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Solutions of a functional equation
in a special class of functions

by M. KuczmA and J. MATKOWSKI (Katowice)

In the present paper we consider the problem of the existence and
uniqueness of solutions of the functional equation

1) p(@) = h(z, p[f(@)]),
where ¢ is an unknown real-valued function of a real variable, belonging
to a certain function class %, which is defined below.

Our Theorem 1 generalizes the result on the uniqueness of solutions
of (1) fulfilling a Lipschitz condition (cf. [7]) as well as those on the uni-
queness of differentiable solutions of (1) (cf. [1], [6]). The results of the
present paper are also related to the investigations of B. Choczewski
(cf. [2] and the references quoted therein) and Kueczma [5] regarding
the so-called regular solutions of equation (1) or of its particular cases,
and more generally, solutions characterized by a specific asymptotlc
behaviour at the fixed point £ of the function f.

In general the solution of equation (1) depends on an arbitrary
function (cf. [3]), therefore conditions ensuring the uniqueness of a so-
lution are of a particular importance in the theory of functional equations
in a single variable (cf. [3], p. 44-45, and [4]). | '

1. Let I be an interval. We assume that
(1) f is defined in I and there exists a &e I such that

f(m <1 fdraaeI,:v;éE;
r— E -

moreover, f(&) = ¢&.

Remark 1. This condition implies that for every interval I, c I
such that eI, we have f(I,) < I,. If, moreover, f is continuous in I,
then for every zeI we have limf"(x) = &, where f* denotes the n-th

n—00

iterate of the function f (cf. [3], p. 20-21).
Setting # = £ in equation (1) we obtain for the value 1; = @(£) the
condition

2) | h(E, ) = 7-
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Thus we assume:

(ii) & is defined in a domain £ containing (&, ) such that condition
(2) is fulfilled.

(iii) For every xe I the set 2, = {y: (», ¥)e 2} is a non-empty open
interval and h(f(z), 2y,) c 2,.

DEFINITION. Denote by # the class of functions ¢ such that every
ge # is defined in a neighbourhood of & (relative to I) and there exist
positive numbers x and ¢ (depending on ¢) such that
(3) lp@)—nl < ple—§& for el Nn{&—ec, E+0).

Condition (3) may be alternatively expressed in terms of the asymptotic
relation

@) =n+0(x—¢&l), =&, vel.

We shall prove the following

THEOREM 1. Assume that hypotheses (i) and (il) are fulfilled and there
exist positive numbers a, 3, 8,1 such that (1)

@) f@—&<slo—& Jor el n(E—a,Eta),
(5)  |k(z,y)—h(z, §)| <!y —7l

for (@, ), (@, §e 2 N {f—a, E+a) X {n—F,n+p),
(6) ls<<1.

Then:

(a) for every two solutions @,, ¢p.e & of equation (1) there ewists a neigh-
bourhood U of the point © = & such that ¢,(®) = @,(@) for zel N U;

(b) if s< 1, then every two solutions ¢,, p,e & of equation (1) in I
are equal in the interval I N (§—a, £+ a);

(c) if f is continuous in I, then there exists at most one solution pe &
of equation (1) in I.

Proof. (a) Suppose that ¢, and ¢, are two solutions of equation (1)
in I belonging to the class #Z. It follows by the definition of the class #
that there exists a 4 > 0 and a ¢ > 0 such that

(7) lp:(@) —n| < ple—¢&| for 2eI N (E—e¢, E+c), i =1,2.

Hence ¢; are continuous at the point # = & and ¢;(§) =7, i =1, 2.
Therefore we may assume that ¢ in (7) has been chosen in such a manner
that

(8) lp;(x)—n| < B for eI N{&—ec,E+c), i =1,2.

(*) Condition (4) means that f belongs to a class analogous to #, but here the
specification of the constants s and a is necessary.
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Without loss of generality we may assume that ¢ < a. Since f(I N {¢{—e,
E+ced)c I né—e E+c) (see Remark 1), it follows by (8), (1) and (5)
that for ze I N {(§—¢, E+¢)

o1 (@) — @2 (2)] = |h'(m7 ?1 [f(“")])_ h’(‘”; ‘Pz[f(w)])l
< e [f(2)] — @[ f(2)]].

