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Extremal problems in some class of regular functions
defined in the unit circle and applications

by PAWEL WIATROWSKI (L6dZ)

1. Let H be the family of non-decreasing functions u(¢) defined in
the interval [0, 2=] which satisfy the condition

21
[ap@® =1,

let m, 0 <m <1, be an arbitrary fixed number and let @,, be a family
of functions represented by the Herglotz—Stielties integral

27T . .
1-+e%z
(1.1) p(2) = 1 —me¥a au(ty, |2l <1, p(t)el.
(1}

Denote by g the family of regular functions p(z), p(0) = 1, defined
in the circle K = {z2:|2| <1} which satisfy the condition rep(z) >0
for zeK.

Obviously, f,, < @ and g, = fp. It can easily be proved that g,

is a compact and connected family for every 0 < m < 1.
For a fixed {, (eK, we assign to every function p(2)ef,, a number

(1.2) , F ) =F[p(&), tp'(9)],

where & (u, v) is an analytical function defined in the semiplane reu > 0
and in the plane » which satisfies the condition |#, |2+ |#,|2 > 0 at every
point (u, v). The set of all points F(p) of the plane with p(2)egp,, will be
denoted by D(¢{) and called the set of values of functional (1.2). Because
of the compactness and connectedness of the family ¢, and of the con-
tinuity of functional (1.2) D({) is a closed set.

Let I'({) denote the boundary of the region .D({) and p,(2) and arbi-
trary boundary function with respect to functional (1.2), i.e. a function
such that & (p,)el'(£).

Basing ourselves on variation formulas in the family g, , we have
investigated in this paper some properties of the boundary functions
of this family with respect to functional (1.2), we have obtained sharp
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zp’(2)
?(?)
p(2)ep,, and found the radius of convexn;y of some classes of star-like
functions generated by functions of the family g,,.
2. THEOREM 1. Every boundary function p,(2) with respect to fufnctw'nal
(1.2) 48 of the form

upper and lower estimates of the functional re ———— , 2] = r < 1,

1462 2 1-+e,2

2.1 = py — _—
(2.1) Po(?) 1 1—me,2 2 1—m82z’

where |e) =1, 4, >0 for k =1,2, ,,+1, = 1.

Proof. 1° Applying the theorem on variation in the classes of functions
represented by structure formulas [1] to an arbitrary boundary function
Po(2) at the point 2 = {, we obtain the following two variation formulas:

i(1+m)e*e

ltC)g ];"‘U(t)_dldty [lg(t)GH,

(2.2) (L) = Po(l)+e f

where —1<e<1, #,%,t, <t, are arbitrary points of the interval
[0,2x], and d is a constant, and

1+e*1¢ 14-e¥2¢ ]
1—-met 1 —me*2(

(2.3) p.(8) = po(CH-e[

where ¢ > 0 is a sufficiently small number and t,, ¢,, where ¢, < t,, ,, f5¢
€[0, 2xn] are the discontinuity points of the funection y,(t). Assume

(2.4) AF =F(p,) —F (po),
@(1+m)
(2.5) TG = [ G ez o) —didt
(2.6) Apd? = p® —p, PP =pP (), p{ =P (L),

for ¥ = 0,1, p” =p,, p{” = p, and

(2.7) Lip) = ) aTP©), TOE) =T©),
k=0 .
where
Qo =g'-;(.'Po)’ q: =-9’-;(2P;)-

Let & be an arbitrary exterior point of the region D({). Then there exists
a point &, of the boundary I' of the region D({) such that

(2.8) |F—F| < |F —F]|
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for every point # of the region D({) which belongs to a sufficiently small
neighbourhood of the point &#,. Putting

Fo=F (D), F =F(p.)
and denoting

B = exp[iargF,—F],
by (2.4) we may write condition (2.8) in an equivalent form
(2.9) MF 4 2|F—F|re(fAF) = 0.

Functional (1.2) may be expanded in a neighbourhood of the point
Z (p,) In a power series, and thus because of (2.2), (2.5)-(2.7), we obtain

(2.10) AF = eL(p,)+o(e).
Substituting A% from (2.10) into (2.9), we obtain the inequality
2e |Fo—F|re [FL(p,)] +0(e) = 0;
thus since ¢ is an arbitrary number, —1 < ¢ < 1, we have the equality
(2.11) re[BL(p,)] = 0.

