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OPTIMAL STOPPING OF A SEQUENCE OF MAXIMA
OVER AN UNOBSERVABLE SEQUENCE OF MAXIMA

0. Introduction. In this paper we consider some optimal stopping
broblems. Let X,, X,,... and ¥Y,, Y,,... be independent, identically
distributed real random variables defined on some fixed probability space
(2, #,P). We assume these two sequences are mutually independent,
X; and Y, have the same continuous distribution function F (). Let

[ =maaX(X1,.X2,...,X1-) a:Ild 771: =ma:X(Y1, Y2’ ceey Y.i).

.We observe only the sequence X,, ¢ = 1,2,..., and we want to stop
It as soon as the value of £; is greater than 7,

We can look at this problem as at the competition of two firms. Two
Competitive firms A and B are preparing a new product. The design offices
of both firms produce new offers in each time unit. The attractiveness of
!She Propositions is estimated in each firm separately. As the actual offers
In each firm these ones are accepted whose estimates are the highest up
%0 the moment. The firm A has priority in coming into the market. A must
do it at such a moment when B does not dispose of a better offer than A.

Now we precise the problem under consideration. Let us put
#: = o{X,, X,, ..., X;}, let M denote the set of all Markov moments <
With respect to {#;}2, and MY = {r e M: < N}. We consider the fol-
lowing cages:

(@) We search for 7* e MY such that
P{E-:‘ > "71*} = 8up P{Er >"71}'

remV
(b) We must determine 7* €M such that P{z* < oo} =1 and
P{A > £ >n.} = supP{A > & >},
Where 4 is some real constant. -
(¢) We search for v* M such that P{r* < oo} =1 and
P{min(4, &.) > 5.} = §:1m1:1’ {min(4, &) > 2.},

Where 4 is some real constant.
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(d) We are to determine 7* e M such that P{* < oo} = 1 and
E a"x{e,.»,,.} = Suzmp E a’x{e,> Y)

where a € (0,1) and y, is the characteristic function of the set A.

The problem of the optimal stopping of the two sequences of maxima
when only one sequence is observed was not investigated in the literature.
The problem of stopping at the moment when the maximum of the se-
quence is attained has been investigated in [1] and [2].

Our problem can be reduced to the optimal stopping for the Markov
chain [3]. We present the way of this reduction for case (a). Other prob-
lems can be treated similarly.

Let Z, = P{§, >, | %#,}, n =1,2,... Then we obtain

P{& >} =EZ,

for = € M such that P{r < oo} = 1.
Since F is continuous, F(X,) is uniformly distributed in [0,1], and

PX,;>Y, «FX,)>FY)} =1,

without loss of generality we may additionally assume that X; and X,
¢t =1,2,..., are uniformly distributed themselves.

By the last assumption we have Z, = &, = g(n, &,). Now, & = (£,)n=0
is the Markov chain with respect to {#,}>_, with the state space [0, 1]
and the transition probability function

B 1 if zeB
(1) p(n’x;nH’B)={TB+nl(m?ﬁ|’ | ﬁz:B,

for » = 0,1,..., € [0, 1], where B is a Borel subset of [0,1], and ||
stands for the Lebesgue measure.

Thus we transform the initial problem (in case (a)) into the optimal
stopping of the Markov chain & with the reward function g(n,z) = "
for xe[0,1], n =1,2,...,N.

The optimal stopping problem for the finite Markov chain & = (&,)50
with reward function g(n,z) has the following solution:

Let &, =2, MY = {reMV:v>n}, and

on(n, ) = sup E,g(7, &,);

1eiUtnN

write also
Tg(n,x) = E,g(n+1, §)
and
Qg(n,z) = max{g(n,z), Tg(n, »)}.
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LEMMA 1 ([3], p. 106-108). Let & = (&,)2_, be a homogeneous Markov
chain with a state space E and let g: {0,1,..., N} x E=>R be a bounded
nonnegative function. Then the function vy(n, x) satisfies the equation

oy (n, x) = max{g(n,x), Toy(n, z)} = QY "g(n, x),
and the moment
7, = min{n <k < N:oy(k, &) = g(k, &)}
8 optimal in MY. The optimal gain is vy(x) = vy(0,x) and the optimal
Stopping time is ,".

