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1. Introduction

Problems of the geometrical structure of sets of solutions of partial
differential equations arise in many branches of mathematical physies.
In recent years methods of global analysis have enabled us to solve several
difficult classical problems—cf. papers of Chernoff, Ebin, Marsden and
others [13]. These papers treat a partial differential equation as a Hamil-
tonian (dynamical) system in an infinite-dimensional space, i.e., as an
ordinary differential equation in an appropriate function space. The
main tool in such considerations is the (weak) riemannian metric in the
corresponding function space. In our paper we investigate another strue-
ture which plays an important role in mathematical physics. It turns
out that under some reasonable assumptions the set of all solutions of
a given differential equation has a natural pre-symplectic structure.
This fact has been recently proved by J. Kijowski and the present author
in [26]. In this paper we investigate the general -scheme given in [26]
for the most beautiful and difficult classical field theory—the Einstein
theory of gravitation. The problem of the existence of a symplectic struc-
cture in the set of solutions of Einstein equations ig connected with the
canonical formulation of General Relativity (cf. [26] for a general discussion.
of this problem). Therefore the theory presented here enables us to eluci- -
date many problems considered earlier in the classical works of Dirac,
Arnowitt-Deser-Misner, Wheeler, De Witt and others [12], [3], [41], [11].
Our results give a new insight into the nature of many known problems,
considering them from a geometrical point of view. The main goal of the
paper is a construction of the phase space for General Relativity. It is
known (ef. [1], [85]) that the Hamilton formulation of mechanies is a conse-
quence of the existence of a symplectic structure in the cotangent bundle
of an n-dimensional manifold V. In the phase space #,, = T*V of a mech-
anical system with » degrees of freedom we have the symplectic form £.
If (¢') are local coordinates in V and (p;, ¢') are local coordinates in TV,
then

n
(1.1) Q= Dapndg.
i=1
The symplectic form Q defines a Lic algebra structure in the set of all
smooth functions on 2,,. A skew symmetric form {-, -} in & = C°(%,,)
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determinihg this structure is called the Poisson bracket. In local coordi-

nates we have:
n

o, O _ Of O] -
I N > ol foses

In [26] J. Kijowski and the present author have found a generaliz-
ation of formulas (1.1) and (1.2) for systems with an infinite number
of degrees of freedom. The theory presented in [26] takes as a starting
point the geometric formulation of the field equations developed in [24]. We
agsume that there exists a finite-dimensional manifold #.and a closed
(n+1)-differential form o on £ such that submanifolds ¢ < 2 which
satisfy the condition that for every vector field X on ¢

(1.3) (X Jw)0 =0

are in a one-to-one correspondence with the set of solutions of given
field equations (partial differential equations). Therefore the first task
i§ to find the couple (#, w) for gravidynamics. This is done in Section 5,

4
where the effective formulas for the 5-form o and its primitive 6 are given.,
In the set s of all submanifolds of & which satisfy condition (1.3)
we define the structure of an inductive differential manifold (cf. [26]).

By virtue of the results obtained in [26] the 5-form ® on 2 defines a closad
differential 2-form @ on .

If we take an ADMW coordinate system connected with a space-
like surface ¢ in space-time Jf (cf. [3], [41]), then we obtain a “diagonal”
expression for Q in terms of infinitesimal translations g, én”, where g,
is the metric tensor on ¢ and n” are expressed by its second fundamental
form I; by the formula:

¢
(1.4) 7l = —V§(Ep— gpKarT®) 555

The diagonal expression for 2 corresponds to the Darboux theorem for
finite-dimensional symplectic manifolds. This enables us to find the de-
generacy distribution of 2. In Section 9 we prove that this distribution is
completely determined by an action of the diffeomorphism group of space-
time in the space of states s#. If we divide the space 5 by this action,

we obtain the superphase space o for General Relativity. In this way

we obtain the space s# endowed with the non-degenerate 2-form £ which
was proposed earlier by A. Fischer and J. Marsden [17] as & superphase
space for Eingtein dynamics.

In Section 11 we discuss a Lie algebra structure defined by the form £.
The degeneracy of £ imposes restrictions on the set of functionals to be
considered. A smooth functional #: s#—>R is called a physical quantity
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if there exists a smooth vector field ¥ in 3 such that
(1.5) dAF(X) = —Q(F,X), XTy(#).

If W is the degeneracy (gauge) distribution of @, then (1.5) implies that F
is constant in directions belonging to W. We say that physical quantities
are independent of gauge. The distribution W is involutive and therefore
T(#) = T(#)|W. '

The multisymplectic approach to gravidynamics gives an elegant
formulation of the Hilbert-Palatini action principle. We discuss this
problem in Section 12. Sections 13 and 14 ars devoted to the theory of the
Hamilton—Jacobi equation in lagrangian field theories and in General
Relativity. The results of Section 14 generalize those obtained in [33]
and [41].

The theory of multiphase spaces which is the background of our
approach is based on the geometric theory of the calculus of variations
(cf. [10], [25], [22], [37]). Therefore we give in Section 3 a brief survey
of this theory. As an example of a Lagrangian theory we consider electro-
dynamics. It turns out that from our point of view electrodynamiecs and
gravidynamics are similar theories.

All the proofs are presented in Section 15. Of course, it is impossible
to give full calculations: we present only the final results.

It would be interesting to give a detailed comparison of our theory
with the results contained in [3], [11], [12], [41] and especially with the
recent results of Fadeev, Popov and Kuchar [14], [15], [29] and Fischer—
Marsden [17]. We hope to do that elsewhere.

The principal results of this paper were obtained in Trieste (spring—
summer—~autumn 1974), where the present author was a visiting scientist
at the University of Trieste and at the International Centre for Theor-
etical Physics. The work was supported financially by the Consiglio Nazio-
nale delle Ricerche-Roma. The author would like to express his thanks
to these institutions for their hospitality and the excellent conditions
for research.

Special thanks are due to Prof. K. Maurin for his interest in this
work and to Dr J. Kijowski and Dr W. Tulezyjew for fruitful discussions
and critical remarks.

