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INTRODUCTION

In recent yecars, great advances were made in Surface Area Theory
and its generalizations to Eueclidean spaces of arbitrary dimension.
However, the ever-inercasing technical complexity of the researches
which yielded these advances seems to indicate that a systematic effort
to organize, simplify, and improve the technical background involved
is in order if progress in this field is to be¢ maintained and accelerated.
Also, one may feel that the extreme technical complexity of the researches
just referred to is perhaps duc to the fact that some simple fundamental
device has eluded so far the attention of the workers in this field. The
purpose of this monograph is to contribute to further progress in Surface
Area Theory by a systematic precentation of density theorems for outer
measures. While the literature on measure theory and its applications
contains an enormous store of information on density theorems, we were
handicapped considerably by two facts. First, most of the results avail-
able in the literature had to be modified and generalized to some extent
to mect our needs. Second, most of the relevent results occur as auxiliary
lemmas in papers dealing with applications of many types, and thus
they are difficult to locate. Furthermore, we found that various results
related to density theorems admit of substantial generalizations which
increase their scope and utility considerably. Motivated by these consi-
derations, we felt that a systematic presentation of density theorems
for outer measures, arranged in proper logical sequence and formulated
in appropriate generality, should be a worthwhile undertaking. The
purpose of this paper is to give such a systematic presentation. Since
several basic open problems in surface area theory can be reduced to
quesfions concerning the validity of certain density theorems, we hope
in particular that the present systematic study will be of material assi-
stance to workers in this field. We shall give presently an outline of the
contents of this paper.

Various generalizations of the classical Vitali covering theorem are
of course fundamental in dealing with density theorems. A general study
of such covering theorems has been made by A.P. Morse [1] (numbers
in square brackets refer to the bibliography at the end of this paper),

and in our paper [2] we proved a very general covering theorem, invol-
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ving two abstract binary relations, which includes as special cases the
general covering theorems of A. P. Morse. A brief survey of these matters
is given in Section 1.

Many results relating to Carathéodory outer measures I" are proved
in the literature under the assumption that for every set E there exists
a Borel set B such that EC B and I'(E) = I'(B). Some such results
have been generalized by replacing Borel sets by analytic sets. In our
own work we found that in a variety of important contexts one can re-
place Borel sets by the so-called absolutely measurable sets. While this
term apparently does not occur actually in print, we are indebted to
A.P. Morse for the information that the term (as well as the concept)
was communicated to him by J. D. Tamarkin over 20 years ago, and that
A.P. Morse himself made extensive use of absolutely measurable sets
in his lectures. In Section 2 we collect a number of theorems involving
absolutely measurable sets which we came across in our own work,

Density theorems are usually of the almost everywhere type in the
sense that they involve an exceptional set of measure zero with respect
to an appropriate measure. In order to characterize such exceptional
sets, we found it convenient to introduce certain auxiliary measures
of the Hansdorff type. In Section 3 we collect the necessary information
on such measures. We also introduce there the so-called “5r-condition”
in a more complicated form than it had in previous literature. The reason
for this is to have a condition which is satisfied not only by n-dimensional
Lebesgue measure in Euclidean n-space but also by various measures
occurring in integral geometry. In particular, we wished to cover the
case of Haar measure in the space of oriented lines in Euclidean 3-space
which seems to be of importance in certain questions relating to surface
area.
In Sections 4, 5, 6 we take up the actual study of density theorems.
All the main results are proved for general separable metric spaces, making
no use of compactness assumptions, and many theorems previously
proved by various authors for Euclidean spaces are obtained as very
special applications. In particular, Section 5 and Section 6 contain such
generalizations of previous results of ourselves [6] and of H. Federer [6].

This research was supported by the Office of Ordnance Research,
U.8. Army, Contract Number DA 33-019-ORD-2114.



SECTION 1

COVERING THEOREMS

1.1. Throughout the present Section 1, X denotes a separable metric
space with distance-function d. We put, for ze¢X, 0 < r < oo,

e(x,r) = {yld(z,y) <r}, =,7) = {yld(z,y) <r}.

A subset F of X will be termed a closed sphere if there exists a point xe¢X
and a finite positive real number r such that

(1) B =c¢(z,r).

In a general metric space X, a closed sphere may admit of several repre-
sentations of the form (1); in other words, the center v and the radius r
are generally not unique, as simple examples show. Similar comments
apply to open spheres, that is, sets E which admit of representations of
the form

E =cx,r), z2eX, 0<r< oo,

However, one verifies readily that a closed sphere is a non-empty closed
set, an open sphere is a non-empty open set, and

diame(z, r) < 2r, diamc®(x,r) < 2r.

Since X is separable, it is easy to see that every family ¥ of pair-wise
disjoint closed (or open) spheres in X is countable. Furthermore, if F
is a subset of X and @ is a family of open sets O covering E, then there
exists a sequence O;, ¢ =1,2,..., in G such that EC | 0;.

Our purpose in the present Section 1 is to state certain covering theo-
rems in terms of closed spheres. Due to the ambiguity of center and radius
referred to above, the statements below are formulated with appropriate
care.

1.2. Let E be a subset of X, and let ¥ be a family of closed spheres
in X. Then 7 is said to cover F if

EC U C.
CeF
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Furthermore, ¥ is said to cover E in the Vitali sense if for every point
zeE and every & > 0 there exists in ¥ a closed sphere C (which depends
upon both # and ¢) such that ze¢C and diamC <e.

The following two covering theorems are corollaries of very general
theorems proved by A.P. Morse (see [1]):

THEOREM 1. Let F be a non-emply family of closed spheres in X which
covers a subset E of X. Assume further that the diameters of the closed spheres
CeF are less than some finite positive constant K. Then F contains a se-
quence C;, 1 = 1,2, ..., of pairwise disjoint closed spheres such that if for
each © an arbitrary represeniation C; = ¢(x;, 7;) is selected, one has the in-
clusion E C \J ¢(x;, b7;).

i

THEOREM 2. Let F be a non-empty family of closed spheres in X which
covers a subset E of X in the Vitali sense. Then F contains a sequence C;,
i =1,2,..., of pairwise disjoint closed spheres such that if for each i an
arbitrary representation C; = c(x;, ;) 18 8elecied, one has the inclusion

N o0
(2) EC| 1U=1 (@, 13)| v [i L#“c(a’i’ 573)],

for every positive integer N.

1.3. As noted above, the preceding covering theorems are corollaries
of very general theorems of A.P. Morse. On the other hand, the general
theorems of A.P. Morse are corollaries of a covering theorem in terms
of abstract binary relations which we shall formulate presently (for
further details, see [2]).

Let § be a non-empty set. Let there be given over S two binary
relations o, 6. We shall write 8’08’ to state that the elements 8', '’ of 8
satisfy the binary relation o, with a similar convention for 4. For each
element s of § we define the following sets:

N,(s) ={8'|8'eS,8 a8}, N,(8) =|(s[seS8,s ds},
N(s) = N,(3) ~ N,(s).
For each subset E of § we define
N,(E) = Hz N.(s), N,(E) =8Lg No(8), N(E)= aL;Ja N (),

with the understanding that for the empty set & we have N, (@) = N,(9)
= N(0) = 0.

Regarding the binary relations o, 4 we make the following assump-
tions:

(1) o and ¢ are reflexive. That is, sos and 8ds for every seS.



I. Covering theorems 7

(i) o is symmetric. That is, s'¢0s" if and only if 8" 04’

(ili) If ¥ is any non-empty subset of S, then there exists at least
one element $ such that se¢F C N,(s). Such an element & will be termed
a dominant element of E.

A subset F of S is termed scailered if E contains no pair of distinct
elements s’, s’ such that s'¢s’’. Thus the empty set is scattered, and
so is every set containing a single element.

THE (o, §)-COVERING THEOREM. Under the circumstances just de-
scribed, there exisis a scattered subset E of 8 such that 8 = N(E).

1.4. The proofs of all the covering theorems referred to above depend
upon Zorn’s lemma or some equivalent statement. Accordingly, it is a
matter of some interest that the (¢, 8)-covering theorem implies Zorn’s
lemma (see [2]).



SECTION 2

ABSOLUTELY MEASURABLE SETS

2.1. Throughout the present Section 2, X will denote a metric space
with distance-function d. If F,, E, are non-empty subsets of X, then
their distance d(F,, E,) is defined as the greatest lower bound of the
distance d(z,, x,) for z,e¢E,, z,¢E,.

2.2. A real-valued set-function I'(E), defined for all the subsets E
of X, is termed an outer measure in X if the following conditions are
satisfied:

(1) Always 0 < I'(E) < oo.
(ii) I'(@) = 0, where O denotes the empty set.
(iii) If E,C E,, then I'(E,) < I'(E,).
(iv) If E,, n =1,2,..., is any sequence of subsets of X, then
r(UE,) < ) T(B,).
An outer measure I' is termed a Carathéodory outer measure if it
satisfies the following additional condition:

(v) If E,, E, are non-empty subsets of X such that d(E,, E,) >0,
then I'(E,)+I'(E,) = I'(E,vE,).

2.3. A set F of X is termed measurable with respect to a Carathéodory
outer measure I' (or bricfly I-measurable) if I'(P)+I'(Q) = I'(PwvQ)
for every pair of sets P,Q such that PC E, @ C CE (where CE denotes
the complement X —F of E). The family of I-measurable subsets of X
will be denoted by IMN(I).

