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INNER SEARCH METHODS FOR LINEAR PROGRAMMING

A class of linear programming algorithms is proposed. They differ from
Simplex and reduced gradient methods in a systematic use of inner (strictly
admissible) search directions. The purpose is to implement the idea that one
Step along a search direction pointing to the relative interior of the admissible
se.t can be more effective than many steps along its relative boundary.
F_lniteness of the algorithms is proved and some computational aspects are
discussed,

1. Introduction. Consider the following linear programming problem,
Called LP. Minimize the cost function x> 4,x subject to xe W< R", where the
admissible set W is a closed and convex polyhedron determined by

(L1) Ax <b, ieC, Ax=b, ieCy,
C,uCp={1,....m}, C,nCr,=@, C,#8@,
AeR,, A, #0, i=0,1,..., m

R (resp. R,) is the Euclidean space of n-dimensional column (resp. row) vectors.
he inner search methods that we wish to present are a class of methods of
dmissible directions and share their general properties (for a brief description
5€e [6]). They can be decomposed into two levels. The upper level algorithm
Ormulates a sequence of problems LLP(k), k = 1,2, ..., which are solved by
the lower level algorithm. LLP(k) has the following form:
Minimize x> a(k)x subject to xew(k) = R", where a(k)eR,, a(k) # 0,
a0d w(k) is a closed and convex polyhedron determined by

Ax < b,, iec,(k), Ax=Db;, iecg(k).
For every k,
Wewk+1) cwk),
cik) e ck+1)=C;  and  cg(k) < cxlk+1) = Cy.

The Sequence is finite and ends with the original linear pogramming probiem.



308 A. Korytowski

For the sake of simplicity the argument k will be omitted. The lower level
algorithm applied to LLP (with w # @) produces a sequence {x"} cw
intended to converge to an optimum. The general rules for its construction are

(1.2) X0 = gD x® — 4@ DI i s 0,

where v” e w is the starting point and d”’ € R" is the search direction of the i-th
iteration. The real s® is determined in the following way:
Let M be the set of all reals s > 0 such that

(1.3) Jje{l, ..., m}: Aj(v(i)_l_sd(i)) — bjs Ajd(i) £0

and Vo 2= 0: N(s) = N(a), where N(o) is the number of constraints satisfied at
v +6d®. Then

O = {maxM if 4,d” <0 and 3s > 0: N(0) < N(s),

(1.4) minM  otherwise.

We assume that c; U ¢ is precisely the set of all constraints satisfied at v
The search direction d® is an admissible descent direction, that is,

ad? <0 and 35> 0: vP4+sdPew.

In the case where N(s”)) > N(0) we proceed to the next, (k+ 1)-st problem with
a new cost vector a(k+1), etc.
Define the relative boundary éw of the admissible set w,

ow={xew: Ve>0 3z¢w: z—x| <e, Aiz=>b, Viec,},

where ¢, =czu{iec;: Axx =b; Vxew}, and the relative interior of w is
w® = w\ow. OW and W° are defined in an analogous way. The idea of inner
search results from an obvious observation regarding the well-known simplex
and reduced gradient methods which also are methods of admissible directions.
In simplex methods, every x is a vertex and [x®, x* D] is an edge of w. In
reduced gradient methods, every d is a projection of a descent direction, e.g.»
—a” on w at v, In both methods, v = x~? for every i. An important
property of both these classes is that the search path, that is, the broken line
whose successive vertices are x, i =0, 1, ..., lies entirely on dw (possibly,
without its first segment in reduced gradient). Now, suppose that v € dw. If we
admit d® pointing to w°, that is,