2. Notation and preliminary remarks

In the present paper we consider problems of finite and infinite-
dimensional differential geometry and therefore the reader should be
familiar with the basic concepts of these theories, e.g [27], [31], [36].
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We consider only objects of the class 0% but a generalization for O* classes
can also be given.

Let Q,, @, be differential manifolds and let f be a smooth mapping
from @, to @,. For every ¢, <@, we have a linear mapping between the
tangent spaces

(2.1) Jas qu(Q1)—>Tf(ql)(Qe)
and a linear mapping
(2.2) 7 Thay(Qa) =T (Q2).

The mapping (2.2) generates a linear mapping between spaces of differ-
ential forms on @, and Q,, respectively:

(2.2) ff: 0 (I%(Qa))~>0%(T7(Qy).

Let n: W—B be a bundle with local coordinates (@7, »*), where (27) are
local coordinates in B. In the space T'(W) we have a singled-out class
of m-vertical vectors, i.e., vectors belonging to the kernel of .. We have
also the dual notion of s-horizontal covectors in W, i.e., the subspace
of T*W consisting of covectors which anihilate elements of #-ver TW.

For a manifold M with local coordinates («°) we denote a tangent
vector (vector field) by X (or X). In local coordinates we have

(2.3) X = Z 80 azi .

Let N be a submanifold of M and let 2: N—M be the canonical injection.
A vector field X tangent to M at points ¢(a)e M, weXN, is called a vector
field on N. If, additionally, there exists a veector field X  in & such that
#+X = X, then we call X a vector field in N.
We have similar definitions for covectors and differential forms.
In Jocal coordinates of a special type we have:

(2.4) N={zeclM: & =0, n<i<M_gimny

me=Qimaf,

and a vector field in ¥ has the form

5.9
2.5 X = ; g
(2.5) Lt 6z L@w‘

and a differential form in ¥ does not contain differentials dz’, n < i < m.
For a differential form a on M we denote by «|N its pull-back to N

(2.6) alVN = i*q.
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The symbols A, _| denote operations of exterior and interior products,
for instance
2+1 . D+1
(2.7) (XA AKXy Xy _Ja) = (XA XA oA X)) a ),
D+l pF+1
XieT (M), a ¢ NTh(M).
These definitions are the same ags in [36]. In the above notation we have
the formula for Lie derivative:

o+l P+l -1
(2.8) Zxao=aX |a)+X lda.

In Section 6 we consider a four-dimensional manifold M with local
coordinates (z")}_, and a 3-dimensional submanifold ¢ = M. A metric
g = (9,) on. M generates by its pull-back a metric on ¢. Loecal coordi-
nates in which ¢ = {we M: 2° = 0} generate local coordinates (z*)}_,
in ¢. We denote by g, the components of the metric tensor on o. It is -
obvious that §; = g;;. By 77 we denote the matrix inverse to g, and by

%, R%., By, B the coefficients of the Riemannian connection, the Rie-
mann. tensor, the Rieci tensor and the scalar curvature corresponding to
the metric g; on ¢. In papers [3], [41] these objects are denoted by
®gy, Og, OIE OR2 | .., respectively; we prefer our notation for
technical reasons.

Generally we prefer the classical coordinate notation instead of the
modern coordinate free approach. It is more useful for calculation. Never-
theless all quantities in question have a clear geometric sense. The no-
tation in the present paper is generally the same as in. papers [24], [26], [37]

n+l1

but we denote the multisymplectic (7 +1)-form by ’Z"( y in the pre-
vious papers) its primitive by 6 (@ previously) and the presymplectic

2-form by Q (instead of I"in [26]). We also use the Binstein summation
convention (for Greek indices 0, 1,2,3 and for Latin indieces 1,2, 3).

3. A geometrical approach to the calculus
of variations

Connections between variational principles and differential equations
for physical systems were already known in the 19th century. The
works of Lagrange, Legendre, Poisson, Hamilton and others gave the
mathematical structure of mechanics. Those classical results allow us
to comstruct a Lie algebra structure in the set of all smooth functions
on the phase space. This structure is the starting point for a quantization
of mechanical systems [21], [28], [30], [35]. However, direct generaliz-
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ations of those results do not allow us to achieve similar results for field
theories. One of the known difficulties is the absence of a singled-out
coordinate in the space-time ‘which could play the role of time ¢ in mech-
anics. Therefore the first task before a generalization of such classical
notions a8 the Legendre transformation and the Poisson bracket is to
express mechanics in an appropriate form. Such a formulation was found
in the fifties in the language of modern differential geometry. The main
concept in that formulation is the phase space of a system, i.e., the cotan-
gent bundle P = T"V of an n-dimensional manifold V (V is the con-
figuration space of the given system). It is known, [1], [24], [35], that P
hag a natural symplectic structure, i.e., there exists in P a non-degener-
ate, closed differential 2-form Q. If (¢°)?_, are local coordinates in V
and (¢%, p;) are local coordinates in P, then

(3.1) Q= Dap.ndg.

=1
It is easy to see that
(3.2) @ =db, where 6= Ypdg,
=1

is the canonical 1-form on P. The non-degeneracy of Q2 provides an iso-
morphism between the tangent and the cotangent bundle of P given by
the formula:

(33) T,(P)>X—X"eTy(P), where
XP(Y) =(¥Y, X" = —Q(X,X); YeT,(P).

We denote by #: the inverse operator:
(3.4) Th(P)s a—>a*eT,(P).

The vector space C*(P) of all smooth functions on P has a Lie algebra
structure. The Lie bracket is defined by

(8.8)  O%(P)x O%(P)> (fy, fo)>{f1, fu} = Q((df0)¥, (df:)¥)C™(P).

Iﬁ local coordinates we have the classical formula

N[0 O Ofa Of,
(3.6) {fu, o} —Z(E,pi oF " . 38"

1=l

For our purposes it is more convenient to consider the homogeneous
formulation of mechanics including time among dynamical variables.
Let 2 be a submanifold of codimension one, of the manifold T%(V x R)
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which is given by a cobnstraint equation H = H(p,, ¢/,1), where —H
is the coordinate conjugate to a coordinate ¢ in R. The canonical 2-form

n
(3.7) ‘0 = Z dp;A g~ AH A dt
=

in T*(V x R) generates a closed, differentiable 2-form in 2. We denote
it also by w. We have

(3.8) 0 = dyom = d( 32,84~ H(py, o, 1)),

t=l

The form o in & is degenerate and we define the singular distribution
of w, i.e., such a subspace Z, < T,(V X R) that,

{3.9) for every YeT,(VXR) and XeZ,, o(X, Y) =0.