In cases (b), (¢c), and (d) the reduction leads to the optimal stopping
Problem for the infinite Markov chain with some bounded reward functions.
The optimal stopping problem for the infinite Markov chain with reward
function g(n,) has the following solution:

Let &, =2, M, = {reM: vr>=n}, and

'v(”” x) = sup Exg(T7 51)'
e,
LeMMA 2 ([3], p- 106-108). Let & = (£,)%_, be a homogencous Markov
chain with a state space E and let g: {0,1, ...} XE—R be a bounded non-
Tegative function. Then the function v(n,x) satisfies the equations

v(n, ) = max{g(n, z), To(n, v)}
and

v(n, ) = }Tlm Qg(n, »).

The moment
*

Tpe = IDE{m > n:v(m, &,) < g(m, &,)+e}, &>0,
8 e-optimal in m,, e,

v(n, z) < E:cg(T:,s? 51. )+e.

1fp {00 < oo} = 1, then 1, , 48 the optimal stopping time and v(x) = v(0, »).

1. The optimal stopping of the finite sequence of maxima. The remarks
about the reduction of case (a) to the optimal stopping problem for the
Markov chain & = (&,))_, with the transition probability function (1)
and the reward function g(n,#) — " for e[0,1], n =1,2,..., N,
and Lemma 1 give us the following

THEOREM 1. There ewists a sequence of numbers ¥, < Ty < ... < By_1y Ty
=0 such that 7* — min A< n<<N: & >, satisfies the condition

P{fr‘ > 1)e} = SUP P{f, > 771}
emV

1 1
= .2-(2_2\7—1 a:fN-—wf—l—l) +y1(25) 2y
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where v, can be derived from the recursive equalities

1
Yn-1(Zy) = i1’

n o) — N I
YN-ilTy_ip1) = (N+4)(N+i—1) ¥ N—i+2

—i42
wﬁ—;ﬂ +

, $=2,3,..,N—1,

1
+YNn—it1(Tn—isa) Ty—i1 + Y_itz

and xy_; for 1 =1,2,...,N—1 is the unique solution of the equation

N ) -
N—HwN“'HPN-i(wN-m)—aﬁN =0
in the interval (0, 1).
For the proof we show first the following lemma:
LEMMA 3. The equations

(2) Eg(n+1, &) = g(n, 2)

have in (0,1) the unique solution % for m =1,2,...,N—1 such that
2% <abyy and Bg(n+1, &)< g(n, ) for o> ad.
Proof. Let us put

hin,z) = Eg(n+1, &)—g(n, ).

The functions #(n,«), » =1,2,..., N—1, are continuous and have the
following properties:

(i) #(n,0) =1/(n+2), A(n,1) =0, n =1,2,...,N—1;

(ii) A(n, ) has a unique minimum at af = l/n/(n+1) .

Therefore, equations (2) have unique solutions 2% and 2) < af,
n=1,2,...,N—1.

Let us write

(@) = (n+2)h(n, x)
Pn\T) = 1—z .

We have
Pui1(2) — @, (@) = —2"[(n+2)2" 20— (n+2)].

The equation ¢,,,(#)—¢,(«) = 0 has in (0,1) the unique solution a3-
We can check that of < af. Consequently, @, ,,(¢) — ¢, (x) > 0 for z € (0, a2),
n=1,2,...,N—1, and h(n+1,a?) <0. Therefore, 3,,> x5, Which
completes the proof of Lemma 3.
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Proof of Theorem 1. By Lemmas 1 and 3 we have
oy(N—1,2) = max{g(N —1, ), E,g(¥N —1, &)}
N1 for > xy_,,
=1 N

N+1
¥r1° TFFI

for z < wy_,,

Where z,_, = #%_, is defined in Lemma 3. By definition, zy = 0.
Let us put

(3) (N —j,a) = Epoy(N—j+1, 51)_"”N-j7 j=2,3,...,N-1.
We assume by induction that we have obtained #x_, > oy_, > ... >@y_;1,
for ¢ < N—1 and @y_;,, > o¥_;;1. Moreover,
NI for @ > wy_;,
(4) (N —j,z) = N

