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Smoothness properties of solutions of mixed boundary value
problems for elliptic equations in sectionally smooth n-dimensional
domains

by A. Azzam (Riyadh, Saudi Arabia)

Abstract. We study here the smoothness of solutions of mixed boundary value problem
for elliptic equations in sectionally smooth n-dimensional domains.

1. Introduction. Main result. In a bounded domain Q < R", n > 2, we
consider here the boundary value problems for the elliptic equation

(L.1) Lu = a;;(x)u;j+a;(x)u;+a(x)u = f(x),

where x = (xy,...,x,); n = 2, u; = du/dx;, u;; = 0* u/ox;0x; and we use the
summation convention. General boundary value problems for (1.1), in a domain
Q with a smooth boundary, have been thoroughly investigated, cf. [1], [2].
A known result is the following. Let the boundary 0Q of  be of class
C™"2** and let the coefficients of (1.1) be of class C™**(2). Suppose that
u satisfies (1.1) in © and on 0Q satisfies the boundary condition

(1.2) Mu+nau, =N Q+n 4,

where n; is constant, i = 1,2 and u, is the outward normal derivative of u.
IfoeC™*2**(6Q)and Yy e C™*'1**(0R), then ue C™*2**(Q). If 8Q is sectionally
smooth, this conclusion may not be true. The reason is that, it is not
possible in this case to smooth the boundary by means of a smooth
transformation. Moreover, from the simplest examples, it is apparent that
when the boundary contains edges (angular points if n = 2), the solution
of (1.1)-(1.2) may not be of class C'(Q2) even for infinitely differentiable
coefficients in (1.1) and boundary data. In weighted Sobolev spaces, Kondrat’ev
considered in [5]-{7] different boundary value problems for (1.1) when 0Q
is sectionally smooth.

We consider here the problem in the space C™**. See also [3], [4],
[9], [11], [12] and the references given in [4].

Consider the simply connected bounded domain 2 < R", n > 2. We
assume that the boundary I' of Q consists of (n— 1)-dimensional surfaces
ry,..., I, belonging to C™*2**, m > 0 an integer and 0 < a < 1. We assume
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that the surface I'; may intersect only with I';_; and I;,, across (n—2)-
dimensional manifolds S;_; and S;, i=1,...,k; I'',y, =TI, and 'y = T,.
Consider a bounded solution of the ‘mixed boundary value problem

(1.3) Lu=f, cf (L1),

(1.4) nu+(l—n)u, =0 on I,

where n; is either 0 or 1 and #;+#;,, # 0. It is known from [lj that,
if a;;,a;,a and f in (1.3) are of class C™**(£2), then

(L.5) ue C™2+1(Q,)~ C°(Q),

- where €, is any compact subregion of Q with positive distance from
S = U §;. To investigate the smoothness of u near the edges, consider any

point PeS;. Let R;(P) and R;,,(P) be the two planes which touch I}
and I';,, at P making an angle y;(P). We transform the equation

(16) a,-,-(P)u,-j =0

to canonical form. This equation is an equation with constant coefficients-
since the point P is fixed. After the transformation, the planes R;(P) and
R;, (P) will be transformed to other planes with angle w,;(P) between them.
It is clear that w;(P) does not depend upon the transformation used to
transform (1.6) to canonical form. We now state our main result.

TueoREM 1. Let a;;, a;, a and f in (1.3) be of class C™** (). If for
any P and i; w;(P) < (;+1i+1)7/2(m+ 2+ a), then the solution of (1.3)—(1.4)
belongs to C™*2**(Q).

From (1.5) it follows that, to prove the theorem, it suffices to show
that, for any point Pe|JS;, ue C"*2**(N, ), where N p,q is the intersection
of Q with a sphere of radius ¢ > 0 and center at P. This local result
will follow from considering the sector case in the next section.

2. The sector case. Consider the domain G given by
G={x0<r<ow,0<0<o, |xi|<oo,i>‘2},

where r = /x3+x2,0 = arc tan (x,/x,) and @ = w(0) is constant. We define
Iy, I', and S as follows

r1={x|x2=0}, r2={x|x2=xltan0)}, S=rlﬁr2.
Assume that the bounded function u satisfies in G the elliptic equation
(2.1) Lu = {,
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where a;;(0) = d;;, i, j = 1,2. We also assume that u satisfies the boundary
conditions

(2.2a) u=0 on I,

(2.2b) Bu =nu+(1—nmu,=0 on I,.

