ANNALES
POLONICI MATHEMATICI
XXXVI (1979)

A local version of the generalized retract theorem
of Wazewski with applications in the theory of partial
differential equations of first order

by AnNDRzEJ PrLCZAR (Krakow)

Abstract. In paper [3] the author considcred a generalization of the classical
retract thecorem of Wazewski. This generalization had been stated for generalized
semi-dynamieal systems. Here we give another version of the gencralized retract
theorem with respect to local semi-dynamical systems and we give some applications
of it in the theory of partial differential equations of the first order. The results of the
paper concerning partial differential equations formally generalize some previous
results of the author. In particular, now we nced not consider a common domain of
existence of solutions of corresponding partial differential equations.

Introduction. In the author’s paper [3] there was considered a gen-
eralization of the classical retract theorem of Wazewski (cf. [7]-[9]). This
generalization was formulated for generalized semi-dynamical systems
and involved the notion of a local ordered abelian semi-group. Here we
give another version of the generalized retract theorem with regard to
local semi-dynamical systems in the sense of Sell [5] and Bhatia and
Hajek [1]. Such an approach had been already presented in paper [4];
here we recall it and — sinee we wish to make the paper resonably selfcon-
tained — we give also the proof, omiting some details. However, the
principal purpose of the present paper is to give some applications for
partial differential equations of first order. The results of the present
paper concerning partial differential equations formally generalize some
results of [3]. Morcover, the formulations of our present theorems are
simpler than those presented in [3]. In particular, now we need not any
conditions concerning estimation constants occurring in [3] and we need
not consider a common domain of existence of a family of solutions.

Note that one can extend the general Theorem A (see Section 1.2
below) to local generalized semi-dynamical systems in which R, can
be replaced by an abelian ordered semi-group 7 such as in [3].
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1. GENERAL RESULTS: A GENERALIZED RETRACT THEOREM

1.1. Let X be a topological space, R, = [0, oo) the topological semi-
group of non-negative numbers, 4 a subset of R, X X such that
(0.1) {0} xX cAd
and let = be a mapping from A4 into X. We put
(1.1) I, ={teR,: (t,x)e A}, w,=supl,<

(we put w, = co if supI, does not exist).

DEFINITION 1 (sec Bhatia and Hajek [1], Sell [5]). We say that
(X, R, A, n) i8 a local semi-dynamical system if and only if
(I) I is an interval and the mapping

Xox w, e RyU{oo}

is lower semi-continuous in the sense that for every point z € X :

(a) if w, < oo, then for every 7 > 0 there exists a neighbourhood U
of # such that

yelU => w, > w —n;

(b) f w, = oo, then for every ¢ € R, there exists a neighbourhood U
of # such that

yeU = o,> ¢;

(II) = is continuous (in 4 there is the natural topology induced by the
Cartesian product R, X X);

(ITIT) #(0,2) = x for every z e X;

(IV) itel andsel,, ,, then s+tel,;

(V)  =(s,n(t, @) = n(s+1,) for every tel,, sel,y,.
We put for every v e X:

(1.2) n(x) = {=(t,x): tel},
(1.3) a7 '(x) = {y € X: there exists a numbert € I, such that #(t, y) =}
and for x € X and z e n(x):
(1.4) t(z,2) = inf{s: n(s, x) = 2},
(@, 2] = {=(t,®): tel N[0, t(x,2)]},
[z,2) = {=(t,®): te I,n]0, t(w,2))},
(1.5) (@,2] = {=(t,x): teI,n(0,1t(x,?2)]},
(@,2) = {n(t,x): teI,n(0,1tz,2)}.
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Let M be an open and non-empty subset of the space X; we denote
by O0M and M the boundary and the closure of M, respectively. We put

(1.6) S8°(0M) = {w € 0M: there is teI,, t> 0 such that
(@, n(t, x)] O and (2, n(¢, 2)|"M = G},
(1.7)  S(M) = {xedM: there is ye M such that [y,») < M and
T = ”(t(yy z), y”;
(1.8) S*(M) = S°(0M)NS(M).
Remark 1. The points of S(M) have been called by T. Wazewski
(cf. [T1-[9]) egress points, the points of S*(M) strict egress points. The
same notation had been used in [4], but in [2] and [3] there were used

the symbols M, and M. The concept of egress and strict egress points
had been introduced by T. Wazewski.

