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Abstract

In this article author obtain the best unbiased estimators of doubly
exchangeable covariance structure. For this purpose the coordinate free-
coordinate approach is used. Considered covariance structure consist of
three unstructured covariance matrices for three-level m—variate observa-
tions with equal mean vector over v points in time and w sites under the
assumption of multivariate normality. To prove, that the estimators are
best unbiased, complete statistics are used. Additionally, strong consistency
is proven. Under the proposed model the variances of the estimators of
covariance components are compared with the ones in the model in [11].

Keywords: best unbiased estimator, doubly exchangeable covariance struc-
ture, three-level multivariate data, coordinate free approach, structured
mean vector.

2010 Mathematics Subject Classification: 62H12, 62J10, 62F10.

1. INTRODUCTION

In this article doubly exchangeable covariance structure for three-level multi-
variate observations is considered. In this type of multivariate observations m
dimensional observation vector is repeatedly measured over v time points and u
locations. Additionally, author assumes that the mean vector remains constant
over time points and over sites (locations) which means that vectors g = 1,, ®

with g = (1, po, - - ., ) € R™.
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In this paper, optimal unbiased estimators for fixed and covariance parame-
ters will be constructed from sufficient and complete statistics. These statistics
will be derived using the free coordinate approach (see [2, 6, 14, 16, 4] and [17]).

2. DOUBLY EXCHANGEABLE COVARIANCE STRUCTURE

The (vum x vum)—dimensional doubly exchangeable covariance structure is de-
fined as

0 X1 ... X
T =
3 ¥ ... X
(21) =1I,® (20 — 21) + Jy ® 2.

The above doubly exchangeable covariance structure I' can equivalently be writ-
ten as follows

(2.2) T=1I,®%+(J,—I,)® 3,

where I, is the v X v identity matrix, 1, is a v X 1 vector of ones, J, = 1,1/ is
matrix of ones, ® represents the Kronecker product and

Iy Iy ... I
3 =
L r, ... Iy
(2.3) =I,®Tyg—-T1)+J,®TI.
s ... ... Ty
¥ =
s ... ... I's
(2.4) = J,®Ts.

Thus writing the doubly exchangeable covariance structure in terms of gammas

(2.5) r=1,0I,3Ty-T1)+I1,0J, (1 —Ty)+J,J, @9,
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which can equivalently be written as
(2.6) r=1,01,ry+1,8J,—IL,)1+ (J,—I,) ® J, @ T'y.

The last form will be used to build orthogonal with respect to trace of inner
product base for components of matrix T'.

I’y is assumed to be a positive definite symmetric m x m matrix, I'; and I'y
are assumed to be a symmetric m x m matrices, and I'g—T'1, T+ (u—1)T'; —uTs,
I'o+ (u—1)T'1 + (v—1)ul'y are positive definite matrices, so that the vum x vum
matrix I' is positive definite (for a proof, see [8] and [9]). The m x m block
diagonals T’y in IT' represent the variance-covariance matrix of the m response
variables at any given time point and at any given site, whereas the m x m block
off diagonals I'; in I represent the covariance matrix of the m response variables
at any given time point and between any two sites. The m x m block off diagonals
T's in T represent the covariance matrix of the m response variables between any
two time points. In view of form of matix I' presented in (2.6) is clear that I'g
is constant for all time points and sites, I'; is same between any two sites and
for all time points and I'y is assumed to be the same for any pair of time points,
irrespective of the same site or between any two sites.

3. DBEST UNBIASED ESTIMATORS OF p AND I

Let y,;; be a m-variate vector of measurements on the rth individual at the
tth time point and at the sth site; r = 1,...,n, t = 1,...,v, s = 1,...,u.
The n individuals are all independent. Let y, = (¥;.11,---, ¥} ) be the vum-
variate vector of all measurements corresponding to the rth individual. Finally,
let y;,Y9,...,y,, be a random sample of size n drawn from the population
Nyum (Lpy @ p, T'), where Ely,] = 1, @ p € R"™™ and T' is assumed to be a
vum X vum positive definite matrix.