Replacing { by 2z and putting a, = fg,, ¥ = 0,1, we obtain from
(2.11) by (2.5) and (2.7) the equation

3
(212) faim®)—a = o,
4

where
‘ i(14+m)e*

re ———
(1 _ me‘tt):&

G(t) = [ap2(1 —me®2) + a, (1 +me®z)].
By hypothesis we have (go|*+]g,|* > 0, and thus also |ap|?-t-|a,|2 > 0.
If the equation G'(¢) = 0 has no roots in the interval (¢,, ¢,), then by
(2.12) we have in this interval gy(f)—d = 0, and thus

Mo () = const.

If the equation G(f) = 0 has roots in this interval, then equation
(2.12) is equivalent to the equation

G(t) =0,

i.e. to an equation of the fourth degree with respect to ¢*. Thus this equa-
tion has no more than four roots ¢*. Hence it follows that the function
to(t) is interval-wise constant, and thus it may have at most four discon-
tinuity points (of the first kind).

2° We shall prove that the function g,(t) has at most two discon-
tinuity points.
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Supposing for the proof that the contrary is the case, denote by
1y tay U3, 8y, 1, < 1y < 3 < t; the discontinuity points of y,(f) and apply the
second variation formula (2.3) to the function py(2) in the interval (2, # . ,),
E=1,2,3.

Proceeding in the same way as in the first proof, we obtain the equation

re[AL(p,)] = 0,

where
1
L) =D ¢.UPR), T =TU(),
k=0
1+ etz 1+ e*k+1z
U(z) =re — — . .
1—mekz 1 —mek+12

Assume

146z (L+m)e ]

H(t) =re _— g
) [a0 1—_me's ' 1 (1 —me*z)?

and observe that H'(f) = G(!) and H({,) = H(l,,,). Thus there exists
a point t3, #he(ty, t,,) such that

H)#) =0, k=1,2,3.

The equation G () = 0 would thus have seven roots, which is impos-
sible.

Supposing that the function y,(f) has three points of discontinuity,
we also obtain a contradiction. Since the function u,(¢) has at most two
discontinuity points, by structure formulas (1.1) the function correspond-
ing to it p,(2) is of the form (2.1), which was to be proved. If functional
(1.2) is reduced to the form & (p) = F [p({)], we obtain, by an analogous
argument as in the proof of Theorem 1, the following

THEOREM 1’. The boundary function p,(z) with respect to the functional

F(p) = F[p(0)]
8 of the form
14 ez

1—mez’ o] =1.

Po(?) =

- COROLLARY. The region of values of the fumctional

Z(p) = p(%)

18 the circle K(c, g) with the centre ¢ and the radius p, where

1+ mr? X4+m)r

(2.13) c=c(n=g——qs5 e=eM=1—"_55,

r = |¢].
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Denote by ,,, a subelass of functions of the family ,, of the form

. 1+ &2 &
&
PO = Dbyt R0, Mh=1, lal =1,
k=1 =
Analogously as in paper [5] we prove the following theorem:
THEOREM 2. If p(2) € @0, then for 2 = re® we have

(2.14) P() =c+xy,

where ¢ and o are defined by formulas (2.13) and 0 < x < o, |y| = 1.

Preserving the notation adopted above, we shall prove the following
THEOREM 3. Let

(2.15) F (4, v) = A(u)+ B(u)v,

where A(u) and B(u) are analytical functions defined in the semiplane
reu >0 and v a finite-valued complex variable. If

U = 1P1(2) + 4:0:(2), v = ;"lzp; () + 12%’; (#),

(2.16) 1+ &2

P (2) = ’ k=1,2,

1—mez
where z is an arbitrary point of the circumference with the centre at the ori-
gin and the radius r, 0 < r << 1, then the value of the function F (u, v) for u
and v given by (2.16) may be written in the form '

(2.17) .?'(u,'v) = A(u)+ _—lB_—}(_%[muz—l—(l—m)u—l—l-m(nz— o) n],
where |y| = 1.

Proof. Observe first that

, 1
2py(2) = 1+tm [mP:;c(z)'{“(l_m)pk(z)—l]’ k=1,2,

by which

v = 1tm [m(;~11’§(z)+12?§(z))+(1“”m)(}~1p1(z)+12192(z))—1]-
Since

u? = 0,91(2) + 2,05 (2) — 2, 4: [0, (2) — . (2) 1%,
we have
1

(2.18) o = itm [mut 4 (1 —m)u + ma, Ay py (2) — 0o (2))2—1].

