ANNALES
POLONICI MATHEMATICI
XXX (1975)

On the dilution of series

by Viapmrr DroBoT (Santa Clara)

Abstract. If Za, is a series of real numbers, the insertion of zeros between the
terms has no effects on the ordinary convergence. It may, however, affect the sum-
mability of the series by other methods. Thus, for instance, the series 1—1+1—...
and 1—140+4+1—1—... are (C, 1)-summable to 1/2 and 1/3 respectively. We in-
vestigate this phenomena, called the dilulion of the series, restricting the attention
to the (C, 1) method. Let {s,} be the sequence of partial sums of Za,.

THEOREM. If (8,—8| > £> 0, 8§ > 8+¢ for mop_) < J < Mgk, 85 < 8—¢ for ngp < j
< ngg41 and liminfng yny! > 144> 1, then the series cannot be diluted to become
(C, 1)-summable to s.

THEOREM. If [8,—8| > £> 0, 8;>8+¢ for mop_1<j < Mok, 8;< 8—¢ for my
< J < ngpy1 and
("’p-l—l_'nn) max{]sllz, Iszlzy reey I3np+llz} = 0(1),
then the series can be diluted to become (C, 1)-summable to s.
Other results of similar type are also proved.

Let Xa, be a series of real numbers. Inserting zeros between the
terms has no effect on the convergence or divergence of the series, it may,
however, affect the summability by other methods. Thus, for instance,
the series 1—-1+1—... and 1-14+04+1—1+0+... are (C,1) — sum-
mable to 1/2 and 1/3 respectively. This phenomena was first studied by
Chapman ([1], p. 59), who have it the name “dilution of series”. We shall
investigate it here in more detail, restricting our attention to the (C, 1)
method. For convenience we shall be working with sequences rather
than series.

DEeFINITION 1. Let {s,} be a sequence. We say that {{,} is a dilution
of {s,} if there exists a sequence of integers 1 =k, < k, < ... such that
t, =s, for k,<j<k,,,. We say that {t,} is a dilution of {s,} obtained
by repeating s, (k,,,—k,) times. If the series Xa, is diluted by inserting
¢, zeros after a,, the sequence of partial sums {s,} gets diluted by repeat-
ing each term e, +1 times. We say that a sequence {s,} (C, 1)-converges
to s if limn™'(s,+...+8,) = .

The following theorem is fairly evident and we state it without proof.

THEOREM 1. Let {8,} be a sequence of real numbers and let s be a cluster
point of {s,}. Then {s,} can be diluted to become (C, 1)-convergent to s.
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The idea is, that if s, converges to s, we repeat each s, sufficiently
many times to take care of the deviations introduced into the Cesaro
means by the terms s, for n, < j < m,,,. Given a sequence {s,}, it clearly
cannot be diluted to become (C,1)-convergent to a number s outside
the interval [liminfs,, limsups,]. There are, however, more subtle
limitations on (C, 1) convergence to a preassigned number, as the next
theorem shows.

DEFINITION 2. We say that a sequence of real numbers oscillates
slowly around 8, if there exists ¢ > 0 and a sequence of integers n, < n, < ...
such that

1° 8;> s+ ¢ for ny_, <j< ny,

2° 8, < 8—¢ for my <J< Mgy,

3° liminfn, /7, >14+24> 1.

THEOREM 2. If {s,} is a sequence of real numbers oscillating slowly
around 8, then it cannot be diluted to become (C, 1)-convergent to s.

(Compare this with the theorems on (C, 1)-convergence of slowly
oscillating sequences in [1] and [2].)

Proof. Set k, = n,,,—n,, then k, > ¢(1+2)? for some constant c.

(The integers n, are the ones given by the definition of slow oscillation
around s.) Let {t,} be the dilution of {s,} which (C, 1)-converges to s.
In the sequence {f,} there are »,, , terms > s ¢ followed by »,, terms
< 8 —¢, followed by »,,,, terms > 8+, p =1, 2, ... Of course v, > n, ;,—
—mn, = k;. Put V, = v +v+...+7, and let o; be the j* Cesaro mean
of {t,}, so that limo; = 3. We may assume without loss of generality that
n, = 1. Then we have

(1) 073y S [Vag10p,,_, +720(8 — )1 (Vg1 +759) 7
= (T4 Vi)™ [0'724_1 + ¥yq Vﬁ‘-l@ —e)].