s > 0: v+ sdPewe,

then generally a greater improvement of the cost can be achieved in the i-th
iteration than if the ray {x: x = v +sd®, s > 0} lies on dw and, in particular, if
d® is chosen according to simplex or reduced gradient rules. This suggests that
methods of admissible directions with search paths which systematically cross
w® may have better convergence. To implement this idea it is necessary to
impose additional conditions on search directions d® and starting points ¢
which guarantee finite convergence and prevent zigzagging. Recall that
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Zigzagging is likely to occur in methods of admissible directions even if
finiteness is assured. It then manifests itself in the fact that the steps |x®* 1 — x|
are very small. The reason for this phenomenon is in the shape of the
admissible set. Let P be the linear subspace of all vectors orthogonal to every
4;, iec,. In large real-life problems the dimensions of admissible sets along
Orthogonal directions from P normally differ by orders of magnitude. In other
Words, the admissible set resembles a razor blade or a pin rather than a ball. In
Consequence, the rate of convergence is extremely sensitive to the right choice
of search directions. Note also that the most effective search directions are
almost parallel to dw and very close to the search directions of simplex or
Teduced gradient.

~ Among other linear programming algorithms based on admissible search
directions which may point to w°, the recent versions of the “adaptive method”
of Gabasov and Kirillova ([1], [2]) seem to be most promising. Kallio’s
method ([4], [5]), which originates from the same idea, is characteristic of
e?lrlier attempts in that the measures taken to guarantee finiteness and prevent
Zigzagping are so severe that practically most of the search directions lie on the
relative boundary. This is why its performance is hardly better than that of
reduced gradient.

The aim of this paper is to formulate unrestrictive and easily computable
Conditions on d® and v* which ensure finite convergence, and on this basis to
Propose a family of algorithms where inner search directions (i.e., pointing to
the relative interior) are systematically used.

2. Auxiliary results. For any x,, de R" we put
P(xy, d) = {xeR":x = xo+sd, seR', s> 0}.
We shall need the following existence result:
LeMMA 1. LP has an optimal solution if and only if W # @ and

P(x, d) W is bounded for any x,deR" such that A,d < 0.

Proof. Assume that an optimal solution exists. Then W # &. Suppose
thﬁt P (x,d) n W is not bounded for some x, d such that A,d < 0. Then there
Xists s, such that

x+sdeW Vs=s and Ay(x+sd)— —oo as s— 0,

m

Which is a contradiction, and so the “only if” part is true. Assume now that
W s @ and P(x, d)n W is bounded for all x, de R" such that A,d < 0. Let
Ty =R" and {x{"}2, « Wnmn, be a sequence such that
Aox{V — inf Agx, i— o0.
xeW
We distinguish between three cases:

(@) {x{"} is bounded. Then it contains a convergent subsequence whose
it ijs an optimal solution. : '
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(b) {x{"} is unbounded and x{" is optimal.
(c) {x{"} is unbounded and

Aox{t > inf Ayx.
xeW
Without loss of generality we assume that x{! # x{ Vi> 1. For each
sufficiently large i, P(x{", x{"'—x{") intersects dW at some point z, such that
Agz; < Apx!V. Hence
Agz; - inf Agx, i— 0.
xeW
There is at least one (n—1)-dimensional hyperplane n, in the family of
hyperplanes n; N {xeR" A;x =b;}, ieC,, which contains an infinite sub-
sequence {z,,} < {z;}. Write {x{»} = {z, }. Since
{(x}cWnn, and Aex® - inf A,x, i- 0,
xeW
we can apply the same argument as before to the sequence {x{®} to show that
either -an optimal solution exists or there exists a sequence {x{*} c W
contained in an (n-—2)-dimensional hyperplane m, such that
Agx$® > inf Agx, i— 0.
ng
This procedure is continued until case (a) or (b) occurs. Since after the k-th step
of the procedure we obtain a sequence {x{**!},
Agx¥*D o inf 4)x  as i— o0,
xeW
contained in a hyperplane of dimension not greater than n—k, we conclude
that the maximum number of steps in which case () occurs is n— 1. After less
than n steps the procedure therefore yields case (a) (this may happen in the first
step) or case (b), which completes the proof.
We say that the j-th constraint is intersected by P(x, d) if A X #b; and

Aj(x+sd) = b; for some s > 0. Then Lemma 1 may be alternanvely stated as
follows

LP has an opt:mal solution if and only if W # @ and every ray P(x, y—X)
such that Ay(y—x) <0, x,yeW, intersects some inequality constraint.

For any matrix H we denote its i-th row by H, and its j-th column by H'.

