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1. In this paper we consider Borel probability measures on the Eucli-
dean space RY. With the topology of weak convergence and multiplication
defined by the convolution, the set of all such measures becomes a topolo-
gical semigroup. We denote the convolution of two measures i and u
by Asu, and the probability measure concentrated at the point ae RY
by d,. The characteristic function 2 of a probability measure 1 on RY is
defined by the formula

Ma) = [expli(z,y)}A(dy),
RN

where (2, ¥) denotes the inner product in RY. We call a probability measure
on RY full if its support is not contained in any (N —1)-dimensional
hyperplane of RY.

Let {X,} be a sequence of independent and identically distributed
RY-valued random variable . Consider affine modifications of partial
sums

(1) An ZXk+a'n7
k=1

where {4,} is a sequence of non-singular linear operators on R", and {a,}
a sequence of vectors from R~. The limit distribution of (1), if it exists,
is called operator-stable. The problem of describing the class of all full
operator-stable probability measures on Euclidean spaces has been com-
pletely solved by Sharpe in [5]. In particular, he proved the following
statements (#)-(%%%). '

(%) Every full operator-stable probability measure on R~ is infinitely
divisible.

Hence the characteristic function ¢ of such a measure is of the form

(2)
: 1 : i(@,y) \1+ylF
— _ . Wr,y) __ 1
7 exp{”‘”’“) s e | (e ' 1+uyu2) Iy ”d"”}’

RN\ (0}
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where a is a vector from RY, § is a symmetric non-negative operator in RV,
and the speectral measure y is a finite Borel measure on RV\{0}. Moreover,
the triple (a, S, p) is uniquely determined by ¢. Hence, for every positive
real number ¢, it is possible to define the ¢-th power A of 2 in the sense of
convolution. Namely, if 1 is represented by the triple (a, 8, y), the A’
will denote the infinitely divisible measure with the triple (at, tS, ty).
The convolution semigroup {A‘: t > 0} is weakly continuous.

(xx) A full measure A is operator-stable if and only if there is a non-
-singular linear operator B in RN such that

(3) A =1tPixé, for t>0, where t¥ = exp{logiB} and ac R".

Moreover, the spectrum of B is in the half-plane Rez > L and the eigen-
values lying on the line Rez = 1 are simple.

In the sequel every operator-stable measure satisfying (3) will be
called B-stable.

(xxx) Any full operator-stable measure 1 on R™ can be decomposed
into a product A = A, %1, of measures A, and A, concentrated in subspaces P,
and P,, respectively, RN = P,®P,, where 2, is a full Gaussian measure
on Py, and 1, 8 a full operator-stable measure on P, having no Gaussian com-
ponent. Moreover, the eigenvalues of the operator B lying in P, have real
parts greater than %, and real parts of eigenvalues of the operator B in P,
are equal to 1.

Hence, in particular, it follows that a full operator-stable measure
has no Gaussian component if and only if it is B-stable for some operator
B whose eigenvalues have real parts greater than 1.

M. Sharpe pointed out that the set of all spectral measures corre-
sponding to B-stable probability measures is a convex cone which can
be investigated by the extreme point method. The aim of the present
paper is to give, using this method, a representation of the characteristic
function of full operator-stable probability measures.

2. In what follows B will denote an operator in RY with eigenvalues
lying in the half-plane Rez > }. Let 8™ be the m-dimensional unit sphere,
L the open half-line (0, o), and L = Lu{0}u{oo} the compactified half-
-line. Put HY = 8¥~! x L. Obviously, the space HY is compact. Further,
we define a congruence relation in HY by <(x,t) ~(y,u), where
xz,ye 8V ! and t, ue L, if there exists a positive real number s such that
82 =y and 8 = tu™".

PrOPOSITION 1. The quotient space My — HY|~ is compact.

Proof. Suppose that <{z,,t,> ~{Y,,%,> (n =1,2,...) and that
the sequences {{z,,t,>} and {{y,, u,>} converge to <{z,t>) and <y, %),
respectively. Then, for some positive real numbers s,, we have 82z, =y,
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(n =1,2,...). Since the eigenvalues of B have positive real parts, the last
equation and the compactness of S¥~! imply that the sequence {s,} is
bounded. If s is its limit point, then 0 < s < co and 8%z = y and s = tu~".
Thus {x,t) ~ {y, u). Consequently, the relation ~ is closed. Hence and
from [1], p. 97, the space My is compact.

An element of My, i.e. an equivalence class containing <z, t> from
HY, will be denoted by [z, t]. We define a one-parameter group T, (se L)
of transformations of M, by assuming

(4) Ts[wyt] = [a;,st],
Further, for every eclement [z, t]e Mg, we put

(5) [z, t]] = ”th” if te L, [z, oo]] = oo and [, 0]] = 0.

