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Introduction

The purpose of this paper is to study the action of the group ¥ of
automorphisms of a principal bundle P on the space ¢ of connections on P.
The physical importance of the orbit space for this action lies in the fact that
%/% is the proper configuration space for Yang—Mills field theory (see e.g.
Gribov [14], Singer [28], Narasimhan and Ramadas [23]).

The study of this action was initiated by Singer [28] in 1978, who
announced several interesting results (applicable when the base space of P is
S" and the structure group is a compact semisimple Lie group) concerning
the action on the space of irreducible connections. Gribov’s ideas and the
results announced by Singer have been further investigated by Narasimhan
and Ramadas [23] for the case of a trivial SU(2)-bundle P over S* and S*.
The proofs for a more general case, namely, for nontrivial G-bundles P over
M (where G is a compact semisimple matrix Lie group and M is a compact
manifold without boundary) were presented by Mitter and Viallet [21] in
1981. The authors of the above-mentioned papers considered the following
restrictions for the action:

(1) %/(centre (%)) acts on the space ¥, = € of irreducible connections,

(i) the normal subgroup 4%, < 4 consisting of automorphisms fixing a
given point of P acts on €.

In both cases such actions are free. It was proved in [21] and [23] for the
groups ¥**! and #4*' of automorphisms of Sobolev class H**! and for the
spaces ¥* and %% of H*-connections (k >4 dim M+ 1) that ¥/4**' and
¢*/%s*! are smooth Hilbert manifolds. Narasimhan and Ramadas proved
that €% — €y/9**' and €*— ¥ /9%*! are smooth principal bundles.
Moreover, they proved that (¥**!/(centre))}-bundle €% — €%/4**! cannot be
reduced to #%*! (see [23], Thm. 5.1.). This theorem generalizes the so called
“Gribov ambiguity” (consisting in nonexistence of a continuous section
€S - ).

In the present paper we study the action of ¥**! on the whole space 4*
and the “true configuration space” %*/%**!. We deal with a principal G-
bundle P over M, where M is a compact manifold without boundary and G
is a compact Lie group. The nontrivial principal bundles that we take into
account are of physical relevance since they are connected with t’Hooft’s



6 Introduction

magnetic fluxes (see [15]) and their topological characteristics lead to the
instanton numbers (see [2]).

The main difficulty in introducing a differentiable structure onto
%%/%**! lies in the fact that %**!/centre does not act freely on #*. In
general, %** '-action has several orbit types. In § 1 we introduce the notation
and a new approach to parallel translations and holonomy groups, especially
convenient for our investigations. The evolution bundles, introduced in
Section 1.3, are appropriate objects for the description of the isotropy groups
of the %**!.action on ¥*.

In Section 2.1, applying dilferent techniques from those used by Mitter
and Viallet in {21], we prove that ¥**! is a Hilbert-Lie group. We also
prove that ¥**! is a smooth submanifold and a topological subgroup of the
group D**'(P) of H**'diffeomorphisms of P. We use the techniques of
Eells, Palais and their school in order to prove that the action %**!x®*
— %* is of class C™. This is not unexpected or unknown, though Mitter and
Viallet have given only the proof of its C'-smoothness.

%**l.invariant, smooth, weak and strong riemannian metrics are
constructed in Section 2.3. A smooth, %**!-equivariant embedding F: %*
— #* into the space of H*-metrics on P (constructed in Section 2.4) is used
to prove that the action is proper. Here we apply the fact that the action of
D**1(P) on #* is proper (see Bourguignon [5], 11.19, p.8 and Ebin [11]).

In §3 we prove that every orbit of the action is a closed C®
submanifold in %*. The existence of a slice at any H*-connection A is proved.
The proofs of existence of a slice at an irreducible connection Ae%} < €*
can be found in [1] and [23]. However, a generalization of this result to all
connections requires some work. We also introduce a notion, which we call
the local slice property, ensuring the (topological) regularity of the orbit
space. This property holds for the D**!(P)-action on .#* and it is also
satisfied for the %**!.action on ¢~

We refer to [17] for a discussion of slices and slice theorems in general
and also for some historical remarks and a generalization of the notion of a
slice. In the above-mentioned paper [17] Isenberg and Marsden proved the
slice theorem for the action of diffeomorphisms on the space of certain
pseudoriemannian metrics. They endowed the orbit space of this action with
the stratification structure.

Example (3.3.7) shows that the local slice property (introduced in Section
3.3) is an essential refinement of the classical definition of a slice.

The main results are collected in § 4. We prove that the gauge orbit
space is a metrizable, second countable topological space. We endow
%*/%**! with the structure of stratification into C®-Hilbert manifolds. The
natural ordering in this stratification (defined in Section 4.4 entirely by the
internal topological properties of the orbit space and the strata) is
isomorphic to the ordering in the set J of orbit types (of conjugacy classes of
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isotropy groups). One of the crucial points in the proof of the final results is
Theorem (4.3.2), which states that every connection A can be approximated
by connections with an (arbitrarily chosen) holonomy bundle containing the
holonomy bundle of A.

§ 1. Basic notions and notation

Let (P, n, M, G) be a smooth G-principal bundle over an n-dimensional
C®-manifold M. The map n: P— M is the projection. We assume that
both G and M are compact and connected. We denote the Lie algebra of G
by o

1.1. Automorphisms of principal bundles. By an automorphism of P we
mean a continuous fibre-preserving map ¢: P — P commuting with the G-
action on P, ie. such that

(1.1.1) mOQ =T,
(1.1.2) VgeG VpeP ¢(pg)=o(p)g.

Every automorphism appears in a natural way as a section of a certain
fibre bundle associated with the principal bundle (P, n, M, G). The
construction of this fibre bundle is as follows. First note that any map
¢@: P — P satisfying condition (1.1.1) may be written in the form

(1.1.3) o(p) =p @(p),

where ¢: P— G is uniquely determined by ¢. This follows from the fact that
the group action on each fibre P, = n~!(x), xe M, of P is free and transitive.
If the map ¢ satisfies (1.1.1) and (1.1.2) then

(1.14) op-9)=9""0(pg.
Thus, if ¢ is an automorphism then the. value ¢(p)e G at fixed point
pen” '(x) determines the values of ¢ at each point of =~ !(x) (by formula
(1.1.4)). The above considerations lead to the following construction:
Let
P:=(PxG)G,

where the right action of G on Px G is given by the formula

(1.1.5) (P, 91)'9=('9,9 " 9:9).

The action of G on PxG is free and proper. Hence, (13, 7%, M), where
7: Pa[(p, ¢)}—n(p)e M, is a smooth fibre bundle. This bundle is associated
with the principal bundle P (see [6] for the definition), P = P x4 G, where
the left action of G on G is defined by '

GxG3(g, g;)—9gg,9 '€G.
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Each fibre P, =% !(x) of P is a group with the following multiplication:
(1.1.6) [P, 9:)1[(p, 92)] := (P, 91 92)]-

Let %, denote the group of all (continuous) automorphisms of P and let
I'(P) be the group of all continuous sections of (P, #, M), where the
multiplication of sections is pointwise defined.

(1.1.7) ProposiTioN. There exists a natural isomorphism %.— I'(P).
Proof. Let pe%.. We define the section @eI'(P) by the formula

éx):=[(p, (P));

where pen~!(x) is arbitrary and & (p) is defined by the given automorphism
¢ in (1.1.3). The continuity of @ can easily be verified with the use of local
sections of P and the definition of topology on P. We now show that the
map 4. 30— @erl (P) is a homomorphism. For ¢, y €%, we have

(0o¥)(p) = 0¥ (P) =¥ (P &(¥ () = P~V (D) (¥ (P)
=p ¥ (P é(p ¥ (p)

On the other hand,

(eo¥)(p) = p (@0 ¥)(p)-
Combining the above two equalities, we obtain

(@o¥)(p) =¥ (P é(p ¥ (p)
Applying formula (1.1.4) with g = J/(p) to the right-hand side of the above
equality, we arrive at the following result:
(1.18) (@o¥)(p) = $(P) ¥ (p)-

From 1.1.8 and the definition of the map ¢+ @ we obtain

(eo)(x) = [(p, (po¥)(P)] = [(p, 2(P)V (P))]
= [(p, 2] (P, ¥ (P)] = P (0¥ (x).

Thus this map is a homomorphism %, — I'(P). This homomorphism is in fact
an isomorphism since for a given @eI'(P) there exists exactly one pe%,
corresponding to @:

e =pg,
where geG is such that @(n(p)) =[(p, 9)]. =
(1.19) Rémark. If G is abelian or if P is trivial then the bundle P is
trivial. In general the bundle P is not trivial. For instance, if P is a nontrivial
SO(3) — principal bundle over $* (M =8% G =S0(3)) then the cor-
responding bundle P is not trivial. However, the space I'(P) is always
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nonempty, since P is the bundle of groups. As in the case of vector bundles,
the space I'(P) is very rich.

We now present another approach to automorphisms. Let us consider
the following set of functions:

%.:={@: P- G| $ is continuous and

VgeG VpeP @(p-g9)=9g 'é(p)g}.

Of course, %, is a subgroup of the group of all continuous G-valued
functions on P (the multiplication is pointwise defined). It follows from (1.1.4)
and (1.1.8) that the map %.3 ¢+ ¢e%, defined in (1.1.3) is an isomorphism.

Concluding, we now have three equivalent descriptions of auto-
morphisms:

(i) as fibre preserving homeomorphisms ¢: P— P commuting with the
G-action,

(ii) as continuous sections @eI'(P),

(i) as continuous functions @: P — G satisfying condition (1.1.4).

By a morphism of two principal bundles (P,, n,, M;, G,) and
(P;, my, M,, G,) with an associated homomorphism f: G; — G, (or simply:
by p-morphism) we mean any (continuous) map y: P, — P, satisfying the
following condition:

VpeP, Vg,€G, ¥(pi-g:) =¥ (py) Blgy).

It is easy to see that every morphism  determines uniquely a
continuous map f: M, — M, such that n,o¢ = fonr,. A morphism § of
(P, =, M, G) into itself is an automorphism iff the induced map f is equal to
idy and the associated homomorphism g is equal to idg.

1.2. Connections and parallel translations. We now recall three equivalent
definitions of a connection on a principal bundle P.

(1.2.1) A connection on P is a subbundle A = TP satisfying the fol-
lowing conditions:

() n, A, = Ty M and A,n T, P, = {0},

(1) Ay, =g, A, (Where g: P3p+rp-geP),
for any pe P and geG.

(1.2.2) Let us consider the set of all n-dimensional subspaces in tangent
spaces to P that are transversal to the fibres of P. This set we denote by
G} (P). As is well known, this set is an open subbundle of the n-th Grassmann
bundle over P, and each fibre of this bundle carries the natural structure of

(n-dim G)-dimensional affine space. The right action of G on G.(P) is given
by the formula

Ga(P)xG3(4,, 93, A,€G,(P).
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Now let Con P:= G,(P)/G, and n.: Con P3[A,]—n(p)e M. Since for any
fixed ge G the action A,— g, A, is an affine mapping from the fibre of G, (P)
over p onto the fibre over p-g, we can see that Con P is an affine fibre
bundle over M. It is obvious that the dimension of fibres in Con P is also
equal to n-dim G. A connection on P is a section A of Con P.

As can easily be seen, any n-dimensional subspace in T,P that is
transversal to the fibre P,, may be viewed as the kernel of the linear map
/ip: T, P — g such that ffp([p],,, X) = X, where [p]: Ga3g—p-gePand Xegq
= T,G. From this observation we obtain the following definition of a
connection on P:

(1.2.3) A connection on P is a g-valued 1-form A on P such that
(i) VXeg VpeP A([pl,X)=X,
(ii) VgeG YveT,P A,,(G,0v)=Adg ' A,(v).

For a vertical tangent vector v the formula in (ii) follows from (i).

The above three definitions of connections are equivalent, and so, in our
further considerations, we shall use them alternatively, choosing the most
suitable one.

Now we turn our attention to parallel translations and holonomies
defined by a connection A of class C!. Let ¢: [0, 1]— M be a smooth curve
joining xo = c(0)e M and x = c(1)e M. Then the horizontal lifts of ¢ to P by
means of A define a map h,: P,,— P,, called a parallel translation along c.

The map h, is a G-morphism of fibres P, and P, of P.

Let us fix a point xo€ M. Then the set P consisting of all G-morphisms
P,.,— P has the natural structure of a smooth principal bundle over M. The

group G:= 13,0 is the structure group of P. A smooth structure of P can be

characterized by the following condition: a local section s of P is smooth iff
for pe P, the section x—s(x)(p)e P is smooth.

The bundle P is isomorphic (but not canonically) to P. For a fixed pe P,
this isomorphism may be expressed as follows:

Q,: Pag—q(peP.
The associated isomorphism f: G- G (for Q,) is then

B(l(p, ) =4.

The smooth structure on P can also be defined by the requirement that Q,
is a diffeomorphism (Q,,0Q,' =g is a diffeomorphism for any geG).

All parallel translations h.;: P, — P, along all curves c joining x, and x
form a subset of the fibre P,. The set

H(A) = {qe P| there exists a curve ¢ in M such that g = h}
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is called a bundle of parallel translations of A at xoe M. The fibre H (A)y, of
H(A) is clearly a subgroup of G =I3,O. The group I:.I(A),‘O is called a
holonomy group of A at x,. We have also I-"I(A),‘=¢1I-“I(A),(0 for any

qe f’,h H(A). Hence H(A) looks like a principal subbundle of P with the
holonomy group of A at x, as its structure group.

There exists a correspondence between the bundle of parallel
translations of A at x, and the holonomy bundle of 4 at pen~!(x,). We
recall that the holonomy bundle of 4 at peP is defined as a subset
H(A, p) = P of points that can be joined with p by horizontal curves (see
[18] for details).

(1.24) ProposiTioN. For any pen™'(xo), the set Qp(H(A)) is the
holonomy bundle of A at p. In particular, H(A) is a principal subbundle of P
of class C* if and only if H(A, p) is of class C*. The associated isomorphism
B: G-G maps the holonomy group H(A )xq @t Xo onto the holonomy group of

A at p.

If M is simply connected and 4 is a C'-connection on P then for any
pe P the holonomy group H, of A at p is a closed Lie subgroup in G.
Moreover, holonomy bundles are then of class C? (for the proofs see e.g.
[18]). Thus, in this case H(A) is a C2*subbundle of P. In general, the
holonomy group of A at pe P is not a closed subgroup of G.

13. Symmetries of connections. Now we examine the action of
automorphisms on connections. If an automorphism ¢ of class C? and a
connection A of class C! are given then we can define the subbundle
@' A< TP in the following way:

(1.3.1) (@ Ay :=T, 0" A,

Clearly ¢- A is also a connection of class C'. Expressing the connections 4
and ¢- A in terms of g-valued 1-forms A and (¢ A), respectively (see (1.2.3)),
and identifying ¢ with a G-valued function ¢ on P (by (1.1.3)), we obtain
from (1.3.1) the following formula:

(1.3.2) (- A),, = Ad (p(p)oA —R;p.0T, ¢

¢(p)-

The connection A of class C! singles out those C2-automorphisms which
preserve A, that is, symmetries of 4. We denote the set of C2 symmetries of
the connection 4 by S(A):

(1.3.3) S(A) = {@e%. NC*(P,P)| ¢-A=A).
It follows immediately from (1.3.2) that any symmetry ¢ of A satisfies
the following “ordinary” differential equation:

(1.3.4) T, = Lyp.0A,~R;

p(p)e

oAP.
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It is obvious that any C'-solution of the above equation (where A is a given
C!'-connection) is also of class C2.