Since, for z = ré’,
(2.19)




18 P. Wiatrowski

where
1— mre, e

2.20 = ¢, 69 k”_
( ) N = &€ 1—mre,e®
we have

P1(2) —p2(2) = (91 —7n2).
Thus
(2.21) My [p,(2)—py(2)} = YN ACES 7)% —2m,7m,).

Agsuming

(2.22) n = M7

we may write (2.21) in the form

2 23[p1(2) — D2 (2)]2 = A14,0%9[2c08 (y1—pe) — 2]
or finally in the form:

(2.23) haa(pi(0) — (] = —dhdetsint B2

Because of formula (2.19) we have for z = re™

MD1(2)+ A:0:(2) = e+ o(Aimi+ A2ms);
thus by Theorem 2

% = @(Aymy+ A272)

holds. -
Thus
(2.24) #? = g®— 42,2, 0%in2 1272 - Ve
Hence by (2.23) and (2.24) we obtain
(2.25) A1 23 [P1(2) = P2(2) ]2 = (%*— @%)7;

(2.18) and (2.25) imply (2.17).
Assuming in (2.15)
u = se®,
by (2.17) we may write (2.15) in the form

F[se*, v(s6¥)] = C(se"),
where ‘
. B(se™ .
C (se) = A (se®) + ——f%n—) [ms2e™ 4 (1 —m)se™ —1 — (o2 — 82— c? +
-+ 2cscost)ymn].

Because of (2.14) the variables s and ¢ vary in the intervals:

82+02_ez

c—pop<s8<ec+p, —p<i<y, where cosy= 08

H

respectively.
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Theorem 2 of [3] immediately implies the following
THEOREM 4. Lel

o) —re 2B _pen,
p(2)
Then for every function p(2)ef,, we have
(2.26) U(r, m) < ®(p) < V(r, m),
where
. (L—m)r _ A+m)r
Uosm) = = nirmn’ 0™ T @ana—mn

Estimate (2.26) is sharp, the equalities being realized by the funection

1+ ez

p(2) = 1 —mea’ el =1.

3. Denote by § the family of regular and univalent functions w = f(2),
f(0) = 0, f'(0) = 1, defined in the circle K, by 8* its subclass of starlike
functions with respect to the point w = 0 and by 8,0 < m<1, the
family of those functions of the class S for which

(@) _
f(2)
Obviously 8;, = §8* and 8] = §*.
Theorem 2 of [2] immediately implies the following

THEOREM 5. The radius of convexity of the family S,,,0 < m <1, s
given by the formula

Om for zeK.

3+m—Vm2+6m+5
5 .

4. Denote by X the family of regular and univalent functions F(z)
defined in the ring P = {2: 0 < |2/ < 1} which have the single pole at
the point 2 = 0 and which in a neighbourhood of that point may be ex-
panded in a power series of the form

r.c. S;, =

1
w = F(z) =?+ao+alz+...

Let X be the subclass of starlike functions of the family X, i.e. the
subeclass of functions which map the ring P onto a set whose complement
to the plane is a starlike set with respect to the point w = 0. Thus, if
F(z)eX*, then

—2F (2)
F(z)
and respectively p(z)egp.

=p(2), zeK
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Moreover, denote by @ (M), M > 1, the family of regular functions
p(2), p(0) = 1, defined in the circle K and such that

lp(2) — M| < M for zeK

(comp. [2]). (M) is a subelass of the family @ and @ (o) = p. It can
easily be proved that g, < (M) for M =1/(1—m), m +#* 1. Finally,
let Z*(M) and Z,, denote the families of functions of the class £ for which

—2F'(2) 2)
and respectively

pR)ep(M), zeK

—2F'(2) X
W—P(Z)’ P(2)ePp, zeK.

Obviously, X, =« Z*(M) c« Z*form =1—1/M and X} = 2*(o0) = I™
The radius of convexity of the family X*(M) has been found in paper
[4]. It is given by the formula

r.c S*(M) = ‘/2‘/—2;_'/2'? . om —1—1/M.
V2 +V14+m

We shall prove the following

THEOREM 6. The radius of converity r.c.X;, of the family X, i8 given
by the formula

2
l/l—m+}/2(1+m) Jor 0 < m < my,

]/ 3 for my<m <1,
m(3m+2 +2V3m2+1)

where my, 0.52 < my < 0.53 48 the smallest positive root of the equation

r.c.Xn, =

3V2(1L+m) —(6m®*+Tm—3) —4mV3m2+1 = 0.
Proof. If F(z)eZX;,, then

2F (2)
F(2)

(4.1) — =p(r), 2eK

for some function p(2)eg,,. A minor calculation yields with (4.1)
«F" (2) ] zp’ (2)
ol LRl EFIOR :
[ F(2) p(?)
Thus the problem of determining the radius of convexity of the
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family X, is reduced to finding the smallest root #,, 0 <7, <1 of the
equation Q(r) = 0, where

Q(r) = min re [p(z)—-

z|=r
D(2)epp,

Since the functional & (p) = p(2) —2p'(2)/p(2), |2] = r is continuous
and the family X}, is compact, this functional attains its upper and lower
bounds, and according to Theorem 1 it attains them in the subclass func-
tions £, ..