DEFINITION. A 1-dimensional submanifold ¢ < # is called w-singu-
lar if, for every peC, T,(C) < Z,.

It is easy to see that an w-singular submanifold must be transversal
with respect to the projection g: ¥V x R—R. Therefore we can consider
only thoge submanifolds which are sections of p. The above definition
of the w-gingularity can be written in an equivalent form: A submani-
fold 0 = # is called w-singular if for every vector field X on ¢ (tangent
to )

(3.10) (X Jw)]C =0.
In local coordinates C can be described (locally) by a parametrization

0 = {[p:(t), £ (1), t)e 2: te R}
Equation (3.10) reads:

if oH  ap, oH
(3.11) - ) at - aq‘i *

The Hamilton equations (3.11) are equivalent to the Euler-Lagrange
equations

. d¢ oL @ oL
(3.12) ¢ = —

w’ o @moar 0

where (¢°, ¢’) are local coordinates in 7T'(V) and L is a function on T(V)x R
9? . .
such that the matrix [_’—::] is invertible.
0q’ 0q
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The functions L and H are connected by the Legendre transformation:

_ 0L, )
.p’l 641 “ ’

H(p;, qj’ t) = Piqi(qkr Dy t)—L (qi’ qj(qk; Drs t), t) .
Equations (3.12) determine extremals of the variational problem

(3.13)

with a fixed boundary
(3.14) 8q'(ty) = 6¢'(t;) = 0.

Instead of considering the variational problem with a fixed boundary
(8.14), we consider the variational problem

88 (to, 1) = 6 [ (psdg'—H (p; (1), ¢'(8), 1) dt) =

with (g%, p;) as independent variables, and with boundary conditions
(8.16)  dq'(L) = 8¢°(t;) = 0,  Op;(%) and &p,(¢,) are arbitrary.

The variational prineiple (3.15) gives the Hamilton equations (3.11)
for extremals. We can write it also in the form

Sy t) = 5f( (aL,q’ )dt):.

with (¢*, p;) as independent variables and the boundary conditions

(3.16) 8¢*(ty) = é¢*(1;) = 0.
Let

oL oL .
(3.17) Y= o dq—( 5 L)dt

be a differential 1-form on T'(V) X R. It is obvious that 1-dimensional,
dy-singular submanifolds of 7'(V) x R are in a one-to-one correspondence
with the solutions of system (3.12). The formulation (3.16) of the variational
problem turns out to be the best for a generalization in several dimensions.
Instead of the manifold T'(V) x R we have in that case an appropriate
Grassmannian bundle with a differential n-form .

A geometric formulation of the calculus of variations for multiple
integrals was made by Caratheodory, Cartan, Weyl, De Donder, Lepage.
The modern version of those results was presented by Dedecker [10]



3. A geometrical approach to the caleculus of variations 13

in 1953. However, the most interesting case is where the manifold W
under consideration (which in mechanics is ¥V x R) has a bundle structure
over an m-dimensional basis M. This assumption allows us to simplify
Dedecker’s theory. The further results of the present section are based
on the present author’s paper [37]. They permit the understanding of
the axiomatic approach to multiphase spaces, which we present in Sec-
tion 4. An equivalent approach to the problems considered below can
also be found in paper [22], which contains the same results in the language
of differential forms with values in vector bundles.

Let W be an r-dimensional, smooth bundle over an n-dimensional,
smooth orientable manifold M (n < r). Let K"(W) be the bundle of all
simple, non-zero n-vectors tangent to W. Let w,, be an n-form giving
an orientation of M. By v;, we denote the dual field of n-vectors tangent
to M, ie., {vyloy> = 1.

DEFINITION. A lagrangian function % is a positive homogeneous
function on K*(W), i.e., L (i) = AL (v); ve K" (W), Ae R_. We assume
that . is at least of the class (2. Let B be a compact submanifold (with
a boundary) of M. For every smooth imbedding f: B—~W (i.e., if f is
a diffeomorphism B onto f(B)) we define the action integral

(3.18) 8y = [ Z(fava) oa
B

where f, i3 the tangent map to f.

It follows from the positive homogeneity of % that 8§, is independent
of the choice of the form w,, in a given orientation class of M. It can also be
proved that S, depends only on a submanifold f(B) and does not depend
on a particular imbedding f.

Let z-tr K*(W) be the subbundle of K™(W) consisting of all =-trans-
versal, simple, non-zero n-vectors tangent to W (= is the projection
WM, e K*(W) is transversal if m.v 5= 0). Let we W and ven-tr Ky, (W).
The submanifold z-tr K7 (W), i.e., the fibre of z-tr K™(W) over the point
we W, is (n(r—n)+1)-dimensional. Its tangent space at a point v is iso-

”

morphic to the subspace 4 (v) = A T, (W) spanned by the following n-vee-
tors:

(3.19) DA L AV, DIA el AV A Lol A Dy,

m

I<m<n, n+l1<kbr,

where v = ;A ... A0, and (v;)h_,,., are arbitrary linear independent
n-vertical vectors tangent to W at w.

This definition of the subspace A (v) is independent of the represen-
tation of » in the form » = v;A ... Av, and does not depend on the choice
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of m-vertical vectors (v;)f—,+1- Ve have the decomposition

(3.20) AT (W) = A(0)@ A4,

where 4, is the subspace of all at least 2-vertical n-vectors and vis spanned
by all n-vectors of the form

(3.21) DA e AT A L AT A s AT,
By T

1< <Jo< oo <G <ty nF+I<E<k<...<k, <1; 822,

The subspace 4, does not depend on the n-vector v or on the choice of
n-vertical vectors (Vp)ieri-

For every ve K"(W) we have a uniquely determined element 7<G™ (W)
where v: G*(W)—W is the Grassmannian bundle of all oriented n-planes
tangent to W. Let =y: w-tr K*(W)—>W and =,: m-tt K*(W)—>z-tr@" (W),

(3.29) 72 (v) = 7.
For every section f: M—W we define the lift of f to n-trG"(W)

(3.23) f = (7a0fx)v 1.

