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1. Introduction. Let M be a class of probability Borel measures of a fixed
type in Banach spaces, e.g., the class of all Gaussian measures, p-stable
measures, etc. Let B, and B, be real separable Banach spaces, and B, ®, B,
the Banach space being their reasonable cross-tensor product (the precise
definition is given in Section 2). Further, let u, and u, be probability
measures on the class of all Borel sets of B; and B,, respectively, belonging
to the class M. In a natural way, the following problem (denoted in the
sequel by (P)) arises: Is it possible to construct a probability Borel measure v
on B, ®, Bs such that

(1) ve M,

(i1) there exist linear continuous maps

pi: By ®aBZHBl and  p,: B, ®aBzHBz
with the property
By (Ay) = V(Pl_ ! (A;)) and (A4, = V(Pz—l(Az))

for all Borel sets A; from B; and A, from B,?

Every such measure v will be called an a-tensor product of the measures
u, and pu,, and denoted by v = pu; ®, 4,.

For the class M of all Gaussian measures in Banach spaces and for an
e-tensor ‘product (x = ¢, cf. Section 2), problem (P) has a positive solution.
Indeed, let u, and u, be Gaussian measures on real separable Banach spaces
B, and B,. It is known (cf. [1] and [3]) that there exists a unique Gaussian
measure, say p, ®, ii,, on B, ®, B, which satisfies

(1.1) Ot ext, udt®y3, updlu ®, 1yl
Bl®e”2
= [ xt, ud Ot uddpg (w) | 3, ud <y3,uydp, (u)
By B,

for all x¥, y¥eBY and x%, y3eB%.
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To see that (i) holds we choose xfeBf and x3%e B3 such that

[t xO%u (9 =1 and [ (xf, )P dpp(x) = 1.

B, By
If we identify B, ® R with B,, and B, ®,R with B,, and look at p,
= lp, ®x3 and p, =x} ® 1y, as maps from B, ®, B, into B, and B,,
respectively, then by (1.1) the condition (ii) in the problem (P) is an easily
verifiable fact (cf. [1]).

In this paper we show that

(I) The problem (P) has the solution for the class M of all p-stable
Radon measures with 0 < p < 1 (for all reasonable cross-tensor products of
Banach spaces).

(IT) The problem (P) has the solution for the class M of all p-stable
Radon symmetric measures with 1 < p < 2, in the class of ’-Banach spaces,
where p <s < 2.

In the sequel we use the characterization of the class of all Banach
spaces of type p by the spectral measures of p-stable Radon measures given
in [7]. Finally, we present some elementary properties of the reasonable
cross-tensor products of p-stable measures, analogous to the properties of
Gaussian ¢-tensor products.

2. Notation and preliminaries. Let (B,,||‘|l;) and (B,, ||‘||;) be real
Banach spaces. Following Schatten [8], a norm a on B; ® B, (the algebraic
tensor product of B, and B,) is called a cross-norm (of ||-||; and ||-||5) if

x(x; @ x3) = [|xq|ly *|Ix2ll;  for all x;eB, and x,€B,.

If « is a cross-norm on B, ® B,, then we denote by B, ®, B, the normed
space (B, ® B,, 2), and by B, ®, B, the completion of B; ®, B,.
A cross-norm « on B; ® B, is said to be reasonable if

Bt ® B} = (B; ®, By)*

and the dual norm o* of a is a cross-norm on B} ® B%.

More interesting examples of reasonable cross-norms are the e- and
T-nOrms.

The ¢-norm ||-||, is defined by

lixlle = sup {I[<x @ x3, x)I: xfeU,, x3eU,],

where xe B; ® B,, and U, and U, are the closed unit balls of Bf and B%,
respectively.
The m-norm |||, is defined by

Jlx”n = inf {Z_Ilecilll lyillz: x = Zx.' ®; i, X;€ By, )’iEBz}-
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Moreover, every reasonable cross-norm a on B; ® B, satisfies the
condition

I-lle < 2 () < I+l

Further discussion of tensor products of Banach spaces can be found in
[10].

Let (X,, #,, m;) and (X,, #,, m,) be two measure spaces (m, and m,
are finite or not). Consider the Lebesgue spaces L[’(X;, m),s>1, i=1, 2,
and [’(X, x X,, m; xm,). Then it is obvious that the norm

as(f) = ( I | f (%15 x2)I° (my xmy)(dx,, dxz))l/s

X, xXoy

is a reasonable cross-norm of the norms

WAl = (I |f (x)I° m; (dx))”s, i=1,2.
X;

Thus
LS(XI XXZ’ my me) = LS(XI’ ml) ®asLs(X2’ mZ)‘

Lef us recall that a real Banach space B is of stable type p if there exists
a constant ¢ > 0 such that for all x,, x,, ..., x, from B we have

E[I X x&ll)™ < (X Ixllr)
i=1 i=1

for some (each) r with 0 <r <p, where ¢&,, &;,..., &, is a sequence of
iid. random variables with characteristic function exp(—|t|?), te R. Here
0<p<.

