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A class of special Hardy—Orlicz spaces
and the space of BMOA functions

by He Yuzan (Beijing, China)

Abstract. In this paper we discuss a class of special Hardy-Orlicz spaces Ba (H?) in which
a “Young function” arises from an entire function of finite order. We discuss some properties of
spaces Ba (or HP} and give an equivalent definition of BMOA functions, which exhibits
interrelation between the spaces H¥ and BMOA.

1. It is well known that many results on L, spaces (or H, spaces) reveal

a large gap between L, and L* = [] L,. There are many important spaces
p<x

in this gap, e.g. some classes of Orlicz spaces, BMO, etc. In most cases the.
properties of L, (1 < p <o) are entirely different from those of L. For
example, the Hilbert transform is bounded in L, (1 < p < o0), but not in L;
it is natural to ask whether this is true in the gap spaces and what conditions
imposed on the space ensure that the conclusion holds. The interrelations
between the gap spaces and their properties have fallen into the field of
interest of several authors ({2}, [3], [7]). In this paper we consider a class of
special Orlicz spaces in which a “Young function” arises from an entire
function E(z) of finite order. A space of that class is called a Ba space (or an
H5B space); this terminology was introduced by Ding and Luo in [3] in a
general form. This class of spaces is a very natural generalization of L, and
has been effectively apphed to obtain prior estimates for hnear partial
differential equations [3] and to the calculus of variations with strong non-
linearity [4]. In particular, if E(z) is a transcendental entire function, then the
corresponding Ba space lies in the gap between L, and L*. We discuss some
properties of Ba (or H?) spaces and give an equivalent definition of BMOA,
which points of some relations between H? and BMOA.

> )

2. Let E(z) = Z a,z" be an entire function with non-negative coeffi-
n=2
cients a, > 0 and is of finite order ¢ ( < + o) and mean type ¢ (< + o). Let
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P, be a sequence which satisfies 1 < p;, <p, < ... <p,<...and

(1) p = lim (p/n'?) < + .

n-—r

Set D =z, |z| <1}, for u(6) €[] L, (oD), form the power series
Pn

2 I, u) = ¥ a, ullf, o

where l|‘||L, is the norm in L, . Let d, denote the radius of convergence of

(2) and let Ba be the following set of functions:
(3) Ba = u(0): u(®)e[]L,,, d, > 0};
Py

the norm of u(f) in Ba is defined by |ju]lz, = inf  |1/a]}. It is easy
2. I(lalw) < 1)
to show that ||u|lg, = ||u|| satisfies the three norm axioms and so the set Ba,

with the usual addition and multiplication by scalars, becomes a normed
linear function space. Let us prove the triangle inequality [Ju, + u,l|z, <
[luyllgs + 1142]lge- To do this, it is enough to show that

1
(i b )< 1.
)+ lluall” 2)
In fact, by the definition and by properties of convex functions, we have

1 1 "
I(———, U, +u )= a,|lu, +u,|; (——)
lugll +llugll” 2 2 anllus + s, Ny |1+ If24]

/
n
( ”uIHLp" + ”“2”1,.,,'I )
<) a,

a1+ T
n
_va { e (““1”Lp,.) ol (”“z"m)}
S A A AR R AT

ludl ( 1 ) llu,ll ( 1 )
< 1 , Uy )+ 1 ,uy | 1.
Nugll+ Mol el ) Moyl + el \lloeall” 2

Similarly, H® is defined as follows. Let f(z)e][]H, (D); set

Pn
I@,f) = Y a,lfl, o
where || f]| H, is the H, -norm of f. Let d, denote the radius of convergence
of I(x, f) and let H®® be the set

4 H% = \f: fe[|H,, d; > O};
Pn
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the norm of an element f is defined by
(5) I lgea = inf {1/}
le. (el f3< 1)
Further, we have the following propositions:
(i) Suppose that f(z) is analytic in D; if

2n

o1 AU I
!T,'z_n g log* |/ (ré'®) do = . oj log™* | f (€% d6,

we say that.f belongs to N™; this is a subclass of Nevanlinna’s class N. Let
IY" N Ba denote the set of functions f(z)eN* with boundary values
f(é%e Ba; then