Of course, f does not depend on the choice of v;;,. We have

(3.24) f=vof.

A section &: M—n-trG"(W) is called integrable if

(3.25) 70 £ = &.

The cotangent space of the manifold z-tr K% (W) at a point v is isomorphic

. n
to the subspace of one-vertical n-covectors 1-ver A\ Ty, (W) which is gen-
erated by:

(3.26) VMIA ... AV 0FIA L ADEA LAY, 1<K, n+ 1R,
~
where the covectors (v*P);_, form the dual basis to the basis (v,)p., of

n
T,(W). This definition of the subspace 1-verA T, (W) does not depend
on v or on the choice of a Dasis (Vy)imp4y in the fibre W,,,. It is easy to
see that the covectors (v*?);_, are »-horizontal.
We consider the map

(3.27) a-tr K, (W)> v>Z(v)eR.

Its derivative is called the fibre derivative of % and we denote it by Z.,.
n

For every ven-tr Kp(W), Lo (v)el-verA\T,,(W). The following formula
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holds:

(3.28)  Lou(®) = Z(®)0™A . AL 3 BEOMA L ADFA AT
1<msn o
n4+1<k<Sr

where

d
E = —Sf(@,_/\ vor Ao IO L. Afvn)[,_o

= <1’1A e A’va L) /\?)nl-?;er(i))>.
3

The positive homdgeneity of .# implies the following property:
(3.29) Z oy (M) = ver('v)i leR,.
'By virtue of (3.29) we can define the map

(3.30) T QL (W) 3 5L (B) = Lhg(v) e1-ver A T (W).
We define a z-horizontal n-form on a-trG*(W) by
(3.31) () = 10 L (").

The form y plays an essential role in our approach. It has the following
property: for every section f: M—W,
(3.32) (F)'y = L(fyvi0) @,
where f is the lift of f to the Grassmannian bundle defined by (3.23).

In local coordinates (#,%*) in W and local coordinates (7, u¥, })
in #-trG"*(W) we have

G ]
(3.33) v =aog +hio g 1<s<nm, det[a]] # 0,

0 0 0 e 0
(3.34) V= 1A ... A'Dn—det[as] —|-y1 P A W—[-ynm ,

where

(3.35) ¥y = aj 7 P

are local coordinates in a fibre of the bundle z: »-trG"(W)->W. A la-
grangian function

(3.36) L(v) = L2, v*, ¥, det[a]),

where the right side of (3.36) is positive homogeneous with respect to the
lagt variable. We have also

8
(3.87) v,,=77§;-67, n+l1<p<r, det[7E] #0,

-1 ~1 -1
(3.38) v =dlda®, 1<j<n; 0 = qfdut—nlytde®, n+1<<p <.



16 Geometric structure of the set of solutions of Einstein equations

We define a local lagrangian density:

(3.39) 2 (2, ub, yF) = 2 (!, WP, f, 1).

In these coordinates we have

&z 7 gk .k
,(w7;¢)"77’1)dw1,\,,,/\d'tl.”/\...Ada:"—
oy? 'y
2 () ¥, ¥ Sind ok
_(2 (wa,:,%),,g__g(ma,uk,,,;f))dml,\ e A da
Vs

0
(3.40) (o, yF) =

ExaMPLE . Non-linear electrodynamsics. The manifold M is a 4-dimen-
sional pseudo-Riemannian manifold with a metric tensor (g,) and the
Riemannian connection I';,. Let W = T M with local coordinates (z*, 4,).
Let ven-tr K*(W),

d

(3.41) v = 1A ... AV;, Where o = a;—m—, +b det[a;] # 0.

yvﬁ!
We have local coordinates (2%, 4,, y,,, 1), where A = det[a}], in the bundle
m-tr B*(W) and local coordinates (z“, 4,,y,,) in the bundle w-trG*(W),

-1
(3.42) Vi = Gy,
Let

v

1 — z
f,uv='yyv_?v#; fuu =_2_-‘/_gspvrgf‘!;

(FIf) = Fuf™  (FIf) = fuf™.

In the above notation we define a lagrangian function

(3.44)  2(v) = deb[al]V —g(L((fIf), (FIf)) + L1(2% 4,),

where %, is an arbitrary function of two real variables. For a section
r: M—>W, F(z*) = (2", 4,(#")) we have

(3.45) L (Favmoy =V —g(L,((F1), (F1F) +Z1(2", 4,)),

where

(3.43)

wy =V —gda®a ... A dz?; fo =0,4,—0,4,.

Formula (3.45) is the well-known expression for the lagrangian den-
§ity in electrodynamics (cf. [B]). In the most important case of linear
(Maxwell) electrodynamics we have

1
(3.46) £, = —,mf#,f“”; - ¥ =j"(a")4,, where P,j’(@" =0.
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By the general formula (3.40) we obtain

(3.47)  w(z,4,y,) = af° V—g gaz® A ... AdA A ... AdD* 4
u e

1 0% —
+( fm"'go"'gl l'/'_'gdwo'/\ - Adw,'
2 0f .

In the Maxwell case:

: o1 N ’
(348) (@' 4,y yw) = ="V —g d'A ... A B4, A onde

‘,‘-v

+( % f;wfpv_‘"] A,\l/ . /\dﬁa.
16~ /

We now return’ to the general theory of the variational problem with
a fixed boundary. Let D < M be a compact n-dimensional submanifold
with 2 boundary and let B be an (n—1)-dimensional submanifold of W
such that n is a diffeomorphism of B onto 6D. We consider sectiong of W
such that f(9D) = B. The set of such sections we denote C*(D, W; 8D, B).
The classical problem with a fixed boundary is to find an extremal of
the action flmctlonal

(349)  G%(D,W;0D,B)>f8p(f) = [ Z(fers)wne R.

. D
By virtue cf (3.32) the action functional (3.49) can be expressed by the
formula

(3.50) 0*(D, W;8D, B)s f+8p(f)= [yeR.

