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Analysis of parabolic difference schemes by Gerschgorin’s method

by RUDOLF GORENFLO (Berlin)

Dedicated to the memory of Jacek Szarski

Abstract. Gerschgorin’s method of proving convergence of difference schemes
consists in exploiting inverse isotonicity of a boundary-value problem and of its dis-
cretization by establishing an error bound via an error majorizing function. In 1930
Gerschgorin has shown that for elliptic problems it often suffices to find a majorizing
function for the inhomogeneous problem with all right-hand sides equal to the constant
1, provided the boundary conditions are properly discretized. In the present paper an
abstract version of the method is described and demonstrated to be also applicable
to one-step discretizations of parabolic problems. As a model problem the linear
second-order parabolic initial-boundary-value problem with mixed lateral boundary
conditions is analyzed (just for simplicity of presentation with one space dimension
and constant coefficients).

1. Introduction. The aim of this paper is to demonstrate the useful-
ness of Gerschgorin’s method (first applied in [2] to elliptic boundary
value problems) for proving stability and convergence of parabolic dif-
ference schemes. We give an abstract version of the method and then
analyze the standard class of one-step schemes for a linear parabolic
initial-boundary value problem in which, for ease of presentation, we as-
sume the coefficients to be constant. The final results are not essentially
new, but the method of proof, because of its perspicuity, may deserve
popularization. It exploits a very essential property of the problem, namely
inverse isotonicity, which also has a physical relevance in the behaviour
of diffusion processes.

For the general background on inverse isotonicity (often called in-
verse positivity or monotonic kind) of parabolic problems (Nagumo—West-
phal lemma) we quote the books of Protter and Weinberger [9], Szarski
[11], and Walter [13]. For the abstract notions see also Collatz [1] and
Schroder [10]. In Section 5.1 of Chapter IT of [10] a generalization of
Gerschgorin’s method is described, simpler notions than those presented
there suffice for our purpose. Schroder gives several important references
which are not reproduced here, but he does not describe application to
parabolic problems.
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The essential tool of the methcd is an appropriate error majorizing
function, which, however, is not used via maximum principles as is often
done in the literature but directly via inverseisotonicity. The other essential
aspect is that the suitability of a function as a comparison functionis
testcd by verifying differential but not difference inequalities, the required
difference inequalities being obtained subsequently via consistency con-
ditions. One may compare the proofs of this paper with those of Isaacson
in [8] or Gorenflo in [3], [4], [5]. Gorenflo [6] has described the method
in functional-analytic terms and applied it to two-point(!) and elliptic
problems; he and Niedack [7] have applied it to parabolic problems with
conservation properties discretized in a way more complicated than
here.

Generalizations are possible to the case of non-constant coefficients,
to non-linear problems, and to some types of weakly coupled parabolic
systems.

2. Description of Gerschgorin’s method. As already remarked, we
do not give the most general representation available but one sufficient
for our purposes. For orientation on half-ordered vector spaces see, for
example, [1] and [10].

Let U and Y be vector spaces coordinatized corresponding to some
R™ or vector spaces of vectors of finitely many bounded real functions.
U and Y are assumed to be naturally half-ordered by < (meaning «less
than or equal to» componentwise or component and pointwise). This
relation < is tramsitive, reflexive, antisymmetric, and compatible with
the vector space structure. Without discrimination < is used for all occur-
ring natural half-orders (likewise >). We introduce supremum norms
I-lly and [|:]y a8 maximum of absolute values of components or maximum
of suprema of absolute values of component functions, and we define
a mapping [-| as transforming into the vector of absolute values com-
ponentwise or component and pointwise (for # > 0 with v e U we have
|#] = u). Note that |-| may lead outside the space if this consists of smooth
enough funections, but that |U| and | Y| can again be naturally half-ordered
(they are not vector spaces).

Let A: U — Y be a linear operator and let x € U.

We call A isotonic if x>0 = Az >0, we call A inverse-isotonic if

Az > 0=>2 = 0.

If the operator A is inverse-isotonie, it is injective, and |Au| << Ay
for u,y e U implies |u] < y.

