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Abstract. This paper deals with a class of distributions, having the property that the
operation inverse to differentiation is unique. The tempered integrals and the tempered
derivatives of these distributions belong to the same clads. It is shown that if the operation
D of tempered differentiation is uniquely invertible, then it can be extended to real non-
negative orders such that the equality D*Df f = D**? f holds for all a,f > 0. Some
inequalities for tempered integrals are given.

In Analysis, the concept of derivative is susceptible of various interpreta-
tions. E.g, one can consider continuous derivatives, almost everywhere
derivatives, distributional derivatives, tempered derivatives, and also algebraic
derivatives. The inverse operation to any of those derivatives is not unique,
in general. However, it can become unique, if we restrict ourselves to
a subclass of derivable elements. E.g., the continuous derivative is uniquely
invertible in the class of functions e** (xeR). An interesting example is
the class of hereditarily periodic functions and also the class of hereditarily
periodic distributions (see [4]). In those classes the operation inverse to
derivation exists and is unique. Similar classes can be formed in the case
of tempered derivative (see Section 1). Such are e.g.: the class of smooth
functions having a zero of infinite order at the origin; the class of distributions
(not necessarily tempered), having value O at the origin; the class of tempered
distributions having value O at the origin. .

In this note we consider some other distribution classes having property
that the inverse operation is unique. The tempered integral and the tempesed
derivative of a distribution in such a class belongs to the same class.

In the paper we alsoshow that if the tempered derivative D is uniquely
invertible in a class of distributions, then it can be extended to derivatives
of any non-negative real order so that, for all real k and r, the following
equation holds:

D*D f = D**'f.

The point at which the distributions under consideration are supposed
to have value 0 need not be the origin. By fixing this point beyond the
origin we can easily obtain other classes with similar properties.
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The main results will be preceded by a few remarks on tempered
integrals and tempered derivatives.

The Euclidean space is denoted by R. We use the following notation:
N = set of all positive integers; P = set of all non-negative integers.

1. Tempered integrals and tempered derivatives. By the n-th tempered
derivative of a distribution f, defined in R, we mean the distribution

(1) Df(x) = e R f(x)™ (meN).

This definition can be found in the book [1].
It is easy to check that

D°f=f, D'"D"f=D"*""f (n,meN).
The tempered derivative is a linear operation, i.e., such that
D*(f+g) = D"f+D"g, D*(cf) =cD"f

for any number ¢ and neN.
According to [1], the n-th tempered integral of a continuous function
S in R is defined by the formulae

@ SF(x) = e et
0

) §'f=S8@E""f) (neN).

Additionally it is assumed that S° f = f.
Tempered integral S” is a linear operation.
It is easy to check that

“4) D"S'f=f (neN).

However, the formula $"D"f = f does not hold, even for n = 1.
It is interesting that for tempered integrals the following property holds:
For any given r >0, neN there are numbers y = y(r,n) and
Y1 = 7,(r,n) such that

Q) " Ixl| < -,
) IS"X"] < y,-x"7",
where x = 1+|x]|.

In fact. We introduce the auxiliary functions

y(r,x) = e FBxIr [ &M rdr (x> 0)
0

and we assume that
y(r) = sup y(r,x).

0<x<w



Tempered integrals and derivatives 49

Using I'Hospital’s rule, it is easy to show that y(r,x) tends to 2, as
x — o0, independently of the value of the real number r. This implies that
the function y(r) takes a finite positive value for every real r.

We now prove that for any given reR there exists a number 7y(r)
such that

(7) |SIxl'| < y(r)-1xl 7t
It is easy to verify that for x > 0
Sixl” = Ixi"~y(r, x).

This implies inequality (7) for x > 0. Since both sides of (7) are cven
functions of x, (7) holds for every xeR.

From (7), by induction, inequality (5) follows.

The proof of inequality (6) is similar to the proof of (5).