6 - N* A Ba c HBa,

In fact, noting that ||flly, < |lf||L,, we get

: n A 1
Y .l I, (“f—lna) <24, (m—) <!

and 50 ||f1l,,80 < 11/ l3a-

(ii) If f(z)e N7, then f(z)e H® if and only if F(z)e H?*, where F(2) is
the out-function of f(2).
Indeed, for f(z)e N* we have [6]

f(2) =€ B(2) F(2)S(2),

where B(z) is the Blaschke product of the zeros of f(z), F(z) is the out-
function, and S(z) is a singular function. Since ||F||,,p<|]f||,,p, we have
IFil ;8 < |If 1l ;pa- The inverse is obvious.

(i) Suppose that f(z) is analytic in D, G(z) is univalent and G(0) =
f{0). If f(D) = G(D), we say that f(z) is subordinate to G(z), in symbols
f(2) <G(z). If G(z)eH?. then f(z)eH".

In fact, since f(z) <G(z), we have f(z) =Goop(z), where ¢(2) is
a function which satisfies the conditions at the Schwarz lemma. Since
W llw, < NGliu,, we get |Ifllpa < Gl 480

Now, let f(8) be a complex-valued function of bounded mean oscillation
2n

on ¢D. If its harmonic extension to D, f(z) = | f(6)du.(8), is analytic, we

0
say that f is an analytic function of bounded mean oscillation, or
J € BMOA. Suppose that f(z) is a function defined on D. We define a set
IR(f) by
M(f) = 194(2): g(z) = f0oS(z2)—f05(0), Se M},

.
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where
' . 3+a .
M= {S(z): S(z) =e*——, a€eD, e'“eaD}
1+ a3

1s the group of all conformal automorphisms of D. We have

THeOREM 1. There exists a constant ¢ such that

(7) cHiflle < Maa < €llf1la-

where [ flllsa = sup llgllsa, ||/ lhs is the norm of f in BMOA, ie,

geWm(f)
2n 2n
1flly = sup llglla;] =sup { [ 1S (O)—f(a)ldp.(0), f(a) = [f(B)du.(0)}.
. geM(f) aeD o 0

Proof. In [1], Baernstein proved the John-Nirenberg theorem in the
following form: if fe BMOA, then for ge 9M(f)

(8) i) =p(1€°€D, lg(’) > 1t}]) < Ke ™",

where 4(t) = u,(E,) is the harmonic measure of E, = {¢®edD, |g (€] > t) at
a with respect to D, ie, pu,(E)= [du,(6), f=cllflly*, ¢ and K are two

E.l
constants independent of f. By definition and (8), we get

2x a )
j lg (e®)Pdu, (6) = p f tP~1()dt < Kp jt”‘l e Pdt = KB Pr(p+1).
0 0 (1]

2n
Noting that g(z) = [ g(e®)du.(6) and applying the Jensen inequality
0

2n

92" < [lg(eNPdp.(0) < KB™"I'(p+1),
0

we obtain

KI'(p+1
lgll, <~ 111,

We set :
o a \
(200 Ser, ()
i 9 ) = Leallll, (7
<Y a, K" ([ (p,+ 1) c"a" = Y 4,0,

where A4, = a, K""”'(F(p,,+1))"“’"c"'. We now prove that the power series
Y A,a" has a positive radius of convergence. Indeed, according to Stirling’s
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formula

Fp+1)=pPe ? 2rp(1+0(1)
and the relation

— —
(0oe)'’® = lim (n'/? Ma,),

n—x

where ¢ and o are the order and the type of E(z), respectively. We have
_liT.n_ n A" — llm {( a, nl/g)( 1/0) 1/?1](2np")llzpnc—le—l}
n—+xX n—|x
< (goe)t® pe lcei ! < +00.
Therefore the radius of convergence is

c,e -

e —— = d > 0.
lim /A, ” place™

n—w

This shows that there exists aoe(0, d), say

1 cye ( Ao )
=—-————  such that I{—,g)<K, <+
2p(goe)'’e | 1/ °
in which K, is a constant depending only on ¢, ¢ and p. If K, <1, then
1 2 ae)””
lgll pa =  inf { } —Ilfll. =2 (Q 111l
. 1qal. <1y Lo