ProrosiTioN 2.1 (cf. [11]). (i) Each normed space is of stable type p
whenever 0 < p < 1.

(i) The Lebesgue spaces L' and I are of stable type p for each s with
I1<p<s<2

For a detailed discussion of Banach spaces of p-stable type (cotype) and
related topics we refer the reader to [11].

Let B be a real separable Banach space, #(B) the Borel ¢-algebra, and
let u be a p-stable Radon measure on %#(B) with 0 < p < 2. Then it is known
([41, [5], [7], [9]) that the characteristic function (ch. f.) i of u is given by

(2.1) A(x*) =exp{— | [{x, x*)IPdm(x)], x*eB¥,
SB

where Sy is the boundary of the unit ball of B, and m is a finite Borel
measure on Sy (cf. [9]). The measure m on #(Sy) is often called the spectral
measure of p. If (2.1) holds, then we write u = N,(m).

In our definition of the tensor product of p-stable measures, the measure
m plays such a role as the covariance operator in the definition of the tensor
product of Gaussian measures (cf. [1]-[3]).
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THeoreM 2.1 ([5], [7]). Let B be a real separable Banach space and Sg
the boundary of its unit ball. Assume 0 < p < 2. Then the following statements
are equivalent:

(1) B is of stable type p.

(i1) Every function of the form

Y (x*) = expi— [[{x, x*HIPdm(x)]
S

for a finite measure m on % (Sg) is the chf. of a p-stable probability measure
on B.

3. Tensor products of p-stable Radon measures in Banach spaces. Let
(By, |I)]l;) and (B,, ||‘|l,) be separable real Banach spaces and let a« be a
reasonable cross-norm of ||-||; and ||‘||,. Let u, and pu, be two p-stable
Radon measures on B, and B, with the spectral measures m; and m,,
respectively. By (2.1) we have

iy (x*) =exp{— [ [<x, x*)|Pdm, (x)],
SBI

A (y*) =exp (= [ |<y, y* )IPdm,(y)],
SBz

where x*e Bf and y*e B%.

Now, denote by i the map from B, xB, into B; ®, B, given by

i(x,y)) =x®y, xeB, and yeB,.
By the definition of a cross-norm,
x(i(x, y)) =a(x ®@y) =Ixll,"llyll; for all xeB, and yeB,.

Hence i is continuous in the product topology on B; x B,, and if xe Sg, and
yeSg,, then i(x, y)eSp, ¢ 5,- Let iy =il(Sp, xSp,) and let m; xm, be a
product measure on #(Sp, xSp,). If we put

(3.1 (my @ my)(A) = (my xmy)(is ' (4)) for Ae B(Sp, 6,8,

then by the previous remarks formula (3.1) defines the finite measure
my ® my on A(Sp, g,8,), Which will be called a spectral a-tensor product of
the measures m;, and m,.

Now, consider two cases:

Case 1. The Banach spaces B, and B, are arbitrary and 0 <p < 1.

By Proposition 2.1 (i) and Theorem 2.1, the function of the form

(By ®, By)*az*oexpli— [ [<z* 2)Pd(my @ my)(2)]

sBl ®182

is the chf. of some p-stable Radon measure, say y; ®, i, on #(B; ®, B,).
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Case 2. 1 <p<2
Let B, = I}(X, v,) and B, = ’(Y, v,), where v, or v, are arbitrary and
p < s.< 2. Then, by Proposition 2.1 (i) and Theorem 2.1, the function

L(X xY, v, xvy) 3z¥—exp|{— f [<z*, z)|Pd(m; @ m;)(z))]

SLS(X xY,vy xv3)

is the chf. of some p-stable measure, say u, ®, #,, on (X x Y, v; xv,). Here
I/s+1/r=1.

ProsLEM (cf. [3] for cotype 2). Assume that B, and B, are of stable type
p with 1 < p <2. Is the space B, ®, B, of stable type p? (P 1327)

DerFiNiTION. The measure u, ®, 1, defined in Cases 1 and 2 is called the
x-tensor product of p-stable Radon measures u, and u,.

THeoREM 3.1. (i) The construction given in Case 1 is the solution of the
problem (P) for the class M of all p-stable Radon measures with 0 < p < 1, in
the class of all Banach spaces.

(i) The construction given in Case 2 is the solution of the problem (P) for
the class M of all p-stable Radon measures with 1 < p <2, in the class of all
L-spaces, p <s < 2.

