clearly, we can assume the functions ¢,, ¢, ...
from condition (b) are non-negative. Futhermore, considering a homo-
motrphism of [0, 4 occ] onto [0, 1] which takes 0 into 0 and -+ oo into 1,
we see that (b) is equivalent to the following:

(b’) for every sequence g, g., ... of functions from ¢ (eX, é) such that
g, (X) <= [0, 1), there exists a sequence U,, U,, ... of neighborhoods of p,
and a function g in d(cX, ;%7) such that g(X) < [0,1) and ¢,]U,<g|U,
for n =1,2,...

(®) A particular case of this lemma concerning the compactification ¢X = X
has been shown in [8] and it was also stated in [9] (footnote on p. 80).

(%) A concept similar to 15} (eX, 95) have been studied in [4] and some of the
stated here properties of U (cX, #) can be infered from the arguments in [4].
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To show (b’), let U, =c¢X and U, = {pecX: a(p)<1l/n} for n
=1,2,... For every n >0 we can find a function a,¢ 6’(0X, QN}) such
that " «,(p) =0 for pecX\U,_;,a,(p) =1 for peU,, and a,(cX)
c [0,1]. Let us set t, = 1—1/2% g, = max{g,,t}, ¢, = max{gy,...
vy Ons top—mMaxX{gyy oo oy Gpo1y toy} for » =1,2,... and define

oo

g =D agh
n=1
For each pecX and n >1 we have 0 < g,(p) <1—t,_, = 1/2""}, conse-

quently, the above series is uniformly convergent; thus ge C(cX, £%).
If p is and arbitrary point of X, then there exists an ng;n, =1, 2, .
such that pe U, _, and p¢ U, for n>mn, (note that XnMU, = 0).
Then «,(p) = 0 for n > n,; consequently »

9(p) = (agi+ ... +an ) (D)
<g(p) + -0 F 90, (D)
= Max{§;(P)y .+ Iny(P)y tne} <1

and this proves that ¢(X) < [0, 1). Finally, if pe U,, a;(p) = ... = a,(p)
=180g(p) = g1(D)+ ... +gn(P) =1aX{G1(P)y .-+ Gu(P); b} > g p). Thus,
indeed, g¢,|U, < g¢|U,. (b') is shown.

Asgsume (b) is satisfied and let g, = n. Let ¢ be given by (b). Clearly,
we can assume that g > 1. Clearly, as a we can take the reciprocal of g.

LeMMA 2.2. Assume that L is an R-separating sublatiice of C(X, &).
If L is strongly entangled, then L is entangled (relative to ¢, X).

Proof. Let p, gee, X, p # ¢, and f, Je L. There exists an fre L with

fu(p) # fi(q). Let U,, U, be neighborhoods of fl (p) and }l(q) respectively,
with U,nU, = 0. f? [U1] and fi! [UZ] are Lsepa;mted hence there
exists an he I with h|f ' [UJ<fIf7"[Ua] and glf7*[U2] < bIfT [T
Cleaﬂy RIFFUISIfTHUL and §Ifi*[Us]< RIfy[U,]; furthermore

i [U,] and f;'[U,] are neighborhoods of p and g, respectively. Thus T
is entangled (relative to ¢, X).
We shall now prove the main theorem.

2.3. THEOREM. Let L be a sublattice of C(X, R) such that

(a) L is A-separating,

(b) L is strongly entangled,

(e) L is cofinal with L.

Then every homomorphism ¢: L— & satisfying (C,) has a one-point
weak support in X if and only if X is Q-closed in ¢, X.
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Proof. Assume that X is @-closed in ¢;, X and let ¢: L — 2 be a homo-
morphism satisfying (C,). If ¢ is constant, then there is nothing to show;
we shall therefore agsume that ¢ is non-constant. We can consider ¢ as
a homomorphism of L. By Lemma 2.2, L is entangled; consequently,
by Theorem 2.6 in [17], ¢ has a one-point weak support p, in ¢, X. We
shall show that poe X. Assume p,e ¢, X\ X. By (C,) there exists a sequence
fis fay ... of functions in L such that for every r<@[L] and fe L there
is an ke L with ¢(h) < r and f< f,Vv h for some n. Since X is @-closed in
OIA there exists, by Lemma 2.1, ¢ in C (e X, 92) such that for every ,
fnl U,<g¢g|U, is a neighborhood of p,. By (¢), we can assume that ge L.
Since ¢ is non-congtant, there exist ¢,, ¢g.e L with ¢(g,) < ¢(g.). Let
gs =gVvyg,. By (C,), there exists a g,e¢ L such that ¢(g,) <g¢(g,) and
Js < g4.vfn for gome n. But g3| Un 2 gl Un >fnl Un hence g3[ Un < g4| Un'
Since p, is a weak support of ¢, we have ¢(g;) < ¢(g,); consequently,

¢(9:) < ¢(gs) < ¢(g,). This contradicts the faet that ¢(g,) < ¢(g,). Thus
Poe X.