A subset F of X will be termed absolutely measurable if E is measur-
able with respect to every Carathéodory outer measure I' in X. The
family of the absolutely measurable sets in X will be denoted by <%. The
main objective in the present Section 2 is to point out that in various
important contexts the family ‘% plays a role analogous to that of the
family of Borel sets.

2.4. Given 2 Carathéodory outer measure I" in X, we shall say that
a set EC X is almost closed with respect to I', or I-almost closed, if
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for every £ > 0 there exists a closed set C such that C C F and I'(E—C)
< &. The family of the almost closed sets with respect to I" will be denoted
by €(I'). To state some well-known facts about the family €(I"), we need
some definitions.

DEFINITION. A Carathéodory outer measure /' in X is termed bounded
if I'(X) < oo.

DEeFINITION. A Carathéodory outer measure 1" in X is termed Borel-
regular if for every set F C X there exists a Borel set B such that ¥ C B
and I'(E) = I'(B).

The following three theorems were proved in [3] for the case when X
is a Euclidean plane; however, the proof given there remains obviously
valid for a general metric space X.

THEOREM 1. If the Carathéodory outer measure I' in X is bounded,
then C(I') contains all Borel sets.

THEOREM 2. If I" is a Carathéodory outer measure in X, then C(I')
contains all Borel sets B such that I'(B) < oo.

THEOREM 3. If I'is a Borel-reqular Carathéodory outer measure in X,
then C(I') contains all I'-measurable sets E such that I'(E) < oo.

We shall show below, among other things, that in the preceding
three theorems one can replace Borel sets by absolutely measurable sets.

2.5. A family F of subsets of X will be termed Borel-closed if the
following conditions are satisfied:

(1) ¥ contains the empty est 0.

(ii) If E¢#, then CEe%.

(i) If E,eF, n =1,2,..., then | JE, .

Given any non-empty family %, of subsets of X, there exists a unique
smallest Borel-closed family & of subsets of X which contains %,;
namely, the intersection of all the Borel-closed families which contain %,.
This unique femily will be tcrmed the Borel class over F,.

If I' is any Carathéodory outer measure in X, then (see [4]) the
. family M (I") of I-measurable sets is Borel-closed, contains all Borel sets
and all analytic sets, and is closed under the operation A. Hence it is
obvious that the family 9/ of absolutely measurable sets in X is Borel-
closed, contains all Borel sets and all analytic sets, and is closed under
the operation A.

2.6. A Carathéodory outer measure I’ in X will be termed boundedly
finite if I'(E) < co whenever E is a bounded set in X, and locally finite
if for every point xe¢X there exists an open set O, such that <0, and
I'(0;) < oo. If X is separable and I' is locally finite, then clearly there
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exists a sequence of bounded open sets 0;, i =1,2,..., such that
X =1JO0; and I'(0;) < oo. If I' is boundedly finite then for z,¢X and
0, = c(®@y,n), n=1,2,..., we have X =)0, and I'(0,) < oo,
n=1,2,... In view of these two situations we introduce the following
definition. A Carathéodory outer measure I'in X will be termed O-sigma
finite if there is a countable sequence of open sets 0,,n =1,2,..., such
that X = (J 0, and I'(0,) < oo for n =1, 2, ...

2.%. A Carathéodory outer measure I" in X will be termed regular
with respect to a family 7 of subsets of X (briefly, 7-regular) if for every
set £ C X there exists a set Fe7 such that EC F and I'(E) = I'(F).

2.8. LEMMA. Let I' be a Carathéodory outer measure in X which is re-
gular with respect io a Borel-closed family F of subsets of X. Let E be a
I-measurable subset of X such that I'(E) < oo. Then there exists a set E*«F
such that E* C E and I'(E*) = I'(E).

Proof. Since I' is F-regular, there exists a set E’ such that
ECE F and I'(E') = I'(E) < oo. Since E is Imeasurable, we have
I'EY+TI'(F'—E) =I'(E') = I'(E), and since I'(E) < oo it follows that
I'(E'—E) = 0. Thus (E'—E) is I-measurable, and hence £’ = (E'—E)v E
is also I-measurable. Now since I'(E'—FE) = 0 and [I'is -regular, there
exists a set E’' such that

F-ECE'<F, TI(B')=TIE—-E)=0.

Note that E’' is Imeasurable since I'(E”’) = 0. Now define E* = E'—E".
Then E* I since F is Borel-closed, and clearly EC E*. As E'C E*C E”
and I'(E"”) = 0, it follows that I'(E’') < I'(E*). Also, E*C E implies
that I'(E*) < I'(E). Since I'(E) = I'(E’), we conclude that

I'(E) = I'(E') < T'(E*) < I'(E),
and hence I'(E*) = I'(E). Thus the lemma is proved, since ED H*7F.

2.9. The concept of almost closed sets (see 2.4) suggests the conside-
ration of almost open sets defined as follows: a set £ C X is termed almost
open relative to a Carathéodory outer measure I" in X if for every ¢ > 0
there exists an open set O such that £ C O and I'(0 —E) < ¢. The family
of almost open sets relative to I' will be denoted by O(I'). The following
properties of the families €(I') and O(I") can be easily verified by the
reader:

(i) Ee€(IN) if and only if CE<O(I).
(ii) C(I')C M(I') and O(I") C M(I).
(iil) If B,eO(I") for n =1, 2, ..., then | J E, is in O(I).
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(iv) If E,eO(I"), E,CE, and I'(E,—E,) = 0, then E,cO(I).

(v) If E,«C(I"), E,D E, and I'(E,—E,) = 0, then E,eC(I).

(vi) If for each set ¥ C X we define I'j(E) to be the greatest lower
bound of I'(0) for all open sets O such that EC O, then I'(FE) is a Cara-
théodory outer measure in X. Furthermore, if EeOM(I,) and I'y(E) < oo
then EeO(I).

2.10. THEOREM. If I' is a Carathéodory outer measure in X that is
0-sigma finite, then YU C C(I)~O(I).

Proof. We first show that
(1) UCOU).

Consider a set K <. Since I" is O-sigma finite there is a seqeunce of open
sets 0,, O,, ..., such that

X=yUo, IO,)<o for n=1,2,...

Set E, = E~0O,, n=1,2,... Since E,eU, for the set function I
defined in (vi) of 2.9, E,<M(I,) and I'y(E,) < I'(0,) < co. Thus, by (vi)
of 2.9, E,<O(I). Since E = | J F,, by (iii) of 2.9, E<O(I') and (1) holds.

Consider a set F¢‘%. Then CE ¢ and by (1), CE¢O(I'). By (i) of 2.9
we thus have EeC(I'). Therefore
(2) U C E(I).

(1) and (2) imply that U C C(I"~O).

2.11. THEOREM. If I' is a U-regular Carathéodory outer measure in X
that is O-sigma finite, then C(I') = O(I") = M ().

Proof. We first show that

(3) M) COW).

Since I' is 0-sigma finite, a set E<OM(I') is the union of a finite or coun-

table number of sets in YN (I") each of which is of finite I'-measure. Hence,

for EeMN(I") there is a set U Y such that EC U and I'(U—E) = 0. By

the theorem in 2.10, U O (') and by (iv) of 2.9, EeO(I'). Thus (3) holds.
We next show that

(4) M) C C(I).
Consider a set Ee¢ON(I'). Then CEMN(I') and by (3), CEO(I'). By (i)
of 2.9, we then have that E¢C(I"). Thus (4) holds.

(3), (4) and (ii) of 2.9 imply that C(I") = M) = O).

2.12. THEOREM. If I' is a Carathéodory outer measure in X then EeY
with I'(E) < oo implies that E <C(I).
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Proof. For E,cU with I'(E,) < co we define I''(E) = I'(E~E,)
for EC X. Then I'* is a Carathéodory outer measure in X and I'*(X)
= I'(E,) < oo. By the theorem in 2.10 we have E,¢C(I™). Thus for ¢ > 0
given there is a closed set C C E, such that I'(E,—C) = I'(E,—C) <¢
and E,<C(I).

2.13. THEOREM. If I' is a U-regular Carathéodory outer measure in X
then EeM(I") with I'(E) < oo implies that E<C(I).

Proof. Consider a set EeM(I") with I'(E) < co. By the lemma in
2.8 there is a set Ue¥ such that UC E and I'(U) = I'(E). By the theo-
rem in 2.12, UeC(I') and, since I'(E—U) = 0, by (v) of 2.9 we have
EC(I).

2.14. Since the family % contains all Borel sets, it is clear that
a Borel regular Carathéodory outer measure is also “)-regular. The
following theorem yields a special situation where the converse is true.

THEOREM. If the Carathéodory ouler measure I' in X 18 Qf-regular
and O-sigma finite, then it is also Borel regular.

Proof. Let E be a set in X. If I'(E) = oo then FC X and I'(X)
= I'(E). If I'(E) < oo then there is a set U< such that EC U and
I'(U) = I'(E). By the theorem in 2.10, U ¢O(I'). Hence, for each positive
integer n there is an open set 0, such that U C O, and I'(0,,—U) < 1/n.
Set B=()0,. Then B is a Borel set, EC UC B and

I'BE)=I(U)=TI(0,)—TI(0,—U) >I'(B)—1/n

for n =1,2,... Thus I'(E) > I'(B) and, since EC B, we have that
I’'(E) = I'(B). Therefore, I' is Borel regular.

2.15. It may be of interest to note that the family “¥ can be charac-
terized in terms of bounded Carathéodory outer measures. Indeed,
let U* be the family of those subsets of X which are measurable with
respect to every Caratheodory outer measure /" in X such that I'(X) = 1.

THEOREM. U* = Y.

