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ON THE ROBUSTNESS OF MULTIPLE REGRESSION COEFFICIENT
ESTIMATORS OBTAINED BY THE p-POINT METHOD

1. Introduction. The present paper is a continuation of [4]. Our aim is to

Compare the robustness of the estimators of the multiple regression coefficients
9, ay, ..., a, in an extended Gauss-Markoff model, obtained by the p-point
'me.thOd which was described in [4] and [5] with the robustness of the
SStimators of the same coefficients obtained by the least squares method. The
CXtended Gauss—Markoff model is presented in Section 2.

In [4] and [5] the following model was considered:

(1) K = ao+a1(xi1_x-1)+ - +ap(x,~p—fp)+'8i,
Where

Xi1s ..., X;, are the constants determined by the conditions of the i-th
Sample,

) _YE for i=1,...,n are the independent random variables with the
distributions

Fl(y) - F(y—(a0+ al(xl:l»_fl)"' “o +ap(xip_“ip))),
F is any distribution satisfying the conditions
' Eq(e)=0 and Di() ="
4 In the sequel, the model (1) is called the model M. The sample in {4] was
termined as follows:
) Co = {(Xsys-ve» Xipy ¥ i=1,...,n} < R* x R.
The projection ‘
Q(Co) = {(x;15 --e» Xy i=1,...,n} < RP,

Where O R? x R — RP is a projection operation which does not change the first
p4000rdinates. The image of this operation is called the plan of an experiment. In.
h 1 the set C, was divided in p manners into two disjoint subsets each time, i.c.,

. the pairs of subsets C,, C4, ..., C,. C, are a result of this division, then for
ach pair C,, C; we have '

C,uC,=C, and CnC,=0.
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The estimators of the regression coefficients a,, a,, ..., a,, obtained by the
p-point method are determined as the coefficients of a p-dimensional hyper-
plane passing through the gravity centers

go = (f],s LA x_p: J7), gr = (x—'].., sy x-rp’ fr)’ r= 13 Ty p,
of the sets C,, C,, ..., C,, respectively, where C; = R°*! and C, < C, for

b p’
i=1,..., p. Assuming that the determinant (denoted by W) of the matrix

|: X1—% ... fp—ip]
f‘l,—fl P fg—f

is different from zero, the estimators of the regression coefficients are expressed
by the formulas

A3) o=y, a=W/W,i=1,.., p.

By a simple transformation we can write (3) as follows:
A = s 12
3 do =7, a,-=ai+-WZ(E'—é)W;i, i=1,...,p.
r=1

The determinant W, appearing in (3) is obtained from W by replacing the i-th
column with the vector (7' —7, ..., 7 — 77T, W, is the algebraic complement of
an (r, i) entry in the matrix W, and

I _
s—;i;si, g —FZSE, k,=cardC,,

T ieC,
Co={l,...,n}, C,={ieCy (xyy,.... X;p, y)€C,}.
In [4] it is proved that under the assumptions of the model M,, the estimators
d; are unbiased, consistent and asymptotically normal.
2. The extended Gauss—Markoff model. Let us consider the following
extension M of the model M
(4) Y; =aO+a1(xi1_f1)+"'+ap(xip—fp)+si’ [= 1""’"’
where :
Y, for i=1,...,n are independent random variables with the dis-
tributions
Fl(y) = Hl(y"‘(ao""al(xll —f1)+ eve +ap(xip—ip)))3
H; are any distributions with the first two moments finite.
From the assumptions (4) it follows immediately that in the model M
Egle)=m; and D%(e)=o?.
THEOREM 1. For i=1,...,p
1

©) biasd; = E(d;)—a, = 7MW,
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Where

MT = (M,—M,,..., M,—My), WI=(W,,...,W,),

1 1
M,=k—Zm,-, M0=;Zm‘-.

rieC, ieCo

The proof of Theorem 1 follows from (3) and from the assumptions of the
mode]l M.

