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A REPRESENTATION THEOREM FOR POST-LIKE ALGEBRAS
BY

B. WEGLORZ (WROCLAW)

The algebraic system associated with n-valued propositional calculus
is a Post algebra of the type n (so for » = 2 we have the ordinary two-
valued calculus and a Boolean algebra). Using e.g. the Epstein’s repre-
sentation theorem [3] for Post algebras of the type n, we see that Post
algebras of that type are precisely those algebras which belong to the
smallest equational class containing the algebra P, = <P,,forfiy -0y
where P, = {0,1,...,n—1} and f,, f,,... are all finitary operations on

P, (cf. [4]). We generalize the notion of Post algebras in this direction.

Definition. Let m be a cardinal number (finite or not). By P(m)
we denote the class of all Post-like algebras of type m which we define
as the smallest equational class containing the algebra B, = (P, fo,
fis ooy fay - Dacy, where P, has the cardinality m and fo,...,f . ...,
a < y, are all finitary operations on P,,.

The aim of this paper is to give a uniform proof for representation
theorems for all such classes. For cases m > &, this theorem seems to be
new although the idea of the proof is contained in [5], [7] and [8].

For some other generalizations of the notion of Post algebras seec
[1], [2], [4], and [6].

To prove our representation theorem we use the Birkhoff’s characteri-
zation of equational classes; so

P(m) = H(8(P(P.)),

where P denotes the operation of taking direct products, § — of subal-
gebras and H — of homomorphic images.

1. Homomorphisms. Let I = {4,0,1,n, U, n,r) be an algebra
such that:

(1.1) <4,0,1 n, U) is a lattice with the greatest element 1 and
the smallest element 0 with 0 +# 1;

(1.2) n(0) =1, n(1l) =0 and n(xr) #0,1 for « # 0, 1;
(1.3) r(x,z) =1 and r(z,y) =0 for @ #y.
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LEMMA 1.1. Let NeH (S (P(?Jl))). Then the following three conditions
are equivalent:

(i) N is a one-element algebra;

(i) RI=0 =1;

(iii) there is an element be N such that r(b,d) = 0.

The proof is obvious.

Now let %A be an algebra with the carrier A which has the algebra
M as a reduct. Let B < L. If D is a filter over I, then D determines
a homomorphism U — AL (2). The image of B under this homomorphism
will be called a reduced subalgebra of A and denoted by B/D. The aim
of this section is to show that each element of H(S (P(V‘JI))) is a reduced
subalgebra of a direct power of A. More precisely,

THEOREM A. Let B < UL, If there is a homomorphism of B onto €, then
there exists a filter D over I such that B|D tis isomorphic to €.

Proof. Let % be a homomorphism of B < U onto €. If € is a one-
element algebra, then we can take D to be the improper filter over I
and all requirements of Theorem A are satisfied. So we may assume
that € is not one-element.

For every term f of the type of U, with » variables and with
Aoy Ayy ..., 0, e B we put

(1) Z(f; @0y @1y «oey @) = {iel: ay(3) = f(a:(3), ..., @, (3))} -
Let E be the family of all sets of the form (1) such that Z(f; a,,
ayy ..., a,)eB iff €| =h = f(k(ay), ..., k(a,)), where f is any term and

Ay, - aneB are arbltrary Let D be the filter generated by E over I.
We proceed to prove that

(2) the filter D is proper.

8
Suppose that for some Z,,...,Z,¢F we have () Z, = 0. Then for
each i,¢I there is a p such that i,¢Z,. Let r=l

Z, = Z(f,; a, a?, ..., a{?).

It igeZ,, then af”'(i,) # f,(a (4o), ..., a® (). Thus using the
operation r we have

(0P (3), £, (P (G0), ...y 6P (5,)) =0 for ig¢ Z,.
Let us consider the term

ta, ..., 2) = r(=, fu(@], ..., 2)) n...or(@®, f (2, ..., 2D)).

(1) Let us recall that by ‘llf) we denote the reduced power of %, i.e. the quotient
of A by the equivalence relation a > b iff {iel: a(d) = b(i)}eD.



POST-LIKE ALGEBRAS 37

Since, for each ieI, we have t(al’(i),..., al (i) =0, so t(a{", ...,
., a{¥) = 0 and because h is a homomorphlsm, also t(h(a“) oy h(af)) = 0.

On the other hand, since each Z,e¢FE, for each p we have
h(a’((;p)) =fp (h(a'(lp))a ceey h(aﬁzp)))a

which means that t(h(al"), ..., k(a®)) =1. Thus we have €/=0 =1,
whence we infer, by Lemma 1.1 ((i) <> (iii)), that € is a one-element
algebra, contrary to our assumption. Thus (2) is proved.