Proof. Obviously U* D U. To establish the complementary inclusion,
congider any set E* C X such that E*¢9f. Then there exists a Carathéo-
dory outer measure I in X such that E*¢IN(I™). Hence there exist
sets P*, Q*, such that

(5) P*CE*', Q'CCE', TI*P' Q") <Ir*(pP"H4+r1*Q".
Clearly (5) implies that for 1/a = I'(P*_Q*) we have 0 < a < oo, and
hence we can introduce an auxiliary set-function I by the formula

(6) I'(E) = al™*[E~(P*wQ%)].
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It is easy to check that I' is a Carathéodory outer measure. Clearly
(7) I(X)=1, TI'(P")=al*P"), TI(Q") =al*@Q").
From (5), (6) and (7) it follows that

L(P*uQ*) = al*(P*0Q%) < al™(P*)+al™(Q*) = I'(P")+I'(Q%),

and hence E*¢OMN(I'). Since I'(X) = 1, it is thus shown that E* ¢ U implies
that E*¢U*. Hence U D U"*, and the theorem is proved.



SECTION 3

GENERALIZED SPHERICAL HAUSDORFF MEASURES

3.1. We consider a fixed separable metric space X. Let ¢ = ¢(z, r)
be a real-valued function defined for z¢X and 0 < r < oo, such that
always 0 < ¢(x,r) < oco. In terms of ¢ we define in X a Carathéodory
outer measure S as follows. Consider a set F C X. Assign ¢ > 0. Let

c{x;y 1), © =1,2,..., be a finite or infinite sequence of closed sphercs
gsuch that
(1) EC Ue(m,r), 0<r<e.

?

Note that such sequences c¢(x;,r;) do exist because X is separable. We
define

S:(B) = gr. L b. Y p(a;, 7),

where the greatest lower bound is taken with respect to all the sequences
c(x;, r;) satisfying (1). Clearly S?(F) increases (in the wide sense) if ¢
decreases, and hence for ¢ — 0 the number S7(E) converges to a (finite
or infinite) limit. Accordingly, we can define
(2) S?(E) = lim SY(FE).

e—0

We shall term S9(E) a generalized spherical Hausdorff measure. We
agree to put 8%(F) = 0. It is easily verified that 8% is a Dorel-regular
Carathéodory outer measure (see 2.4).

3.2. The function ¢ = ¢(z,r) was completely general so far, except
for the. condition 0 < ¢(z, 7) < oo. However, in all the applications con-
sidered in the sequel, ¢ will satisfy the following

5r-CONDITION. For every bounded set FE C X there ewist two finite
positive constants k(E), K(FE) such that

3) ¢z, 57r) < K(E)p(x,r) for weE, 0<r<k(E).

Clearly, (3) holds then also if K(E) is replaced by any larger constant and
k(E) is replaced by any smaller constant. Thus we can assume that

(4) 0 <k(E)<1< K(E) < oo.
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If ¢(x,r) satisfies the 5r-condition, then we have in particular for
the case when E reduces to a single point »# the inequality

(v, br) < K(z)p(z,7) for O0<r<k(z).
As an immediate consequence, it follows that
(5) O0<opz,r)<oo for O0<r<Ek(z)s.

3.3. Let o be a Carathéodory outer measure in X. Then o will be
said to satisfy the 5r-condition if for every bounded set EC X there
exist two positive finite constants ¥(F), K (E) such that

(6) ole(x, Br)] < K(E)o[e(z,7)] for xeE, O0<r<k(E).
On setting
(7 o(z,r) = ole(z, r)],

clearly the condition is equivalent to the br-condition for the funetion
a(z,r) as defined in 3.2. Hence, as noted there, we have

(8) 0<ole(z,r)] <00 for O0<r<k(x))5.
Hence also
o[z, r)] < oo for O <r<k(x)/5.
Thus the 5r-condition implies that o is locally finite and hence, since X
is assumed to be separable, that o is O-sigma finite.
The function o(x,r) = o[e(x,r)] gives risec to the Carathéodory

outer measure S’ (see 3.1), and there arises the question as to how ¢ and §°
compare with each other. The following theorem yields a partial answer:

THEOREM. Let o be a U-regular Carathéodory outer measure in X which
satisfies the 5r-condition. Then §° = o.

Proof. We first show that
(9) o < 8°.
Indeed, consider any set E #* @. Assign ¢ >0, and let c(x;, 7;),
(# =1,2,..., be a sequence of closed spheres such that
ECUec(z,r), O0<r<e.

We then have
o(B) < D ofe(, 1)) = D) o(@i,74),

1 1

and hence o¢(F) < S;(F) < S°(¥). Thus (9) is verified. Next we show
that (see 2.3)

(10) 8°(U) <o(U) for UeXN.
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Since X is separable and ¢ is locally finite, it follows that X is the union
of a finite or countable sequence of Borel sets that are pairwise disjoint,
bounded and of finite s-measure and hence any set U</ is the union
of a finite or countable sequence of sets in </ that are pairwise disjoint,
bounded and of finite o-measure. Thus it is sufficient to prove (10) in the
case where U is bounded and o(U) < oo. Hence the constants %(U),
K(U) are available. By the theorem in 2.10, UeO(g). Accordingly, if
n > 0 is assigned, then there is an open set O such that

(11) UCO0, 0(0)<o(U)+tn< oo.

Keep 7 > 0 fixed and assign ¢ > 0. Then the closed spheres c¢(z, ) such
that

(12) Oo<r<elb, O0<r<ikU), xeU, c(z,7r)CO
cover U in the Vitali sense. Hence (see 1.2, theorem 2) there exists

a disjoint sequence c(z;,7;), ¢ = 1,2,..., of closed spheres such that

N oo
UcC [U e(@, )| v | U e(a, br)
i1 i=N+1

for every positive integer N. In view of (12), the preceding inclusion
yields a covering of U by closed spheres of radius less than . Hence

N oo
(13) 82(U) < Y olo(m, )] +E(0) D) ole(a, )]
el 1=N+1

Now since the closed spheres ¢(z;, 7;) are pairwise disjoint and are con-
tained in O, we have (see (11))

=]
D) ale(@i, 7)) < 0(0) < o(U)+7 < oo
teml
Thus the infinite series on the left is convergent, and hence

oo
ole(w;, r;)]—>0 for N — oco.
i=N+1

Thus (13) yields, for N — oo, the inequality
8(0) < o(T)+1.

On making first ¢ - 0 and then »n — 0, (10) follows. Since §8° and o are
both 9/-regular, it follows that S8°(E) < o(E) for every set EC X and
the theorem is proved in view of (9).
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3.4. Lebesgue n-dimensional outer measure L, in Euclidean n-space
R" is an important special instance of a Carathéodory outer measure
satisfying the 5r-condition. Indeed, if a(n) denotes the L,-measurc of the
solid unit sphere in R", then

L,(c(w,7)] = a(n)r",
and hence
L.[e(z, 5r)] = 5" Ly[e(z, 1)].

Thus L, satisfies the 5r-condition with the constant 2-5", for example.
Also, it is well known that L, is Borel-regular. Accordingly, the theorem
in 3.4 appears as a generalization of the well-known fact that

L, = 8"
n - .

Further important instances occur in integral geometry, as we shall
point out later on.

3.5. Returning to the general separable metric space X, let % be
a finite positive real number. The %-dimensional Hausdorff measure H*
in X is then defined as follows. Consider a set X C X. Assign ¢ > 0. Let
e, 1 =1,2,..., be a sequence of subsets of X such that

(14) EC{Je, diame; < e.
Clearly such sequences e¢; exist since X is separable. We define
HY(E) = gr.1b. ) (diamey)*,
1

where the greatest lower bound is taken with respect to all the sequences
¢; satisfying (14). Clearly H*(E) increases (in the wide sense) if ¢ decreases.
Hence we can define

(15) H¥(B) = imH*(E).
]

It is well known, and easily proved, that H* is a Borel-regular Carathéo-
dory outer measure. H* is termed the %-dimensional Hausdorff measure
in X, Actually, if X coincides with Euclidean n-space R", an appropriate
normalizing factor is used to achieve agreement with standard “area-
formulas”, as follows. Assume that X = R", and let now & be a positive
integer. Denote by a(k) the L, -measure of the solid unit sphere in R*
(see 3.5). Then the normalized k-dimensional Hausdorff measure in R",
to be denoted by HE, iz defined by

a(k)
2k

where H* is given by (15). /.6_,\,
I ol

Rozprawy matematyczne XXI 2

HE = H*,
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3.6. Returning to the general separable metric space X, for 0 < k
< oo we shall consider along with H* the Carathéodory outer measure

8 = go=r,

that is, the set-function corresponding to the choice ¢(x,r) = r*. We
leave to the reader the verification of the relations

(16) Sk < H* < 2% §*.
From (16) there follows directly the following

LeMMA. 8¥(E) = 0 if and only if H*(E) = 0, and §*(E) = oo if and
only if H*(B) = oo.

3.2. In the separable metric space X consider a function ¢ = ¢(z, r)
which satisfies the 5r-condition and is also subadditive in the following
sense: if ¢(xy,7;), ¢ = 1,2, ..., is any finite or infinite sequence of pair-
wise disjoint closed spheres and c¢(wx,r) is any closed sphere such that
¢(z;yr;))Ceo(z,7), for ¢ =1,2,..., then

pr(wu r) < ¢(2,7).