Since
limt# =0 and lim|t®2| = o for every ze RV\{0},
t—>0 t—>o0

each element z¢ RY\{0} can be represented in the form z = tfz, where
xe 88! and te L. In general, this representation is not unique. But
z = uPy, where ye 8V~ and ue L, if and only if {x, t> ~ (y, «). Thus the
mapping

(6) ag(tPw) = [@,t], xSV, tel,

is an embedding of RV\{0} into M 5. Obviously, for all ye R\ {0} and
te L,

(7) Iyl = l=g(y)l,
(8) np(tPy) = Tynp(y).

We say that a subset & of Mz is bounded from below if inf{|a|: ae &} > 0.
Let 4 be a finite Borel measure on My. For any Borel subset & of My
bounded from below we put

(9) I(6) = [(1+ jul™®) Mduw),
'3

where the integrand is assumed to be 1 if |u| = oc.
Let # g be the set of all finite Borel measures 4 on M ;; satisfying the
condition

(10) tI;(&) = T,1,(&)

for all t > 0 and for all Borel subsets 6 bounded from below. It is clear
that the set .#p is convex and closed. Let X 5 be the subset of .#5 con-
sisting of probability measures. Obviously, the set ) 5 is convex and com-
pact.
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PROPOSITION 2. The extreme points of X, are measures concentrated
on one of the sets {[x, oo}, or {[z, 01}, or {[z,1]: te L}, where xe S~
Proof. If a Borel subset & of M, is T;-invariant for all te L and
le Mg, then the restriction 1|& belongs to 45 because of the equation

tlie(t)—Tide(H) =t (Endd)—T, 1, (6 NH).

Hence the extreme points of the set #5 are measures concentrated
on orbits of elements of Mg, which completes the proof.

We proceed to describing the extreme points of ', supported by the
set ¥, = {[x,1]: te L}.

PROPOSITION 3. For every measure i from Xy concentrated on F,
there exists a constant c,(x) such that, for every bounded continuous function
on F_, we have

)t
(11) Fff(z)i»(dz) ~ o) off[ e ,],']l) at,
where ’
C i, 4P
) (1, 0P
Proof. Put
(12) J(u) = L{[x,t]: t=u}, wuel.

It is easy to verify that ie o 5 if and only if equality (10) holds for
all £ > 0 and for all subsets & of the form {[z,?]: a <t < b}, where a < b
and a, be L. Taking into account the formulae

L[z, t]: a <t <b} = J;(a)—J,(b),
T.I1,{[x,t]: a<<t<b} _Il{[r t]: t<i}

$
—SI;.{[J/' t] a << t<b},

we infer that ie o 5 if and only if, for every triple a, b, se L satisfying
the conditions ¢ < b and s > 0, the equality

b
(13) J, (—‘i) —J, (—) — $(J4(@) — J,(b))

s 8
holds. On the other hand, it follows from (9), (12) and (13) that

(14) J, (i) = 8J,(a) for every s >0 and a > 0.
8
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Hence, putting ¢ = s, we have

1
(15) Tils) = —Ja(1),
and further
1 1
(16) Tua) = Ju(b) = (5 =)0,
Put J,(1) = ¢i(x). By (10), (12) and (16) we have the formula
: B 3 e, 8]
(1) Fj f(2)4(d2) = ox(a) f F(lo) ) et
Moreover,
0;1("1}) — I[w7 t]lz

(L[, e
which completes the proof.

In the sequel we use the following lemma:
LEMMA. For every we RY, the integral

18) f“ 1B |
J (1 + 1Pl £

18 finite. Moreover, there exist constants M and b such that

F tPaff
f (1+ [[tB2|*) e @ <1+ Ml

Proof. We assumed that all eigenvalues, say a,,...,a,, of B lie
in the half-plane Rez > 1. Consequently, for } < b < Rea;(j =1,2,...,7),
we have

limt=%t8 = 0.
10
Hence

sup [t7°1%)] = a < oo.
o<i<1

Thus [tPx|| < at®|z|| for e RY and 0 <t<1. Since the function
#* /(1 + «*) is monotone and non-decreasing on the right half-line, we have
the inequality

o0 1 [<]

th 2 a2t2b T 2 1
f [t™ |l dt < ( lleel dt+f a1
0 ( 0 1 t

1+ [t% ") ¢ (1 +a® lw]3t)
% a’ tsz.’L‘“z g w2-1-1
<1 f dt =1 Wl —  _du.
St g (1 + a? |lz|* %) +{all) J 1 +u®

8 — Colloquium Mathematicum XXXIV.1
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Since
T for k>=7r>0 d 2 —-1>0
- QU — ————— or =7 an 20 —
1+4*  ksin(rn/k) ’
putting
Mg T
2bsin (x/2b)’
we have
F Pl

dt<<1-+-M|x 16
) @ iEape T It

which completes the proof.
COROLLARY 1. There exists a constant M such that

[e o]

(@, t]F°

sdt< M or every xe SY 1,
@+ I, aF) Jor every @«

0
PROPOSITION 4. For every we S~~', the orbit F, supports a measure

from X .
Proof. Given xe 87!, we put

[, 1]*

-1 -
@O =) U, af

Corollary 1 yields ¢(x) > 0. We define a probability measure for
every bounded and continuous function f on ¥, by the formula

[, 1]*
1+ [z, )¢

[1213d2) = et@) [ 12, 1)
¥y 0

It is easy to verify that this measure satisfies condition (10) and,
consequently, belongs to X 'p.

