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1. Introduction and notation. In the present paper we study certain
limit theorems for randomly indexed sums of random vectors. Section 2
starts with some preliminary information concerning randomly indexed
sequences of random elements in general metric spaces. Here we introduce
the technique of quantiles which is crucial in the subject. Section 3 is
devoted to the proof of the characterization theorem for weak convergence
of randomly indexed arrays of symmetrically distributed random vectors
in Banach spaces. This generalizes the earlier D. Szasz’s result for real
random variables. The stability of randomly indexed sums of random
vectors in normed linear spaces is investigated in Section 4 and then,
in more detail (in the Hilbert space case), in Section 5. Section 6 gives
some applications of the previous results and provides sufficient eonditions
for convergence to the infinitely divisible distribution of randomly indexed
arrays of real random variables.

We introduce the notation and definitions that will be used through-
out the paper. A random element on a probability system (£,%,P)
with values in a measurable space (£, #) (£ is a o-algebra of subsets
of Z)is a mapping X: Q — & such that X '(B)e# for each Be 4. In the
case where & is a metric space, 44 stands always for the g-algebra of all
Borel subsets of Z. A random index v is simply an N-valued random var-
iable, where N is the set of positive integers. The Lebesgue measure on #p
is denoted by |-|. Further on ~> denotes the weak convergence of distri-
butions (cf. [6], p. 40), £, the convergence in probability P, .# (%) denotes
the space of all probability measures on a metric space 2, ¥ (X) denotes
the distribution of the random element X, and eventually conditionally
compact means compact after closure.

2. Preliminaries: randomly indexed sequences of random elements
in metric spaces. In this section we prove some results concerning randomly
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indexed sequences of random elements in metric spaces that will be applied
in the sequel.

Let (%, d) be a metric space equipped with the s-algebra &4 of Borel
subsets of ', let Y,, ¥,, ... be a sequence of Z-valued random elements,
and let » be a random index which is independent of the sequence {Y,}.

In the present paper the t-quantile of the random index » is defined
as the greatest integer I(f) that satisfies the inequality

Pir<l(t) <t<P<l(t), te[0,1).

Now, let &(t) = Y,y be the Z-valued stochastic process on [0, 1).

PROPOSITION 2.1. The stochastic process &(t) for each te[0,1) is
(Bio,1) X F y Bg)-measurable, and the Z-valued random elements Y, and
&(n) are equidistributed, where = is a real random variable uniformly dis-
tributed on [0,1) and independent of Y,, Y,, ...

Proof. Put

A
N
Pk

k
to=0’ thZP{v:i}, 0:t0<tl

Let ky, = 0, k;, j > 1, be the sequence (finite or infinite) of integers
enjoying the property

tk"_l+f = tkj_}’ j> 1’ 0 < r< kj_kj—l

Notice that, for te (t;_, ) bey)y We have l(f) = k;. Now the meas-
urability of the process E(t) follows To prove that §(n) and Y, are equi-
distributed it is enough to make the observation that, for each Be 84
and j =1,2,...,

kj
D P{Ye B}P{v = k} = P{¥ye B}(ty—t,;_)).
k=Kkj_1+1

Thus

P{(n)e B} = fP{f(t)eB}dt - ZP{Yk ¢ BY(t,— 1, )

= Z.O'P{Yke B}P{v =k} = P{Y, ¢« B}.
k=1

The following proposition, in the case & = R", is due to Szész [9]
who proved it utilizing the technique of characteristic functions which is
not available in our general case.

PROPOSITION 2.2. Let &,(t), &(1), te [0,1), be (B XF, Bg)-meas-
urable stochastic processes with values in & metric space &, and let v be a real
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random variable with distribution u concentrated on [0, 1) and independent
of &, and &. If, for u-almost each te[0,1),

&, (1) ¥y &(1), as m — oo,
then also

&n(7) > &(7), as n— oo,

Proof. By Theorem II.6.1 of [6], for u-almost all te [0, 1) and for
each closed C = &, we have

HmP{£,(t)e O} < P{£(t)e C}.

