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Some characterization of metric spaces
in which every bounded set is conditionally compact

Let <X, ¢> be an arbitrary metric space. It is trivial that for every
convergent sequence {x,} in X and every point xeX the sequence
{o(®,, )} is convergent. Hence the following question arises:

What are the metric spaces (X, ¢> in which for any sequence {z,} in X
convergence of all sequences {o(x,, %)}, r<X, implies convergence of
(@} in (X, 0)?

The problem stated above leads to a simple characterization of
metric spaces in which all bounded sets are conditionally compact (1)
(Theorem. 2.3).

1. For any sequence {x,} in X let Z({x,}) be the set of all points
xeX such that the sequence {o(x,,x)} is convergent.

L.1. LEMMA. For every sequence {x,} in X the set Z ({x,}) is closed in X.
Proof. Assume that ypeZ({x,}) for £k =1,2,... and limy, = y.

k—o00
Then for every k and every n the limits g(k) = lim g (x,, yz) and h(n)

N—>00

= lim o (@, ¥x) = o(®s, y) exist and the convergence in the second case

k—oo

is uniform for » = 1,2,... Hence (2) the limits lim g(¥) and lim A(n)
k- Nn—>00

= lim o(®,,y) exist (and are equal), so that yeZ({w,}).

N—>00
1.2. LEMMA. If A 48 a countable set in & metric space (X, o), then
every bounded sequence (@} in X contains a subsequence {2} such that
Acz ({wnk})
Proof. Let f,(a) = o(wn, @) for aed and » = 1, 2, ... The sequence
{fn(a)} being bounded for each ae A and A being countable, the sequence
{fa} contains a subsequence {f, } convergent to some function f on A.

(1) A set E in X is called conditionally compact, if B is compact.
() N. Dunford and J. T. Schwartz, Linear operators, I, New Jork 1958,
I.7.6.
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Thus lim ¢(w,,, @) = f(a) for each aed and hence 4 <= Z({z,,}). Since,
k—o0
by 1.1, the set Z({w,,}) is closed, it contains 4.

1.3. COrROLLARY. If X 45 a separable metric space, then every bounded
sequence {Tn} in X contains a subsequence {wy,} such that Z({z,,}) = X.

2. If X is a metric space and A is a non-void set in X, the sequence
{wn} in A4 is said to be a z-sequence in A, if Z({x,}) > 4. If A = X, we
say simply that {x,} is a 2z-sequence.

2.1. Let us note a few simple remarks on z-sequences.

(a) Every =z-sequence in A < X is bounded.

(b) A z-sequence in 4 < X is convergent (fundamental, i.e. a Cauchy
sequence) if and only if it contains a convergent (fundamental) subsequence.

(¢) Evidently, a z-sequence need not to be fundamental (for example,
a sequence with different elements in an infinite space with the discrete
metric).

(d) Now we can state Corollary 1.3 in the form: In a separable metric
space every bounded sequence contains a z-subsequence.

2.2. A metric space (X, o) is said to be z-complete, if every z-sequence
in X is convergent. A set E in X is said to be z-complete (or to be a z-com-
plete subspace of X) if every z-sequence in K converges to a point of E.

It is clear that a z-complete set ¥ — X is clogsed in X but the con-
verse is false, in general. Thus, a complete metric space need not to be
z-complete (cf. 2.1 (e)).

2.3. THEOREM. For an arbitrary metric space (X, o> the following
statements are equivalent:

(a) Hvery bounded set in X 1is conditionally compact.

(b) X s z-complete and separable.

(c) X is z-complete and contains a countable set A such that Z ({x,}) > A
implies Z({x,}) = X, for each sequence {x,} in X.

(d) X 48 z-complete and every bounded sequence {x,} in X contains
a z-subsequence {Tn,}.

(e) Ewvery closed set E in X is z-complete.

(£f) Every bounded closed set E in X is z-complele.

(g) Every bounded separable closed set E in X is z-complete.

Proof. Since every z-sequence is bounded, (a) = (b); (b) = (¢)
is clear by 1.1; from 1.2 we obtain the implication (e) = (d). Suppose
(d) is true. Let F be a closed set in X and let {x,} be a z-sequence in K.
Then {x,} is bounded and contains a z-subsequence {z;,}. X being z-com-
plete, {2,,} converges to an zeX. Since E is closed, we get z<H, and by
2.1 (b), @, —> . Thus (d) = (e). Implications (e) = (f) and (f) = (g)
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being trivial, we shall finally show that (g) = (a). Let {®,} be a bounded
sequence in X, let A be the set of points of {®,} and H = 4. Then F is
a bounded separable closed set in X and F is z-complete, by (g). Therefore
our sequence {@,} of points of £ containes a subsequence {w,,} such that
Z({@n,}) = B, i.e. {2} is a z-sequence in E. Hence there exists an zel
such that x,, — . Thus, (g) = (a).