We want to verify that under these conditions S° is locally finite. Indeed,
consider any point ze¢X. Since ¢ satisfies the 5r-condition, by 3.2 there
follows the existence of a finite positive number 7, such that ¢(2, r,) < oo.
Now the {finite positive constants %k = k[e¢(x,7;)], K = K[c(z,r:)]
oceuring in the definition of the 57-condition are available. Accordingly,
the local finiteness of 8% will be shown if we verify that

(a7) 87[c’(z, 12)] < Ko(@, 7).
Assign now ¢ > 0. Then the family of closed spheres c¢(y, r) such that
(18) ely,n)C(z,r), 0<r<efd, 0<r<k,

cover c’¢x,r;). By theorom 1 in 1.2, there exists a pairwise disjoint
sequence c(y;, ), ¢t =1,2,..., of such closed spheres that

(.19) co(m! 'ra:) Cc U c(w.;, 5"1'.)'
Since (19) yields a covering of ¢’ (z, r,) in terms of closed spheres of radius

less than ¢, in view of (18), the 57-condition and the subadditivity of ¢
we have )

(20) 8z, 1)) < Z‘P(wu 5ry) < KZ‘P("”:; ) < Ko(z,7,).

Since ¢ > 0 is arbitrary, (20) implies (17).
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Thus it is proved that S® is a Borel regular Carathéodory outer
measure in X (see 3.1) that is locally finite (and hence O-sigma finite).
As a direct application of the theorem in 2.11 we have therefore the
following

LEMMA. If X i3 a separable melric space and ¢(x, r) satisfies the 5r-con-
dition and is subadditive, then O(8%) = C(8°) = M(8?).



SECTION 4

DENSITY THEOREMS FOR SUBADDITIVE SET FUNCTIONS

4.1. Throughout the present Section 4 the following notation will
be used: X will denote a separable metric space; ¢ = ¢(z, r) will denote
a non-negative real-valued function of the point z¢X and of the finite
positive real number r which satisfies the 5r-condition (see 3.2).

4.2. Let w(KE) be a non-negative, real-valued funection of the set
EC X. We shall say that o is a subadditive set function in X if for any
set £ C X and any sequence of pairwise disjoint closed spheres c¢(z;, r;),
t=1,2,..., we have

2 ole(@, r) ~ E] < w(E).

t

We shall say that a set F is w-almost closed if for ¢ > 0 given there is
a closed set C C E such that w(E— C) < e. We shall say that w is 0-sigma
finite if there is a sequence of open sets 0;, 1 =1,2,..., such that
X =1J0; and w(0;) < oo for t =1,2,...

4.3. It follows from {4], p. 44, that if I' is a Carathéodory outér
measure in X, then I' is a subadditive set function in X in the sense of 4.2.
As a second example we consider the following situation. Let &5 be a family
of subsets of X such that: (i)  contains all open sets and (ii) ¥ is closed
under countable unions and finite intersections. Let w,(F) be a non-
negative, real-valued function of the sets E ¢ which is subadditive on ¥
in the following sense: if E;,¢ = 1, 2, ..., is any finite or infinite sequence
of pairwise disjoint sets in F and E;C E<¥, ¢t =1,2,..., then

D 00(Bs) < wy(E).

For such a set function we define, for each set E C X,

(1) w(B) =gr.l.b.w,(F) for ECFeZF.
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LEMMA. The set function w defined in (1) is a subadditive set function
tn X in the sense of 4.2 and o(E) = w,(E) for E<F.

Proof. Since E,C E,, E,, E,¢F implies that wy(E,) < wy(E,), it
follows that w(E) = wy(E) for E¢F. For EC X let ¢(x;, 13), ¢t = 1,2, ...,
be a sequence of pairwise disjoint closed spheres. Let F¢F be such that
EC F. For a positive integer N there is a sequence of pairwise disjoint
open sets 0,,...,0n such that c¢(x;,7r)CO; for 1 =1,..., N. Then
c(z;y ;)" EC(0;~F)eF for ¢ =1,..., N and hence

N N
D, wle(@i, 1) ~ B] < D wy(0in F) < wo(F).
t=1 i=1

Since this holds for every positive integer N we have

00

D olet@i, 7:) ~ B] < wy(F).

i=1

Since this holds for every Fe¢F such that EC F, we have
D wle(a, 1) ~ E] < o(E).
i=1

Thus o is subadditive in the sense of 4.2.

4.4. THEOREM. Let w be a subadditive set function in X and for EC X
and 0 <t < oo set (see 4.1)

G, = {z|limsup w[c(z, ) ~ El/p(z, r) > t}.
Then
(2) S°(Gy) < w(E)t.

Proof. Since (2) is obvious if w(E) = oo we can assume that
w(E) < oo,

Step 1. E, is a bounded subset of @,. Then the finite positive con-
stants k(FE,), K(E,) occurring in the 5r-condition are available (see 3.2).
Asgign £ > 0. The family of closed spheres ¢(z,r) such that

(3) zeE,, O0<r<eld, 0<r<k(E), olcz,r)~E]>lpx,r)),

cover E, in the sense of Vitali. Hence (see 1.2, theorem 2) there exists
a pairwise disjoint sequence ¢(x;, 7;), © = 1, 2, ..., of such closed spheres
that, for any positive integer N,

N ©
E,C[Ue(@,r)v [ U e, dr)]l.
im=1 {=mN+1
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In Vi(;W of (3) the preceding inclusion yields a covering of E, by closed
spheres of radius less than e. Hence (see 3.1)

@ BB <D pl@nr)+ Y ol n)
iml t=N+1
<D v, ) +E(E) D ola,m)
{=1 tmN+41
1 o K(E)
<7 Y olotw, r)~ BT S afo(a, r ~ B,
i=1 i=N+1

Since the closed spheres ¢(z;, 7;) are pairwise disjoint and w is subadditive
we have

o0

(5) D, wle(z, )~ E] < () < oo.

t=1

Thus the infinite series on the left of (5) is convergent. Hence

(6) D owle(@,r)~E]->0 for N - oco.

i=N+1

From (4), (6) and (6) we infer now, for N — oo, that S7(B,) < w(E)/t.
For ¢ - 0 it follows that

8°(E,) < w(E)[t.
Step 2. Fix a point z,¢e X and put
B, =G~ ¢(zygyn), n=1,2,...
Then E,C E,C..., |J E, = G,. It follows (see [4], p. 46) that
(7) 8° (@) = lim S8*(E,).
—-o0
Since S°(FE,) < w(E)[t by step 1, (2) follows from (7).

4.5. THEOREM. Let w be a subadditive set function in X. If EC X
18 w-almost closed then

lm wle(z, r) ~ E] _

0 for 8%a.e zeCE.
r—0 plx,7)

Ezxplicitly the lim is equal to zero S°-almost everywhere on CE (that 18, the
set of those points xeCE where the limsup is positive has S®-measure zero).
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Proof. For 0 <t < oo put

~E
H, = ‘wlweeE, lim sup wlol@, r) ~ B >t}.
r—0

p(z, 1)

Clearly it is sufficient to show that

(8) 8*(H,) = 0

for 0 <t < co. Now fix ¢ and assign n > 0. SinceF is w-almost closed,
there exists a closed set C C F such that w(E—C) < n. Put

, 1)~ (E—C
G, = {wl].irrr_l_‘soup wlo(@ ;zw,:‘) )] >t}.

By the theorem in 4.4 we have
(9) 8 () < o(E—-CO)t <9t

gince w(E—C) < 7. Now consider a point z¢CE. Then #¢C and since C
is closed, it follows that

c(z,r)~H =c(z,r)~ (E—0C)

for r sufficiently small and consequently

wle@,N~E]l . wles,nn~(E—0)
hlﬁf:l P @, 7 Hm:l-foup @ (@, 1)

for x<CE. Thus clearly H,C G; and hence
SP(H,) < nft
by (9). Since n > 0 was arbitrary, (8) follows and the theorem is proved.

4.6. THEOREM. Let I' be a Carathéodory outer measure in X (assumed
to be separable) and let E be a subset of X. Then

lim L@ NE] o s Sea6. 2eCH
r—0 @(z,7)

under each of the following conditions:
(a) E is I-almost closed.

(b) I" is U-regular, E i8 I-measurable and I'(E) < oo. Furthermore,
if I' is assumed to be locally finite (and hence O-sigma finite) the assumption
I'(E) < oo can be dropped.

(¢) p(@,r) = ac(x,r)] where o 138 a U-regular Carathéodory outer
measure in X that satisfies a br-condition, E i3 o-measurable and I'(E) < oo,
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Furthermore, if I' is locally finite then the assumption that I'(E) < oo can
be dropped.

Proof. (a) follows from the theorem in 4.5. (b) follows from (a)
since, by the theorems in 2.11 and 2.13, E is Ialmost closed. Concerning
(¢), since F is o-measurable, by the theorem in 2.11, F is o-almost open.
Hence there is a Borel set B O E such that ¢(B—FE) = 0. Set

4y =r(A~E) for ACX.

Then I'* is a Carathéodory outer measure in X, I'(X) = I'(E) and I*
is O-gigma finite if either I'(F) < oo or I' is O-sigma finite. By the
theorem in 2.10 B is I'-almost closed. By (a)

lim I'le(@,7)~ E] _ lim I'le(x, r) ~ B] _
r—0 p(z,7) r—0 oz, 7)

for 8 = ¢-a.e. xe(B. Thus (¢) holds since o(B—E) = 0.

0

4.2. THEOREM. Let o be a U-regular Carathéodory outer measure which
satisfies the 5Sr-condition and let E be a o-measurable set. Then

ale(z,r)~E] |0 for o-a.e. xeCE,

(10) lim
re0 ofe(z, )] 1 for o-a.e. xekE.