In this section, optimal properties of unbiased estimators for parameters of
the probability distribution of the following column vector

) = ’U€C< Y’ ) ~ N((lnvu ® Im)“v In X rvum)

nvumx1 vUMXn

are presented. This means that n independent random column vectors are iden-
tically distributed (vum x vum)—dimensional variance covariance matrix

r=1,01,To+1I,2(J,—I,)@T1+ (J, —I,) ® J, @ Ta.

Define the projection matrix P as follows

1 1 1
(3.7) P=—-J,0 -J,® —J,QI,,.
n v u
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It is clear that P is an orthogonal projector on the subspace of the mean vector
of y. If I, ® Ly € 9, from [3] it follows that Py is the best linear unbiased
estimator (BLUE) if and only if P commutes with all covariance matrices V.
Therefore, we have the following results.

Result 1. The projection matrix P commutes with the covariance matrix V,
i.e., PV =V P, where V = I,, ® I', the covariance matrix of y.

Proof. Now,
P=(1,91,01,01,)(1,91,®1, @ I,)*
= (1,91, ®1,® 1) (ilg ® %1; ® %1; ® Im>
= %Jn ® %JU ® %JU @ I

Note that
1 1

1
PV = (Jn® ~J, ® Ju®1m> (I,®T)

n v u
1 1 1
n v u
L, @T, @0+ I, @ (Jy —L,) @T1 4+ (J, — I,) ® J, @ T9)
1 1 1 1 —1
n (¥ u (% u

v—1
+

JU®JU®I‘2:|

is symmetric. It implies that matrix P commutes with the covariance matrix
of y. [

Lemma 1. Let ¥ denote the subspace spanned by V', i.e., 9 = sp{V'}. Then,
Y is a quadratic subspace, meaning that ¥ is a linear space and if V. € ¥ then
V2 € (see [12] for the definition).

Proof. See Lemma 4.1 in [13]. |

Because orthogonal projector on the space generated by the mean vector
commutes with all covariances matrices, there exists BLUE for each estimable
function of mean. Moreover BLUE are least squares estimators (LSE), in view
of Result 1. Thus, p is the unique solution of the following normal equation:
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(1,91, 01,0 1,) (1,91, @1, @ In)p = (1,01, ®1, ® I,)'y or
noul pp = Iy I,y Iy,

which means that

n v

~ 1 .
n= %Zzzyr,w-

r=1 t=1 s=1

Let M =1,1,%1,®1I,,— P. So, M is idempotent. Now, since PV =V P,
and 9 is a quadratic space, MIM = M is also a quadratic space. We now
construct a base for the quadratic subspace 1. Define

A;; =FE; and Aij:Eij+Eji7 for i <j;and j=1,...,m,

as a base for symmetric matrices I'. The (m x m)—dimensional matrices F;; has
1 only at the ijth element, and 0 at all other elements. Then it is clear that
the base for diagonal matrices of the form I,, ® I, ® I, ® Iy is constituted by
matrices

(3.8) KY=Iol,ol,®A; foi<j j=1,..m,

the base for matrices of the form I, ® I, ® (J, — I,) ® 'y is constituted by
matrices

(39  KJ=LoI,®J,~L,)®A; fori<j, j=1,..m

and the base for matrices of the form I, ® (J, — I,) ® J, @ I'y is constituted by
matrices

(3.10) KY=I,oJ,~L)oJu® Ay, fori<j, j=1,...m.

It is clear from (2.2) that above base is orthogonal with respect to trace of inner
product. See also [11].