The set S(A)c ¥, is of course a subgroup, since (@,0¢,) A
= ¢, (¢, A) which can easily be seen from (1.3.1). Moreover, S(A) is
isomorphic to a (closed) subgroup of G. This fact is well known, and
therefore we briefly outline only the idea of its proof.

(1.3.5) ProrosITION. Let @€ S(A). Then for any xe M and for any smooth
curve c: [0, 1] M joining xo, and x we have

@(x) = h.og(xg)oh?,
where h.;: P, — P is the parallel translation along c with respect to the given
C'-connection A.

Proof. Let [0, 1]3t— p(t)e P be the horizontal lift of the curve c. We
see that the curve [0, 1]3t— ¢(p(1)) is also horizontal for any symmetry ¢
d d
because E(p(p(t)) = T,,(,,tp-d—fe Agpuy- The proposition follows from this
observation and from the definition of parallel translations. =
Now we identify S(A) with a subgroup of I' (P). Fixing x,€ M, we define

$:={B(x0)e G| FeS(4)}.

Taking x = x4 in (1.3.5),ow'e see that Sis contained in the centralizer C (H) of
the holonomy group H:= H(A),, in G. Thus, by virtue of Proposition
(1.3.5), for any symmetry @e '(P) of A we obtain

VxeM VaeH(A) NP, VIeC(CH) F(x) =adf(x)d 'q™"

(this is clear since the inclusion S c C(H) implies that C?*(H):=
C(C(H)) = C(8)). Hence, the section @ is determined by its value at a single
point x, and by the subset

(1.3.6) E(A):= H(A) C*(H) < .

For any C!-<connection A the group C2(H) is a Lie subgroup of G (C*(H) is
obviously closed for any subgroup H = G) and E(A) is a principal subbundle
(of class C?) of P (since P admits local sections of class C? taking values in a
holonomy bundle-see [18]). We call E(4) an evolution bundle of A.
Now we would like to point out that, in fact, S= C(ﬁ). If geC (1-7) and
(%, Uj}7= is a family of local sections of E(A) (x;: U;— E(A) is of class C?
and {U;}J-, is a covering of M), then there exists a global C?-section @, of P
such that '

i) = (xan " for  xeU,.

It can be shown that for any ge C(I-°I) the section §; is a symmetry of A.
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Since C (fl) is a closed subgroup of G, we can see that § is a compact Lie
group.

It appears that we do not need parallel translations of A for the
definition of E(A4); namely, E(A) is completely determined by S(A). The
converse statement also holds: an evolution bundle contains full information
about a symmetry group of a connection.

(1.3.7) ProrosimioN. For any C' connection A, the following equalities
hold:

() E(A) ={qe P\ VGeS(A) §((g) = ad(x0)qa™ '},
(i)  S(4) = {@el'(P) VqeE(4) §(#(9) =qP(x0)q '}

Proof. Since § = C(H), we infer (by virtue of Proposition (1.3.5)) that
the right-hand side of (i) is equal to H(A4)-C%(H) = E(A4) (see (1.3.6). To
prove (ii) it is sufficient to show that the values of sections at x, form the
subgroup C(H) =S = G. We have E(4)n 7~ '(x,) = C2(H), and therefore
the group of values at x, of sections belonging to the group on the right-
-hand side of (ii) is equal to C*(H). Since C*(H) = C(H) for any subgroup
H < G, the proposition follows. =

(1.3.8) CoroLLARY. Let A, and A, be C!'-connections. Then E(A,)
= E(A,) if and only if S(A,) = S(A4,).

It follows by the definition (1.3.6), that H (A) determines E (A). Therefore
H(A) also defines 3(A). But the converse statement is not true.

(1.3.9) ExampLE. Let M =S G =S! and let P be a G-bundle over M
(there is no nontrivial S*-bundle over S'). Here P = M x G (there exists a
canonical trivialization). In our case, for any connection A we obtain E(A)
=P Itis easy to construct a connection with a given subgroup H < S!,
H # S, as a holonomy group. Morcover, for any A a single fibre of H(A) is
finite or countable. Hence, H(A) is not always closed in P. For any A on our
P we have S = S! and S(A) = {$e%.| ¢ = const}. Therefore, all connections
have the same group as a symmetry group.

In the case where the centre C(G) of G is nontrivial, the symmetry group
of any connection is also nontrivial. It is easy to see from formula (1.3.2) that
any constant function ¢: P— C(G) is a symmetry of any connection. On the
other hand, it follows from (1.3.2) that if the C'-automorphism ¢ is a
symmetry for all smooth connections then ¢: P— G is a constant function
with values in C(G) (we use here the fact that Ad g =id, if and only if
g€ C(G)). Thus C(G) becomes a subgroup of ¥ which is responsible for the
fact that the action of gauge transformations on connections is not effective.

A connection A is called an irreducible connection if S(A) = C(G). In
particular, if the holonomy group H(A) of A is equal to G then A is an
irreducible connection.
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§2. The action of the gauge group on connections

In the previous chapter we have described automorphisms and
connections as single objects. Now we begin to study the spaces of
automorphisms and cobnnections of a certain Sobolev class. We shall also
examine the action of the gauge group (the group of automorphisms) on the
space of connections.

2.1. The gauge group. Let k > n/2 be an integer. Let us consider the
space H*(P) of all H*-sections of the bundle P. For the definitions, the basic
results and the construction of a C* Hilbert manifold structure in the space
of H*-sections of a fibre bundle we refer the reader to [25]. Under our
assumption on k every H*-section of P is continuous.

(2.1.1) ProposiTioN. The space H*(P) with the standard Hilbert manifold
structure is a Hilbert—Lie group (where the multiplication of sections is
pointwise defined).

Proof. Let P x P denote the bundle product (i.c. the bundle over M
whose fibre at xe M is P_x P,). Consider the map m: Px P— P, m(¢p,, y)
=@y for ¢,, ¥,€ 13,, xeM. It is clear that m is a C® map. Lel
@, we H*(P). Since @(x)¥(x)"! =m(B(x), Y(x)) and the section &eI(P)
(deﬁned by : é(x):=[(p, ¢)], pe P,) is of class C®, we infer in particular that
¥ eH"(P) W~ '(x) = m{e(x), ¥(x)) and, moreover, @y € H*(P) (since
B (%) ¥ (x) = m(@(x), ¥ ' (x)). The above properties follow from the fact that
the composition of an H*-map with a smooth map (on the left) is an H*-map.

Now we consider the following map (between C* Hilbert manifolds):

H*(P)x H*(P)2(, §)—> @) ' e H*(P).
This map decomposes into the following two maps:
H*(P)x H*(P)3($. ) @ x Je H* (P x P),
where (@ x ) (x) = (@(x), ¥ (x)), and
H*(Px P)as—»mose H*(P).
The smoothness of the first map is evident and the fact that the second map

is of class C™ follows from the so called «-lemma (see e.g. [12], page 108)
This concludes the proof of the smoothness of the map (&, ¥)— @y ~'.

Now let k>4dim P+1 and let D*(P) be the group of all H“
difftomorphisms of P. D. Ebin in [11] introduced the structure of a C*®
Hilbert manifold on D*(P) and proved that the space D*(P) is a topological
group but is not a Hilbert-Lie group (the left multiplication is not smooth).
We now consider the set 4* of all H*-automorphisms of P as a subset of
D*(P).

(2.1.2) ProrosiTiON. %% = D¥(P) is a closed topological subgroup.
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Proof. Let {¢,)y be a sequence in %4* convergent to ¢e D*(P) with
respect to the H*-topology. Since the convergence with respect to the H*-
topology implies uniform convergence, we obtain for any pe P and geG

@(p-g) = lim ¢,(p-g) = lim ¢,(p)g = [lim @.(p)]-9 = ¢(p) g
Here we have also used the continuity of G-action on P. Using the continuity
of n, we obtain
n(¢(p) = n(lim @,(p)) = lim n(@,(p)) = n(p).

n—ac n—*a

Hence, pc%*. =

(2.1.3) ProposiTION. %* is a smooth submanifold in D*(P).

Proof. First let us note that for any ¢ D*(P) the right multiplication
R,: D*(P)ay — yo@eD*(P)is a C* map (see [11] or [12]). Therefore, it is
sufficient to prove that there exists an open neighbourhood U = D*(P) of idp
such that Un%* is a smooth submanifold in U.

Let y be a smooth G-invariant Riemannian metric on P (for the
existence of such a metric see [6], Chapter VI, Thm. 2.1). Let W < TP be an
open neighbourhood of the zero section, such that for any pe P

(i) WNT,P is a ball of radius r > 0,

(ii) exp,: Wn T,P— P is a diffeomorphism on its image. The existence
of such a radius r > 0 follows from the compactness of P. It is clear that W
is G-invariant since y is G-invariant.

Let

U:=|peD*(P)) 3IXecH*(TP) VpeP X(p)eW and o¢(p)=exp,X(p)}.

U is an open neighbourhood of idpe D*(P) and is also the domain of the
local chart:

H*(W)3 X +—(P>prsexp, X(p)e P)eU.

Let H%(VTP) be the space of G-invariant rm-vertical vector fields on P of
Sobolev class H*:

H“(VTP):=XeH*(TP) n, X =0 and VgeG §, X = X).

It follows from the continuity of #,: TP— TM and the continuity of the G-
action on TP that H%(VTP) is a closed subspace of H*(TP) (by virtue of the
same argument as in the proof of Proposition (2.1.2))

Now, from the G-invariance of y it follows that each fibre of P is a
totally geodesic submanifold in P. Thus the local chart H*(W)— U defined
above gives us a one to one correspondence between n-vertical vector fields
and fibre preserving diffeomorphisms. Moreover, the G-invariance of 7y
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implies that ¥* N U is the image of HE (V TP)n H*(W) (by the local chart in
question). This concludes the proof. m

In the previous chapter we presented scveral approaches to gauge
transformations (see Prop. (1.1.7)). We shall now show that the equivalence of
H*(P) and %* is given by an isomorphism compatible with smooth structures
(i.e, by a smooth isomorphism).

(2.1.4) ProposiTION. The group % with the smooth structure induced from
D*(P) is a Hilbert-Lie group. The natural isomorphism H*(P)— %* is smooth.

Proof. We have already proved that H*(P) is a Hilbert-Lie group
(2.1.1) and that %* is a closed topological subgroup and a submanifold of
D*(P). Therefore it is sufficient to prove that the (algebraic) isomorphism
H*(P)— %" is also a diffeomorphism.

First, let us introduce the bundle product P x P and the following (fibre
bundle) morphism over id,,:

ev: PxP3([(p, 9)1, p—p-geP.

It is obvious that ev is a C® map. Now the mapping H*(P)> $— pe%* can
be expressed by the following formula:

@(p) = ev(d(n(p), p)-

For the proof of smoothness we recall some known facts in the theory of
manifolds of maps. If F,, F, are fibre bundles over M and the total spaces of
F,, F, are compact then the space Hi(F,, F,) of all H* bundle maps over
id,, is a closed Hilbert submanifold of the Hilbert manifold H*(F, F,) of all
H* maps F, - F,. Moreover, if F is another fibre bundle over M (with a
compact total space) then Hi(F, F, xF,) is canonically diffeomorphic to
HY(F, F,)x HY(F, F).

We now consider the mapping H*(P)3 $+ pe%* as the composition of
the following maps:

H*(P)> @+ pone H (P, P),

H(P, P)sy—(y, idp)e HE(P, P)x H(P, P),
HY(P, P)x H(P, P)>(¥, n)—y x ne HX(P, Px P),
HY(P, Px P)a(+evo(e H*(P, P).

The smoothness of the second and the third maps is evident and the
smoothness of the fourth map follows from the a-lemma (ev is of class C®).
The fact that the first map is of class C® can be seen if we use a G-invariant
Riemannian metric on P and the metric on M obtained by the standard
projection of that on P (or one can prove this immediately by applying a
suitably general version of the w-lemma). The above considerations prove
that the map H*(P)33 —¢ = evo((gon) xidp)e H*(P, P) is of class C™. It
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suffices to show that the map H*(P)> 3+ pe%* is smooth since %* is a
closed, C® submanifold of the open submanifold D*(P) = H*(P, P).

To end the proof, it is sufficient to verify that the derivative of the map
H*(P)2 @ pe%* at e H*(P) is bijective. Then, by virtue of the Banach
theorem and the inverse function theorem, we infer immediately that this
smooth algebraic isomorphism has a smooth inverse. Taking the space
H*(&* VT(P)) = (the space of H* vertical vector fields on P defined on the
image of section &) as the tangent space T; H*(P), we find that the inverse
linear map

T,%* = Hy(VTP)~ H*(#* VT(P) = T, H*(P)
of the derivative at € is given by the formula

XX, X(@(rp)) = pra(0, [P "4 X (p)),

where pr: Px G — P is the canonical projection PxG — Px ;G = P. Hence,
the proposition holds. =

In order to complete our considerations on gauge transformations we
shall say something about the third approach to automorphisms (see (1.1.3)
and (1.14)). Let G act on G by inner automorphisms, ie, GxG
5(g, g~ 'hgeG. Let us consider the set %* of all G-equivariant
functions P— G of Sobolev class H*:

G*:={pe H*(P, G) VyeG Y peP ¢(p-g) =g ' ¢(pg}.

%* is a closed topological subgroup of the Hilbert-Lie group H*(P, G) (with
the usual pointwise multiplication of G-valued functions on P). It is also easy
to prove that 4* = H“(P, G) is in fact a Hilbert-Lie subgroup.

We have already proved that the mapping 4*3¢—@e%* is an
(algebraic) isomorphism (see formula (1.1.8)). One can also prove by using the
methods presented above that 4*3 ¢+ ¢e%* is an isomorphism of Hilbert-
Lie groups.

Concluding: The Hilbert-Lie groups H*(P), ¥* and %* are canonically
isomorphic, and therefore we can identify those spaces.

2.2. The action of %**! om %*. Let k>34dim P+1. The space
H*(g®T* P) of all g-valued, H*, 1-forms on P (with the standard scalar
product defined with the use of a smooth Riemannian metric on P and a
scalar product in g) is a Hilbert space. It follows from (1.2.3) ((i) and (ii)) that
connections of class H* form a closed affine subspace in that Hilbert space.
We denote the space of H* connections by $*. The space %* is parallel to the
linear subspace of H*(g® T* P) consisting of all G-equivariant, g-valued, H*,
1-forms on P vanishing on vertical vectors. Namely:

%* = A+ W

2 — Dissertationes Mathematicae z. 250
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where Ae%* is an arbitrary connection and
(22.1) W:={acH (g®T*P) (VveTP VgeG
2(Gev) =Ad g"'a(v)) and (Vve VTP a(v) = 0)}.

It follows from the Sobolev lemma that H* connections are of class C'.
Moreover, for k >31dim P+1, H* connections are of class C! where [
= entier(}dim G)+1. This follows from the G-equivariance and the
smoothness of the G-action on P. One can also check this property by
identifying ¥* = H*(Con P) and then applying the Sobolev lemma to that
space of H*-sections of the bundle Con P over M (k >{dim M+1). Hence,
the space ¥* is defined for k > idim M+1 — it contains C' connections.

