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The purpose of this paper is to discuss two methods of successive
approximations which were used by Picone [5]-[7] to prove the existence
and uniqueness of solutions of integral equations. These methods were
considered in general form by Wazewski [10]. Sokolov [8], [9], Lucka [4],
Kurpiel [2], Kwapisz [3] have also dealt with these methods.

The first method is the Picard’s method of successive approxima-
tions — in abbreviation PM — and the second one is a modification of
PM —in abbreviation MPM. In this paper we shall consider operator
equations in a Banach space which are generalizations of the equations
considered by Picone.

It will be shown that under assumption analogous to those of Picone
both sequences constructed by PM and MPM are convergent to the
unique solution of the operator equation we shall deal with.

It will also be shown that under some additional assumptions MPM
vields a better error estimation than PM.

1. Let us consider a Banach space B with the norm |- ||, some closed
set ) < B, feB, an operator (not necessarily linear) A4, weD, u — Au eB,
and the operator equation

(1) u = Au-tf.
Let us quote the well-known Banach theorem:
THEOREM 1. If for any two w,u'eD the Lipschitz condition

(2) | Adu—Aw']] < glw—au|
is fulfilled for some 0 < q <1 and if for some wu,eD all iterations
(3) Uppy = Au,+f, n=0,1,...,

belong to D, then the sequence {u,} is convergent to a solution w of (1) whiech
i8 unique im D and for which the estimations

n

||u—un||<1qTq-U, n=20,1,...,
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hold true, where
U = ||f +Aug—u,l|.

A sequence {u,} constructed according to (3) for a given u,eD and
an operator A is said to be constructed by PM.

Remark 1. If A is a linear operator, then we suppose that it is
defined in the whole space B and that its norm |4 is less than 1. In
this case equation (1) has a unique solution « in the whole space B and
the estimations

il
1— |4’
|4l

(H) lu—fll < 1—_“—A“1T “|Ifl

(4) [[ell <

hold true.
Remark 2. If we suppose that D contains with w«, also the sphere

- K: JJu—u,|| < ——U~——,
1—q

then w,eD for all n = 0,1,..., because in this case we have
oy, — 24| < E— n=10;,1;.00.

2. We shall now consider a family of linear operators
(6) H(v)u,

where the parameter » runs over .
Let us suppose that for any two v,v"el) we have

(7) h = sup |H(v)| <1,
veD

and

(8) |H (v)—H (v'|| < Ljv—v’|.

LEMMA A. If assumptions (6)-(8) are salisfied and w,w’ are solu-
tions of the equations

(9) w=f+H)u, o =f+H@)u,

then the estimations

(10) o <y < L
(1) Ie—w'll < ”{__f,:” + mi]ti”ﬂ’}:)”f L -

hold true.
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Proot. (10) follows immediately from Remark 1 (cf. estimation (4)).
Subtracting the second equation of (9) from the first one we obtain
lu—w|l = If+H(@)u—f —H (o)’
< Mf=Fll+[[H (v)u—H(v)w +H(v)w' —H (v')u|
< NF=Fl+ 1 ()] [l —2w'l| 4l ||- L [l — 2]
Hence

=i, LIfll :
Tk A llo—"]].

[l —w'|| <

Similarly we infer that

o o WE=FL L
=o'l < 20+ o=l

The two last inequalities imply (11).

~

THEOREM 2. Suppose assumptions (7) and (8) are satisfied. If

LIfll
12 _ ——— < 1
(12) (1_h)?
and if for some uyeD
(13) Upiy = fHH(u) %y, nm=0,1,...,

belong to D, then
w = limwu,

N—»00

exists and it is the unique solution of

(14) u = f+H(u)u
. D. Moreover, we have
h
(15) lle—fll < 1 Il
(16) ) < =
. h
(17) =] < ™ ue— ]| < a”[||f—uo||+%”—f',—']-
—h

Proof. (15) and (16) follow immediately from (4) and (5), respecti-

vely.
By virtue of (11) we have
||?Ln+1—?tn’ a“”’n"’”‘n-l“’

| <
[t 41—l < @ [y —tg].
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Hence, by (12), the sequence {u,} is convergent to a solution u of (14).
The uniqueness of » and estimation (17) are also a direct consequence
of Lemma A.