Preserving the notation adopted earlier, and basing ourselves on
Theorem 3, we obtain for |2| = r:

2p’(2) ]
P (?)

2p’(2)
4.2 —
(4.2) p(2) »2)
— se¥ — H—% [mse"’ +(1—m) —%e‘“ —%6—“(99— 02—32+2cscost)n] .

Thus
ZP'(Z)]

43 - > &(s, 1),
(4.3) o[ = 22| > 006,
where

(4.4)  D(s,1)

1
_1+m

1 m
[(s+ " —20m)cost—(1—m)—-T (92—02)+ms].

The function @(s,?) has been defined in the region D = {(s,t):
c—p<s8<c+p, —p<<t< y} and on its boundary 6D, with
cz_l_sz_ez 02+82_92 T

4.5 = arccos——— 0 < arceco§s———m—mMm— << —.
(4-5) ¥ 208 ’ < arcco 2¢8 <2

Since
, 2 1 1—72
@ (s,1) = [(1_5) COSH,,,,_E__T_],

1+m 82 1 —m2r2

¢;(8at) = 1+

14+m

1 " 1
(s—l———2cm) sint, D,(s,t) = (s+——2cm) cost,
m 8 8

Do(8,1)

4 (cost m 1—r?

" —2 1 .
= 1tm s—+?m) Pulth) = (1'_) st

14m s
the function (s, t) attains at the point (s, 0)eD, where

1—mr?
9 y =l/m :
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its local minimum, if

(4.7) 82—2ems+1< 0.
Then

2 1— 1 2 p?
minloc®(s,t) =8 — om + i +m(c*—e?)

(8,f)yeD 1+m (L+m)s
We find
minloc®(s,t) =0,
(8,tyeD
if
4.8 9g — ST
(4.8) T mee

Eliminating s from (4.6) and (4.8), we obtain an equation with the
unknown 7:

(4.9) m3(m—4*+2m(2+3m)r* —3 = 0.

If condition (4.7) is satisfied for s given by formula (4.6), then m > }.
In this case we obtain from (4.9)

(4.10) r=r = S
m3m+2+2V3m2+1)

When m =1, we obtain r = 1/1/3_ (comp. [3]).
Supposing now that the function @(s, ¢) attains its local minimum

equal to zero at the point (l/ Tl
we obtain by (2.13) and (4.8) respectively

3m+5-+20 3m+1+06 —_
L Il e o7 S — 2 .
21+0) $ 5110) where V3m +1;

1 _ 2
m 0), with r given by formula (4.10),

thus
s2—2e¢ms +1

1
= - — 2 __ _ ! 27,
g (Om 1 8Bt 146~ 6mi—10m—dmd) + 41+ )"

Consequently inequality (4.7) is satisfied if
(4.11) h(m) = 2m* +4m3— 33m®+6m+5 < 0.

We have h''(m)<<0 for 0 <m <1; thus A’(m) decreases in this
interval; 2'(0) > 0 and h’(1) < 0, by which there exists a number m,,
0 < m; < 1 such that the function A(m) increases if 0 < m < m,, while
h(m) decreases if m, < m < 1. Hence by & (0) > 0 and k(1) < 0 it follows
that there exists a number m',m,<m' <1 such that h(m)> 0 for
0<m<m and h(m)<< 0 for m" < m < 1.
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Thus inequality (4.11) is satisfied with 0 <m <1 if and only if
m’ < m<1l. It can easily be verified that 0.51 < m’ < 0.52.

Simultaneously &(m) = 0 has two negative and two positive roots;
the number m' is the smaller positive root of this equation.