We now examine the action of gauge transformations on %*. Let us note
that by applying formula (1.3.2) for an H**'-automorphism ¢ and an H*-
connection A, we obtain the connection ¢-A of class H*. Hence, formula
(1.3.2) defines the action

d: G Ixg - ¢
(2.2.2) ProPOSITION. The action @ of ¥**! on €* is affine and is of class
Cc®.
Proof. It is easy to see from formula (1.3.2) that for any ¢e%**!
the map @(p, *): 6* — %* is affine. In order to prove the smoothness of
&: G x€* - 6* we fix a connection Ae%* and compose @ with the

affine chart ¥*3A4+ o +—»ae A defined by 4 on %*. We thus obtain the map
&: G5 W - W defined by the formula

?(p, A+a) =:A-+d3(qo, a).
Using (1.3.2), we can express @ in the following way:

(223)  &(p, 2, =Ad ¢(p)od,—4,+R

é(p~ 1o

T,p+Ad p(p)ox,.

Now we have to prove the smoothness of &. Since U* is a closed linear
subspace of the Hilbert space H*(g® T* P), it is sufficient to prove that & is
a C® function 4**!x A - H (@q®T* P). Formula (2.2.3) allows us to
decompose the function @ (with values in the linear space H*(g® T* P)) into
the following sum of four functions:

5 =¢1+¢2+¢3+¢4,
where

?, (9,0, =Ad ¢(p)OA,,  P(p, %) = —4,
3 (9, 1), = Rim-1. T,0, @49, 2),=Ad ¢(p)oa,.

We examine the smoothness of each function @;: 9**! x A - H*(g® T* P),
i=1, 2,3, 4, separately. @, is of class C™ since it is constant. The functions
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®, and P, depend only on pe%**!; therefore it is sufficient to prove the
smoothness of ®;: ¥**1 - H*(@®T* P), i = 1, 3, defined by the projection
pri: %" x A — %**1 in the following way: d,opr,:=&;,, i=1,3.
Now we define three maps u, Z and Ad:
u: GxG3(gy,92)—9:19; ' €G;
Z: TG — TG is the zero morphism (over idg) Z(v,):=0,;
Ad: Gx(8®T* P)3(g, y®B)—(Ad ¢ y)®Beg®T*P.

It is clear that y, Z and Ad are of class C=.
Let us consider the composition of the following two maps between
Hilbert manifolds:

H**1(P, G)x H*(g® T* P)>(p, x) — ¢ xxe H*(P, G x (g® T* P))
and
H*(P, Gx(g®T* P))3(—Adole H*(P, g® T* P).
These maps are of course smooth, hence their composition is C*. We
denote this composition by . The map ¥, when restricted to %**!x A,

takes values in H*(g® T* P) and, moreover, this restriction is then equal to
&,. Composing the map ¢ with the map

G130 (p, A)e H** 1 (P, G)x H*(g® T* P),

we obtain @,. Thus, we have proved that ¢, and &, are of class C*.
To complete the proof we have to verify that @, is of class C®. For this
purpose we write @5 in the form

®3(¢) = Tuo (TP x (Z o Tp)).

The above formula allows us to extend @, onto H**!(P, G) and to examine
its smoothness by a decomposition into simpler maps:

H**Y(P, G)>¢p— Tpe HX(TP, TG);
HY(TP, TG)a¢é—Zoée HY(TP, TG);
HX(TP, TG)x HX(TP, TG)3({, &)—{ x e HY(TP, T(G xG));
and finally
HY(TP, T(G xG))>n— Tuone H{(TP, TG).

Here HY(V,, V,) denotes the Hilbert manifold of H* vector bundle
morphisms V, — V,, where V;, V, are vector bundles. It is clear that the
above four maps are of class C*® 'and that &, is their composition. This
proves that &, is of class C® as a map H**!(P, G)—» HX(TP, TG). But the
image of (extended) &, is' contained in the space HX(TP, {e} xg)
= H*(g® T* P), which is a smooth submanifold in H%(TP, TG). Hence,
@y 471 > H*(@® T* P) is smooth. =
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23. Weak and strong invariant metrics on %% The notions of weak and
strong (smooth) Riemannian metrics on Hilbert manifolds are known fairly
well — we refer e.g. to [8] and [11] for definitions and important examples.

We construct a weak 4**'-invariant Riemannian metric on ¥*. For this
purpose let us take a G-invariant Riemannian metric y on P and an Ad(G)-
invariant scalar product { , ) on g.

Then y and { , ) define in the standard way a smooth bundle metric
(, ) in the bundle g® T* P and a smooth G-invariant measure u on P. Now

(2.3.1) W x W aay, ay) — [(a(p), 22 (P))du(p) =:((;, 23))€R,
P

is a continuous, symmetric and nondegenerate bilinear form. Since %* is an
affine space modelled on U (so T%* = ©* x W), the form (( , )) defines a
weak Riemannian metric on %% which is invariant under translations. The
smoothness of this metric trivially follows from the construction, namely
from its invariance under translations. In order to prove that this weak
metric is %" !-invariant, we write the formula describing the ¥**! action on
T :

(23.2) T, (0, ) T,%*3(A4, ))—(¢p-A, Ad ¢-a)e T, , £~

This formula follows immediately from (1.3.2). Now we have

(Ad ¢-a;, Ad ¢-a,)) = I(Ad @(p) 2y (p), Ad @(p)-a,(p))du(p)

= [(a1(p), 22 (p))du(p) = (21, a2)),

P
where we use the fact that the metric ( , ) in the bundle g® T* P has been
defined with use of the Ad(G)-invariant scalar product { , ) in g. The above
equality shows that the weak Riemannian metric introduced here is indeed
%**1.invariant.

Now we construct a strong metric on % In our case (here T%* =

%* xW* is trivial) a strong Riemannian metric may be viewed as a
smooth function:

€34 ((, Vie L(UA, A5 R

with values in the Banach space of continuous bilinear forms on A%, Of
course, (( , )% has to be a symmetric and nondegenerate form defining the
original H*-topology on U,

The metric (( , )% constructed below is in fact the scalar product on
H*(g® T* P) > U, The definition of (( , )% is based on the construction of
an H*-scalar product in the space of H*-sections of a vector bundle defined
by using covariant derivatives. The equivalence of the two approaches, the
first using covariant derivatives and the second using local trivializations,
partial derivatives, partition of unity and so on, is explained in [11].
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i+1

1
Let [®]: (@®T* P)x(a® (R T* P))— (4®(® T* P)) be the bilinear
morphism defined as follows:

(V1 ®a,) [®](y:®B,) : = [V, y21®x, 8,

where
]
V1, V2€8, a,eT}fP, B,e®@TrP,

I=1,2,...,and [, -] is the Lie bracket in g. By ¥ we denote the covariant
1

derivative in the bundles g®(® T* P) defined by the metric y on P:

1+1

1
V: H"(g® (®T* P)) > H™ ' (a®(® T* P)).

A
For the definition of ((, ))% we use another covariant derivative ¥ that

depends on ¥ and the connection A on P in the following way:

(233) 7= Vh+ A[®15,

i
where f is a section of the bundle g®(® T* P). The metric y and the

1
invariant scalar product { , > in g define metrics in the bundles g®(® T* P),

i=1,2,... We denote all of them by the same symbol: (-, -).
Now we are able to give the formula for ((-, ))%:

k 4 A
(234) (@, 0= 3 J(O @, (7 az)dp.
=0 P
(2.3.5) THEOREM. The strong Riemannian metric
34— ((-, )y L(A, U R)
is
(i) %** ‘-invariant,

(ii) smooth.

Proof. We first note that properties (i) and (ii) are independent.
(i) We obtain the following formula:

(23.6) (VAd ¢-B), = Ad ¢(p)-(VB),+(R, -1, T, P) [®]Ad &(p) B,

I
where B is a section of g® (®T*P), I=1, 2, ...
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Combining formulas (1.3.2), (2.3.3) and (2.3.6), we obtain

@A A
V(Ado-B)=Ad ¢ VP

and further

(2.3.7) (P)(Ad ¢-B) = Ad ¢-(P\'B, IeN.

Now
k @A @A
(Ad ¢-2,, Ad ‘I-"flz))z-,q = Z j(( V)(Ad ¢-a,), (V) (Ad ‘13'12))11#
oP

-

k

A
2 5(Ad @-(V)a,, Ad (f"(i;)'az)dp =
oP

=0

The first and the fourth equalities hold by virtue of definition (2.3.4), the
second is obtained by using (2.3.7) and the third follows from the invariance
of the scalar product { , ) in g. This calculation and (2.3.2) prove statement
@i).

(i) In order to simplify the notation, we introduce the following
abbreviation:

-~

J(() ay, (PYaz)du = (2, 2,))k.
.

I+1

H U=H"'@®(®T*P), [=0,1,2,...,k

The bilinear map
Hx H* '*13(x, p)—a[®]Bpec H* !
is continuous. Hence
H'sa —(f—a[@]peL(H ', H )

is a continuous linear map (from H* to the Banach space of all con-
tinuous linear operators with the standard norm topology). Since

VeL(H*'*', H* ') we obtain
A
%*3 A Ve L(H 141, HY)

is a C*-map (moreover, it is affine).
It is well known that the composition of operators is a continuous
multilinear mapping between the spaces of operators. In our case, the map

L(H*'"*1 H* Y x ... x L(H*"', H*" %) x L(H*, H*"'y3(B,, ..., B)

—B,0B,0...0B,e L(H*, H*")
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is a continuous /-linear map, and thus in particular it is of class C®. This fact
implies that the map

A
®3 A (V)€ L(H*, H*"Y)

is of class C*® (as the composition of smooth maps).
We now consider the following family of bilinear forms:

bi: H* 'xH* '3(B,, ﬂZ)HI(ﬂl’ By)dueR,
P

where 1=0,1,...., k. Of course, for any | the form b, is continuous
(bye L(H*™!, H*"*; R)). These forms define continuous bilinear forms on the
appropriate Banach spaces of operators:

by L(H*. H* Yy x L(H*. H*")2(B,. B»)
—b,(B, (), B2(*))e L(H*, H*; R).
Since b, is a continuous bilinear map between Banach spaces, it is of class
C™. Composing each b, with the smooth map ’A“BAH(AV)‘G L(H*; H*™Y (in

both places) we obtain the smooth functions

A

((/kBAi—*b,((é)l('), (V)'(‘))EL(H“, Hk; R),

where [ =0, 1, ..., k. Since the function ¥*3 4 — (( , )4 € L(H*, H*; R) is the
sum of the above k+1 smooth functions, it is also of class C*. =

24. The equivariant embedding of #* into the space of H* Riemannian
metrics on P. Let .#* denote the space of all Riemannian metrics on P of
Sobolev class H*. This space is an open and convex cone in the Hilbert space
HY(T* P®, T* P) of all H* symmetric 2-covariant tensor fields; therefore . #*
carries the natural structure of a C® Hilbert manifold. The group D**'(P)
acts on .#* (on the left) in the following way:

D** Y (Pyx . #*3(p, )0, ve #*.

This action was investigated by D. G. Ebin (see [11]), A. E. Fisher [13]
and J. P. Bourguignon [5]. Now we briefly recall some fundamental resuits
contained in those papers. The action of D**!(P) on .#* is smooth (C*),
proper and admits slices at any ye.#* There exist also smooth D**!(P)-
invariant weak and strong Riemannian metrics on .#*. Moreover, the space
M*/D**1(P) carries a natural structure of stratification into smooth
manifolds.

In this section we shall give the construction of a smooth
equivariant embedding F: ¢*— .#* For this construction we need (wo

ghr il
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objects: a smooth (or H*) Riemannian metric y,, on M and an Ad(G)-
invariant scalar product ( , > on g. Now we define the value of the metric
y = F(A), Ae*, on a pair of vectors (v, v,)e T,Px T, P:

(241) }’(vl, DZ) = YM(n* Uy, 7[* v2)+<"a(vl), l‘i(Uz»,

where Ae H*(g® T* P) is the 1-form of the connection A. It can easily be
seen that for any Ae%" the resulting bilinear form F(A4) is a Riemannian
metric of class H*; thus F: $*— .#* Moreover, F(A) is a G-invariant metric
on P:

F(A) @y 01, G 02) = 1Ty Gu 0, 1, G, 02) + <A Gy 01), 4G, 02))
= yu((0g)y vy, (107), v2)+<Ad gA (1)), Ad gA(v7))
= ya( 01, Ty )+ (A (1)), AW@)) = F(A) vy, 0.
Thus, F(%*) c #¢, where .#¢ denotes a smooth closed submanifold in
#M* consisting of all G-invariant H* Riemannian metrics on P.

(24.2) LEMMA. The map F: ¢* — #* is of class C® and is injective.

Proof. It has already been shown that F(%*) c .#* Since .#* is a
submanifold in H*(T* P® T* P), then it is clearly sufficient to examine F as a
map F: ¢*—> H*(T* P®T* P). Now F decomposes into the sum of two
functions on %* (with values in the Hilbert space H*(T* PQT*P)), F =
F,+F,, where F, is the constant function, namely:

Fi(A)(vy, vy) 1= yu(r vy, my 03).

Hence the smoothness of F, is trivial. We now verily the smoothness of F,,
considering F, as the composition of simpler maps.

F2(A)(0y, v) = CA(01), A
F, is the composition of two maps:

€*34— Ax Ae H (@@ T* P)x (a® T* P)),
where

(Ax A)(v1, v;) = (A(v,), A(v2),
and
H'(@®T* P)x(a®T* P))2 4, x 4,
=, Y o(d, x A,)e H*(T* PR T* P).

The first map is evidently of class C®. The second is the left composition
of H*-maps (from M into (§® T* P) x(g® T* P)) with the smooth morphism
“C, )" (a®T*P)yx(g®T* P)— T* P®T* P,

“Ch D@y, )i =<, Dofay Xay)

for a, 2, € g® TF P. Therefore, the second map is also of class C®. Since F,
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and F, are smooth, F is also smooth. In order to prove the injectivity of F
we take two different connections 4, and A,. Then, there exists a vector
ve TP which is A,-horizontal but is not 4,-horizontal. Then A4, (v) = 0 and
Ay(v) #0, so F(A)(v, v)—F(A,)(v, v) = (A, (v), A,(v)> > 0. Thus, we have
proved that F(A4,) # F(A4,). =

Let us recall that any G-invariant metric y on P projects on M and
defines a Riemannian metric ¥ on M:

‘?(7!* Uy, My Uz) = Y(vla UZ),

where v,, v,€ T, P and v,, v, are y-orthogonal to the fibre n~*(P).
Now let

(243) Mip:=!ye M| 7=7yy, VPeP VX, Yeg
<X’ Y> = ?([P]* X, [P],.. Y)}

The metric y,, and the scalar product { , > are the same as in (24.1). It is
clear that F(%*) c .#¢ . We shall show that .#%, is precisely the image
of F.

Let {X,, X,,..., X} be a {, D>-orthonormal basis in g Each element
of g defines a vector field on P. The vector field on P corresponding to X;
we denote by w;:

wip:=[ple Xi, i=12,...,m.

The fields {w,, ..., w,} are all smooth nonvanishing vertical vector fields.
Moreover, they span the bundle VTP of all vertical vectors on P. Let us
recall that any G-invariant metric y defines a connection on P by means of
subspaces y-orthogonal to fibres of P. Using X;’s and w;’s, we can express
the 1-form of the connection F(y) corresponding to the metric ye .#% ; by
the explicit formula

(24.4) Fp:= Y y(wi(p), v)X;, veT,P.
i=1
It is easy to verify that F maps .#%;— é* and that
FoF = id,,,lé"‘_.