LEMMA 2. Assume that B is a nonsingular (nx n)-matrix with the inverse
D=B7' Let feR", Aj, AjeR, be given vectors, re{l, ..., n} and

Jor some given reals b;, b,. Define an (n x n)-matrix B,

Bi=B,i=1,..,ni#r, B =4,
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and a vector feR",

Bi=B,i=1,...ni#r, B =b,

() B is nonsingular if and only if y’# 0. ~
(i) Assume that B is nonsingular with the inverse D,

. fBEIjB-, -J_’t'_—Azﬁs J_’?=Azi5_bl-

Then

@1) 75 = iy,

22 Ji=yi—yig, i=0,1,..,n, i#r,
(2.3) D =Dy,

(24) D=D—yiD, i=1,..,n,i#r,
29) Xp=xp—yjD".

Proof. (i) is obvious. (i) By virtue of the definition,
J_/tB = ftB—ﬂBr‘*'ﬂij-
(_:romparing the coefficients of B, on both sides of the equality y,B = y,B we get
Yiyi = y}. Hence we obtain (2.1). Comparing the coefficients of B;, i # r, we get

(2%) for i > 0. Formulae (2.3) and (2.4) are similarly derived from the equalities
DB=pB, i=1,... n Further,

Xp=Df =}, (Di_ﬁryj)ﬁi—I_ﬁrbj = xB_D—'(.Vjﬂ—bj),
i=1

Whence (2.5), Lastly,
J_’? = A;fs—bj = ,V?_.V?Alﬁr = y?—y_?j’_;'

. Let4,=B and b,=p, in Lemma 2. Since y; =1, yi=0,i=0,1,....n,
}# 7, we obtain from (2.1) and (2.2) the following

CoroLLary 3. yi=1y5, yi=—yipl, i=0,1,..,n, i#r.

The following generalization of the Farkas theorem belongs to G. F.

Oronyi (see [3]). We give it in a different formulation and with a different
Proof,

.. LEMMA 4. Consider a set of vectors {Y;},cs = R,, where S is a finite set of
indices, | ot '

§=8,0u8,uS,;,, S§,#0, §,nS,=85n8,=5,n5;=0.
The system of inequalities and equations
2.6) Y,d <0 VjeS,,
@7) Y,d <0 Vjes,,
2.8) Y,d =0 VjeS,
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has a solution deR" if and only if there exist no reals {A;},s such that

2.9) Y 4,Y, =0,
jes

(2.10) 4,20 VjeS, uS,,

(2.11) Y A>0.

JjeSy
Proof. Assume that system (2.6)«2.8) has a solution d. Then
Y A4Yd<0
Jjes
for every set of reals {4} ,.s which satisfy (2.10) and (2.11). Hence (2.9) does not
hold. Assume in turn that system (2.6)+2.8) has no solution. Notice that

P,={deR" Y,d <0 VjeS,}
is an open convex cone and
P,={deR" Y,d <0 VjeS,, Y;d =0 VjeS,}

is a nonempty closed convex cone. By definition, P, = R"if S, U S, = @. There
exists at least ome vector o,eR, supporting with respect to Pj»
o,d <0 VdeP,. Every such vector has the form

(2.12) o,= Y AY,

JjeS2u83
for some {4;},s,,s, such that 1;> 0 VjeS,. Assume P, # @. Then P, has
a supporting vector ¢,, g,d <0 VdeP,. Every such vector has the form

(2.13) o= 4Y, 1;20VjeS,;, ¥ 4,>0.
jeSt ) Jjes

It is easy to see that a necessary and sufficient condition for P, n P, =@ is that
there exist supporting vectors ¢, of the form (2.13) and o, of the form (2.12)
such that ¢, 40, =0, which gives (2.9)+2.11). If P, = @, then there exists
a linear combination (2.13) of the vectors Y, je§,, such that o, = 0. We take
0, =0 and again have ¢, +0, = 0, that is, (2.9)«2.11).

