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Estimation of the sixth coefficient in the class
of bounded univalent functions with real coefficients

by A. ZieLiNskA and K. Zyvskowska (Lod3)

Abstract. Let S, (M), M > 1, denote the family of functions of the form

() Fe) =24 T Agpz"

n=2
holomorphic and univalent in the disc K = {z: |z| < 1} satisfying the conditions
1° |IF(z) < M for zeK,
? An,: = An‘u rof n= 2, 3, aen

In the present.paper it is proved that there exists a constant Mg, Mg > 1, such that,
for all M > M, and every {unction FeS, (M), the estimation

Agr < Ps(M)

holds, where Pg (M) is the sixth coefficient in Taylor expansion (1) of the function w = P(z, M)
given by the equation

wl—~wM~1)"2 = z(1-2)"2, P(0,M) = 0.

The proof avoids complicated integration of the diflerential-functional equation involved.

1. Introduction. Let S denote the class of functions
(1) Fz)=z+4 ) Ayz"
n=2

holomorphic and univalent in the disc K = {z: |z] < 1}. Bieberbach [1]
obtained the estimation

@) |[4z¢t < 2
for functions F of class S, equality in (2) holding only for the Koebe function
(3) F(z) = z/(1-¢€"2)?, te<0,2n).

The fact that function (3) is extremal also with respect to some other
functionals (e.g. |[F(z)l, |[F'(z)l, ze K, FeS) and its n-th coefficient is equal
to n allowed to formulate the supposition that the coefficients of every
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F € § satisfy the estimate
C)) Al <n, n=2,3,..

Many authors have been concerned with the verification of this hypothesis.
In particular, positive results were obtained e.g. for n = 3,4,5,6 ([12], [5],
[2], [16], [15], [14]). In some subclasses of the family S it was possible to
obtain estimation (4) for every n. And so, let S — S denote the subclass
consisting of functions with real coefficients, i.e. A,y = A, for n = 2,3, ...
J. Dieudonné [3] proved that estimations (4) hold in the family S, equality
taking place only for function (3) with real coefficients.

The above mentioned of Dieudonné is a premise for our [urther consider-
ations. Another premise comes from some previous results concerning prop-
erties of the subclass S, (M), M > 1, of bounded functions ([4], [17], [18],
[13], [8], [7], [19], [20], [26], [9))

Let Sx(M), M > 1, denote the family of functions of form (1) which
are holomorphic and univalent in the disc K and satisfy the conditions

I° |F(z)) < M for zeKk,

2 Ay =Ay forn=23,..

Of course, for every M > 1, S, (M) < Sg.

It is known that (e.g. [17], [19], [26]): for any fixed M > 1 and every
function F e Sx(M)

) Ay < 21-M7Y);
for any M > 11 and every function Fe Sy (M)
(6) Ay <2Q2-10M 1 +15M " 2-TM73).

Equality in estimations (5), (6) holds only for the Pick function w = P(z, M)
given by the equation

¥) w(l—-wM )2 =z(1-2)"2

(P(0, M) =0, P(z, M)e Si(M)). Moreover, estimation (6) is not true when
M is sufficiently close to unity (cf. [21]-[24]).

Z. ). Jakubowski has raised the following question: does there exist,
forevery N = 2,4,60, ..., a constant My, M, > 1, such that for all M > M,
and every function F e S (M) the estimation

@) Ane < Py (M)

takes place, where P, (M) is the N-th coefficient in Taylor expansion (1) of
the function P(z, M).

In the present paper this hypothesis is verified for N = 6. Its solution
for an arbitrary even N will be made the object of the next publication.
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Let us notice that for functions of class S,(M), M > 1, the estimation
Ay S 14202-4M'4+M™2 fore< M < 4+

is well known ([8], [11], [18], [25]), where A is the.greater root of the
equation A logi = —M™1 As is seen, the Pick function is not extremal
in this case, and so hypothesis (8) is not true for an arbitrary odd N.
Consequently, an analogous problem for N odd requires separate consideration.

