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Estimation of functions by means of the first order
partial differential inequalities

by TADEUSZ RUMAK (Rzeszdéw)

The paper deals with the estimation of functions of several variables
satisfying some first order partial differential inequalities.

It consist of two parts. In the first part the estimation is performed
by means of the solutions of ordinary differential equations, whereas
in the second one the solutions of the first order partial differential equa-
tions are applied.

I would like to express my gratitude to Professor J. Szarski for his
valuable remarks.

Some symbols and definitions (!). We will denote by

X=(m1,n~’wp)1 Y=(?/17"-ryn)

the points of the p- and n-dimensional space and similarly the functions
of several variables

U(X,Y) =(wX,Y),..., v (X, T)).
For partial derivatives of these functions we use the brief notation
u@ = (u,‘;l, ceey u{,n), 1=1,...,m.
We apply the notations
|X| = (l@aly ooy l2p]),  |U(X, T)| = ([w(X, X)), ..., [u™(X, Y)I)’
AR (AR )

If 4 is a number and H = (#,, ..., 1,,) & point of the m-dimensional
space, then we will write

PH = (91, ...y Ipm)-

() These definitions and some symbols are taken from [1] and [2].
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Finally, if ¥ and ¥ are two points of the n-dimensional space, then
we will write
Y'Sf if ngé;,, j=1,...,n.

Definition of class 2. A function U(X, Y) = U(@y1, .-y Tpy Y15 -+ Yn)
will be called a function of class 2 in a pyramid

D »
(0) D=3 <y;  lWe—dul <@—L D lo—al, k=1,...,n,
r=1 r=]
where
IKL< Ho0; 0<ap< o0 ysmin(%)
-k

if U(X, Y) is continuous in the pyramid, possesses Stolz’s differential
with regard to (X, Y) on its side surface and has first derivatives with
respect to Y and Stolz’s differential with regard to X in its interior.

Comparison systems of ordinary differential equations. A system of
differential equations
do?

1) il

=0’i(t,'?)1,...,’vm), i=1,--.’m’

will be called a comparison system of ordinary differential equations if
its right-hand sides are continuous and non-negative in the closed region

% .
t=0, >0, ¢=1,...,m,
and o, is increasing with respect to o, ..., v, o'+, ..., o™

Comparison systems of first order partial differential equations.
A system of equations '

i i . .
(2) 1’61 - hl(EI’ ceey Ep, Y, ,vl’ IERE ’Um, U;l, ...,’v‘ ),

i=1,...,’m; l=1,---,,’P7

will be called a comparison system of partial differential equations if the
following conditions are satisfied:

1° funetions hi(Z, ¥, V,Q) (i =1,...,m; 1 =1,...,p) are defined
and non-negative for V>0, @ > 0 and for (£, Y¥) in the pyramid

P
(3) §£=>0, ZIE;<7’7 l=1,..,p,

i=1

p
|?/k—?ik|<ak_L2 £y k=1,...,n,
j=1
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where
' a,
0<L< +oo; 0<a,< 400 ygmin(fk);
k
2° for every fixed ! the functions Ai(Z, Y, V,Q) (i =1,..., m) are
increasing with respect to ¢!, ..., v™;

3° inequalities
n n
(4) W(E, Y, V,Q—MWE ¥, 7,0 <o & V-V)+L D lg.—a
r=1 k=1

(E=1,0.,m;l=1,...,p)

are satisfied whenever V >V, where o;(t, V) are the right-hand sides
of a comparison system of ordinary differential equations with o,(¢, 0) = 0
(¢ =1,..., m) and with the right-hand maximum solution £(¢, 0) through
the origin being identically zero.

By the solution of the comparison system (2) will be meant a sequence
of non-negative functions

V(‘E’ Y) = ('01(57 Y)7 crey vm(Ey Y))
of class 2 in the pyramid (3) satisfying equations (2) and such that
(5) (5, ¥Y)=0, i=1,..,m.

I. Estimation by means of the solutions of ordinary differential
equations.

THEOREM 1.1 (1.1a) (2). Let the functions U(x, ¥) = (v'(z, Y), ...,
u™(x, X)) be of class 2 in the pyramid

(1.1) ' 7] < y; [yk_f&klgak_l;lwla k=1,...,mn,
where
. ay
0<L< 4005 0<a,< +o00; ygmln—f
k
and satisfy the differential inequalities
(1.2) |, DI<L D |y |+o(lal, 1T, §=1,...,m,
k=1
with
(1.3) "977i<ui(0yy)<77€1 i=1,...,m

[(1.3a) —n; <40, ¥) < — ¥, t=1,...,m],

(?) This notfation means that we deal with two different theorems, namely
1.1 and 1.1a.
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where 7; >0, 0 < # <1 and o;(1, V) are increasing with respect to all
oY ..., v™ and are the right-hand members of a comparison system (1); its
right-hand maximum solution L(t; H) = (wl(t; H), ..., o™(t; H)) through
(0, H), i3 supposed to be defined in the interval [0, a).