If # € M, then (see the notation in [4]) we denote by
(1.9) c(z; M)
the point z € .M such that:

(i) in the case of x € M

2 =xn(t(w,2),s) and [2,2) <M,
(ii) in the casc of x e 0 M
z2 = .

Remark 2. Such points (called “consequent” for z) have been pre-

viously considered by Wazewski, following Poincaré.

Remark 3. It can happen that for some x € M the point ¢(x; M)
does not exist; but if zm(s)N(X\M) %« G, then ¢(x; M) exists and is well
defined as the unique point z € .M satisfying

(1.10) ¢ = ainfft e L,: a(t, ) ¢ M}, a).

1.2. THEOREM A. Let (X, R, A; n) be & local semi-dynamical system,
let M = X be open and non-empty. Suppose that D < S(M)nS°*(0M) and
N <« MnD are such that

N+0, D#0O
and that

(«) there are mo retractions N - NN D,

(B) the set NnD is a retract of the set D,

(v) 8*(M) = S(M).

Then there exists a point ¥ € MON such that n(x) = M or there ewists
a point © € MNN for which ¢(xz; M) e S(M)\D.
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COROLLARY. If all assumptions of Theorem A are satisfied and, moreover,
if S(M) = 8*(M) < D, then there is a point z € M NN such that x(x) < M.

The above Theorem A was presented in [4]; the essential idea of
the proof is the same as that of the proof of the main results of [3]. We
now outline the proof omitting the details. Suppose that the assertion
of Theorem A is false. Hence for every point £ € M NN we have

a(@)N(X\M) #0 and e(z; M)eD.
Consider the mapping
o: (MAN)UOM 3 » — t(z, c(w; M)) e R,.
We have obviously
n(o (), w) = c¢(w; M).
PROPOSITION 1. The mapping o restricted to the set
(MNN)US* (OM)

18 continuous.

Proof of Proposition 1. 1° Let z € MNN be fixed, let £ > 0 be
given. We shall show that there exists a neighbourhood @ of x such that

¥y €Q = [o(y) is well defined and o(y) € (s(2) —¢, o(v)+¢)},

which means that ¢ is continuous at the point x.
We put
ey u ([0(x)—¢, o(x)+€)n1,.
Of course,
o(z) < supd,,, < w,.

We can find a neighbourhood U of # such that

(111) yeU = }{o(@)+supd,,) < w,
(since = fulfils condition (I)). Assume that
Uc MNN

(this is possible without loss of generality). Let us put

z = n(o(2), ) = c(x; M).
We have

2edMnS(M) =0MnS* (M) < 8°(6M).
Thus there is t € I,, ¢ > 0, such that
(1.12) (2, 7(ty2)] #@ and (2, =n(t, 2)|nM =0.
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It is easy to see that, replacing in (1.12) the number ¢ by any number
s € (0, t), we obtain also true relations. Let us consider a number s € (0, t)
such that

(1.13) o(@)+8 < }(o(@) +supd,,).
Now, putting w = =(s, 2), we obtain
w = n(a(w)—l—s, .1') eX\M.

In view of the continuity of the mapping » we can choose a neighbourhood
W of x such that

(1.14) ye WnU > o(@)+e<w, (see (111)) and
nlo(x)+s,y) <« X\M.

The first condition asserted in (1.14) says that o(y) is well defined, the
second means that

o(y) < o(@)+s < o(x)+e.

Hence, in the case where

o(z)—e< 0,
(1.14) gives the following implications:
(115) yeWnU =oa(y) €0, o(@)+¢) = o(y) €(o(z)—¢, o(x)+¢).
If

o(x)—e=>0,
we consider the interval

[0, o(2) —e].
‘We have

n(s,v)e M for se[0,o(x)—¢c].

