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BREAKDOWN PROCESSES OF SYSTEMS IN SERIES

1. Consider a random sequence of signals Z,,n = 0, +1, +2, ...,
on a line, arranged in such a way that Z, , > Z,,. We make the following
assumptions about the sequence Z,:

1° the differences X, = Zyn,1—Z,, form a sequence of random
variables with the common distribution function F(z) = P(X, < x);

2° the differences Y, = Z,,—Z,;,_; form also a sequence of random
variables with the common distribution function G(y) = P(Y, < ¥);

3° the random variables X, and Y,,n =0, 41, 42, ..., are inde-
pendent en bloc. N

In addition we assume the existence of the expected values

z = [wdF(z), ¥ = [ydG(y),
0 0

and that F(+0) =G(4+0) =0. For each realisation 2,,n =0, 41,
42, ..., the origin of the coordinate system on the line is drawn at ran-
dom with a uniform distribution on the segment (z_,, 2;).

A stochastic process a(t), defined as follows:

1 fOI' Z2’I’b \<\ t < Zzn_'_l,
(1) alt) = n=0,+1, +2,...,
0 fOI' Zzn___l g t < Zzn’

is associated with the sequence of signals Z,,. Symbolically, this process
will be denoted as

(2) alt) = (X, T}.



An example of a realization of the process a(t) is presented in Fig. 1.
It follows from the above assumptions that the process «(t) is sta-
tionary with expected value

x
(3) p == Ea(’,) _ ——_—
T4y’
and with covariance function
(4) ¢(v) = Ha(t)a(t41)—p2.
act}
1 X Yo =T Lo —><— Y1 —>{eTpre—Yp—>— X2 —>| )
1\ z, 2410 Z Z, Z, 2 Z Zg ’f

Fig. 1

2. Now consider the sequence of processes a(t) = {X®, Y®¥}
k=1,2,... For the process a®(t) denote: by F®(x) — the distribu-
tion function of the random variable X® by @™ (y) — the distribution
function of the random variable Y®, by p® — the expected value of
the process, and by ¢™(r) —its covariance function. The processes
a®(t), k =1,2,..., will be called independent, if for any set of moments
tiaytisy -y tumys To1y fa2s oo vy tymyy ---y the random vectors [a®(t,),
a® (t5), ..., a™(tm,)] are independent en bloc. For independent pro-
cesses a®(t),k =1,2,...,n, a new process is formed:

5 an(t) = [ [a®(2).
(5) 2(2) ﬁ ()

[t is easy to show that «,(?) is a zero-one valued stationary process

with the expected value

(6) P = Han(t) = [ [p7,
k=1
and the covariance function
(7) ea(z) = [ [1e¥(z)+ ()21 -}
k=1

3. We shall give now three examples of problems leading to proces-
ses a,(t).

I. The breakdown process. We are given n machines working in series,
c.g. a sequence of conveyors (see [1]) or a system of television relay sta-
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tions. Denote by ... X{, Y¥),, X, ... the sequence of alternate wor-
king and breakdown times of machine k. For the process «*)(¢) which is
associated with this sequence of random variables the state o (¢) =1
indicates that at moment ¢ the machine k is in working condition while
the contrary, i.e. the state o«*)(t) = 0, indicates that that machine has
a breakdown. If the breakdown of one machine stops the production
of the whole system, then the breakdown rate of the system may be
described by a,(t). The process a,(t) is a zero-one valued process, it has
thus the form

(8) an(t) = {Xn, Yn}

with the exception that the working and breakdown times may be depen-
dent. In section 5 we shall consider the distributions of the random
variables X, and Y, for some special cases.

It is worth pointing out that in the above considered model the
breakdown of anyone machine does not influence the breakdown pro-
babilities for other machines. It is possible to consider other situations,
e.g. a model (see [4], p. 149) where the breakdown of anyone machine
stops all other machines up to the moment of restouration. From this
moment on the system continues to work as if the breakdown time were
of length zero.