Now, by the independence assumption and the Fatou Lemma, we
obtain

lm P {£,(v) €} = lim [ P{£,(t)e C} p(dt)

1___ 1
< [UmP{&, (1) Chu(dt) < [P{E(t) e O} p(dt) = P{£(v) C}
0o 7 0

for each closed C < 2 which, again in view of Theorem II.6.1 of [6],
gives the desired conclusion.

PROPOSITION 2.3. Let Y and Y, (n, k =1,2,...) be random elements
n a metric space X, and let v, be random indices with t-quantiles 1,(t) such
that, for each ne N, v, is independent of Y, , Yo, ... If for any sequence
N, © N there exists a sequence N, = N, such that, for almost all te [0, 1)
(Lebesgue measure),

Ir)lln(t) .‘Z_> 1' as Ne N2’ n — w,
then
Iv

w
w, > X as n — oo.

In the case where Y is constant with probability 1 the inverse of the
above-given statement is true.

Proof. Put &,(1) = Y, ), £(¢) = ¥, te [0, 1). By Proposition 1.1 the
processes &, are (B, XF , By)-measurable. Indeed, & is (B, ) X F , By)-
-measurable as well. Now, let ¥, be an arbitrary subsequence of N.
By our assumption there exists subsequence N, — N, such that, for almost
each te[0,1),

En(t) s E(t) as Ne -N27 n — oo,

If = is a real random variable uniformly distributed on [0, 1) and
independent of {Y,} and Y (and so independent of processes &, and §£),
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by Proposition 2.2 we get
E () ~> E(w) as ne Ny, n — oo.

However, by Proposition 2.1 for each ne¢ N the random elements
£, (7)) and Y,,,n are equidistributed and &(x) = Y, so that

Y

ny

~>Y as ne Ny n —> oo,

Thus Y,, ~> Y as n — oo (use, e.g., Theorem IL.6.1 of [6] in the

case Z 1s not separable).
To prove the converse assume Y = ae & with probability 1. Notice

that

P

Y, ~>Y if and only if Y,, *»a,

ny.
and so, by the assumption and Proposition 2.1,
& () Psa  as n—> oo,

so that, for each ¢ > 0,
Pld(&, (), a) > ¢} = flP[d(é“,,(t), a)>e}dt >0 as n —> oo.
0
Therefore, for a fixed ke N,
P{d(én(t),a)>%—}—>0, te [0,1),

in Lebesgue measure as n — oo. Let N 1 be an arbitrary subsequence of N.
Applying the Cantor diagonal procedure, we are able to find a subsequence
N,c N, and a subset T < [0,1) of Lebesgue measure 1 such that,

for each ke N and each te T,
1
P d(fn(t)ya)>"; —~0 as n -—> oo, ite N,.

But this exactly means that, for each te 7,
Yor,0 EPsa as ne N,y n— o0,

which completes the proof.
COROLLARY 2.1. Let X, and X be random elements in &, and let v, be
random indices such that, for each ne N, », is independent of X,, X,, ...

and

P
Y, —> 00  @s N —> 00.

If X,5>X as n-> oo, then X, ~>X as n — oo,
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Proof. It is sufficient to notice that », 25 o if and only if, for each
te(0,1), L,(t) > o0 as nm — oo, so that X, T> X implies X; o> X for
each ¢t (0,1). Now one can apply Proposition 2.3 in the special case
Y,.=X, for n, k =1,2,...

COROLLARY 2.2. Let {a,;} (n, k =1,2,...) be a sequence of real num-
bers such that a,; < @y, < ... for each ne N, and let {»,} be a sequence
of random indices. Then a,, £50 if and only if, for each te(0,1),
@t (t) = 0 asn — oo.

Proof. By Proposition 2.1,

P{la,, | > ¢ = ’{ti | @y )| > E}I

If, for a certain #,e (0, 1), a, o)+ 0 as n — oo, then
lim|a, ¢, > ¢ for some &> 0,
n

so that
UimP{la,, | > e} = lim|{t: |a, | > }| > minfty, 1 —t,} > 0.

n

The second implication follows directly from Proposition 2.3.