2. The equation of extremal functions. Let us consider in the family
Sk (M), M > 1, the functional

® H(F) = Ag,

This functional is continuous and the class is compact; thus there exists
at least one function for which functional (9) attains its maximum. Denote

by % the family of all functions maximal with respect to functional (9)
in the class Sy (M).

It follows immediately from the main theorem ([4], p. 8) that if

F(z) = z+ ), A, z" is an arbitrary function of the family &, then the
function "=2

1 e.0]
w = f(Z) = VF(Z) = "glanfz"s
alf = l/M, a"f = (I/M)A"‘., n= 2, 3,--.,
satisfies the differential-functional equation

(10) Ew/wREMw) = NGE), 0< |z < 1,

where

6
Mw) = ) ag}(w"’+ -1_1 )-‘3,
=2 w

: 1
R(z) = Sag,+ .Zz(7~j)a7-,-.f(z"‘+ g )—?B,
(11 "

©

f™z) = Y a™z", m=2,3,..,

0<x<2n

6
P = min [ Y 2a¥) cos(j—1)x].
=2

3. Auxiliary theorems. Before we proceed to the investigation of the
equation, we prepare a few lemmas.

Let us introduce the one-parameter family 2 = (P(z, M))mer,+ o) Of
functions w = P(z, M), ze K, satisfying equation (7) and the condition
P(O,M) =0, Me(1, + ). Each function of the family # can be repre-
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sented in the form

1(1—-z)*— - 2
12) P, M) = 2MZHMIA=2) M(lzzz)\/M[4z+M(1 1

zeK, Me(l, + ),

where the branch of the root has been fixed so that at the point z = 0
the function assumes value M. It is known that for every M, M e(1, +0),
P(z, M)e Sx (M).

Denote

P(z,M)=z+ ) P,(M)z", :zeK, Me(l, +»),
n=2

(13) Fo(2) = = z)’ Z nz", zek.

From formulae (12), (13) follows

LeMMA 1. Let (M,),-y.,,.. be an arbitrary sequence of real numbers,
M,>1,h=1,2,.., such that lim M, = +o, and let (P(z, M, )p=1.1, ..

h—+ o
be the sequence of functions of family 2, corresponding to it. Then, for
every number ¢ > 0 and any closed set A — K, there exists an hy such
that for all h > h, and z€ A we have

IP(z, M,)—Fy(z)] < e.

Remark 1. It follows immediately from the Weierstrass theorem that
hlirP P,(M)) =n,n=2,3,.., for any sequence (M,),-, , . fulfilling con-

ditions of Lemma 1.

LEMMA 2. Let (M,,),.,,_z,,,_ be an arbitrary sequence of real numbers,
M,>1,h=1,2,..., such that lim M, = +o0. From each of the fam:hes

h—+o
Fuiy h=1,2,..., let us choose arbitrarily one function F,(z) = z+ Z A,z"
n=2
and consider the sequence (F)), = ... Then, for every number ¢ > 0 and any
closed set 4 — K, there exists an h, such that for all h > h, and zed
we have

|Fa(@)—Fol2) < e.

The proof is a consequence of the inequality Pg(M,) < Ag, < 6,
h=1,2,..., of Remark 1, of the fact that F, is the only function in the
family S, for which Ag = 6, and of the Vitali-Osgood theorem.

Remark 2. It follows immediately from the Weierstrass theorem that
for every sequence of extremal functions (F,),-, , . fulfilling conditions of
Lemma 2, and for any n, n = 2,3,..., hm A,,,l = n
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Since the sequence (M,),-,.,... and the sequence of extremal functions
(Fyh=1,2,.., corresponding to it have been chosen quite arbitrarily, we obtain
immediately

CoroLLARY 1. If. for every Me(1l, + ), any function F of form (1)
(A = Ay (M), n = 2,3,..)) belongs to the family #,;, then, for every n,
n=2,3,..., and any ¢ > 0, there exists an M, such that for all M > M,
and every function Fe %), we have

IA”’.""nI < €.