If, moreover, p; is the positive minimum solution of the equation

(1.4) w'(e; H) = 1+ (%), i=1,...,m,

then the inequalities

(1.5) W@, ¥)> —o'(e); H)+ A+ )9 >0, i=1,...,m

[(1.5a) o'z, V)< o (o; H) —QA4+)n <0, i=1,...,m]

are satisfied in the pyramid

(1.6) |o| <min(a,y, @y --+s 0m); |U—¥Yul<@—Llzl, k=1,...,n.

Remark 1. If the assumptions of Theorem 1.1 are satisfied, with o;
not necessarily increasing with respect to v+, then the following inequal-
ities are valid:

(*) —o'(jo|; H) < w'(z; H) < o'(|2]; H)y, ©=1,...,m,

in the corresponding set (cf. [2], Theorem 37.1). In the above inequal-
ities the u'(x; H) are estimated by non-negative functions from above
and non-positive ones from below. On the contrary, in our case, the
functions «'(x; H) (1.5) [(1.5a)] are estimated by positive funetions
from below (negative ones from above).

Remark 2. Theorem 37.1 in [2] holds under the assumption that
o;(t, v} ..., v™) is increasing with respect to the variables 9!, ..., v*,
v**1, ..., o™, while in Theorem 1.1 we assume, moreover, that o; is in-
creasing also with respect to ¢°. This is an essential assumption, as can
be seen from the following example (the case m =1, L =0, 4 = }).

ExAMpLE. Let the function o¢(v) be non-negative and continuous
for » > 0 and let o(n) < o(37y), where 7 is a fixed positive number. Let
the function %(z) satisfy the differential equation

uy(2) = —o(|ul)
with
u(0) = 47.
Further, let w(z) be the right-hand maximum solution of the equation

d
2 =W

satisfying the initial condition «w(0) = 7.

(?) If (1.4) has no solutions, then we put o; = 4 oo.
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It follows from the above assumptions that
1° u(0) = {7 = 37— w(0),
2° u,(0) = —a(3n) < —o(y) = (41— ©(@)pes-
It follows from 1° and 2° that in some right-hand neighbourhood
of 0 the inequality
u(@) < —ow(z)+ 3y
holds. In other words, inequality (1.5) of Theorem 1.1 is not valid in
this case. .
Remarks 1 and 2 apply to all the following theorems.
Proof.
(A) First we will consider the case z > 0. We get from Theorem 37.1
of [1]
(1.7 lui(z, ¥) < o' (x; H), ¢=1,...,m,
for
0 < 2 < min(a, ).

It follows from (1.2), (1.7) and from the assumption that o; are
increasing with respect to all v/ that

n

(18) > —oy(w; [UN—L D | > —oiw; Q(a; H) —L D uf,|
k=1

k=1

n
i El t .
k=1

Consider the function

(1.9) o'z, ¥; H) = w'(z, ¥)+ o (z; H)— (14 9);
for 0< < a and 7 =1,..., m. Then from (1.3) we get
(1.10) (0, Y; H) >0 with v;',k = Uy,

and from (1.8)
n
v = up+ol> —L )|
k=1
for 0 < ¢ < min(a, y). Hence, from (1.10) and by example 59.1 [1] we get
vz, Y;H) >0, i=1,...,m.
Therefore, it follows from (1.9) that the inequalities

(1.11) w(@, ¥)> —wi(w;H)+(l+’9)ﬂi: i=1,...,m,
are satisfied in the interval 0 < z < min(a, ).

5 — Anrales Polonici Mathematici XXVI
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Since p; is the minimum positive solution of equation (1.4), we infer
that in the interval

0 <z <min(a,y, @1+ 0m)

the inequalities _
(1.12) —oi(z; H)+ (1 +8)9; >0, ¢=1,...,m,
are satisfied.

(B) The case # < 0 can be reduced to case (A) by the substitution
8§ = —ua. :

The proof of Theorem 1.1a is quite similar.

THEOREM 1.2 (1.2a). Let the functions

U(‘X7 Y) = (ul(w17 M a"p’ yl, M | yn)’ M um(wIJ R wp’ yl’ R yn))
be of class 2 in the pyramid

¥4 Y4
(L13)  Dly—i<y;  e—dul <@—L D) lz—dl, k=1,...,n,
7=1 i=1
where

0S<L< +o0; 0<a,<< + oo ygmin(-ﬂ‘-).