This shows that limg»,,V;', = 0. Indeed, if 0 < limsup»,,V;, -, =t < oo,
letting g—>oc in (1) along an appropriate subsequence we would obtain

s+ Yo tt(s—e)) =s—te(1+t) " <s.

Similarly if ¢ = oo in the above argument, (1) would give s < s—e.
From the inequality

(2) OVag+1 = [quaqu +v2041(8+ &) (Vg + ”2q+1)_1
we similarly establish that limw,, , V;;' = 0. Hence
(3) limgy, V3!, = 0.

This shows that for sufficiently large g,

(4) 1’¢0+r+1<‘}l(Vao—i-vqo,,_l-I-...—}-vqo_'_,), r =0, 1,2’ sse
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We can now establish by induction that for all »
() Vogrr < BV, (L+ 1A = d(1+ 34+, d = const.

This will give the desired contradiction, since v,> k, > ¢(1+ 1) as
was remarked at the beginning of the proof. For r = 1 equation (5) reduces
to (4) (with corresponding r = 0). Assuming that (5) is trueforr = 1, 2,...,n
we have:

< $( V.qo +rgpr1teo + "qo+n)
S HA[Vy + 34V + 34V, (1 +30) +. .. + 1AV, (1 + 34)"1]
= AV, A+ R+ 1+ +...+ 1+ 3]}
= i‘quo(l + *Z)n-
The next theorem gives some information as to which values can
be (C,1)-limits of appriopriately diluted sequences.
THEOREM 3. Let {s,} be a sequence of real numbers. Let liminfs, < s

< limsups, be not a cluster point of {s,}. Let ¢ > 0 be such that |3, —8| > ¢> 0
for large n. Let ‘

Voo +n+1

0 M <N M KN < My KNy < .

be such that for k =1,2,3,... we have:
A If ng_, < p < Mgy, then s <§<8—e.

Moy
B. If 1y <P < Ny then 8, >3,>8+e.
8et vy = ny—My_yy = Mp— My, Y5 = MaX{[81], [8a], ..., (8]}

If

ViV, = 0(M_y) @8 k—>oo,

then the sequence {s,} can be diluted to become (C, 1)-convergent to 8.
We precede the theorem by a fairly evident lemma which can be
verified by a direet computation.
LemmA 1. If &, &, ..., &, are any q numbers and & = max|{;|, then
Jor any 1<i1<¢q

et 8 — e (Bt by £ | <
q 1 coe q q+1 1 “oe q i\q

Proof of Theorem 3. To simplify the subscripts we will denote
the sequence {s,} by {s(n)} and the numbers y, by y(k). Since the change
of a finite number of terms in the sequence does not affect the (C, 1)-con-
vergence, we may assume that 0 = my, = ny, m, =1 and |s(n)—8| > ¢
for all n. We define the dilution of {s(n)} inductively, by repeating s(m,)
4, times as follows.
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Suppose 4,, 4,4, ..., 45_,, 4, are already chosen and let the resulting"
sequence be {t(1), ¢(2),...,t(M,)}, where
(6) H(My) = 8(my), My =my+(4;—1)+...+(4y—-1).

Write
t(1)+... +Hi(My) +8(my+1)+... +8(Myy,) +. .. +8(My,,) _

Al =
i My + oy + pgris

If 4;,, =s, we set dy,, =1 = A;,,, so that the terms s(my,,)
and s(m,,,) do not get repeated.

If 4, , <3, we set 4,,, =1 and 4,,, to be the smallest integer
such that

1) +...+E(My)+-8(mg+1)+... +8(my ) +.. +Azz+23(m21+z)
My + pigg o+ paga+ Ay —1

Such 4;., can be found because s(my,,) > s+e.

If A,,,>s, we set 4;,, =1 and Ay, to be the smallest integer
such that

t(l)"' A My) +8(my+1) 4. +Azl+13(mzz+1)+ +3(m21+2)
My + Margr + tayrs + Azz+1 -1

This is again possible because #(my,,) < s —e. Notice that 4, and 4,
are defined by this method, since the above can be carried out in the
case when no #’s are present. This defines the dilution of {s(n)} into {¢{(n)}.
¥ M, is defined by (6) and z(j) denotes the j-th Ceasaro mean of {{(n)},
then s always lies between v(M, —1) and 7(M,), hence using Lemma 1
we have

() |=(My)—s|

2y (‘mzz) 2y (ny)
M, — 1 N1

< IT(le—l)—T(Mzz)l -0 (l—>o0).