' D)
The main idea of Dedecker’s theory consists in considering (3.50) instead
of (3.49) and in an extension of the set of the sections which are under
consideration. Let 0*(D, n-trG"(W); 0D, 7! (B)) be the set of all sections &
of the bundle n-trG"(W)— D such that 7o ¢eC~(D, W; 8D, B). Of course,
these sections are in general non-integrable. The action functional is

(3.51)  C®(D,n-trG@(W); 0D, 71(B))> é>8p(8) = [ e R.
&(D)

ProposITIoN 3.1 (ef. [10], [22], [25], [37]).

(i) A section E<C®(D,n-trG"(W); 8D, v '(B)) is an estremal of the
Sfunctional (3.51) if and only if for every vector field X tangent to m-tr G*(W)
and defined on &(D) we have

(3.52) (X _|dy =0.
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(i) If & is an extremal of (3.51), then vo & is an extremal of the functional
(3.49).
0*2 (o', u¥, v})
Oyq Ovy
(3.52) implies the integrability of &.

It follows from Proposition 3.1 that in the case of a non-singular la-
’ k

0
grangian, equation (3.52) gives the kinematical equations y}‘ = 3’;— (the

(iii) If the matriz [ ] 18 mon-singular, then the equation

condition of integrability) and dynamical equations. For instance, in
electrodynamics we have

0% 02,
# afur - aAu N

(3.53) Vi = 0,4,

The geometric form (3.52) of the equations for extremals generalizes
equation (3.10). A closer correspondence between (3.562) and the Hamilton
formulation of mechanics is seen when we pass from the bundle #-trG" (W)

f
to a submanifold of A 7™(W). If condition (iii) of Proposition 3.1 is fulfilled,
then the map

(3.54) a-tr @ (W) 75—~ L(7) = .é;;er(a)e/?{T*(W)

gives (locally) an isomorphism of n-trG" (W) with a submanifold of /n\ ™(W).
We call the map (3.54) the Legendre transformation and its image an
n-phase space #. Let § be the canonical n-form on KT*(W), j.e., for
2e\T* (W), et

(3.55) 0, = a*z

n
where o;: \T"(W)—W is the projection. We denote the pull-back of 6
into 2 also by 6. It can be proved that L"6 = y and the equations of
extremals are: for every vector field X on C

(3.56) (X _1d8)0 = 0

where C is an n-dimensional submanifold in 2.
As an example, let us take non-linear electrodynamics. The 4-phase
space 2 consist of all 4-covectors in 7% M of the special form

4 1 —
(3.57) 2 = {ve/\T*(T*M): v(z¥, 4,) = — Th“"V—g da®A ... A dA, A
™ —_
o

Ao ndB+H (2, A, W)V =g da'n ... Adma},
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where
L%
B = —4x 0%, ;
0f
A uy 1 uv Ag A i
H(m!Amh ) =Et-h pv(h )+$O(fpv(h ))+gl(m’-A-v)'
A » 1 o/ 0
(3.68) O(2% A, h") = ——W"V—gda’A ...A d4, A ... A daP+
4 —

)]
+H(# A, W)W —g ds°a ... A dad.

The geometric theory of the calculus of variations and especially equation
(3.56) have inspired the formulation of an axiomatic theory of multi-
phase spaces. This formulation is due to Kijowski [24]. We outline it
in. the next section.

Remark. The image of the Legendre transformation I consists

n
of 1-vertical n-covectors on W (an n-covector veA Th (W) is 1-vertical
if for every X,,X,everT,(W) we have (X,A X,) _|» = 0). Usually
im L is a submanifold of ecodimension one in this space. This is not a case
of electrodynamics, where the antisymmetric properties of A*" imply
codim £ > 1.

4. Multisymplectic manifolds and a multiphase structure
of a classical field theory

The geometric form (3.52), (3.56) of the equations for extremals in
the calculus of variations enables us to formulate an axiomatic approach
to a wide class of quasi-linear differential equations of the second order.
Let z: W—2M be a bundle and let J, (W) be the bundle of k-jets of local sec-
tions of W. For feC®(W), j,(f) denotes the k-jet of f. Let V—M be a vector
bundle and let F be a fibre preserving map from J,(W) to V. We call
the system (W, V, M, F) a differential equation of the second order.
A gection feC™ (W) is its solution if

(4.1) Foj,(f) =0 (the zero section of V).

It is interesting to note that for a comprehensive class of differential
equations of the type (4.1) the set of solutions is in a one-to-one corre-
spondence with a singled-out subset of submanifolds in G"(W). We shall
now explain this correspondence.

DEFINITION ([24], [38]). An n-symplectic manifold is an m-dimensional
differentiable manifold 2 (n < m) with a closed differential (n+ 1)-form w
in 2 (ie.,, dw = 0).
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A submanifold Ce 2 is called w-singular if for every vector field X
tangent to & and defined on ¢ we have

(4.2) (X )0 =0.

In the following we shall consider maximal w-singular submanifolds
of 2, i.e., w-singular submanifolds which are not contained in any other,
larger w-singular submanifold of £,

In lagrangian theories with a Lagrange function & fulfilling the
non- degeneracy condition (eondmon (iif) of Proposition 3.1) £ is a sub-

manifold of /\T"'(W) given as the image of the Legendre transformation
(3.54). The form w = df, where 6§ is the c&nonlcal n-form in & defined
by (3.55). @ is obviously closed.

DEFINITION. We say that a multisymplectic manifold (2, w) deter-
mines & multiphase structure for the differential equation (W, V, M, F)
of the solutions of this equation are in a one-to-one correspondence with
the w-singular, maximal submanifolds of 2.