This proves that F(%*) > ¢ r, and thus
M5 = F(6Y),
and hence F is the inverse map of F defined on its image.

(24.5) LEMMA. HE ¢ is a smooth closed submanifold in M*.
Proof. We consider the map

X : H*(T* P®, T* P)—» H*(T* P®, T* P)
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defined by the formula

](y)(vl’ vy)i= ?(Ul - Z 'V(W.'(P)a Ul)W.’(P), Uy — Z V(Wj(P)) Uz)Wj(P))
i=1 j=1
where v, v,€ T, P and the vector fields w, ..., w, on P are the same as
before. We can rewrite the above formula in the following form:

T =y+ ¥ (w0 29)wi I N@w; 1 9)=2 F (w; I N®w; ).
ij=1 i=t
Since the multiplication of H* functions is smooth, it is evident that
X : HY(T* P®,T* P)— H*(T* P®, T* P) is a C* map.
Let

B,:='!be H*(T* P®, T* P)| blyrpxyrp =0, b is G-invariant).

Then B, is a closed linear subspace in H*(T* P®, T* P). Now we single out
the subset .#E  , < .#* in the following way:

ME =y +By)n A,

where y, € .#¢ ¢ is fixed and y,+ B, denotes the (closed) affine subspace in
H*(T* P®, T* P). It is not difficult to verify that the definition of .#§ , .
does not depend on the choice of y, € .#¢§ ¢. The space . #§  , consists of all
H* G-invariant metrics on P such that their restrictions to vertical tangent
subspaces look like { . ) (after transport to g). Now it becomes clear that
ME , is closed in .#* since B, is closed in H*(T* P®,T* P) and the
topology on .#* is induced from H*(T* P®, T* P). Moreover, .#§ , is a
smooth submanifold in .#* since .#* is open in H*(T* P®,T* P) and
ME (. is the intersection of a closed affine subspace with .#*
Now let

B,:=1{beB,| VI<i<m w, Jb=0].

Of course, B, is a closed linear subspace in B,. B; consists of all H*
symmetric 2-covariant G-invariant tensor fields on P that are lifts (by n*) of
H* 2-covariant symmetric tensor fields on M.

We shall show that the image .¥ (#% ) is contained in B,. For
ve . # ., we have w; J(w; _Iy) = 9d;; and further

H ) =y= 3 W IN®(w; 1y), ye M.

i=1
Thus,
w; X (=0 for 1 <j<m and for any yE .M (5

To prove the G-invariance of X (y) (for ye .#% ), we take v, v'e T,P and
we decompose these tangent vectors into the vertical and the y-orthogonal
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(to the fibre) parts: v = vy +0v,, V' = v} + v}, where n, v, =, v} =0, y(vy, v))
= y(v}, v3) = 0. Now

H () (v, v) =K () (02, 3) = 7(v3, V).
On the other hand,

K @Gavs Fo ) =H ()@ 02, Fu 02) = ¥(Gu 02, Gy 02) = (v, 12).

From the above formulas it follows that . (y) is G-invariant, whence
X (y)eB, for ye # ..

Thus, restricting ¥ to the closed smooth submanifold .#% , , = .#* we
obtain the C* function

X H, 3y—H (})€EB,.
Since
Mo p =" ),

it is evident that . #% ; is a closed subset in -#% ( ,. Thus . #§ ¢ is also closed
in .#* To prove that .#{, is a smooth submanifold, we show that the
derivative of ¥ at any point of .#% ; is surjective (onto B,). It is clear that
we can identify

T.-#s. ,=.# , ,xB,.

We have the following formula for the tangent mapping of ¥:
LA -b=b— 3 [w 1HRw; Jy)+(w; 1)@ w; Jb)]
i=1

for be B, and ye.#} .

Since w; 1 b =0 for any beB; and 1 <i < m, it is evident that T ¥ -b =b
for any be B,. Hence T, X" is a surjective projection onto B;. This completes
the proof of the lemma. »

(2.4.6) LEMMA. The mapping F: ¢*— .#* is equivariant with respect to
the actions of 4**' on €* and 4**' < D**'(P) on .#*.

Proof. Let pe%**! and Ae%*. For v,, v,€ T,P we have
(04 F ()01, v2) = F(A)(@x ' 03, 0, ' 3)
= (M, 05 10y, T, 0, 10)+(A(py ' 0y), Al@y 10,)).
Since o ! =n and A(¢,'v) = (¢, 4)(v), we obtain
(@4 F(A)(01, 02) = 74 01, Ty 02) + (@4 A (01), (94 A) (02D
It follows from the above relation that
0 F(A)=F(p-A). =
(24.7) LEMMA. The tangent map TF is injective.
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Proof. Let us recall that T#* = ¢* x U* (see (2.2.1)), and %* is an
affine subspace in H*(g®T*P). T.#* is also trivial and T.#* =
M x H*(T* P®, T* P). For ae W, vy, v,€ T, P, we have

(T, F-2)(vy, v)) = a(vy), A()) +<{Avy), x(v)).

Let T,F-a =0. This means, in particular, that for any =-vertical vector
v,€ T, P and for any v,e T, P

a(vy), A(v2))+ (A (vy), a(vy)) = 0.

Since a(v,) =0 and A takes all values in g (for the m-vertical vectors), we
infer from the above equality that

VXeg Vu,eT,P (X, a(vy))) =0.

This proves that o =0 (for ( , > is non-degenerate). m
Now we sum up the results obtained in the following theorem:
(2.4.8) THEOREM. Let y,, be an H* Riemannian metric on M. Let F be the
mapping defined on %* with values in H*(T* P®,T* P) given by formula
(24.1):
F(A)(vy, v3) 1= ya(my vy, T, 02) + <A (v)), A(v2)),
where Ae%*, v,, v,€T,P.

Then F: €*— M#* is a C®, 4** '-equivariant embedding onto the smooth
closed submanifold MEp < M* defined in (24.3). Moreover, F is a C®
diffeomorphism on its image.

Proof. The sequence of the Lemmas (24.2), (24.5), (24.6) and (24.7)
together with the equality F(%¥")= .#¢; (which had been proved before
Lemma (2.4.5)) give us the proof of the first statement of the theorem. To
prove the rest we have only to show that the inverse mapping F~'
=F: M~ €* (defined in (24.4)) is smooth.

Let us recall that

F~l: M9 ) (W, 19O X, €¥",
i=1

where {X,, ..., X,,} is a fixed basis in g and w;’s are the smooth vector fields
on P (corresponding to X;’s). Since the maps

H*(T* PQT* P)3y—(w, J ))® X, € H*(g® T* P)
are linear and continuous (hence of class C®), the smoothness of F~! is

evident. =

The above theorem allows us to apply the results obtained by D. G.
Ebin, A. E. Fisher and J. P. Bourguignon (mentioned at the beginning of 2.4)
to the case of the 4**! action on %*. In particular, if we restrict the weak
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and strong D**!(P)-invariant Riemannian metrics on .#* (constructed by D.
G. Ebin) to the submanifold .#% p, then the resulting metrics are %**!-
invariant. Then, pulling back these metrics by F, we obtain the gauge
invariant weak and strong Riemannian metrics on %*. It appears that these
pull-backs do not depend on the choice of F (on y,). Moreover, in this way
we get the same structures as in Section 2.3.

Another simple consequence of Theorem (2.4.8) (and the fact, proved by
J. P. Bourguignon, that the action of D**!(P) on .#* is proper) is the
following

(2.4.9) TueoreM. The action & of 4**' on €* is proper.

Proof. We have to show that the map
P: Gt 1xE 3(p, Ay (A, ¢ A)eb x 6"

is proper. We already know that the action ¥ of D**!(P) on .#* is proper,
i.e., that the map

t‘i’: Dk+l(P) X "”ha((P, )’)'_’('Y, (p* Y)E"lk X "lk
is proper. Now we add to this information the following facts proved in
Theorem (2.4.8):
1) the diagram
D1 (P)x M* Xs Mt x M
id xF T T FxF

@ y
gk+l X (6& -, (/fk X(ﬁk

commutes;

2) F is a homeomorphism of ¥* onto its image F(%*), which is a closed
subset in #*
These two properties imply that for any subset V < ¥**! x%* we have

S (V) = (FxF)" ' (P ((id x F)(V))).

It is evident from this formula that & is a closed map since id x F, ¥ are
closed maps and F x F is continuous.
Similarly, for any subset K = 6*x %* we have

&~ (K) = (id x F)"* (P~ (F x F)(K))).

If K is compact, then (F x F)(K) is compact. Also ¥~ 1((F x F)(K)) is then
compact, for ¥ is proper. Since id x F is a homeomorphism onto its image
and this image is closed in D***(P)x .#* we infer that &~ !(K) is compact
for compact K. This proves that @ is a proper action. a

From the above theorem we obtain the following corollaries.

(2.4.10) CoroLLARY. The symmetry group of any connection is compact.
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(24.11) CoroLLARY. All orbits of the action ®: G** 1 x 6 = €* agre closed.

The facts described in (2.4.9), (24.10) and (2.4.11) were announced by I.
M. Singer [28] and proved by M. S. Narasimhan and T. R. Ramadas [23]
(in the case of M =5* G =SU(2) and P = M x G) However, the approach
presented here is quite different, and the result obtained is more general.

(24.12) Remark. The equivariant embedding F converts the affine
action @ into a linear action of 4**! on .#* < H*(T* PQ T* P).

One of the most important consequences of Theorem (2.4.9) is the
following statement:

(2.4.13) CoroLLARY. The orbit space 6*/%**! is a Hausdorff space.

Proof. The orbit space for any continuous proper action of a

topological group on a topological space is a Hausdorfl space (see [4a] § 4.2,
page 49).

§ 3. The Slice Theorem

First we note that the action @ of 4**! on %* is not free. It is even non-
effective, as we already pointed out at the end of Section 1.3. The action of
4**1/C(G) on “* becomes effective, but it turns out that it is still not free.
This is the consequence of the fact that connections may have different
holonomy (and symmetry) groups. This observation leads to difficulties when
one tries to endow the quotient space €*/%**! with a differentiable structure.

In this chapter we prove that the action & admits a slice at any Ae%*.
This is the first step in giving #*/%**! some kind of a differentiable structure.

3.1. The Hodge-Kodaira-like decomposition for T, @,. It is evident from
the identification 4**! =~ %*! c H**!(P, G) given at the end of Section 2.1
that the Lie algebra #£%**! of the group 4**' can be identified with the
space of H**!, g-valued, equivariant functions on P, namely:

(3.11) L9+ =!jeH"*' (P, g)| VgeG VpeP

Alprg)=Ad g '-i(p)}

Translating the above into the terminology of associated bundles, we see
that £%**! is the space of all H**! sections of the vector bundle Px ;g
associated with the principal G-bundle P by means of the representation Ad.
This bundle is denoted by Ad P:= Px;g. Thus,

ggk+l =Hk+l(Ad P)

Since, for any ge G, Ad g: g— g is an isomorphism of the Lie algebra, it
is clear that any fibre of Ad P has the structure of a Lie algebra. The Lie
multiplication in H**!(Ad P) is simply the pointwise Lie multiplication of
sections.
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We can also use the bundle Ad P to express the tangent space U* to the
space é* as a Hilbert space consisting of all H*-sections of a certain vector
bundle (see (2.2.1)):

A = H*(T* M@Ad P).

The notions introduced above are useful for the investigation of the
derivative T,P,: L% > W, where &, 939> -Ac¥*. We shall
show further that orbits are smooth submanifolds in é* and that the tangent
space T,(%**'-A) is equal to im T,®,. For this purpose, we have to prove
first of all that im T, &, is closed in A,

Simple calculations give us the following formula for T, ®,:

(3.1.2) (L, 4),=ad A(p)oA,—~T,4

where 4 and A are a g-valued equivariant function and a connection 1-form
on P, respectively. Using (2.3.3), we can write

A
’I;¢A'A. = ‘_Vj..
The linear operator
T.&,. H"*'(Ad P)» H*(T* M®Ad P)

is a first order differential operator acting between the bundles Ad P and
T* M®AdP over M. T,®, = —V ,,where V, is the covariant derivative 1n
the associated bundle Ad P defined by the connection 4 on P. It is clear that
if A is a smooth connection then ¥, is a differential operator with smooth
coefficients; therefore we can treat T, @, as the closure of the operator
—V4y C*(Ad P)»C*(T*M®Ad P). If A i1s not smooth then this
construction fails. However, we can decompose the operator T, ¢, into two
parts: one of them is a first order smooth differential operator and the
second is a zero order differential operator with H*-coefficients. Let A, be a
fixed smooth connection on P. Then for any Ae%* we have a unique
decomposition 4 = A, +x«, and from (3.1.2) we obtain

(3.1.3) T.o,= -V, +B,.

If we treat a as a section of T¥* M®Ad P then the action of B, on a
section Ze H*"'(Ad P) is given by the formula

(3.1.4) (B, A)(v) = [Z(x), a(t)]x

where v, e T, M and [ , ], is the Lie bracket in the fibre (Ad P),.

First we prove that for a smooth connection A the operator T, $, has a
closed image and, morcover, that this image admits a closed, weakly
orthogonal, complementary subspace (the weak scalar product on U* was
defined by (23.1)). The computation of the symbol of this first order
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differential operator (acting between vector bundles Ad P and T* M®Ad P)
gives the following result:

o(T,0,)(@,): (Ad P),> T, —0,®7,€ T MO P),

for w,eT*M and xeM. Thus, it is clear that for w, # O the symbol
o(T, 9,)(w,) 1s a monomorphism; thus T, &, is a differential operator with
an injective symbol.

As is well known, a scalar product in a vector space invariant under a
representation of the structure group of P defines a smooth bundle metric in
the associated vector bundle. In particular, the Ad(G)-invariant scalar
product { , > on g defines the metric ( , ) in the bundle Ad P. Taking a
smooth measure g on M and ( , ) one defines the L? scalar product ( , ), for
the sections of Ad P:

(Iu Iz)o = ”Il (), j-'z (x))du(x).
M

The weak scalar products (,), on H*!'(Ad P) and ((,) on
H*(T* M®Ad P) define the formally adjoint operator (to —V,):

(—V)*: C®(T* M®Ad P)— C*®(Ad P).

Of course, (—FV,)* is a first order differential operator, and therefore it
has a unique continuous extension to the operator H*(T* M®Ad P)
— H*"'(Ad P). This extension of (—F )* we denote by (T, ¥ ,)*.

(3.1.5) ProposiTioN. For any smooth connection A the following
decomposition holds:

H(T* M®Ad P) = im(T, ® )@ker (T, ®,)*,

where the spaces im(T, ®,) and ker (T, ®,)* are both closed in the H* topology
and orthogonal with respect to the weak scalar product (( , ).