A sequence {u,} constructed according to (13) for a given wu,eD
and a family H(v) of operators is said to be constructed by MPM.

Remark 3. If we suppose that together with u, the set D contains
also the sphere

Kzl —ugl| < [If—uol + M:
1—h

then w,eD for all » = 0,1,..., because in this case

hIfl
(|9 — 24| < | —20l| +- 17’ n=20,1,...

THEOREM 3. If the assumptions of Theorem 2 are satisfied and D
contains the sphere

1Al

: Lr =
§: full <r =7

then the operator
Au = H(u)u,

defined in D, satisfies in S the Lipschitz condition with constant ¢ =
h+rL < 1.
Proof. If u,u'eS, then we have

[Ayu—Aqyw'|| = [|H (w)u—H(w')ul
[H(uw)u—H(uw)u+H(u')u—H(uw)uw|
o L (w)—H ()| + [ H ()| [[u—]
(h+rL)[u—w'|t = qllu—u'|.

<
<

By (12) we have ¢ < 1.

3. Put
(18) =0, U, ,=HW)ut+f, n=0,1,...

THEOREM 4. If the assumptions of Theorem 3 are satisfied, then both
sequences {u,} and {u,} defined by (13) and (18), respectively, with u, = u, = O
converge and

w = lim %, = limu,
nN—o00 N—-00

is the unique solution of (14) in D.
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Moreover, we have

(19) ol < @ I
(20) H“—&n” \<\ q"’l_H{u;;_,
(21) 0<a<gq<l.

Proof. Inequalities (19) and (20) follow immediately from Theo-
rems 1, 2 and 3. It remains to prove that a < ¢. Let f = L|f||. Since
a < 1, we have successively

B < (1—h)?,  Bh < (1—h)h,
p<h(1—h)*+p(1—h),

_ B o
= Hgp Aty T

Observe that inequality (21) does not imply that there is no error
estimation better than (20).

In faet, if an operator C(w,wv), (u,v)—> C(u,v)eS, where u,ved,
satisfies the Lipschitz condition

1C(w, v) —C(u'y v')|| < plllw—w||4-[lv—2"l]],

then the operator
C(d) = Clw, %)

satisfies in S the Lipschitz condition with constant » such that 0 < » < 2p.
Therefore it seems possible that for operator A, there exists a Lip-
schitz constant ¢ with ¢’ < a.
If O(u, v) is of the form (6) and there exists an o > 0 such that we
have

|lul| < [[H (v)u]|
for any w», vedS, then
o—rL <v<h+rl =gq.
Indeed, we have '
il —u'| = |[H (w)u—H (')
|H (w)u—H(w)u+H(w')u—H(u")u'|
|H (w") [w—u' ]| — [[[H (w) —H (") Ju|

=
> o|lu—u'||—rL|u—u'|| = (0—rL)|||lu—u'|.

for any w, u'eS.
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Now we can formulate the following

THEOREM 5. If the assumptions of Theorem 4 are satisfied and the
inequality '

‘ w(1—h)?
(22) Ifil < m

holds true, then any Lipschilz constant v of A, satisfies the inequality a < v
and thus the error estimation (19) is better than error estimation (20) with
q replaced by wv.

Proof. From (22) we obtain successively
L|fl(2—h) < o(1—h)?,
L{fl+LIfI(1—h) < o(1—h)?,

L|fl Lilfl , P
a———m<w— 17 =op—Ir <vr<q<1,

which proves Theorem 5.

Consider now a simple example. Let B be the real line. Then H (u)
is a continuous funetion. If, moreover, we have

0<o<|Hu|<h<l1,
then for any f with

w(1l—h)?
=T

the equation
w = f+H(u)u

has a unique solution which may be obtained by either PM or MPM,
and the error estimation for MPM is better than error estimation for
PM with any possible ».
More specifically, if
H(u) = 1,1 in 10~ %«
(u) = 5 o % 1 s 'y

then we have

3 1 1
h:z, © = L=10"% and |f|<§105.

