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Dependence of meromorphic mappings

by KARL STEIN (Miinchen)

Abstract. This note deals with a general aspect connected with dependence of
meromorphic mappings of reduced complex spaces. We state results on complex
m-bases and give applications concerning extension properties of fields of mero-
morphic functions.

1; Notions and notations, preliminary propositions

All complex spaces considered in this note are assumed reduced and
of finite dimension.

1.1. Let X, ¥ be complex spaces. A meromorphic mapping from X
into Y is a correspondence f, i.e. a set valued mapping, given by a graph
G, =« X x Y with the following properties:

(1) G, is an analytic set in X x ¥,
(2) the projection map f: G;—~X is a proper modification map(?);
we write f: X— Y. One has the diagram

Gf — XxY
7 N
X —Y
! ’
where f denotes the projection map from G, into Y. If meX, then f(x)

=}'(f‘1(w)); f(®) is always a non-empty compact analytic set in ¥. For
any subset A < X one has f(4) = U f(a).
zed

Remarks. (a) A holomorphic map f: X—+Y is particularly a mero-
morphic mapping (we do not distinguish between a set consisting of one

element and the element), in this case f is biholomorphic.

(1) This notion of meromorphic mapping is due to R. Remmert [9], [11]. For
properties of meromorphic mappings see also [14], [15], [21].



108 K. Stein

(b) If the foregoing condition (2) is dropped, f is an a-holomorphic
correspondence from X to Y (%); we then use the notation f: X—-o¥. One

has again f(#) = f(f(2)) for z¢X and f(4) = U f(a) for 4 < X. The
zed

restriction fl4: A—<Y of f is defined by setting G, = GN(4 X X).
If (2) is replaced by the weaker condition that the projection map f is me-
rely a proper map, f: X—Y is said to be c-a-holomorphic. Hence every
meromorphic mapping is a ¢-a-holomorphic correspondence.

A point ®eX is called a singularity of the meromorphic mapping
f: X— Y if thereis no open neighbourhood U of # such that f|U is a holo-
morphic map; @ is a point of indeterminacy of f if cardf(») > 1. The set S,
of singularities of f is a nowhere dense analytic set in X.

ExAMPLE. Define f: C2—=P; by (2, 2,)>2.: 2, for (2 2,) # (0, 0)
and (0, 0)—P;. Then G;= {(2y, 25, Uy: Up) ¢ C* XPy: 2,Uy—2,u, =0}, 8,
= {(0, 0)}; (0, 0) is a point of indeterminacy of f.

A meromorphic function ¢ on the complex space X is a meromorphic
mapping ¢: X — P, such that ¢(X) 5= @ and ¢(U), for every open subset U
of X, does not reduce to the point oo = (1:0) of P,. The meromorphic
functions on a non-empty complex space X form a ring K (X) (the rational
operations in K(X) being defined adequately); if, moreover, X is irre-
ducible, then K(X) is a field.

1.2. Let f: X <Y be an a-holomorphic correspondence.
f is called reducible resp. irreducible if G, is reducible resp. irreducible.
If f is reducible and G, = U G is the decomposition of G, into irreduc-

ible components, the a- holomorphlc correspondences f; given by G, = Q¥
are called the ¢rreducible components of f. If f is c-a-holomorphie, then 80
are the f;. R

For any point ye¢f(X) the set f~(y) =f(f“(m)) is a non-empty ana-
lytic set in X, f~!(y) is called the fibre of f over .

If f(X) #+O the (global) rank rk f of f equals, by definition, the
maximum of the local codimensions of the fibres of the holomorphic map
f : G;—Y, hence we have in this case

&

rkf = 1kf = Max (dim, G, — dim,f~*( f(z)))
zzG

if f(X) =0, we set rkf: = —1.
Presume now f: X—-oY c-a-holomorphic. Then f is said to be semi-

proper (quasi-proper, resp.) if, given a compact set C in Y, there is a com-
pact set ¢’ in X such that €’ is met by every fibre f~!(y) (by every irre-

(2) As to properties of holomorphic correspondences cf. [14], {163.
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ducible component of every fibre f~!(y), resp.), where yeCnf(X) (3). If
the union of the fibres f~!(y), yeCNf(X) for every compact C < ¥, is
compact, then f is proper. '

1.3. Assume X # 0. Let f: X—=Y%,(» =1,...,n; n>2) be mero-
morphic mappings. Define

(fl? . ’fn X—oyl eer X yn
by
zfi(@) X ... Xf(0) (peX).
{fiy+++y ) is generally not a meromorphic mapping, yet it is always

a c-a-holomorphic correspondence. But there is a unique meromorphic
mapping

[fiyeosSfal: X—=Y,x... XY,
8such that

Gis.nt) < Gty

{fiy ..y fa) is called the meromorphic function of fy, ..., f,.