By induction we obtain

(9)  lgu(®@) — @ (@) < Vlpu[f* (@)1 — @ [ (#)]]
for ge Il N (E—c,E+c), n=1,2,...
Now, (9), (7) and (4) yield

< (e [ (@)]— ) + (n — @[ («)])|
< M@ [ (@) ] — 0] + g [f" (%) ] — 7])
< 2plt|f™ (@) — €] < 2u(ls)" |z — &

g1 (2) — @2 ()|

Thus we get
l@1(®) — @o(2)] < 2pc(Is)"  for wel N (E—c, E+c>, n =1,2,...

Letting n — oo in the last inequality we obtain by (6) ¢ (%) = @.(x)
for eI N (é—c, £+ ¢). This completes the proof of part (a) of the
asgertion of the theorem.

(b) Since s << 1, we obtain by (4) that lim f*(z) = & for xe I N (£ —aq,

n—o0o

£+ a). Let ¢, ;¢ # be two solutions of equation (1) in I. By (a) there
exists a meighbourhood U of & such that ¢,(x) = ¢.(x) for eI N U.
Foreveryze I N (& —a, £+ a) there exists an index # such that f*(z)e INU.
Thus ¢,[f*(®)] = ¢.[f*(2)], whence we obtain by a repeated use of (1)
P1(2) = @o(@).

(e) This follows by the same argument as above, since according
to Remark 1 we have lim f*(x) = £ for every xe 1.

n—00

Note that in case (a) there need not exist a common neighbourhood U
of £ in which all solutions ge # of equation (1) in I coincide. This may
be seen from the following

Example. Let I =<0,1>, ¢ =0, and put z, =27", 0 =0,1, 2, ...
Define f on <0,1)> by

flz) =z, +3(@—2,) forez,<z<w®,,,n=1,2,...; f(0)=0,
and consider the equation

(10) p(@) = 3o[f()]
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Then hypotheses (i) and (ii) are fulfilled (with 2 being the whole plane
and n = 0) as well as conditions (4)-(6) (s =1, I = ). The functions

1
(11) P () T o—w for s, <o< %, » =1,..., N,
n

on(z) =0 for 0 < 2 < oy,

all satisfy equation (10) in <0,1)> and are in the class #, but there is no
common neighbourhood of 0 (in {0, 1)) in which all funections (11) would
vanish.

2. Now we shall prove two theorems on the existence of solutions
of equation (1) in the class 4.

THEOREM 2. Suppose that hypotheses (i) and (ii) are fulfilled and that
there exist posilive numbers a, f,s,1 such that inequalities (4)—(6) hold.
Further suppose that there ewists a k > 0 such that

(12) h(@, n)—h(&, )| <kle—& for eI N {s—a,E+a).

Then:

(a) There exists a meighbourhood U of © = & and a function gpe B
such that @ s a solution of equaiion (1) in U NI, .

(b) Suppose that also (iii) is fulfilled. If f is continuous in I or if s<< 1
and I = (&—a, £+ a), then there exists exactly one function pe B satisfying
equation (1) in I.

Proof. (a) Without loss of generality we may assume that £ is the
left end-point of I.

Put
13 __k
(13) k=1 s
and choose a number ¢,
(14) 0 < ¢< min(a, 8/u).

Evidently, the number ¢ can be chosen in such a manner that the following
inclusion holds

D E{(@,y): E<o<Ete, y—n<ple—)c Q.
It follows by (14) that
(15) Dclé Etayxi{n—F,n+8>.

Let &/ denote the set of functions ¢ defined in (&, £+ ¢) fulfilling
the condition :

(16) lp(@) —nl < ploe— & for we £, £+0c).
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We shall prove that the transformation y = T'(¢) defined by the formula

7 p(@) = hiz, [f(2)])

maps & into itself. Let ¢pe &. Applying in turn (17), (2), (5), (12), (16),

(4) and (13) we obtain for ze (§, &+¢)

lp(@) —7l = [b(z, p[f(@)]) —1(&, 7)|

< (@, e[f(@)]) = (@, n)| + |h(z, n) — (£, )]
<lUelf(@)I—nl-+Ele—& < lplf(e)— &l +Eklo—§
< (lus+k)|o— & = ple— &,

50 ye .

Now we define the sequence of functions {¢,} by the recurrence
relation
(18) Pne1(®) = h(2, 9, [f(@)]), @ol@) =7, @e(&E+cd.