The function P(s,?) attains its local minimum on the boundary
of the region D if ¢t = +y and then

1 1\ c® 82— o2
1+m[(s+?) . 2¢s -—(1—m)].

o 81 ot — ¢
A's) = (1+m)es*’

A(s) = D(s, &9) =

Since

4 .
the function A(s) attains at the point s = Ve2— p? of the boundary of
the region D its local minimum equal to

(S) = 2(T+m—)c [34+282+1—2(] —M)G],

where
3
(4.12) 8 = Ver—p®.
We get

minloe A(s) = 0,

(8,t)e8D
if

1+2m— m?2)r2 —

(4.13) ’2=i(+m me2)r 2m'

2 1—m?2r?

Eliminating s from (4.12) and (4.13) we obtain an equation with
the unknown r

(m*—dm—1)r*—4(1L—m)¥* 4+ 4 = 0;
hence

(4.14) r =1, = l/ 2___ .
1—m+V2(1+m)

Let r.c. 2}, denote the radius of convexity of the family Z7,. It follows
from the above argument that

. 7s for 0<m<m,
(4.15) re.X,=>1".
min(ry, 7,)  for m' < m < 1.

The inequality 7, < r, is equivalent to the inequality
p(m)—yp(m) <0,
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where

p(m) =3V2(1+m), y(m) =6m:+Tm—3+4mV/3m2+1.

We easily find that ¢@(m)—yp(m) is a decreasing function with
@(0)—v(0) >0 and ¢(1)—y(1) < 0. Thus there exists a point m, such
that ¢(m)—y(m)<< 0, for m > m, and ¢(m)—y(m) >0, for m < m,.

The number m,, 0.52 < my; << 0.563 is the only root of the equation

p(m)—yp(m) = 0.

Thus ultimately

’

ry, for m’' <m < m,y,
<m .

<
4.16 min(r,, 7r,) =
(4.16) (115 73) l <1

r, for m, <
For m = m, we have r, = r,. Thus by (4.15) and (4.16) we obtain
r.c. Xy > 1,
with
ry  for 0 < m << my,
"o —lrl for my<m <1,

where 7, and 7, are given by formulas (4.10) and (4.14) respectively.
We shall prove that

r.c. Xy < 7.

Denote by p,(2) a function of the family g, ,, my < m < 1, for which

(4.16") Po(r1) = 8o,
where
1 14-m?rs

4. - 1

(4.17) 8, 5 1—mir

[comp. (4.8)]. Then n = —1 [comp. (4.2)-(4.4)].

Thus because of (2.22) we obtain 7, = —7,. Consequently

(4.18) Po(71) = Api(r1) + Ap2(72),
‘where

(4.19) Pi(r) = e+ 1M1y Palry) = 61— Q1E17
with

ey = ¢(ry), 01 = o(ry), M = & 7T
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[comp. (2.13), (2.19) and (2.20)]. By (4.16") and (4.19) equality (4.18)
may be written in the form

(4.20) 8o = ¢+ o1(A — )2 +10,Y,

where ¢ =ren; and ¥y = imy,.

It immediately follows from (4.20) that y = 0, because s, is positive.
Consequently we may assume 7, = 1. Hence 7, = —1 and we obtain
e, =1 and & = —1.

Now we shall determine 1, and 1,. By (4.18) and (4.19) we have

Dolry) = e+ (A —245) 04
Hence we find

A— 2y = Dolry) — €y
01
and thus because of (4.17) we shall have
14+m(2 —m)r}
)&1—}»2 - -
2(1+m)ry
Hence
, 1 [1 4+V3m2+1 l/2+3m—2l/3m2—|—1 ]
g 3(L+m) 4—m ’
4.21) S
, 1 ll 44V3m2+1 l/2+3»m,—21/3m2+1 ]
2T 9 3(1L+m) 4—m '
Thus for ¢ =1, &, = —1 we have
142 1—2
22 =
(4.22) Po(2) = 4 1 —me +121+mz’

where A; and 4, are given by (4.21).
Denote by F,(z) a function of the family X2 for which
2F,(2) ‘
4.23 — = = K,
( ) 7. (2) Po(2), zeK,
where p,(2) is given by formula (4.22). Since p,(z) ¢ £,,, We have Fy(2)eZ ..
Integrating equation (4.23) from 0 to z, we obtain

(4.24) logeFy(z) = j;:"’ [2,1og (1 — me) + A,log (1 +me)];

by logzF,(2),log(1l—mz), log(1+ mz), denote respectively the single-
valued branches I,(2), [3(2), Il3(2) of multi-valued functions IL,(z)
=logzF,(z), Ly(2) = log(1 —mz), Ly(z) = log(1+ mz), for which I,(0) = 0,
1,(0) = 0 and 1,(0) = 0.
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From (4.24) we obtain

_ [(1— ’mZ)"l (1 4+ mz)* ](l+m)/m
1

(4.25) Fy(2)

for my<m < 1.