LEMMA 3. Let (M',,),,=1_2,,__ be an arbitrary sequence of real numbers,
M,>1,h=1,2,..., such that lim M, = +o0o. From each of the families

ho+o

Frip h=1,2,..., let us choose arbitrarily a function F,(z) = z+ Zz A,z"

and consider the sequence (F3),-..., where m is a fixed natural number,
m > 2. Then, for every number ¢ > 0 and any closed set A — K, there exists
an hy such that for all h > hy and ze A we have

|FR(2)—F3(2)l < e.

The proof is a consequence of the common boundednes of the sequence
(Fi)s=1,2,... in every closed set contained in the disc K, of Lemma 2, and
of the Vitali-Osgood theorem.

Remark 3. Let (F}),-,,,... be an arbitrary sequence fulfilling conditions
of Lemma 3. Denote

Fro)= Y AP, h=1,2,..,m>2,

@™

F2(z) = Z ARz, m>= 2.

It follows immediately from the Weierstrass theorem and from Lemma 3
that

lim A = AD, n=m, m+1,..., m> 2.

h—=+ax

From this remark, in view of the fact that the choice of the sequences
(My)y=1.2.... and (Fp)p=y,2,.. in Lemma 3 has been arbitrary, we obtain,
in turn

COROLLARY 2. Let m, m = 2, be an arbitrary fixed natural number. For
every Me(l, + ©) and any function Fe % ); let us denote

(14 Fx)= ¥ APz zeK (AP = APM), n = m,m+1,..).

Then, for every n, n =m, m+1,..., and every number &¢ > 0, there exists



250 A. Zielinska and K. Zyskowska

an M, such that for all M > M, and every function Fe.%,; we have
AT — AR < &,
where the numbers AU, n=m, m+1,..., denote the coefficients of the
Sunction F{(2), defined in Remark 3.
LeMMA 4. Suppose that
1° n is an arbitrary fixed natural number;

2 (Coi, Cyps -5 Codre(t, + ) s a given family of. (n+1)-element sequences
of sets of real numbers;

30 (61 = '{(Co (t)7 cl (t)s seey C,, (t)): cO (I)G COn cl (t)e Cln "':,,cn (t)e Cm}, te
€(l, +o);

& there exists a sequence of numbers (cq,c,,...,¢,) which satisfies the
condition: for every n > O there exists a t, such that for all t > t, the
condition (c, (t), ¢y (1), ..., c, ()€€, implies Jnax le () —cl < m;

5° Wo(z) = coz"+c 2" '+ o ey W= Wiz, 1) Wiz, t) = co(t)"+
+e, ()2 T+ L+, (1), (o), ey (D), s cu (D) €F ), te(l, +00).

Then, for any number ¢ > O and every closed and bounded set A, there
exists a t' such that for all t > t' and every W(z,t)e W, we have

Wz, )—Wo(2)l < ¢
Jor ze 4.

Proof. Let us take any number & > 0 and a closed bounded set 4.
Denote

L, = max {sup |z{, sup |z|", 1}.
€d

2ed 2
By 4°, there exists a ¢ such that if t > ¢ and W(z,t)e #,, then, for
every k, k = 0,1, ..., n, we have |, (t)—¢,| < n, where n = ¢f(n+1)L,. Then
Wz, t)— Wo (2)l

< leo () ~collzI"+ley (=il 121"+ ... +lep()—cof < nn+1)L,; = ¢,

which concludes the proof.
Remark 4. If assumptions 1°-5° of Lemma 4 are satisfied and if
€ Wz) £ 0,
T W,(z) has a k-tuple zero at some point z,,

then it follows from the Hurwitz theorem that there exists a ¢ such that
for all t > ¢’ each of the polynomials W(z, t)e #°, has exactly k zeros in
every sufficiently small neighbourhood of the point z,.

