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Let 2 and D denote the topological vector spaces of test funetions.
for distributions on R" and of their Fourier transforms on C", respectively.
As indicated in [1], p. 135, a locally integrable function F on R"c C™
for which the product F® is integrable over R" for each @ € D is identified
with the transform

(1) D fF(w)di(w)dw

provided this mapping is continuous on D. It is our main purpose here
to show that continuity, in fact, is always assured in the circumstance
of Lebesgue (absolute) integrability.

THEOREM 1. A loocally integrable function F on R" such that F® e L'
Jor each @ € D s the Fourier transform of a. distribution.

Proof. Let F satisfy the assumptions of the theorem. Then let f
be the mapping

(2) ¢ - F FF (9)) = fl9)

defined on 2, where # and # ! are the Fourier and inverse Fourier trans-
formations, respectively. For each ¢ € 2 we have F# (¢p) e L', and so
f(@) is the continuous (actually C*) function given by

(3) f@)(t) = [ 6*F (2) ®(a)dw,

where @ = #(¢). We can show that the mapping f commutes with con-
volution. Indeed, if ¢, 0 € 2, then, by (2),

F(f(px0)) = FF (pxo) = F(F (9)# (0)),
while (see [1], Theorem 2)
F(f(p)xa) = #(f(9))F (0) = (FF (9))F (0);

hence f(¢*0) = f(p)*o. It follows from Theorem 1 in [2] that the mapping f
on 2 is convolution with a fixed distribution, say f, i.e., f(¢) = f*p for
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all ¢ € 2. But then the distribution f and the function F satisfy the Par-
seval relation (corresponding to (3) with ¢ = 0)

f*(0) = (f, 8> =(F, 0> = [F(s)®(@)dx for all ¢ e,

where ¢ (f) = ¢( —t) and & = F (¢). Thus F is the Fourier transform of
the distribution f and mapping (1) is necessarily continuous. This completes
the proof of the theorem.

An analogous result holds for tempered distributions with the Schwartz
space & in place of D. Since the Fourier transform of a tempered distri-
bution is a tempered distribution, the latter result may be reformulated
a8 follows:

THEOREM 2. A locally integrable function F on R™ such that F® e L}
for each @ € & is a tempered distribution.

See [3] for some related results.
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