Since x is continuous and [0, o(x) — ¢] is compact, we have the following

PropPoOSITION 2. There is a neighbourhood Z of the point = (it can be
assumed that Z < M NN) such that

(1.16) yeZ =>mn(s,y)eM for se[0,0(x)—c¢].
Furthermore, we have the following simple implication:
(1.17)  if yeM, a(y)n(X\H) =G and [y, n(o()—¢,¥)) < M,
then o(y) > o(w)—e¢.
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Hence, in virtue of (1.14) and (1.16), we obtain
(1.18) yeWnUNZ = a(y) € (o(x) —¢, o(x) +¢).

The continuity of the mapping = at the point « is thus proved.

2° If xz € 0M, the reasoning is simpler becuase o(z) = 0. We omit
the details.

Thus we have proved Proposition 1.
In order to finish the proof of Theorem A let us consider the mapping:

(1.19) p: N'sxwr—c(x; M)edM,
where
N' = {welN: a(z)n(X\M) #J}.

From the assumption that our theorem is false, it follows that N = N'.
Moreover, in virtue of Proposition 1, the mapping (1.19) is continuous,
since

c(w; M) = nfo(®), ®) = (no(c, Identity in X))(x) for xeN' = N.
Let now
r: D—> NnD
be a retraction (see (B)); consider
R =rop.

The mapping R is a retraction of the set N' = N onto the set NnD.
However, the existence of such a retraction is impossible according to
assumption («) of the theorem. This contradiction completes the proof
of Theorem A.

2. PRELIMINARIES FOR APPLICATIONS

2.1. Suppose that there are given positive constants
a,a,K,L (weadmitalso a = oo; in this case [0,a4) = R,)
and continuous . functions
s h, Ny, My: [0, a) > R,
such that
(2.1) Noy(0) = h(0) = K, s°0) = a.

Y
PR

N
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We shall say that Hypothesis A, is satisfied if and only if:
(2.2) K- -h(x)-My(2) < L-N3(z) for cvery ze[0, a).
We introduce the following sets:
(2.3) Q ={(z,y)eR: 0Kz <a, |y <s" @)}
and for z € [0, a)
(2.4) @z =Q@n([0,2]1xR) (={tt,y): 0<t<2, [y <s(2)}),
(2.5) Q) =Qn([0,2)x R),
(2.6) Qn = {(=,9): W< (@)
Further, we define two classes of functions:

(2.7) Cy(a, K) = the family of all functions: [—a, ] > [—K, K]
fulfilling the Lipschitz condition with the constant K,

(2.8) OCy(a,K,L) = {peCya, K): pis of class C' and ¢" fulfils the
Lipschitz condition with the constant Lj}.

Let us put

h(x)

daf
(2.9) s,(x) = a- V(@)

and  $() = min (8°(2), s1(®)), @e[0,a)

17

(there and elsewhere, by a function of class C' in a closed interval we
mean a function which is of class C' in the interior of this interval and

has the right-hand and left-hand derivatives at the endpoints equal
the one-sided limits of the derivative considered in the interior).

2.2. We have the following two lemmas:

to

LEMMA 1. If z€[0,a) is fized, u: [ —s(x), s(x)]—~ [—h(z), h(z)]

Sfulfils the Lipschitz conditton with a constant N,(x), then the function

(210)  w“®: [—a,a]3y > we(y) < ;f;) '“(s(f) '?/)ER

belongs to the class Cy(a, K).
LEMMA 2. Assume Hypothesis A,. If » € [0, a) is fived and

u: [—s(@), s(®)] > [—h(®), h(z)]
i8 @ C'-function such that
W ()] < No(®)  and  |u'(y) —u'(2)] < Mo(2)|y —2l,

then the function w'* defined by formule

2 — Annales Polonici Mathematici XXXVI.1

(2.10) belongs to the class C,(a, K, L).
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Proof_ of Lemma 1.

lw**(y)| < K - (h(z))~*

u(s(:) y)l <K~(h(w))"-h(w) =
|

o[y e ()
vy —u 2

a
S K-(h(2)" - Ny(@) 8, (@) 0" |y —2] = Kly—=z|.