Conversely, assume that X is not @-closed i in ¢r, X. Then there exists

a point pye ¢, X N X such that for every ge O(cLX .J/Z) we have ¢(py) = g(p)

for some p in X. This, in particular, implies that for every fe L, f(p,) is
a real number. Define

(1) o(f) =f(py) for every feL;

clearly, ¢ is a homomorphism with ¢: L — %. We shall show that ¢ satisfies

(C,). Sinee L is cofinal with i, there exists a sequence f,, f,, ... of funetions
from Lwith f, =nforn =1,2,... Let he Land let re ¢ [L]; say r = @(¢g,)
for some g, L. Since 7;(1)0) is finite, there exists a neighborhood U of
po and an n such that h| U< n. Let Z, = {pe X: h(p) < n}, Z, = {pe X:
h(p)>=n+1}. Z, and Z, are L-separated; hence, by (b), there exists
a ¢, in L such that ¢,|Z, < ¢,|7Z, and h|Z,< ¢,|Z,. Since pye Z; (the
closure is, of course, taken in ¢, (X)) we have §,(P,) < §o(Po); 1. €., ®(g1)
< olgo) =7 Let g =g,vge; we have @(g) = ¢(g1)V @(g) = (go) =7-
If peZs, then h(p) < g1(p) < g(p). If p¢Z,, then h(p) <n+1<fupi(p)
Thus f< gV hyyy- (Cp) is shown.

We shall show that ¢ does not have a one-point weak support in X.
Let p be any point of X, let f be any function in L. Since L is cofinal with
i, we can find an f; in L with f(po) <f1(p0). We have p, # p, hence,
using property (ii) (Lemma 1.5) of the compactification ¢, X, as well as
assumption of the present theorem, it is possible to find a ge L such that
f and g agrec on a neighborhood of p, but ¢(g) = §(po) = f1(Pe) >f(P0)
= @(f). This proves that p is not a weak support of ¢.
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The theorem is shown.

We shall now be concerned with homomorphism that map constant
functions into their values. Since some parts of these considerations will
be applied in the next section, we shall state the following two lemmas
for lattices of functions with values in an arbitrary chain. Thus, in what
follows, K is a chain (with the order topology) and L is a sublattice of
C(X, E). For ec E, ¢ denotes the constant function in ¢(X, E) with value e.
If L contains all constant functions, then an E-homomorphism of L (see
[3], Definition) is a homomorphism ¢: L — E with the property ¢(e) = ¢
for every ee H. Of course, the definitions of “L-separated” and “strongly
entangled” apply to this general case.

2.4, LEMMA. Suppose that L < C(X, E) contains all constant functions
and let ¢: L — F be an H-homomorphism. If p, is a weak support of ¢, then
Po 18 @ support of .

Proof. We have to show that for every felL, o(f) = f(p,). Let
6y = f(po). We shall first show that ¢(f) < e,. If ¢, has an immediate
suecessor, then U = {pe X: f(p) < ¢} is an open neighborhood of p,
and fve, = ¢, on U, hence ¢(f)v () = @(fVe,) = () = ¢, therefore
o(f) < e,. If e, does not have an immediate successor, then, for every
¢>e,, U, ={peX: f(p) < e} is an open neighborhood of p, and fve
on U,, and this implies ¢(f) < e. Sinee ¢, does not have an immediate
suceessor, this implies that ¢(f) < €,. In a similar way, we can show that
?(f) = e,-

2.5. LEMMA. Let B be o chain without the last element and B is a cofinal
subset of E. Let I =« O(X, F) be a strongly entangled lattice containing all
constant funcitons and let g: L— F be an E-homomorphism. Then, for
every ee K and every fe L there is a g in L and an e, in B, such that

plg)<e and [f<gve,.