The interpretation of example I has born the title of the paper and
the terminology adopted. !

I1. Passing a road crossing. 1n stochastic models of road traffic one as-
sumes in the simplest cases (see [2]) that the intervals between vehicles on
the road are independent random variables with the same distribution.
A vehicle passing a road crossing, occupies it for a random time. For
the k-th traffic lane, £ =1,2,...,n, consider the stochastic process
a®(t) defined as follows: a®(f) = 0 if crossing is occupied in this lane,
a®™(t) = 1 if it is free. A driver in a branch street crossing the main road
is interested in knowing whether the road crossing is occupied (denote
this state by 0) or free (denote this state by 1). The process of interest
is zero-one valued and given by a,(f), where n is the number of traffic
lanes on the main road.

III. Rectangular impulse processes. N. M. Sedyakin cites in [5] several
papers from radiotechnics and electronics in which processes of type
a,(t) are natural mathematical models of electronic impulses. Processes
of type

n

(9) yult) = D a® (1)
k=1
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are considered in [4] and [5]. Those may have the values 0,1,...,n. In
the present paper while defining the process a,(t) we joint the states
0,1,...,n—1 into one state of breakdown (0), and we call the state n
the working state (1).

In parallel systems, e.g. in telecommunication when the question
of system availability arises, the system is in failure if and only if all

devices are in breakdown. The breakdown process of the system is then
defined as

(10) 1—a, (1) ”[1—a(k)(t

Parallel systems and systems in series are thus dual to each other
with respect to interchangeability of the terms “in working condition”
and ,in breakdown”.

4. Before passing to the distributions of the working and breakdown
times, X, and Y,, in processes a,(t) = {X,, Y,} which are of interest
to us, we shall find the Laplace transform of the covariance function
of a zero-one valued process. We shall prove

LeMMA 1. The Laplace transform of the covariance function of the
process a(t) = {X, Y} has the form

o) — [ o=oimgs — 2L __P (=T ®)1—g"(s)
) o (8)_0fe elnar = B — e e

where

f*(s) = fe_“dl?’(x) and fe“s”dG
0 0

Proof. The covariance function of a stationary zero-one valued

stochastic process with expected value p, calculated after formula (4),
is equal to

(12) c(7) —pP(a t+1) =1 a(t ——1) —p2
If at moment ¢ the process a(f) is in the working state, a(f) =1,

then the time which will elapse up to the begining of the next breakdown
is a continuous random variable X’ with the distribution given by

f(l——lf’(m))dm.

PX' <1) = Tx
0
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We have
(13)  Pa(t+1) =1]a(t) = 1) = P(X,> 1)+ ZP(Sn <7, 8+ X, > 1)
n=1
= Py(r)+ D Pul2),

n=1

where 8, = X;+Y,+X,+Y,+...+X,_,+Y,. The density function of
the random variable S, will be denoted by s,(z). It is easy to show that

!’ 1 :
Pyr) = 1—P(X' <7) = 1— ﬁof(l——li‘ (@) dw,

Po(7) = [sa(@)1—F(r—a))dw, n=1,2,...,
(1}
and that the transforms of these probabilities are

1 1
Puw:=—{1—sﬂxuffﬂwﬂ,

S
1—f*(s) _ (1—f*(s))?
s - s2EX

Pp(s) = sa(s)

()" g™ (s))".

Due to (12) and (13) we obtain thus

oﬂ@==p[Pﬁ@4—2§Iﬁwﬂ——£—

S

_QP- 1U<NWL¢mq_g
s sEX  1—f*(s)g*(s) s
This ends the proof of lemma 1.

COROLLARY 1. The covariance function c(tr) does mot determine the
distributions of random variables X and Y uniquely, however the covariance
function c(t) and the distribution of one the random wvariables X or Y do
determine the distribution of second random variable.