Here 7 is either 0 or 1. Let PeS be any point and let w(P) be the angle
obtained after transforming the principal part of (2.1) at P to canonical
form. We now state a theorem from which the result of Theorem 1 follows.

THEOREM 2. Let ay;, a;, a and f in (2.1) be of class C™**(G). If for
any PeS we have

w(P) < (n+1)7n/2(m+2+a),

then ue C"****(N,,), for some constant q > 0.

We shall prove this result assuming that an additional condition
(Condition I below) is satisfied. In the next sections we shall show that
Condition 1 is not a restriction.

ConpiTION 1. The right-hand side f of (2.1) and the solution u of
(2.1), (2.2) satisfy in G,; G, = {x| xeG, r < q, |xj] < q, i > 2}, the conditions

(23) Dkf(x)|x|=.!2=0 = Ol k < m,
and
(2.4) |[D*u(x) < M, rm*27 %" k< m+2.

Here D*g(x) is any partial derivative of g(x) of order k.

THeorem 2'. If Condition 1 is satisfied, then under the assumptions of
Theorem 2 we have

ue Cm+2+1(Gq).

Proof. The result follows if we can prove that

D™ 2u (@)~ D" 2 u(R) _
Q—Rz

with some constant H > 0 and for any two different points Q and R in G,.
Let the distances of Q and R from S be 7, and r, respectively. Without
restriction we assume that 0 <r, <r;. If r, <r,;/2, then in this case
OR > r,/2, and from (2.4) (with k = m+2) we obtain (2.5). We now consider
the case where r, > r;/2. Let Q = (x},...,xJ). Consider the region £,
defined by '

2.5)

H,

Qo ={x| xeG,, ry/2 <r<ry, Ix—x)<ry/2,i>2}.
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We perform the transformation

— X}, i=1,2,

2.6
(26) 2r,

x;—x? (xi—x9), i>2.

The region Q, will be transformed by (2.6) to Qp;
Qo = {a/a <r < g2, X;—x0| < q/d, i > 2}.

Here r'? = x? +x%. Let the functions u, a;;, a;,a and f be transformed by
(2.6) to U, 4;;, A;, A and F. In Qy:

0o = (g8 <r <q, Ixi—xP| < g/4, i > 2},
the function U satisfies the elliptic equation
27)  Ay(X)U;;+2r/q) Ai(X) Ui +(2r1 /9P A(X)U = (2r,/q)* F(x'),
where x' = (x], ..., x;). U also satisfies the boundary conditions
(2.8a) U=0 on'l,,
(2.8b) nU+(1-mU, =0 on I,.

The images Q0 and R of Q and R have distances r; and r; from S, where
ri = q/2 and ry = qry/2r, > q/4. In §, and Q, the Schauder inequality
for the solution U of (2.7) and (2.8) yields

(2.9) 1UI22 40 < B(IUIS+(2r/a)? I FI22.),
of. [1]. From (24) (with k = 0) it follows that

jU)2e < Mrptae,
Also from the definition of F and (2.3) it follows that

2

-~
~

IF122, < Mrr+e.
Thus (2.9) gives

2.10) U2, ., < Morpt2+e.
We note that
(2.11) DU = (2r,/gfD*u, k=0,1,...m+2,

where D% is the derivative corresponding to D*. We also note that

2.12) H2 (D742 U) = 2ry /g 2+ H2 (D™ 2 ),

where HZ (g) is the Holder coefficient of g, with index « in the region §.
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Thus from (2.10)-(2.12) we obtain in €,

(2.13) ID*u| < C, Pp+2-k+a
and
(2.14) H2(D™*2y) < C,.

We now prove (2.5) in the case r, > r,/2. Besides the points Q@ and R,
consider the point Q, lying on the normal from R to § and having distance

r, from S. If QQ, sr_1/2, then ReQp, where ueC™*2*% cf. (2.13), (2.14).
If QQ, > r,/2, then QR > QQ, > r,/2 and also QR > Q,R. Thus
ID™*2u(Q)—D"*? u(R)| < ID™*2u(Q)—D" "2 u(Q,)| +
OR" Q0%
N ID™*2u(Q,)—D"" *u(R)| < 2C, 1§
Q,R* (ry/2)

since in this case ReQg , where ue C™*2**(Qg ). This completes the proof
of Theorem 2.