Proof. Sclect three clements ey, e, e, of H, such that ¢(f) < e,
< 6y < ey. If €= ¢,, then there is nothing to show; indeed, as g we can
take f. Assume therefore that e < e,. Let V = {pe X: f(p) < €1}, U = {pX:
f(»)>e)}. V and U are L-separated; consequently, there is a ge L such
that gy<e on V and ¢>f on U. Clearly, f< gV é,; thus, it suffices to
show that ¢(g) <e. Assume @(g) >e; let V, = {pec X: f(p) < ey}, U,
={peX: f(p)>= e,}. V., U, are L-separated; consequently, there is an
he I such that h > e, on V, and k< ¢ on U,. Since VU U, = X, we have
grh<e on X; therefore p(g)A@(h) = p(ga )< e; but ¢(g) >e, thus
#(h) < e. On the other hand, fv & > e, on X; hence o(f)v¢(h) = ¢(fVh)
= 6,; but this is impossible because ¢(f) < e, and ¢(h) < e < e,. This
Shows that ¢(g) < ¢ and the lemma is shown.
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2.6. If LcC(X,2) is a strongly entangled lattice containing all
constant functions, then every R-homomorphism ¢: L — Z satisfies (C,).
Proof. Suffices to let f,, = n for n = 1, 2, ... and apply Lemma 2.5.

From the above we obtain

2.7. THEOREM. Let L < C(X, ) be a laltice conlaining all the constant
functions and satisfying conditions (a), (b) and (¢) of Theorem 2.3. Every
R-homomorphism ¢: L —~ R has a one-point support in X if and only if
X is Q-closed in c; X.

Proof. The “if” part follows from Theorem 2.3, Lemma 2.4 and
statement 2.6. To show the “only if” part, we repeat the last part of the
proof of Theorem 2.3 and observe that the homomorphism defined in
(1) is obviously an #£-homomorphism.

3. Homomorphism of sublattices of C(X, Z). Theorem analogous
to Theorem 2.3 holds for sublattices of C(X,%). If L is a sublattice of
C(X,Z), then by ¢, X we denote the compactification of X obtained
by Lemma 1.5 with F =é, where % denotes the standard two-point
compactification {— occ}juZU{+ oo} of Z. 0 (cX,;'},;), f, L are defined
similarly as in the previous section. We have

3.1. THEOREM. Let L be a sublattice of C(X,Z) such that

(a)} L is Z-separaling;

(b) L is strongly entangled;

(e) L is cofinal with L.

Then every homomorphism ¢: L —% satisfying (C,) has a one-point
support in X if and only if X is Q-closed in ¢p X.

We note that the above theorem is a particular case of Theorem 2.3.
Indeed, a sublattice of C'(X, %) is a sublattice of C(X, &); furthermore,
conditions (a) and (b) in Theorems 2.3 and 3.1 are identical. Conditions
(e) in these two theorems are not identical (ﬁ differs in each case); but
(by part (b) of Lemma 1.5) the compactification ¢; X in Theorem 3.1
is 0-dimensional; hence, these two conditions are easily seem to be cqui-
valent. Finally, by statement 4.10 in [14], a weak support of ¢ is a support
of ¢.

In an analogous way we can obtain (compare with Theorem 2.7):

3.2. THEOREM. Let L be a sublattice of C(X,%) whick contains all
the constant functions and satisfies conditions (a), (b) and (¢) of Theorem
3.1. Every Z-homomorphism has a one-point support in X if and only if
X is Q-closed in cp X.

4. Characterization of the class M. In this section we shall give

a characterization of the class M of cardinals (defined in [12]) in terms
of sublattices of C(X,Z).
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Let X,, denote the discrete space of eardinality m.

4.1. THEOREM. Let m be a cardinal satisfying m™ =m. me M if
and only if there exists a sublattice L of C{X,,, Z) which satisfies conditions
(a), (b), (¢) of Theorem 3.1 and such that

(i) card L =m
and

(i) every homomorphism ¢: L-—>2Z satisfying (C,) has a one-point
support in X.

Proof. If ¢X,, is a 0-dimensional compactifieation of X, with weight
¢X, =m and L is the lattice of all the restrictions of functions from
C(cX,,, Z) to X,,, then, in view of m™ = m, we have cardL =m. Con-
versely, if L is a sublattice of (X, Z) with card L =m, then ¢;, X is
a 0-dimensional and weight ¢, X = m. Thus, by Theorem 3.1, the existance
of an L with the required properties is equivalent to the existence of
a 0-dimensional compactification ¢X,, of X,, such that weight ¢X,, =m
and X, is @-closed in eX,,. Consequently, the theorem follows from
Theorem 5.1 in [12].

An analogous theorem can be stated for sublattices of C(X,, R)
(with support replaced by weak support).

We also have (from Theorem 3.2):

4.2. THEOREM. Let m be a cardinal satisfying m™=™. me M if and
only if there exists a sublattice L of C(X,,,Z) which coniains all constant
functions, satisfies conditions (a), (b), (¢) of Theorem 3.1 and such that

(i) eard L =m
and

(ii) every Z-homomorphism ¢: L-—>% has a one-point support in X.
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