¥ eV by i(wy_ i) for x < my_;

for j =1,2,...,i—1, where

1
Yy-1(Zx) = ﬂ—l‘y
N 1 B
P—s@v-in) = FH@ =) YT g Noat

1 )
+'PN—5+1(””N—5+2)xN—j+1+m’ i=2,3,...,N—1,

and g,_; is the unique solution of the equation f(N—j,z) =0 in
(0, %y_;.,). We determine zy_;, and oy(N —i, z).
If # <axy_;,,, then

N+i—-1

Ez”N(-N-'i"'l; &) &z T+ Yn_ip1 (@n—i2) @+

T N+i—-1
IN—i+1

+ [N+i—1

T

R LTIV (‘”N—i+z)] dy +

1
+ f yN—i+l dy —

IN—i+1

N+i ARAE Y—i(@y—i41)-
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If 2 >2y5_;,, then
1
Eoy(N—i+1, &) = a¥*a+ [ ¢¥ay

. N—-i+1l N—i+2 1
N—i+2 N—i+2°

The function f(N —1, x) defined by (3) is continuous in (0, 1) and
has the following properties:

(i) For x> oy_;,, f(N—1i,2) <0 as B(N—¢+4+1,2) = 0 has the
T0Ot &y _s41y TNoivr < Ty—ip1; BN —i,2) < Ofor & >aly_;, oy, <ay_;,
< ®y_;yy o0d f(N—7,2) = h(N—i,2) <0 for x> oy_;,,.

(ii) For # <ay_;11y f(N—%,2) >h(N —1,2) since vy(N—i-+1,2)
>g(N—2+1,2) for v < xy_;,,.

(iii) f(N —<, o) is a decreasing function for # < xy_;,,.

These facts imply that there exists a unique solution of the equation
MN—i,2) =0 in (0,1), oy_; <By_; < Ty_;11, a0d B(N—4¢,2) >0 in
[0, #y_;). Thus vy (N —1, x) is given by (4). Assuming that P{£, = 0} = 1
we obtain

1
v(0,0) = Ewy(1, &) = 5(2N—'1

-ﬁN —.'L‘f + 1) + i (@)@,

This completes the proof of Theorem 1.

Table 1 gives x,, %5y ..., Ty_; and 2,5(0, 0) for some values of N.
The values x,, %,, ..., ¢y_, are written row-wise (with 7 entries in each
Tow).

2. The optimal stopping of the infinite sequence of maxima. In this
section we consider cases (b) and (e). Since we assume that X; and Y, have
the uniform distribution on [0,1], we have A €(0,1).

We search for 7* € M such that

(5) P{A > &.>n.} = supP{4 > £, >n.}.
eM
Let us put

0 for £, > A,

Zn=P{A>§n>ﬂnlfn}=g(”7£n)Z{E: for £, < A.