A concept of dual admissibility plays an important role in inner search
methods. For the problem LLP, we call a set of constraints E < ¢, U ¢ dually
admissible if there exist reals A, icE, such that

(2.14) a=Y LA, A4,<0VieEncg.
icE

Putting a = 4,, ¢, = C; and ¢; = C, we obtain an analogous definition for LP-
To characterize this concept in terms more directly connected with search
directions we define the cone of descent directions
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(2.15) Ky ={deR": ad <0}

?nd the cone of directions which are adrmsmble with respect to every constraint
rom E,

Kp;={deR" Ad<0VieEnc,, Ad=0VieEncg}.

LemMA 5. Kon K, =@ if and only if E is dually admissible.
Proof K,nK; =0 if and only if the system

(2.16) ad <0, Ad<O0VieEnc, Ad=0VieEnc
has no solution d. Let -
S;={0}, S,=Enc, S;=Encg,.
Y, =a, Y, =A, VieS,uS,, S=8,US,US,.

By virtue of Lemma 4, (2.16) has no solution if and only if there are reals 4,,
i€§, such that

loat+ Y AA;=0, ig>0,4 >0 Vie§,,
ieS,uS3
Which is equivalent to the dual admissibility of E:

A set of constraints E C,u Cy is called independent if the vectors A4,
i€E, are linearly independerit.

The next lemma describes relationships between dually admissible sets of
“onstraints and optimal solutions.

LEMMA 6. (i) Assume that E is a dually admissible set of constraints in the
Problem LP and xg€R" satisfies Axz=>b; VieE. Then

Agxpg < Agx VxeW.
(i) Assume that % is an optimal solution of LP. Then
E={ieC,uCy AZ=Db}

s dually admissible.
(ii) Assume that W+ @. Then LP has an optimal solution if and only if
Cruc, is dually admissible.

Proof. (i) For every xe W we have
Ai(xp—x) > 0VieENnC; and A,(xz—x)=0VieEnC;.
Moreover, ' '
Ay=Y KA;, A4 <0VieEnC,.

icE

1
!~ Zastos. Mat, 20,2
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Thus
ieE
(i) is evident, since if E is not dually admissible, then there exists
deKyn Kg (Lemma 5) such that x+sd e W for some s > 0, which is a con-
tradiction,

(iii) Let C; U Cg be dually admissible. It thus contains a dually admissible
and independent subset E. Let x, satisfy A;x; = b, Vie E. By virtue of (i),

Agxp < Agx VxeW.

Then every ray P(x,d), de K, has a bounded intersection’with W, and so an
optimal solution exists (see Lemma 1). The “only if” part follows from (ii).

To characterize more fully the situation in Lemma 6 (i) we state the
following obvious lemma:

Lemma 7. Let Ec {1, ..., m}. Assume that
Axg=>b;, Axp=>b,VicE and Ay,=) AA,.
ieE
Then Agxg =AyX3.

3. General characterization of inner search algorithms. In this section we
formulate the principles of inner search which together with the features
described in Section 1 will enable us to discuss convergence in the next section.
Since the upper level algorithm is not specific for inner search and can be
constructed as in other methods of admissible directions, we only recall that
the initial starting point v'") of LLP(k+ 1) is the last point x@ of LLP(k) and
the cost vector in LLP(k) is given by

ieP
where

P = {03 1’ ey m}\(cIUCE)’
% >0 and o(4pV—b) >0 Vie P\{0}.

Moreover, adf # 0 for at least one ie P\{0} if P # {0}.

The lower level algorithm is the basic one; it includes the distinctive
features of inner search. In every iteration of this algorithm a set of constraints
E® c ¢;ucg is determined, which contains (among others) all constraints
active at v”. Together with E® we determine the basic set Ef = E®. It is
independent and contains (among others) the maximum number of constraints
active at v for which this property holds. Any vector x{? which satisfies
AxY =b, VjeEJ is called a basic solution. K denotes the cone of all
directions admissible with respect to the constraints in E®,

(3.1) K ={deR" 4d <0 VjeEY n¢,, Ad =0 VjeEP neg},

and K, is the cone of descent directions (2.15).
The lower level algorithm is divided into two parts, 4 and B. Part 4 may
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be briefly characterized as the search for a dually admissible basic set of
Constraints, and Part B as the search for optimum by means of admissible
directions combined with dual simplex. The algorithm of Part A has the
f0110wing properties, fundamental for finite convergence. By J, we denote the
S¢t of all iteration numbers of Part A.