If f=10% then o =1,6-10"% and the error estimation for MPM
takes the form
[ —,| < (1,6 107%™ 4-102 = (0,4)*"FL.10-2"+3,
On the other hand, we have

1 3
0,2496 = 1 —107%4-102 <» < = +107%-4-10% = 0,7504,
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and, therefore, the error estimation for PM is
[ —at,| < v™4-102,
which is evidently worse than the former.
4. Now we shall consider the more general equation
(23) u = Au+H (u)u+f,

where operator A satisfies (2) and operator H (u) is linear and has prop-
erties (7) and (8).

Equation (23) includes both equation (1) and equation (14). Indeed,
if Hu =6, we get (1) and if Au = 0, we get (14).

As a generalization of Lemma A, we have

LeMMA B. If (2), (7), (10) and the inequality q-+h <1 hold true,
AO = O and w, u' are solutions of equations

(24) w=Av+H@u+f, u = Av'+H(@')uw +f,
then we have the estimations |

i A R
(25) ]l < 1 (g4h)’ flw'|| < 1T (qm’

o o M=l ¢ —=h—g@)+min(jifl], If DL
(26)  u—wl <= o llo—v'll.

Proof. Estimations (25) follows immediately from (4). Subtracting
the second equation (24) from the first one we get

o —w'l| <If—Fll+gllo—v'|| 4R llw—w'||+]w|| Lo —2]],

—f' 1—h— "I L
ey < S04 L DR WE gy,

Likewise we get the inequality

W=l a0 —h—g) FIAIT
=l < T T ATy a—i—g)

[lo—']].

The last two inequalities yield estimation (26).

It is evident that if Aw = @, then Lemma A results from Lemma B,
because in this case ¢ = 0.

We can now formulate a theorem which is a generalization both
of Theorem 1 and Theorem 2.

THEOREM 6. If assumptions (2), (7), (8) are fulfilled, where

o 0—h—+ T
1=k (1—h—q)

<1
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and there exists a uyeD such that w,eD for any n = 0,1, ... where the
u,’ 8 are defined recursively by equations

Upyy = Aw,,+H (%) un+1+fy

then equation (23) has a solution w which is unique in D, solution w is the
limit of the sequence {u,} defined above and we have the estimations

vl (g+h) Il
”uH < i‘“_ﬂ, ”u‘_ﬂ! < '1~—h_q ’
=] < ()" e < (@[ 1f— o+ (Tq%”], n=0,1,...

Proof. In order to prove this theorem it is sufficient to apply
Lemma B.

It is easy to see that if H(u) = 0, ie. if h = 0 and L = 0, then
Theorem 1 follows from Theorem 6. Let us note that in this case there
are no restrictions concerning ||f].

If Au = 6, i.e. ¢ = 0, then we obtain Theorem 2 from Theorem 6.

5. We shall now apply the results obtained above to integral equa-
tions. Let us consider the Banach space B(G) of continuous functions
with values in the Banach space B,, defined over a bounded set ¢ < R”,
where R" denotes the p-dimensional Euclidean space. The norm of
u(x)eB(G), where @ = (x,,...,x,), is defined by

w(x)|| = sup [[u(x)],

xel¥

where ||:||; denotes the norm in the space B,.