THEOREM 2. The risk R(4,) for the estimators d;, i =1, ..., p, with square
loss function is expressed by the formula

. . 1 1
©) R(@) = B(li=a) = 5 WT AW A (MW,
Where the vectors M and W, are defined above, A = [a,], and
(7) a. = 1 J..—L ' a'-—|—-i G..
" kk, ieC,-ZnC, © o onk, iecgr:\c, "on? iezc:o )
1
- " =1,...,p.
"ksiecgr:\csa"’ e P

The proof of Theorem 2 is based on the identity
®) R(j) = E(j—7)? = varj+(biasf)?,

Where y js any parameter and 7 is any estimator. From (4) it follows that the
COvariance matrix of the vector d = (d,, ..., 4,)7 is of the form -

covd = W lr(cove)rT (W™ 1) = [W, AW,],

Where
- 1 1 -
k_III_EI 6, O
r= 1 .. .l. ) COvVeE =
—717—--1 0 ann
_kP h _

L'is a row vector with elements equal to unity, I' is a row vector with k,
eleFnents equal to unity and n—k, equal to zero. The r-th element of the vector

15 1 if the r-th observation belongs to the set C, and 0 otherwise. An (r, s)
entry in the matrix 4 = r(cove)r” is equal to the expression (7). The second

C(f’mponent of the right-hand side of the expression (8) is equal to the square
Of (5).

3. The robustness of regression coefficients in factorial experiments. By
f®ason of the accepted regression model, in which the values of the independent
Variables are appointed in advance, to compare the influence of contaminations
N estimators obtained by the p-point method with the influence of these
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contaminations on estimators obtained by the least squares method, we restrict
ourselves to the factorial experiments based on a plan of the form

Q(Co)= X Ty,
i=1
where
T, = {ih/Z, +(h/2+h), ..., i(h/2+(k~—-1)h)}, heR, n= (k).

We divide the set C, in p manners into two subsets. For each of these divisions
we define

Cr={(xi11---’xip,yi): xir>0}s r=1,...,p.

Hence

x,=0 forr=1,...,p,

o= kh/2 for i=n, . 1
7)o fori#r,l’r- »oees P
kh/2 0
W= ,
0 kh/2

k,=n/2=Q2kP/2 forr=1,...,p.

The formulas (5) and (6) for bias and risk can be written in the simpler form

(9) bias d, = %M_")
42k)77 Y of +(M,— M,)?)
(10) R(g) = iec"k, 2

Now, we are going to obtain the same quantities for the least squares

estimators of the regression coefficients in the extended model M for the same
r

plan X T,. Let X = [x;—%]=1[x,), i=1,...,n, k=1,...,p, be the
i=1 '
matrix of the plan of the experiment and let Y be an observation vector of the

random variables Y, ..., Y,. Then the vector of least squares estimators is of
the -form

b= (XTX)"1xTY.

P
For the plan X T, we have
i=1

XTX = [_;x""xiﬁsjk]a Jok=1,...,p,
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Where 0, denotes the Kronecker delta and

", _ kPR 1)
RS 2

Hence
12
S = (XTX)"'X s

bias b = E(h)—a = E(X"X)"'X"Y)—a

= E(X"X) "' X"(Xa+8)—a = (X"X) ! XTE(s) = s[ml]

m,

Which implies
12 > x,m,
(11 : _ i=1

) biash, = Grphi @it 1y

covh = S(cove)ST,

Whence

(12)* 3, x3o}
b, = 1 :
= R @k 1)
By the formula (8) we get

122 ¥ x2a?+(T xym’]
: i=1

(12) RE) = ——Gomae—1y

In order to compare the robustness of the p-point method estimators with the
Tobustness of the least squares estimators we find (applying Hampel’s definition
[11*[3]) the influence functions for the bias and risk of these two kinds of
SStimators. To do this, we assume that a contamination arises only for the i-th
0l"ser\ration, which is identified with the point (x;,, ..., x;,) € @(C,). This means
that the following restrictions are introduced in the model M:
H;e{F} for j # i,
Hie{l—a)F+ad; 0<a<1} for j=i,
Where §_ denotes the distribution concentrated at the point xe R. Let us define
the.functional T: # - R, where 2 is the family of distributions of the joint
Variable (Y,,:.., Y,) of the form
P={Fy,....F,_\,(1—0)F;+ad,, F;,\,...,F): 0<a<l1,i=1,..,n}.
The following expression is set up as the influence function of the functional T:
T(P,(x))— T(P0))
o

ICy(x]x;q, ..., x;,) = lim

a—=0
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if the above limit exists, where
P(w)=(F,,...,(1—)F;+ad,, F)e2.

