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Abstract. For a compact set X = C denote by L% (X) the subspace in L?(X)
which consists of functions holomorphic in the interior of X. A subspace R (X) < L% (X)
consists of functions which are holomorphic in a neighbourhood of X. The functions

in L2(X) (R(X)) which possess a single valued-integral in X (in a neighbourhood
of X) form a subset denoted by E{,’(X) (I'i (X)). The paper gives a proof of the following
statement. If dX has countably many components, 2 < p < oo, and IE(X) is dense
in L-"’(X), then R(X) is dense in L% (X). Conversely, if 0X has finitely many compo-

nents and K (X) is dense in L% (X), then R(X) is dense in L”(X) For p = 2 this result
yields a theorem on the convergence of reduced Bergman functions for a decreasing
sequonce of domains.

1. Introduction. The rational approximation in the mean was studied
by various authors, e.g. by Bers [3] and Sinanian [10] in 1965, but the
problem attracted great attention when it turned out that the solution
can be stated in terms of potential theory. In 1968 Havin [56] pointed
out that for p = 2 the family of subsets £ < C on which such approxi-
mation is possible is charaeterized in terms of logarithmic ecapacity.
A complete solution in terms of g-capacity was given in 1972 by Bagby [1]
and Hedberg [6]. In particular the following result was proved by Hed-
berg [7].

THEOREM 1. Let X be an arbitrary compact subset of the complex plane.
Denote by R(X) the set of functions which are holomorphic in a neighbourhood
of X, and by L%(X) the Banach space of functions which are holomorphic
in the interior X and belong to L?(X). The following conditions are equiv-
alent (1<p< o0, ¢ =pf(p—1))

(i) R(X) 18 dense in LE(X).

(ii) Every function g in the Sobolev space W‘{(C) ‘g-quasi-continuous
and such that g = 0 q-quasi-everywhere on C\X vanishes q—q-¢e, on the
boundary of X.

(iii) Every function g in the Sobolev spaca V.Vﬁ'(C) g-quasi-contin-
uous and such that g = 0 g-quasi-everywhere on C\X belongs to ﬁ"{(i).
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In the present paper we are concerned with the approximation prob-
lem within the class of functions with a single-valued integral. We consider
therefore the subspace I?(X) = L?(X) consisting of functions with a single-
valued integral in i’, and the set B(X) = R(X) consisting of functions
with a single-valued integral in some neighbourhood of X. For 2 < p < o
it is shown that if B(X) is dense in L2(X) and X has countably many
components, then R(X) is dense in L{(X). On the other hand, if R(X)
is dense in LZ(X) and 48X has g finite number of components, then R(X)
is dense in L?(X). We also show that for p = 2 the above approximation
problem is related to the theorem on a sequence of reduced Bergman
functions in a way analogous to that in [8].

2. Definition of g-capacity. We recall briefly this fundamental notion.
Let 2 be an open subset of C. The Sobolev space W¥(Q) consists of func-
tions which together with partial derivatives of the first order are in L?( ).
I12( Q) is a Banach space with the norm

£l = { [ (1f 12+ lgrad fi@dm) ™.

The set of all real-valued smooth functions with compact support
in Q will be denoted by 2(£). The closure of 2(2) in WI(2) will be de-

noted by W‘,’(Q). If E is a compact subset of 2, the number

yo(E) = inf{{flly, f>1 on E, fe 2(2)}

s called the g-capacity of E. The (outer) g-capacity of an arbitrary set
E < Q is defined in a standard way (Bagby [1]). Condition y§(E) =0
is independent of 2. A property which a point may or may not have
is said to hold q-quasi-everywhere if it holds for all points with the excep-
tion of a set of (outer) capacity zero. A function is g¢-quasi-continuous
if it is continuous outside an open set with an arbitrarily small capacity.
The following lemma is due to Deny [4]:

LEMMA 1. If a sequence p,e D(C) converges in W{(C), then for each
e > 0 there exists an open set U such that y&(U) < € and the convergence
is uniform in C\U.

We see in particular that every function in W‘{(Q) is equal almost
everywhere to a quasi-continuous function.

3. Annihilating functionals. Let 2 be an open subset of C. Consider
the family V(£2) of smooth functions defined by the following property.
For each geV () there exists a compact set K < £2 such that ¢ =0
in the unbounded component of C\K, and is constant in every other
component. The closure of V(R2) in the Sobolev space W?(£2) will be

denoted by f’(.Q).
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LeMMA 2. Let ge LY X). The condition

f fgdm =0
X
8 satisfied for all feL?(X) if and only if
1) , g = 0p/dz,

where ge ﬁ(j).

Proof. It is easy to see that a function feL”(X) is orthogonal to
every function dp/0z, pe V(f( ) if and only if fe L2(X). Therefore g is ortho-
gonal to LE(X) if and only if it belongs to the closure of the set {dp/dz}
in 9 norm. Since X is bounded, the latter is equivalent to (1).

LEMMA 3. Let ge L(X). The condition

[fiam =0
X

i8 satisfied for all feR(X) if and only if g = 0|0z, where e W’{(C) van-
ishes quasi-everywhere in the unbounded component of C\X, and in every
other component is equal lo a constant quasi-everywhere.