Assume now, moreover, that X is irreducible. Define:

(a) fe: X— Y is dependent on f;: X— Y,, written fydepf,:<rtk[f, f,]
=rkf,.

(b) fi, fe are related, written f relf,: <>f,depf; and f,depf,.

fs:depf, holds if and only if there is a non-empty open set U in X
such that f,{U and f,|U are holomorphic maps and f,|U is constant on
the connected components of the fibres of f,|U. If f,relf,, then partic-
ularly rkf, =rkf,.

Define K, (X):= {peK(X): pdepf,}. Then K,(X) is a subfield
of K(X).

14. Let f: X— Y, g: Y—Z be meromorphic mappings, assume
X, Y, Z non-empty and irreducible. Define

gof: X —-Z,

by
p>g(f(m)) (2eX).

gof is a c-a-holomorphic correspondence but generally not a meromor-
phic mapping. But if there is a non-empty open subset U in X such that
gof|U: U-oZ is a map (in the usual sense), then there is a unique mero-
morphic mapping h: X— Z whose graph G, is contained in the graph G,,.
We write h = gaf; gaf is called the meromorphic composition of f and g.

(%) The concept of a semiproper map is due to N. Kuhlmann [4], [5], the notion
qua.sl proper was introduced by A. Andreotti and W. Stoll [1].



110 K. Stein

“g nf exists” always ineludes that there is an open set U < X as just
described.
We have the following propositions:

1.4.1. Sufficient conditions for the emisience of gaf are:
(i) f(X) ¢ 8§,

(ii) rkf = dim Y,

(iii) f 78 surjective (i.e. f(X) = Y).

1.4.2. If gaf ewists, then gnfdepf.

Let g particulary be a meromorphic function y: Y —P,, assume Y
irreducible. Furthermore, assume (ii) rkf = dim Y or (iii) f surjective,
then yaf: X—P, exists and is a meromorphic function. Moreover, the
assignment

f*: K(Y)>K(X)
given by
yoyaf

is a monomorphism of fields. Hence f*K(Y) is a subfield of K (X), and
there arises the question

(%) When is K, (X) finite algebraic over f*K(¥)?

This general problem was proposed by A. Andreotti and W. Stoll [1]
recently; special cases are classic and have been treated by many a.uthors
We will give here some statements with respect to that question.

1.5. Let f,,: X— Y,,, f: X~ Y be meromorphic mappings, presume
X, Y,,, Y non-empty and X irreducible. Define:

(1) fin m-majorizes uniquely f: < There is a unique meromorphic
mapping a;: Y,,— Y such that f = a;af,; a,is called induced by f (regard-
ing fn)- |

(2) f, i8 m-mazimal :<f, m-majorizes uniquely every meromorphic
mapping which is dependent on f,,.

ProrosITION 1.5.1. f,, i8 m-mazimal =f,, is surjective.

Proof. Suppose f,, not surjective. Then choose y,¢ Y, \f,. (X), set

Z := Y, \{y,} and define f,,: X — Z by restriction of f,, (i.e. f,,(®):= fn(2)
< Z). f,, is dependent on f,,, hence there is the induced meromorphic
mapping o/ : Y, Z with I =ay’ Afp. Furthermore, one has 1Z Af,',,
=fu U% :Z->Y, the inclusion map), hence f, =I% A(ag, Af,,,)
=(I% yma,m Af,,, On the other hand f, = Iy, Afm (Iyp, the 1denty map
of Y,); since f, is m-maximal it follows Iy = T Yol Ofl " But this is a con-

tradiction because Iy  is surjective and IZ ¥, 18 Dot.

CoNoLusION. If f,,: X— Y, is m-madimal (X is presumed irreducible),
then Y, is irreducible. Therefore K(X,,) i8 a field.
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The next proposition gives a special contribution to the question
above.

PROPOSITION 1.5.2. f, i8 m-mamimal =K, (X) = faE(Y,).

Proof. Wehave K, (X) > f, K(Y,). On the other hand, if p« K, (X),
there is the induced meromorphic mapping a,: Y, — P, with ¢ = a,af,.
Then a,¢K(Y,) and ¢ = f,a,, therefore pefy K(Y¥,). It follows K, (X)
< fmE(Y,), hence K, (X) = fnE(Y,).

We recall a further definition:

(3) Let f,, be m-maximal, presume f,, rel f. Then the pair (f,, ¥,)
is called a compler m-base with respect to f, and Y,, is the base space of the
complex m-base.