+C, < C,,

In the next section we shall prove that there exists a function

veC™*2**(G), such that the function g = f—Lv will satisfy (2.3) of
Condition L.

3. Two lemmas. In this section we shall prove two lemmas. The first
one will be used in proving the second one.

Lemma 1. Let F(x,,...,x,)€CP*® be defined on x, = x, = 0. There
exists an extension F*(x)e C’**(R") of F(x,, ..., x,) which satisfies

(3.1) xS R (x)e CPHE* (R,  k, < k and k > 0.

Proof. Consider the averaging kernal K (1) = K(t3,...,t,)e C® which
has the following properties

(@ K()=0for |t] <o0,i=3,..,n,
by K()y=01if|t;] = 1,i=3,...,n,

(©) ? ujo K(t)dty...dt, = 1.

We define the function F* as follows

(32 Frx)=r—"f | K("’?’,..., x":t")F(t3,...,t,,)dt3...dt,,.

= ao

Here r = ./x?+x%. We first show that F and F* coincide when x; = x, = 0.
1 2
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By a change of variables and in virtue of property (b), (3.2) takes the
from

1

1
= [ ... | KOF(x3=rty, ..., x,—rt,)dts ... dt,.
-1

Using the Mean Value Theorem and property (c) of K we get

F*(X) = F(X3—T?3,..., xn—rzn); |?|I <1

As r - 0 we obtain

F*0,0,x;5,...,x,) = F(x3,..., X,).

To illustrate the proof of (3.1) we only consider the case p =0, k, =0

and k = 1. By a straightforward calculation it can be shown that F*e (.
. oF*
To show that x, F*(x)eC'** it suffices to prove that x,— —eC’,

i=1,...,n. We first prove that

OF *(x)
ox;

Indeed, for i = 1,2 we find from (3.2) that

(3.3) b <A, i=1,...,n.

OF*
X, = B j F(x3—rts, ..., X,—1,) Z (z K)dt, ... dt,.
Using property (b) of K we can write
oF* x, x; !
X == :2 | [F(x3—rts, ..., x,—rt)—F (x5, ..., X,)] X

X Z —(t K)dt, ..

From F(x,,..., x,)e C* inequality (3.3) may be obtained. ‘Similarly if i > 2

*
eC*. We

i

we can obtain (3.3). Using (3.3) it can be shown that x,

omit the details.

In the next lemma we show that relation (2.3) of Condition 1 is not
a restriction.

LemMA 2. There exists a function v(x)e C™****(G) satisfying
(3.4a) v=0 onl,,
(3.4b) Bv=nmw+(1—-nv,=0 onT,,
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and is such that the function w = u—v satisfies in G the equation Lw = g
with g satisfying

.

Dkg(x)lxl=x2=0 = 0’ k s M’
of. (2.3). .

Proof. We prove the lemma by induction. Consider the function
(35) Uy (x) = Fl.o(X3, ceey x")xl x2+F0.l(X3, . x,,)x%.

This function vanishes on I'; and we shall show that coefficients F;;(x,, ..., x,),
exist such that

Bv, =0 onl,
and

2

Y a;(0,0,x3,...,x,)0, 5 = f(0,0, x5, ..., X,),

ij=1
cf. (2.1) and (3.4b). Thus A, = {F,F,,} satisfies an algebraic equation
of the form

(36) M2 Az = Ez,

where here and in the rest of this proof M,, 4, and E, denote matrices
of order pxp, px1 and px1 respectively. The entries of these matrices
are functions of the variables x,,...,x, of class C""?*2** If E, in (3.6)
is identically zero we take A, = 0. If E, # 0, then A, will be uniquely
determined if M, is non-singular, we show this actually is the case. Suppose
contrarily that det M, vanishes at (x3,..., xJ). Let 43 = {F],F$ } be any
non-trivial solution of M, A, = 0. Using a linear transformation xk y,
we transform the equation
2 o o azu
(3.7) “22:1 a;;(0,0, x3, ..., x,) 5%, 0%, =0

to canonical form. The domain G will be transformed to another one bounded
by the hyperplanes y, = 0 and y, = y; tan w(P,), where P, =(0,0,x3,...,x9).
The function

2
vP(x) = FQ o(x3, .0 X)X X3+ FQ 1 (X3, ...\ X,) X3

will be transformed to a function w(y) = ¢?h(e), where @? = yi+y3,
@ = arctan(y,/y,) and the coefficients in h(p) are functions of y,,...,y,.
The function h(y) is harmonic (in y, and y,), vanishes on y, = 0 and
on y, = y, tan w(P,) satisfies the condition

- Oh
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Thus h(gp) satisfies
h"+4h =0, h(@Q) =0, nh(e)+(1—nh'(¢) =0 on ¢ = o(P,).