COROLLARY 2. If the working time s a random variable with the
exponential distribution

(14) Flo)y=1—e", 1>0,2>0,
then

N
s+2A(1—g*(s)) e

c*(s) =
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COROLLARY 3. If the working time X is a random variable with the
exponential distribution (14) and if the breakdown time Y s a random
variable with the exponential distribution

(15) Gy) =1—e* u>0,y>0,
then

(16) c*(s) = pg/(a+s),

(17) ¢(v) = pge™ ™,

where @ = A+u, p = pla, ¢ = 1—p.

5. We pass now to the investigation of the distributions of the wor-
king and breakdown times in the processes a,(t) = [Ja(t). Generally,
we shall assume the mutual independence of the processes a®(t), k =
=1,2,...,n. We shall mainly deal with the case of exponential wor-
king and breakdown time distributions. Where not otherwise stated we
shall assume for simplicity that the distribution parameters are the
same, i.e. that A® = 1 and u® = u; it seems to us that similar results
may be obtained (using rather complicated notation) without this restrie-

. tion. Here are our theorems and corollaries.

THEOREM 1. If the working times X® of the processes o) (t) have
exponential distributions with parameters A", then,

(a) the working time X, of the process a,(t) is exponentially distri-
buted with parameter

(18) by = 9,
k=1

(b) if, in addition, the breakdown times Y™ of the processes a™(t)
have exponential distributions with parameters u®, then the Laplace trans-
form gn(s) of the distribution of breakdown times Y, in the process a,(1)
satisfies the equation

1 * . . 1
e Rk (RN — %
(19) S—l—-ln(l —(]:;(8)) Z!J(q )% (p™) iV i a™ts’

where the summation is extended over 2" components with 4, = 0,1,k = 1,
2,...,n, and where a® = 1® 4 ;B p® — [ Bjg®) ¢*) — 7 _p®)

(¢) if 2B = A and if the breakdown times Y™ have exponential distri-
butions with parameters u® = u, then the distribution of the random va-
riable nip"Y, tends for n — oo to the exponential distribution with para-
meter 1.
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Two corollaries follow from part (b) of theorem 1.

COROLLARY 4. If the working and breakdown times of the processes
a®(t) are exponentially distributed and if A% = 1 and u® = u, then

1 ny k _n-k 1
20 T e = —
(20) s+nA(L—gn(s) ;(k) 7r ka-+s’
(21) BY, = (p™"—1)nl,
(22) EY. = 2B,/(niaqp™),
where

n

1
YT

k=1

From this we immediately obtain

(23) lim E(nip"Y,) =1,
(24) lim D2(nip"Y,) = 1.

COROLLARY 5. If the processes o™ (1) have exponentially distributed
working and breakdown times, then the breakdown time Y, of the process
a,(t) has a distribution different from the exponential omne.

THEOREM 2. If the processes o (t) = {X®, Y®)} are independent and
have working time distributions F®(x) which satisfy the condition
n
.1 1
) i g BXO
and for some ¢ > 0

(26) lim sup f®(z) < oo,

k—>00 0<T<e
where f®) (1) is the density function of the distribution F® (x), then the distri-
bution of the product nX,, i.e. the working time a,(t) multiplied by n, tends
with n — co to the exponential distribution.

Proof of theorem 1. If at moment ¢{ the process a,(f) = 1, then
the working time which elapse untill the next breakdown is equal to
X, = min (X, ..., X®'), where X®" are exponentially distributed ran-
dom variables with parameters A*. It is known (see [4], p. 134) that X,
and so the full working time X, have also exponential distributions with
the parameter 2, = 20 +1® . 41™. This proves part (a) of theorem 1.
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It follows from corollary 3 that the covariance function of a process
with exponentially distributed working and breakdown times is of the
form

From this and equation (7) the covariance function of the process
a, (t) may be found as equal to

(27) en(v) = [ [1p® ¢Pexp(—a® 1)+ (P21 —([ [ 2P) = pu D(g™) ...
[ THE R PXC:

e (g™ L (") T exp (— (6,00 +. . +ina™) 1) — 7,

where summation is extendend over all combinations ¢,,...,%,, with
w=0,1(k=1,2,...,n).