We desire to obtain an upper bound on 4, ; and 4, ,, in fact we
claim that for some constant ¢ (dependent only on ¢) it is true that

(8) Azt+1,z < oy (Ryy) [V + Porey + varye]-

If 4,,, = s, equation (8) clearly holds since in this case the left-hand
side is equal to 1. If 4, ,< s, then 4,,, =1 and 4,,, must satisfy
(9)
1) +... Ft(My) + 8(my+1)4...48(my ) ... + (g, _1)3(m21+2)
My + pargr + porys + Ay s — 2
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Since
s(my+1)+... +8(Mmy 12 —1) > — (Ba41F Barpe) ¥ (Mary0)
and 8(my,,) > s+s¢, the left-hand side of (9) is larger than

(1) +. ..+ (My) — (pgpr + Barya) Y (Mapyp) + (g — 1) (84 8)
My + Bor 1+ Porye+ A21+2

80 X < s. Multiplying out by the denominator and collecting the terms
we get

(10)  edy,,
< —{tQ)+... +1(My) —s My} + (Hop sy T o) [y (Mg o) +-8]46—8.
The term in the parentheses on the right-ha.nd side of (10) is less
than 2y (my) ll/[z,(lIIﬂ——l)"1 (a2 consequence of (7)), and Moy + Hapyo

< VYt Ve
Also y(-), is an increasing function and my < My, < Ny, ,. S0

(11) 342t+2 Y (Mg o) (2 My ( My — 1) + v+ Vet Yo +s]—e—s.

Since M,,— oo a8 l— o0, it is clear that a constant ¢ can be found such
that (8) holds for those I for which 4;, ,<s. If 4;,, > s, then 4y, =1
and 4,,, must satisfy

(12)
1) +... +U( My) +-8(mgy+1) +... + (g — 1) 8(My ) +.. ‘|‘3('m'21+2)
My + Hory1+ Horys+ Azl+1 —2
As in the previous case,
s(my+1)4...+8 (Magya) < (Mopyy+ Moy 2) Y (Mg ys)

and 8(my,,) < s—e. Substitution of these inequalities into (12) (and
the fact that [t(1)-+...+8(My)—DM, 8] < 2y(my) My(M,,—1)", which
follows from (7)), leads to

X =

(13) edy ) < 2y (my) My(My—1)~ '+ (#4111 Harp2) [y (Mg 5) — 8] + $+e.
Arguing as before, we conclude from (13) that a constant sa.tlsfylng
(8) can be found also in this case.

Suppose now that M,, < p < M, ,. By the hypothesis of the theorem
we have for any fixed j =0, 1, 2,

(14) ”k+j‘}’2(’nk+j) _ ”k+572(”k+j) Meyia Ny 1
Ny Npyj—1 Ny j—2 Ny

The first quotient on the right-hand side is o(1). For each fixed r

n - (4 -
AT 3 T 1 46().
Mgyj—r-1 Ngsj—r—1
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So it follows that the right-hand side of (14) is o(1), i.e.

(15) ”k+j7"a(nk+j)nl¢-l =o0(1).
Now
[ = MO MmO el
My+(p—My)
with possibly some of the s(j)’s repeated (j = my+1, ..., q,). So
Tp S
8() +.. . H (M) + (o +Pors1 + Varge) Y (Marga) + dapga (8 — &) + Aoy oy (M)

b
M,

or, using inequality (8),

Tp < Tagy + (1 +0) (Vo + Varpr +varga) ¥ (Mg p0) gty +
+ (vt vage) vE( Ry ) Nglye

We conclude now from (15) that 7, < 7y, +0(1). By a completely
analogous argument we establish that v, > vy,, +0(1) and this concludes
the proof. .

If {s,} is bounded, then a little bit more can be said about the possible
(C, 1)-limits of its dilutions.

THEOREM 4. Suppose {8,} is a bounded sequence and let s be not a cluster
point of {s,}. Let ¢ > 0 be such that |s—s,| > & for large n. If {s,} can be
diluted to become (C, 1)-convergent to 8, then it can be diluted to become
(C, 1)-convergent to any number t satisfying 8 —e <<t << s-e.