LEMMA S If
(15) Ly(z) = 284227 +42° 4+ 62° + 924 + 62° +422 + 2z + 1,
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then L,(z) can be factorized in the following way:

2
(16) Ly(z) = lil (z-z)(z—2)(z—1/z)(z = 1/2),

where |z < 1, imz, # 0, k = 1,2, and z, # z,.

Proof. Let us first suppose that polynomial (15) has in the disc K one
double root z, such that imz, # 0. Then it follows from the symmetry
of the real coefficients of the polynomial L,(z) that

(17) Lo (2) = (z—z¢)* (2= 20)* (2 —1/20)* (2~ 1/Zo).

The comparison of the coefficients of polynomials (15) and (17) gives an
inconsistent system of equations, so that factorization (17) is impossible.

Next, suppose that L,(z) has in the disc K a real root r. Of course,
r# 0, —1 <r < 1. Applying the substitution r+1/r = R, we reduce the
equation L,(r) = 0 to the following inconsistent equation:

R*+2R*+3 =0, |[R > 2.

Consequently, this supposition is false, too.

In an analogous way we prove that the polynomial L,(z) has no roots
on the circle |z| = 1. Thus the only possible factorization of the polynomial
Ly(z) is (16).

4. The basic theorem.

THEOREM. Let Sx (M), M > 1, be the families of functions F(z) = z+

®
+ Y A,.z" holomorphic and univalent in the disc |z| < 1, having real
n=2

coefficients and such that F e Sy (M) implies |F(z)] < M. Then there exists
a constant Mg > 1 such that for all M > Mg and every function Fe Sy (M)
the estimation

35 140 210 66

VM VI Ve VO Ve

is t.rue. The only function for which with a given M, M > Mg, equality
holds in estimation (18) is the Pick function w = P(z, M), P(0,M) =0,
given by the equation

w _ Z
(I—w/M)* — (1-z)*"

The proof will consist of three parts.

I° Factorization of the right-hand side of the differential-functional
equation (10) for M sufficiently large. Let Fe#,,, w = f(z) = (1/M)F(2).
Multiply both sides of equation (10) by M; then the function f(z) satisfies
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the following differential-functional equation:

(zw/w)PMWw) = N(z), 0< |z <1,
where

Mw)=M-Mw), N@)=M-N(),
with M(w) and N(z) defined by formula (11). Let us recall the notation
(cf. (14) and (11)):

a

Frz) = Y AWz, m=2,3,..,

") = Y aPz", m=2,3,.

From the relationship
F(z)= M-f(z)
it follows at once that
AP =M"ap, m=2,3,..,n=mm+l,..
Thus
(G 1 N@@) = Np(2) = 5A6r+ 545, (z+1/2)+4A4,, (22 +1/2%)+

+ 345, (23 +1/23)+ 24,5, (24 + 1/2*)+ A, (2° +1/2°)- P,
~here

g & A
20 P =P, =2 min cos X+ cos 2x+ cos 3x+
( ) F 0<x<2n [ Al Alz A43

AS 4)
+ 1\;‘: cos 4x + 1\;; cos 5x |.

It follows from Corollary 2 that for every 7, > O there exists a constant M’

such that for all M > M’ we have max |4Y}/M’~!| < y,, and, in con-
2<j<6

sequence, for every ¢, > O there exists an M’ > M’ such that for all
M > M’ we have |P| <&, where P is given by formula (20). In. turn,
from Corollary 1 it follows that for any 7, > O there exists an M” such
that, for every M > M", Irp?(xh |A;—jl < n, holds. From the above and

from Lemma 4 we obtain that for any &, > 0 and any compact set 4, there
exists an M"’ > max {M’, M"} such that for M > M" and for every ze 4
the estimate

|z* (N(2)= N, ()] < &,



Class of bounded univalent function 253
is satisfied, where N(z) is given by formula (19) and
No(z) = 30+25(z+1/2)+16(z2 +1/z2)+9 (22 +1/23)+4(z* + 1/2*)+(z° + 1/2%)
= ?ls— (2" +42° +928 + 1627 +252% + 3025 + 252* + 162% + 922 +4z+ 1).
Note that