Proof. Since o is locally finite (see 3.3) the first line of (10) follows
from (b) of the theorem in 4.5 by setting ¢(z, r) = o{c(z, r)]. Applying
this result to the set CE we obtain

(1'1) lim ale(z, r) ~ CE] _
e ole(@, )]

0 for o-a.e zek.

We now have (note that o is locally finite) that for » sufficiently small

olo(@, 1) ~E) _  ole(@,r) ~CE]

olelz, 7)] ole(z, r)]

and the second line on the right of (10) follows in view of (11). This com-
pletes the proof of the theorem.

We noted in 3.4 that the Lebesgue n-dimensional outer measure in
Euclidean n-space R" satisfies the condition placed upon o above. Noting
that L,e¢(z,r) = a(n)r", the preceding theorem yields the following
classical statement:

COoROLLARY. If E i8 an L,-measurable set in Euclidean n-space R",
then

i L,[e(z,7) ~ E] 0 for L.-a.e. x<CE,
rs0 o(n)r® |1 for L.ace xzeB.
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4.8. We now give a more general result than that given in (¢) of the
theorem in 4.6.

THEOREM. Let I' be a Carathéodory outer measure in X, let o be a
Q-reqular Carathéodory outer measure in X that satisfies a 5r-condition
and let E be a o-measurable set. Then

. L'[e(z,7) ~ B]
lim

=0 o0r co for o-a.e zeCE.
r—0 G[O(m! T)]

More precisely, on setting
H = {z|I'[c(z,r) ~ E] = o0 for 0 <7 < oo}

we have

(12) lim I'letw, ) ~ B] =0 for o-a.e. veCH ~CE,
rv0  ole(z, 7)]

r E
(13) lim [cin_,z')r\_] = oo for weH ~CE.
r ofe(w,7)]
Proof. (13) follows immediately from the definition of H. It is also
evident that CH is open. Thus (12) follows by an elementary application
of (¢) in the theorem in 4.6.

4.9. THEOREM. Let w be a subadditive set function in X that is O-sigma
finite. If every open set on which w is finite is w-almost closed, then for every
open 8et O we have

wle(z,r)~0]

(14) lim =0 for S%-a.e z¢CO.

r—0 @ ((U ] r)

Proof. Consider an open set 0. Since w is O-sigma finite there are
open sets Oy, n =1,2,..., such that X = (O} and w(0}) < oo for
n=1,2,... Set 0, = 0~O0, for n =1,2,... Then O = O, and each
0, is an open get such that w(0,) < co. Hence 0, is w-almost closed by
assumption. By the theorem in 4.5 applied to O, there follows for each n
the existence of a set e, such that

(15) Sw(en) =0 and lim (O [0(1;, 2 O“J =
r—0 ‘P(wi /r)

0 for x¢C0,—e,.

Put ¢ = (_e,. Then 8%(¢) = 0. Consider now a point z¢(C0,—e. Then,
since X = |_JO;, we have x¢0, for some n. Let % be so chosen. Then
¢(xz,r) C O} for small » and hence

c(z, )~ 0 =c(x,r)~ Oy~ 0 =¢(x,7r)~ 0,
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for small ». Thus
wle(z,r) ~ 0] = wlc(x,r)~0,] for small r.
Also, since xe¢C0—e, we have z¢C0,—e,. Hence, by (15),

lim wle(xz,r)~ 0] — lim wle(z,r) ~ 0,] _
r—0 @z, 1) r—0 p(z, )

0 for weCO—e,

and (14) is proved since S®(e) = 0.

4.10. Ap important application of the preceding result arises as
follows. Let ¢ = ¢(x, r) satisfy the 5Sr-condition and in addition is sub-
additive in the sense of 3.7. Let us now define a function w®(0) of the
open sets O in X as follows. Given an open set O C X, put

w®(0) =1 u. b-ZVJ(wia or

where the least upper bound is taken with respect to all sequences
c(w;,y 1), 1 =1,2,..., of pairwise disjoint closed spheres contained in O.
Clearly, always 0 < w®(0) < oo. It follows readily from the definition
of »® that if 0,, n =1, 2, ..., is a sequence of pairwise disjoint open sets
contained in an open set O, then

w®(0,) < 0*(0).

By 4.3 (for the case where 7 is the family of open sets of X) »® can be
extended to all the subsets of X such that this extended w? is a subaddi-
tive set funection in X in the sense of 4.2.

Now let z¢X. Since ¢ satisfies a 5r-condition, there is a positive real
number 7, such that ¢(z, r;) < oo. Since ¢ is subadditive, it follows that
w®[c"(z, r;)] < @(z, ;) and hence w® is locally finite. Since X is separable,
we have that «® is O-sigma finite.

Consider now an open set O such that »®(0) < co. We proceed now
to show that O is w?-almost closed. Assign & > 0. By the definition of ®
there exists in O a sequence of pairwise disjoint closed spheres, c(y;, ),
j=1,2,..., such that

Doy, 3) > 0(0)—.
Since w®(0) < oo, we can choose a positive integer N such that

N
(16) @®(0) = D oy, %) > o*(0)—¢.

i=1
Then F = ¢(¥,,8) v ... v ¢(¥n, 8y) is a closed subset of O and we shall
now show that

(A7) 0®’(0—F) < e.
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Indeed, let ¢(z;,r;), ¢ =1,2,..., be any sequence of pairwise disjoint
closed spheres in the open set O —F. Then the closed spheres ¢(y,, $,),
vy C(Yny 8N)y C(@yy 7))y .eny (@5, 7)), ..., are pairwise disjoint and are
contained in 0. Hence

N
Z'P(?/fa 87) -+ 2?’(%7 r) < w®(0) < oo.
=1 1

In view of (16) it follows that

Z‘P(a’is r) < e,
and (17) follows.

We have thus shown that «? is a subadditive set funection in X that
is O-sigma finite and is such that every open set O with «w®(0) < oo is
w®-almost eclosed. Accordingly, the theorem in 4.9 yields the following
result:

THEOREM. If O is any open set then

. o®[e(z,r)~ O]
Iim —
r—0 @z, )

0 for 8°%a.e zeCO.

4.11. Returning to the theorem in 4.4 we have the following refine-
ment in the case where w = I' is a ‘¥-regular Carathéodory outer measure
in X, ¥ is a Imeasurable set such that I'(F) < oo and F is a I-measurable
set such that F C G,.

THEOREM. Under the above conditions
(18) SP(F) < I'(E ~ F)/t.
Proof. Since F C Gy we have
limgup Tie(@, ) ~ B >
2—0 p(z, 1)
Since E = (E—F) o (E ~ F), it follows that
r ~(E—F r ~(E~F
19) timeup L@ N E=F] o Tl@ 0~ (BAF]
r—0 (P($, 1") r—0 ‘P(my T)
for z¢F. Now by (b) of the theorem in 4.6 applied to E—F, the first
limgup in (19) is equal to zero for 8%-a.e. v¢C(E—F) = F v CE, hence
a fortiori for §%-a.e. reF. Thus (19) yields
lim sup I'[e(w, 7))~ (E~ F)]
=0 p(z, )
and (18) follows from the theorem in 4.4.

t for axeF.

>t for S%a.e zeF,



SECTION 5

A DENSITY THEOREM FOR OUTER MEASURES

5.4. We shall consider now an outer measure y (see 2.2) in the
separable metric space X. Our objective in the present Section 5 is to
prove the following

THEOREM. Let y be an outer measure in the separable metric space X,
and let ¢ = @(z,r) be a function which satisfies the 5r-condition and is
subadditive (see 3.7). Then for every S°-measurable set E we have

o I E
lim sup yle(@, r) ~ E]

=0 o0r oo for 8S%a.e. veCE.
r—0 Q(m, r)

For clarity, the proof is subdivided into a number of steps. Let us
note that the preceding is a generalization of a result in [5]. In view of
the theorem in 4.8 one may wonder if in the above theorem the lim sup
may be replaced by lim. This, however, is not the case (see [5]).

5.2. Let us denote by ¥ (y) the family of those S*-measurable sets F
for which
limeup LW N N CE] _

0 for S%a.e xzeE.
r—0 ‘P("‘c! r)

For 0 < M < 00, 0 < 6 < co we put

yle(y, )]

<M if O0<r<é and .x:ec"(y,r)}.
Py, 7)

H(M, ) = {.'v|

Finally we put

G(y) = {‘L‘llimsup ylo(@, 1)) < 00}.
r—0 ¢(z, )

5.3. LEMMA. The set H(M, ) is closed.

Indeed, take a point z,e CH (M, §). Then there exists an open sphere
¢’(y, r) such that

>M, z,ec(y,7).
(Y, 1) ’ * Y
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Take now any point zec®(y, r). Then the first two conditions in (1) imply
that xe CH(M, 8). Thus for every point z,eCH (M, §) there exists an open
sphere ¢*(y, r) such that

xoec®(y,r) CCH(M, 48).
Thus clearly CH(M, é) is open, and hence H(M, 8) is closed,

5.4. LEMMA. G(y) = (UH(n, 1/n).
ne=1

Proof. Consider a point x,¢ G(y). Then clearly there exists a positive
integer m such that

vl 0] _
@ (%o, 0)

Next consider the closed sphere ¢(z,, 1). This is & bounded set, and hence
the corresponding finite positive constants

k= kle(z,1)], K = K[e(z,,1)]

1
2 for O —
(2) <e<m

are available (see 3.2). Then we have

(3) p(y,br) < Ke(y,r) if O0<r<k, vyec(zy,l).
We choose now a positive integer n such that

(4) n>HKm+2m+1/k+ 4.