For the tempered integral, the following Cauchy formula holds:
X (x—tyt

(8) S"f(x) = e-xzf“g T f(©)e?*dt  (neN).

The Cauchy formula can be extended for any positive real number «.
By the a-th tempered integral (a > 0, aeR) of a continuous function
S in R, we mean

* (x—1)!

9) S*f(x) = e~ x4 g @ fOe*dt (@ > 0).

S* is clearI); a linear operation, ie., S*(f+g) = $*f+S5*g and S(¢f) = cS*f
for any number c.

THEOREM 1. If f is a continuous function, then for any a =0,
B = 0 (a, BeR) the following equality holds:

S*S f= 8§

Proof. Using formula (9), the Dirichlet Theorem for double integral,
and the substitution ¢ = t1—¢, we obtain

x -1 4 _ -1
SHSP(0) = e & rz) f & r:);)
F(x—t) z—tf!
t I'(a)-T'(B)
U (x—o—t)le? !

— —x2/4x 12/a
et 0d [ 0T

e f () de

dt

= e X1 [ e f () dt
(V]

do.

-
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By applying the substitution z = g/(x—t) and then the equation

I'(0)-T'(B) _ ‘ -l -1
Twip) —(j;(l zZy ¢z,

the last iterated integral becomes

L (l—zf Y x—tf 1 2P (x—t)

e~ U8 [ g2
Ie *f(eydr | I'()-T(B) “
x lzﬂ 1
"‘”“I(x (et ""‘f(t)dg r.(Z)).r(ﬁ) &
a+f—1
—x2/4ju e f(e)dt = S f(x).
° + h)

In the sequel we shall use the symbol E(x) for the greatest integer
less or equal to a, ie., E(x) = max i (ieN).

It is interesting that for the tempered integral of order a« (a > 0, aeR)
the following property holds:

For any given r > 0, a > O (r, e R) there are numbers 7 = j(r,a+ 1)
and ¥, = %,(r,a+ 1) such that

(10) [S** x| < F(r, a4 1) x| Be+D,
(ll) |S1+lf| <.y r l:(:l+l)

where X = 1+|x|(}).
In fact. Let n <@ < n+1 (neN). For x > | we have
|S°‘+l |x|'| = e"‘z"j—) £ e'i4 gy
ra+1)

x—tf*! Fo(x—t
< emx j il — e dr e | ut’e‘z“dt

s TI'(x+1) <21 T(e+1)
r(n+2) n+2 ’| (n+ ) n+l r
< Fern 5Ty 8L

(!) Added in proof The following stronger lemma is actually true: For any given
r> —1, a2 0 (r, e R) there are numbers y = y(r,a), y, = y,(r, @) such that

IS Ixt] < v )ixl 0, ISTR] <y (r, ) %777,

where X = 1+|x| (see [5]) The proof is similar.
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For x € —1 we obtain

et 5 U (—ty e?* dt

Ie+1)
x+1 +1
< -x2j4 (t_x)n r 2’4dt+ -x2/4 (t—xy { e‘2’4d
R B e A ,L Fa+n T4
< Fn+1) r(n+2)-|S"“|x|'.
I"(a+l) I"(a+l)

Let 0 <a < 1. If x > 1, we have

: x—1 _tO x
S x| < e | (i)—t’e'z"‘dwe”‘z’4 x= 0’ —_retitdy
ra+1) <21 Ta+1)

I
= r(a+l)

r( +1)

Similarly we can prove that the above inequality holds for x < —1.
Therefore, for every |x] 2 1, a >0 and n <a<n+l1 (n=0,1,2,..)) we
have

I"(n"‘_l) Mz_)lsn+2|xlr|
Ir'a+1) ' a+1) )

Hence, by (5), it follows that there exist numbers y = y(r,n+1),
Yo = Yo(r, n+2), such that

S+l lx"l <

|Sn+1 ler

sty < T4 1) . r(n+ 2) o
o TGRS L o AL S | g
r'n+2) 1
S _ r—-n-1 l __ s = r-E(1+l).
S Tarn max (y, yo) x| ( +I I) y(r,a+1)|x|

It is easy to check that for |x| <1l and n < a<n+1 (n=0,1,2,..)
the following inequality is true:

'n+l)

2+ 1 r
721 1| < F@+1)

|S?+l |x|r| < y(r, d+l)|XI'—E(’+l).