3. Limit theorems for random vectors in Banach spaces. Throughout
this section (%, ||-|) stands for a separable Banach space, X,; for
n,j =1,2,...arerandom vectors in Z such that X,;, X,,, ... for each n are
independent, symmetric and

lim sup P{||X,;il> ¢ =0 for each ¢> 0,

n—oo j>=1
and », (n =1,2,...) are random indices independent of X,,, X,,, ...
for each » and such that », L5 oo (n — ). We introduce the notation

n '
k — an_f_""*—Xnk'

THEOREM 3.1. In order that there exists ue .# (%) such that the distri-
butions of 8, are weakly convergent to pu (n — oo) it is necessary and suf-
ficient that for each sequence N, c N there exist a subsequence N, = N,
and an F-valued (By ) XF , By)-measurable stochastic process &(1),
te [0, 1), such that

(i) for almost every te [0,1), 87 @ "> £(t), ne Ny, n — oo

(11) the random vector &(x), where it is a real random variable uniformly
distributed on [0, 1) and independent of {£(t)}, has the distribution u.

This theorem in the case Z = R" is, essentially, due to Szész (cf. [9],
Corollary 1) who worked (also in the non-symmetric case) with help of
Doob’s centers, the notion that is not readily available in our general case.
In the proof of Theorem 3.1 we need several lemmas.
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LEMMA 3.1. (a) If there exists a sequence t,e [0,1),1 —1 a8 k — oo,
such that for each k = 1,2, ... the sequence of distributions of sums 8,
18 conditionally compact, then the sequence of distributions of sums S
18 also conditionally compact.

(b) Conversely, if the sequence of distributions of sums 8, 8 condition-
ally compact, then for each te [0,1) the sequence of distributions of sums
8i ) s conditionally compact.

Proof. (a) Assume to the contrary that the sequence of distributions
of sums §; is not conditionally compact. The Prokhorov Theorem (cf.
[6], p. 47) yields the existence of an ¢ > 0 such that, for each compact
Kc %,

(1) supP {8, ¢ K} > «.
Take ¢, such that 1 —¢, < ¢/4 and a compact K < & such that

&
P{S;:l(tk)¢K}<Z (n:1,2,...).

By Mazur’s Theorem ([2], Theorem V.2.6), the set K = conv K is
compact. Taking into account the inequality

(2) P{X¢ B} <2P{X + Y ¢B}

which holds true for any independent and symmetric random vectors
in normed linear space £ and arbitrary convex Borel Be #4, for each
1< 1,(t,) we get
P{87¢ K} <2P{8; ¢, ¢ K}.
Thus
n(ty)

~ Y ~ &
P{S, ¢ K}< ) P8I K}P{y, =i} +
= 4

~ € 3

and, eventually,

W] o

E

sup P (8%, ¢ K} <

which contradicts (1).

(b) Assume to the contrary that there exists a tye [0, 1) such that the
sequence of distributions of 87, is not conditionally compact. Thus we
may find ¢ > 0 such that, for each compact K < %,

(3) SupP{S?n(,o)g‘ K} > E.
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Now, let K be an arbitrary compact subset of Z and let K = convK.
In view of inequality (2) for ¢ > [, (?,) we get

~ 1 n ~
so that

PS¢ K} >P{SI¢K}> N P(SI¢K}P{n, =i}
i=lp(to)

1—

2

which, by (3), implies that

{ .
P {Shapt K}

=

—1,
2

and this gives the necessary contradiction.

Now, let Z* be the dual space of £ and let ® = Z* be countable and
dense in &* in the weak” topology. The existence of O is implied by the fact
that the unit ball in Z* is metrizable and compact in the weak* topology.

We omit the instant proofs of the following two statements which
are formulated as lemmas only for reference purposes.

LEMMA 3.2. Let {X,} be a sequence of random vectors in Z. If the se-
quence {£(X,)} is conditionally compact and if for each x*e O there exists
limEexp (iz* X,), then the sequence {L(X,)}n.n i8 weakly convergent.

n—o00

1
supP{S) ¢ K} > &
n

LEmMmA 3.3. Let {X,} be a sequence of random wvectors in %. If
PL(X,) 2> u e M(X) as n — oo, then for each x* e X* there exists a limit dis-
tribution for the sequence of real random variables x* X, (as n — oo).