Let K(x,y,u) be a non-linear, continuous operator, defined for
(¢, y,u)e@ xGxD, with values in B,, where D, is some closed subset
of B,. ' '

Consider now the equation

(27) w(@) = [ K (o, y, u(y)dy+f(),
G
where f(x)eB(G).
ConcrusioN 1. If we have
K (2, y, u)—K(x,y, w)l, < Allu—2ul,, AmesG < 1,

and there exists a u,(y) such that wy(y)eD, for any yeG and for any vy e,

all PM iterations u,,n = 1,2, ..., belong to D,, then equation (27) has

a unique solution w and the sequence {u,} converges uniformly to wu.
ConcLusiON 2. If the operator K (x, v, u) is of the form

K(xz,y,u) = H(x,y,u) u,
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where H(x,y,v) is a linear operator satisfying for any (xz,y,v),(x,y,v)e
G <G x D, the inequalities
H (zyy, )| <,
[H (2, y,v)—H(x,y,?)| < Lljv=2],
hmesG <1, Ljf|mesG@ < (1—hmesG)?,
and if there exists uy(y)eD, such that all PM and MPM iterations belong

to D, for x e, then equation (27) has a unique solution w(x) and the sequences
{u, (x)} and {u,(x)} defined by relations

Unyr(0) = [ H (2, 5 100(0)) ten i () dy +f (),
(&2

1 (@) = [H (2,9, w(y) () dy +f (@),
G v

e (@) = up(w), n=0,1,...,

converge uniformly to u(x).

Conclusion 2 implies that if we take integral equation considered
by Picone [6] (p. 124) of the form (27) with p = 1 (now B, is the real
line), and

K(x, g, u) = ¢(w,y)usin(%—1+u”) for Ju| =1,
o(x, y)u" for |ul <1,

where ¢ (x, ¥) is continuous and if we have |¢(z, y)| < u for (z, y) eG X G,
then the sequence of PM iterations is convergent if

y <0 mesG <
’ pmax (n, 14 [y])

and f(x) is any continuous function, or if

1
py <1, mesG < —,
u

and the function f(x) satisfies the condition

' (1—pmesG)? )
" | f@)l < max (n—1, |y|)mesG ’

in the latter case the sequence of MPM iterations is also convergent.

6. Now, let the functions K (x,y,u),f(x) and the linear operator
H(x,y,v)u be defined and continuous for (x, y, u), (x, ¥, v) e R} X Rz X By,
with values in B,, where R, = (x,, + o0), Ry = {x,,2), B, is any
Banach space and K(z,y,®) = 6.
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Let us assume that for any zeR) there exist functions 2,(y),
h.(y), L.(y) continuous for yeR, such that for any (x,y, ), (@, y, %)
R X R} % B, the inequalities

(28) (2, yy w)— K (2, 9, W), < A(y)llw—al,,
(29) [ H (2, 9, w)|| << he(y)

are satisfied and the inequality
(30) VH (2, y, w()—H (2, y, @(y))|| < L(y)llwy)—a @),
holds for (x,y)eR,* R, and w(x), %(x)e8’, where

S Ju(x)];, < sup ||f(s ||1(,xp[f(h ¥)+ A () dr/]

08y

We shall consider Volterra’s integral equation
(31) (@) =f(@)+ [ K(e,y,uly)dy+ [H(w,y, uy)u(y)dy.
%o To

For any fixed reR., let us consider the Banach space B(R!) of
continuous functions defined for weR! with the norm

Nu(@)l| = sup |lu (@)l
:rER:

and the subset T'e B(R]) of those w(x) which fulfils the inequality

(@)l < JIf (@ uexp[f (he () +2 () dy| = ret).

Denote by £, the operator standing at the right-hand side of equa-
tion (31). It is easy to see that 2, maps 7" into 7. Indeed, if uwe7 and

w(w) = [ K{w,y,u(y) dJ+fH(m,J, () w(y)dy +f (),
:170 (1‘0

then
(@), < lIf (= H+f [he() A () LIF (@) [ exp f [Be(s) A (5) ] ds) dy

< Jlf (@)l exp ( f [Be () -+ (1)) dy).

For any w(x) and %(x)el we get

(32) (@) =@l < [ [A@)+h () + L) v () ()~ ()| dy
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Let
Ae(y) = ho(y) +2.(y) + 71 (y) Lo () -

1f we now define a new norm in the space B(R]) putting
1 @&
[i(@)], = sup |[u(@)llexp|(—— [ () dy]],
Tg<T<T q o

where ¢ << 1 is an arbitrary positive constant, we can easily show that
2, has the contraction property in 7, i.e. it satisfies in 7 a Lipschitz
condition with the constant ¢ < 1.