For m =1, we have A, = %(1—1/1/5),/12 = %(1—}—1/]/5), and thus

qa —2)1-1/V3 (1 4 )1 41/3
2

Fy(2)

(comp. [3]).
We shall prove that the function Fy(z) defined by formula (4.25)
is not convex in the circle [2| << 7, for » > r,. In fact, by (4.22), we have

me2—(1+m)(A,—A)z+1
1 —m22? )

Po(?) =

Differentiating p,(2) with respect to 2, we obtain after performing
some calculations

zpé(z)_ B m3(4 —m)2t—2m(2+3m)z24-3
Pol2)  4(1—m222)[m2?— (L+m)(A— A)z+1]

(4.26)  po(2) —

Thus

re [1+ AzFé”(z)] —0

Fy(2)

for 2z = r, [comp. (4.10)]. It also immediately follows from (4.26) that
the function F,(2) is not convex in the circle |2| <r for » > r,. Thus
r.c. X, <r,, whence by r.c. 2, > r,, we obtain r.c. X, = r,, for my < m
< 1. Thus the theorem is proved if m, < m < 1.

Denote by P,(2) a function of the family Pm,2y 0 < m < my, for which

Do(7s) = 503“0:

where
- (1+2m—mz)r§—2m:|”2
4.27) S, = [
( 0 2 (1 —m?r2) ’
. 32 Lot — 92
(4.28) costy =+ =2 %

2¢,8,

with ¢, = ¢(r,) and p, = ¢(r,) [comp. (2.13), (4.5) and (4.13)]. By (4.28)
the point p,(r,;) lies on the circumference with the centre ¢, and the radius
023 consequently po(2)eg,,,. Thus, let

1+ez

(4.29) Bole) =7 ——

y el =1.
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To find & we first express the product s,cos?, in terms of m.
Substituting 7, from (4.14) to (4.27) and (4.28), after some calcula-
tions we obtain

s ! cos? - (1 v )
0 = ——— o == \L——=
1/1—1—1/250 So V2

where # = V1+m, by which we get

~ - @
(4.30) 8gco8ty =1 — ——=

V2
On the other hand, assuming e = ¢t (a — real number), we get by
(4.29)

1—mri+ (1 —m)r,cosa

4.31 p -

Equating the right-hand sides of formulas (4.30) and (4.31), we ob-
tain ultimately

cosq — VE(l—m)-!—xr
212 *
and
x
Sina = :*‘_‘ E— _ 2.
oy VT
Denote by ﬁ’o(z) a function of the family X for which
A
(4.32) — 20 = po(2), zeK.
Fo(2) o

Since Po(2) e, We have F,(z)eXr. Integrating equation (4.32) from 0
to 2 we get

1+m
1— m
. (1 —mez) for 0 <m < my,
Fo(z) = . #
—e % for m = 0.
z

We shall prove that the function F-‘o(z) is not convex in the circle |z| < r
for r > r,.
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In fact, by (4.29) we have first

2po(?) e+ (1—m)ez+1
Po(2)  (1—mez)(1+e2) ’

Po(2) —

thus at the point 2z = r, 0 < r <1 we have

Fy DN _ g(r)
(4.33) re{—[lJf 7. (2) ]} = E0) = e e

where
g(r) = agrt+ a3+ a,r2 4+ azr +ay,
with
ay = —m, a, =(1—m)%cosa, a, = (1—m)(2cos2a—m),
a; =2(1—m)cosa, a,=1.
Since K (r,) = 0, the polynomial g(r) may be decomposed into factors

’I‘2—-’r

(4.34) g(r) = o,

“h(r),

where
h(r) = byr®+b,r2+ byr -+ b,,
with
b, =2mr,, b, =202 [a(l—m) +m], b, =7,[Vomz — (L —m)(1 —2m)], by=2
and

1—m)V2+x
a = — .
2V2

If b, > 0, then
(4.35) h(r) >0 for r> 0.
If b, < 0, then
byr+b; > —(L—m)(L—2m)ryr+by > by—1 =1,

Thus also in this case condition (4.35) is satisfied. .
Hence by (4.34) and (4.33) we conclude that the function F,y(2) is
not convex in the circle |2| < r for r > r,, which was to be proved.
Consequently r.c. X, < 7,; hence by r.c. X, > r,, we find r.c. T\ =7,
for 0 < m < m,, which ends the proof of Theorem 6.
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