THEOREM 3. For the bias and risk of the p-point method estimators, the
influence functions are expressed by the formulas

2|x|
(13)  Ctasi (X115 -y )| = k)Pkh’
= 1 wsss Pa
4|2 x* —a?|
(14) [IC ey XX ;15 - -5 X3 =

2kyk*h?”
Proof of (13). Under the assumptions of the model M, it follows that
m(F)=0 fori=1,...,p,
m;(1—a) F;+ad,) = (1—a)ym;(F;)+ax = ax.

Hence, taking into consideration the formula (9) and putting in the definition of
the influence function T = bias(4,), we have

T(P,(2)) = ki{ [ miF)+m(1=o)F+as,)]

i#£j

—E[ >, m(F)+m((1 —oc)F,.-+a5x)]}

ieCo
i#j

2 (g 1) 2xa
AU A T
T(P(0)) =0 o

Hence we obtain the right-hand side of (13).

In the proof of (14) we use the definition of the functional T and the fact
that under the assumptions of the model M, we have

ot (F) =0, o}((1—a)F;+ad,)=(1 —a)o?(F)) +ax?.

THEOREM 4. For the bias and risk of the least squares estimators (see (11)
and (12)) the influence functions are expressed by the formulas

i 12x.x
(15) ' IICbiasb,-(xlle LR xjp)l = (Zk)phz(‘;kz - 1)}’

) 144x2(2x2 —62)
(16) |ICR(br)(x|xJ'1 LRSS AL xjp)l = (Zk)2p22(4k2 _ 1)2} >

r=1,...,pj=1,...,n
The proof of this theorem is analogous to the proofs of (13) and (14).
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In order to compare the influence functions for the estimators obtained by
both considered methods we calculate the quotient

‘ IChiass, (XIxjg, .-, X)) 6|x. |k
Clxlxy, .., x,p) = o OH o Xp)| 61,
r(x!le, » x}P) |1Cbiasa‘;(XIxj1, s xJp)I h(4k2— 1),

The function C,(x|x
Hence

j=1,...,n.

.» Xjp) = C,(|x,1) is increasing with respect to |x,]|.

Jis - J

C.(h/2) < C,(h/2+h)... C,(h/2+(k—1)h).
We put h> 0. If k is large enough, then the inequality
1< Cxlxy, .05 X;,) < 3/2
holds. This implies the following

~ THeOREM 5. If in the extended Gauss—Markoff model x . Satisfies the
inequality

Ixjl = h/2+% kh,

jr
then for appropriate k

1<Cx)<3/2, j=1,..,mr=1,..,p.

CoroLLARY 1. If we take into consideration the points of factorial ex-
Periments with the plan

ASsociated with a level greater than or equal to %k, then for sufficiently large k the
‘as-robustness of the p-point method estimators is greater than - the
'as-robustness of the least squares estimators. '

Analogously, considering the function

) — 'ICR(S'_)(xlle, “esy xjp)l
P HCry(Xlx ), - -y X5,)|
We can formulate the following theorem:

. THEOREM 6. If in an extended Gauss—Markoff model x  satisfies the
Mequality

K, (xlx;5 .-, X;

|x;| > h/2+%kh,
then for appropriate k
1<K (x,} <32, j=1,...,nr=1,...,p.

CoROLLARY 2. At the points of factorial experiments with plan C, as-
S?Ciated with a level greater than or equal to %k, for sufficiently large k, the
Misk-robustness with respect to the square loss function of the p-point method
®timators is greater than the risk-robustness of the least squares estimators.
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