12
N = 5 L),

where L, (z) is given by formula (15). Then by Lemma 35, the function N(z)
has on the circle [z} = 1 exactly one double root z = —1 and four single
complex roots z,, z,, z,, z, inside the circle. Let us surround all the zeros
of the function N, (z) with sufficiently small, disjoint discs. From Remark 4
we infer that there exists an M, > M such that for all M > M, the
zeros of the function N(z) lie, respectively, in the chosen neighbourhood
of the zeros of the function N,(z); in each of these neighbourhoods the
number of zeros of the two functions (considering multiplications) is the
same.

Let Z, 2] < 1, be a root of the function N(z). Then, for M > Mg,
it lies in one of the neighbourhoods of the points z,, z,, Z;, Z, and is
a single complex root or it lies in the neighbourhood of the point z = —1
and is a single real root (for if it were a double complex or real root,
there would exist in this neighbourhood four single roots %, Z, 1/Z, 1/Z or
two double real roots Z, 1/Z, respectively).

Next, let Z# —1 be a root of the function N(z), lying on the circle
|z| = 1. Then it lies in the neighbourhood of the double root z = —1 of the
function N,(z). Since N(z) is non-negative on the circle [z| = 1 [4], the
multiplicity of such a root is at least 2; besides, in the same neighbourhood
there must lie root Z of multiplicity at least 2, which contradicts the fact
that the function N(z) must there have exactly two roots (considering
multiplicities). Consequently, if there exists any root of the function N(z)
on the circle |z] = 1, it must be equal to —1. It follows from the property
_of the function N(z) [4] that such a root must exist, which allows to
exlude the case where, in the neighbourhood of the point —1, a single real
rooi lies inside the disc |z| < 1.

Finally, for M > M, the function N(z) has on the circle |z] =1
exactly one double root z = —1 and two pairs of conjugate single roots
inside this circle, that is,

1 2 - .
(21) N@) = —(z+ 1y? il:[l (z-2)(z—2)(z—1/2)(z—1/Z),
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where .
|2k|< l, Zk;éf,,, k=l,2 al‘ld ZI#ZZ'

2 Discussion of the differential-functional equation (10). It follows from
the above considerations that, for M > M., every function w = f(2)
= (1/M)F (z), FeF ,;, satisfies the differential-functional equation

(22) zw'/wPEMw)=N(z), O0<]|zl <1,
where
1 A(G) A(5) A(4) A(3)
23) MWw)= My(w) = |:M5 wl®4 e w? + VE wi+ e w+
AZ) A2 AR A A®) A®)
6 _ s 6F 4 3 2 6F 6F
+Mw Pw+—Mw+M2 +M W+M4W+M5]’

and N(z) and P are given by formulae (21) and (20), respectively. Since the
function M (w) is symmetrical, with real coefficients, we see that if M(w,) = 0
then also M (wgy) = 0, M(1/wy) = 0 and M (1/w,) =0

We infer from equation (22) that the images w, = f (), k = 1, 2, of the
roots Z, of the function N(z) are roots of the function M (w), since f'(Z,) # 0,
k = 1, 2. Besides, from the univalence of the function f it follows that w, # W,
and W, # w,, k = 1, 2. It is also known [4] that the function M (w) has on
the circle |w| = 1 at least one double root w,. On account of (23) and the
above properties of the function M (w) we have w, = 1 or wy = —1. Thus
the function M (w) has the following factorization:

1 ~ 2 o -~ -~ -
249 Mw= F(W—WO)Z hﬂl (w—w)(w—w) (w—1/w, ) (w—1/w,),
where
|W,,| < l, Wk ¢ \i’k, k = 1, 2, and VT"I # \K’z and WO = il.