In order to prove our theorem it suffices, in view of the construction
of the filter D, to show that

(3) for each term f with n variables, if a,,...,a,eB and Z(f; agy...,
a,)eD, then h(a,) = f(h(ay), ..., h(a,)).

In fact we will prove a stronger proposition that under assumption
of (3) there is

(4) Z(f; agy ...y a,)eB.
Indeed, if Z(f; ay, ..., a,) e D, then there exist Z,, ..., Z,eE such that

8
nzp EZ(f, a’07"'7a’n) =27

Let Z, = Z(f,; a‘”), a?, ..., a?) and consider the following term:
t(@gy .oy @) = (2o, f (X1, .., 2,)) U nr(zl), fi(2l), ..., 2Q)) U
U nr (2, f, (m“’) ey 3D).

Since I = Z v |J (I—2%,), we have t(ao(z), oy af(3)) =1 for each

p=1
iel, thus t(a,, ..., al¥)) =1 and, consequently, since % is a homomorphism
(5) t(h(ao)y ..., h(al)) =1.

Since each Z, ¢ E, we have h(a(”)) = fp(R(a{?), ..., B(a®))) for each p.
Thus r(h (@), f, (h ,a(”)) h(a(”)))) =1 and, consequently, m‘(h(a(”)),
fo(h(a®), ..., h(agf)))) _ 0. But then

E(h(a0), ..., h(afD)) = r(k(a0), f(R(ar), ..., h(a,))),
whence, by (5), v(k(a,), f(k(a), ..., k(a,))) = 1.
Now let us consider the following term:
U(Lgy onny Tp) = r(-’”o’ (@, ..., w’n))
By the definition of £ we have Z(u; 1, a,, ..., a,)eE. But
Z(u;1l,agy...pa,) ={iel: 1 = u(ay(i), ..., a,(s)}
= {iel: ao(i) = f(a,(3), ..., a,(3))}
=Z(f; @0y -y a).
This shows (4) and thus the proof of Theorem A is completed.
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2. Subalgebras. Let A be a set and I be a non-void set. For any
filter F over I® let us write (following Keisler [5])

ATF = {fedAT: {3, j>: f(5) = f())}<F}.
Moreover, if 2 is an algebra with the carrier 4, then by UA'|F we
denote the subalgebra of %’ with the carrier A’|F.
The following theorem is due to Keisler [5]:

THEOREM 2.1. A subset B = A' is of the form B = AY|F for a filter
F over I® iff for each f,geB and each heA’, if eq(f) Neq(g) < eq(h),
then heB, where eq(f) = {{i,5>: f(?) = f(j)} < I*.

THEOREM B. Let B be a subalgebra of PL. Then there is a filter F over
I? such that B = Pl |F.

Proof. By Theorem 2.1 it suffices to show that for a,be®B and
ce PL, if eq(a) N eq(b) < eq(c), then ce B.
And if eg(a) Nneq(b) < eq(c), define a function f: A>—~> A by the
formula
fla(@), b(3)) = ¢(i) for each iel.

»

(In other cases f is defined in an arbitrary way.)

Since eq(a) Neq(b) < eq(c), f if a well-defined binary operation
on A. So there is an a < y such that f = f, and since B is a subalgebra,
there is f,(a, b) = ceB. This completes the proof.

3. Representation theorem.

THEOREM C. UeP(m) iff there are a non-void set I and two filters F
over I* and D over I such that A is an isomorph of (PL|F)/D.

Proof. Using Theorem B, we see that any algebra in S(P(P,))
has a form (B | F) for some I # 0 and some filter F over I°. So, by Theorem
A, we obtain % as an isomorph of a reduced subalgebra of P, whence
9 is an isomorph of (PBL|F)/D, q.e.d.

Remarks. (3.1) In the above theorem the reduction by a filter
D cannot be removed, because for m > 8, no proper elementary extension
of P, is of the form (PL|F).

(3.2) Let 2 be the two-element Boolean algebra. If A ~ (B |F)/D,
then (27| F)/D is said to be a Boolean algebra associated with this repre-
sentation of . Such an algebra does not determine F, because for ¢
being a filter over I* generated by finite decompositions of I we have
(2| F)/D = (2'|(F N @)/D and (BL|F)/D # (BLI(F N &))/D for m > R,.
Evidently, for finite m we have (P |F)/D = (BLI(F n G))/D.

(3.3) For finite m the reduction by a filter D can be removed in the
way suggested in the proof of Theorem 4 in [7]. And since, for finite
m, Post-like algebras are Post-algebras, our Theorem C yields in this case
well-known cases of representation theorem.
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