The set # of all w-singular, maximal submanifolds of £ is called the
space of states of a given field theory and its elements are called states.
We assume also a regularity condition: all o-singular, maximal submani-
folds in 2 are of the same dimension > n. The notion of a multisymplectic
manifold has been introduced by W. Tulezyjew and J. Kijowski [38], [24].
The results of Kijowski [24] show that this approach is an appropriate
tool for understanding the structure of classical field theories. By a classi-
cal field theory we mean a quasi-linear differential equation of the second
order. I't turns out that almost all theories important from the physical point
of view have multiphase structures. In Section 5 we show that gravidyna-
mics, i.e., the General Theory of Relativity has a multiphase structure.
This fact proves that the multisymplectic approach is more general than
the lagrangian approach. From the multiphase point of view gravidy-
namics does not differ from electrodynamics, although there exists no
Lagrangian for the General Relativity depending on first derivatives
of a metric tensor. In [20], (24], [26] it has been shown that many diffi-
culties of the canonical formalism for classical field theories can be solved
if we take as the background a multiphase structure of a given field the-
ory instead of a Lagrangian or a Hamilton function. In particular, the
multisymplectic approach enables us to endow the space # with a presym-
plectic structure generated by the multisymplectic form « in #. This
construection in a very general case has been performed in [26]. In the
subsequent sections we investigate the presymplectic structure in the
space s for gravidynamics.

Having a multisymplectic manifold (£, w) which gives a multiphase
structure of a given field theory, we can ask the following questions:
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1. Does there exist a closed differential (n+1)-form o’ # w in &
such that the couple (£, »') gives an equivalent multiphase structure
of the given field theory?

2. Does there exist a multisymplectic manifold (#, w;) which deter-
mines an equivalent multiphase structure of the field theory?

3. In the set of all multisymplectic manifolds generating the same
multiphage structure we define the structure of a partially ordered set.
We have (2,, w,) > (#,, w,) if there exists a diffeomorphism ¢ trans-
foriming 2, onto a submanifold of £, such that w, = ¢*w,. _

The following problem arises: Has this partially ordered set maximal
elements? We do not know full solutions of the above problems. We
summarize here only some results known to us.

1. It seems that the answer to the problem is negative, i.e., only

o' = aw, where a is a real constant, gives an equivalent multiphase strue-
ture. ' ‘

2. Let (#,, »,) be a multisymplectic manifold. We define the primi-
tive gauge distribution of w,:

(4.3) DS = {X,eT,(#): X, o, = 0].

It has been shown in [24] that D° is involutive and therefore we can
construct the quotient space 2 = #,/D°. It is easy to see that the form o,
can be projected on # and we obtain a multisymplectic manifold (2, o).
Roughly speaking, the manifold #2; contains more dimensions than &£
but the differential form w, does not contain differentials in those ad-
ditional dimensions. The couples (#2,,.w,) and (Z, w) give the same multi-
phase structure.

3. The reduction of the primitive gauge for a given multisymplectic
manifold gives a majorizing element in the partially ordered set of multi-
symplectic manifolds which has been defined above. But we do not know
how to construct a maximal element. §

In the present paper we consider hyperbolic field theories. This
means that solutions of the field equations are determined by the initial
values of fields and their time-derivatives. In the general case, initial
values do not determine a solution uniquely. Only in theories without
gauge the correspondence between initial values and solutions in one-to-one.
A geometric axiomaties of hyperbolicity is due to J. Kijowski [24]. In
the multisymplectic manifold 2 we distinguish a subset of (n —1)-dimen-
sional submanifolds ¥. The elements of the set ¥ are called admissible
initial surfaces. In [24] the following system of axioms has been postu-
lated:

1. For every pe #? and Ces# which contains p there exists.a ce?
such that pec < C.
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2. If an (n—1)-dimensional submanifold ¢ < # has the property
that for any pec there exists a ¢, % such that cne, is a neighbourhood
of p in ¢, then ¢ ¢%.

3. If 0es# and ¢, ¢, are admissible initial surfaces contained in C,
and K; < ¢; are compact sets, then there exists a ¢ = C such that K,
< (e;—(c—e¢y)), By < (6ncy) and (e, — (0—0,)) is a set relatively compact
in ¢.

4. For every ¢,, ¢;¢%, ¢,, 6; = C there exists a homotopy in 0 joining ¢,
and ¢,.

5. If ce¥, ¢ = C and ¢ is a diffeomorphism of C, then g(c)e%.

Remark. In the general case, for ¢e% there exist many states contain-

ing e.
B In our further applications we shall consider a multiphase space #
which is a bundle over a 4-dimensional pseudo-riemannian manifold
M (n: 2—-M). The projection = and the set ¥ generate in M a set of
3-dimensional submanifolds, such that if ce¥, then o ==n(¢c) < M. An
admissible initial surface ¢ determines the initial values of fields and
their normal derivatives in the submanifold o.

5. A multiphase structure of General Relativity

For a 4-dimensional smooth manifold M and a metriec tensor g,,
on M we define the Riemann tensor

(8.1) Ry = 051, — 0,0+ Iy Iy — I, T,y

the Ricei tensor E,, = REj,, and the scalar curvature B = ¢*"R,,, where g*’
is a 2-contravariant tensor on M such that ¢*'g,, = 64 and I',, are com-
ponents of the Riemannian connection

(6.2) Ty = 39%(0,900+ 0,90 — 0:9,)-

DEFINITION. A metric g, on M is called an Einstein metric if the
signature of g, is (—1, +3), and

(5.3) R, = g,, where A is a real constant.
In this section we construct a multisymplectic manifold (2, (:)) such

that cf:-singula.r sections of the bundle »: #2—M are in a one-to-one corre-
gspondence with the set of Einstein metrics on M. In the further con-
siderations we fix a real number A.