Proof. The proof of this proposition follows from the fact that —F , is
a differential operator with an injective symbol and from the general
theorems given for such operators in [11] (see Prop. 6.8 and Corollary 6.9.
therein). &

The spaces im(T,®¥,) and ker(T,®,)* are also closed in the weak
topology given by (( , )). This results from the following lemma:

(3.1.6) LeMMA. Let & be a Banach space and let (( , )) be a weak scalar
product on X (i€, a continuous, symmetric and positive bilinear form). Let us
assume that there exist two linear subspaces ¥, ¥, < X such that T, n ¥,
=0}, X =X ,®F, and ¥,, X, are (( , ))-orthogonal. Then the subspaces
X, and I, are both closed in ¥ and, moreover, ¥, and X, are closed in the
weak topology given by (( , )).
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Proof. Let us denote Z1:={yeZ| ((y, y)) =0 for any y'e&,}. Since

1 is the intersection of kernels of continuous functionals on Z,
I = N ker(@3y—(y, y)eR),
yet

it follows that 21 is closed in & and is also closed in the weak topology. By
the assumption, £, = ¥7. Now let yeZ7. We have y =y, +y,, where
vi€Z,, y,€Z, are uniquely determined. Of course, ((y,, ) =0. On the
other hand, ((yy, ) =((y1, y:)+y1, y2)) = ((y1, y1))- Hence ((y;, 1)) =0,
This means that y; = 0, and thus y = y,e Z,. Thus, { =« &5, and ¥} = Z,.
Replacing the indices 1 and 2 in the above considerations, we obtain
I3 =%,, and the lemma is proved. =

Now we pass to the general case, where A is of class H*. Our aim is to
prove the decomposition given in (3.1.5) for any A€ %*. In our consideration
we deal with differential operators with coefficients of Sobolev class H™,
m > n/2, acting between the vector bundles £ = Ad P and # = T* M®Ad P
over M or between ¢ and n = £. Such operators are defined as H™-sections of
bundles Hom(J"¢, ) r=0,1, 2, ... where Hom(J' &, ) = (J 6)*®n is the
vector bundle obtained from the r-jet bundle J"¢ and #. It is clear that any
rth order differential operator D with H™ coefficients naturally defines the
linear map D: C®(&)— H™(n). If m > n/2+r and the vector bundles &, n are
equipped with metrics and M with a smooth measure, then there exists a
uniquely defined formally adjoint operator D* which is an rth order
differential operator with H™ ™" coefficients. It is defined in the same way as
in the C® case, 1e.,

(DA, 2)) = (4, D*a) for any ae C®(n), Ae C*(¢).

Operators with H™ coefficients have recently been investigated by Y.
Choquet-Bruhat and D. Christodoulou [9, 10] and also by M. Cantor [7].
The proofs of decompositions of Hilbert spaces of sections obtained by means
of operators with injective symbols may be found in [7] and [27]. We now
summarize the main results which we shall need in this and subsequent
sections. All proofs of statements (in the setting expressed here) are given
in [27].

(3.1.7) ProrposiTION. Let m> n/2 and let D: C*(C)— H™(n) be an r-th
order differential operator. Then for any —m+r <1< m+r there exists a
uniquely determined continuous linear operator

D: H'(Q)— H'™"(n)

which is an extension of D.

Now let L: C*(¢) - C*(n) be an elliptic operator of order r+1 (not
necessarily a differential operator, but LeE,, (¢, n) in the terminology of
Palais [26]). As is well known, such an operator admits a continuous

3} — Dissertationes Mathematicac z. 250
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extension L;: H'(§)— H'"""'(ny) for any leZ and the operator L, is a
Fredholm operator.

(3.1.8) ProrositioN. Let m=2r > 0 be integers and let m > n/2. Ler D
satisfy the assumptions of Proposition (3.1.7). Then

(L+D)o: H°(E)—~ H " (1)
is a Fredholm operator and it is regular in the sense that
(L+ D)o ' (H™ " Y(m) = H'(S) -
Jor any 0<I<m+r+1.
(3.1.9) CoroLLARY. ker(L+ D), < H™*"*1(¢), and therefore ker(L+ D),
= ker(L+ D)m+r+ 1-
By virtue of Rellich’s Lemma and the fact that compact operators form
an ideal in the space of continuous operators, we infer that the extensions

(L+D): H'(Q)— H'™""'(n),

for 0 £ I<m+r+1, are Fredholm operators. Here the identity (L+ D), = L,
+D,_,01, where 11 H'(§)—> H'"'(&), is useful. Since (L+ D), are Fredholm
operators, they have closed images ((L+ D)o (H'(£)) = H'"""'(n) are closed,
finite codimensional subspaces).

(3.1.10) THEOREM. Let LeE,.,({,n) be an elliptic (pseudodifferential)
operator and let D be an rth order differential operator with H™ coefficients,
where m > n/2+r and m = 2r. Then, for any 0 <1< m,

H'(n) = im(L+ D), ,+ @ker (L* 4+ D*),,

where the decomposition is a topological direct sum, and the subspaces are
orthogonal with respect to the L* scalar product defined by the bundle
metric on 1.

Now we return to the investigation of the derivative T, @, for A = A
+a, where A, is a smooth connection and « is of class H*. We treat the
operator B, (given by (3.14)) as a O-order differential operator with H*
coefficients and —¥,_ as a first order differential operator with an injective

symbol. Thus
Lo, =(- VAQ+Ba)k+1: H*" (&) — H*(n),

where we denote £ :=Ad P and n:= T* M®Ad P (compare it with (3.1.3)).
Let us consider the second order differential operator

A:=(=V, 1+ B)*(=V, +B),

where the star denotes the formally adjoint operator (with H*~! coefficients).
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Of course, we use the weak scalar products (( , )) and ( , ), to define (—¥,_
+ B,)*. Now

(Vi tB)* (=V, +B)=Vi V4 +(=Vi B.—B;V, +B;B,).

Since ¥, has the injective symbol, the operator L:=¥% ¥V, : C*({)
— C®(¢) is elliptic, Le E,(&, £). The operator

D:= —V} B.—B:V.,+BlB,

is a first order differential operator with H*~'! coefficients (under the
assumption k > n/2+1), D: C®(&) - H*~'(¢). Thus, for the operator V, =
L+ D, Theorem (3.1.10) with m=k—1, r =1 and ! =k—1 can be applied.

(3.1.11) CoroLLARY. Let k > n/2+2. Then
H*"'(Ad P) = im(4 )+, ®ker (4%,
where both spaces on the right-hand side are closed and orthogonal with

respect to the weak scalar product ( , )o.

As can be easily seen, 4% =A4,. Therefore, applying (3.1.9) for
Ay=I1+D, m=k—1 and r=1, we obtain Kker(4%), =ker(4,)o
=ker(d, )+, = H**'(&). This subspace is finite-dimensional since (4,),
is a Fredholm operator (see (3.1.8)).

(3.1.12) ProPOSITION
im(—V3_+Bi =im(d )i+,

Proof. It is clear that (4, )., =(—V}m+B,‘,"),‘o(—VAm+B¢)H1.
Therefore im(4, )4, < im(—=V}%_+By),. Since for any Aie H*(n) and
o' E Hk+ 1 (5)

(= Vi +BinAs «)o = (4, (=Vay tBir1 2,
it is clear that im(—V}_ + Bf), is orthogonal to ker(—¥,_+B,)+, with
respect to { , )o. Now let a’eker(4,),,.,;. We have

0=(, (A+1%)o = ((=Vay +Bler 1%, (=¥ +Bls1 @),

whence (—V,_+B+1o' =0, and thus o'eker(—V, +Bi+;- Thus we

have proved that ker(4,),,, = ker(—¥,_+B,)+,. The inverse inclusion is
trivial. Indeed we have

ker(4 )i+, =ker(=V,_+By+1-

As we have pointed out before, ker(4,),,, = ker(4%), Hence, from Corollary
(3.1.11) and from the fact that im(—FV7}_ + Bf), is orthogonal to ker(4%), it
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follows that
im(—V%_ +B¥), < im(4 ).

This completes the proof. m
The following theorem extends Proposition (3.1.5) to any Ae%*:
(3.1.13) THEOREM. Let k > n/2+2. Then for A = A, +a

H*(T* M®Ad P) = im (T, &) ®ker (— %5 _+B?),.

Both subspaces on the right-hand side are closed and orthogonal with respect to
the weak scalar product (( , )).

Proof. From Proposition (3.1.12) we obtain

H () = (=V5 +B) ' (H () =(=Vi_+B}) ' (im(V}_ +B¥))
=(=Vi,+ B ' (im(d x4 1)
= (= V5 + B (= Vh g+ BO(im(=V 4+ Bois1))-

Thus H*(n) = im(—V,_+By+tker(—V%_ +B). It is easy to verify that
both subspaces are orthogonal with respect to (( , )), in particular, their
intersection is {0}. Since (—V,_+Bi+y = T.P,, the decomposition is
proved. From (3.1.6) it follows that both subspaces are closed. =

3.2. The orbits are submanifolds. Now our aim is to prove that orbits of
the %**1.action on %* are submanifolds in %*.

(3.2.1) THEOREM. For any Aec%* the orbit 4**'-A is a C® Hilbert
submanifold in ¢*.

The proof of the theorem is based on a few lemmas.

(3.2.2) LeMMA. For any Ae%* the isotropy group S(A) is a Hilbert—Lie
subgroup of 9**!'.

Proof. By (24.10) the subgroup S(4)c< ¥**! is compact in the
topology induced from %**!; therefore, in particular, S(A4) is a closed and
locally compact subgroup in 9**'. It is known that such subgroups are
Hilbert-Lie subgroups (see e.g. [4c] exercise 7b, Chap. 111 § 8; page 276). n

(3.2.3) LEMMA. For any Ae%“ the coset space 9**'/S(A) carries the

unique structure of a C® Hilbert manifold such that the canonical projection
Gkt g**1/S(A) is a submersion.

Proof. The coset space ¥**!/S, where S is a Hilbert-Lie subgroup (not
necessarily finite-dimensional) carries the unique structure of a C* Hilbert
manifold (see Bourbaki [4b], § 5, 5.12.4). According to this result and using
Lemma (3.2.2), we obtain the lemma. =
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(324) Lemma. For any  Aec%* the  cannonical  map
1 G5 1S(A)2 S (A)—@-Ae €* is smooth.

Proof. Since the manifold structure on 4**'/S(A4) is the factor structure
of the manifold structure on %**! (see Bourbaki [4b] §5, 5.9.5), it is
sufficient to prove that the composition of 1, with the canonical projection
G+ 5 gkt1/S(4) is a C® map. But this composition is simply
Gkt 30+ - Aec%*, and therefore it is smooth as a restriction of @ to
G x A} < G**1 x6* (see Proposition (2.2.2)). =

(3.2.5) LemMA. For any A€ %" the map 1, is an injective immersion.

Proof. Let 0 = eS(A)e%**1/S(A). Tt is sufficient to prove that ker T 1,
= {0} and that the image im T;1, = T, %" is closed. But for a smooth action -
such that the isotropy groups are Lie subgroups, the kernel of the tangent
map of the canonical map (homogeneous space) — (orbit) is trivial. The
proof is as follows. Assume that X e T,(%**'/S(A4)) satisfies T,1,- X = 0. Since
ny: 951> %**1/S(A) is a submersion, there exists a vector i€ T,%**! such
that T,my 1= X. Let ¢,:=exp t4 and o: R — %* be the curve defined by
the formula o(t) :=1,074(¢,). Now

d
o= 7;',4'7;“9‘5

dt

¢, =Ty Tng-A=T1, X =0.
Since

o(t)=¢A=(0,00,_) A=, (0(t~7) = (P, 00)(t—1),
we have

d

: d
dt G=TA¢

oo
. Tdt

o0 =0, forany reR,

which proves that, for any reR, o(t) =0(0) = A. Thus ¢,€S(A) for any
teR; so =%L ¢,€ T.,S(A) and further X = T,ny-4 = 0. This proves that
ker T,1, = {0}.
Since my is a submersion, we have
im T, = T1,(m T,ng) = im(T 14 Ty ),
whence
im T,1, =im T,(1,0ng).

But 1,0my = &, and thus im T,1, =im T, P, is closed (and admits a closed
complement) by Theorem (3.1.13). The injectivity of 1, is obvious. m

(3.2.6) LEmMMa. The topology of %**! satisfies the Second Axiom of
Countability.

Proof. The topology of ¥**! is induced from the space H**! (P, P) of
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all H**! maps P — P (see Proposition (2.1.3)). By the Whitney theorem, the
(compact) manifold P can be regarded as a submanifold of R with a suitably
chosen N, and so H**'(P, P) can be regarded as a subset of the Hilbert
space (H**'(P))¥ = (the product of N spaces of H**! real-valued functions
on P). Hence H**'(P, P) and also %**' satisfy the Second Countability
Axiom since H**!(P) is a separable Hilbert space. w

Proof of 3.2.1. For the proof we use the results given in Bourbaki [4b],
§ 5, 5.12.5 concerning smooth actions of infinite-dimensional Lie groups on
infinite-dimensional manifolds.

The properties proved in Lemmas (3.2.2)(3.2.6) and the fact that orbits
are closed (see Corollary (2.4.11)) imply that orbits of ¢ are submanifolds in
6* and, moreover, that for any Ae%* the canonical map 1,: ¥**!/S(4)— 6*
is a diffeomorphism onto its image (which is just the orbit ¥**!-A). u

33. The Slice Theorem. Roughly speaking, a tubular neighbourhood of
an orbit is an open invariant neighbourhood of that orbit with an equivariant
retraction of the neighbourhood onto the orbit. This retraction should be a
smooth submersion. Moreover, it is also required that this projection should
be locally trivial. Any fibre of the tubular neighbourhood intersects the given
orbit at exactly one point and is called a slice at that point. It is also clear
that any other orbit contained in the tubular neighbourhood intersects all
slices. However, such intersection may contain more than one point.
Nevertheless the slice is perhaps the single most important tool in the
analysis of local topological and geometric structures on the orbit space.

In this section we shall prove the existence of tubular neighbourhoods
for the ¥**!-action on ¥*. We will apply standard constructions based on
the existence of an invariant Riemannian, metric.

For Ae%" let N,c T%" denote the set of all tangent vectors
orthogonal to the orbit ¥**'- A4 with respect to the weak Riemannian metric
)

(3.3.1) LemMMa. N, is a smooth vector subbundle of T#* over %**'-A.

Proof. Since the orbit 4**!-4 is a smooth submanifold (see (3.2.1)),
T(%**'-A) and T%*!,, ., are smooth subbundles in T¥* The weak

Riemannian metric ((, )) defines the map Q: T¥*| ., — T(%*"' 4),
which is the orthogonal projection of each tangent space onto the tangent
space to the orbit (see (3.1.13)). Now we prove that Q is smooth. For this
purpose we note that ¥**! — 4**1/§(4) is a locally trivial bundle since for
any A'e€%* the symmetry group S(4’) is the Hilbert-Lie subgroup of 4**!
(see (3.2.2) and Bourbaki [4b] 6.2.3 and 6.2.4a). Let us also recall that the
map 1, may be regarded as a diffeomorphism 1,: 4**!/S(4)—> 9**!-A.
Thus, using 1;' and a local section of the bundle ¥**! — %**1/S(4) we
define on a suitably small neighbourhood V< %**!'-4 of A'€e%**'-4 a
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smooth mapping 0: V- %**! such that
0(A")-A"'=A" forany A"eV.
Let
Qu: Tp%* = Tp (47 - A) = im T, 8,
be the restriction of Q to the fibre T, %* and let
T T lyusr,, — 94
be the projection. Now we are ready to express the mapping Q on 7~ ! (V):

Q(X) = Ty Py(xy © Qur (T¢(N"(x,)) -1°X),

where Xe@ ™' (V) and @,: 6*3 A4 ¢- A€ %" is a diffeomorphism defined by
¢®. The formula given above follows from the fact that (( ,)) is %**!-
invariant.

Now, from the smoothness of ¢, n, 8 and from the fact that Q, is a
continuous  linear mapping (and thus is also smooth) it follows that Q is
smooth on #~!(V). The above formula shows this fact evidently. Since
A’€%**1- A has been chosen arbitrarily, we conclude that Q is of class C®
on the whole domain.