From now on we assume 4: U — Y to be linear and inverse-isotonic

(!) Unfortunately the treatment given there of the Bramble-Hubbard discreti-
gation of a two-point boundary value problem is erroneous.
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and A(U) = Y, so that A is bijective. For given y ¢ ¥ we want to ap-
proximate the unique solution u € U of the equation Au = y. Let 4 be a di-
rected set, half-ordered by a relation also written <, and let 4 run through
A decreasingly: we write 4 — 0. In the applications A is usunally a mesh-
width or a vector of meshwidths. Let vector spaces V; (identifiable with
R'™, where N3 (1) - oo as 4 —0) be given, naturally half-ordered
and maximum-normed by |[-|,, and assume linear operators

(2.1) RA: U'—>Va, .D.[;_: Y-—>V;_, AA: V;_'—Z'VA,
(2.1%) \R,%ll; - |lully for ueU as A —>0.

Usually R, is a restriction operator and M, is a local averaging operator:
(R,u)(z) = u(2) for 2z €G,;, where @, is a grid and V, is a space of grid
functions. In this case we have ||R,u||, < |[u[l;. There are now problem (P)
and a collection (called difference scheme) D = (P,),., of approximating
problems (P;) as follows:

(P) For given y € Y determine € U so that Au =y.
(P,) For given y € Y determine u, € V, so that A,u; = M,y.
DEFINITION 2.1. (a) We call D consistent with (P) if

(2.2) |4, Ru —M,Aul;, -0 Vuel.

(b) We call D siable if there exist Ke R* = {teR| t > 0} and
Ay € A so that 4 < 4, implies

(2.3) ol < K lld;ol, VoeV,.

(¢) We call D discrete-convergent if there exists a 1, e 4 such that
(P;) has a solution u, for 4 << 1, and with % as solution of (P) we have

(2-4) HR;.u—'u,IHA — 0 as A 0.

Note that stability of D implies unisolvency of (P,) for A sufficiently
small.

THEOREM 2.1. If the difference scheme D is consistent with (P) and
stable, then it is discrete-convergent, and for A < A, with suitable i, € A and
K e R* the solution u, of (P,) obeys the error estimate

(2.5) (R u—wu,l, < K4, Byu—M,;yll, = K||4,R,u —M, Aul;.

Proof. Put » = R,u—u,; in (2.3) and use A,u;, = M,y = M, Au.

DEFINITION 2.2. We call D weakly inverse-isotonic if A, is inverse-
isotonic for A< A4,, strongly inverse-isotonic if it is weakly inverse-isotonic
and M, is isotonic for A < 4, (with 4, € A suitably chosen).

DEFINITION 2.3 (unit funclions). Let n e Y and %, € V, be functions
everywhere (component and pointwise) equal to 1.
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Remark. For ye Y, ve V, we have

(2.6) Wl <lyllen, [0l <ol

THEOREM 2.2 (majorization). Let the difference scheme D be weakly
inverse-isotonic and let there exist for A < A, (appropriately chosen) w,e V,,
so that with a constant K ¢ R* we have

(2.7) ”ﬁi.”l < K and .A,.’l'Zl = N2 fOT A < }'0'

Then D i3 stable, and for the solutions u and w, of (P) and (P,) we have the
local inclusion

(2.8) luy — Ryul < |4, Byu — My Aulya,  for A< 2.
Proof. By (2.7) and (2.6) ve V; and 2z = ||4,;2(,%, imply (for 2 < 4,)
A,z = A0, 4,5, > |A,0h0, > 14,0]5
hence, by inverse isotonicity of the operators A,,
Pl<z<lllam, I < [Rlh < 140K,
that is stability. From |v]| <2 we obtain (2.8) with v = %, — R, %, using
A;u; = M, Au from (P) and (P,).
DEFINITION 2.4. The family (M,),., is called consistent with 1 if
(2.9) \M,n—mll, >0 as A—>0.

In this case we call D equilibrated.

THEOREM 2.3. Let the difference scheme D be consistent with (P), strongly
(alternatively: weakly) inverse-isotonic, and equilibrated. Let there exist
#e U such that

(2.10) Auz>=n (alternatively Au = 7).

Then D 18 stable (hence, by Theorem 2.1 discrete-convergent), and with ¢ € (0, 1)
fized we have (2.7) and (2.8) with

(2.11) cu, = R,u, cK =sup{|R,ul;| e},

where A, may depend on the choice of c.