HL 3¢ <0 V{i,i+1} o J: a(x8D—x®)  c|x+D— x|,
If the simplest rule for the construction of starting points is at work,

WD =xO i it1} < J,,
then Hi results from the following:
3¢ <0 Vied: ad? < c|d?)].

H2. In every k successive iterations, say i,i+1,...,i+k—1, where k is
& predetermined positive integer, a constraint which does not belong to EV
Must be intersected, that is,

V{,it1, ..., itk—1} cJ, Fjeli,i+1, ..., i+k—1} Aec,\E®:

To obtain this intersection it is sufficient that d%¢K,n K.
H3. If 4.x0 = b; for some jec,ucy and {i,i+1} < J,, then je E¢*Y,

_ Denote by «” the number of constraints from the set ¢,\E® which are
active gt x

H4. 1fj¢ E¢- and je E? for some {i—1,i} < J,, then je E® VleJ , such
that > and
-1
Y o <r;

t=i
" IS a positive constant independent of i.

Part 4 ends in the following situations.

() Kon K = @; this is the basic stopping condition. It means that
3 dually admissible set of constraints E has been found. The algorithm passes
OVer to Part B.

(i) The ray P(v®, d”) does not intersect any constraint, that is, rules
(L.2)1.9) yield no point x. This may happen only if w = W & and LP has
10 optimal solution.

(iii) Rules (1.2)(1.4) give a point x admissible with respect to some
c0nst.raint which is not satisfied at v, that is, N(s®) > N(0). The upper level
algorithm is then activated.

Note that E® is dually admissible if and only if it contains a dually
ad‘m!?‘sible basic set E. Typically, in computational realizations of the
Algorithms of Part 4 we have E© = EP®. As will be shown, in this case it is

relatively easy to verify the stopping condition (i).
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In every iteration of Part B the condition of dual admissibility
oN K = @-is satisfied. The sets E{ are dually admissible. The search
du‘ectlons are admissible descent directions defined by

(3.2) d® = x — v,

where the starting point v’ ew is not an optimal solution. Apart from the
sequence of admissible solutions x? e w, Part B produces a sequence of basic
solutions x§ such that the corresponding cost values ax{) monotonically
increase. The algorithm ends in one of the following situations:

(i) The basic solution is admissible, x§’ew. Then x{ is an optimal
solution of the lower level problem LLP. If w = W, then it is also an optimal
solution of LP. In the case where w # W, further procedure depends on
whether every constraint satisfied at x§ is satisfied at v, If so, and a, = 0 in
the formula for a, then W= @. Otherwise, the algorithm passes over to the
upper level. :

(i) As (iii) for Part A.

If neither of these situations occurs, the constraint -(or constraints)
intersected at x is introduced into the basic set E, usually in place of one (or
more, respectively) of its elements. The exchange is performed in such a way

that the dual admissibility of the next basic set Ef*1) is maintained (for details
and proofs see Section 35).

4. Convergence of Part A. It will be shiown that properties H1-H4
formulated in Section 3 implicate finite convergence of Part A provided an
optimal solution exists. It will also be shown how to guarantee ﬁmteness
without this assumption.

LEMMA 8. Assume that LLP has an optimal solution and a sequence
{x} < w satisfies H1. Then {x"’} is either finite or convergent to some element

of w.
Proof. Assume that {x®} is infinite. By virtue of H1,

axtt ) < gx® Vi,

Since an optimal solution exists, the sequence {ax®} is lower bounded, and so
it is convergent. From H1 we obtain

. , 1 , .
|xD —x9) E(ax‘ﬁ—ax“)) Vi,j, i<j.

As {ax®} is convergent, {x®} is a Cauchy sequence in a closed set w. Thus it is -
convergent in w, which completes the proof,

Below we give an estimate on the number of constraints active at the limit
point of the sequence {x} produced by a Part A4 algorithm. The theorem is
formulated in terms of the lower level problem LLP.




