Proofof Lemma 2. It is obvious that w*” € Cy(a, K) (see Lemma 1).
It is sufficient to prove that the derivative of w™” fulfils the Lipschitz
condition with the constant L. We have:

0" (y) — w**(2)] < K (h( )‘

a

|(0%%) () — (w™*)' (2)] == ( (w)! ( y)_u' (l‘”lz)
:(‘)a a |

(e

)

. N2 P LA i — 2l < L ly —
= K-(h(x)) ¥ Vo) My(z) |y — 2| < L jy —2|.
3.2. It is clear that Cy(a, K) and C,(a, K, L) are compact in the
space Cy(a, R) of all continuous functions from [ —a, a] into R, with
the usual topology of the uniform convergence. The set C (e, K, L) is
also compact in the space C,(a, R) of all C*-functions from [ — a, a] into R,
with the usual topology of the uniform convergence of functions together
with their first derivatives. In order to prove these assertions we can
apply the classical Arzeld—Ascoli theorem.
Moreover, Cy(a, K) and C,(a, K, L) are convex in Cy(e, R); the
second set is obviously convex also in the space C,(a, R).
We put

(2.11) Cy(a, K) = {p € Cy(a, K): there is y e [—a, a]
{ such that |g(y)| = K},
(2.12) Ci(a, K, L) = C,(a, K, L)NCy(a, K) (= {peCla, K, L):
there is y e [ —a, a] such that |p(y)| = K}).
LemMA 3. There are mo retractions Cy(a, K)— Oy (a, K) and there
are no retractions C,(a, K, L)~ C}(a, K, L); the second assertion holds

true with respect to the topological space Cy(a, K) as well as with respect
to the topological space C,(a, R).
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Proof. We repeat here the classical reasoning. Suppose that there
1s o retraction
r: Cy(a, K)— C;(a, K)
and consider the mapping

The mapping ¢ is a continuous mapping from Cy(a, K) into itself. In view
of the compactness and the convexity of Cy(a, K), there is o fixed point
¢ = o(p) of the mapping ¢ (by the Schauder fixed point theorem). This
fixed point, however, belongs to the set C;(a, K), since 7(g) € C;(a, K)
and O (a, K) is invariant with respect to the mapping: z — —z. Hence
we have ¢ = o(p) = —#(p) = —¢ and so the function ¢ must be identi-
cally equal to zero. But the zero function does not belong to the set Cj (e, K).
This contradiction proves that there are no retractions from Cy(a, K)
onto Cj(a, K).

The proof for C,(a, K, L) is quite similar. In order to consider both
cases of €% and C-topologies simultaneously, we observe that under
the conditions assumed for C,(a, K, L) every mapping C,(a, K, L) —
C.(a, K, L) is continuous in the C’topology if and only if it is contin-
uous in the C'-topology.

3. FAMILIES OF TYPE %° AND !

Fundamental convention. Throughout Sections 3 and 4 we assume
that constants a, e, K, L and functions s°, h, N,: [0, a) > R, are fixed
and satisfy condition (2.1). We use the notation and definitions of sets
and functions from Section 2. Whenever, we assume that a function M,:
[0, ) — R* is given, we suppose that I{ypothesis A, is satisfied.

3.1. Let § be a family of real continuous functions defined in some
subset of R, X R.

DEFINITION 2. We say that the family § is of type &°, or shortly,
that S € #°, if and only if:

(C;)  For every ¢ € 8 there is a number w, belonging to the interval [0, a]
such that ¢ is defined and continuous in the set

BL) QIQY  (={t,9): 0<t< 0, WI<s'@)) (seo (2.5);
(C,) For every ¢ € S the function
(3.2) ?(0,°): [—a,a]l32y —e(0,y)eR

belongs to the class Cy(a, K) (one¢ can say shortly — accepting for
simplicity a mnatural identification — that

?lg, € Co(a, K)  for every ¢ € S);
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(C;) If ,ped and gl = ylg,, then ¢ = y;

(C) (i) If peS and w, = oo (this is possible, of course, only in the
case & = o), then for every positive number ¢ there exists a posi-
tive number A such that

(3.3) (€8, Iplo,— 9l < ) = w, > o,

(i) If pe S and w,< oo, then for every positive number ¢ there
exists a positive number 1 such that

(3.4) (p € 8, lplo,—ploll < H) = @, > w,—e¢,
where ||-|| denotes the usual norm:
(Ifll = sup{|f(«)|: # e domain of definition of f}