Two complex m-bases (f,, ¥,) and (f,,¥,) with respect to the
same meromorphic mapping f: X — ¥ are “bimeromorphically equivalent” :
One has the meromorphic mappings a;: ¥,— Y, a7 : ¥, —Y,, induced
by 1 fm regarding f,, furthermore the meromorphing mappings aj: Y, ¥,
a Y,— Y,, induced by f,f. regardmg fm+ Then a, ey = Iy, ,
a;mA&,m =Iy,  and a, =adpaaf,, d = opna; .

2. Existence of complex m-bases

Let X, Y be non-empty complex spaces, presume X irreducible.
Let f: X— Y be a meromorphic mapping.

THEOREM I. A complew m-base (f,,, ¥,,) with respect to f exists in each
of the following cases:

(1) f i8 mowhere degenerated, i.e. all fibres of f are puredimensional
analytic sels of dimension dimX —rkf.

(2) There evists an irreducible analytic set A in X with the following
property: The c-a-holomorphic correspondence flA: A—-Y has an irredu-
cible component f': A— Y which is proper and whose rank equals Tk f.

3) f is quasi-proper.

In each of these cases one has dimY,, =rkf. In cases (2), (3) the
meromorphic mapping a;: Y, — Y induced by f is proper.

As to the proof we remark:

Case (1). One can assume that X is normal and that f is a holomor-
phic map. Now the corresponding statement holds for kholomorphic maps
of X which are dependent on f (cf. [13]): There is a surjective and no-
where degenerated holomorphic map f: X—>Y such that frelf and that
every holomorphic map @: X—>Z dependent on f is (holomorphically)
majorized by f, i.e. there is a holomorphic map 8,: ¥Y—Z with & = g,0f.
Then (f, ¥) is a complex m-base with respect to f: This can be shown by
using a result of N. Kuhlmann [6] on complex bases of holomorphic maps.
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Case (2) was proved in [14].

Case (3). The existence of (f,,, Y,,) can be shown similarly as in
the proof of case (2) in [14]. One has to use the generalization of Remmert’s
mapping theorem for semiproper holomorphic maps by N. Kuhlmann [4],
5] (see also [1], [20]). A related result on the existence of complex bases
with respect to holomorphic maps was obtained recently by N. Kuhl-
mann [7].

The proofs yield also the relation dim Y, =rkf, furthermore, in
-cases (2), (3) the properness of a,.

In case (1) o, is generally not proper, but this holds again if a partic-
‘ular condition is satisfied: i

Assume that the irreducible complex space X has countable top-
-ology and dimension =, let f: X— Y be nowhere degenerated and of
rank r. Denote by A,(Y) the normal complex space of r-dimensional
analytic prime germs of Y, let n: 4,(Y)—>Y be the projection map.
‘One has a lifting 'f: X — A4 (Y) of f such that f = =mo’f; 'f(X) is an open
subset of A4,(Y). Every fibre 'f~'('y), 'y €'f(X), is a pure (n — r)-diimensional
analytic set in X and each of its irreducible components is equipped with
a positive integral order with respect to ‘y. Moreover, ‘f~'('y) can
‘be analytically triangulated ([3], [8]). Hence 'f~!('y) is the support of
.a (finite or infinite) oriented simplicial 2 (n —r)-cycle &(“y). Denote by £,(X)
the k-th homology group of the complex of locally finite oriented singular
chains in X, then § determines an element c¢('y) of $,_,(X).
.¢('y) does not depend on the triangulation of 'f~'('y), moreover, if ‘y,, 'y,
€’f(X), then ¢('y,) = ¢('y;). Hence the element ¢('y)eHz,_r)(X) depends
-only on f, we write ¢('y) =: ¢(f).

Now we have

THEOREM Ja. Assume X irreducible and of countable topology, let
J: X— Y be nowhere degenerated. Presume c(f) = 0. Then the base space Y,
of any complex m-base (f,, Y,) with respec! to f is compact.

This implies particularly that the induced meromorphic mapping a;
1is proper in this case.

We sketch the proof:

One can start with some simplifying assumptions: Y, ¥, are normal
complex spaces of dimension rkf =r; f,f,, a, are holomorphic maps
with f surjective, f,, nowhere degenerated and a, diserete. Then A,(Y)
can be identified with ¥ and 'f with f. Suppose now Y, not compact.
-Choose a point yeeY, then a;'(ye) = (¥} is a non-empty countable
set without a point of accumulation in Y,,. Each y) can be connected
‘with the ideal boundary of Y,, by a piecewise real-analytic simple
arc with support W, in Y, such that the W, are disjoint and that every
.compact set in Y, is met by utmost finitely many W,. The set W :=
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US2Y(W,) € X can be triangulated. It follows that W is the support

of an oriented simplicial (2(n—r) +1) — chain whose boundary is a chain

(with support f~(y,)) representing ¢(%,) = ¢(f). But this means ¢(f) =0
which is in contradiction with the hypothesis.