In fact, from (32) we get

B - "1 1
o (@) =@ @)}y < [(@)—(@)],e g f PR (3( ue(s)ds ) dy
) 1
s [7,L(a:)—?1,(;r)]1,qlexp (?ilh(s)(ls‘) —1]

1 x
< q[u(a) — ()], exp (— f Ah(s)ds) :
(
q 2
which yields
(33) [0 () — ()] 1 < gL (@) —7 (@)] -

THEOREM 7. If assumptions (28), (29) and (30) are satisfied, then
equation (31) has a wunique solution w(x) defined for weRL and belonging
to T, the sequence {u,(x)} of PM iterations defined by wu,(®) = 0 and

(34) i (0) = @)+ [ K (e, y, @) dy+ [ H(e,y, i (y))ia(y)dy
o

o

is uniformly convergent in R} to u(x) for any teRY and we have the estima-
tions

(@) — (@), < i—,[ f Tae(s) s | (@) | exp ( f () 20 ()10)

for weR), or

qn
—q [f(.’ﬂ)] 1

[’N,(.’L') _&n(m)] < 1

for 5 =0,1,...
Proof. In order to prove this theorem it is sufficient to apply (33),
(34) and Theorem 1.
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7. Now we shall discuss the problem of convergence of the sequence
of MPM iterations u,(x) constructed in the following manner: u,(x) = 0
and if w,(x) is given, then w, ,(x) is obtained from the equation

xr
(35)  Upq (@) =f(m)—i—fK(-J;,y, w, (y)) dy + fH(r Yy U () W ia () dy .

*o
Let us consider the operator £, which transforms any function
u(x)e B(R!) on a funection »(x) which is a solution of the equation

x x
(36) (@) =fl@)+ [ K(e,y, u@)dy+ [ Hz,y, u(@m)ey)dy.
a:o 9?0
At first, we shall show that there exist funetions y, () and o, ()
such that the set T, = B(R!) of those w(x) which fulfil the inequality

(37) W@ < y2rl@) < o, (@)exp [ or(s)ds)

is transformed by £, into 7',.
Indeed, from (36) we have

o (@ m\me+fz yh)@+fh oY) dy.

Further, using well known Gronwall’s Lemma ([1], chap. 10) we get

o (@), < [If (x u+fz ) vae () dy +

+fW‘n+fz ) Vae(s ]Mwm@fmmmww

In order to prove the relation Q,(7,) = T, it is sufficient to take
for y,.(#) a solution of the equation

= ||f nr+fﬂ y)z(y)dy +

)
+ f[Hf(;rl)Hrl-j l,(s)z(s)ds] lh,( expfh d’s] dy.

It can be proved that funection y, (x) defined in a such manner
satisfies (37) with

o (@) = sup max[|f(y)l, 4 (¥)]x

T=Y<T

[1+max(] 7) sup h,( expfh ]

Zy<Y<z zy
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Now, we shall show that £, has the contraction property in 7,.
Let u(x), w(z)eT, and v(x), v(x) be values of 2, for u(x) and #(x), re-
spectively.

We have

o (@) — ()], < f Ao ()0 (y) = ()] dy +

+f H (2,9, w)o(y)—H (e, y, @(y)7(y) |,dy

%o
< [ 2 @) —a@hdy+ [ ya () Lo () Juy) —u(y)|L dy -+
*o %o

x

+ [ b () o (y) —5(y) |y dy.

Zp

From Gronwall’s Lemma we get again

fo(@)—=8@)s < [ [A@) + v (@) L ()1 y) =7 () |y dy +

&xr v @

+ JALS U (9) 720 (5) L ()] e 5) — ) s e () exp [ e (5) s} ay

v
and

sup [[o(s) =5 ()l < [ {[4(0) +vae (1) Lo () 1+

To<8<T o

+U 5)-+ 720 (5) Lo () ]y (0)exp ([ B (5) ) sup. ) —(n) s .