LEMMA 3.4. Let X, and Y, for each n = 1,2, ... be independent ran-
dom vectors in Z. If the sequences {L (X, + Y, )}pen and {L(X,)}nen are
weakly convergent and if for each x* ¢ O the limit distribution of the sequence
of real random variables z* X, is infinitely divisible, then also the sequence
{L(Y,)}nen 18 weakly convergent.

Proof. By Lemma 3.3 the limit distribution of {z*X,} exists for
each z* ¢ ¥*. Now, the independence assumption yields that

Eexp[iz*(X,+ Y,)] = Eexp[iz* X,]-Eexp[iz* Y,],
and, by the infinite divisibility assumption, we have
limEexp[iz*X,] # 0 for each z*¢ 0,

n—>oo

8o that for each 2*¢ @ there exists the limit

limEexp[iz*Y,].

n—00

7 — Colloquium Mathematicum XXXIV.1
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Moreover, Theorem IT1.2.1 of [6] implies that the sequence {Z (Y ,)},n
is conditionally compact and the application of Lemma 3.2 completes
the proof.

Proof of Theorem 3.1. Sufficiency. The assumptions and Prop-
ositions 2.1 and 2.2 imply that the sequence of distributions of sums 8
is conditionally compact and that u is only the point of condensation.
So the sequence of distributions of sums §; is weakly convergent to
pe HM(X).

Necessity. The proof will be carried over in three steps. Let N,
be an arbitrary but fixed throughout the proof subsequence of N.

Step I. There exist a subsequence N, < N, and a subset T < [0, 1),
IT| = 1, such that for each x* ¢ @ there exists a real stochastic process &,.(t),
te T, with independent increments, which is stochastically continuous and
such that, for each te T,

m*SZ;(t)E) Ean (1) as ne Ny, n — oo,

Denote by D the set of dyadic numbers in [0,1). By Lemma 3.1,
the sequence {Z (8} )}ln.n is conditionally compact for each te[0,1).
Utilizing the Cantor diagonal procedure we may choose a subsequence
N, = N, such that the sequence {g(SZ@(t))}mNz is convergent for each
te D. By Lemma 3.4, the sequence {£ (8] ,)— 87 ))}inen, iS also con-
vergent for any i, tye D.

Let #*¢ @. In view of Lemma 3.3, for each t,, t,¢ D there exist limit
distributions for real random wvariables m*S;;(¢2)~w*S?n(,l, as neN,,
n — oo. Szasz has shown (cf. the proof of Theorem 2 in [9]) that, under
these circumstances, there exists a real stochastic process &,.(t), te [0, 1),
stochastically continuous at all except countably many te [0, 1), that
has independent increments and such that, at each point of con-
tinuity of £..,

:v*S{‘n(,)3> E.(t) as me Ny, n — oo.

To complete the proof of Step I it is enough to take as T the inter-
section of the sets of continuity of &,., r*e 6.

Step II. There exists a stochastic process E (t), te Iy with values in %,
stochastically continuous, with independent increments and such that, for
each te T, Y?n(t) AN E(t) as ne N,y n — oo.

Indeed, by Lemma 3.1 the sequence {£ (8] )}n.n, i8 conditionally
compact and, by Step I and Lemma 3.2, it converges for each te 7. In
view of Lemma 3.4, for each 1,, ;¢ T, the sequence {£ (8} ¢,) — 87 ¢))}nen,
is also convergent. Now the Daniell-Kolmogorov Extension Theorem [6]

yields the existence of the stochastic process §~(t), te T, with values
in 2, with independent increments and such that, for each te T,
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» m-) E (t)as ne Ny, n — oo. To prove that E 1s stochastically continuous it
18 sufflclent to notice that, for each z*¢ ® and each te 7, the random var-

iables w*f( ) and &,.(t) are equidistributed. Since £ and fx. are processes
with independent increments and since the distributions of x*£(f) and
& (1) ave 1nf1n1te13 dlvmb]e for each te T, the random variables &..(t,) —

— &..(%,) and o* §(t2) (tl) are equidistributed for each t,, t,¢ T (z*€ 0).