Suppose that the differential inequalities

n »
(1.14) b ) < L ) g | +o:( ) 1w — 2, 10)
k=1 rel
are salisfied for i =1,...,m and j =1, ..., p with initial inequalities
(1.15) I <u(X,X)<n, i=1,..,m,
[(1.15a) —n<uw (X, V)< —dy, i=1,..,m],

where 7, >0 and 0 <3< 1 and o,(t, Y) satisfies the assumptions of
Theorem 1.1.

If, moreover, g; i3 the minimum positive solution of the equation
(1.16) o'(g; H) = L+P)y, ©=1,...,m,
then the imequalities

y
L17) WX, V)> —of (Y lo,—&l; H)+ 1+ 05> 0, i=1,...,m,

r=l

»
[(1178) (X, V)< o (D lo,— &, H)—(1+8)7 <0, i=1,...,m]

r=1
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are satisfied in the pyramid

P
(1.18) Do, — &,/ < min(a, 7, e1y -+ 0m)

r=1
p ©
ka—?/k|<“k"L2|wj—~"f'1|, k=1,...,n.
i=1

Proof. We introduce Mayer’s transformation

(1.19) X =X+4,, where A= (dy,...,A)
under the aésumption
i
(1.20) 0<i=)"|}| < min(a,y)
i=1
and we consider the funection
(1.21) @, Y, A) =u(X+42,Y), i=1,...,m.
Then it follows from (1.14) and (1.21) that the inequalities
3 n .
(122) Rl <A Il +An(Alal, VD), i=1,..,m,
=1

are satisfied in the pyramid
(1.23) @) < /A =Ykl <@;—ALj2l, k=1,..,n.

It follows from the assumptions of ¢; that the right-hand maximum
solution of the comparison system

&t o
(1.24) 75:10{(%,’01,-..,'” ), @=1,..-,m’

satisfying initial conditions &'(0; H) = #,, is given by the formula
&' (x; H) = o'(Az; H)

and is defined in the interval [0, a/A).

The functions v*(x, Y, A) are of class 2 in the pyramid (1.23). More-
over, we get from (1.21)

(1.25) (0,7, 4) =u(X,Y), i=1,...,m.
Therefore, in view of (1.15) [(1.15a)] we have
M, <0, Y, )<y, i=1,...,m

[—7: <40, Y, )< =y, =1,...,m]
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Thus we see that, with a fixed A satisfying inequality (1.20), the
functions ©'(z, ¥, A) satisfy the assumptions of Theorem 1.1 (1.1a),
where a isreplaced by «/i, and respective y by y/A, o;(z, V) by o;(z, V)
= Aoj(4x, V), L by AL, g, by ei/2.

By Theorem 1.1 (1.1a) we have in the pyramid

(1.26) |z| <min(%%,—e;—, ...,9—;"); 96—l <ay—ALla|, k=1,...,n,
the inequalities
(1.27) (2, Y, 4) > —o'(Ale]; H)+ 1+ >0, i=1,...,m
[(1.272) o'(e, ¥, A) < '(Aa); H)—(1+ )9 <0, i=1,...,m].

Let 2 point (X, Y) belong to the pyramid (1.18); then, taking
A, = @;—x;, we get the inequality

D

A= 2 |4 < min(a, 7, @1y ++-5 @m)»

i=1
whence it follows that the point (z = 1, ¥4, ..., ¥,) belongs to the pyramid
(1.26), where inequalities (1.27) [(1.27a)] are satisfied.

Since we have

(1, ¥, 4) =W (X +4,7) =X, T), i=1,..,m,

we conclude by (1.27) [(1.27a)] that inequalities (1.27) [(1.17a)] hold
in the pyramid (1.18), which completes the proof.

II. Estimation by means of the solutions of first order partial differ-
ential equations.

THEOREM 2.1 (2.1a). Suppose we are given the comparison system of
partial differential equations (cf. Introduction)
(2) Q’g:hi(f)Y7"’1"-'v"’m""zl’---""};n): i =1,...,m,
which has the solution V (&, Y) of class 2 in the pyramid
(2.1) 0<E<y; =l <am—Lé& k=1,...,n,
where

. |
O0SKL< 4oo; 0<ap<< + oo, y<m1n—f.
k

Moreover, we assume that V(& Y) satisfies the condition

(2.2) minV (0, ¥) = H = (s, s tln) > 0,
where °

A WWp—Upl < @—LE, k=1,...,n.
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Next we assume that the functions
Uz, ¥) = (ul(wa Y)y . u™(z, Y))7
of class 2 in the pyramid (1.1) satisfy the inequalities
(2.3) |ug, (@, ¥)| < b (|a], Y:|U]yl"’:/|)7 t=1,...,m,
with
(2.4) SHLSUWO, V)< H for lyp,—Yl<ay, b =1,...,n
[(2.42) —H<U@O,Y)< —0H for |yp— el <y k =1,...,n],

where 0 < 4 < 1.
If we denote the minimum positive solution of the equation (*)