(this condifion can be expressed shortly as the lower semi-con-
tinuity of the mapping

(3.5) Co(a, K) 2 ¢(0, ) > w, € By = R,U {o0});

(Gs) For every g e §, every z € [0, w,) and every ¢ > 0 there is a 6 > 0
such that

(3.6) (ypes, lyplg, — ¢lo,ll < d) = (”"/’le_(Ple” <e
for every 2z €[0,2]N[0, w,))
(this condition means intuitively that the mapping
(3.7 Co(a, K)3¢(0,)i>pel
is continuous);
(Cy) For cvery g € 8, every # € [0, w,], every ¥,z e [ —s%(x), $°(«)] the
following Lipschitz inequality
(3.8) lp(@, ¥) —@(®, 2)} < No(2)ly —2|
holds true;

(C;) For every u e Cy(a, K) there cxists a function ¢ € § such that
@0, ) = u.
Remark 4. Conditions (C,) and (C,) imply that for every function «

belonging to the set C,(a, K) there cxists exactly one function ¢ belong-
ing to 8 such that ¢(0, ) = «.

3.2. Let 8 be a family of real continuous functions defined in some
subset of R, x R, continuously differentiable with respect to the sccond
variable.

DEerFINITION 3. We say that 8 is of type 5! (shortly: §e 1) if and
only if:
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(C;) Forevery ¢ € 8 there is 4 number o, belonging to the closed interval
[0, a] such that ¢ is defined and continuous in the set Q7 given
by (3.1) and for every x € [0, w,) the function ¢(xz, -): [—8°(x),
s(2)]— R belongs to the class C*;

(C;)  For every ¢ e S the function ¢ (0, -) belongs to the class C,(a, K, L);

(C;) < (C;)  (see Definition 2);

(0,) < (C,) (see Definition 2; here in place of the lower semi-contin-

uity of the mapping (3.5) we have the lower semi-continuity
of the mapping

(3.9) Cy(a, K, L)5 ¢(0, -) — o, € R);
(C;) <= (C5)  (see Definition 2; here we have the continuity of the mapping
(3.10) Ci(a, K, L)> ¢(0, ) —>pe8);

(Cg) = (Cg)  (see Definition 2);

(C;) For cvery u € C,(a, K, L) there exists a function ¢ € § such that
@0, ) = u;

(Cy)  For every ¢ € S and every « e [0, »,) the following estimation

(3.11) < No(z)

d
a—yfp(m,?/)

0
holds true and the partial derivative a—ygv(a:, ) fulfils in the
interval [ —s°(#), s°(z)] the Lipschitz condition with respect to y
with the constant M ().

Remark 5. In conditions (C;) and (C;) we consider the C°-norms,
not the C'-norms.

4. APPLICATIONS OF THE RETRACT THEOREM FOR FAMILIES
OF TYPE ¥° AND 4!

4.1. Let 8 be a family of functions such that § e #° or § € &L

DEFINITION 4. We say that the family S fulfils condition (W) if and
only if the following implication holds true:
If

() pe 8, ze[0, W),
(1) lplg, (8, ¥)I < h(t) for every te[0, =), ly| < s(x),

(333) lp(x, y)| = h(x) for some y e[ —s(@), s(x)], then there exists
a positive number ¢ such that

(k) t+2 < w,,

(kk) for every 7 e [x,x+1%] there exists a point y e [ —s(7), s(7)]
such that

(4.1) lp(z, ¥)I > (7).
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Remark 5. It is not difficult to show that if (W) holds true, then,
under the assumption that (j)—(jij) are satisfied, there is ¢ > 0 fulfilling (k)
and there exists a continuous function y: [#, 2-+t] — R such that

() <s(zr) and p(v,y(v))>h(r) for every 7e(z,z+1t].
This is, however, not necessary for us and therefore we do not prove
this property.

4.2. Let the constants @, e, K, L and the functions s°, 2 and N,
be fixed as in Section 2 (cf. the convention introduced in Section 3);
we recall that a can be oo.

Let 8 be a family of type 7.

THEOREM 1. If S fulfils condition (W), then there is a function ¢
belonging to S such that

(4.2) ¢ (2, y)| < h(z)

for every (x, y) € §°.