Proof. The condition (i) from (P) follows immediately from the defini-
tion of u; ®, u,. We show that the measure u, ®, u, satisfies the condition
(i) from the problem (P). Let xfeBY and x%e B% be such that

(3.2 [ 1<xt, uplPdmy(u) =1  and [ 1<%, udlPdmy(u) = 1.

SB, 58,

Here m, and m, are the spectral measures of u, and u,, my # 0, m, # 0, on
the boundaries Sp, and S, of unit balls in B, and B,, respectively. If m, or
m; is identically zero, then (ii) is clear. When we identify B, ®, R with B,
and B, ®, R with B, in the usual way (cf. Introductlon), we can look at p,

= 1p, ®x3 and p, = xt ® 1, as maps from B, ®, B, into B, on one hand,
and from B, ®,B, into B, on the other. We compute the chf’s of the
measures p, (4; ®, 1;) on B, and p,(u, ®, i) on B,. Let xFeB,. We have

Pulpy ®apta) (x}) = [ exp{i (xt, u}dpy 1y @, 1) ()

By

j exp {i {x}, p (u)>}d(puy @, py)(u)

By ®aBZ

[ exp i pT(x?), up}d(py ®, 1) W)

By &,B;

= (1 ®u ptz) (x* ® x3),
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since it is easy to calculate that p}(u}) = ut ® x¥ for all uf e Bf. But from
the definition of u; ®, u, and by (3.2) we have

(1 ®q Hz)A(xf ® x3)
—expl— [ I<xt®xt, ulPd(m, ®my)(w)

SBI®152

=exp{- I [{xE, uy ) <x3, up )P dmy (uy) dm; (uy)]
slesBZ

=exp{— j [<xt, ug )P dmy (uy)} = gy (x7).
sBl

Thus, we show that p, (u; ®, ) (x¥) = i, (x¥) for all x*eB¥, ie., that
p, (U ®g i) = p,. Similarly we can show that p,(u, ®, u;) = u,. Thus the
measure u, ®, 4, is an a-tensor product of p-stable measures in the sense of
problem (P).

4. Some elementary properties of the tensor products of p-stable measures.
We end the paper with the presentation of properties of the tensor product
of p-stable measures. From the definition we have immediately

ProrosiTioN 4.1. Let p; = N,(m,), p, = N,(m;) and p; = N,(m3) be p-
stable Radon measures on Banach spaces B,, B, and B, respectively, 0 < p
< 2. Then

(l) (,‘ll ®a ﬂZ) ®a H3 = Iy ®a (#2 ®a ”3)’

(i) ) ®q 2 =z @4 1,

(i1) pu, ®,0=0.

ProPosiTION 4.2. Let B, and B, be real separable Banach spaces and let u
be a p-stable Radon measure on B, ®, B,. A necessary and sufficient condition
for the existence of p-stable measures pu, and u, on B, and B, such that p
= 1 ®q Yz is that there are finite measures my and m, on Sg and Sg, which

satisfy
(4.1) [ Kuy x* @ y* )P dm(u)
5By ®,B;
= I [<x*, uy )P dmy (uy) f [<y*, uz )P dm; (u3)
sBl SBz
for every x*e BY and y* e B%, where m is the spectral measure of u.

Proof. The necessity of (4.1) is obvious, and the sufficiency is clear if m,
or m, is identically zero. Otherwise, there are x}e B} and x3e B% such that
(3.2) holds. Then we have

B = py (1) ®, p2 (1),

where p; and p, are defined in the proof of Theorem 3.1.
ProrposiTioN 4.3. For i=1,2 let {m: n>1} be a sequence of finite
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measures which converges weakly on the boundary Sg_of the unit ball in a real

separable Banach space B; of stable type p (with 0 < p < 2) to a finite measure
m®. Let p,=N,(m®), v,=N,(m?) and p=N,(m?"), v=N,(m?). Then
(1) {u,} converges weakly to u and {v,} converges weakly to v;
(i) the sequence {u, ®,v,: n =1} converges weakly on B, ®, B, to the
measure p ®,v if all tensor products considered here exist.

Proof. Under our assumptions, since m{’ converges weakly to m" for i
=1, 2, then also m¥ x m{? (and m? ® m{?) converges weakly to m'? x m?
(to (m'V®m'?)), respectively (a spectral tensor product of finite measures is
the image of the product of measures by the continuous map i). By the
theorem of Marcus and Woyczynski (see, e.g., [6], Theorem 1.1), the weak
convergence of the spectral measures m{’ to m® (i = 1, 2) and m{’ ® m? to
mY @ m® implies the weak convergence of {u,} to u and {v,) to v, and
finally {u, ®,v,} to u®,v, which completes the proof.
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