Let t,, —t,t,,teT. blnce the processes &,. are stochastically continuous
on T, we have

a;*(é(tn)—g(t)) 2,0 for each 2*¢ 6.

Now, to complete the proof of Step II it is sufficient to observe that

the distributions {£( E(t)— & ())}nen are conditionally compact (here
one has to apply inequality (2)) and to use Lemma 3.2.

Step III. There exists a stochastic process &(t), te [0, 1), which is
(Bo) X F , Bg)-measurable, and such that, for |-|-almost te [0, 1), &(1) = E(2)
with probability 1.

Fix a sequence of partitions {t;};_, = T, ne N, such that

;cL< tz+l (l" = 17 IREX %——1), {t:}2=1 < {tz-H 2:}
and

lim max |tg,, —% =0 (& =0,1;,, =1).
n—00 0<<k<n

Now, we define a sequence of simple processes
£(ty)  for te [0, 1)),

En(t) - |~ n n 4n
E(ty) for te[tg, t.),k=1,...,n

The processes &, are evidently (%, XF, Bg)-measurable and,
considered as functions on [0, 1) X £ into Z, they form a Cauchy sequence
for convergence in measure. Let &: [0,1) X Q — & be a limit in product
measure of the sequence {£,}. & is measurable and, for each k> 1

fP)us(t E(t)] > } -0 asm oo

Utilizing the Cantor diagonal procedure we are able to choose a sub-

sequence N' <« N and a set T,,|T,| =1, such that, for each te T, and
each ke N,

P{ue,.(t)—s(t)n > %} >0 a8 ne N, n - oo,

which implies that &,(t) => &(t) as ne N*, n — co. Now, the stochastic
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continuity of the process E(t), te T, yields that
E.(D) 2, g(t) as n — oo,

Thus for te TNT,, §(1) = E(t) with probability 1, which completes
the proof of Theorem 3.1 in view of Propositions 2.1 and 2.2.

4. Stability of randomly indexed sums of random vectors in normed
linear spaces. Throughout this section (', ||*||) stands for a fixed normed
linear space equipped with the natural morm topology.

Let X,; (n,j = 1,2,...) be random vectors in 2, and {»,} a sequence
of random indices. We assume that random elements »,, X,,, X,,, ...
are independent for each ne N. As usual, 7,(?) denotes the {-quantile of
the random variable », (e [0, 1)). Put 8; = X, +... + X,x.

Definition 4.1. The sequence {8, } is said to be stable if there exist
vectors Bie 2 (n,k =1,2,...) such that

S:;—B,’,‘n£>0 as n — oo.

Definition 4.2. The sequence {8y} ({k,} =N, n =1,2,...) is
said to satisfy the (weak) law of large numbers if there exist vectors C,e &
(n =1,2,...) such that

S;C'"—CnLO as n — oo.

The following theorem characterizes stable sequences {S; }:

THEOREM 4.1. The sequence {8, } is stable if and only if, for each
te (0,1), the sequence {8 ,} satisfies the law of large numbers.

The proof of this theorem will rely on the following Lemmas 4.1
and 4.2.

LEMMA 4.1. If the random vectors X ,; (n,j = 1,2,...) are symmelric,
then S,’,‘nf—>0 if and only if, for each te (0, 1),

St LN 0 as n — oo.
()

Proof. Fix te (0, 1) and ¢ > 0. Applying inequality (2), we get
PS> = ) PUSY > Pl =K > (ISl >
k=tn(t)
which proves the necessity. The sufficiency follows from Proposition 2.3.
LEMMA 4.2. Let X,; and Y,; (n,j =1,2,...) be random vectors in &
ard let {v,} be a sequence of random indices. Assume that v,, X,,, Y.,
X,2y Y,y ... for each n are independent. Then, if

14 n

Z(Xm-—— Yn,-)£—>0 as n — oo,

j=1
then the sequence of sums {8, } s stable.
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Proof. We define the functions @,: R™ —[0,1] by the formula

Qu(e) = sup {P(| ZX— é:yk||< ) i e 4}, ccR.

