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Consider in /; a fixed bounded domain £ and put 2, = Q x [0, 1],
where T' is a fixed positive constant. Denote by Dy the class of 3-dimen-
sional C%-vectors ¢ = ¢(x,t) defined on 2, which are divergence free
and have compact supports in Qx [0, 7). Denote further by (¢, w) the
ordinary IL,(£2) scalar product of two vectors ¢, v, that is put

(9 9) = > [ giyida,
i 2

and let [lg(?)[? = (¢, ¢). The letter ¢ retained in the notation of the norm
reminds of its dependence upon ¢. Denote } (grade;, grady;) by (¢s, y.).

Thus
lpeOIF = [ gida
0

is the Dirichlet integral of the vector ¢. Finally, let |¢| denote the length
of the vector ¢, ie. |p| = (Yo"

A 3-dimensional vector u = u(xz, t), defined on Qy, is called a weak
solution (in the sense of K. Hopf) of the non-stationary Navier-Stokes
equations subject to the boundary condition u |g — 0 (S denotes the
boundary of 2) and to the initial condition w(x,0) = u,(x) if |ju(¢)) is finite
for each te[0, 7], u is in the closure Dy of D, under the norm

7

lplie = [ (eI + llpa(8)]?) at

0
and the equation

r
(1) f {(’M, Pt) — v (Uyy 9u) 1 (0, upy) +(f, o)} dt = — (uy, Po)
0

is satisfied for each ¢ e Dy. In the last formula ¢; denotes dg /0t, v is a posi-
tive constant (kinematic coefficient of viscosity), (u, ugp,) = D' (uy uy grade;),

1
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f = f(x, t) denotes a given vector (exterior force) which belongs to L,(2g)
and, finally, ¢, = ¢(#, 0). The vector u, is assumed to belong to L,(£2).
As it is well known, we have for u the a priori estimate

t
(2) P2y [ ua@lFdt < ¢,
0

valid for all te[0, 7], with a constant ¢ depending only on L,-norms
of f and w, (cf., for example, [1]). Moreover, %, when considered as a funec-
tion of ¢ with values in I,(2), depends continuously on ¢ in the weak
topology of L,(2). In fact, much more may be deduced about the char-
acter of this dependence. It is the aim of this paper to prove the follow-
ing

TurorEM 1. If u is a weak solution, as defined above, in Qp of the
nonstationary Navier-Stokes equations, and, moreover, if the boundary S
of Q is sufficiently reqular, say, of class C2, then w is Hdélder-continuous
tn the mean, i.e. we have

Tt
(3) [ 14, uar < ¢

for sufficiently small v > 0, where A, u = w(x, t+7)—u(x,1). The exponent
% is < 2/7 and the constant C depends only on Q,T and on the constant
of the estimate (2).

(We shall constantly use, when denoting any constant, the same
letter ¢ although its numerical value may be different in different cases).

Remark. Our theorem gives a generalization of a result of Lions [2],
p. 218; who proved that the Fourier transform u(x, ¢), with respect
to t, of u satisties the condition

[e)

[ (e llie(o)lf do < oo

— 00

for y < 1/4, from which (3) results with » < 1/4. For the 2-dimensional
case, which is also contained in the result of Lions, see below, Theorem 2.

We begin with two lemmas. Denote by W3(2) and W3(£2), as usually,
the Sobolev’s spaces and by | |, and || ||, respectively, the standard
norms in these spaces, i.e. [[ul} = [[u]*+ |l uls = [Jugli+ lu|’. Finally,
let W.(Q) denote the closure in the norm || [, of OF (&) (infinitely often
differentiable with compaect supports in 2) functions.

LEMMA 1. If a vector w = w(x) defined on Q is in the closure under
the || || - norm of the class of vectors which are regular, divergence free and
have compact supports in Q, then w may be represented in the form w = roto,
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where v is divergence free, belongs to W3(£) and its tangential component
v, on N vanish. We have also

(4,) [oll, < Clhel]

with O depending only on 0.
If, moreover, weWy(8), then veW3(Q) and

(42) [olly < Cllwlly-

The boundary S of Q2 is assumed to be of class C2.

Actually, it suffices to suppose that only the normal component
w, of w vanishes along §. For the proof of Lemma 1 see [3].