To<8<V

Put

T

hae(¥) = 2 (¥)+vuely [f [20(8) 4720 (8) L () 1ds | b (y) exp( [ B, (s) ds).

v
The last inequality can now be written in the form
x
sup [o(s)—o(s)lh < [ A (y) sup [ju(s)—7(s)[,dy.
Ty<S<T xo Lo<8<V
If we now define a new norm in the space B(R.) by

[z = sup | sup fucs )ulexp(—g [t y)]

ry<e<t | Tp<8<w

where 0 << ¢ << 1, then by an argument similar to that above we get

(38) [v(2) —(2)]2 < qlu(z)—u@(2)],.
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THEOREM 8. Under the assumptions of Theorem T the sequence of
MPDM iterations defined by (35) is uniformly convergent in R and error
estimation

x
sup [fu(s) — 10 ()]} < - [ [y yuc(e),  weRl,
0

xo <8<J <r = T

or
7

q

[Q‘ — U, N; )] 2t g

holds for any TeRY and n = 0,1, ...

Proof. In order to prove this theorem it is sufficient to apply (38)
and Theorem 1.

Let us observe that 4, (y) is not, in general, the smallest Lipschitz
coefficient for the operator

(39) K(z,y,u)+H(x,y, u)u
Suppose that there exists a continuous function ,(y) such that
(40) H (@, 9, w)ully, > o () [l
for zeR., yeR,; and weB,. Then we get
K (xy gy u)+H (e, y, w)u—K(x,y,u)—H(x,y, u)ul,
2 [0 (y) =2 (y) — L () 1 () 11t — 2]l

From here we infer that any Lipschitz coefficient for (39), say ».(¥),
satisfies the inequality

[, (Y) =2 () — Lo (Y) y1 (¥) ] < v () < 212(W).
Thus we can formulate
THEOREM 9. If the assumptions of Theorem 7, (40) and

(41) ‘ Ao (y) < 0r(Y) =24 (Y) =71 (¥) L)
are fulfilled, then error estimation for MPM is better than that for PDM.
If K(z,y,u) = 0, then

ya(y) = yuly) = f (@ ||exp(f he(5) ds)

and (41) takes the form

2.]If (@)l Ly exp(f I () ds) -+

+ f [z eXPU () 0) ] o) [ e 9)) < ).
xy v
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Hence it is evident that the last inequality can be satisfied if
AIf (@) X L, (y) is sufficiently small.
In general, the inequality

(42) Ao (Y) < An(y)

can be fulfilled if A, (y) and .||f(z)|| L, (y) are sufficiently small.
If K(z,y,u) =0, then (42) can be written in the form

8 T
[ f Af@lexp ([ he(c)da) L, (5) ds]exp ( f T (s)ds) < 1.
Zo &
For example, let us take the integral equation
(@) = f(a)+ f a(@, y)[2+sin10~"u(y)u(y) dy,
where f(x) and a(xz,y) are continuous for xe{0,7) and (z, y)e0, 7> X

%<0, @), respectively.
Put

o(y) = sup la(x,y)|, F = sup |f(z)|.
2e0,7) 0<w<t

Then

v
ha(y) = 38(y),  7ily) = Fexp(3 [8(s)ds), L.(y) = 10,
hie(y) = 35(y)+10-°Fexp(3 f 5(s)ds),
Jge(y) == 10~SFexp (3 f 6(s)ds)+

1 Uym—ﬁpexp (3fa(a)da)ds]35(y)exp (3fa(s)ds),
W (y) = oilfﬁla(w, Yl

In this case inequality (42) is satisfied for

F < 105[rexp (6 fﬁ (y)d?l)]—ly
0

whereas inequality (41) holds for

F < 106exp(~—3fé‘(y)dy)><
0

><[2+3r sup 8 (y)exp (3fa(y)dy)]‘1 inf |a(z,y).

0<y<r 0 I<y<e<r

Colloquium Mathematicum XVI. 11
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