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. 1. Introduction. Let Y be a continuous random variable with distribu-
tion function F(y) and characteristic function (u). The integral

(1.1)

u
Y (1) =%f(p(w)w"'1dw, o > 0,
0 _

defines the characteristic function of the distribution function G(x) corre-
SPQnding to the random variable X = U'* Y, where U is a random variable
uniformly distributed on [0, 1] and independent of Y. According to Olsen
and Savage [6] the distribution function G (x) is "a-unimodal.

- he above integral represents a transformation for characteristic func-
ti_ons, which converts the characteristic function @ (u) of an arbitrary distribu-
tlpn function F(y) into the characteristic function y{u) of an a-unimodal
distribution function G(ic). The purpose of the present paper is to establish

certain properties of this integral transformation and to give applications of
the resulting a-unimodal distributions.

' 2 The results. The first theorem investigates the mixtures of a-unimodal
distributions,

_ THEOREM 1. Let y(u) be the characteristic function of an a-unimodal
distribution Junction G(x). Then

(1) y(u) can be represented in the form

(2.1) () = pb(u)+qy¥ (w),
Where §(u) and W (u) are characteristic Junctions of B-unimodal distributions
with B > y

B >0and p>0, g>0, p+q=1,
(i) the function %(u) defined by

(2.2) % (U) = py(u)+q£; l;'v(cu) o’ ldw
0

Is the characteristic Junction of a PB-unimodal distribution function, where
“>F>0and p>0,g>0, prg=1.
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Proof. (i) The a-unimodality of the distribution function G(x) implies
that '

74

(2.3) () = — [p(w)o* ' do,

=

O ey ®

where ¢ (u) is a characteristic function. For f > o > 0 consider the character-
istic functions

BT .
(2.4) —u—,,g(p(co)wﬂ ldw
and
(2.5) W (u) —E?y(a) o ldw
. 7

which belong to the class of f-unimodal distribution functions. Using (2.3) in
(2.5) and integrating by parts, it is readily shown that

7(u) = pb () + q¥ (),

where p=a/f and q = (f—a)/B. Hence y(u), the characteristic function of
an a-unimodal distribution, is the mixture of two characteristic functions of
f-unimodal distribution functions.
(ii) Using (2.3) in (2.2) with « > 8> 0, p = f/a, ¢ = (x— )/« and inte-
grating by parts, we get
ﬂ u

%(u)=;Fl'<P(w)w"‘1dw-‘
0

Hence »(u) is the characteristic function of a f-unimodal distribution func-
tion.

The second theorem establishes a relationship between the above inte-
gral transformation and a sequence of transformations introduced by Hark-
ness and Shantaram [3]. This sequence of transformations is frequently
encountered in renewal theory. The limiting behaviour of a particular case of
the Harkness and Shantaram sequence is investigated in the third theorem.

Theorem 2. Ler ¢(u) be the characteristic function of a distribution
Junction F(x) on [0, o), for which the n-th non-central moment y, is finite,
n=1,2,... Then the Junction

(2.6) va() = ! [(p )~ zn: e®(0) ,

k=0 k'

]/ “(0)u"

is the CharaCteriStiC function of an a-unimodal distribution function with a = n.
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Proof. From the fact that U, <o it follows that the function F,(x)
defined by

(27 Fu(x) = }w"dF (@)/pn
0

is a distribution function and ™ (w)/@'™(0) is its characteristic function.
Since |

n (k)
Valt) = n![co(u)— y 9 u"}tp‘"’(o) u"

¥=o - k!
nlu -t o™ (%) :
=;;(J; 6‘. "-b‘MdXdul...du,,_l
nt n_l"n—l 11‘1 (p(n)(x) -
=E§[“::} g ---['u—l'(j;mdx uldul... u,,_ldu,,_ll

n —
= Ei I‘))n—], (un—- 1) u:_{ dun-la .
0

We conclude that -y,(u) is the characteristic function of an a-unimodal

distribution function with a = n.
THEOREM 3. Consider the characteristic function @(u) defined by
o (w) = log(1 —iw)/(—iu)

and let {y,(u): n> 1} denote the sequence of characteristic functions defined by
(2.6), obtained from @ (u). Then

(2.8)

lim Pn(4) =

i 1—iu’

Proof. The characteristic function 7a(u) defined by (2.6) with ¢ (u) given
by (2.8) c¢an be written in the form

u 1 1 '
Yn(U) = Z,,ti g[l_liw]w"dw = (j)'[ ]dH..(w),

1 —-iuw
where {H,(w): n> 1} denotes a sequence of distribution functions defined by
H,(v) = zx"dx/};x"dx.
Let 4., denote the k-th non-central moment of H,(w). Then since

imi, ,=1 for every k> 1,

[ nd ]
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it follows from the moment convergence theorem that.the sequence
{H,(®): n>1} converges to the distribution function degenerate at w = 1.