hence |l|flllg. < cliflly. Uf K, >1, we first consider ||f|l, =1 and take
g(2)/K,, instead of g(z). By a homogeneity argument, we have

e

l&,o
Igllme < Kaofzo = —=21lflly = <l

Thus [||flllae < cllfll.- If I f]l, # 1, we consider f/||f]l, instead of f. Since
the norm ||*{|,5, 1s homogeneous, we get ||gll, 5, <cllfll,, and thus again

1 f1ll8a < €Il Sl

To prove the first inequality of (7), we assume that a, is a non-zero
coefficient of E(z) such that

1 1
m = Min = .
n {\:'/a_n} "\0/ a,,o

>]( : )>a (_}_)"0 ng
gl s ? )= “\ilgli, 5e) 1016,

We have
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1
< —— < m .
gl < ==llilyme < il

N\ Yng

On the other hand, by Holder's inequality.

IS lle = sup Ulgllu,} < sup lllgllu, }<mllifllpa-
geMm( N geM(f) no
This proves the first inequality of (7).

Now let us consider the operator Hu(8) defined by the Cauchy principal
value integral

4(6) = Hu(f) = lim | cotB;_q’ u(p)de

e—~0 lo~6| <&

and call Hu the Hilbert transform. It is well known that H is bounded in L,,
1 < p < +00. A natural question arises: Is the operator H is bounded in Ba?
Recently Deng and Gu [2] proved that H is bounded in Ba if and only if
there exist « and f with 1 <a < f < + oo such that, for all n, a < p, < f. We
obtain the following results as the consequence of Theorem 1.

CoROLLARY 1. If u(6)e L (0D), then u(f)e Ba; i.e., there exists a constant
¢ such that

® ||l ga = ([ Hullpa < clluallr .
In particular, taking p, = n, a, = 1/n!, we have [6]
2n
I e dp, () < Ca "1»‘"1.dn
0
Indeed, set f(0) = u(f)+iu(0) and denote the harmonic extensions of
f(0), u(6) and u(f) by f(z), u(z) and #(z). By [1], we have
u(0)e BMO < f (f)e BMOA < u(0)e BMO
and [|fll, < clluliy < cyllully ., where
(10) llully = sup lvll}L,
v =)
and
M(u) = {v: v =uos—uos(0), se M.

2n
Since #(0) = [ u(6)duo(6) =0, we have
0

#o({€€ @D, F(0) > 1}) < mo({e®®e 8D, 1 (O)—f (O} > t}) < Ke™°V',

where B, = ¢,/|lull, . Similarly to the proof of Theorem 1, we deduce (9).
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COROLLARY 2. Let

lulllzgs = sup {Ivlls,} = sup {Jluos—uos(0)lla,) .
r— M) e

Then there exists a constant ¢ such that
1 Hulllga < ¢ |llulllpa-
In fact, by John—Nirenberg’s theorem
po((€®c D, [v(0) > 1)) < po (1€’ eD, lg(0) > 1)) < K e *%,

where B, = c,/l|ull,, ve M(u) and ge M(f), f =u+ii. As in the proof of
Theorem 1, we get

"U"Ba < C(Q, a, p)“u"*;
hence

(11) llulllpa < clully -
On the other hand, suppose that a,  is the coefficient of E(z) for which

! a= Min{ l—} =m
Ja,, = n/a,
Then we have for each ve IR(u)
1
131 ) > anll, o

and so Ilvlleno < m||[ul||g,- By (10) and the Schwarz inequality,

(12) llully < sup (llvll,

v— W (w)

o} < milulllp.
no

(11) and (12) show that ue BMO <> (u) 1s a bounded set in Ba. Therefore,
U BMO<>M(u) is a bounded set in Ba, ie., ||illg, ~ |l@l,. Since
ue BMO <ue BMO, we get

lilllga < Cliully < ¢y llully < clljulllza-
This proves Corollary 2.