It is known (cf. [19], [6]) that every function f(z) = (1/M)F(2), FeF ;,
maps the disc |z| < 1 onto the disc {w| < 1 with slits along a finite number
of analytic arcs. If w is the initial point of such an arc, lying on the circle
[w| = 1, then, by (22): M (w) = 0, since at the pre-image z of this point
the finite derivative w = f’(z) does not exist and the right-hand side of
equation (22) has a finite value. According to (24), for M > M, the function
M (w) has exactly one root w, on the circle |w| = 1, and so, it must be the
initial point of the only slit in the image of the disc K under the mapping
w = f(z); then, from the properties of the classes Sg(M) considered it
follows that slit is rectilinear and lies on the real axis.

At the same time, the point z,, |z,] = 1, which is the pre-image of the
opposit end point w, of such a slit, must be, again in virtue of (22), a root
of the function N (z), since in the neighbourhood of such a point the function
f is twofold, and so wy = f'(z,) = 0. In view of (21) we get z, = —1.
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Note that also w, = —1. Indeed, taking account of (21) and (24), we
may write equation (22) in the form:

(z::' )Z%M—WO)Z ﬁ (w—w,,)(w—wk)(w__L-) (w——}_)

k=1 Wy Wy

1 2 1 1
=—@c+1)*[] (z—Zk)(z—Z,,)(z———\(z——-—\', 0<|zl <1,
z k=1 Zx / Ik

from which it is easily seen that the function w = f(z) transforms the
negative real half-axis onto the negative real half-axis. Consequently, the image
of the point z, = —1, being the end point of the slit in the image of the
disc K under the mapping w = f(z), lies on the negative real half-axis;
and so, the point w = +1 cannot be the initial point of this slit, since
w = 0 belongs to the image under consideration.

Reconsidering, for M > M, every function w = f(z) = (1/M)F(z),
Fe.#,,, maps the disc |z] < 1 onto the disc |[w| < 1 with the only slit
along the negative real half-axis, with the initial point w, = —1 and the
terminal point w, = w,, w, < 0.

¥ Construction of a function maximal with respect to functional (9) in
the class Sy (M) for M > M. It is known that the functions p(z, M)
= (1/M)P(z, M), M > 1, where P(z, M)e.”, map the disc K onto a disc
with a slit along the negative real half-axis, with the initial point w = —1
and the terminal point r,, = 1 -2M+2./M(M —1) (cf. [17]).

For a fixed M > M, let us choose an M, so that the image of the
disc |z| < 1 under the mapping w = p,(z) = p(z, M,) should be identical
with the image of the disc K under the mapping w = f(z) = (1/M)F (2),
Fe .7, , obtained in the second part of the proof; in other words, we choose
the M, so that ry,, = w,. From Schwarz’s lemma we obtain M = M, and
po '(f(z)) = z. Thus finally, f(z) = po(z), ze K.

From the above reasoning it follows that, for a given M, M > M,
the only function maximal with respect to functional (9) in the class Sy (M)

is the function P(z, M) = M-p,(z) = ) P,(M)z". We calculate the sixth
n=1

coefficient of this function by making use of (7). We obtain

35 140 252 210 66
PG(M)=2(3— )

MM M MW
and so, estimation (18) holds, which concludes the proof of the theorem.

5. Final remarks. It is evident that if Fe S, (M), M > 1, the function G

defined by the formula: G(z) = —F(~—z), ze K, belongs to S, (M), too.
Thus the theorem just obtained implies

4 - Annales Polonict Ma'hematrici XL.3.
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CoOROLLARY 3. For all M > Mg and any function F € Sy, (M), the estimation
Agr 2 —Ps(M)

takes place. The only function for which equality holds is the function
P(z) = —P(—z, M)

The problem of determining a minimal M, such that for all M > M,
the Pick function is an extremal function, remains open.

At last, let us notice that it was possible to carry out the proof of the
theorem without complicated integration of differential-functional equation

(10) (cf. [10]). Instead, its properties and the result of Dieudonné had to
be employed.
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