Consider now any closed sphere ¢(y, r) sueh that

(5) 0<r<lin, xyec(y,r).

Clearly we have then the inclusions

(6) ey, r) C c(zy, 2r) C c(y, 7).

In view of (5) and (4) it follows that yec(x,, 1) and 0 < r < k. Hence,
by (3),

(7) ¢(y, br) < Ke(y, r).

Next we have, by (6),

vle(y, )] < yle(z,, 2r)] . @ (2o, 27)

8 < .
) $Wr) eI e,
By (4) and () we have 0 < 2r < 1/m. Hence, by (2),
) vlo@n 2] _

P (@, 2r)
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Also, since ¢ is subadditive, (6) and (7) imply that

@(Zo, 2r) < @(y, 57) < Ko(y, 7).
In view of (4), (8) and (9) the preceding inequality yields

ylo(y, 7))

< Km<n.
ply, 1)

Since this holds whenever (5) holds, it is shown (see 5.2) that zge H(n, 1/n).
As wx, was an arbitrary point of G(y), it follows that

G(y) C nL=J1 H(n,1/n).

To derive the complementary inclusion, consider a point z, such that
2oeH(n,1/n) for some n. Then we have, in particular,

yle(a,, 7)]
@ (@, 1)

and hence obviously

1
<n for 0<r<;,

y[e(@o, "_)l <

limsup <n < oo,

r—0 @ (Toy 7)

Thus z,¢G(y) and hence
= <]
nUlH(n, 1/n) C G(y).

5.5. LEMMA. If S¥(E) = 0, then E«<F(y).
This is an obvious consequence of the definition of F(y) (see 5.2).

5.6. LEMMA. If B, eF(y), n =1,2,..., then U E,¢F(yp).
Proof. Put £ = | J E,. Since each E, is S°-measurable, E is also

S?-measurable. Furthermore, for each n there exists a set e, C E, such
that S§%(e,) = 0 and

ple(@, r)~ CE,] _
oz, 1)

(10) lim sup 0 for weE,—e,.
r—0

Put ¢ = (Je,. Then
(11) eCE, 8%e)=0.
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Consider now any point z¢E —e. Then z¢E,— e, for some n. Then, since
CE C CE,, we have by (10)

limsup vle(@, )~ CE] < limsup yle(x,r)~ CE,] _

0.
r—0 @(z, 1) r—0 p(z,7)

Thus the first limsup is equal to zero for zeF —e, and in view of (11)
it follows that EeF(p).

5.2. LEMMA. If F i3 a non-empty closed subset of X, 0 < M < oo,
0 <0< oo, and
vlely, o]
¢y, o)

then F ¢F(yp).
Proof. Case 1. F is bounded. We introduce the auxiliary set

(12) <M for 0<po<é, y,0)~F #0,

(13) 8 = {z|d(z, F) < 1}.

Then 8 is also a bounded set, and hence (see 3.2) the finite positive con-
stants k(S), K(S) are available. We have then

(14) ey, 5r) < K(S)e(y,r) if 0<r<k(S), yeS.
Consider any point # and any number 7 such that

(15) zel, 0<r<k(S), O0<r<i, O0<r<idfs.
We put CF = 0. For each point y¢0 ~ ¢(z, r) we put

(16) ry = $d(y, F).

Note that 0 < r, < oo since F is closed and non-empty. From (13), (15)
and (16) there follow readily the inclusions and inequalities

(17) ¢(y,7,)C O~ Pz,2r)C 8, 0<r, <k,
(18) Ay, br))~F £0, 0<5br,<br<S.

Clearly O~ ¢(z,r)C Ue(y,ry) for yeO ~ ¢(z,r). Since the radii r, are
bounded by k(8) < oo (see (17)), by 1.2, theorem 1, we conclude that
from the family of the closed spheres ¢(y,7,), ¥¢0 ~ ¢(z,r), We can extract
& disjoint sequence c¢(y;, ), ¢ =1,2,..., such that

0nc(z,r)C Lch(y,-, b1y,) .
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We have then
(19) [0 ~ e(x, )] < D ple(y, bry,)].
i

We have then (see (17), (18))

0 <bry, <48, Y,dry)F +0, 0<r, <k(8), yel.
Hence, by (12) and (14),
(20) vle(ys, 5ry,)) < Mo(y;, 5ry,) < ME(8)p(ys, 1y,).

Now the closed spheres ¢(y;,7,,), ¢ = 1,2, ..., are pairwise disjoint and
are contained in the open set O ~ ®(z, 2r) (see (17)). Hence (see 4.10)
we have the inequality

D o, 1) < 0°[0 ~ Az, 20)).
i

In view of (19) and (20) it follows that

p[0 ~ ¢(z, 7)] w®[0 ~ (=, 2r)] (=, 2r)
MK (S . .
ez, r) < (8) p(z, 2r) p(z,r)

Now since z¢eF C § and 0 < r < k(8), we have (see (14))

p(x, 2r) < p(w, br) < K(8)p(x, r)
where we used the fact that ¢ is subadditive. Hence

v[0 ~ c(z, )] w®[0 ~ (z, 2r)]
-M ’ L]
@z, 7) < MLE(S)] o(z, 2r)

By the theorem in 4.10 it follows that
w*[0~ Pz, 2r)]

(21)

limsu 0 for S%-a.e 2eCO.
a pla o) ‘
Since CO = F, by (21) it follows that
lim sup ylol@,N~CF] _ 0 for S°-a.e zeF.
r—0 p(z,7)

Hence (see 5.2) FeF(y).
Case 2. We now drop the assumption that ¥ is bounded. We pick
& point ryeF and put

F,=Fne(zy,n), n=12,...
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Then F, is & non-empty, bounded closed subset of F, and by (12) clearly

vle(y, o)l
oy, e)

Hence, by Case 1, we have F,c¢F(y). Since | JF, = F, by 5.6 we con-
clude that Fe% (y), and the lemma is proved.

5.8. LEMMA. Let F be a closed subset of H(M, 3). Then F ¢ (yp).

Proof. Since the assertion is obvious if F = {J, we can assume that
F = @. Consider any closed sphere c(y, ¢) such that

(22) 0<og<dé and o y,p)nF #90.

<M for O0<p<d, cy,o)nF,#0.

Then there exists a point xec®(y, o) ~ F. Then we have also z¢H(M, d),
since FC H(M, ). Thus we have the relations

0<po<é, wec(y,0), xcH(M, ).
By the definition of H(M, 8) (see 5.2) it follows that
yle(y, o)) <M

¢(¥, o)

Thus (23) holds whenever (22) holds, showing that F satisfies the assump-
tions of the lemma in 5.7. Hence Fe'7(4) by that lemma.

5.9. LEMMA. Let F be a closed subset of the set G(y) (see 5.2). Then
FeF(y).

Proof. Since FC G(y), we have (see 5.4)

(23)

(24) F=FoGy) =Fr[UH®, 1m]=UIF~ Hx,1/n)].
Now since H(n,1/n) is closed by 5.3 the set FF ~ H(n,1/n) is a closed
subset H(n,1/n), and hence
F ~ H(n,1/n)eF(yp)
by 5.8. Hence, in view of (24) it follows by 5.6 that FeF(y).

5.10. LEMMA. Let E be an SP-measurable subset of the set G (y) (see 5.2).
Then E<F(p).

Proof. By the lemma in 3.7 the set E is 8°-almost closed. Hence
for each positive integer »n there exists a closed set F, C E such that
8*(E—F,) < 1/n. On setting

e =E—F,,
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we have S%(¢) < S°(F—F,)<1/n, n=1,2,... Thus 8%°(e) =0 and
BE=e¢evF,vF,v... Also, ¢¢F(y) by 5.5, and F,e¢F(y) by 5.9 (since
F,C ECG(y)). Hence E<¥(y) by 5.6.

5.11. LEMMA. Let E be an 8S®-measurable set. Then

v(c(z, )~ E]
p(z,7)

(26) limsup =0 for S%a.e. zeG(y)~CE.
r—0

Proof. G(y) is a Borel set (see 5.2, 5.3, 5.4). Hence the set
E =G(y)~CE
is S°-measurable. By 5.10, applied to E', it follows that

~CE
(26) limsupW[c(w’r) CFl_ 0 for S%-a.e. zeE.
r—>0 p(x,7)
Now CE' = E v CG(y) O E. Thus (26) yields (25).

5.12. We are now ready to prove the theorem stated in 5.1. Let E
be an S°-measurable set. For subsets S of X, let us define

(27) ¥ (8) = p(8~E).

It follows readily that ¢* is again an outer measure. On setting (see 5.2)

o e e, )]

we have

lim su v [e(z,7)] —
r—0 p(z, )

for z<CGQ(y"),

hence a fortiori
y'[e(z, )Y S
@(z, )
Also, by 5.11 (applied to y*), we have
v'lo(@,n B _
oe{z,7)
In view of (27), we have

(29) limsup for z¢CG(y)~CE.
-0 '

(30) limsup 0 for &%a.e z2e¢G(p*)nCE.
r—»0

v'[c(@, )] = ¢°[o(a, r) ~ B] = p[o(a, ) ~ B],



5. A density theorem for outer measures 36

and thus (29) and (30) show that

fmeup e 7) B

=0 or co for 8%a.e. 2¢CEKE.
r—0 ¢($’ 'r)

Thus the theorem in 5.1 is proved.