In the sequel, the standard procedure of mollifying of functions
will be used. Let a fixed function j(z)eC®(H,) satisfy the conditions:
j@) =0, j(@) =0 for || =1, [j(x)de =1. Let j.(@) =& >j(2/e) and

Es

put
(5) f@) = [j.(@)f(@—2)de

for any locally integrable function f(x), the integration being extended
over the whole FK,. Besides the estimate

(6) Ifell < IIfl

valid for any felL,(#;) we shall make use also of two other properties
of f expressed in Lemma 2.

LeMMA 2. Let weWy(Q2) and let 2 be a bounded domain with a bound-
ary S of class C*. Then, for sufficiently small e, we have the estimates

(7) [0, —wl| < Celg|l,
(8) [0 zll < Ce* (ol

with w, resulting from w due to (5) and C independent of w and &. w,, in
formula (8) denotes gradw,. \

Proof. Assuming ¢ to be positive and sufficiently small, denote
by w, the boundary strip of 2 of the width e, i.e. 0, = {r: xeQ, dist(z, S)
< ¢}. Take a function ¢(2)eC(2), 0 < ¢ < 1, vanishing in o, and equal
to 1 in 2 —w,,. Denote by w a function which is equal to fw in £ and
zero outside of 2. We can write

1
— = — [ ji(2)dz [ 2 o (—22)da,
0
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in accordance with (5). Hence, changing the order of integration and
applying the Schwarz inequality, we get

1
o, —* < [ di [ j.(2) |2y (@ —22)dz

0
which gives us, when we note that j(z) = 0 for |z| = ¢ the estimate
190, — ]| < &[0,

To get from the last inequality the desired inequality (7) it suffices
to use the two obvious inequalities

o, —w||* < ||jw,—w|*+ f['u*e—-wﬁd;v,

Dye

@l < lhoal*+ [ @ de, 0" = o,
ﬂ)'

and then to apply to the integrals which have appeared in the last two
formulae the estimates

(9) f[wg—-'u.vlzdm <6 fwzdm < Ce? fwi,
Dae Wse Wsg
(10) [wide < Clw,lf

where € is independent of w and e. To derive (9) and (10) we extend
w outside of 2 putting there w = 0. Note that this new w does not cease

to belong to W4(2). Further, it is easy to see that we have, for any
feWy(£2) and for § sufficiently small, the inequality
(11) [faw < & [ frdw

“s o

with € independent of f and 6. Inequality (9) is an immediate consequence
of (11). Suppose now that ¢ has been chosen in such a way that |£,| < Ce™*
throughout o’ with € depending only on 8, which is always possible.
Due to (11) and to the condition imposed on { we have

(12) f&)fcdw < 2 f([Cw-w|2+w§)dm < Cllwgl?,

and this is the desired inequality (10). This completes the proof of (7).
To prove (8) let us note that, on account of (5), we can write

Wea(@) = [Joo(2)w(x—2)ds
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with w denoting, as before, the extension of the original « by putting 0
outside of £ and j,, = gradj,(2). Hence, by applying Minkowski’s in-
equality, we get

ll‘?l’g,.r.H < Hwa ‘je,z(z)|d:; < CS_I{I'”’“

with €' independent of w and e, and this is already the wanted inequality (8).

Lemma 2 is a special case of a more general theorem of the first
author (see [4]).

Proof of Theorem 1. By Lemma 1, » may be represented, for
each te[0, 7], in the form w = rotv with » = v(x,{) having zero tan-
gential components », along §, v,|¢ = 0, and for this », due to (2) and
(1,), we have in [0, T'] a uniform estimate

(13) - @)l < C.

Choose now a function £(x) having all the properties formulated
in the proof of Lemma 2, including the estimate |&,| << Ce '. Moreover,
let { take constant values along the surfaces S, parallel to § (a surface
S, is called parallel to S if every point of it lies at the same distance p
from S). A construction of such a ¢ is, for sufficiently small e, gnaranteed
by the required regularity of S.

Let @ = w(x,t) be a vector defined as follows:

G(rot{L(x)v(x, )} for (w,t)e2x[0,T],

u(x,t) = .
0 for (2, )e2X([—71,0] v [T,T+1]).