Result 2. The complete and minimal sufficient statistics for the mean vector
and the variance-covariance matrix are

and
(3.12) y MK\ My, 1=0,1,2,

where M = I,yym — P and P is given in (3.7), see [1, 14] and [17].
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Now it is necessary to prove that f‘wm is the best quadratic unbiased esti-
mator (BQUE) for I'. Since P commutes with the covariance matrix of y, for
each parameter of covariance there exists BQUE if and only if

sp{MV M}, where M = I,,um — P,

is a quadratic subspace (see [15, 17] and [3]) or Jordan algebra (see [5]), where
V stands for covariance matrix of y. It is clear that if sp{V'} is a quadratic
subspace and if for each ¥ € sp{V'} commutativity P¥X = X P holds, then
sp{MV M} = sp{MV} is also a quadratic subspace. According to the co-
ordinate free approach, the expectation of Myy'M can be written as a linear
combination of matrices M K g-)), MK Z(jl) and MK 1(]2) with unknown coefficients

0) (1) (2)

0ii s Oj and o respectively. Note also that identity covariance operator of

yy’ belongs to sp{cov(yy’)}. It implies that the ordinary best quadratic estima-

- : 0 (1) ©)
tors are least square estimators for corresponding parameters 0ii s Oj and 0
They cannot be calculated independently (as in [11]) because M K O MK 5]1)

ij
and MK 2(]2) are not orthogonal. Defining m(#ﬂ) column vectors oV = [ai(]l-)]
fori <j=1,....,m; 1l =0,1,2, the normal equations have the following block

diagonal structure

a b ¢ o r©)
(3.13) b d e| @Inmey | |[oW| = [rD],
c e f 2 0-(2) 7’(2)

where for i < j = 1,...,m; a = tr(M(KZ(?))Q), b = tr(MK%))K%)), c =
(0) -(2) _ 1) _ (1) 7-(2) _ (2
tr(MK,;;K;7), d = tr(M(K;;')?), e = tr (MK ;;’ K;7’), [ = tr(M(K})?)
while r) = ﬁ [T’K%)T] fori =0,1,2is % x 1 vector, d;; is the Kronecker
delta and r stands for the residual vector, i.e., r = My = (Inyum — P)y. Now

to prove (3.13), consider the following six cases

Case 1. for I =0, 1 = j,

tr<M(K£S))2) = tr[(Im,um - %Jn ® %JU ® %Ju ® Im)(-[nvu ® Aii)z}
_ tr[(I,wum - %Jn ® %JU ® %Ju ® Im)(Imm ® A?Z-)}

1 11
= tr(A2)tr (I,wu N S —Ju)
n v u

= nvu — 1.
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Case 2. for 1 =0, 1 < 7,

tr(M(Kg?’Y) - tr[(Imum - %Jn ® %JU ® %JU I ) (T & Aij)ﬂ

- tr[(Immm _ %Jn ® %Jv ® %JU ® Im) (Inpu ® A?j)]
_ tr(Agj)tr(Im,u - %Jn ® %JU ® %Ju> = 2(nvu — 1).
Case 3. for [ =1, i = j,
tr(M(KP)?) = o] (Luwum — %Jn ® %JU ® %JU ©In)
(T ® (Ju — 1) © Aip)’
= tr] (T — %Jn ® %JU ® %JU ©In)
(Lo ® ((u=2)Ju + 1) © A2)]

- tr(A?i)tr(Im, ® ((u—2)Jy + 1)

1 1 —1)2
B AR A ) Ju>
n v u
= nou(u — 1) — (u— 1)?
= [(nv — Du+1](u—1).
tr(M(K(l.))Q) - tr[(I relnelner )
nvum n n v v U u m
(Ly @ (T~ 1) & Ayj)?|
1 1 1
= tr|(Lum = = Jn @ ~J,© =T, 0 T,,)
n v u
(Lo ® (= 2T + L) © A2)|

- tr(Afj)tr(Im ® (u—2)Jy + 1)

1 1 —1)2
LS T ity Ju>
n v

= 2(nvu(u — 1) — (u —1)?)
= 2[(nv — Du+ 1](u —1).