Hence i
,}gfov..(u) =1 i

which is the characteristic function of the exponential distribution with
parameter 1. ‘

In the following two theorems, we use the integral transformation of
(1.1) to characterise certain probability distributions.

THEOREM 4. Let y(u) be the characteristic function of a distribution
Junction G(x) on [0, o) with finite n-th non-central moment u,. Then
PP ‘iv"" (@)
D0 up ™ (0)
if and only if G(x) is an exponential distribution function.

Proof. Multiply both sides of (2.9) by «" and differentiate to obtain the
differential equation

(n—1) (n) (n)
Y e B il U Iy g ()
o g T ™ o)
which can be written in the convenient form
d .y(u- ll(u) d 1 .y(n) (0) -n
2.10 —logtf——" = "} —_
(2.10) dulogy"'”“(O) 7 log 1 ” y""”(O)u ,

whenever u % 0 and y" Y (u) # 0.
Since the boundary condition of (2.10) is y(0) = 1, it follows that

P .1 Y0
O R

for all n> 1. In particular, when n =1, we obtain

@) = (1-y(0)u) ",
which is readily identified as the characteristic of an exponential distribution.

THEOREM 5. Let y(u) be the characteristic function of a distribution

f“""‘;f’h" G (x) with first moment p, = 0 and finite second (non-central) moment
Ha. en -

(2.9) o ldo, n=2,3,...,

nu

Y (w)
k(O 1)

(2.11)

all
= — a—1
(%) 'u‘!, 0* Ydw
if and only if

Y@) = (1+ pp u?/o))=92.



An integral transformation 51

Proof. Since p, < oo, it follows that the function

[ ©?d6 ),

is a distribution function and y® (u)/y2 (0) is its characteristic function.
Furthermore, because #1 =0, the function

e 1490w

Y2 Ou  ugyy?(0)
is also a characteristic function. Hence the right-hand side of (2.11) describes
a valid characteristic function. o ]

Multiplying both sides of (2.11) by u* and differentiating we obtain

.),(l)(u) -
P2 (0)u

This differentia] equation may be written in the form

"y () +ut YD (y) = o

d d o ) —af2
5 =— 5 — , u#0.
I log y (u) T log [y‘z’ © u :l

With due regard to the boundary condition, 7(0) = 1, we may write
7)) =1+ py ufa)=2,
7(u) is the characteristic function of the Laplace distribution.

3. Applications. Let C. denote the class of a-unimodal distribution
functions. 1n this section certain stochastic derivations of distributions .related
to the class C, and examples of distributions of the class C, are given.

@) Let {X(), > 0} be a homogeneous and continuous-in-probab.ilit.y
Stochastic process with independent increments and denote the characteristic

funct-ion of the increment X (¢+1)— X (t) by exp{A[p(u)—1]}, A > 0. From
(4] it follows that the stochastic integral

If @ =2 then

1
[rdx @, o>o0,
0

€Xists in the sense of convergence in probability and its characteristic

function is given by
exp {l l:l—(:; fo(@ow*1dy~ 1]}
. 0

(b) Recently, some interest has been ex
hull of independent points in R"
can be shown th

pressed in the simplicial convex
and, in particular, within the unit n-ball, It
at each point X, is isotropic and, with the usual Euclidean
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norm, that |X| has a type-one scalar beta density. A description of the
problem and early treatment is due to Miles [5] and random selection of
points uniformly from the n-ball will lead to the radial distance being
distributed according to H,(w) of Theorem 3.

(c) That unimodality of the underlying distribution is transferred to the
distribution of any order statistic is well known (see [1]). Note, however, that
in the particular case of the maximum observation in a sequence of n
pseudo-random numbers generated in any Monte-Carlo study is also distrib-
uted as H,(w). This observation will usually result in a catastrophic scenario.
It is such situations (see [2]) when “the extremes govern the laws of interest
(strength of materials, floods, droughts, air pollution, failure of equipment,
effects of food additives, etc)”.
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