By the independence argument and Proposition 2.1, we get

SIEREIEF
fefl 3w v < da

n(t) In(t)

_ fl) xP{ ®, ') “2 X,i(w Z Y,,j(w’)H < e}dt

= [r{| ZX,U-— Z Y,;(o

so that, by our assumption, for each ¢ > 0,0,(¢) -1 as » — oo. Con-
sequently, for each re N there exists n,e N (n; < ny, < ...) such that

)| < e} P (@) < Qu(e),

1 1
Qn(—) >1—— for n>n,.
r r

Now, by virtue of the definition of ¢,, we are able to
find, for each ne N, a sequence {b,;};~, such that if n,<n < n,,,, then

ol Sa- -

n

D (Xyj—by) T>0  as m—> oo

i=1

ll>1_}_

r

Hence

which was to be shown.

Proof of Theorem 4.1. Let {Y,;} (n,j = 1,2,...) be a sequence
of random vectors in £ such that »,, X,,, Y,,,... for each ne N are
independent and Y,; and X,; for each n, je N are equidistributed.

Assume {8, } is stable. Then

*n

Z(X"',.— Y,;) 2> 0

j=1
and, by virtue of Lemma 4.1, for each te (0, 1),
ln(®)
2 (Xﬂ]_ Ynj) 3) 0 as n — oo.

i=1
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Fix te (0, 1), and write 2 new sequence of indices v, = 1, (t). Clearly,
{X,;}, {Y,;) and {»,} satisfy the assumption of Lemma 4.2, so that there
are vectors Cjpe £ such that

, P
S; ~C:~‘ ~—0 as n — oo
n n

which proves the first part of the Theorem.
Assume that 87 ) for each e (0, 1) satisfies the law of large numbers.
Then, for each te¢ (0, 1),
ln(®)
Z(Xn-— Y,,,-)—P—>0 as n —> oo
j=1
and, by Lemma 4.1, also

n

D (Xyy— Yyy) 70,

i=1
and the application of Lemma 4.2 completes the proof.

We conclude this section with the following observation. Making
a comparison between the proofs of Lemmas 3.1 and 4.1, it is not difficult
to show the following strengthening of one half of Lemuma 4.1:

LEMMA 4.1.A. Let X,; (n,j =1,2,...) be symmelrically distributed.
If there exists a sequence {t,} = (0,1),t, —1 (k — oo), such that, for each
ke N, S}:m3>0 as n — oo, then

P
S:Lnﬁ() as n — oo.

This, in turn, makes it possible to strengthen the assertion of one
half of Theorem 4.1 as follows:

THEOREM 4.1.A. If there exists a sequence {t;} < (0, 1), t, — 1 (k — o0),
such that, for each ke N, the sequence {8y «,)} satisfies the law of large num-
bers, then the sequence {8S) } is stable.

5. Stability in Hilbert spaces. In this section we restrict our attention
to the case 2 = H, where H is a separable Hilbert space with the inner
product (-, -) and an orthonormal basis {¢;} = H (as usual, ||-|| = V(-, ‘),
and apply Theorem 4.1 to prove another, and perhaps more handy, char-
acterization of stability of randomly indexed sums of random vectors
in H. In the case H = R, the sufficiency was proved originally in [1]
under some additional restrictions, and the full characterization is due
to Széasz [10].

Let X,;, X,2,... for ecach me N be Independent random vectors
in H such that

lim sup P{|X,;/l > ¢ =0 for each ¢> 0,

n—»o00 j=1
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and let {»,} be a sequence of random indices such that, for each =,
v, 1s independent of X,,, X,,, ... and vn—P—+ 00 as n —> 0o.