& = (&,)n=o i8 the Markov chain with respect to {#,}5_, with the state
space [0,1] and the transition probability function (1).
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TABLE 1
N Ty, oy evey BN—1 v
1 2 3
2 0.3660 0.5580
3 0.4322 0.5774 0.5903
4 0.4747 0.6190 0.6836 0.6114
5 0.5048 0.6480 0.7106 0.7472 0.6269
6 0.5274 0.6697 0.7305 0.7659 0.7895 0.6389
7 0.5453 0.6866 0.7460 0.7803 0.8032 0.8197 0.6485
8 0.5597 0.7002 0.7585 0.7919 0.8141 0.8301 0.8423| 0.6566
9 0.5718 0.7114 0.7689 0.8015 0.8231 0.8386 0.8505
0.8599 0.6634
10 0.5821 0.7209 0.7776 0.8096 0.8306 0.8458 0.8573
0.8665 0.8740 0.6694
11 0.5910 0.7291 0.7851 0.8165 0.8371 0.8519 0.8632
0.8721 0.8794 0.8854 0.6746
12 0.5988 0.7361 0.7915 0.8224 0.8427 0.8572 0.8683
0.8770 0.8840 0.8900 0.8950 0.6793
13 0.6057 0.7423 0.7972 0.8278 0.8477 0.8619 0.8727
0.8812 0.8881 0.8940 0.8989 0.9031 0.6834
14 0.6120 0.7478 0.8023 0.8325 0.8520 0.8661 0.8766
0.8850 0.8918 0.8974 0.9023 0.9064 0.9100 0.6872
15 0.6175 0.7527 0.8068 0.8366 0.8560 0.8696 0.8802
0.8884 0.8950 0.9006 0.9053 0.9094 0.9129 0.9161} 0.6907
16 0.6226 0.7571 0.8108 0.8404 0.8595 0.8731 0.8833
0.8914 0.8980 0.9034 0.9080 0.9120 0.9155 0.9186| 0.6938
0.9213
17 0.6273 0.7612 0.8145 0.8438 0.8627 0.8761 0.8862
0.8942 0.9006 0.9060 0.9106 0.9144 0.9179 0.9209
0.9236 0.9260 0.6968
18 0.6316 0.7649 0.8178 0.8469 0.8656 0.8789 0.8888
0.8967 0.9030 0.9083 0.9128 0.9166 0.9200 0.9230
0.9256 0.9280 0.9301 0.6995
19 0.6356 0.7682 0.8209 0.8498 0.8683 0.8814 0.8912
0.8990 0.9052 0.9104 0.9148 0.9186 0.9219 0.9248
0.9274 0.9298 0.9319 0.9338 0.7020
20 0.6393 0.7713 0.8237 0.8523 0.8708 0.8837 0.8934
0.9011 0.9073 0.9124 0.9167 0.9205 0.9237 0.9266
0.9292 0.9314 0.9335 0.9354 0.9371 0.7043
21 0.6427 0.7742 0.8263 0.8548 0.8730 0.8857 0.8955
0.9030 0.9091 0.9142 0.9185 0.9222 0.9254 0.9282
0.9307 0.9330 0.9350 0.9369 0.9385 0.9401 0.7065
22 0.6459 0.7769 0.8287 0.8570 0.8751 0.8879 0.8974
0.9048 0.9109 0.9159 0.9201 0.9237 0.9269 0.9297
0.9322 0.9344 0.9364 0.9382 0.9399 0.9414 0.9428] 0.7086
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TABLE 1 (contd.)

1 2 3
23 0.6490 0.7794 0.8310 0.8591 0.8771 0.8897 0.8991

0.9065 0.91256 0.9174 0.9216 0.9252 0.9283 0.9311

0.9335 0.9357 0.9377 0.9395 0.9411 0.9426 0.9440

0.9453 0.7106
24 0.6518 0.7817 0.8331 0.8610 0.8789 0.8914 0.9008

0.9081 0.9140 0.9189 0.9230 0.9266 0.9297 0.9324

0.9348 0.9370 0.9389 0.9407 0.9423 0.9438 0.9452

0.9464 0.9476 0.7124
25 0.6546 0.7839 0.8350 0.8629 0.8806 0.8930 0.9023

0.9096 0.9154 0.9203 0.9243 0.9279 0.9309 0.9336

0.9360 0.9381 0.9401 0.9418 0.9434 0.9449 0.9462

0.9475 0.9486 0.9497 0.7142
26 0.6570 0.7860 0.8369 0.8646 0.8822 0.8946 0.9038

0.9110 0.9167 0.9215 0.9256 0.9291 0.9321 0.9247

0.9371 0.9392 0.9411 0.9428 0.9444 0.9459 0.9472

0.9482 0.9496 0.9506 0.9516 0.7159
27 0.6595 0.7879 0.8386 0.8662 0.8837 0.8960 0.9051

0.9123 0.9180 0.9227 0.9268 0.9302 0.9332 0.9358

0.9381 0.9402 0.9421 0.9438 0.9454 0.9468 0.9481

0.9493 0.9505 0.9515 0.9525 0.9534 0.7174
28 0.6617 0.7898 0.8402 0.8677 0.8851 0.8973 0.9064