Consequently, inequality (10) holds for all xeR.

As in the proof of (10), we can show that the undernamed inequality
holds:

r'n+1)
F(a+ﬁ

I'n+2)
r'a+1)

SR <

I m+1 or

Isn+2 f,l

for xeR and n < a < n+1,
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n=0,1,2,... Hence, by (6), it follows that there are y, = y,(r.n+1),
Y10 = Yio(r,n+2) such that

. rn+1) o I'(n+2) R
S:+l "< . , X" 1 3 , 2 r-n—2
| x| —r(a+1) y1(r,n+1)x +—F(—a+ ) Yi0(r,n+2)x
Ir'(n+2) — .
< ——F(a+l) max (Y4, Y10) X " 1(1+x71)
2l'(n+2) .
S r-n—1
Tl max (y,, ¥10) X

=7, (r,a+ 1)x" "=+,
Thus the following inequality holds for o > O:
|Sa+1 frl S .)—’1 .fr—E(pl‘& 1)'

2.1. Functions rapidly decreasing ‘at zero. We say that a function f,
defined in R, is rapidly decreasing at 0, iff for every r > 0 (reR) there
is M > 0 such that |f(x)] < M:|x|" for |x| < 1.

Remark 1. The set of all functions rapidly decreasing at O is a linear
space.

THEOREM 2. If f is a continuous function, rapidly decreasing at O, then
every distributional derivative of f has value 0 at the point 0.

This theorem follows from Lojasiewicz’ theorem (see [1]—-[3]) which
says: A distribution f(x) has value ¢ at a point x, if and only if there
exist an integer k > 0 and a continuous function F(x) such that F®(x) = f(x)
and

lim ) €
x—*xq (x—xo)k B k! ’
TueoReM 3. If f is a continuous function, rapidly decreasing at O, then

for any aeR, a > 0, the tempered integral S*f is also continuous and rapidly
decreasing at 0.

Proof If fis a continuous function, then the tempered integral S*f is
also continuous. Since f is rapidly decreasing at 0, it follows that for
every r > 0 (reR) there is M > 0 such that

(12) lf(x) < M|x|" for |x] < 1.
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Applying definition (9) we obtain

a Y - € el n
ISf1 < [S*1f)| = e ] T Ol
< —F:a) e 4 gx 214 | ;[‘(x—t)"‘ | () dt|

_ 1 »x I a1
e | ‘!(x £ (o)l del.

If 0 < x < 1, then by (12) we have

I(I)(x—t)"‘lf(t)ldtl = {0 @ < M, [ e e

xr+1 B M |x|r+1

r

S M x" [(x—ef tde = M,
0 ®

If —1 < x <0, then by (12) we obtain

x 0 -x
|E|;(x—t)’_1|f(t)|dt| <M, [@E—x"1(—tydt = M, (j) (—z—x)"1z"dz

< M (—x) _j'x(—z—x)”l-dz
4]

_ M' (_x)r+:l _ M’ |x|r+1
a a
Thus for all |x|] < 1 we get
|x|r+:l |x|r+1 o
S fl<sM,— =M, ———= M, ,|xI'"".
1571 «-T'(2) T (a+1) e

This means that the tempered integral S*f is also rapidly decreasing at 0.