Since ¢ ¢ & and T(#)c &, we have ¢,¢ & for n =1,2,... By ()
we have

Pns1(@) — @n(@)] = [h(2, @ [f(@)]) — b (2, ¢u_i[f(@)])|
< UHen[f(®)]—ena[f(@)]].
Repeating this procedure n times we obtain
|@ns1(@) —@u(2)] < Clef*(@)]—nl, ®edlé, &é+ey, n=0,1,2,...
Now relations ¢,e¢ & and (4) imply
(19)  1Pns1(@) —@n (@) < p(ls)" o — & < pe(ls)',  @e (&, E+0),

n=0,1,2,...
Since

e

-1

or(®) = @o(®) + (‘Pn+1(w) - ‘Pn(m))y

n=0

i

inequality (19) implies the convergence of the sequence ¢, (x) in <&, £+ ¢).
It follows from the continuity of » in D with respect to the second variable
(cf. (5) and (15)) and from (18) that ¢(x) = lime,(x), xe (& £+¢), is

a solution of equation (1) in <&, £+¢). In order to show that the frans-
formation 7 maps &/ into itself we have proved that

|h(@, o[f(@)]) —h(&, )| < plo—&|  for we (£, &E+0)
i. e., in view of (1) and (2),

lp@)—nl< plz—§&  for we (&, E+c).

This means that ¢e¢ &/ and hence ¢e #. This completes the proof
of (a).
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For the proof of (b) notice that the conditions assumed imply that
lim f*() = & for ze I. By a use of an argument similar to that in the

n—oo

proof of Theorem 3.2 in [3], p. 70, we can extend the local solution obtained
in (a) onto the whole I (2). Now Theorem 1 completes the proof of (b).
THEOREM 3. Let hypotheses (1) and (ii) be fulfilled and suppose that

there exist positive comstants a, f, 8, k,l such that inequalities (4) and (6)
hold and

(20) |h(w,y)—h(&, M| < kle—E&|+ly—ni  for (w,y)e £,
(21) h(z,y,) < h(x,y,) for (®,9,), (@, Y2)e o, Y1 < Yy
(22) h is continuous with respect to y in £,

where Qy = 2 N {E—a, é+a>X{n—Pp,n+ >, and finally

(23) h(é,n) < h(z,n) for wel N{—a,é+a>.
Then: )

(a) There exists at least one fumclion e Z fulfilling equation (1) in
a neighbourhood of x = &.

(b) If, moreover, (iii) is fulfilled, and if f is continuous in I or s < 1
and I < (& —a, §+a), then there exists at least one function pe # satisfying
equation (1) in I.

Proof. Again we may assume that £ is the left end-point of I. In
the same manner as in the proof of Theorem 2 we define the numbers u
and ¢, the sets D and 7, the transformation T and the sequence {¢,}.
By the same argument as previously (one must use this time relation (20))
it follows that T (%) « /. Relations (23) and (21) imply that

(24) Pu(®) = o1 (@) for e (&, EF0).
On the other hand, since 7'(%/) c &, all ¢, are in &/, which shows that

the sequence ¢, () is bounded in {&, £+ ¢)> and consequently, it converges
mn (& £+¢). In view of (22) the function ¢(z) = limg,(x) is a solution

n—>00

of equation (1) in (&, £ +¢). The remaining part of the proof is the same
as in Theorem 2.

Remark 2. Theorem 3 remains valid if conditions (21) and (23)
are replaced by

h(@, ;) = h(x,y,) for (z,4,), (@, ¥2)e Lo, Y1 < Yss

h(&,n) = k(z,n) for xel n{f—a,é+a),

respectively. Then, in the proof, only the direction of the inequality in
(24) is changed, which does not affect the further argument.

and

(?) In Theorem 3.2 in [3] the continuity of the functions f and h was needed
only in order to obtain a continuous extension.
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Remark 3. If I = ({—a, {+a), a >0, then we may assume less
than (i), namely that

fl@)—§l<lo—§& for wel, & + &; f(§) = ¢.

This condition implies that for every interval I, = {(é—b, §+b),0< b < a,
we have f(I,) « I,. Furthermore, the continuity of f yields limf*(x) = &
for wel. noee
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