Let m,: S37*M M be the bundle of symmetric, 2-covariant non-
degencrate tensors (metrics) on M with a negative determinant ¢ = detg,,.
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Let n,-trG*(SiT* M) be the Grassmannian bundle of z,-transversal planes
tangent to SiT*M. If (z*) are local coordiantes in M, and (z*,g,,) are
local coordinates in Si7*M, then local coordinates in m,-trG*(S:T*M)
are (2, §,,, Viw), Where y,,, = v;,,. We have the following transformation
properties for these coordinates:

ox* oz
Gpnr = _am_p’--égu_'- Tuvs
&4) ozt oz* 9z 8 [ox* oz
Your = 50% oa oz M a dx* (633"' 6:1;"') G-

For the purposes of General Relativity it is more convenient to consider
the bundle of Christoffel symbols (the bundle of the Riemannian con-
nection) which is isomorphic (as a bundle over S;T*M) to the bundle
m,-tr@*(S3T* M). Local coordinates in Ch are (2, g,,, I';,) With the coor-
dinate transformation law

. ax* oz* ox’ 02z° oz
5-5 FA' ¢ = 7 ] ’ ’ (]
(8.8) ur oz ax* dx” T ™ + ox* ox" 0x°

An jsomorphism between Ch and =,-trG*(S;T*M) is given by the for-
mulas:

F:w = %gla(y,uva_" yvua-)"cmv)!
(5.6)
yi.pv = ngP:l-l—gvuPzA'

We would like to emphasize that, in the bundle Oh, g,, and I, are inde-
pendent variables. In future we shall consider all sections of the bundle
Ch—M. For some of them equation (5.2) holds. Those sections are of a
special interest, because they correspond to the integrable sections of
the bundle x,-tr@*(SiT*M)—M. We define # = Ch and

4 -
(5.7) 0 =gV —gda’a ... A ATSA ... Adx®—
—g"V —gda®A ... NAT8A ... Ada®—

— (g (I Ity — I, T 4-22) V — gda® A dz A dw? A da?,

where A is a fixed real constant.
PROPOSITION 5.1. Formula (5.7) defines a 4-form in 2.

Proof. We have to check that (5.7) is covariant with respect to the
coordinate transformations (5.4), (5.5).
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DEFINITION. ® ="d5 ; | o
(6.8) & = (—(g"Th+ g™ I+ (g% T 8-+ g7 T5, 88) + 4 T%) x
XV =g ar’ A da® A da* A Ao A da® +

+ (3(g™ g + 9= ™) 6 — Hg™ g™ 85+ g7 g™ 8 + g2 g™ 8+ é"eyﬂ” 85)) x

XY —g AT A daA ... Ai"’;’ﬂﬁl\ v Ad2 -

e

+(— 199" 8+ 19 (g™ G+ 97 1) X

Xl/_——g-dff,,,/\ A2’A ..o Adgogn oo Ada®+

e
e

+ (T ;é—r b )0 9% — 3 (0 Ty — I, 00 g% 9% — AgF) X
X 1/-—_g'dgaﬂ/\ Az’ A da' A do* A d®.

PROPOSITION 5.2. The form o is locally an exterior derivative of the form ,
where

(5.9) §
¥ = (g0 T~ 4 (g™ " T+ 99" T%) — 1™ g T + 19 g7 T%) %
XV —gda®A ... Adgogh ... A da® —
e

(I I, AT +22)V g da® A dat A da® A da®

- BExpression (5.9) is not covariant with respect to the coordinate trans-
formations (5.4), and (5.5) and does not determine any geometric object.
The above formula is valid only in.a one-coordinate chart. Formally. (5.9)
can be obtained by a general procedure from a Lagrange function .
We know (ef. [2]) that the farmula

(5.10) DGy Tio) = (D85~ TH T2 g+ 20)V —g.

He, .

gives locally a non-covariant lagrangian density for the Einstein equations.
Locally we have (cf. the formula (3.40))

4 1 0.2
(6.11) » = E 3 Ar’A oo AAGLA ... A dT —
pr O #nA ’ i

O & -
- (2, . A—i’) Az’ A dz* A da® A Ao,
agnv,i.' ! ' .

u<y

Let p: M—->2 be a 'global section of the bundle m: #—M such
that ¢ = @(M) is & 4-dimensional imbedded submanifold of 2.
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PROPOSITION 5.3. A submanifold ¢ = (M) is o- singular if and only
if the Einstein equations (5.2) and (5.3) hold.

PROPOSITION 5.4. A4 (o-singular submanifold C < 2 which is a graph

of a section of = is a maximal _cf;-singular submanifold.

The proofs of the above propositions consist in purely algebraic
calculations. See Section 15.

By virtue of Propositions 5.3 and 5.4 the couple (2, cf)) gives a multi-
phase structure for the Einstein equations.

Proposition 5.2 and formula (5.11) give a connection between the
multisymplectic formulations and the eclassical lagrangian formulation
of General Relativity. However, this'connection is not exactly the same

as in lagrangian theories; the formfu is not defined globally.
The couple (?,1?)) is the starting point of our further considera-

tions. The - -singular sections of # form a prephase space # for General
Relativity. In the subsequent sections we show that the group of dif-
feomorphisms of the manifold M acts in the space 5. The orbits of this
action form the phase space for grawdynamlcs It has a natural symplec-
tic structure.

Remark 1. For every sectlon @: M ->ﬂ fulfilling (5 2)

4

(5.12) o' = (R—2A)V —g dn A do' A di*A da?.
Therefore .
(5.13) fo_ f(R 21 l/—-gdw/\dw/\dm/\dw

M

~ Formula (5.13) shows that the differential form _6 is an_appropriate
geometrical object for the formulation of the Palatini variational prin-
ciple in General Relativity. We discuss that problem in Section 12.
Remark 2. Having a multiphase structure for gravidynamics without
matter, one can easily find a multisymplectic structure of the interacting

gravitational and:electromagnetic field. This problem will be considered
elsewhere.

6. The Cauchy problem and ADMW coordinates
in General Relativity

The Einstein equations (5.2), (5.3) form a system of second order
differential equations for components of a metric tensor on the manifold M.
It has been shown by A. Lichnerowicz and Y. Bruhat—Choquet that
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these equation have a hyperbolic character, and therefore we can con-
gider the initial problem for them. The choice appropriate coordinates
in the manifold £ is very important for this discussion. Arnowitt—Deser—
Misner and Wheeler [3], [41] have shown that a 3+ 1 decomposition of
geometrical objects connected with a given space-like surface o in M
provides an elegant and relatively simple description of the Cauchy prob-
lem. Recently a profound discussion of the ADMW coordinates has been
supplied by A. Fischer and J. Marsden [17].

We present here briefly the ADMW construction.

Let o be a 3-dimensional surface in M and let 2: ¢—M be the canoni-
cal injection. Let g = (g,,) be a metric tensor in M with a signature
(+3, —1) such that the metric tensor g = i*g is positively defined.
We call o a space-like surface with respect to g. Let t be a transversal
vector field on ¢ and n = (»”) the unit vector field normal to o, (n|n)

= g,.n'n" = —1. We assume also a congistency of orientation condition
(6.1) (r|7) = g,n"1" < 0.