5.13. Let now o be a <¥-regular Carathéodory outer measure which
satisfies the br-condition. Consider any sequence c¢(z;, 7)), ¢t =1,2,...,
of pairwise disjoint closed spheres contained in a closed sphere c(z, 7).
Then, on setting o(z,r) = o[c(x, r)], we have

D) olay, ) = D) ale(@i, r)] < ole(@,r)] = (e, 7).
1 1

Thus o(x, r) is subadditive. Also, since o satisfies the 5r-condition clearly
o(z,r) = o[e(x, r)] also satisfies the 5r-condition. Accordingly, we can
apply the theorem in 5.1 with ¢(x,r) = a(z, r).. Also, by 3.3 we have
8° = ¢. Accordingly, the theorem in 5.1 yields the following

COROLLARY 1. Let y be an outer measure in the separable metric space X,
and let o be a U-reqular Carathéodory outer measure in X which satisfies
the br-condition. Then for every o-measurable set E we have,

 ple(@,n) ~E]
s = e, 1]

=0 or co for o-a.e xeCE.

We observed in 3.4 that n-dimensional Lebesgue exterior measure L,
in Euclidean n-space R" satisfies the conditions placed upon o in the
preceding corollary 1. Recalling that L,[e¢(z,7)] = a(n)r", we have
threfore the following

COROLLARY 2. Let y be an ouler measure in R". Then for every Li-
measurable set E we have

. yle(z, 1)~ E]
m?_foup a(n)r®

Remark. This result has been established in [5].

=0o0r oo for Ly-a.c. veCE.



SECTION 6

MISCELLANEOUS DENSITY THEOREMS

6.1. The collection of results discussed in the present section 6
includes various minor generalizations and refinements of lemmas and
theorems scattered in the literature. Also, we use this opportunity to
dispose of certain gaps and discrepancies occurring in previous treatments.
Throughout the present Section 6, X will denote a separable metric space.

6.2. LEMMA. Let 0 < k < oo, and let f(z,r) be a non-negative real-
valued function, defined for zeX and 0 < r < oo, which i8 monolone in
the following semse: if c(z’,r')Ce(z’,r"’), then f(z',r') <f(z',r"). For
0<b< oo 0<a< oo put

G(a,b,f) = {=|f(x,r) <b* for 0 <r < a}.

Then G(a, b, f) is a closed set.

Proof. Let z;eG(a,b,f), j=1,2,..., and z; > xz,. We have to
show that z,eG(a, b, f). Consider any real number » such that 0 < r < a.
This number » being fixed, select R to satisfy »r < B < a. For j suffi-
ciently large we have then ¢(x,, r) C ¢(x;, R) and hence f(z,, r) < f(@;, R).
Consequently, since x;¢G(a, b, f) and 0 < R < a,

f(@e, 7) < fla;, R) < bR* = br*(Rjr)* for j large.

Letting R —r we obtain f(z,7) <b”* if 0 <7 <a, showing that
2,¢G(a, b, f).

6.3. LEMMA. Given k and f(z,r) as in 6.2, pul

at, ) = {mlﬁ.r:l_'s.upf(:,: L >t},

where 0 < t < co. Then G(t,f) i a Borel set.
Proof. Using the set G(a,b,f) of 6.2, one verifies readily the
identity
G, f) = U N CGQA/n,t+1/m,f).

M=l o=l
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Since G(1/n,t+1/m, f) is closed by the lemma in 6.2, this identity shows
that G(¢,f) is a Borel set.

6.4. To simplify notation, in the special case when ¢(z,r) =+,
0 <k < oo, we write S* for the corresponding S° (see 3.1). Then §* is
Borel regular and hence also ‘%-regular. Now let I'be a /-regular Cara-
théodory outer measure in X and let ¥ be a Imeasurable set such that
I'(E) < co. The set

G,={w|limsup y 0<t < oo,

r—0

r s T)E
elesom) )

is now a Borel set by the lemma in 6.3 since on setting f(x,r) =
= I'l{e(r,r)~E] and using the notation of 6.3 we have G, = G(¢, f).
Accordingly, we can apply the theorem in 4.11 with F = @, obtaining
the inequality

(1) 84(G) < T(EnG)[t <T(E) < oo.

From (1) it follows that 8*(@) < I'(@,) and if we take I' = §*,
J 84@) < o0, 8%(@) < 8@t

It thus follows that

(2) S@)=0 if I'=8 and 1<t< oo.

From this result we shall derive presently the following remarkable
theorem which has been proved by Federer ([6], 3.5) for the special case
X =R":

THEOREM. In the separable metric space X let E be a set such thal
8¥(E) < oo, where 0 < k < oo. Then

S* ~
lim sup Le (w;kr) E]
r—0

Proof. Clearly it is sufficient to show that on setting

k
(3) G = {mlh‘msup § [c(_w;kr)nE] > t},

r—90

<1 for Sa.e veX.

one has 8¥(G,) =0 for 1 <t < oo. Now since S* is Borel-regular and
8*(B) < oo, there exists a Borel set E’ such that EC E' and S*(E)
= 8*(E) < co. On setting

k 7)
G, = {w|limsup Slet@, k] >t,,
r—0

¢
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we have clearly
(4) G,CG,.

Algo, since B’ is a Borel set, B’ is S*-measurable. As 8*(E') < oo,
application of (2) to E' yields that 8*(G;) =0 if 1 <t < oco. By (4) it
follows that §*(@;)) = 0 if 1 <t < oo, and the theorem is proved.

6.5. Let us recall the following general fact about Carathéodory outer
measures I' in X (see Saks [4], p.44). Let §;, j =1,2,..., be a sequence
of pairwise disjoint I'-measurable sets. Put § = [ §;, and let @ be an
arbitrary set.. Then

r(@Qn8) = YT(@nAS).
7

6.6. We shall now prove the following theorem which has been esta-
blished by Federer ([6], 3.6), for the special case X = R":

THEOREM. Let w be an outer measure in the separable metric space X.
Let A and k be finite positive real nmumbers, and let E be a subset of X
such that
E
(5) limsupy’[c(m;_,:.)h ]<2. for xeE.

r—0

Then (see 3.5)
(6) p(B) < AH¥(E).

We divide the proof into several steps.
Step 1. We introduce the auxiliary sets

E
(7 S = {ml]jmsupw[c(w’r:)h ] < ).},
r—0
~E 1 1
8) s,={w|“’[°(“"’,f) ezl tor 0<r<—.},

r J J
where j is a positive integer. One verifies readily the relations
(9) §,C...C§;C...,

(10) S =US§;.

Furthermore, each set S; is closed. Indeed, on setting f(z,r) =
= y[e(z, r)~E], the set S; coincides with the set G(1/j, A—1/j, f) of 6.2,
and hence §; is closed by the lemma in 6.2. From (9) and (10) we have

(11) 8 =8v(8—8)v..v(8,—=8)v...,
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a representation of S as a countable union of pairwise disjoint Borel sets.
In view of (5), clearly EC S, and hence £ = E~S. Thus (11) yields

(12) E = EnS = [EASIV[En(8;—8)]v...v[E~n(8,,—8)]v...
By 6.5, applied with I' = H*, we conclude that
(13) H*(E) = H'[E~ 8,]+ H*[E~ (8,— 8)]+...+

+H[E~ (80— 8)1+...
Since % is an outer measure, (12) yields

(14) 9(B) < p[E~8 ]+ y[E~(8,—8)]+...+
+9[EA (80— 8)+...
Step 2.
LEMMA. Let u be a finite positive number, and let A be a set such that

(15) ”’[c(‘”’r,f)"A]<1 for med, 0<r<p.

Then w(A) < AH*(A).

To show this, assign ¢ such that 0 < ¢ < u, and let the sequence
of sets ¢;, 1 =1,2,..., be such that

(16) ACJe, e€n~A #90, diame; <e.
For each i, pick a point z;ee;~A. Then e¢; C ¢(x;, diame;). Thus
(17) AC U ¢(x;, diame;), diame; <e<<pu, wed.
From (17) clearly .
A C U [e(z;, diame;) ~ 4].
In view of (17) and (15) it follows that
p(4) < va[c(w,-, diame;) A)] < ZZ(diame,-)".

Since this holds for every sequence e; satisfying (16), we conclude
(see 3.5) that

p(4) < AH{(4) < AH*(4),

and the lemma is proved.

Step 3. We can now prove the theorem itself as follows. We can
apply, in view of (8), the preceding lemma to the sets

E~S,y E~(8;—8,), ..., E~ (Sis1—87)y -1y
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since

~E~S ~E
w[c(m,rlk llgw[c(“”:) ]<A for zeEnS, O0<r<l,
r

yic(@, 1)~ En(8,,—8))] < ¥le@, N B)

3 ST 4

1
f E~(8;,,—8;), 0 _—
or zeE~(8,,—8)), <r<j_|_1
Thus the preceding lemma yields
y[E~8,] < AH*[E~ 8],

-------------------------

Addition yields, in view of (14) and (13), the inequality (6).

6.7. For X = R" and k a positive integer, we obtain the following
statement. Let F be a subset of R" such that

. yle(z, r)~E)
(18) hn'lﬂm a(k) < i for =xeE.
Then
(19) v(B) < 22HE(E).

Indeed, (18) yields

N~E
limsupy)[c(w’ )") ]
r—0 rk

Hence the preceding theorem (with A replaced by a(k)1) yields

< a(k)A for wek.

»(B) < a(k)AH*(E),

a(k)
oF

and (19) follows, since H%(E) = —.— H*(E).