Proof. Put 4, = A,R,u—M, A%, observe |J|, >0 as A -0, and
fix ¢ €(0,1). For sufficiently small A we then have

A, R% = 8+ M Au> 8,+M;n = m+M,n—n+ 6,
= 1 =My —nli— 161 7 = enay
and (2.1') implies the finiteness of K.

3. Treatment of a parabolic problem. We first describe the initial-
boundary wvalue problem. With T ¢ R* let G = [0,1]1x[0,T], and let
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a,b,ceR, a>0, p,pe(—}r,ix], U =0"(G), Y = A(U), where

(U — By — b, —ou) (2, 1) for (x,1) €@,
u(x, 0) for 0 <2 <1,
—u {0, t)cosp+u(0,t)sinp for 0<<ILT,
ug (1, t)cosy-+u(1, t)siny for 0<ILT.

Auw =

Then y € Y can be decomposed as
r

y=|7| with reC(@, geC[o0,1], a,BeC[0,T].

/

For given y € Y we want to approximate # e U so that Au = y. The
purpose of the parameters ¢ and y is to avoid distinguishing between the
types of boundary conditions.

Note that Y (owing to compatibility conditions at the corners (0, 0)
and (1, 0) of G) is but a proper subspace of

C(@) x C[0,1]x C[0, TIx C[0, T].

Now with 2<J eN, h =1/J, ueR*, v = ph*, z; = jh, t, = n1,
N = entier (T/z), and A = (k, 7) a8 vector of mesh-widths we discretize
G =[0,11x[0,T] by a grid

G, = {(‘vj,tn)l J=0,1,...,J;n=0,1, ""N}°

We introduce difference operators § and 42 according to

1 1
301n = o Oitin = 2%1a)s 00050 = oo (V5400 =205+ U sn)s

and, with a weight factor ® e [0, 1] as parameter of implicity an inter-
polation operator Iy by 146, = 0%,,,+6%,, where @ =1—0.
To approximate the solution » of Aw = y by values w;, = (%, 1,)
~ u(x;, t,) we start by
w;,0 = g(x;) for j =0,1,...,J,
and proceed from time-level #,_; to #, by the running scheme
1 . : '
7 (0,0 —Wjn1) —Lo(ad®+ b8+ e)w; ) = Io¥jp
{wherc 7;, = r(%,1,)) supplemented by the discrete boundary conditions
IG( '—awo,n-lcosqp +w0,n-1 SiDQP) = Iean—li
Ie(aw.l,n—lcos'p+w.f,n—-lsm'/’), = Ieﬁn—l’
where a, = a(t,), B, = B(t,)-
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For our intended application of Gerschgorin’s method we eliminale
the external values with indices j = 1and j = J-+1by computing Iew_, ,_;
and IeW;,,,-, from the running scheme and inserting into the discrete
boundary conditions (thereby taking account of v = uh?). With V, as the
space of grid functions on G, we define operators K,, 4,, M,. First (E,u); ,
= u{®;, ,). Then let u,; be the grid function &, - R with u,(z;, 1,) = w; ,.
We start by

(A1%3)j0 = Wi0y (M9)s0 = g(z;) for j=0,1,...,d

and get the rumming scheme and the discrete boundary conditions for n
=1,2,...,N according to

1
(4; Up)jn = - (Wy,n — Wj,n—1) —Ig(@d®+bd-+ CYW; y1y

(M;Y);pn = IgVjpn-1y both for j =1,2,...,J—1,

bzh)" [

a
(Aa%)on = (a — 1‘51_— (W, — Wo,n—1) + W To(Wo,n—1—Wy,n1) —

ch .
— ?Ie wum_l}cosq: +1ow,,,—18ing,
hcosg
'(Mly)o.n = Ioan—1+ 2% —bh ofn—-1+

Analogously to (4,u,),, and (M,y),, define (4,u,);, and (M,y);,:
simply replace first indices 0 by J, 1 by J —1, and ¢, a, b by v, 8, —b.
~ Close inspection shows that (M,),., is consistent with 1 and that M,
is isotonic if |b|k < 2a. If » € C**(@), then the whole scheme is (h%-+7)-
congistent, to be verified by the usual ugly Taylor type calculations.
The inverse isotonicity of the operators A4, can be examined time-
step-wise. With the spatial tridiagonal discretization matriz H write

