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A PURE ARITHMETICAL DEFINITION OF THE CLASS GROUP
BY

J. KACZOROWSKI (POZNAN)

Let K be an algebraic number field. We denote by Ry its ring of
integers, by H(K) the class group, and by h(K) the class number.

It is well known that arithmetic properties of Ry depend on the
structure of H(K). It is a classical result that the condition h(K) = 1 is both
necessary and sufficient for a unique factorization in Rg. Further, if
h(K) # 1, then the length of factorization of an arbitrary integer of K does
not depend on the factorization if and only if h(K) =2 (see [1]). Sliwa [4]
gives similar characterizations for other class numbers. In [2] one can find
arithmetic characterization for fields with class groups either cyclic or being
p-groups of a particular form.

The aim of this note is to describe the structure of class group in a pure
arithmetical way. This solves Problem 32 from [3].

The following definition will be useful in this connection:

An algebraic integer d from Ry is said to be completely irreducible if it is
irreducible and 4" has a unique factorization for every natural n. The
following lemma gives the main properties of such integers:

LemMa. (i) An algebraic integer d is completely irreducible if and only if
there exists a prime ideal p such.that

d RK — pord[p]’

where [p] denotes the class from H(K) to which p belongs.

(ii) There exists a natural number m (depending on d) such that for every
completely irreducible d’ the length of any factorization of dd' is less than or
equal to m. Let ordd be the smallest such m. Then '

ordd = max(2, ord[p]), where p|dR,.

Proof. (i) is proved in [2].
(ii) Let 4’ be completely irreducible and let

dd' =a, ...aqa,
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For te(— o0, 1) we put f;(f) = ¢(t). If te (1, o), then t = s, for some
real v and natural n. Let us put f,(s)) = xJ.

Similarly, for te(—1, ) we put f5(t) =¢() and f,(t3) =ys for
the(—oo, —1).

One can check that the function F = (f;, f;) is the one looked for.

Conversely, assume now that F(R)=R? and D,uD, = R, where
D, = {teR: f/(¢) exists} (i =1, 2). The functions f;, f, satisfy the Banach
conditian (73) on the sets D,, D,, respectively (see [2], Chap. VII, Theorem
10.1, p. 234, and Chap. IX, p. 279(")). Hence the sets

N; = {yef.'(Di)3 If.-“‘({y})ﬁD.-I > No}, i=1,2,
have Lebesgue measure zero. Therefore, the sets M; = R— N, (i = 1, 2) are of
power ¢. Let S; = F(D;)n(M,; xM,), i =1, 2. The sets S,, S5, My, M, satisfy
the conditions of Sierpinski’s theorem, and hence the proof of the theorem is
complete.

We shall see further that a function F = (f), f;) defined in Theorem 1
does not exist when we assume that at least one of the coordinate functions
fi or f, is Lebesgue measurable. This will follow from Theorem 3. First we
prove the following

THEOREM 2. Let F =(f,,f;), where fi€ T,(R) and f, is an arbitrary
function. Let F(R) be a Lebesgue measurable subset of R®. Then A,(F (R)) = 0,
where A, is the Lebesgue measure on the plane R2.

- Proof. There exist two disjoint sets A and B such that AUB = R,
A(B)=0, and |f{'({y}) < N, for each ye A. According to Fubini’s theorem
we can write ‘

= [A(F(R) N ({x} xR)dA(x) = [2(fo(fT 1 ((x}))dA(x) =0
A A 7

because |f>(f1 ' ({x})) <N, for each xeA.

CoRroLLARY. Let f; e VBG(R) and let f, be continuous on R. Assume that
F =(fy,f3). Then lz(F(R)) =0.
Proof Let {E,: n=1,2,...} be a family of sets such that

UE,=R and f,eVB(E,) for each n.
n=1 .

Let us consider any fixed set E,. The function f [ E, can be extended to
a function g,€ VB(R) ([2], Chap. VII, Lemma 4.1, p. 221). Let F, = (g,, f2).
Since F, is a Borel function, the set F,(R) is analytic ([1], Chap. III, Section
38, Proposition 5, p. 457). Therefore, the set F,(R) is Lebesgue measur-

(*) In [2] this fact is shown for intervals, but it is true for any subset of R.
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able ([1], Chap. III, Section 39, p. 482). Hence, by Theorem 2, we
have A,(F,(R)) =0, which implies A,(F,(E,)= A,(F(E,)=0. Finally,
A;(F(R)) = 0.