0.9135 0.9192 0.9239 0.9279 0.9313 0.9342 0.9368

0.9391 0.9412 0.9431 0.9447 0.9463 0.9477 0.9490

0.9502 0.9513 0.9524 0.9533 0.9542 0.9550 0.7190
29 0.6639 0.7915 0.8418 0.8691 0.8865 0.8986 0.9076

0.9146 0.9202 0.9250 0.9289 0.9323 0.9352 0.9378

0.9401 0.9421 0.9439 0.9456 0.9471 0.9485 0.9498

0.9510 0.9521 0.9531 0.9540 0.9550 0.9558 0.9566, 0.7204
30 0.6660 0.7932 0.8432 0.8734 0.8877 0.8998 0.9088

0.9157 0.9213 0.9260 0.9299 0.9332 0.9361 0.9387
0.9409 0.9430 0.9448 0.9464 0.9479 0.9493 0.9506
0.9518 0.9529 0.9539 0.9548 0.9557 0.9566 0.9573
0.9581 0.7218

The solution of problem (b) can be formulated as the following

THEOREM 2. There exists a sequence of numbers {a,}o_, such that
(i) v* = inf{n: &, > a,} s the optimal stopping time, i.c., (5) holds;
(i) lmea, = A4, a,< a,,, for each n e N;

n-+00

(iii) the sequence {a,},~, satisfies the recurrence relation

n+1 Ant?

— n+2 .
a, = G t+———;

n—+2 n+2
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(iv) a,, can be obtained as the limit of the sequence of unique solutions
B € (0, BE3Y) of the equation

n+k " At
m[m‘n+2k (ﬂn+1)n+2k]+ (ﬁ,’h.}) +2 m —_g" = 0
as k—oo;
(V) 0 = 0(0,0) = P{4A > &0 > 7.} = (o} +47).
Proof. By Lemma 2 we have
o(n,®) = }rlm Q@Yg(n, @).
For the investigated problem, Qg (n, ) takes the form
Qg (n, z) = max{g(n, z), Tg(n, x)}
n—l—l +2 An+2
" f 1
_Jare T tagr o esbe
™ for gi<z< 4,
0 for x >4,

Wwhere g, is the unique solution of the equation

(6) "t — 2" =0 in (0, 4).

n+2 n-+2

Equation (6) has a unique solution in (0, 4) because the function

AL, A

@1, z) = n+2 "t

has the following properties:
(@) ¢1(n,0) >0, ¢i(n, 4) = A"(1—A4) <0;
(b) ¢1(n,x) has in (0,1) a unique minimum at ¢ = Vn/(n-{—l)-

Since
n+2 A3 "
P(n+1,0) = T ar S g
1 b An+2 Ant3
=op ot e Y wre T T

£ w9, (n, )+ g(n, )

&?d ¢(n,x) >0 for ze(0,A4), we have ¢,(n+1,8.) >0, and hence
ﬁ"<ﬂn+l‘
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We calculate Q¥g(n,z) by induction:

(7) QNg('n7 r) = ma‘x{QN_lg(”y x), TQV g (n, @)}
= max{g(n, x), TQ¥'g(n, x)}.
Let us put
on(n, z) = TQ¥"'g(n, z) —g(n, 2).

Assume by induction that there exist unique solutions g}, of the equa-
tions ¢@,(n,x) = 0 in (0, 4) for r =1,2,...,k, fL < B2 < ... < %, and
Br<Ppy for r=1,2,...,k and n =1,2,... We have then