31 %,—w, , = uH(Ou,+8u, ,)+§,_, forn=1,2,...,N,

where in the case of ¢ # 1w, p # }n the vectors #, and §, are the transposes
of

(Wo,ns Wi,ps eo0y Wr,p)
and

puh _
Ie(‘"‘o,n + poe (26 —Dbh)a,, 1714y c-oy y_tny Vyn+

€08

ph )
2a,+ bh
” (2a +bh) B,
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whereas H = (k; ), 5m0,1,...,s With
bh bh

hjjr = G——z—-, hi; = —2a-+ch?, k4 = a+_2_
for 1<j<J—1,
hoy = —2a-+ch*—h(2a—bh)tang, k,, = 2a,
hyy, =2a, h;;= —2a-+ch®*—h(2a+bh)tany.

In the case of Dirichlet boundary conditions the vectors %, and §,
must be shortened. If, for example, ¢ = y = = take %, as the transpose
of (w,,,...,wy_,) and §, as the transpose of

IO(Trl,n+‘u(a’ _%bh) Ay y ‘”.2,717 ety '”'J—z,m .”'J—l,n +;u’(a’ +%bh) ﬁn) *

Correspondingly delete the first and last rows and columns of the just
defined matrix H.

Remark. For investigation of 4, on inverse isotonicity we should
forget the specific form of the vecters §, and instead consider them as
arbitrary vectors, because inversc isotomicity of A4, is equivalent to all
g(z;) > 0 and all §, > 0 implying all &, > 0 (regardless of the §, stemming
from M;y).

From (3.1) we get, for n =1,2,...,N -1,

(3.2) W, = (I —uOH) " {(I+puOH)d,_,+8,_1},
and as sufficient conditions for strong inverse isotonicity of D we recognize
that:

(i) 8, should depend isotonically on y,

(ii) I —u®H should be an M-matriz,

(iii) We should have I+ u®H = 0 (each entry = 0).

We have already observed that M, is isotonie if |b|k < 2a, and this
implies (i). For (ii) and (iii) we use the theory of non-negative matrices
and of M-matrices as developed in [12] and [1]. (iii) can be analyzed by
close ingpection, whereas (ii) is treated by a well-known lemma.

LEMMA. Let the real square matriz B be irreducible and have the following
properties: all diagonal emtries are positive, all non-diagonal entries are
non-positive, all row-sums are non-negative, at least one row-sum s positive.
Then B is an M-matriz (so that B™' exists and is non-negative entry-wise).

As a result we obtain the following theorem.

THEOREM 3.1. Conditions (a) and (b) imply strong inverse isotonicity
of the scheme D of this section

(a) [blh < 2a,

(b) 1° If ¢ = y = }m, then (2a+ |c|h})Ou < 1;
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2° If ¢,y e(—1%=, i), then
©6(2a -+ [e|h>+h(2a -+ |b| k) max ([tang], tanyl)) <1
#Oh(lc|h +(2a+ [b| h)max (Jtang], [tany|) < 1;

3 If pe(—3rn,3dn) and vy = }nw or if ¢ = dn and y € (—3=, in),
then as in 2° but with max(|tane|, [tany|) replaced by |tang| or |tany|,
respectively.

Now, in order to apply Theorem 2.3 for proving stability, conver-
gence, and local inclusion we have to display a majorizing function % el
with Az > 9.

THEOREM 3.2. We have Au > n with

%(w, 1) = exp(Bt)cosh(C(x —13)),

where ¢ = max(C,, C,), B =aC*+b|C+c|]+1. For we(—3ix,ir) we
have to take C, as a positive solution C* of the equation (cosw){C*tanh (C*/2)+
+tanw} =1, and C,), as a positive solution C* of cosh(C*/2) =1.

The proof is straightforward.

For simpler particular problems majorizing functions of simpler
structure may suffice. For the problem

ut(xrt)_auzz(w7t) = r(w, 1), u(wﬁ 0) = g(x), u(0,1) = a(t);
u(l,t) = B(1), a>0,0<o<<], 0<iL<T

one may take
1

Final remark. We should point to the fact that for ® =  (Crank-
Nicolson-scheme) inverse isotonicity requires boundedness of x4 in con-
trast to the L,-convergence theory. However, for @ = 0 (explicit scheme)
and @ =1 (fully implicit scheme) our requirements on x are essentially
the same as in the IL*-theory.
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