Here # is either 0 or 1. This problem has a non-trivial solution if and
only if

2k+n—1
w(Py) = —+n,

which is not satisfied since
O(Py) < (n+1)r/2(m+2+a) < (n+1)n/4.

Thus h = 0 and consequently v = 0. This contradicts det M, = 0. Thus
det M, does not vanish and a solution A, of (3.6) exists with entries
F;;(x3,...,x,)eC™™®. Using Lemma 1, we now construct the functions
F¥(x)eC™*", where x} ?xg F*(x)eC™*2**, p = 1,2. Then instead of (3.5)
we take

vy = X3 X F¥o(x)+x3 F3 ( (x).
v, now satisfies
vy =0 onl,, #v,=0 onl, and Lv, = f(0,0,x;,...,x,)+o0(r).

We now proceed to prove the lemma by induction. Consider the functions

voy =y, X3xUFE(x), 2<p<m+l,
(3.8) i+j<p—-1
I/p = z Fij(x:!i'“axn)xilsz-'-l'

i+j=p
Assume that v,_,(x)e C™*2** has already been found such that
Bv,_, =0 onx,=x tanw
and

xixy 8701 (x) .
39 Lop-, = o A +P,_ , p-1y
¢ Yo i+jszp-z ilj! 0x'| 0x} p-1 (xy, x3)+0(rP™ %)

x1=x2=0

where P,_,(x;, x,) is a homogeneous polynomial in x;, and x, of degree
p—1. We now show that the coefficients F;; in (3.8) may be found such
that V, will satisfy

(3.10) #V,=0 onx,=x,; tanw
and
ixj ai+j
3.11) LV, = X1 %2 f. —P,_(xy, x3)+0(r? ),

. . ] ] l' J
i+j=p—1 l']' axlaxZ xy=x2=0
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where P,_, is taken from (3.9). Comparing the coefficients of x} x5 on both
sides of (3.10) and (3.11) we obtain a system of algebraic equations
(3.12) Mp+l‘4p+l = Ep+l'

If E,,, =0 we take A,,, = 0. If E,., # 0 we shall prove as before that
in this case det M, , does not vanish anywhere. Suppose that det M,_; = 0

at (x3, ..., x%) and consider the function
0 0 i j+1
Vp - z Fl'j(XS""’ x,,)x'lsz N
i+j=p
where Ap,, = {F{}} is a non-trivial solution of M, A,., = 0. As before,

by a linear transformation x i y we transform (3.7) to canonical form. The
function ¥’ (x) will be transformed to a function h(y), which is harmonic
as a function of y, and y, and satisfies

hiy) =0 on y, =0,
nh(y)+(1—mh. () =0  on ¥, =y, tan w(Py).

By the principal of symmetry, h(y) vanishes on all the hyperplanes of the
form

2k (Py) .

; k=0,1,..
+1

y2 = y; tan

If m/w(P,) is irrational, then the number of these hyperplanes is infinite.
If n(n+1)2w(Py) = N/D, a reduced [raction; D > 1, then the number of
these hyperplanes is N, and N > N/D = n(n+1)2w(Py) > m+2. This
contradicts the fact that h is a homogeneous polynomia! of order p+1
with p < m+1. Thus det M., # 0 and F;;e C""”*'*” are uniquely defined
from (3.10) and (3.11). Again using Lemma 1 we construct Ffj(x);
XTIV FX(x)eCm™ T2 In (3.8) we then replace F;; by F} to get
V,e C™*2**, Finally the function

r = Um+ VmJ—lq
will satisfy the required conditions of Lemma 2. This proves the lemma.

4. Bounds for the solution and its derivatives. In Section 3 we have shown
that the [unction
(4.1) W= u—uo,
with ve C"*2*7(G), satisfies the equation

(4.2) Lw=g
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and the boundary conditions

(4.3a) w=0 onTl,,

(4.3b) #w =0 on I',,

with g(x) satisfying in G

(44) D*g(X)y =30 = 0, k< m.