N, is a smooth subbundle in T#* Tgi+ 1.,
smooth surjective vector bundle morphism Q. =

(3.3.2) Remark. The action & lifts to the smooth action of 4**! on
T¢*, which we now denote by &,:

O, P xTE*3(p, X) o Ty @, X € TE,

since it is the kernel of a

Since (( , )) is %4**'-invariant, the normal bundle N, to the orbit passing
through A€ %* is an invariant submanifold in T%*. In other words, ¥**! acts
smoothly on N,.

In the general case, exponential mappings for weak Riemannian metrics

do not exist. However, in our case, the metric (( , )) defines an exponential
mapping. Evidently

expya = A+a.

For each A’ %' - A there exists an open neighbourhood in N, of the
vector 0e T, %" such that the map exp, when restricted to this
neighbourhood, is a diffeomorphism onto an open (in %*) neighbourhood of
A’. Thus we can construct an open neighbourhood of the zero section in N,
such that exp is a local diffeomorphism on it. We shall prove further that it
is possible to find an invariant open netghbourhood of the zero section in N,
such that exp is injective on it.
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Using the strong Riemannian metric (( , ))* we define the open subsets
N% in N, in the following way:

Ny = {XeN, (X, X)) <%},

where £ > 0. Since the strong metric (( , ))* is invariant (see (2.3.5) (i), the
submanifolds N% are invariant.

(3.3.3) Lemma. There exists an ¢ > O such that the map E = exp [y:: N — ¢*

is an equivariant diffeomorphism onto an open invariant neighbourhood of the
orbit ¥**1-A.

Proof. Since exp: T¥*— €* is an equivariant map with respect to the
%+ 1 actions &, and @, respectively, and N is an invariant submanifold in
T%", it follows that E is equivariant and E(N%) is invariant (for any £ > 0).

Let d: €*x%*— R be the metric (distance) defined by the Riemannian
structure (( , ))*. Of course, d defines the original topology on %* and d is
%**linvariant, ie, d(¢-A,, -A;) =d(A;, Ay) for any ¢@e%*' and
A, A,€€".

We denote by B(4, ) the ball with centre 4 € #* and radius é > 0 defined
by d.
Let U,20, 0e T, 4%, be an open neighbourhood of 0 in N, such that
exp [y, is a diffeomorphism onto an open neighbourhood of 4 in %*. Then
there exist an open neighbourhood V, € ¥**!-4 of 4 and ¢, > 0 such that
7Y (V,)n N} c U, (where @: N,— %**1-4 is the projection). Make sure
that V}, and ¢, are small enough to give

exp(T 1 (V)N NHNGFL-4=V,.

This is possible since %**!-4 is a submanifold in %* Of course,
exp(z~'(V;)n N3}) is also an open neighbourhood of A, and so there exists
a 6>0 such that B(A,8) cexp( !(V;)nNy). Let us take U
= (exp [Ul)“(B(A,cS/Z)). Since U is an open (in N,) neighbourhood of
0eT,%* and U < U,, we can find an open neighbourhood V < ¥, and
¢ >0 such that U o (7~ '(V) n NY).

We now proceed to prove that the chosen ¢ satisfies the lemma. Note
thdt exp is injective on &, ({9} x U) for any pe%**'. This follows from the
fact that exp: N,— %* is equivariant. Hence exp(®, (4**! x U)) is open in
%* and exp is a local diffeomorphism on N¥ since N4, = &, (%4**!x U) is an
open subset.

Now, to complete the proof it is enough to show that E = exp Fve, is
injective. Let X,, X,e N% and exp X; =exp X,.

We have to prove that X, = X,. Let 4, =#a(X;), i=1,2 Since
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Ay, A,e%9**1- A, we can find ¢,€%**! such that ¢,-A = A;, i =1, 2. Then
we obtain:

exp X; = o¢,-explo; 1" X), i=1,2.
Since d is invariant, we obtain
d(E(X)), 4)=d(¢; E(¢; ' X)), ;- A) =d(E(¢; - X)), A) < §/2.
Then
d(A;, A)) <d(Ay, E(X,)+d(E(X,), 4;)

—d(A;, E(X,))+d(E(Xy), A))< 8, since  E(X,) = E(X,).

B 5 and o
A, e - Anexp(n Yo, V)OO N =0, V.

Thus X,, X,e@ " '(p, V). Since X, X,eN% and £<g,, we obtain

Xy, X,e® Y, Vi) "N, and the equality exp(X,) = exp(X,) implies that
Xl = Xz. ]
(3.34) THeEOREM. For each Ae%* there exists an equivariant map

T : N,— %* which is a diffeomorphism onto an open invariant neighbourhood
of 4*1-A.

Proof. We choose ¢ > 0 as in Lemma (3.3.3) and define F: N,— N% by
the formula

is injective. Also exp(Z~ (¢, V}) NN

F(X)=¢[(X, X)+1] 12 X.

It is clear that F is a diffeomorphism. Moreover, F is equivariant since (( , ))*
is invariant. Now we define  := EoF, and by Lemma (3.3.3) we obtain the
result. m

The above theorem gives us the construction of a tubular
neighbourhood of the orbit passing through A. The invariant open
neighbourhod (N ,) of 4**1- A4 can be equipped with the bundle structure
(an equivariant projection J (N,)— @**'-4 is given by the composition
ToJ ~1). The slice at A'e¥%**'-4 is the following submanifold &,

S o= (T, € "N, = exp(T, 6" n N < ¢*.

From the above theorem we obtain the basic properties of a slice:
(3.3.5) CorOLLARY. Let A’e%**!-A.

() If peS(A') then ¢ L 4 =L 4.

(i) If pe%**', A,e¥, and ¢-A, €S, then peS(A4).
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Proof. (i)
0L =0 T(Tp6 AN) =T (¢:(T, 6 A N,)
=T (T, $* " N)=%,.

A/

BT 1)) = R F ) = BT (0 A)
ﬁ .

(

so @eS(A). Here we have used the fact that both J and 7 are
equivariant. =

Property (3.3.5) (i) says that the symmetry group S(A’) acts on the slice
& ,.. The second property gives information about the intersection of orbits
and slices, namely:

({4k+1'A1)('\gVAr=S(A')‘A1 f0r AIEyA:.

T HA)) =@ 7(T (A =04,

We now formulate the main theorem of this section.

(3.3.6) Tueorem (The Local Slice Theorem). Let Ae%* and let U be an
open invariani neighbourhood of %**'-A. Then there exists a tubular
neighbourhood of 4**' - A such that the complement in U of the closure (in ¢*)
of that tubular neigbourhood is not empty, i.e. there exists an equivariant map
J . Ny— U such that

(1)  (N,) is an open set,

(i) J: Ny—> F (N, is a diffeomorphism,

(i) 7 (N, < U,

(iv) U=T (N, # O.

Proof. We construct 7 in the same way as in the proof of Theorem

(3.3.4). We choose a suitably small ¢ > 0 such that exp(N%) < U. Let ¢, > 0
be as in Lemma (3.3.3).

Then exp(N3i)n U is an open invariant neighbourhood of 4**!- 4. By
virtue of Lemma (3.3.3) exp(T, %*n N°}j~ U is an open neighbourhood of A
in exp(T,%*N N,) and, moreover, we can choose an &, < ¢, such that
¢, >0 and exp(T,6*n N’} < U. Since the strong metric is %**-invariant
and exp is 4**!-equivariant, we obiain

@1 -exp(T, 6" N N2) = exp(N.D).

Hence, exp(N?) = U. We now take ¢ = 3¢, and (applying the construction
given in the proof of Theorem (3.34)) we get . »

If a group action admits tubular neighbourhoods satisfying conditions
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(i), (i), (111) and (1v) of Theorem (3.3.6), we say that the action has the local
slice property. There exist simple examples of smooth actions admitting slices
which do not have the local slice property.

(3.3.7) ExampLE. Let us take the natural action of the group R, on R:

R, xR>3(y, x)—gxeR.

We have three orbits in R: O, :=(0, «), {0} and O_ :=(—-c0, 0). For x # 0
the slice at x is {x!. There is only one slice at O (obviously R). Hence,
this action does not have the local slice property. The space R/R.
=10,,0_,{0}) has the topology {l0,,0_,!0\), @, l0,}, f0.
(0,.0_}} which is not T,.

(3.3.8) ProposiTiON. If a smooth action of a Lie group on a manifold has
the local slice property then the orbit space is regular.

Proof. The projection onto the orbit space is an open continuous map
in the general case of continuous actions. Hence, it is sufficient to prove that
for any orbit 0o and for any closed invariant subset D # @ such that Dno
= @ there exists an open set U such that o < U and U D = @. Since the
complement of D is an open invariant neighbourhood of o, the local slice
property implies that there exists such a U. =

(3.3.9) CorovLLary. The orbit space ¢*/4**' (with the standard quotient
topology) is a regular topological space.

§ 4. The geometric structure of #* = €*/4**!

Let #* be the space of %**!-orbits in %*.
M= {G 1A Ac¥"}.

We provide #* with the usual quotient space topology. In this topology, the
canonical projection #: 6* -9 is a continuous and open mapping. The
openness of 7 is a wellknown property of any continuous action of a
topological group.

To begin with we show elementary properties of #* as a topological
space.

(4.0) THEOREM. The orbit space #* is a connected metrizable topological
space. Moreover, the topology of H#* satisfies the Second Countability Axiom.

Prool. First note that $* is homeomorphic to a separable Hilbert space
and thus % is connected and satisfies the Second Countability Axiom. Since
#: 4% — #* is continuous, #* is connected. Furthermore, the map # projects
the basis of topology in %* onto the basis in #* (since @ is an open map),
and so #* is second countable. Since #* is both regular (see Corollary (3.3.9))
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and second countable, it follows that, by virtue of Urysohn’s Metrization
Theorem, #* is metrizable (see [20]).

Remark. By means of standard methods we can endow #* with a
metric. One can take the strong Riemannian metric (( , ))* on ¢* and define
the %**l.invariant (topological) metric on. ¥* taking the lower bound
(infimum) of integrals along the curves joining corresponding points in %*.
This metric projects onto #*, that is, the distance betwéen two points in #*
is the lower bound of the distances between points in those orbits (measured
in €.

4.1. Consequences of the Slice Theorem

(4.1.1) ProposITiION. To any smooth invariant submanifold in 4* and the
%**1.action on it applies the slice theorem. That is, every orbit admits a
tubular neighbourhood in that submanifold.

Proof. Let us take a smooth invariant submanifold in 4* and an orbit
in it. Restricting the morphism Q (defined in the proof of (3.3.1)) to the
tangent bundle of the submanifold, we obtain the smooth surjective
morphism of vector bundles (over the orbit). The kernel of this restricted
morphism is a smooth vector subbundle of the normal bundle to the orbit
(defined previously in T%*). This subbundle is also 4** !-invariant. Now, the
restriction of F (J was defined in the proof of (3.3.4)) to this vector
subbundle gives us a tubular neighbourhood of the orbit. =

Let S = ¥**! be a compact Lie subgroup of 4**! such that there exists
a connection A for which § = S(A4). Every conjugate subgroup @S¢~ !,
pe%**! of S is a symmetry group, namely @S¢~ ' = S(¢- A). Obviously, for
any subgroup S’ from the conjugacy class (S) there exists a connection
A'€%**!'-4 such that §' =S(A4). Thus, any orbit singles out a unique
conjugacy class of compact subgroups in 4**!. The set of conjugacy classes
of subgroups in %4**! that correspond to orbits in %é* is denoted by J.
Elements (S) belonging to J are called orbit types. In general, there exist
many different orbits with a given orbit type (in other words, the canonical
map type: #*— J is not injective). '

Now we consider the subset €, — €* defined by

%5 1= {Ae €M S(A)e(S)},
where (S)eJ. It is clear that ‘6 < %* is an invariant subset and, moreover,
6l = 7" (type™' ((5)))
By #(s, we denote the subset in 9 singled out by an orbit type (S)eJ:
Ris) = type” ' ((9)).

Of course,
Ris) = 7 (6ls).
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In this section we show that {5 is a smooth submanifold in ¢*. Then
we show that the topological subspace #'5, = #* can be endowed with the
structure of a C™ Hilbert manifold such that #: %{5— #', becomes a
smooth sumbersion. First we prove the following technical lemma:

(4.1.2) LEMMA. Let A€%*, S(A) =S and let N, be the normal bundle to
G 14 Let

N s := {X eN,| such that the isotropy group at X of
the action ®, is an element of (S)}.

Then N 4, is a smooth vector subbundle in N ,.

Proof. Let A'€e%**'-A. Let us observe that for every vector
Xe T, %*n N, the isotropy group at X of &, is a subgroup of the group §’
= S(A’). This follows from the fact that 7n: T%* — 6* is equivariant with
respect to @, and &. Thus, N, n T, ¢* consists of all vectors in
N, T,. %* whose isotropy groups are equal to S'. Since the action &, of §’
on T, 6~ N, is linear, the set N g5 N T %* is a linear subspace. This
subspace is closed since

Nysin Ty ¢ ={XeN,NT, ¢ YoeS &,.(p, X)=

Now we show that N ., is a smooth subbundle in T%* [ g+1. - For this
purpose let us take an open neighbourhood V34’ (in 4**!'-4) and a C*-
map 6: V — %*! such as in the proof of (3.3.1) (i.e, 0(4")- A" = A” for any
A"eV) The map

V x T, 643(4”, X) -9, (0(4"), X)ern 1(V)

is a diffeomorphism and a trivialization of 7~ ! (V) because its inverse is given
by the formula

TN V)3 X (X)), &, ([0(F(XN] ™Y, X'))e V x T, 6*.

The smoothness of this map and its inverse is evident. Of course, for
every e %! we have

Nus 0 Tn 6 = O, ({0} x N g5 0 Ty 6Y).

Thus N 5 N7~ ' (V) is the image of V x(NA(S, n T, %¥) by the above trivia-
lization map for &~ '(V). Hence N, 5 @~ '(V) is a smooth subbundle in
- 1(V). Since A’ is an arbitrary element in %**!- 4, the lemma is proved. m

(4.1.3) THEOREM. For any (S)eJ the set %{s, is a smooth submanifold in 6*.

Proof. Let us take A€ %, the orbit ¥**!- 4, the corresponding nor-
mal bundle N, and the equivariant difffomorphism 7: N,— 7 (N,)
c %*. Since J(N,) is an open neighbourhood of 4 in %* it is sufficient
to prove that %{5n.7 (N, is a submanifold in 7 (N,). Since 7 is
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equivariant, we have
€5, T (Ny) =T (N ys).

Now J (Nys) i1s a smooth submanifold in 7 (N,) because N g is (in
particular) a smooth submanifold in N, (see (4.1.2)) and .7: N, — 7 (N,) is
a diffetomorphism. =

For the construction of a C®-manifold structure on #j, we use the
following lemma:

(4.1.4) LEMMA. For any A€ %" the bundle N 4, (defined in (4.1.2)) is trivial.