THEOREM 3.-Let fi: R—R and f,: R— R. Assume that

(i) the function f, is Lebesgue measurable;

(i) for each x€R there exists at least one of the derivatives fi(x), f5(x);

(iii) F(R) is a Lebesque measurable subset of R%, where F = (f,, f5).

Then A,(F(R))=0.

Proof. Let us put D, = {teR: f/(t) exists}, i=1,2. There exists
a sequence {K,};2, of closed subsets of R such that A(R—K,) < 1/n
and f, | K, is continuous for n=1, 2, ... Let us consider the set D, " K,
for a certain fixed n. The function f, is differentiable on D,nK,, and
so f,eVBG(D,nK,) ([2], Chap. VII, Theorem 101, p. 234). Let
14;:j=1,2,...} be a family of sets such that

D,;oK,= U A4; and f,eVB(4) for j=1,2,...
- j=1

For every j there exists an extension of f, [ A; to a function g;e VB(R). Of
course, there also exists an extension of f; [ K, to a continuous function 4 on
R. For the vector function H =(h,g;) we have A,(H(R))=0 (see the
Corollary), whence A,(H(A))=0. This implies 4,(F(D,nK,))=0 and,
consequently,

).2 (F(Dzn gl K,.)) = 0.

The function f, -is differentiable on the set D,— | K, and A(D,— U K,)
= 0, whence n=1 n=1

A(f2(D— Q K,))=0

([2), Chap. VII, Theorem 6.5, p. 227). Consequently, we obtain

112 (F(Dz— gl K")) = O

and, finally, 1,(F(D,)) =0. Thus F(D,) is Lebesgue measurable. Let us put
o(t) =f,(t) for teD, and ¢(t) = 0 for te R—D,. The function ¢ satisfies the
Banach condition (T;) on R. Let G = (¢, f5). The sets G(D,) = F(D,) and
G(R—D,) are Lebesgue measurable, and from Theorem 2 we obtain
4,(G(R)) = 0. Hence 4,(F(D,)) = 0. Finally, 1,(F(R))=0.

We formulate now other versions of Theorems 2 and 3, omitting the
assumption of Lebesgue measurability of F(R). To prove these theorems we
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should apply the same methods as those used in the proofs of Theorems 2
and 3.

THEOREM 2. Let F =(f,,f;), where fie T,(R) and f, is an arbitrary
function. Then 25(F (R)) = 0, where 2 denotes the inner Lebesgue measure on
the plane R2.

THEOREM 3'. Let f;: R— R, f,: R—> R, and F = (f,, f;). Assume that the
function f, is Lebesque measurable and that for each x € R there exists at least
one of the derivatives f{(x), f3(x). Then A5(F(R))=0.

Finally, we pose the following problem:

ProBLEM (P 1276). Does there exist a function F =(f,, f5): I - 1x]1,
where I = (0, 1), such that F(I) =1x1I and for each xel there exists at
least one of the derivatives f] (x), f3(x) (as in Theorem 1 one can prove that
from the existence of F CH would follow)?

Let us mention that if we put above an open or half-open interval
(instead of I) as the domain of F, then the existence of F is, as in Theorem 1,
equivalent to CH.

The author is very grateful to Professor C. Ryll-Nardzewski for his
advice and suggestions. In particular, Professor C. Ryll-Nardzewski proposed
to investigate functions as in Theorem 1.

REFERENCES

[1] K. Kuratowski, Topology I, Warszawa 1966.
[2] S. Saks, Theory of the integral, Warszawa—Lwow 1937.
[3] W. Sierpinski, Lhypothése du continu, Warszawa 1934.

INSTITUTE OF MATHEMATICS
UNIVERSITY OF WROCLAW
WROCLAW

Regu par la Rédaction le 18. 6. 1980;
en version modifiée le 5. 11. 1980