In this section we shall prove that the solution w of (4.2), (4.3) and
its derivatives satisfy in G, the bounds

@.5) ID*w(x) € MpP™*2 k2 k< m42.

If this step is established, we can apply Theorem 2’ to conclude that

weC "'”“(Gq), which together with (4.1) gives the result of Theorem 2.
Note that N, , = G,.

Lemma 3. The solution w of (4.2),-(4.3) satisfies in G,, the inequality
(4.6) w(x) < Mrm*2*,

where M > 0 and q > O are constants.

Proof. Without loss of generality we can assume that w vanishes
outside N, ,,. This condition may be relaxed as it was done in [6]. We
consider first the case n = 0. The modifications in the proof for the case
n = 1 will be given in the end of this proof. Consider the function

U(x) = —Mr* cos L(w—0),

where 4 = (1—26)/2w and & > 0 is such that A > m+2+a = . We write
LU as follows

LU = AU+L, U,
where 4 = 8%2/0x3 +3%/0x3. Now
AU = M(A2=B3)r"** cos A(w—0),

while L, U = o(”"**) as r— 0. Thus for any ¢ > 0, we can find ¢ > 0
sufficiently small that in G,, we have

4.7) LU > M[(A’—B?) cos AH{w—0)—e]r**.
Since ge C™**(G), then from (4.4) it follows that
lg(x)) < Krm**,  xeG.

Now for 0 <0 < w we have cos A(w—6) > siné, thus taking e <
(A*—p?) sin 6, then M > K/[(A2—p?)sin 6—¢] we obtain from (4.7) that
LU = g in G,,. That is

(4.8) Liw=U) <0 in G,,.
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1 oU

r W =0
mum on [,. We now show that w— U can be made non-negative on the
remaining parts of the boundary of G,,. On I'; we have ‘

On I', we have U, = = 0. Thus w—U cannot attain its mini-

w—U = Mrsiné > 0.

On r=2q or |x] =29, i>2 we have w =0 and w—U is also non-
negative on these portions of the boundary. To apply the maximum principal

we take g sufficiently small, cf. [8]. Thus in G,, we have w—U = 0.
That is

4.9) w= —Mrm"t2t cos A{w—0) = —MrmtEtT,
Similarly we can show that in G,,
(410) w < Mr"'””,

provided that M is taken sufficiently large and ¢ sufficiently small. This
gives the proof in the case n = 0. For = 1 we may take the barrier
function

U= —Mr cos Z(%—(p),

where £ = (n—28)/w > m+2+a = f.

Then (4.7) (with U replaced by U) can be similarly obtained. w—U
may be made non-negative on the boundary of G,, by taking M sufficiently
large. This leads to (4.9). Similarly (4.10) can be proved. This completes
the proof of Lemma 3.

Using Lemma 3 we now find bounds for the derivatives of w in G,.

Lemma 4. The solution w of (4.2), (4.3) satisfies in G, the bounds
4.11) ID*w(x) < Morm*2=%** k < m+2.
Proof. In G,, consider the regions
Q,=1{x 277 'g<r<27?q, |x| <£27%q,i>2},
Q, =9, ,0Q,uUQ,.,.
The transformation
x;=2"Py, i=1,2,...,n,
transforms Q, and Q, onto Q, and €, respectively. In €, the function

wl(y) = w2 ?y), y = yq,..., y, satisfies the elliptic equation

(4.12) B, (y)wii+27 P B;(y)w) + 27 ? B(y)w® = 272 g%(y)
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as well as the boundary conditions

(4.13a) w?=0 onrl,,

(4.13b) AW =0 onT, .
In Q, and Q; we apply the Schauder inequality to obtain

(4.14) IWOla% 245 < BUIWOlo °+2727 g2,

As it was done in the proof of Theorem 2 we can show that

[0 —
”WOHOO < C1'2 pim+2+1)

and

lg°12e, < C,- 2 Pm+D,
Thus
(4.15) IWOU2S 5, < by 2 Pm2n),

Now if Df is the partial derivative corresponding to D* then
(4.16) Diwo(y) = 277 D*w(x),
and from (4.15), (4.16) and
Dy wo () < IWollnd24as k= 0,1,...,m+2,
we obtain
ID*w(x)| < by -2 P 2mkeD < pgpmr2hes
This completes the proof of Lemma 4.
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