In [1], Baernstein proved that if f(z) is umvalent and zero free, then
log fe BMOA. By Theorem 1, we have

COROLLARY 3. Let f be a function univalent in D and zero free. Then
log f € H®.

3. In this section we concentrate attention on the BMOA and Ba

an
function spaces on & = {z,Imz>0}. Let E(z)= ) a,z" be an entire
n=2
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function and {p,} be a sequence as before. Suppose that u(t)e L,..(R) and for
all 1 < p < +o. Consider the power series :

(13) Ia w =Y alul}, =

If (13) has a positive radius of convergence, we say that ue Ba, and we define
the norm of u(r) in Ba by

. |
lullgz =  inf {'—}
‘ . (lalu) <1} Ial

Similarly, let f(z) be an analytic function in .o/ such that the boundary
value function f(r) belongs to L, .(R) and

If (f

sdt < + o
R

For any p,, let

1flla, =sup {{If(O—f @I"du ()} < 400,
R

zed
where
ydt .
d =—r— = .
H. (1) I z=2x+iy
We form the power series
(14) I, /) =Y allf I, 2"

If (14) has a positive radius of convergence, we say that f(z)e H?, and define
the norm of f(z) in H? by .

1 fllsa =  inf {l}

. adal. <1y o

THEOREM 2. Let f(t) L. (R); then fe BMOA(R) if and only if

(15) Ifli, <+, 1<p<+oo
and
(16) ||f||,;p<+oo, 1<p< +C.

Proof. Set Io=[—3,4), I, =21, =[=-2"', 2" '], k=0, 1, 2,...
and

fi= |l| [f(n)dr.
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Noting that

dt
— - ;=1
[dﬂ. ) I ikl

we have

Hf(r)l dps (1) < 27 {J1f (0 =fio|P dus () + 11,17}
R .

=2"{ +Z § OO —=figlP du () +1£1)7).

k=1 Idy—

By using the John—Nirenberg theorem [6]

(tel, |f(—fil > )] < Kexp(=ct/l| fII,) I},
where || f]|, = sup jlf(t) S (D)dp- (1)}, we get

T zeof

Kr(p+1)

FIAO—figlPdm () < = [IAO=filPdt <——Ifll,-

A Ilol i

Since || fllyu < 1 llflly (cf. [6], p. 224), we have

= Sroh < 211 llan < 2key[If1ly,  Where  [|fllyy = sup{mjlf(ﬂ—ffldf}

In view of the equality [I,| = 2¥ we get

K22*4 T (p+1)c™p 22+4cpgr
2,, +— }nfu"

[ 1 O0—fi P du (0 < %
Ielk—1
Since

e &3 1 xX
Y = 1 and ) kP/2*<2(log2)P™'I'(p+1),
k=1 k=1

we have

ilf(t)l"du,-(r) < 2°|fi P+, lIf11E < + o,

where ¢, = K42 T'(p+1) and K, is a constant independent of p.
To prove (16), we need the John-Nirenberg theorem in the following
form:

(17 (it eR, | f(=F @) > 1]) < Kexp(—ct/l| flly).

where

#:(E) dluz (t) = ydr

1
- , Z=X+Iiy,
T g —t)2 +y? ’

is the harmonic measure of E at z with respect to /. (17) results from (8),
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because BMOA(R) and BMOA(0D) are transformed into each other under
the conformal mapping

z =

= , w<l.
l—w

Thus

Kr 1
JrO~f @rd.0 < 2Dy g
R

and (16) follows.

Conversely, if (15) and (16) hold, then the H&lder inequality shows that
I/, =sup {[If(O—f @du, (1)} < Sup G1f O—f @Pdu, )"
R zet R

zed

and consequently fe BMOA(R).

Remark. In the case of p =2, Theorem 2 reduces to a result of [6].

Similarly to the proof of Theorem 1, we have

THEOREM 3. fe BMOA(R) if and ony if feBan HP, ie., ||fllgs < + ©

and || f|lgsa < + 0.

Remark. One can also consider the space Ba or H? in R" or in the

unit ball in C", or in spaces of homogeneous type, and obtain some relations
between BMO and Ba.

for
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