The working and breakdown times of the process «,(?) are indepen-
dent. Since we have shown earlier that, by our assumptions, the wor-
king time X, is exponentially distributed with parameter 4,, we obtain
from corollary 2 -

2 o P
s+ (l—gn(s)) s’

(28) a(s) =

. where gy (s) is the Laplace transform of the breakdown time Y, distri-

bution. A comparison of the Laplace transform of function (27) with

(28) leads us to formula (19). This ends the proof of part (b) of theorem 1.
If A® — 2 and u® = pu, then from (27) we get

n 1 p27lv
(29) ¢n(8) pkzokqp fa s 5
Formula (28) takes the form
pn pzn

*
(30) n(8) = s+na(1—gn(s)) s
From formulas (29) and (30) follows formula (20) in corollary 4.
The Laplace transform of the random variable nip"Y, is equal to
gu(8) = gn(nip™s). After a substitution of mp"s in place of s in equa-
tion (30) and after a multiplication by nip~", the right-hand side of this
equation tends to ‘

(31) S
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The right-hand side of (29) may be presented in form

: k. n-k 1 _ n
(32) an( ) m = "L}.Bn—'—O(’nlp 8),

where

Now we shall prove that lim »B, = 1.

Nn—o0

1 1
Let ¢ >0 and k > 1/e; then — < e

k 14k and thus

1+8)Z( ) et pn—k _1}_1 _*_2(;:) qkﬂ-lpn—k_]lc_,

where k, = [1/e]+1.
We have, however,

n

1 1
k+1 _n—k — 1— n4l n
k; ( )q P P (1—p (n+1)qp"),

and the sum
k

€

St

k=1

is composed of a finite number of terms tending to zero with n — oo.
Since p" tends to zero sufficiently fast and since nB, tends to one,
from (31) and (32) we have

1/(1—Ym gx(s)) = 1+1/s

and
lim gu(s) = 1/(1+s).

n—o00
The limit distribution of the random variable nip™Y, is thus an
exponential distribution with parameter one, which proves part (c) of
theorem 1.
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Proof of theorem 2. If at moment ¢ the process a™®(f) = 1, then
the time which will elapse till the next breakdown in this process is a ran-
dom variable X®’ with distribution function

.,
P(X® < 1) = 4% [(1—F(2))de = AOT +fO(6,T) T2,
0

0<0, <1, i —=1/Bx®,

From the independence of the processes and from the fact that
X, = min(XY, ..., X™") follows

n Tm

PnX, > T) = ” [1—;.(’" f (l—F(’"(a:))dm]-

k=1 0
n

[T

. —1

From this we obtain

lim logP(nX, > T) = AT.

n—o00

This ends the proof of theorem 2.
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B. KOPOCINSKI1 (Wroctaw)

PROCESY AWARII SYSTEMOW 0 UKLADZIE SZEREGOWYM
STRESZCZENIE

W pracy rozpatruje sie urzadzenie opisane przez stochastyczne procesy awarii
o wartosciach a(t) = 1, jesli urzadzenie znajduje sie w stanie pracy i a(t) = 0, jesli
urzadzenie znajduje sie w stanie awarli. Zaklada sie, ze czasy pracy urzadzenia s3
niezaleznymi zmiennymi losowymi o jednakowym rozkladzie, czasy awarii urzadze-
nia s3 niezaleznymi zmiennymi losowymi rowniez o jednakowym rozkladzie oraz
eczasy pracy 1 czasy awarii sa niezaleZne.