ng(n’ z)
ntk ok e—tynt2ky  PFL e e %
_ "11+2k [.’D _"(ﬂn+l) ]+ n+2 (.Bn+1) +n+2 for x < ﬂn’
" for pE<2< A4,
0 for x > A.
For » < ., we obtain
kE+1 n+2
TO* _ n-+ n+2k+1 [ pk—1\n+2k+1 k—1\n+3
Q%g(n,x) m{—__n+2k+1'[w (Bnt2) ]+_—n+3( nr2) T+
gk
Amt? " n+k+1 2%+1 k—1\n+2k+1
+ n+3}+f {m [y" e+ — (B2 1+
@
4
n+2 k—1\n+3 n+3} f n+1
n+3( ntz) o+ nt3 dy + Yy dy
By
_ n+tk+1 n+2(k+1) e owmtainy g Pk e
nt2 n+k+1
+ ) + (ﬁﬁn){m [(Bh ) T2k —(BE M+ 4
N+2 o in+s A™*? k n+l}
+ n+3 (ﬂn+2) + n+3 (ﬂn-{-l)
_ n+k+1 n+2(k+1) k  \n+2(k+1) n+1l . ase
= n+2(k+1) [» (Ba+1) 1+ nr2 (Bas)" "+
Am*? % k
+ nt2 +(ﬂn+1)9’k(’n+17 Br+1)
— nt+k+1 n+2(k+1) k  \n+2(k+1)
= s (540 4
n+1 . nt2 An+2
+n+2 (ﬂn-l-l) +n+2'
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Therefore, for # < g£,, the function ¢,,,(n,z) is given by the formula

nt+k+1 [7+20+D) _

8 AL i k  \n+2(k+1)
(8) Prr1(Ny @) Y} (Br+1) 1+
n+1 Lk \n+2 Am? n
+’ﬂ;+2 (ﬂn+1) +n+2 T

The function ¢,,,(n,z) has the following properties:

(3) @rp1(ny 2) = Tng('”': z)—g(n, ) = Tg(n,x)—g(n, ) = @r(n, x)
< 0 for z> gk, > Bk

() @prr(ny @) >@p(n, ) >0 for z < ﬂwl:

For z < By, Q*g(n,2) >g(n,x) and Q“*'g(n,z) > Q*g(n,z). Then,
for » < %, Q**'g(n,x) > g(n, ). Consequently, we have (b).

(¢) The polynomial defined by (8) has a unique minimum in (0, 1).
From (a)-(¢) we infer that the equation ¢,.,(n,x) =0 has the

unique root S5*! and

(9) < Bit' < Bk, form =1,2,...

Formula (9) implies g%, < g1l < gk, ,. Therefore gi+! < gktl. Moreover,

Q**'g(n, x)
( n+k+1 n+2(k-+1) K nt2k+ny, Pl nge e
n+2(k+1) [w (ﬂn+l) ]+ n+2 (ﬁn+1) + n+2
= for » < fE*1,
z" for pit'< o< A,
\ 0 for x > A.

The sequence (fX)2., is monotone and bounded by A4, so the limit
lim g% = q,
k00
€Xists. Hence

n+1 wit Anrt?

—_—
, T2 T nte
v('n, m) = ilmqu(‘n, @) = :;. " for a <w<A
—>00 nSUTT

0 forz>A4.

for 2 < a,,
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We prove now that the function o(n, x) is continuous at z = a,.
To the contrary, let

'n+1 An+2
(10) a, > Py apil o
Then there exists a, < a, such that
1 Am? :
nt aril+ for z < a,,
n-+2 n+2
v,(n, x) = ,
1(m5 @) z" for o, <2< A4,
0 for x > A

and

vy (n, ) >v(n,z) = sup B g(z, &) for @ € (a,, a,)
e,
in spite of the definition of v(n, ).
The proof of the converse inequality in (10) is similar. We have then

L p——
n ZE a4 A:: and nA'/Az <a, < AVA"
Vn+2
Consequently,
lima, = A.

n—oo

From Lemma 2 we infer that 7 = inf {n: £, > «,} is the optimal stopping
time only if P{r; < oo} = 1.
We have

P < oo} = P{U (6> o} > P U (6> 4)) = ImP (e, > 4) = 1.

Assume that P{& = 0} = 1. Then
a A
2 A? r
0= 00,0 = o1, &) = P{d > > 1} = [ (Fat+ 5 av+ [ way
1

0

2 A3 1 1
= al(gag—l—? —al) +E(03+A2 = -E(af+A2).

This completes the proof of Theorem 2.
Let 0 < A <1. We calculate z* e It such that

(11) P{min(4, £.) > 7.4} = sngtP {min(4, &) > n.}.
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Let us put

A" for £,>A,

= P{min(4, &) >n, | F3} = g(n, &) ={§n for £, < A.