From Propositions 3 and 4 we get the following corollary:

COROLLARY 2. Each orbit F, supports evactly one measure from X g.

Given e 87! and ae L, we denote by m, , the unique probability
measure from Xz concentrated on the orbit of the element [z, a].
By (11), for all continuous functions f on M, we have the formula

\T,[=, a’]lz o
(L+ |T, [z, a])®

19)  [FEImpa(de) = o [ (T, a)
Mg 0
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where

4 [ Ty=, e
=0 i = [ 7 e, a8

Further, we put
(21) ’”I;[z’a] = (S[z,a] if either a =0o0r a = o,

We note that the mapping z — m, from My onto the set of extreme
points of ' is one-to-one. Indeed, if myq = my, for z,ye SV
and a, be L, then the orbits of points [z, a] and [y, b] coincide. Hence
{z,a) ~{y,b), and so we have [z, a] = [y, b]. Moreover, the mapping
2 — m, 18 continuous at every point [z, a] with ae L. Further, it is easy
to see that my, . tends to my, whenever &, —« in SV~' and either
a =0 or a = oo.

Suppose that #, — « in 8V, a,¢ L and a, — oo, i.e. [z,, a,] — [z, oo].
Then, by (4) and (5),

lim |Tt[a"n’ a’n]l = 00
n—00

uniformly in ¢ in every finite interval. Hence and from (20) it follows that

(22) limeg, o4 =0.
n—>00
Given ¢ > 0 and a continuous function f on M5, we can choose a num-
ber ¢, and an integer n, such that, for all ¢ > ¢, and n > n,, we have

(23) If([2,, t]) —f([2, oo])| < &.

Consequently,

(24) If(Te[2,, @,]) —f([®, co])| < e

whenever n > n, and t> a,'t,. Since, by (4),
-1
a, t to
. T,[z,, &, x,, u]®
(25) j l t[ nI 'n]l - 2dt — a;1 ’[ n? ]I — W
(1 + | T, [, a,]1°)2 J (1+|[z,, w])u

and |z, = 1, we infer, by virtue of the Lemma, that integrals (25) are
commonly bounded. Thus, by (23),

(26)

-1
an ‘o

. - ITl[wn’ a’n.]lz
Mo gy [ (Tl an]) ~F(, D) g i s

0

dt = 0.
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Further, by (24),

- LACSEN;
et | Tilon, ) —F ([0, D) e s i < e
a;lto

whenever n > n,. The arbitrariness of ¢ and (26) show that Mz, 0] — Miz,00] -
Thus the mapping 2z — m, is also continuous at the point 2 of the form
[#, oo].

Suppose that x, - in ¥, b, ¢ L and b, - 0, i.e. [z,, b,] — [, 0].
Then, by (4),

limT,[w,, b,] = [z, 0]

n—>o00

uniformly in ¢, which, by (19), implies the relation my s — M-
Thus the mapping z — m, is continuous at the points 2 of the form [z, 0].
This completes the proof of the continuity of the mapping z — m,. Hence,
by a well known theorem ([3], p. 11), we conclude that this mapping
is a homeomorphism between M, and the set of extreme points of 5.
Thus we have the following

PROPOSITION 5. The set of measures m, (ze Mg) defined by formulae
(19) and (21) coincides with the set of extreme points of A 5. Moreover, the
mapping z — m, 18 a homeomorphism between My and the set of extreme
points of A'p.

If the extreme points of ) 5 are found, we can apply the Theorem of
Krein-Milman-Choquet ([2], see also [4], Chapter 3).

Since each element of .# 5 is of the form c¢», where ¢ > 0 and ve A4 5,
we get the following

PROPOSITION 6. A measure u belongs to My if and only if there exists
a finite Borel measure A on M such that, for each continuous function f on
My, we have

Jfapdu) = [ [fluym.(du)i(dz).