3. Applications

X, Y denote non-empty irreducible complex spaces in this section.

With respect to problem (%) p. 110 of Andreotti-Stoll Theorem I and
Ia imply

THEOREM II. Let f: X— Y be a meromorphic mapping such that rkf
= dim Y. Assume that the hypothesis of case (2) or case (3) in Theorem I or
the hypothesis of Theorem Ia is fulfilled. Then [K,(X): (*K(Y)] < oo.

Proof. Let (f,, Y,) be a complex m-base with respect to f. The
induced meromorphic mapping a,: Y,,— Y is proper, furthermore one
has rka;=rkf and dimY,, = rkf = dim Y. Hence (Y,,, a;, Y) is a proper
meromorphic covering of Y with a finite number s of sheets. Then
every meromorphic function ¢ K (Y,,) satisfies an equation

7+ (yaa) n* ™ + ... +(paa) =0,

where y,cK(Y) (¢ =1,...,8). This implies [K(¥,): afEK(Y)]<s.
On the other hand, f,: K(Y,)—K(X)is injective and one has f, K(Y,,)
=K, (X) = E(X), fu(efE(Y)) = (apaf)" K(Y) = f*E(Y). Therefore
[E,(X): fFE(Y)]<s. |

Remark. The statement that K ,(X) is finite algebraic over f*K(Y)
if f is quasi-proper with rkf = dim ¥, was first proved, with a different
method, by A. Andreotti and W. Stoll in [1] (it does not mean a restric-
tionthat f was assumed there holomorphic); another proof is due to N. Kuhl-
mann [7]. As to the case where f satisfies condition (2) in Theorem I,
see [14]. '

The field of meromorphic functions on a non-empty compact and
irreducible complex space of dimension » is, by a theorem of Chow-Thimm
[2], [19] (see also [10]), isomorphic to an algebraic function field over C
whose transcendence degree is utmost ». Applying this to the case where
the base space Y,, of a complex m-base (f,,, Y,,) with respect to f: X— Y
is compact, we obtain because of K(Y,,) =~ K (X) the

CorROLLARY oF THEOREM II. If the hypothesis of Theorem Ia 1s fulfilled,
then K ,(X) is isomorphic to a finite algebraic extension of a field C(z,, ..., 2,)
of rational functions in r variables with r < rkf.

Finally, we consider special situations in which Theorem II yields
well-known statements.

8 — Annales Folon. Mathematici 33.1-2
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1) Let X be compact. Choose meromorphic functions ¢,eH (X)
(x=1,...,k; k>1),8et Y:=Prand f:=[g1,..., ¢ ]ifk=>20rf:= ¢,
if ¥ =1, assume rkf =% (¢,,...,p, are then called independent; one
has k < dimX). f is proper, hence f fulfils the hypothesis of case (2) and
of case (3) in Theorem I; furthermore f is surjective. Then [K,(X):
f*K(Pf)]< oo by Theorem II. But K(P%) = C(z, ..., 2,). Hence K (X)
18 isomorphic to an algebraic function field over C with transcendence degree k.
This is a theorem due to W. Thimm [19]; if the system ¢,, ..., ¢, is chosen
as a maximal system of independent meromorphic functions on X, then
K, (X) = K(X), and one gets the theorem of Chow—Thimm.

2) X is not assumed compact. Choose again a system ¢,,..., ¢,
(k>1) of meromorphic funections on X, set as above Y := P¥
fi=Ip1y .., pp]ifk>20r f:= ¢, if k = 1,assume rkf = k. Furthermore,
assume that there is a point #,¢ X such that dimf(2,) = k (x, is a point
of indeterminacy of f of “maximal degree”). Then f(z,) = P¥ hence f
is surjective; moreover, f fulfils the hypothesis of case (2) in, Theorem I
with 4 := {®,}. Then [K(X): f*EK(P})] = [K/(X): f*C(21,...,2)]< o
by Theorem II. Hence K (X) is isomorphic to an algebraic function field
over C with transcendence degree k. This statement is a theorem again due
to W. Thimim [17], [18]. A proof of this theorem was also given by R. Rem-
mert [12]; compare also [14], [15].
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