Here (,(t) denotes a O*([0, 7']) function, 0 < {, < 1, {,(f) is equal
to 1 for 37 <t < 7T —37v and vanishes for 0 <¢ <27and 7' — 27 <t < T.
Take u, resulting by application of (5) to # and put
(14) Ulw,t) = —A_, [ (2, t+n)dy

0

for T > 0, where A has the same meaning as in formula (3). The function
U/ thus defined is, as a function of x, of class C™ and is divergence free,
since the mollifying operation (H) preserves this property. Moreover, U
vanishes in the neighbourhood of ¢t = 7. However, for lack of the required
regularity with respect to ¢, U does not fall into the class Ip. Now the
proof of the theorem will run as follows: we replace ¢ by U in (1), extract

the desired term
L/ I 3

H = H (1) = [ [[Au(0)fd
0
and estimate all the remaining terms. From the inequality obtained in
this way, we deduce the desired estimate (3). To justify this procedure



168 K. K. GOLOVKIN AND A. KRZYWICKI

we have to show that the replacing ¢ by U in (1) is admissible and this
will be done later.
Substitute ¢ = U into (1). If we write
T-z

R=— [ (du, 4,(u,—w)dt,
0
we may transform the first term of the expression thus obtained as follows:

(18)  [(w, gt = [(u, Uit = — [ (A, i) dt = —H*+R.

Here as well as in the sequel we omit the limits of integration in the
integrals if these are taken over (0,7). When performing the transfor-
mation of (15) we have used the evident identity U; = —A4_, A, u and
then we have applied the formula

[nt)-4_.g(t)dt = [ An(t)-g(r)dt

valid for any pair f, g, with g vanishing in (—7, 0) and (7 —7, T). Now
we apply to R the Schwarz’ inequality and we get in this way the ine-
quality

(16) R* < 4 [ ||, (1) —u(t)|dt.

Similarly, the Schwarz inequality will be applied to the remaining
terms of (1). This leads to the following inequalities:

(17) | [ (s U att| <2 [ [ a1 it
(18) | [ (e, wUt| <2 [y [ 2] i t-+)dt,
; |
(19) | [ (s O] <2 [an [IFQ) s (t+) ) dt.
0

Note that the right-hand member of (1), according to the defini®
tion of U, vanishes, (u,, U,) = 0.

The subsequent estimates of the expressions which have appeared
in (16)-(19) will be based on the following inequalities valid for those
te[0,T], where {,(t) = 1:

(20) @l <0,
(21) [[% (&) —u (&)l < Ce'*[lua (D),
(22) [1%02(D)]] < C&™2juz(2)]]



NAVIER-STOKES EQUATIONS 169

For the remaining ¢ of the interval [0, 7], where ,(f)<<1, inequa-
lity (20) remains unchanged, (21) should be replaced by |u(t) —u (£)]| < C
and Oe' should be added to the right-hand member of (22).

Assume for a moment that inequalities (20)-(22) are true and
neglect by the the time being the presence of ,(f) in %. Replace
”&e_unz in (16) by “a’s'_usllz_i— ”ua_ullz We have H&’e_usIIE < ||’l~4—“||2 and
this, according to (21) and (11), is less than COe|lu,(t)|*, whereas |u,—u]?
is less than O&*|u,(?)|* due to (7) applied to w. Finally, making use of
estimate (2), we get

(23) R < CH&".

Now the right-hand member of (17) may be estimated by using (22)
and (2) which yields

(24) If(w", Uw)dtl < O,
Due to (8) applied to # and due to (2), (22) and (20) we have
18,2 (0)IF < Ce™*P|luz ()] 18(0)]| < O™ || (1))

and hence we get

(25) | [, wUg)at] < 0" f an [ W @) e (t-+n) P at.

Let us now recall the estimate

(26) I < CUAM LA™

valid for any f e‘/%é(!.?) with ( independent of f (and even of Q; the proof
of the last inequality may be found, e.g., in [1]). Applying this inequality,
with f = u, to (25) we get

(27) |f(u, fu,UI)dtI < O3y,

Finally, due to (6), (20) and feL,(2y), the integral [(f, U)dt in
formula (19) may be estimated by a constant times 7.
Thus equation (1) with ¢ replaced by U yields the inequality

H? < O(e2H 1163 fve P q) < C(é”zH—l—ra‘af“),
and hence
H? < C(e+1e ),

Putting ¢ = e~ ¥* we get H* < 0v*" which is the desired estimate (3)
with » = 2/7.