Mp MpMp

3. We proceed now to a characterization of full operator-stable
measures without Gaussian component. We know that every such measure
is B-stable for some operator B whose eigenvalues have the real parts
greater than 1. For such an operator B we have the following proposition,
where n; denotes the embedding of RY\{0} into M , defined by formula (6):

PROPOSITION 7. A finite Borel measure y on. RY is the spectral measure
of B-stable measure if and only if the induced measure 7,y belongs to M.
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Proof. From (2) and (3) for every ¢t > 0 we get the equations

. (%, 9) \ 1+ |l
exp{i(?/ata)-l- [ (exp[z(w,yn—l—;f”i’ﬁz) - (ty)(dw)}
RV \{o}
i (P, 1 2
—epfi o+ [ (exptite, 11— L) o)
RN \{0}
: . W(tPx, y)\ 1+ el
=exP{e(y,tBa)+ (GXP[t(th,y)]— — 2) 7 — v(de)+
RN!{O} 1+ it%alf] ol

i(t8z, y) i(th,y))l+llwl12
+ ( & ) y(dw)}.
Vg LI ol 14+ | |

Hence, putting
f (i(tB:v,y) i(th,y)) 1+ ||

B 2 2 2
v LTI 1l [ el

we have the equality

exp{itr, )+ [ (oxptice, -1 120 2L () 2}

(b, y) = V(dw)‘l'(y’tBa')’

R L+ialf] el 2
i (1P, 1
= exp {i(y, by) + f (eXp [i(tP2, y)]—1— 12 (+ HC:B ;/”)2) J”rwllllf ” (dw)}.

RV \(0}

Therefore, the measure in question is B-stable if and only if, for every
Borel subset & of RY\{0}, we have

1+ |l 1+t~ Pl
t [ = C ydey = [ =T 20 (da).
J A ,f TR

Taking into account (5)-(8) for each Borel subset & of My bounded
from below, we have the formula

t [ (41l (@) (du) = [ 1+l (apy)(du).
& -1
Hence e
tInBy(ép) = TtInBy(éo)i

which completes the proof.

THEOREM 1. A function ¢ on RN is the characteristic function of a full
operator-stable measure without Gaussian component if and only if

(27) o
. i(t%x, 1
o) = explita,+ [ !(exp[z(ﬁw,y)l—l—fﬂﬁ)—tz— _—

RN\(0} ’

where a i8 a veclor from RY, v is a finite Borel measure on R¥N\{0}, and all
eigenvalues of B have the real parts greater than %.
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Proof. Suppose that u is full operator-stable without Gaussian com-
ponent. By Proposition 7, the induced measure mgy on My belongs
to M 5. By Proposition 6, there exists a finite Borel measure w on M5 such
that, for every continuous function f on My, we have
(28) [f)zgy(duw) = [ [ flu)ym,(du)o(de),

Mg MpMp
where m, (2¢ M) denotes the extreme point of ) ;. It is clear that the
measure gy is concentrated on the set Uy = mg(RY\{0}). Consequently,

by (28), the measure w is also concentrated on Uy. Since, for ze Uy, the
measures m, are concentrated on Uy, formula (28) can be rewritten in the

form

(29) [fw)apy(du) = f [ f(uym,(du) o (dz)
Un UnUN

for any continuous and bounded function on U, . Let
A=ag'e and »(8) = fc(w)l(dm),

&
where & are Borel subsets of RY\{0} and

N L
‘ ‘”)_of @+ ety

By the Lemma, » is a finite measure on RV\{0}. Further, for every
continuous and bounded function g on RV \{0} we get, by a simple calcu-
lation with (5)-(8) and (29), the formula

[e,¢]

o (an 1t% @
(30) f g(z)y(de) = J J g(t° ) A+ P2l e dtv (dx).
RN \{0} RN \{0}
Setting
i 4 2@ Y) ) 1+ Jlasl? .
@ (6 o) e YR

into the last formula and taking into account (2), we get representa-
tion (27). The necessity of the conditions is thus proved.

Sufficiency. Suppose that the function ¢ is given by formula (27).
First, note that ¢ is a limit of products of a Poissonian characteristic
functions of the form

. ) , b

where ¢> 0 and a, be RV\{0}. Thus ¢ is the characteristic functlon of
an infinitely divisible measure, say u. It is easy to verify that u’ = tZu» Oy
for t > 0 and for some a,e RN, which completes the proof.
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As a consequence of Theorem 1 and Sharpe’s Decomposition Theo-
rem (**x) we get the following representation theorem:

THEOREM 2. A function ¢ on RY is the characteristic function of a full
operator-stable measure if and only if

1
P(y) = eXp{i(a, y)—g (Sy, )+

[ ]

(4B
+ f(exp[i(t%,w]—l i “”y’)—tlz—dtwdw)},

2y 1+ |[tFx|?

where ae RN, all eigenvalues of B lie on the half-plane Rez > %, 8 is a non-
-negative symmetric operator vanishing on the subspace H of RN spanned by
eigenvalues of B lying on the half-plane Rez > %, and v 18 a finite Borel
measure on RN concentrated on H.
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