Similarly, the theorem in 6.4 yields, for X = R" and k a positive
integer, the following statement. Let E be a subset of R™ such that
H(E) < co. Then

. Hﬁ[c(m,r)hE]
(20) limsup—= %>

<1 for H:-a. e zeR™
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k
Indeed, since HY = a;k) H*, we have H*(E) < oo, and hence also

(see 3.6) 8*(E) < oo. Hence the theorem in 6.4 yields

g ~E .
(21) limsup §le(e, 1)~ B] <1 for SFa.e. zeR™

r—0 rk

Now (see 3.5, 3.6), we have

Hale(@,r)~E] _ H'le(z,n)~E) _ 8§*[e(z,r)~E]
a(k)r* 2% r¥ S

and thus (20) follows from (21), noting that 8%, H*, and H* have the same
nullsets (see 3.5, 3.6).

6.8. THEOREM. Let 0 < k < oo, and let E be a subset of the separable
metric space X. Then (see 3.5)

H*[¢(z, r)~E]
,,Jc

(22) limsup

r—0

>1 for H'-a.e. zeE.

Proof. Since X is separable, we have a countable subset C of X
whose closure coincides with X. Let & be the family of those closed
spheres ¢(y, o) which satisfy the following conditions:

yeC, o is rational, H*[c(y, 0)~E] < oo.
If this family  is empty, then clearly
HY[e(x,7) ~B] = o0 for axeE, 0<7r< oo,

and thus (22) is obvious, since the limsup is infinite for every we¢E. So
we can assume that F is non-emtpy. Then ¥ is clearly a countable family,
and we can arrange the closed spheres in ¥ into a sequence c¢(y;, 0:),
t=1,2,... If

rek— L‘J A(Ysy 0i)y

then clearly H*[c(x,r)~E] = oo for 0 < r < oo, and thus the limsup
in (22) is infinite at the point x. Hence it is sufficient to show that

H* ~E
[““”kr) ] >1 for H'a.e. zeEn|UA(y;, 0.
i

(23) limsup
r—0 r

Let us put
(24) E; = E~®(ys, 0i)-



42 On density theorems for outer measures

Since H*[¢(x,7)~E;) < H*[e(x,r)~E], in view of (23) it is sufficient
to show that

He(e(z, 1)~ By]

(25) lim sup >1 for HF*a.e. z¢E,.

o *

Let us note that H*(E;) < H*[E~ ¢(y;, 0;)] < oo, by the definition of the
family ¥ (see above). For each positive integer n > 1, let us put

(26) E} = {wlweEi, limsup Hk[c(w;:)ﬁEi] <1l— 1 }
r—0 n

Clearly (25) follows if we show that

(27) H*(E}) = 0.

Now since E; C E;, in view of (26) we have a fortiori
(28) lim sup Hk[c(m;:)n ‘] < 11 for weE?.
res0 n

Also, since H*(E;) < oo, we have
(29) HYE,) < oo.

From (28) we conclude, by means of 6.6, that
1
BB < (1- ),

and (27) follows in view of (29). Thus the theorem is proved.

6.9. Let us apply the preceding theorem in the special case when X
coincides with Euclidean n-space R" and % is a positive integer. Recalling
(see 3.b) that

a(k)
2k

H: = Hkr

the preceding theorem yields the following statement, which has been
proved by Federer (see [6]1, 3.7):

THEOREM. Let k be a positive inleger, and let E be a subset of R". Then

k m
lim sup Hylc(o,7)nE] 1

i a (k)7 Z o for Ht-a.e. veE.

6.10. Throughout the present section 6.10, y will denote an outer
measure in the separable metric space X, and ¢ will denote a <-regular
Carathéodory outer measure satisfying the b5r-condition (see 2.3, 3.3).
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THEOREM. Let E be a subset of X such that

(30) liming YEE N L seB,
r»0 ole(z,7)]

where t 18 a finite positive constant. Then
(31) y(B) < to(B).

We divide the proof into several steps.
LEMMA 1. Let E be a subset of X such that o(E) = 0 and

liminfw[c(w’r)]<t for xR,

(32) r—o  ole(z,7)] h

where t is a finite positive constant. Then y(E) = 0.

Proof. Case 1. E is bounded. Then the finite positive constants
k(E), K(E) are available (see 3.3). Assign now > 0. By 2.11 and 3.3
there exists an open set O such that

(33) ECO, o(0)<n.
Then in view of (32) the family of closed spheres ¢(z,r) such that

(34) xeE, c(x,br)CO, O0<r<k(E), %<t+n,

covers E. Hence (see 1.2, theorem 1) this family contains a sequence

e(z;,,7;), 1 =1,2,..., of pairwise disjoint closed spheres such that
EC | c(x;, b7y).
i
In view of (33) and (34) if follows that
v(B) < Y ylela, 7)1 < (t+n) Y alo(a;, 57)]

< (t+m)E(E) Y ole(m, 1:)] < (¢4 n) K (E)o(0)

< (t+n)K(E)n.

Since # > 0 was arbitrary, it follows that y(E) = 0.
Case 2. We now drop the assumption that E is bounded. We pick
a point x,eX and put

E,=En~nc(zg,n), nm=1,2,...
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Then FE, is a bounded subset of E, and hence clearly

o(B,) =0, liming @D

nu —m for .'DGEn.

By Case 1 it follows that y(E,) = 0. Since E = (J E,, wo conclude
that y(F) = 0, and the lemma is proved.

LEMMA 2. Let E be a subset of X such that
(35) imint 2@ 4t pem,

r—0 o[c(m, r)]

where 0 < t < oo. Then
(36) y(E) <to(E).

Proof. Since (36) is obvious if o(E) = oo, we can assume that
a(F) < oo. We make the proof in two steps.

Case 1. F is bounded. Then the finite positive constants ¥(E), K (E)
are available (see 3.3). Now assign # > 0. Now there is a set UeW such
that EC U and o(U) = ¢(¥F). By the theorem in 2.10 there is an open
set O D U such that ¢(0—U) < . Thus

(37) ECO, a(0)=0c(U)4+a(0-U)<o(E)+n< oo.
Then, in view of (35), the family of closed spheres ¢(x, r) such that

yle(w, )]
ofe(w, )]
covers K in the Vitali sense. Hence (see 1.2, theorem 2) this family

contains a sequence c(z;, 7;), ¢t =1,2,..., of pairwise disjoint closed
spheres such that

(38) rxel, ¢z, 7r)CO, 0<r<Ek(E), < t+r7,

E— U 0(.’17,, rt) c U ¢ .’D,, 57'!)

t=N+1

for every positive integer N. There follows the inequality

(39) o[E—U e(mi, ) 1< Y alo@:, 5ra) < K(B) Y ole(ai, o).

i=N+1 i=N{1

Now since the closed spheres ¢(z;, 7;), © = 1,2, ..., are pairwise disjoint
o-measurable subsets of O (see (38)), we have

Dole(m, 7)1 < 0(0) < o(E)+1n < oo
i



6. Miscellaneous demnsity theorems 45

by (37). Thus the infinite series on the left is convergent, and hence

(40) D ole(@,r)]>0 for N ->oco.
f=N+1

From (39) and (40) we infer that

(41) o[E— ) e(zy, 75)] = 0.
On setting '

E' =E—c(m, 1),
we have i
(42) EC E'V[Lijc(wi,n)],

and in view of (35) and (41) also

(43) o @) =0, limint?N s Lem

0 a[c(z,7)]
By lemma 1, applied to the set E’, (43) implies that y(E’) = 0. In view
of (37), (38), and (42) it follows that

v(E) < p(B)+ D ple(i, 1)) = 0+ D yple(@, 1))
3 [

<(t-+n) Yole@:, 7)) < (t+n)6(0) < (t+n)[s(B)+1),

and (36) follows since »n > 0 was arbitrary. .

Case 2. We now drop the assumption that E is bounded. Since X
is separable and ¢ is locally finite, there exists a sequence O,, of bounded
open sets such that

X=UO0,, 00, < oco.
1
Let us put

fi—1

Bl=01, Bn=0n_ U Om fOl' n >1.

Men]

Then B,, n = 1,2, ..., is a sequence of pairwise disjoint bounded Borel
sets such that X = () B,. By 6.5 we have therefore
n

(44) o(E) = Y a(BnB,).

Now since E~B,C E, by (35) we have

liming ¥[6@ "

for axe¢E~B,.
o ofe(z,r)] € "
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Also, E~ B, is bounded since B, is bounded. Hence, by Case 1, applied
to the set E~B,, we have

y(E~B,) <to(EnB,), n=1,2,...
Since E = | (E~B,), in view of (44) it follows that
n

¥(E) < Zw(EnB,.) tZo(EnB.,)—ta(E),

and the lemma is proved.
We can now prove the theorem itself as follows. For S C X we put

v'(8) = (S~ E).
Then ¢* is again an outer measure, and by (30) we have

Kminf 'I" fe(z, 7))

< for E.
oo alo(T, )] e

By lemma 2, applied to y*, there follows the inequality y*(E) < to(E),
and the theorem is proved since y*(E) = y(E).

Remark. If X and o coincide with n-dimensional Euclidean space R"
and n-dimensional Lebesgue outer measure L, respectively, then we
obtain from the preceding theorem the following Tesult. Let v be an
outer measure in R" and let £ be a subset of R" such that

hmmi“’["(“’ r)~E]
r—s0 a(n)r®

where ¢t is a finite positive constant. Then y(E) < tL,(E).

for z¢E,
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