Remarks. Ad 2.3 (b). The assumption of separability in statement
2.3 (b) is essential, for there exist metric spaces which are z-complete
and non-separable.

This shows the following example: Let X; and X, be two disjoint
sets with the same cardinality 2%. By X, (resp. X,) we denote the class
of all infinite sequences of different elements of X, (resp. of X,) and let f
(resp. g) be a one-to-one mapping from X, onto X, (resp. from X, onto X,).
In the set X = X, U X, we define two metries p; and g, in the following
way:

0, in X; and X, is the discrete metric, and for x'e X, 22¢ X, we put

1, if o £ay, (0=1,2,...),

(xl xz) — ({I;Z (I/‘l — .
s (@, @) 1/2, if &' = @y, for some n,

where {z,} = f(a?).
0 = (1/3) o, in X, and in X,, and for '« X,, v2< X, we put

1/3, ifat#al, (n=1,2,..)

1 2y — 2 1y —
(@ &) = e, o) = {1/6, if 2 =al, for some n,
where {z;} = g(#'). Now, let ¢ = p,-+ 0,. Evidently, (X, o) is not sepa-
rable. In order to show that (X, o) is #z-complete it suffices to verify
that a sequence {,} in X, containing infinitely many different elements,
cannot be a z-sequence. Let {,} be such a sequence. Let {w,,} be its sub-
sequence such that all »,, are different and belong to X, say. Let
Y ——-f“l({wnk}). If {#,,} were a z-sequence, then ¢(a,,,¥y) = const for
sufficiently large k. Hence g,(#n,, ,,¥)+1 = 03(@ny,,y)+1/2 and, con-
sequently, 1/2 = g,(®ny,, ¥)— 02(@n,, ,, %) for large k. But the right-
hand side difference cannot take the value 1/2! If @, ¢ X,, the contradic-
tion is obtained similarly.

Ad 2.3 (¢). A set A such that Z({x,}) > A implies Z({x,}) = X for
each sequence {x,} in X, need not to be dense in X. For example on the
plane every set A = {p,, ., ps}, points p,, p, and p; not lying on the
same line, possesses the above property.

2.3.1. COROLLARY. A normed Ulinear space is finite dimensional if
and only if it is z-complete and separable.
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2.3.2. CorROLLARY. Every infinite dimensional separable Banach space
contains a non-convergent z-sequence of linearly independent elements.

2.3.3. Examples of non-convergent z-sequences in some concrete
Banach spaces.

(a) €<0,1). If ,(t) =" (n =1, 2,...), then for any function x(-)e
«C<0, 15, )}fg l2(-) — @ ()l = max (e (), 1—a(1)).

(b) ¢ — the space of all convergent sequences x = (&) of reals. Let

Xy = (Opx) = (0,...,0,1,0,...), then for any x = (&)ec, lim |z—a,|
N—>00
= max (|||, |1—lim &|). Obviously, the sequence {z,} is a z-sequence
PN

in the space ¢, = {# = (&)ec: lim & = 0}, too; here lim |z—a,| =
ko0 N~>00

max (||lz]}, 1) for any wzeg,.
(e) I’<0,1) (p =>1). Let

0 for 0 <t <1—(1/n),

P (1) =
(1) a  for 1—(1/n) <t < 1.

Then, for any (-)eL”{0,1),lim [lo()—aza ()] = (1+ o ()[")".

(d) 5 (_p >1). Let z, = (5n,k)7 then lim ”w__xn” — (1+]|m”p)1/2) for
each element wel”. 00
(e) m — the space of all bounded sequences z = (&) of reals. Let
®p = (En )y, Where &, =0 for 1 <k <mn and &, =1 for &k > n. Then
for every @ = (&)em, Lim |lr— @, = max(||z], Bimsup |[1— &).
N—>00

2.4. The sequence {z,} given in 2.3.4 (b) is the Schauder base in ¢,;
the same sequence in 2.3.4 (d) is the base in I’. A Schauder base in a Ba-
nach space need not to be a z-sequence, nevertheless the following state-
ment is true: If {e,} is a base in a real Banach space (X, | |>, with
leall = 1 for m =1,2,..., then it contains a subsequence {e,} which is
a non-convergent z-sequence in X. Indeed, by 1.3, {e,} contains a z-sequence
{€n,}. On the other hand, none of the subsequences of {e,} is convergent;
this is an easy corollary of the following Banach theorem:

A sequence {e¢,} of non-zero elements of a Banach space (X, | ||,
linear combinations of which form a set dense in X, is a Schauder base
in X if and only if there is a constant K > 0 such that for all positive
integers p, q (p < ¢) and any reals ¢,,%,,...,%,, ..., {, the following con-
dition is satisfied: [[t,e,+ ... +tpepll < Kitjey+...Ftpep+ ... 1,64
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