THEOREM 5.1. The sequence of sums {8, } is stable if and only if the set
of following conditions 1s satisfied:

For each &> 0,

4

n
(A) D) il — a5l > &) Z> 0,
j=1
n
(B) D [ (@2, y)uy(de) 20,  yeH,
i=1 lafi<e
(©) lim sup P{ ' [ o —a,2p,(de) > M} =0,
M-—oo n i=1 |zi<1
(D) lim sup P{Z f o (0 — X5) o (d) = e} =0,
m—00 7 i=1 i<l

where u,; 18 the distribution of the random vector X,;,

oo

@,; = fw,um-(da:) and 15 (x) = 2("1’781')2‘
lafi<1 J=m

Proof. By Theorem 4.1, the sequence {8, } is stable if and only
if {8} @} for each te (0, 1) satisfies the law of large numbers. On the other
hand, », P, o if and only if, for each te (0, 1), I,(t) > o0 as n — oo, SO
that, by virtue of Theorem 6.3 of [6], p. 200, {8, } is stable if and only
if, for each t¢ (0,1) and &> 0, the following conditions are satisfied:

I7b(t)

(Ay) Hm 3 (e —w,ll > ¢) =0,
n—>00 j =1
In(t)
. W
(B,) im > [ (@, y)2pey(dw) =0, yeH,

N—=0 =1 laj<e
In(?)
(Cy) sup Y [ liw— @012, (dr) < oo,
"oj=1 fai<1
ln(t)
. i
(D,) lim supz f o (@ — @) o (d) = 0.

m—s00 n j =1 ”24|=;;1
Corollary 2.2 implies the equivalences (A) < (A,;) and (B) < (B,),
so that the proof will be complete as soon as we show that (C) < (C,)
and (D) < (D,).

(C) = (C,). In view of Proposition 2.1, condition (C) may be rewritten
as follows: :



104 J. ROSINSKI

ln‘t)
(4) lim sup‘{t:Z [ e — @l 0, (dr) = u}' = 0.
M—oo n j=1 lzli<1
If, for some t,¢ (0, 1), the supremum in condition (C,) were infinite,
then, for each M, we would have the inequality
Lot
sup [{t: X' [ o — a2 p,(de) > M}|=1—1,
n i=1 llzl<1
which contradicts (4).
(C;) = (C). The Lebesgue Dominated Convergence Theorem yields
L)
lim sup’{t: 2 f e — ;12 pnj (doe) = M}i

M—oo n j=1 llzi<1
1,(t)

< lim |{t:sup2 [ 1o — 0,12 1 () > M”
M—c0 noj=1 llaii<1
n(t)
= Ht:supZ f [l — 25112 2, (d) = oo” = 0.
=1 lzi<1
(D) = (D,). Assume to the contrary that, for some tye (0, 1),
Ln(to)
(5) lim supZ [ 7@ — 2, pj(do) = £,> 0.
Mmoo m 11 i<l
By Proposition 2.1, condition (D) can be restated as follows:
In(?)
lim sup‘ {t:Zl1 f o (& — ;) o () > s}’ =0 for each ¢> 0.
m—oo n i=1 i1
However, (5) implies
()
sup’{t:Z f o (& — ;) pnj (dT) = 81}' >1-—t, for each m
» i=1 lzli<1
which gives the necessary contradiction.
(D,) = (D). We have
n(t)
lim sup {t:Z f Yo (X — &pj) pnj () = e}'
m—oo R i=1 jzi<1
In(t)
< lim |{tsup 3’ [ #h(@—20) s (de) > |
m—>00 noj=1 lali<1
La(t)
. Q '
= Ht: lim supz f rfn(w—mm-)yn,-(dw) > s}' =0,

Mm=o00 7 j=1 |zi<1

and the proof of Theorem 5.1 is complete.
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6. Applications to real random variables. Applying the results of
Section 2, one can easily obtain certain sufficient conditions for weak
convergence of randomly indexed sums of random variables. We display
this possibility on two examples.