Remark 6. The assertion of this theorem is equivalent to the follow-
ing statement: there exists a function « belonging to the set Cy(a, K)
such that the function ¢ € § uniquely determined by the equality ¢ (0, ¥)
= u(y) for y € [ — a, a], fulfils inequality (4.2). This observation is formally
trivial, but is important for further applications in the theory of partial
differential equations of first order;the functions from Cy(a, K) (or C,(a, K,
L)) play the role of initial data determining solutions with a certain class §.

Proof of Theorem 1. Let us consider the set 2 (called in the sequel
the space) of some pairs (¢, ¢), defined by the formula:

(4.3) (1, 9) € Z = (there exists § € § such that e [0, ;) and ¢ = o).

Remark 7. In virtue of the assumptions on the class §, the function ¢
is uniquely determined by ¢.

In the space Z we introduce a topology by defining the fundamental
neighbourhood bases. If (z, ¢) is a point of &, then by

V:,r] = VE’,',(.’I}, <P)

we denote the set defined by the formula:

ar - .

44) eV, <y, yp)eXandye(@—e s+e)n[0, wg), [Plo, —plo,l
< n for every £ e€[0,2]N[0,y], where ¢ and ¢ are the functions
belonging to § and such that, respectively, gy == ¢ and ¢ lo, = p].

The family

[{Vc,ri(wi q7)}e>0,q>0’(;z,ap)e£‘
induces in £ a topology in the usual way; we omit the details.
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Let us consider a set .# < & defined as follows:
(4.5) A = {(=,9)eZ: lgt,y)| < h(t) for te[0,z], |yl <s(t)}.
! PROPOSITION 3. The set 4 is open.
ProPOSITION 4. The boundary 0.4 of the set .4 is equal to the set
(4.6) & = {(,9) € M |p(t,y)| = h(y) for somet e [0, 2], y € [—s(t), s(t)]}.

Easy proofs of these two propositions will be omitted.
" Now we define a certain subset o/ of the set R, X %':

(4.7) (t, (@, 9)) € & & [z-+1€ [0, w;), where § € § is such that §lo_= ¢].
Finally, we define a mapping n’: o — Z as follows:

We have the following obvious

PROPOSITION 5. The quadruple (¥, R«, £, n°) is a local semi-dy-
namical system.

PropPOSITION 6. If (x, ¢) € D, then there exists a positive number
t such that =°(r, (x, )} € I\MA for r € [0,1).

Proposition 6 is an easy consequence of the asssumption that con-
dition (W) is fulfilled. From the last proposition it follows easily that:

PropositioN 7. 8*(.#) = S(4).
Now we put

(4.9) N = DUM;
we prove that
(4.10) there are no retractions & — 2NN = 2

and we observe that (trivially):

(4.11) A NZ is a retract of Z = /' ND.

In order to prove (4.10) we use Lemmas 1 and 3. Indeed, suppose
that there is a retraction

(4.12) D: N~ D,
and consider the mapping
(4.13) i: Co(a, K)3 u — (0, ¢lg,) € 4,

where ¢ € 8 is such that ¢(0, -) = w.
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This mapping is obv.iously continuous; it can be identified with an
inclusion. Further, we define the mapping

(4.14) j: 23 (2, @) > w*) e C) (a, K)
(see Lemma 1 in Section 2.2). Finally, we consider the composition
(4.15) ¥ = jodoi: Oy(a, K)— Cy(a, K),

which is, of course, continuous. Moreover, for « € Cj (a, K) we have i (u) € 9
and so

P (u) = j(®(i(w) =3j(2(0, ¢lg,)
for ¢ € § such that ¢(0, ) = u; since (0, olg,) belongs to 2, we have:
P(u) = j(®((0, plo,))) = i{(0, plg,) = w"") = w* = u.

Hence ¥ is a retraction Cy(a, K)— C;(a, K). But the existence of such
a retraction is impossible in virtue of Lemma 3. This finishes the proof
of (4.10).