2.2. Distributions rapidly decreasing at 0. We say that a distribution f,
defined in R, is rapidly decreasing at 0 iff f is a tempered derivative of
finite order of a continuous function F which is rapidly decreasing at O.
More precisely, a distribution f is rapidly decreasing at O iff there are
a continuous function F rapidly decreasing at 0 and a positive integer [
such that D' F = f. :

We have the following

THEOREM 4. If a distribution f is rapidly decreasing at 0, then every
tempered derivative D*f (ke P) of f has value O at the point 0.
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Proof. Let f be a distribution rapidly decreasing at 0. Then f= D'F
for some leP and a continuous function F which is rapidly decreasing
at 0. Let k be a fixed non-negative integer. Then

D*f = D¥*'F = e **4 (%4 F (x)Jk*D,

Since F(x) is a continuous function, rapidly decreasing at 0, it is easy to
check that also

Pl F(x)

is a continuous function rapidly decreasing at 0. By Theorem 2,
(e"z"F (x))**? has value O at the point 0. Hence, by Theorem 3.5.3 (see [1]),
the product

e—x2/4 (ex2/4 F (x))(k'ﬂ)

has the required property. Thus D*f (ke P) has value 0 at the point O.

THEOREM 5. For every distribution f rapidly decreasing at O there exists
a unique distribution g rapidly decreasing at O such that Dg = f.

Proof. By assumption it follows that f= D'F for some le P and for
some continuous function F rapidly decreasing at 0.

If I >0, then f= D'F = D(D'"'F) = Dg, where D'"'F = g. It is easy
to see that g is a distribution rapidly decreasing at 0.

If ] =0, then f= F = DSF. The function F is rapidly decreasing at
0 thus, by Theorem 3, the function SF is rapidly decreasing at 0.

This means that for every distribution f rapidly decreasing at O there
exists a distribution g rapidly decreasing at 0 such that Dg = f. We shall
show that g is the only distribution with these properties.

In fact, suppose that there are two such distributions g, and g,.
Because Dg, = Dg, = f, therefore D(g, —g,) = 0. Hence we obtain g, (x)—
—g,(x) = ce”**4, By Theorem 4 distributions g, and g, have the distribu-
tional value 0 at 0 and so ce® = 0. Thus ¢ = 0.

The proof of Theorem 5 is finished.

THEOREM 6. The set of all distributions rapidly decreasing at 0 is
a linear space.

Proof. Let f and g be distributions rapidly decreasing at O, ie.,
f=D'F, g = DG for some I,reP and for some continuous functions F
and G rapidly decreasing at 0. Let ! >r and ! =r+m, where meP.
Consequently D’G = D'D™"S"G = D'*™S"G. Thus f+g=D'F+D'G =
= D'(F+S™G). By Theorem 3 and Remark 1, F+S™G is a continuous
function rapidly decreasing at 0. Thus f+g is a distribution rapidly decreasing
at 0. It is easy to see that ¢f is a distribution rapidly decreasing at O,
for any number c.
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23. Tempered integrals of order o > 0 (xeR) of a distribution rapidly
decreasing at 0. Let f be a distribution rapidly decreasing at 0, ie.,
f= D'F, where F is a function rapidly decreasing at 0 and /e P.

By the a-th tempered integral (« > 0, a€R) of a distribution f rapidly
decreasing at 0 and defined in R we mean

(13) Sf=D'S*F (x>0, aeR).

The tempered integral S*f does not depend on the choice of ! and F.
In fact, let f=D'F, f=DF, and let | >r, ie., | = r+m, where meP.
Therefore D"F, = D"D™"S™F, = D'S™F,. By Theorem 5 we have F = S™F,.
Consequently, S*f = D’S*F, = D'D™"S"S°F, = D’*"S*S"F, = D'S°F.

THEOREM 7. The tempered integral S* f (x > 0, a€R) is a linear operator
in the class of distributions rapidly decreasing at 0.

Proof. Let f and g be distributions rapidly decreasing at 0. This means
that f= D'F, g = D"G for some continuous functions F and G rapidly
decreasing at 0 and for some [, reP. Let | > r and | = r+m, where meP.
Then f4+g = D'(F+S™G). We note that F4+S™G is a continuous function
rapidly decreasing at 0. Hence, by equality (13) and Theorem 1, $*(f+g)
= D'S(F+S"G) = D'S"F+D*"S"S°G = §" f+5"¢g.