99
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Case 5. for 1 =2, 1 = j,
1 1

a(MED)?) = (Lo — - Tu o Tu® T, @ 1)
In®(Jy—I,)®J, ® An-)Q]
= o[ (B~ ~T0® T LT, @ T,
(I, (v—2)Ty + I,) ©ud, Afi)}
= tr(A?Z-)tr(In ® ((v—2)Jy + I,) @ udy

—1)2
W )JU®uJU>
v

= nv(v — u® — (v— 1)2“2
= [(n— v+ 1](v — 1)u?.
Case 6. for [ =2, 1 < j,

1
—~J,®
n

tr(M(Kg?)?) = tr[(Im,um - %Jn ® %JU ® %Ju ® Im>

(L@ (Jo— 1) T, @ Ay)?|
1 1 1
= tr[(Invum - *Jn® 7'-]1) & *Ju®Im>
mn v u
(I, © (v —2) Ty + I,) ©udy Afj)}

- tr(Afj)tr(In @ ((v—2)Jp + I,) @ udy

1 —1)2
—2J,® (v ) Jv®uJu>
n v

= 2(nv(v — Du? — (v —1)%u?)
= 2[(n— v+ 1](v — 1)u®,
Case 7. for l; =0,la =1,i =7,

tr(MED K ) = e (Luum — %Jn ® %JU ® %Ju @ 1)

(T ® As)) (I © (o — 1) © Ay)|
= tr| (Znwum — %Jn ® %JU ® %JU @ I)

(Im; & (Ju - Iu) ®A121):|

1 1 uw—1
= tr(A2tr (I, @ (Jy — L) — —J, @ =J, J.

r(A) 0 (Lw © (Ju = L) =~ J0 @ -0, © “—= T,
= —(u—1).
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Case 8. for I =0,1o =1, 1 < 7,

tr(MEDK) = tr| (Lvum %Jn ® %JU ® %Ju @ 1)
(Lo ® Aig) Iw ® (Ju = 1) © Ayy)|
= tr| (Znwum — %Jn ® %JU ® %JU @ In)

(Im) & (Ju - Iu) ®Az2j)}

1 1 u—1
= tr( A2t (L @ (Jy — I,) — —J, @ =J, J.

r( ”) r( @ ) n ®v ® U )
= —2(u-—1).

Case 9. for Iy =0, 1o =2, 1 = j,

tr(MEDK) = tr| (Luvum %Jn ® %JU ® %JU @ In)

(Inouw ® Aii) (I, @ (Jy — Ip) @ Jyy ® An-)}
- tr[(Im,um - %Jn ® %JU ® %JU ® Im)

Lo (T, - 1)ed,o A%)]

1 v—1
_ 2 _ _
= (A (Lo (1~ L) @ T Tu e =T, @ 1)
= —(v—1)u.
Case 10. for 11 =0, 1o =2, 1 < j,
tr( MKOYK?) = to|(I Ly elnelrer
1 1 1
= tr[<1nvum_*Jn®*Jv®*']u®Im>
n v u
(Lo (T~ L)@ J, @ A%)|
1 -1
_ tr(Agj)tr(In @ Jy—I) Ty~ ~Jp @ J, @ Ju>
n v

= —2(v—1)u.
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Case 11. for [y =1, lp = 2,1 =,

1 1 1
tr(MKl(.Z,l)KE?)) - tr[(Invum Sy Y -y Im>
n v u

(Lo ® (Ju = 1) @ Ag) (T (Jy — 1) © J, @ Ay)|
1 1 1
= tr|:(Invum - *Jn & 7J’U & *Ju ®Im>
n (% u

(I, ®(Jy—1,)® (u—1)J,® A?Z-)}

tr(A?i)tr(In @ (Jp —I,) ® (u—1)J,
1 v—1
——J, @ —J, — 1Dy
n ® v @(u-1) )
= —(v—1Du(u—1).
Case 12. for Iy =1,1o =2,1 < j,

tr(MEPKS ) = tr| (Tnvum — %Jn ® %JU ® %Ju @ I)

1 1 1
= tr](Lnoumn — —Tn © Ty @ =T, @ I,,)
n v u

(I @ (T, = L) ® (u—1)T, @ A%)]

tr(A2)tr (In ® (Jo — I,) ® (u—1)J,

1 1
T g (u— 1)Ju>
n v

= —2(v—1Du(u—1).