Now we can apply Theorem A from Section 1.2. For X = %, M = #,
N =4 (and A = ) all the assumptions of Theorem A are satisfied
with respect to the local semi-dynamical system (%, R., <, n°); hence
the assertion of this theorem holds true. This means that the assertion
of our Theorem 1 holds true. The proof is complete.

4.3. Suppose that @, a, K, L and the functions k, s°, N, and M, are
as in Section 2.1.

Let S be a family of type <.

THEOREM 2. If 8 fulfils condition (W) and if Hypothesis A, is satis-
fied, then there is a function ¢ € S such that

lp(z, )| < h(z) for every (w,y) c@®.

Proof. We consider the system (%, R., &/, n°) defined in Section 4.2;
here of course, S being of type &', the elements of Z are of stronger regu-
larity; but we consider the same topology and the same mapping =° as
in the preceding section. The same is also the reasoning showing that the
set .# defined by (4.5) is open and that condition (W) implies the equality
8(#) = 8*(#). The only change which we have to do in the proof of
Theorem 1 in order to obtain the proof of Theorem 2 is the following:
in place of Lemma 1 and the first part of the assertion of Lemma 3, we
must use Lemmas 1, 2 and the second part of the assertion of Lemma 3.
In that way we obtain (4.10) because of the fact that there are no re-
tractions C,(e, K, L)~ C}(a, K, L). All other details are exactly the
same as in Section 4.2. We finish the proof by using Theorem A from
Section 1.2.
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5. AN APPLICATION OF THEOREM 2 IN THE THEORY
OF PARTIAL DIFFERENTIAL EQUATIONS OF FIRST ORDER

5.1. Suppose that the constants a, a, K, L and continuous functions &
and s’ from [0, @) into B, = (0, oo) are given and are such as in Section 2.1.

Let f be a continuous real function defined on an open subset Q of R*
and such that

(5.1) [0,a)X[—a,a] XX R c L,
where
J = [—sup{h(z): z €[0, a)}, sup{k(z): 2 € [0, a)}]
if sup {h(x): v €[0, a)} < oo and
J =R

if sup{h(x): ®e[0,a)} = oo.

HYPOTHESIS A,. Assume that for every AeC,(a, K, L) there is
exactly one solution z[1] of the Cauchy problem

(52) 2y zf(“"7y7zyzu)1

(5.3) 2(0,y) = A(y),

defined and continuously differentiable in the set

(5.4) QP £ {(@,9) e B*: 2 [0, ay), Iyl <5 (@)

with some positive number a; (uniquely determined by 1), we admit the
possibility a; = oo. Moreover, every solution z[1] of (5.2)—(5.3) is such that

7]
(5.5) Ja—yz[l](f,n) < No(&) for (&,9) e@?P
and
0
(5.6) '—2[:1](6,17)——2[1] (& 7°) % Mo(&) | —n°]

for (&, 7), (£, n°) belonging to Q®, where N,, M,: [0, a) > R, are some
continuous functions, common for all 4 (and then common for the solutions
2[4]).

Furthermore, we assume that solutions z of (5.2)-(5.3) depend on
the initial data A continuously, which means that for every A € C,(a, K, L)
and every positive number ¢, there exists a positive number & such that

(3.7) if A €Cy(a, K, L) and |A— i| < 6, then
[A1(€, n)—2[A1(&, ml < e for every (£,7) e QPnQD,
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Finally, we assume that the mapping
(5‘8) Z > az

is lowcer semi-continuous in the sense that: for every Ae (e, K, L)
and every & > 0 there exists 6 > 0 such that

[AeCy(a, K, L), A=) < 8] = a,—e < aj,
or — in the case @, = oo — for ¢very f € R there is 6 > 0 such that
[ieCla, K, L), 12— < 8] = a; > f.

Remark 8. Using the notation from Section 2.1 we can write the
set Q(A) N Q(I) as anin(a;,n;j)'

HYPOTHESIS A;. If 2[1] is a solution of (5.2)—(5.3) for some function A
belonging to Cy(a, K, L), if x is a point belonging to the interval [0, a,)
and if

2[A)(&, m)l < (&)  for (£,n) €Q, with @, given by (2.4),
#[A1(x, n)] = k(z) for some ne[—s(@),s(2)],
where s(x) is given by (2.9),

then there exists a positive number ¢ such that for every & e[x,x-+1]
there is 7 € [ — (&), s(£)] for which the inequality

[2[2](&, n)| > h($)
holds true.