It is easy to check that S$*(cf) = ¢§°f for any number c.

Tueorem 8. If f is a distribution rapidly decreasing at O, then for any
a>0, =0 (x, BeR) the following equality holds:

S*SPf =SS,

Proof. From the assumption it follows that there are /e P and a con-
tinuous function F rapidly decreasing at 0 such that f= D'F. Applying
equality (13) we have $°f = D'S*F. By Theorem 3 the function G = S* F
is continuous and rapidly decreasing at 0, consequently g = D'G is
a distribution rapidly decreasing at 0. Hence, by equality (13) and Theorem 1,
we obtain §'g = D'S’G = D'S*S’F = D'S**PF = §**°f.

24. Tempered derivatives of order « > 0 (x€R) of a distribution rapidly
decreasing at 0. Let f be a distribution rapidly decreasing at 0, ie,
f = D'F for some continuous function F rapidly decreasing at 0 and for
some leP. ’

By the a-th tempered derivative (o > 0, a€R) of a distribution f rapidly

decreasing at O, defined in R, we mean

(14) Df = DPHSPF,

where p is an integer such that 0 < p—1 < a < p.

The tempered derivative D°f (¢ = 0, aeR) does not depend on the
choice of | and F. In fact; let f= D'F, f=DF, and let [ >r, ie,
I = r+m,whereme P. Therefore D' Fy = D’ D"S™F, = D'S™F,. By Theorem
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5 we have F = S™F,; consequently D*f = DP*"SP~*F, = DPtrimgmse ¥,
= DPH!SP *S"F, = DPHISP*F,

THEOREM 9. The tempered derivative D*f (x = 0, aeR) is a linear
operation in the class of distributions rapidly decreasing at 0.

Proof. Let f and g be distributions rapidly decreasing at O, ie.,
f=D'F, g= DG for some functions F and G rapidly decreasing at 0
and for some /,reP. Let | >r and | = r+m, where meP. Then f+g¢g
= D'(F+S™G). From Theorem 3 and Remark 1 it follows that F+S™G
is a continuous function rapidly decreasing at 0. Hence, by equality (14)
and Theorem 1, we have

D"‘(f..‘.g) — DP-Hsp—I(F_l_SmG) — Dp+lsp—1 F+Dp+r+msmsp—1G
= D+ DP*" P G = DPf+D'g

(p is an integer such that 0 < p—1 < a < p).

It is easy to check that D*(¢f) = ¢D*f for any number c.

THeorem 10. If f is a distribution 'i'ﬁpidly decreasing at 0, then for any
a>0, =0 (a, BeR) the following equality holds:

D*D'f = D***y.

Proof. From the assumption it follows that there are /e P and
a continuous function F rapidly decreasing at 0 such that f = D'F. Applying
equality (14) we obtain D’ f = D?*'SP~# F where p is an integer such that
0<p—1<pB<p. By Theorem 3, a function G = SP"#F is rapidly
decreasing at 0; thus g = DP*'G is a distribution rapidly decreasing at 0.
Using (14) we have DD’ f= D*g = DP*P*ISP~2G = prtrrigr-2gr-bF,
where p is an integer such that 0 < p—1 < a < p. Hence, by Theorem 1,

D*D'f = DPrPHigPth-@rDE o prtif

where 0 < p+p—1 <a+f <p+pif 0 < ap+f, <1,
or
D’Dﬂf= Dp+b—1+lsp+i;—1—(:+ﬁ)F — D“'ﬂf,
O0<p+p-2<a+f<p+p-1if 1 <ay+fy <2

for « = p—ay,0<ay<1and f=p—F,, 0< B, <1.

Remark 2. The operators $* and D® constitute a commutative group,
with composition as group operation, which is isomorphic the additive group
of real numbers.
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