Thus, to find the best quadratic unbiased estimator T for T, the following normal
equation has to be solved

nou — 1 —(u—1) —(v—1u o® (0
( [—(u -1 [(nv—1u+1)(u—-1) —(v—1u(u—1) ] ® Im(@+1)> [U(l)] = [rm] ,

~(v-Nu  —(w-Nuu-1)  [(n—1v+1]v-1)u’ o® )

(n—1)vu+1 1 1
UE?; 'rL(nfi)vzu2 (n&ri)fl)iQujl n(nfi)'ﬂur" TE?;
(314) Z(Q) = n(n—%)v2u2 n(n—l)viuz(u—l) n(nn—vl_)quzvﬂ ® I% :(2) ’

n(n—1)v2u? n(n—1)v2u? n(n—1)v2(v—1)u?
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The right hand side of this equation can be expressed by Cy, C1 and Cs defined
in the following way

(3.15) Co—zzz Yrts — 1) (Urss — )",

t=1 s=1r=1

(316) ZZ Z Z yrts yrts ﬁ’)/7

t=1 s=1s*=1r=1
sF#s*

(3.17) Z Z Z Z Z Yrpes = B) (Yrae — )",

t=1t*=1 s=1 s*=1r=1
At

~ 1 n v u
where gt = ——>7" | > 1 > 0| Ypts and then we have

nou — 1 —(u—1) —(v=1)u | Cy
—(u—1) [(mv—1u+1)(u—1) —(v—1u(u—1) I, | |T1| = |Ch
—(v—=1u —(v—Du(u—1) [(n—1Dv+1](v—1)u? Iy C,

Solving this equation we get

| nou — 1 —(u—1) —(v—1)u e
| = —(u—1) [(nv—1u+1)(u—-1) —(v=1Nuu-1) |1, Ci|,
| % —(v—1)u —(v=1u(u—-1) [(n—1)v+1](v—1)u? Cs
n—1)vu+1
Iy é(n—l)vqu (n(n)—%)lﬁu? n(n—%)v2u2 Co
_ n—1)vutu—1
I = n(n—%)v2u2 n(n—1)v2u2(u—1) n(n—%)v2u2 ® I, Ci
Iy 1 1 nv—1 C,
n(n—1)v2u? n(n—1)v2u? n(n—1)v2(v—1)u?

It is worth noting that all elements off diagonal of matrix on the right hand side
in the above equation are equal. Estimators for I'g, I'y and I'y are

~ (m—1ovu+1 1 1
I'n=——+——-5C C C
7 nn— 122 ° * n(n—1)v2u? ! + n(n — v2u? >
=~ 1 (n Dou+u—1 1
= ——C
YT on(n— 1)1)2u2 n( Dou(u—1) ' * n(n —1)v2u? >
=~ 1 1 -1
', = Co+ Ci+ ne C,.

n(n — 1)v2u? n(n — 1)v2u? n(n — 1)v?(v — 1)u?
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Now using Result 2 we are ready to formulate the following theorem.

Theorem 2. Assume that Ynpumxi ~ N((Lnow @ In)p, In @ T) with doubly
exchangeable covariance structure on I, i.e.,

r=1,0I,Ty—-T1)+I,J, (1 —Ty)+J,®J, @I,

where Ty, T'1 and T'y are m x m unknown symmetric matrices such that I' is
positive definite. Then

n v u

(3.18) fi = ﬁzzzyt

r=1 t=1 s=1

where Yy = (Y1, Y5, Yp) With Y, = (Yr115- -+, Yrpy) with

nvumx1
— / / /
yr,ts - (yr,tsb ce 7yr,tsm) and

319) T=I,00,8T)—T1)+I1,8J,® (1 —T)+J,®J, Ty,

where f‘o = 757(17:%1)}3;;12 Co + n(nf%)v%ﬂ (Cl + 02); f‘l = n((::ll)););tu—;?z:fll) Ci +
W(CO + 02) and I'y = n(nflglgzzifl)uQ Co+ n(nf%)qu2 (CO + Cl)

are the best unbiased estimators (BUE) for p and T, respectively. Here Cy, C1
and Cy are defined in (3.15), (3.16) and (3.17), respectively.