Proof. As in the proof of Theorem 2 we construct a sequence of
integers

0 My <Ny <M<, < MK N < .

such that for ¥ =1, 2, 3, ... the following is true:
| A, If ny_ o < P < Mgpy, then $(my,_;) <8, < 85—

B. If ny,_, < P < ngy then s(my,) > s, > s+¢.

Without loss of generality we may assume that {s(»)} (C, 1)-converges
to s to begin with, and that my = n, = 0 and [s(n)] < 1. Let s —e<<1
< 8+¢ be given. We dilute {s(n)} by repeating s(m;) 4, times according
to the following rules. Suppose 4,, 4,, ..., 4, are already chosen and
8(m,) repeated 4, times (k =1, 2,...,2l), the resulting sequence being
{#(1), (2), ..., +(My)}, where

(16) HMy) = s(my), My = my+ (A —1)+... +(dy—1).
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Write
_ 1) +... +(My) +s(my+1) +... +8(mgyy) +... + 8(my, 5)
My +myy g — My A

and A4,,, to be the smallest integer such that

X;

(1) +... +1(My) 4 8(my +1) ... +3(m21+1) +...+ Azl+23('m21+2) > ¢
M2l+m21+2_m21+(A21+2—1) =

Such " 4,,, exists because $(myy,)>s+e>1 If X;>1t, we set
Agi2 =1 and 4,,, to be the smallest integer such that

1)+, .+ (My) +8(my +1) 4.+ Ay 1 8(Mgpyq) +. 0o+ 8 (M) <1
M2t+mzl+2 — My + Azl+1 -1

This is again possible because s(m,; ) < §—e < {. Thus the dilution
of {s(n)} is defined, the resulting sequence being {¢t(n)}. If {r(n)} denotes
the sequence of Ceasaro means of {¢(n)}, then ¢ lies between 7(M,) and
(M, —1), where M, is defined by (16). Hence it follows from Lemma 1
that

2 2

A1) ()~ < [f(M) — o (M~ 1 < 5 —7 <7

-0

(I—>o0).

Again as in the proof of Theorem 3 we need estimates on A’s, in
fact we claim that for ¢ = 1,2 and some constant ¢

(18) Aypi < 6{ My ( My — 1) 4 (my,, — my) (1 4-1)}
If 1 is such that X, < ¢, then 4,;,, =1 and 4,, satisfies
H) 4. (M) +s(my+1) 4. oo+ 8 (Mg )+ F (Dyryy — 1) 8 (Mg )
< t(le+m2z+2—mzl+ A21+2—2).
The left-hand side of the above is larger than
8(1) +. . F (M) — (Mg —My) + (s —1) (s + ).

Combining these two inequalities we get

Ayyo(8+2—1) <L)+ +8(My) — 2 My| + (Mg, —my) (1 +12)+O(1).

But it follows from (17) that |#(1) +... +1(My;) —t M, < 2 M, (M, —1)7"
so that (18) follows. The case X; > ¢ is treated in an analogous way. Let
now M, < p < M, ,.Thenif v(n) denotes the n-th mean of {¢(j)}, we have:

_ (1) +... +(My) +s(my +1)+... +8(q,)

T < m 3
(?) M, +(p—My) y o Op S Mgy
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with possibly some of the 3(j)’s repeated (j = my+1, ..., g,). This gives

1
(19) 7(p) < (M) +E—l {'mzl+z —my+ Ay, + Azl+2}
2 .
and
M, 1
(20) 7(p) = ©(My) M;; - M, , {mgrya — Mg+ Ay + Ay 0}
+
Let 0 =my =ny<m<n, <my<ny<... be the sequence of

integers as defined at the beginning of the proof, and let o(j) denote the j-th
mean of {s(n)}. Then

o (Ng 1) < [Ny + (04, —ng) ™! {ny0(ny) + (Mgp gy —Mgp) (8 — &)}

= (1.+ M) {0'(’”21) + a1 — Moy (s _s)}.
Ny Ny

Ny — Ny
Ny

Since ¢(n,)—s, we conclude that —0.

Similarly from the relation

| L )
o) > (14 I gy ) Mter =)

Nap Nap o

. n — N
we obtain —*2 2+l .0 g0 that
o141

N — M
n

(21) lim, =0.
But

My =M My — M M+, — )
Lo} (O ¥} L

?

Ny — M Myps — Mg 4 (1 — M)
" My n

?

e.t.c., so for any fixed r

MNpr— M

(22) lim, =0.

n
But then

Moy 0 — My Nopya— Ny
(23) + < +
My Ny

—>O,
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so by (18)

- A
(24) L, Auys -0
My, My

and

M
25) 13> 3rE> My (Mot dupat e+ (g —ma)} ™
2l+2

Since My > my, (25) (23) and (24) give

(26) lim—E g,
2l+2

But then (23), (24), (26), together with (19) and (20) give
limz(p) =t (p—>o).
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