Problem (c) has the following solution:

THEOREM 3. There exists a sequence of numbers {y,}>_, such that
() v* = inf{n: &, > y,} is the optimal stopping time in (11);
(ii) limy, = 4 and y, < y,,; for each n e N;

n—»00

(iii) the sequence {y,}n_, satisfies the recurrence relation

n+1 yn+2__An+2)+An+l;

(iv) y, can be obtained as the limit of the sequence of unique solutions
0% € (0, 6571 of the equation

n-tk
n+2k

1
[o7 % — G L[S A A s = 0
as k— oo;

(v) © = 9(0,0) = P{min(4, &.) > 7.} = $(yi+4°) +4(1—4).
The proof of this theorem is very similar to the proof of Theorem 2.
The details can be found in [4].

3. The optimal stopping of the infinite sequence of maxima with a dis-
count factor. Let 0 < a<1l. We want to determine 7* €3 such that

(12) Ear.x{et.>ﬂt.} = Sllgg Ea’%{f,}ﬂ,—}'
We write
Z’n = anP{En >Ny I yn} = g(”” Sn) = an‘sz'

The solution of problem (d) can be formulated as the following
THEOREM 4. There exists a sequence of mumbers {A,}x_, such that

(i) v* = inf{n: &, > 4,} is the optimal stopping time, .., it satisfies (12)3
(i) the sequemce {1,}v_, fulfils the recurrence relation

n__ [P+1 proe 1
ln_a(n+2 ‘et ——= +2

(iii) lima, =1, llm( ) =0, and A, < A,,, for each neXN;

n—roo
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(iv) A, can be obtained as the limit of unique solutions uk e (0, uk7]
of the equation

n+1

n+2

as k—oo;

n+k a"+k[.’v”+2k ( )n+2k]+ n+1 n+l( n+1)n+2

n
—z" = 0

(v) » = 9(0,0) = Ea" Xiga>ngey = @ (1+2%)/2.
Proof. By Lemma 2 we have

v(n, ) = lim QVg(n, x).
N—>oo

It can be proved, similarly as in the proof of Theorem 2, that
there exist unique solutions uj, of the equations ¢,(n,2) = 0 in (0, 1) for
r=1,2,..,k ph<pd<..<uph, php<phy for r=1,2,...,k and
n=1,2,..., and

n+k n+1

o T (U e )
Q“g(n,2) = ot
for » <
k tors fra<u
(ax)" for z > u,.

The sequence {uf}., is monotone and bounded by 1, so the limit

Lim pf = 4,
k—o0
exists. Therefore, we have
n+1 n+l 2 7L+1
for < 2
v(n,s) = imQ%(n,») = n+2 At n+2 "
koo (az)® for x> A,.

We can see, as in the proof of Theorem 2, that the function »(n, ) is con-
tinuous at ¢ = 4,, i.e., 4, fulfils the following recurrence relation:

%—}-1
n—|—2

(13) (ad,)* = n+1}_nﬁ+,nj__2, n=1,2,...

Hence
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From (13) we infer by induction that for each ke N

1 ae(l—d )
m<L dk .
RS n+2 l—a
Hence
1 a
k
h<dt ST .
and
1 a ] 1 a
A* L inf{a* = .
"\lk {a + n+2 1—al a+21—a
Then
lima? = 0.
n—>00

Now we can show that * = inf{n: &, > 1,} is finite with probability 1.
We have

(o]

P{* < oo} = P{{J{&,>4,}} > LimP {&} > A}
n=1 N-o00

= Im P{&y > A3} = lim(1—-4y) =1

N->o N->oo

because £7 is uniformly distributed on [0,1].
Assume that P{&, = 0} = 1. Then
4

1
2 2 ro

v =0(0,0) = Bpo(1, &) = [ (gazzz+%)dy+J aydy
0 Y

1— 22

2

o
3

2
== (-— azjg +

3 )ll—l—a

2 2
_zl(§a2zg+%_azl) = 2a-7).

This completes the proof of Theorem 4.
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