Proof. We have to construct a smooth isomorphism

2 Nasy— @71 AX(N 45 N T 65).

For X'e N 4, we define y(X): = (7(X'), X), where X € N 45, n T, 7* is obtained
from X" and ¢e@ "' such that p-A=A"=7(X): X =&, ,(p ', X'). Of
course, the vector X does not depend on the chosen ¢ since the symmetry
group of A is simultaneously the isotropy group of @, at X. Thus, the map y

is well defined. The smoothness of y can be seen if we write 7 on a suitable
neighbourhood of X'e N 44, in the form

(X" = (ﬁ(X”), o (o', o, ([0(mX 1, X”))),

where 0: V - %*! Vs34 =a(X) are as in the proof of (4.1.2) and
X"en "(V)nNys. Here e ¢! is fixed in such a way that ¢ -4 = A4".
It is easy to see that y is bijective and
AT X) = 8, (0(47) 0. X)

for (A7, X)eV x(N 45 N T4 %Y. Thus, y ! is also smooth. m

(4.1.5) TueoreM. For any (S)eJ there exists a unique structure of the C®
Hilbert manifold on #(s, such that 7: €5, — s, is a smooth submersion.(')

Proof. Let us take an orbit 4*"'-4 c %} and the tubular
neighbourhood .7 (N 4) of that orbit in 4f5. Let & %f5 — %(5/% ' be the
canonical projection. We define a chart % on 7(7 (N,s)) in the following
way: first we choose an orbit 4**'-4'ef(J (Ns)) and an clement
A"€e%**1-A’; then we define

(BT A) 1= pry (1T (4).
and so
x: (T (Nys)) = Vi= Ty %6 N Nys).

(") As we show .later (Example (4:4.8)), in general the total quotient space .#* does not
admit the structure of a Hilbert manifold. It may be considered as a stratified space.
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! is continuous, x is also continuous. It is easy to

! is also continuous. Hence, x is a

Since ¥ o = pryoxo7 -
verify that ¥ ' =707, and thus »"
homeomorphism.

Now let x%,, %, be two charts defined on neighbourhoods of orbits
41.4, and 9*'-A, respectively, and let us assume that
T 1 (Nays) T 2N 4,5) # @. Note that x,0%; ' maps an open set in V,
onto an open set in V,, where V; = T, 6*N N, i =1, 2. Since %,05; '
=pry0%,07 5 '07 |, this map is of class C® as a composition of smooth
maps (here x, is the trivialization of N,,s), and ;0 N s — Gty 1 =1, 2).
Thus, the charts we have defined give s, the structure of a C® Hilbert
manifold. To prove that 7i: %k, — #, is a smooth submersion it is sufficient
to show that for any chart » the map »o7 is a smooth submersion. But this
is clear because x07 =pr,o(x0.Z !) is the composition of the
diffeomorphism yoJ ~' and the smooth submersion pry: "' -AxV - V.
Since 7: %5, — .9?:‘5-, is a submersion, the uniqueness of the smooth structure
on 9?("5, follows from the general theory of manifolds (see e.g. [4b]). =

4.2. The Countability Theorem. We prove here that the set J of orbit
types is at most countable. We shall also show examples of situations where
J is finite and when J is countable.

(4.2.1) TueoreM (The Countability Theorem). The set J of orbit types of
the action @ is at most countable.

The proof of this theorem is based on the following lemma:

(4.2.2) Lemma: Let Xo€EM and A,, A,e%" The Sfollowing conditions are
equivalent:

(i) The symmetry groups S(A,) and S(A,) are conjugate, in G+,

(i) There exist an inner automorphism B: G — G ard a B-isomorphism
1: P P of class H**! (over idy) such that 1(E(A,)) = E(A,).

Proof. We first prove that (i) implies (i1). For this purpose, let us take
W e H** 1 (P) such that §S(A4,)¥ ' = S(A,). By virtue of Proposition (1.3.7)
(1), we get

E(Ay) = (qe Pl V 3eS(4,) (Ja¥ ) (@) =q@dd ) (xo)g '}
lqe Pl Y geS(A)) n(q))—[l// ()™ ¥ (xo)] @ (xo) [ (7 (q) ™ ab (x0)] '}
fqe P| §(#(q) " ql//(xo)eE(Al)} =1(E(A4)),

I

where
12 Pag—J(7(9)qd(xo) 'eP

is clearly a B-isomorphism of class H**! with

B: Gagr(xo) ¥ (x0) '€G
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To prove that (ii) implies (i), we first choose an element g, € G such that
for all e G we have B(g) = g, gg; '. Secondly, we define a section § of P by
the formula

J(#(@)=1(god,0q9"", qeb.

Taking (smooth) local sections s of P, one can verify that ye%**! (we have
Y (x) =1(s(x))og, o(s(x))"'. Now, applying Proposition (1.3.7) (ii), we prove
that the equality 1(E(A,)) = E(A,) implies the equality yS(A4,)y ' = S(4,):

S(A,) = {pel'(P) VqeE(4))
U (%) ' ¢R@)W (@)= (@) "q(:(8) F(x0)1(8) g™ " ¥ (7 ()}
={gel(P) VqeE(A)

W 30 (@) = ¥ (H(a) " 1(@) (1:(9) ! F(x0) 1) (1(@) 1 ¥ ((q)))
= {@gel(P) VqeE(4,)

W 3 (@) = 9d1 ' (1@) " 1@ (&) B (x0) 1O (1(q) " 1(@)dra "}
Since ¥ (xo) = 1(§) g, ¢ * for any geG = #"1(x,), we get

-~

Yixo) =1(6)d, and (F(xo) ' =41 (1(&) 1,
and thus

S(4) = {1@el'(P)| VqeE(ANI ™' @) (f(a) = g0 ' §¥)(x0)oq '}
={@el(P) §~' gleS(A,)]

(the last equality follows from Proposition (1.3.7) (ii). Hence

S(A) =yS(ADyY~". =
To prove the Countability Theorem, we shall also need the following
fact:
(4.2.3) TuEOREM. The set of conjugacy classes of closed subgroups in any
(non-finite, of course) compact Lie group is countable.
The proof of the above theorem is given in [18]. This theorem is a

consequence of the Mostov-Palais theorem (see [22] and [24] or G.
Bredon [6]).

Proof of 4.2.1. By virtue of Lemma (4.2.2), we obtain a one-toone
correspondence between the set J and the set of classes of B-isomorphic
evolution bundles. Now, to prove the theorem, it suffices to show that set of
classes of all p-isomorphic subbundles in P (where B are inner
automorphisms of G) is countable.

Let us note that:

(1) If an H,-subbundle and an H,-subbundle (say, E, and E,,
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respectively) of P are B-isomorphic (where f is an inner automorphism of G),
then there exists a f-isomorphism 1: P— P such that 1(E,) = E,.

(i) If EcP is an H-subbundle (H<G) and B is an inner
automorphism of G, then there exists a B(H)-subbundle E, = P such that E
and E, are B-isomorphic.

These ‘wo simple facts imply that the cardinality of the set of f-
isomorphic subbundles does not exceed the sum of the cardinalities of the
sets of isomorphic H-bundles over M, where the sum is labelled by the
conjugacy classes (H) of closed subgroups of G.

The cardinality of the set of classes of isomorphic H-bundles over M is
equal to the cardinality of the set of homotopy classes of maps from M into
the classifying space of H (see [16]). This set of homotopy classes has the
cardinality of the set of arcwise connected components of the space of
continuous maps from M into the classifying space. But this space of
continuous maps is separable and its arcwise connected components are
open (this follows from the compactness of M, the topological properties of
classifying spaces and the general theorems for the spaces of continuous
maps, given e.g. in [3]). Hence the set of homotopy classes of these maps is
countable.

Since for any fixed H < G the set of H-bundles over M is countable, it
follows that by virtue of Theorem (4.2.3) the set of classes of f-isomorphic
subbundles of P is at most countable. This concludes the proof. m

If G is abelian (i.e, G =T", then J consists exactly of one element,
because in this case we have E(A) = P for any Ae%* (compare this with
Example (1.3.9)). If G is not abelian, for instance if G = SU(2), then a finite
number of orbit types may also appear. E.g. in the case of an SU (2)-bundle
P over M =S3 (it is always a trivial bundle) we obtain J containing 3
elements. But if we take P = $S2xSU(2), then J is infinite. In this case, the
Hopf bundle S®— S? and all other nontrivial S'-bundles over M =S§?
appear as the subbundles of the (trivial) SU(2)-bundle P. On the other hand,
since S! is the maximal torus in SU(2), for any S'-subbundle of P there
exists a connection which has this subbundle as the bundle of paraliel
translations and also as the evolution bundle (C2(S') = S! in SU(2)). Hence,
for P =S*xSU(2), the set J is indeed countable.

43. Density theorems. Let
6% :={Ae¥" S(A) =S}

be the set of connections with a symmetry group S = $**!. We denote by €%
the set of H* connections preserved by any element of S, namely

Gt:={Ac¥ S(4)> S}

(the set of connections with symmetry equal to or higher than S).

4 - Dissertationes Mathematicae 2. 250
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(4.3.1) ProposiTioN. €% is a closed affine subspace in 6€*. €% is an open
subset in €%.

Proof. Since ® is a continuous affine action and
€= {Ae¥ d(p, 4) = A4},
peS

the first part of the proposition follows. Now, let 4e%%. Then J (N,) is an
open neighbourhood of %¥**'-4 (as in Theorem (3.34)); therefore U
= (N,)n €% is an open neighbourhood of A in €%. It is sufficient to show
that U c €%. For any A,eU, we have S < §(A4,) because U < €%. Since
A, €T (N,), Corollary (3.3.5) implies that there exists a pe%**! such that
@S(A))9 1 = §(A) =S. Now the inclusions ¢S(4,)¢ ' = § = §(A,) imply
that S(4,) = S. This means that U c ¥%, and we conclude the proof.

We shall show later that 6% is indeed a generic subset in €%, ie., 6% is
open and dense in 4%. The following statement will be a crucial point in the
proof of that fact.

(4.3.2) THEOREM. Let n=dim M > 2. Let Ac%* and let H(A) < P be
the bundle of parallel translations. If X c P is a connected subbundle such
that X > H(A), then there exists an ae H*(Ad P® T* M) such that for every
re R—{0} we have H(A+ra) =¥,

Proof. Let us fix a point pen™'(xo). Then the image #, = 0, (¥#) is a
connected subbundle in P containing the holonomy bundle H(A, p) (see
(1.24)). Thus, the connection A reduces to #,. This means that the 1-form
A, when restricted to X, takes values in the Lie algebra b of the structure
group H < G of #,. Let Uy € M be an open neighbourhood of x, such that
there exist a local chart x and a local section &, of #, on U,. We choose
x: Ug— R* such that the local coordinates (y!, y3, ..., y" defined by x

vanish at xq, ' (xo) = y2(Xg) = ... = y"(xo) = 0. Let m = dim H. Now, for a
suitably small ¢ > 0, we define the family of m+ 2 curves g, 7, ..., 7, On the
surface y* =... = y" = 0; o is given by y' =0 and 0 < y* < ¢; the curve 7, is

defined as follows: y? =j(e/m), 0< y' <¢, j=0,1, ..., m. All these curves
form together a kind of comb.

For the construction of @ we need a suitable local section of 3, defined
on a neighbourhood of xq:

(4.3.3) LEMMA. There exist an open neighbourhood U of xo, U < U,, and
¢ > 0 and a local H**'-section & of H , defined on U such that all curves o,
Toy ..., Ty lie in U and the curves $ 06, 01, ..., S 01, are horizontal with
respect to A.

The proof of Lemma (4.3.3) will be given later.

The section ¥ defines a local trivialization y of ), and P over U:

x: UxGa(x, g)—ZL(x)-gen ' (V).
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We have y(UxH) =2, U. The form ¥*A on UxG may be written as
follows:

*A=w+ pr3 O,
where @ is the canonical left invariant g-valued 1-form on G and pr,: U xG
— G is the projection. The 1-form  takes values in b on the tangent vectors
to U x H, because b contains the Lic algebra of the holonomy group H, of A

at p. From the properties of % it follows that for every geG and j
=0,1,..., m the curves

[0, e]3t (o (1), g)e U xG,
[0, e]a1—(1;(t), g)e U xG

are horizontal with respect to y* A. This means that

7)) (),...)
oll — =0 and ol{=— =0
((ayz)(am.a) dy' .9

for each j=0,1, ..., m and for all te[0, ¢], geG.
We now consider the following g-valued 1-form on U xG:

Tng =S (%) Y. (Ad g7 X)(fioy?) () pridy’,
=1

where pr,: Ux G — U is the projection; X,, X,, ..., X, are certain elements
of h, which we will choose further; f is a smooth function with a compact
support contained in U and we require foa, fo1,, ..., f0O1, to be constant
functions identically equal to 1; the functions f;: R— R are given by the
formula

€
a—j;n—

h@:= T[] .
os;smlﬁ_ji

LT ot

Since £(0) = 0 and f,(j%)=a,., for I=1,....,m and j=0,1,....,m we

obtain
(), )-eex
% (o) ‘
and
({0
a((—l> >=0 for all te[0, €], geG.
o (zol).9)
Obviously,

(.9
& ((_3—}’7')(;4) =0 forany (x,g)eU xG.
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In the second part of the proof we show that for appropriate
X,. ..., X.€b and for any r # 0 the connection y* A+rd has b as the Lie
algebra of the holonomy group at (xq, €). For this purpose, let us consider a
family of “rectangles” in U, each of them being formed by pieces of curves
o, 1, 06. ana 1, where 0 <s<eg, [ =1, ..., m and the curves ! are given as
follows; y' =s, 0< y2<l(e/m), y* =...=y"=0. We shall now lift these
rectangles by means of y* A+r%. The lift 6 of o starting from the point
(x0, €) is clearly

[0, l%]stb—»(a(!), e)eUxG.
The lift £, of 7, starting from the end-point (a (I—E), e) of ¢ is of the form
m

[0, s]a (1, (1), g(1))e U x G,
where ¢(0) = e and
(* A+ra)(¢,(1), g(©)) =0 for 0<t<s.

By virtue of Lemma (4.3.3), we have

x*A(i,(0), 0,) =0
for any 0 <t <s and for all geG (0,e T,G is the origin). Thus

0=(* A+ra) (1), () = O(§()+r Ad g(1)~' X,.

Therefore, we have

gt) = —RyperX,.

The unique solution of this equation, satisfying the condition g(0) =e, is
given by the formula

g(t) = exp(—rtX)).

Hence the end-point of , is (t;(s), exp(—rsX)). Since di(t) = —aiz and
8 , " Y
& (W)=O’ any lift of 6! by means of y* A+ri coincides with a lift by

means of y* A. Thus the lift 6! of 6! starting from the end-point of 7, is of the
form

[0, I%]atb—*(ai(t), n(t, s)exp(—rsXp)e U x G,

where 7,(0, s) = ¢ for 0 <s < ¢ and (03(), y(*, 8)) is the lift of of (by means
of x* A) starting from (t,(s), e). Finally, the lift 7, of t, starting from the end
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point of ! is

(o, S]BIH(TO(I), y,(l%, s)cxp(—rsX,))E UxGaG,

d : . . -
because &, =0 and {5 is horizontal with respect to x* A for
o " Jconr)

any g€ G. Thus, lifting the single Ioop (the “rectangle” with indices | and s),
we obtain the element (xo, 71 (1%, s)exp(—rsX,))e U x G of the holonomy

bundle of y* A +rd containing (x,, €). Since this occurs for every se€(0, ¢), we
see that the vectors

r. __
-

—d~ 'y,(li,s>—rX,, I=1,2,....m
dSO m

are elements of the Lie algebra of the holonomy group. Note that the vectors

d (s )
‘yl l—vs
0 m

X):= I
are elements of b, because X*/i reduces to U x H.