Proof. Necessity. Extend ¢ trivially to all of C. If Y is _any compact
neighbourhood of X, Lemma 2 says that g = a.p/az,qpeV( Y ), and we
conclude from Lemma 1 that the condition on ¢ holds when X is replaced
by Y. Since Y is arbitrary, this completes the first part of the proof.
For sufficiency assume f holomorphic in an open set G > X. Take ge 2(@)
such that ¢ =1 in some neighbourhood of X, and D = {0 < o< 1}

_is a Stokes domain bounded by finitely many closed curves y;. Then

S dp .. do ,_
xffgdzdz _ f@fﬁdzdz - — fcpf—a—zdzdz

G
_ _fq;f—= _2 an{_g}f—?dzdz —Zo ffdz —0.

4. The approximation problem. We can now state

TH'.EOREM 2. The space R(X) is dense in z” (X) if and only if each
Junction @e W"(C) such that @ = const quasi-everywhere in each compo-
nent of C\X belongs to V(X

Proof. The proof follows immediately from Lemmas 2 and 3. We
need only to notice that the equality dp/0z = dy /02, where ¢ and y both
belong to ﬁV{’(Q) with £ bounded, implies that ¢ = y.

COROLLARY 1. If R(X) is dense in L2 (X), then every function pe VOV'{(C)
which on every component of C\X is equal to a constant quasi-everywhere
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must be equal to a constant quasi-everywhere on each component of C\X.
Proof. In view of Lemma 1 each function in 17°(I° ) is equal to a con-
stant quasi-everywhere on each component of C\X.

THEOREM 3. If R(X) is dense in LP(X), 2 <p < oo, and 0X has at
most countably many componen's, then R(X) i3 dense in L7(X).

Prooi. By contradiction. Suppose that B(X) is not dense in L% (X)
By (ii) in Theorem 1 there exists a function e W‘{(C) which vanishes
quasi-everywhere in C\X but is positive on a subset £ < X, and y&(F)
> 0. Since dX has at mo;t countably many components, we may assume
that E is contained in some component F.

For 2 < p< o a single point has g¢-capacity zero [7] and we can
find two compact disjoint subsets K,, K; < E, both of positive capacity.
Take ge 2(C) such that p =0 on K, and ¢ =1 on K,. The function gp
€ ﬁT‘{(C) vanishes quasi everywhere in C\X but is not equal to a cons-
tant quasi-everywhere on F < C\X. This contradicts Theorem 2.

The next theorem shows that the inverse implication holds if the
number of components of X is finite. The general case, however, seems
to be less obvious.

THEOREM 4. If R(X) is dense in ~L£(X) and 0X has a finite number
of components, then R(X) is dense in L?(X).

Proof. Let F,y t=1,2,...,m be the components of C \X. We
can find m disjoint open sets G; o ¥, and functions ¢;e 2(@G,) such that
¢; = 1 in a neighbourhood of #,. Consider an arbitrary ge W?(C) equal
to d; quasi-everywhere on that component of C\X which is contained
in ¥,. The function py=¢— Z'di.,c;oz vanishes quam everywhele on C\X

and by (iii) in Theorem 1 pe W“(X) Since W‘-’(X) c V(X) and d;p;e V(X}

for ¢ =1,2,...,m, it follows that qoeV(X).
We may now apply Theorem 2.

5. Relation to the theory of the Bergman function. In the following
we restrict ourselves to the case p = 2. Consider a bounded domain D < C
such that the boundary of D is equal to the boundary of its exterior.
Thus D = X, where X = D. By K, and K, we shall denote the Berg-
man function and the reduced Bergman function of D.

The following theorem holds: '

THEOREM b. Suppose that the boundary of a bounded domain D has
measure zero and equals the boundary of the exterior of D. The following
conditions are equivalent:

(i) R(X) is dense in L%(X).
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(ii) For every sequence of domains D,, n=1,2,..., such that D, .,
€D, and X = ﬂ D,
n=1

lim K, (t,8) = Kp(t, &) for each teD.
1n—00

Moreover, if (ii) holds for one sequence D, , then it holds for all.
For the proof see [8]. In exactly the same way one can prove

THEOREM 6. Suppose that the boundary of a bounded domain D has
measure zero and equals the boundary of the emterior of D. The following
conditions are equivalent:

(i) R(X) is dense in IL%(X).

(ii) For every sequence of domains D,,n = 1,2, ...,8uchthat D, , € D,

and X = ( D,
n=1
lim an(t, t) =Kp(t,t) for each teD.

Moreéover, if (ii) holds for one sequence, then it holds for all.
Theorem 3 now gives the following

COROLLARY 2. Suppose that the boundary of a bounded domain D has
measure zero, consists of countably many components and equals the bound-
ary of the ewterior of D. Let D, be any sequence of domains such that D, .,

€D,, ﬂD = D. Then thD = K, implies lim K, =Kp. If 0X

ne=l n—>c0 n—>00
has a finite number of components, the inverse implication is also true and
therefore lim K D, = K.

n—o00
The proof is obvious. The last part of the statement follows from
the result of Sinanian [9], who proved that condition (i) of Theorem 1
is always satisfied provided that 0X has a finite number of components..
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