Proof. These estimators for g and I" are BLUE and BQUE, respectively. Now,
because they are function of complete statistics from Result 2 it follows that they
are BUE. [ |

Now we are able to make a statement that estimators presented in Theorem 2
are consistent and obviously the family of distribution of above estimators is
complete.

Theorem 3. Estimators given in (3.18) and (3.19) are consistent. Moreover, the
family of distributions of these estimators is complete.

Proof. Note that the variance of the quadratic forms y’ Ay, where y ~ N(u, V),
is given by the following formula

(3.20) var(y' Ay) = 2tr{(AVAV) + (AVAupu' + pp' AV A)}.
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In a special case,

if A= MAM, and if MV = VM then App' = 0, and (3.20)

reduces to the following form

(3.21)

Now making an use of (3.21) of doubly exchangeable covariance structure of the
covariance matrix of y and from (3.8) it follows that for any fixed T if n — oo

then

~(0)) _

2((n—Duv+1)

var(y' Ay) = 2tr(M AV AV).

tl"(Aij]._‘oAijF()) + 4(U — 1)

var(o;;

+

(n — 1)nu2v?

4(v—1)
(n _ 1)nuv2 tr(AZJI‘koI‘Q)
2u—1)((n — Duv +u—1)
(n — 1)nu2v2 tr(AijI‘lAijI‘l)
4(u — 1)(1} — 1)tr(AijF1AijF2)

(n — 1)nuv?

2(v—1)(nv —

1)
(n — 1)m}2 tr(AijFQAijFQ) — 0.

Similarly it follows that we get for each fixed T if n tends to co then

~ 2((n—T1uv+u—1)
 (n—Dn(u — 1)u2v?

tl"(AijroAijro)

4((u—=2)u((n—1v+1)+1)

T el e AT
mtr(AijroAijrg)
e _(2)3 ir)fz)(i(i_l)g;j D= 1)tr(AijF1AiJF1)
e
L 2= - 1)tr(Aij1-\2AijI‘2) )

(n —1)nv?

tr(AijFOAijrl)
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and also we get that for each fixed I if n — oo then

var(gi(]?)) = o= f)ﬁi%@lﬁ 1)02tr(AijI‘0AijI‘0)
4(u—1)(nv—1)
(n—1Dnu?(v—1)v

4(n(v—2)v+1)
(n — Dnu(v — 1)v?

3 tr(AijI‘oAijI‘l)

tI'(AZ‘jI‘OAijI‘Q)
2(u —1)%(nv — 1)
(n — 1)nu?(v — 1)v?
4(u—1)(n(v—2)v+1)
(n— Dnu(v — 1)v?
2(nv((v —=3)v+3) —1)
(n—1)n(v — 1)v?

tr(AijI‘lAijI‘l)

tr(Aijl‘lAijI‘Q)

tr(AijFQAijFQ) — 0.

To finish the proof, note that estimators for pu and estimators for elements of
covariance matrix are one-to-one functions of minimal sufficient statistic given
by (3.11) and (3.12). ]

4. COMPARISON OF BUE IN TWO MODELS

In this paragraph author compares variances of covariance parameters in two
models Mol and Mo2. Both with a doubly exchangeable covariance structure, in
which the first one has the unstructured mean vector 1, ® p where pu has vum
components and the second one has the structured mean vector 1,,, ® g where
p has m components. We compare variances of estimators under model Mol,

5[(?])”., 5[(11])1.4 and 52 7 \Evi)th mode(12)1\/102, 5[(3])1.]., 5[(21])@‘ and 5[(22])1‘]" It is clear that the

J [1]ij

expectation of E[(lo])i]., 5[1112.]. and TL1jij calculated for Mol are unbiased under Mo2.
From the Lehmann-Scheffé theorem (see [7]) it follows that the variance of all
estimators both covariance and expectation parameters have smaller variances
in Mo2. The inverse conclusion is not true because estimators for covariance

parameters have different expectation under Mol.