To complete the proof of the theorem we have, first of all, to demon-
strate inequalities (20)-(22).
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Let v be the vector appearing in the representation » = rotwv. Denote
by v, = v,(x,t) the component of »(x, ) perpendicular to the direction
of the vector {, taken in the point x if , * 0 there. Making use of the
equation rot(fv) = {,xv-+_ rotve we may replace v by v, in the term
L. xv, hence, due to the supposed estimate |, < Ce ', we have

(28) w(t)—u(@) = [ (w—u)ilde < Ce?® | vidx-+2 | ude.
(1) )| ( ) | s

In view of inequality (11), of the relation », |y = 0 and of the sup-
posed regularity of 8, we have

(29) f@idm < O f (v° +02) da

and hence |ju(t)—u(t)]2 < Clu(t)]2 < C due to the inequality [jo(t)l,
< |lu(t)]] < C resulting from (4,) and from (2). Inequality (20) follows
now simply from the obvious inequality |[Jw2 < [ju|24 [Jw— %

In order to get (21), we shall use one of the Sobolev’s inequalities,
namely the inequality of the form

(30) [fras < C|fiE,

valid for any function feWi(£2) and any plane section 8" of Q, with ¢
depending only on £. It is clear that this inequality will remain true
also for S” being any surface S, parallel to S (with ¢ < 3¢). Applying (30)
to f = » and then to f = v, we get

[ (@ +od)dw < Ol

So

g

and hence, integrating both sides of the last inequality with respect to o
over (0, 3¢) we are led to
f (VP02 de < Oclvl3.

’

w

The last member of this inequality is, due to the estimate (4,) of
Lemma 1 applied to w = u and due to (11), less than Celju,(t)|>. Combi-
ning this with (28) and (29) we get (21).

(22) follows from the inequality |, o|]° < ||Uer— e ol* -+ |I0esl® DY
applying estimate (6) to its last member and the estimate

942 () — e o (D] < O™ |l (8) —u (@) < Ce™ s (DI,

resulting from (8) and (21), to the member |u, ,—u, |
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A little modification of the reasoning leading to (20) shows that (20)
is also true for 0 < ¢ <37, T—37 <t <7T. Hence, due to the triangle
inequality, for those t inequality (21) should be replaced by
llw(t) —u(t)] < C. Finally, for the same ¢, Ce ' should be added to the
right-hand member of (22) which is clear from the procedure leading
to (22) and from the preceding estimate.

We have now to take into consideration the inﬂuence of &,(t),
-2t

when estimating H®. This leads to additional integrals f dt and [dt
T 37

which, as it is simply seen, give rise to the additional terms in estim-
ates (23), (24), (27) and (19) and these additional terms are resp.
CH<'"?, Ce'7*?, O '7** and C7. Tt follows now from the relation be-
tween ¢ and 7 that these new terms leave unchanged the final estimate
of H*

It remains only to show that ¢ may be replaced by U in formula (1).
We already know that all the terms of (1) are meaningful for ¢ = U.
Therefore it suffices to show that U may be approximated in a norm
by some elements U’ of Dy and that in the limiting process U’ — U
(in this norm) all the terms of (1) behave continuously.

The required approximations U’ may be constructed by using '
instead of w in the formulas defining U, «" denoting the result of molli-
fying the vector « with respect to the single variable . We have |u"—ul, r
—>0 and hence |U'—U]|;—> 0, where the norm | [|o is given by |[¢5]|
= [(lgl*+ llpz!* + llgel*) @t. The continuity of all terms of (1) with respect
to ¢ In the norm || [|o, except of the term f(u , ug,)dt, 1s obvious. To show
that also the term f (u, wU,)dt behaves continuously when ||U’— Uljg — 0
we have only to repeat the resonings leading to the estimate (27). In
this way we get

(31) lf(u, uU;—qu)dt‘

< O™ [y [ g (O s (b ) — v ()20’ (84 ) — e (4 )] 2
0

and hence, due to the estimate |[u'(?)[| < [lu(¢)|| and to the relation |ju’ —u|, »
— 0, the right-hand side of (31) tends to zero. This completes the proof
of the theorem.

We shall now briefly discuss the case » = 2. The case under con-
sideration is, in comparison to that one treated before, very simple. All
the procedure of applying the operation of mollifying and of truncating
by using the function {(x) appears now to be completely superfluous,
since the term (u, wU,) may be estimated directly by using the inequa-
lity |ju®|| < C|u]| ||u,|, which is the 2-dimensional analogue of inequality
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(26). Applying the last inequality to (18), where now %, is replaced simply
by Z,u, we get instead of (27) an estimate with (v on the right-hand
side. Also Ct will replace the right-hand side of (24). The first term of (1)
will be simply H? plus some term less than Cz, the appearance of the
last being caused by the presence of ,(t). Thus we get H*> < Ot and hence

THEOREM 2. Under the same assumptlions on w as in Theorem 1,
this time Q being any bounded domain of H,, inequality (3) holds true for
% % 12,
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