Rozwazmy obecnie system zlozony z m urzadzen o procesach awarii a(®)(t),
k=1,2,...,n Méwimy, Ze system ten ma uklad szeregowy, jesli proces awarii systemu
jest. okreslony przez iloczyn

n
an (t) = ” a®) (1),
k=1

Dla systeméw o niezaleznych procesach awarii urzadzen skladowych, w ktérych
¢zas pracy i czas awarii s3 zmiennymi losowymi o rozkladzie wykladniczym z para-
metrami odpowiednio ré6wnymi 2 i u, udowodniono, ze czas awarii systemu ¥, ma
rozklad, ktorego transformata Laplace’a ¢} (s) spelnia réwnanie

n

1 % n) k,on--k 1
s+nA(1—gh(s) ,%fo(k TP atmk+s
gdzie p = u/(A+pu), ¢ = 1—p. Korzystajac z tego roéwnania udowodniono, Ze roz-

klad czasu awarii unormowanej Y, = Y,/EY, dazy przy n rosnacym nieogranicze-
nie do rozkladu wykladniczego z parametrem 1.

b. KONMOIMMH bCIKKNA (Bpounas)

MPOLIECCHI ABAPUM TIOCJIEAOBATEJBbHO COEAMHEHHbIX CUCTEM
PE3IOME

B pabore paccmarpuBaercsa yCTpoliCTBO, ONMCAHHOE CTOXACTUYECKUM MPOLECCOM
aBapuu o 3HaueHusAx a(l) = 1, ecam ycrpoiictBo padoraer u a(t) = 0, eciau OHO Ha-
XoxuTcsH B cocroAHuu aBapuu. IIpexmosnaraercs, uTo 1° mpomexyTku BpeMeHU PabOTH
ycrpoiicTBa ABJAAKTCH HE3aBHCHUMBIMU BeJIMYMHAMM, UMEIOIINMHN OJUHAKOBOE paclpe-
qeadeHne; 2° npoMeKYTKH BpeMeHUM AaBapuM YCTpOiCcTBAa ABAAITCA He3aBHCUMBIMM
CIy4YaifHBIMM BeJMYMHAMM, HMMEIOMIMMHU TOKe ONVNHAKOBOe pacnpepaeieHue; 3° mpo-
MEeMYTKHM BpeMeHHM paloThl M aBapuM HE3ABUCUMBI.

PaccmoTpum ceifuac cucremMy M3 7n YCTPOHCTB, KOTOpPBIX IIpolleccaMu aBapuu
HBJIAIOTCA a(k)(t), k=1,2,...,n, OyneM ropopuTh, YTO 3TA CUCTEMA nocaedosamenbHo
coeQunena. eClM TPOUCCC aBAPUM CHCTEMBI ONpejhelseTcsd NpPOU3BeJeHHeM

n

un (1) ” ul®) ().

k=1



IOua cmcreM € He3aBHCMMHMU NPOIECCAMHM aBApUM [JA COCTABHHX YCTPOHCTB,
B KOTOpHX BpeMA paGOTH M BpeMA aBAPUU HABIAIOTCA CIy4YalHHIMU BeJINYNHAMH,
MMEoUINMHI YKCINOHEHIMAJIbHOE pacnpejielleHUe C NMapaMeTpaMu COOTBETCTBEHHO paB-
HHMH A M 4 JOKa3aHO, YTO BpeMd aBapuu cucTeMn Y, mmeer pacmpepeieHue, KOTO-
poro mnpeoGpasoBanme Jlamuaca gy (s) yROBIETBOPSAET ypaBHEHMIO

n

1 _ n\ k, n-k 1
stnd(l—gn(s) ,;,(k)g S R

rae p = u/(A+p), ¢ = 1—p. Iloansysacs 3TUM ypaBHEeHHEM MOKA3HBAeTCH, YTO pac-

npefesieHNne Nepuosa HOPMUPOBaHHOM aBapum Yn = Yu/E Y, cTpemurca mpu Heorpa-
HU4YEHHO PacTyIIMM 7 K SKCHOHEHUMANLHOMY pacupefejeHHi0 ¢ napamerpom l.