Let X,;, X,,,... for each n be independent real random variables
such that

limsupP{|X,;| > ¢ =0 for each ¢> 0,

n—o00 j>=1

and let {»,} be a sequence of random indices such that », for each ne N
18 independent of X,,, X,,, ... and v, P, o0 as m — oco. Denote by F,;
the distribution function of X,;, and

Cpj = f xdF () and S =X, +...+X,.

x| <1

THEOREM 6.1. Let Y be a real random variable having the infinitely
divisible distribution with Lévy-Khintchin representation (y,@). Assume
that, for a sequence of constants {Bj} = R and for each point x of continuity
of G and for x = + oo, the following two conditions hold:

”n x

- ?12
) 2 f 1+ 92 dF"-J'(?/ + a,;) s G(x) as n — oo,
j=1 —o0 .

a

.. \ | x P

(1) Z [a’n]‘ + f ———dF,;(x+ am.)] — B, —>y a8 n —> oo.

j=l A 1 + mz n
Then S, —B, ~>Y as n — oco.

Proof. Corollary 2.2 implies that condition (i) is equivalent to the
following one: for each te (0, 1) and for each point x of continuity of ¢
and for z = + oo,

ln(®) z

(6) Z f 1 _g:yz d‘p’ﬂi(y+anj) —*G(w) as n — oo,

j=1 —o0
We introduce the notation
k

n n / g z Al n
Yﬂk :Sk— ks Ank ZZ[a'm'+ f 1+ 2 d‘l’m(m+a’m)]—Bk

j=1
Let N, be an arbitrary sequence in N. By (ii),

LN
- Vs



106 J. ROSINSKI

so that, by Proposition 2.3, we can find the subsequence N, =« N, and
a subset T < [0,1), IT| = 1, such that, for each teT,

[N}

. . w ] n
lim an,.(l) = lim 2 [an)' + f 1 a0t dF;(x + am')] - Bl,,(t) =V

neN, neNg 4
Nn—>00 n—>00 J=1

Since 7, LN oo, for each te (0, 1) we have l,,({) - oo as n — oo. Henece,
by (6) and Theorem VI.22.3.B of [5], for each te TN(0, 1)

w '
Ynln(t) = l"(l)—Bl’;(t) — Y as Ne Ng, n — oo,
and Proposition 2.3 implies that
he w
In,n=S?n—Bfn->Y as n — oo.

As the second application of our earlier results we provide an alterna-
tive (and simpler) proof of Theorem 1 of [8] which is a random version
of Lindeberg’s Central Limit Theorem.

Assume X,, X,,... are independent real random variables with &>
=EX, < o,EX, =0. Write s =o}{+...%-0o% and 8, = X, +...+X,,.
As before, {v,} is a sequence of random indices such that », for each ne N
are independent of X,, X,,... and ¥, > 00 A8 N —> oo.

THEOREM 6.2. Assume that, for each ¢ > 0,

»
n

() 1y fwzdFj(w)—P—»O.

Yn 7==1 |.vl>es,n

Then the distributions of random variables 8, [s, are weakly convergent
to the normal distribution N (0, 1).

Proof. By Proposition 2.3, condition (7) is equivalent to the following
one: for each ¢ > 0 2and each sequence ¥, = N, there exists a subsequence
N, c N, such that, for almost all te [0, 1),

1 1)
(8) —— z*dF;(xy -0 as ne N, n — oo.
Sln(t) J==1 I$I>esln(t)

Write Y, = S;/sp (n, k =1,2,...) and let Y be a random variable
with distribution N (0, 1). Given a fixed subsequence N, c N, utilizing
(8) and the Cantor diagonal procedure, one can choose a subsequence
N, = N, and a subset T < [0,1), |T| = 1, such that, for each te T and
each » =1,2,...,

n®
1 B

. 7 dF;(z) -0 as neN,, n — oo.
8
) 521 zi>8, (ty/r
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Hence, for each te T and each &> 0,
] In(®)
1 N
—— \ f wzdF,-(:v) -0 as ne Ny, n - o0,
Sln(t) j=1 |-’7’|>€3lﬂ(t)

and so, for each te TN (0, 1), since the classical Lindeberg’s conditions
are satisfied (cf. [5], Theorem IV.20.2.B), we have

Sln(l) w -
— Y as me Ny, n — oo.

Ynln(‘) = 8 ©
n!

This and Proposition 2.3 yield the assertion of Theorem 6.2.
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