5.2. Before we formulate our theorem, we give a short discussion
of Hypotheses A, and A,. It is known that under suitable assumptions
on the regularity of the function f the conditions assumed in Hypothesis A,
are fulfilled. In particular, if f = f(«, ¥, 2, ¢) is continuous and has first
partial derivatives f,, f,, f, which are continuous funections of (z, vy, 2, q)
with absolute values bounded by a constant M,, and, moreover, if these
partial derivatives fulfil the Lipschitz condition with respect to (v, 2, q)
with the constant M,, then for each sufficiently regular and bounded
initial function A, there is exactly one solution z of the initial problem
(5.2)-(5.3) defined in the set

¢ = {@, y)eR: 0<a< 4, lyl < pu—Ma},

where 6, u and M are some positive constants; moreover, there are:
a constant K, and a function N (-) such that for every solution of (5.2)—(5.3)

corresponding to an initial (sufficiently regular) function 2, the following
conditions

2y(x,y) < K,
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and
121/(1"1 y)—zy(wi Z’/O)l < N(w)l?/—?lol
hold true (see T. Wazewski [10]; cf. also J. Szarski [6]).

Note that in this case the interval [0, ) is common for all solutions,
which means that the mapping (5.8) is trivially lower semi-continuous,
even continuous; it is just the constant mapping.

Now the following question seems to be natural: what resonable
conditions are sufficient for Hypothesis A, to be satisfied? The answer is
given implicitly in [3]. We shall recall it, giving some details and — first
of all —making an obvious correction to inequalities (6.17) and (6.18) in
[3]: in (6.17) and (6.18) (p.-32 in [3]) in the place of d—cx and —d+cx
we have to write — ¢ and ¢, respectively.

The sense of this correction will be made clear after a short discussion
which we give below. '

Suppose that s and &b are differentiable. Assume that

(5'9) f(xyyah(m)79)>h’(-”), f(x,?/, —h(w)’Q)< —h'(.’l})

for (z, v, q) with 0 <z < a, y| < s(®), |g] < Ny(x), and that
flz, s(@), h@), ) > —q-5"(2)+ 1 (2) for g € [0, No(2)],
flz, —s(@), h(®), q) > ¢8"(@) + 1 (2) for g e [—Ny(2), 0],
fl(=,s(@), —h(z),q) < —s'(x)-q—h (x) for qe[0, Ny(2)],
flz, —s(@), —h(z),q) < s'(x)-¢—h'(z) for ge[—Ny(z),0]

for (z, y) € R* with 0 < < a and |y] < s(2).

If these conditions are satisfied, then Hypothesis A; is fulfilled.
The proof is very easy. It is sufficient to observe that the above inequal-
ities mean that in the corresponding sets, or along suitable curves y = ¢(2),
the functions z (z, ¢(x)) — k() and 2 (z, @(x)) + h(x) are strictly monotone.

In the case which has been discussed in [3] (inequalities (6.17) and (6.18))
the function 2 was linear; thus it is clear that its derivative ¢ = const.

(5.10)

5.3. Suppose that the constants a, e, K, L are as in Section 2.1,
as well as the functions s, h, N, and M,; in particular, we assume (2.1).

THEOREM 3. Let the function f be as in Section 5.1. Suppose that
Hypotheses A,, A, and A, are salisfied; we assume that the functions N,
and M, considered in Hypothesis A, (see (5.5) and (5.6)) and in Hypo-
thesis A, (see (2.2)) are the same. Under these assumptions there exists &
function 1 belonging to the class C,(a, K, L) such that

[2)(z, y)| < h(z) for (z,y) e R*,0< =z <@y, |y <s(x)
(where s(-) is the function defined by (2.9)).

In order to prove this theorem we apply directly Theorem 2. An
casy proof of the fact that all the assumptions of Theorem 2 are satisfied
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will be omitted ; just note that condition (W) (see Definition 4 in Section 4.1)
follows directly from Hypothesis A,.

The above theorem formally generalizes the main results from the

second part of paper [3].
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