(2.5) ma;xvi(g, Y)=QQ+9%)n, ¢=1,...,m,
Yedg

by i, then in the pyramid

(2.6) |o| < min(a,7, 01 o) em)y  Wa—Uul <@—ILlal, k=1,...,n,
the following inequalities hold:

(2.7) wz, Y) > —o' (2], Y)+ 1L+, >0, i=1,...,m

[(2.7a) w'(z, Y)<V (2], Y)—(1 4+, <0, i=1,...,m].

Proof. First we will prove the theorem in case (A): ¢ > 0. Theorem
61.1 of [1] implies the inequalities

(2.8) Wiz, ¥)| < (=, Y), i=1,...,m.

If we consider the functions
(2.9) w(x, Y) =u'(x, Y)+0'(x, ¥)—(1L+¥)n, i=1,...,m,
then we obtain from the comparison system (2) and inequality (2.3)
(2.20) W (@, X)> —W(z, Y, |U|, lu)) + 8 (@, ¥, V,)), ©=1,...,m.

It is clear that (2.10), condition 2° for comparison systems and (2.8)
yield

u(z, ¥)> —[h'(z, Y, V, Iu;}])_hi(wy Y, V"v;)]’ i =1,...,m.
Then, in view of (4) and (5), it follows that in the pyramid

0<a<min(a,y), Wh—Yl<@—Lo, k=1,...,n,

(*) If (2.5) has no solutions, we put g, = + .
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we have
n n
@11) (2, ¥)> =L D fluj,] =) = =L D]luj,l—1v},]
kzl k:l
> —Lk2|u;‘,k+v;‘,k| = -L,Z]a;',kh i=1,...,m.
=1 =1

From (2.1), (2.2) and (2.4) we get
(2.12) (0, Y) = (0, Y) 440, ¥)—(L+®)n,>=0, i=1,...,m.
By example 59.1 in [1], (2.11) and (2.12) imply
(213) @@, Y)=0, i=1,...,m,
in the pyramid
0<z<min(e,y); |Yp—Yil<a—Lzx, k=1,...,n.
Since g; is the minimum positive solution of equation (2.5), we infer
that in the pyramid
0<s<min(a,y, 0 0mi [Ys—Yul<a@—ILlz|, k=1,...,n,

the inequalities
2.14) Wz, Y)> -0z, )+A+Hn >0, i=1,...,m,

are satisfied.

Applying again the substitution s = —x, we reduce case (B): x < 0
to case (A).

The proof of Theorem 2.1a is similar.

THEOREM 2.2 (2.2a). Suppose we are given the comparison system of
partial differential equations

(2) V”?;(E’ Y) =h§(§n-~-y sp! Y""l’-“avmr”i v )

yl’ano, yn

fori=1,...,mandl =1,..., p and a solution V(E, Y) which is of class 2
in the pyramid

P (4
(215) >0, DE<y; -Gl <a—LD'& k=1,..,n,
. i=1

j=1
where
0<L< +oo; 0<a,< +o0; y<mgn(%‘-)
with
(2.16) : minV(0, Y) = H > 0,

Yed
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where

»
Ag: 19— Yyl <ak_LZ §y k=1,..,mn.

i=1
We assume that the functions U(X, Y) are of class 2 in the pyramid (0)
and satisfy the differential inequalities

(2.17) i (X, Y)| < B(X—X|, Y, |Ul, lui))
fori=1,....mand 1 =1,...,p as well as the initial inequalities
(2.18) SH < U(X, Y)< H;

[(2.182) —HL UX,Y)< —9H],

with 0 < ¥ < 1.
If we denole the minimum positive solution of equation in

(2.19) , max "W(E,Y) =1+, +=1,...,m,
7‘21 §j=e;Yedg

by ¢;, then in the pyramid

D

(2.20) |z — 3| < min(a, ¥, 01y ++e Om)s

| <

D
|yk_?jk|<“k—L2|mi_£j|! k=1,...,n,
i=1 A

we have the inequalities
(2.21) WX, YV)< — (| X—X|, )+ @+ >0, i=1,...,m
[(2.21a) WX, Y)> v (X—X|,Y)—(1+®)mpu<0, i=1,...,m].

The proof is performed by means of Mayer’s transformation similarly
to the case of Theorems 1.2 and 1.1.
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