In model Mol, estimators of mean vector py;; and components of variance-
covariance matrix I'fyj, i.e., Ijyjo, Tpajr, T'pype are, respectively (see Theorem 2 in

[11]).
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.u[l Zym

~ 1
Lo = mcmo,
~ 1
L= (n— 1)vu(u — 1)0[1]1’
- 1
Lpp = Cj2,

(n—1)v(v —1)u?

where C[yj9, C[1j1 and Cfyjp are the following matrices

1]0 - Z Z Z Yrits — Y, Jts (yr,ts - yo,ts), )

t=1 s=1r=1

C[l]l = Z Z Z Z (yr,ts* - yo,ts*) (yr,ts - yo,ts)/’

t=1 s=1 s#s*=1r=1

C[1]2 = Z Z Z Z Z (yr,t*s* - y.,t*s*) (y’r‘,ts - yo,ts)/ﬂ

t=1 s=1t#t*=1s*=1r=1

where g, = 15" 1y, fort=1,... vands=1,...,u

Alternatively, it can also calculate and present graphically the difference of
variances for both models.

~(0) ~(0) \ _ 2
var(@pyi;) = var(Opy) = = G e

— 2(u — 1)tI‘(AZ'jI‘0AZ'jF1)

((UU — 1)tr(AijFOAijF0)

— 2(v — Dutr(A;;ToA;Ts)
(u — 1)((’0 — 1)u + 1)tI‘(AlJI‘1A”I‘1)
— 2(U — 1) (u — 1)tI‘(AZ'jF1AijF2)

+ (U — 1)u2tr(AijI‘2AijI‘2)).
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After simple calculations we get

~(0) )

~(0 2
var(a[z]ij - var(a[( )

1]’7) - (n — 1)nu?v?

—2(u - 1)tr(AijI‘0AijI‘1)

((u—1)tr(AyToA;To)

+ (u—1)tr(A;;T1A;T)

+ (v — 1)utr(A;;ToA;;To)

— 2(v — Dutr(AToA;T)

+ (v — 1)utr(A;;T2A;;Ts)

+ (v = Du(u — 1)tr(Ay;I'1AgT)
—2(v — Du(u — 1)tr(A;;T1A;;T2)
+ (v — Du(u — 1)tr(A;;T2A;;T2)),

(O)) var(o ())<01f

thus var(c e IR,

tr(AZ-jl"oAijI‘o) + tr(AijI‘lAijFl) > 2tr(Aij1"0Aijl"1),

tr(AZ-jI‘OAijI‘o) + tr(AijFQAijFQ) > ZtT(AijFOAijFQ),
tr(AijI‘lAijI‘l) + tI‘(AZ'jI‘QAZ'jFQ) > ZtT(Aij]__‘lAijFQ)
which holds for any fixed I'g, 'y, Ts.

Similarly, it is easy to see that

Uar(g[(;})ij) - Uar(g[(ll])ij) T - 1)n(12t — 1u2v?
((u(v — 1) + 1)tr(A;;ToA;;To)
—2(1 — u(u — 2)(v — 1))tr(A;;ToA;T1)
—2(v — Du(u — 1)tr(A;;ToA;T2)

—2(v—1)u(u —

2

(u—1)

( (( 3)’LL + 3)(1] - 1) + 1)tT(AijF1AijF1)
( 1)2tT(AijI‘1AijI‘2)
(u—1)

+ (U — 1)u u—1 tI‘(AijI‘QAijI‘z)).
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After simple calculations we get

~(1)

2
U(L’I"(O'[ W ) = —

2]ij) B Uar(a[llij (n—Dn(u — 1)uv?