The next step of the proof is purely algebraic:

(4.3.4) Lemma. Let {X1, ..., X,,} =b be an arbitrary subset, m = dim b.
Then there exists a subset {X, ..., X,.} b such that for every re R—{0} the
vectors Xj= X;—rX,, I=1,...,m, span b.

We shall prove this simple lemma later on.

Now, applying Lemma (4.34), we see that b is contained in the Lie
algebra of the holonomy group of y* A+r& (for r # 0). On the other hand, it
is obvious that y* A +r& reduces to U x H. Hence b is the Lie algebra of the
holonomy group of y* A+ra at (xo, €) for all r # 0. This concludes the
second part of the proof.

Finally, in the third part of the proof, we show that the theorem holds
for

x '*& onn '(U),
o=
0 elsewhere.

It is clear that a is a g-valued tensorial 1-form of type Ad on P of Sobolev
class H* (we recall that & and also y are of class H**!, see (4.3.3)). Therefore
a corresponds to a section, say a, of Ad P@ T* M. We can see that for each
re R the connection A+ ra reduces to A . Therefore, the holonomy bundle
H(A+ra, p) is contained in #,. Hence the Lie algebra of the holonomy
group of A+ra at p is contained in bh. But we already know that b is the
holonomy algebra of (A+ra)[n~'(U) at p (for r # 0); therefore b is the
holonomy algebra of A+ra at p. This implies that for r # 0 the holonomy
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group of A+ra is a both closed and open subgroup of H. Hence
H(A+ra, p) is a closed and open subbundle of 5, for r # 0. This means
that H(A+ra) = & for all r # 0, because .# is connected. Thus the the-
orem is proved. m

To complete the proof of Theorem (4.3.2), we have to prove the two
lemmas formulated earlier.

Proof of (4.3.3). We construct .¥ by means of the section &, the local
chart » and the polynomials f;, /=0, 1, ..., m introduced in the proof of
(4.3.2). Taking & := ¥,0x !, we define the functions h: (—2¢, 2¢)—» G and
hj: (—2&,2)—> G, j=0,1,..., m by the following conditions:

(1) the curves

(-2, 2)31—F(0,1,0,...,0)-h(t)e P
(=2, )3t (1, j(e/m), 0, ..., 0)-h;()e P

are horizontal with respect to A4;
(1) h(0) =ho(0)=...=h,(0) =e.

We take a local chart »; on a neighbourhood of ee G (such that »;(e) =0
and im %; = R™, m" = dim G) and we choose an ¢ > 0 small enough for the
G-valued function

Aty ot =[x (X fi(t2) %6 (h;(t)))] A(2y)
=0
to be well defined on the tube
U:=(—2,2)x(2, 2) xR 2c R"

and U:=x»"'(0)<c U,. Since f,(j%)=5,j, it can easily be seen that the
local section %: U — P, given by the formula
F(x):= S (x) (e (x)),

is horizontal over the curves o, tg, ..., Ty- ®

Proof of 43.4. The vectors X, ..., X,, span a linear subspace in b, say
b,. We can choose k vectors (k =dim b, <m) X, X ,..., X; from the
given sequence of m vectors, which also span b,, | <i;, <i,<...<i, < m
For lel':={i,, ..., i}, we take X,;:=0. Next we choose m—k vectors
Xeh lel:=1{1,...,m}—T, such that {X)| leI} U {X;|lel'] is a basis of b
Then we see that
X;=X; lor lel,

and for any lel we have
—1 1 -1 1
X,=—X{+-X;=—X{+-) a X|,
r r r r

iel’
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because {X;: iel'} is a basis of bh;. Thus all vectors of the basis
{X} leI'} u{X,|lel} are linear combinations of the vectors X7, ...., X},
r # 0. This proves that for any r # 0 the set {X7, ..., X,,} < b is a basis
ofh. =

We now obtain the following result as a consequence of Theorem (4.3.2)
and Proposition (4.3.1).

(4.3.5) THEOREM. Let S < %**! be the symmetry group of a connection
A, €%*. Then 6% is a generic subset in 6%, i.e, 6% is open and dense in %§.

Proof. By virtue of Prop. (4.3.1), 65 is open in €. 1f 6% = €% then the
statement is trivial. Otherwise, let us take A€ 65— 3. For a fixed xo€ M, the
connections A and A4, define their bundles of parallel translations H(A4) < P
and H(A,;) = P with the structure groups H = H(A4),,= G and H,
= H(A,),, < G, respectively. Recall that E(4) = H(A)-C*(H) (see (1.3.6)).
Let # < P be the connected component of E(A,) containing H(A,) (note
that H(A,) is itself connected). Then .# is a principal subbundle of P with
the structure group (:}1 = G. We can see that G, contains the connected
component of C2(H,), G, > C?*(H,),. Since S(A,) =S(A), we have

E(A) < E(Al) {see Prop. (1.3.7) (1))

Now H(A)c E(A)c E( 1) H(A yc E(A 1) and H(A) H(A 1) are both
connected. Since HA)NHA)# O (because H(A)n HA)>HNH, # Q)
and H(A)U H(A,) < E(A,), it {ollows thalot H(A uH(A is connected and
hence it is contained in . Therefore H(A) = #. By virtue of Theorem
(4.3.2), there exists a section ae H*(Ad P® T* M) such that for any real
number r # 0

I:I(A +ra) =
Now, for r # 0,
E(A+ra) = #-C*(G,) > #-C*(H,) = H(4)-G,-C*(H,) = E(4))
since G, > H and G, = C*(H,).
On the other hand,
E(A+ra)c #-C*(C*(H,) = #-C*(H,) = E(A;)
since G, < C2(H,), and hence C*(G,) = C*(H,) = C*(H,). Thus we obtain
the equality
E(A )= E(A) for r =0,
o= E(A;) for r#0.

Hence, by virtue of Corollary (1.3.8), we obtain

S(A4) for r =0,

S(A+ra) Z{S(Al) =S for r#0.
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Since the curve o: Rorr»> A+rac@ is continuous and for r # 0 we
have o(r)e¥%, it is clear that A = g (0)e6%. n
The connection between €% and €, is clear:

Gk, = G+ 16k,

As a simple consequence of the continuity of the ¥**! action, we obtain
by virtue of Thm. (4.3.5) the following result:

(4.3.6) COROLLARY. 6L, is dense in G+ -Gk,

Let us observe that, for any continuous action of a topological group
G on a topological space X, if Yc Z< X and Y is dense in Z then G-Y
is dense in G-Z. On the other hand, if Y is open in Z then G'Y is
not necessarily open in G-Z. A simple example is the following: G = Z,
={—1,1}, X =S, the action is Gx X3(a, z)—>aze X,

Z:={1}u{zeS | Imz>0} and VY:={zeS! Imz>0,Rez>0}.

In our case, however we can prove the following statement:

(4.3.7) PropoSITION 6%, is open in 4**!-€%.

Proof. ad absurdum. Assume that %**!-€%—&% is not closed in
@ *1.g%. Then there exists a sequence {A,),.v in %! €% — &k such that
lim A, = A€¥(;. Let us take an invariant tubular neighbourhood of

n—+ao

%**1.4 open in %" (see Thm. (3.34)) and the intersection of this
neighbourhood of A with 4**!-€% From (3.3.5) (ii) we deduce that this
intersection is contained in €5, and thus A,e%{, for all sufficiently large n.
This contradicts our assumption. m

Another consequence of the slice theorem is the following fact:

(4.3.8) ProrosiTiON. ¥**1-@% is a closed subset of *.

Proof. Let A’€%**1-€%. Then the slice ¥, at A’ contains a point
A €% 1. €% By virtue of (3.3.5) (i), we obtain S(A4’) > S(A4,). Since
A €%+ - €% there exists a e %** ! such that S(4,) © ¢~ ' S¢. This implies
that S(A4’) > ¢~ !'S¢. Therefore S(¢-A’) > S, which means that ¢-A’€%%.
Hence A'e%**1-%%. u

Thus, (4.3.6)(4.3.8) give us the result:

(4.3.9) THEOREM. 6%, is a generic subset of ¥**'-€%. Moreover,

% = G+ 1. Zk (the closure in €").

We now show that %**!-€% is the sum of subsets of the form €%, for
some (S')eJ.

(43.10) ProrosiTioN. Let A'€%**'-€% and S =S(A). Then
6, = G- gL
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Proof. It is clear that there exists a @€ %**! such that ¢- A4’ 6% and
thus §,:=S(¢-4) > S. Since S,€(S’), each orbit lying in %{‘s,, contains a
connection with the symmetry group equal to S,, that is, every orbit from
€5, intersects €%. This means that ¢}, c 9**!-€%. u

We recall a simple property of continuous actions:

(4.3.11) ProrosiTioN. Let a topological group G act continuously on a
topological space X. Then for any subset V < X/G we have

V=#(z""(V)),

where ft: X — X/G is the projection.

Proof. Since the action is continuous, 7~ '(V) is an invariant subset in
X. Hence #(X—7"'(V)) = X/G—# (="' (V)). This set is open since 7 is open.
Clearly, #(7~'(V)) > #(R " '(V)) = V and hence (7~ "(V)) > V. On the other
hand, 27! (V) < #~ }(V) and, by the continuity of 7, the set #~ (V) is closed.
Therefore, #~ ' (V) > #~ ' (V). Hence V> A(R™1(V)). =

(4.3.12) ProrosiTioN. For any (S)eJ, we have

Hs, = R(GT1-GY).

Proof. This is a simple consequence of Proposition (4.3.11) and
Theorem (4.3.9).

4.4. The stratification of #*. A decomposition of a topological space into
parts homeomorphic to well-known geometrical figures is one of the most
useful tools in topology. Our aim here is to construct a decomposition of J#*
into smooth manifolds. This decomposition satisfies some regular frontier
properties, which enable us to call this partition a regular smooth stra-
tification.

Stratifications first arose in connection with describing singularities of
differentiable maps (Thom [29], Whitney [30]). The definition of a
stratification for infinite dimensional spaces can be found in Fisher’s paper
[13]. Since this notion is perhaps not sufficiently familiar, we shall formulate
briefly its definition.

(4.4.1) Let D be a countable (or finite) family of nonempty subsets of a
topological space X (D <= 2X). We consider the following conditions:

)y Uyb=1X.

(i) V(2,Q)eDxD QnQ #0=>0Q=0Q".

(i) V(Q, Q)eDxD QnQ #QP=Q>Q.

(iv) V(Q, Q)eDxD QnQ #0=>Q0n(QuUQ)=2Q.

Il D satisfies conditions (i) and (ii) then it is called a partition. A partition
is a manifold decomposition if each QeD is a manifold. A manifold
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decomposition is a stratification if it satisfies condition (iii). Then an element
of D is called a stratum.

(4.4.2) DerINiTION. A regular stratification is a stratification satisfying
condition (iv) of (4.4.1).

(44.3) Remark. Any stratification D of X distinguishes a partial
ordering (quasi-ordering in the terminology of Kuratowski [20]) in D:

Q<Q i QnQ # Q.
It is easy to see that < is a reflexive and transitive relation. A partial

ordering distinguished by a regular stratification is an order, i.e., it satisfies
the asymmetry condition

(R<Q and @' <Q) = Q=0
For any stratification D of X and for every stratum Qe D, we have

Q= Q.
<

The definition of a regular stratification of X may also be formulated as
follows:

(4.4.4) DEFINITION. A countable (or finite) set D of nonempty subsets of a
topological space X is called a regular stratification iff

(i) each Qe D is endowed with a manifold structure compatible with
the topology induced from X,

(i) X =UD,

(i) V(Q, eDxD QnQ #0=>0>Q,

(iv) V(Q,2)eDxD Q#Q AQnQ #Q) = QnQ=0Q.

Let us point out that condition (iv) of Definition (4.4.4) implies
conditions (ii) and (iv) of (4.4.1).

(4.4.5) Tueorem (The Stratification Theorem). The family D
= {A#s) (S)eJ} is a regular stratification of #*.

Proof. Since D is bijective with J, it follows that D is countable or
finite (see Theorem (4.2.1)). We have also proved that each #f5, admits a
structure of a C® Hilbert manifold compatible with the induced topology
(see Theorem (4.1.5)). It is easily seen that

UD= U .%{s)=;’?k.

(S)eJ
Now it remains to verify the frontier properties (iii) and (iv) of Definition
(44.4). If R, N H#s, # @ then we can choose a connection A’ such that
G- A'e A N A, and S(A') =S’ Since

A (Hey) =7 (RS GY) =G
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(by Prop. (4.3.12)), we sec that A’e%**'-Z% Therefore, by virtue of
Proposition (4.3.10), we obtain k., c 4**!-€%. This implies that
Risy =7 (%ls) c 7G84 = A,
and proves that condition (iii) of Definition (4.4.4) is satisfied.
We prove condition (iv) of (4.44) as follows. If !ﬁ'{s,#%fs., and
Hs, " RS, # @ then 65N €L, = @ and 65, = %' €% (as above). Since

@**1.€% is closed (Prop. (4.3.8)), we see that ¢k, = ¥**1-€%. But ¢k, is
open in ¥**1-€% (Prop. (43.7) and ‘9"“ (6" %(s) > €. Hence

6k, N6k, = @. This means that
L) N (Asy) = D,
Applying Proposition (4.3.12) and Theorem (4.3.9), we obtain
AN (M) =7 (JR(EGHEL) = GG =6 =7 (A,

Therefore
Q=i Ry n7 (A =R B NE L H,) = 7Ly N A

and we conclude that .%’("s)r\ A, =0 m
Let us point out that we have one to one correspondence between D
and J (defined by the map type). We can endow J with a natural order <':

(5)<'(SY=[eecd™ ¢S~ ! = §71.

Since D = {9 (S)eJ} is a regular stratification, it has also a natural order
< (see Remark (4.3.3)). We have the following agreement between < and <':

(4.4.6) ProposiTION. The bijection J3(S)— #{s,€ D is an isomorphism of
ordered sets (J, <') and (D, <).

Proof. Let us first note that

g+l (Zg = U (6(5) U ﬁ—l(@(ks'))
$<'(8) (®<'(5)
is the sum of disjoint sets. If #, < '%(ksﬂ then, applying Propositions (4.3.12)
and (4.3.10) in the same way as in the proof of Theorem (4.4.5), we obtain
AN (Fsy) e U 21 ().
($)<'(S)

Therefore

Rls C U Hls-

)
! <59

Since D is a partition, we see that (S)< (Sy).
On the other hand, if (S) <’(S,) then, by virtue of Theorem (4.3.9), we
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have

T{b: U 727N (Hsy) 277 (Hs,))-

(5)<’(8)

Hence ;’t":; = (%) > R p (the equality follows from Proposition (4.3.12)),
and therefore #fs, < #(s,). =

The notion of a regular stratification, introduced in the present paper
(Def. (4.4.2) and Def. (44.4)), is studied in detail in [19b]. We show there
some examples of stratifications which are not regular. But we also prove
that every stratification of a Hausdorff space is a regular stratification.
Therefore, the regularity of the stratification {#fs, (S)eJ} (proved here
directly) is a straightforward consequence of the theorem mentioned above
and Theorem (4.0).

(4.4.8) ExampLE. Consider the action @ of gauge transformations on
connections in the case: M = S!, G =SU(2) and P = M xG. Let k > 2. One
can see that the orbit space ¥*/9**! in this case (M = S') may be identified
with the orbit space G/Aut G of the action of the group of inner
automorphisms of G on G. For G =SU(2) we see that G/Aut G is
homeomorphic to a closed interval [—1, 1]. Hence $*/%**' does not admit
a manifold structure.
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