(1 = (u—2)u(v —1))tr(A;LoA;;To)

—2(1 — (u — 2)u(v — 1))tr(A;;ToA;Ty)
+ (1= (u—2)u(v — 1))tr(A;T1 A;T)
+ (v — Du(u — 1)tr(A;;ToAs;To)

—2(v — Dufu — 1)tr(A;;ToA;Ts)

+ (v — Du(u — 1)tr(A;;T2A4T2)

+ (v — Du(u — 1)*tr(A;;T1A;;Ty)
—2(v — Du(u — 1)*tr(A;;T1A;;T)

+ (v = Du(u — 1)%tr(A;;T2A;;Ts)),

thus var('&[(;])ij) — var(ﬁ[(ll])z.j) <0if

tr(A;;ToA;;To) + tr(A;;T'1A;T) > 2tr(A;;ToAT),

tr(AiToAi;To) + tr(AiTaAiTy) > 2tr(AyLoAyTa),

tr(A;;T'1A;T) + tr(A;;T2A;T2) > 2tr(A;;T1A;Ts)
which holds for any fixed I'g, 'y, Ts.

(2)

2]ig

=)y 2
) — var(Fp;) (n — nu?(v —1)v?

(tr(AijFOAijFO) - 2(1 - u)tr(AijI‘oAijI‘l)

var(c

— 2utr(A,~jI‘0AijI‘2) + (U - 1)2tr(AijI‘1AijI‘1)
— QU(U — 1)tr(AijF1AijF2) + u2tT(A¢jF2AijF2)).
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After simple calculations we get

2
(n — 1)nu2(v — 1)v?
—2(1 —u)tr(A;;ToA;T)
+ (1 —u)tr(A;;T1 A1) + utr(A;;ToA;;To)
— 2utr(A;;ToA;;T2) + utr(A;;T2A;;T9)
+ u(u — 1)tr(A;T1A;;T)
— 2u(u — 1)tr(A;T1A;;T2)
+ u(u — 1)tr(A;;T2A4;T2)),

(1 = u)tr(A4ToA;;T)

var(g[(;])ij) - var(a[(f})ij) = —

~(2 ~(2 :
thus var(a[(z])l.j) - var(a[(l])ij) <0 if

tr(AZ-jl"gAijI‘o) + tr(AijI‘lAijFl) > 2tr(Aij1"0Aijl"1),
tr(AijI‘gAz‘jF()) + tr(AijI‘QAijI‘Q) > QtT'(AZ'jF[)AZ‘jFQ),
tr(AijI‘lAijI‘l) + tI‘(AZ'jI‘QAZ'jFQ) > 2t7"(AZ'jF1AijF2)

which holds for any fixed I'g, 'y, Ts.

For graphical illustration of these differences, author fixed 'y = I and I'; =
T's = 0. For each figure, values for n are chosen from 3 to 25 and for « and v from
2 to 10. For the plot of n and w, v is treated as constant and v = 2. Similarly,
For the plot of n and v, u is treated as constant and u = 2.

Figure 1. var(&fg])ij) - var(&flo])ij) for n and u, plotting separate figure for parameters n

and v is redundant because difference is symmetric with respect to u and v.

)

Figure 2. (A) var 71 ) —var@d ) for n and u, and (B) var 1y —varEd ) for n
[2l4g (114 (2l4g (1]ig

and v.

Figure 3. (A) Uar(ﬁ[(;])ij) - var(?r[(f])ij) for n and u, and (B) var(E[(%)ij) — var(fr[(l?])ij) for n
and v.
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All three figures reveal the fact that differences between variances of estimators for
o, M and 0@ in models Mo2 and Mol are negative and if n — oo then tend to
0, thus variances of estimators for sigmas in Mo2 are smaller than corresponding
variances of estimators for sigmas in Mol.

5. CONCLUSIONS

Under multivariate normality, the free-coordinate approach was used to obtain
linear and quadratic estimates for parameters that are sufficient, complete, unbi-
ased and consistent in the model with doubly exchangeable covariance structure
with structured mean vector. Comparison with the model with the same covari-
ance structure but unstructured mean vector shows that estimators of covariance
parameters in model with structured mean vector have smaller variances.
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