We define a vector field

(6.2) X =r4+n(n|t).

By virtue of (X|n) = 0, the vector field X is tangent to ¢. Let N be a vector
field in ¢ such that i, N = X, and let

(6.3) = —(n7)
be a function on o.

The vector field = defines locally a coordinate system (a°, 2%, 22, o°)
in & neighbourhood of ¢ in M in which ¢ = {zre M: z®* = 0} and 7 = Frr
If ¢ is compact,  defines (globally) in a neighbourhood of o such a coor-
dinate system that ¢ is a zero-section of a line bundle with local coordinates
(2°, z', %, °) having the following transformations properties:

(6.4) 2" =2a°, af =¥ (zh).

In this case we have a neighbourhood of ¢ in M which is diffeomorphic
with the product R X ¢. In the coordinate system (6.4)

(6.5) t=(1,0,0,0), n=(1,—7"g)—¢%,

where §; = gy, g7 is the matrix inverse to 7, and ¢% < 0. The last in-
equality follows from the conditions

g = detg,, <0, § = detg; >0.
Let N, = g,, be a covector field in ¢; then
(6.6) N =(=¢"y", N*=g"g, =§“V,.
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We have also

N* e PN
" =g = —NHNN,, g =

o IRt L

g = g, “\m ¥/
According to Wheeler we call N a lapse function and N a shift vector,
cf. [41]). We have seen that a coordinate system (6.4) (in a neighbourhood.
of o) defermines a scalar function ¥ > 0 on ¢ and a vector field N in o.
Conversely, if we have a positive scalar function N on ¢ and a vector
field N in o, then 7 = N+ Nn is a transversal vector field on ¢ which
defines, at least when ¢ is compact, & coordinate system of type (6.4)
in a neighbourhood of o. However, generally in such a coordinate system
submanifolds z° = const are not space-like. If o is compact, we can find
such an &> 0 that the submanifolds ¢, = {we M: 2° =1}, —e<i<ce¢
are space-like. This fails in a non-compaect case because small deformations
of o caused by the field = do not preserve that property at spatially distant
points.

A metric tensor g, in M defines a metric tensor g; in o (the com-
ponents of 7;; are equal to the spatial components of g,,) and the second
fundamental form of ¢ by the formula (cf. [27]):

(6.8) Ky = —g,,Vm".
It can be proved (see (6.11)) that K, is a symmetric 2-covariant tensor
in o. Let

% = 25"(0; 010+ 0:9j0— 0a955)
be the Riemannian connection corresponding to the metric g; in 0. We
have the following relations:

P:‘s = P:'cs_NkFO

r8)
ke

= N
rfy = N*§ 1%, + 7, N*~ N*N* I, — — 0, ¥,

(72 N r
o N
I‘;’l = Jﬁ_ +P;s7
(6.9) o N
R
T = (§ — N*N?|N*)9,N, — }(§** — N* N?|N*)8,(— N*+ N* N )1+
1 N*
+§. N2 0o(—N*+N'N,),
N? 1 N?

1 C
Thy = 53008, ~ 5 g O~ N+ N°N,) = ——r O~ N + NI,
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and

g = V;N;+ V,N;+2NT
(6.10) 0% R o
0190 = 2(—NO, N+ N*V,N,),

where [7 is the covariant derivative in ¢ with respect to the connection 1"
Using (6.9), we obtain

(6.11) Ky;=—NTIj.

It follows from (6.9) and (6.11) that I, Ik, I'h, are the appropriate ten-
sor fields in o. We define a 2-contravariant tensor density in o:

(6.12) i = '_l/—g.—(qu—gpgKrsgrs)gmggj'

We call this quantity the ADMW tensor density on o.
By (6.11) and (6.12) we have

(6-13) ﬂ:’iJ' - ]/:_g( P](;Q — gpqpog gTS) ﬁ‘pl qu
(6.14) re, = 1/ = (75— }gpgtrm),
where tre = g7 = Gip g 7"

Having the above formu.la,s, we can discuss the Einstein equa.tlons
in the ADMW coordinate system.

PROPOSITION 6.1. If equations (5.2) are fulfilled, then the following
conditions are equivalent:

(6.15) 5 R,, = Ad,,,

(6‘16) Guv = [u %g;w'R-l-lgyv = O
(6.173’) -Rks - lgka,

(6.17D) @& = 0.

The proof of this proposition is purely algebraic and can be found
in [2].
PROPOSITION 6.2. System (6.17) is equivalent to the system

(6.188;) . Rlcs = )‘gks;
(6.18Db) Gy, =0 on o.

For the proof see Section 15.

In local coordinates of type (6.4) @), does not depend on g,y Jovon
94,00+ 1t 18 easy to see that G), on o depends only on the values g;;, n”, Ny, N
on ¢ and their spatial derivatives. Therefore system (6.18) consists of 6
dynamical équations (6.18a) and 4 constraints on the initial data (6.18b).
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In the ADMW coordinate system we have

—

. .. = 2N . .
(6:192)  on? = —NVG (B~ ' B)— —— (mn” —tran’) +

VG (VPN -V, NY+ V7, (N¥n?) —
—V,Nia® —V,Nin*—2AN V5 g¥,
(6.19b") V% =0 on o,

_ 1 1
(6.19b") R—Zl——é—(:zpqn”q—?(ta‘u)z)=0 on g.

Having the initial data on g, i.e., a positive defined metric g,; and a 2-con-
travariant tensor density #* which satisfy the constraint equations (6.19b),
we have to choose N, and ¥ in a neighbourhood of ¢ in M. Then equations
(6.192) have a unique solution in a neighbourhood of ¢ which satisfies
those Cauchy data. We have to determine ¥ and N, also beyond o because
equations (6.19a) do not contain the time derivatives of these quantities.
This fact is connected with the invariance of the Eingstein equations with
respect to the action of the diffeomorphisms of the manifold M (cf. Sec-
tions 9 and 10). A detailed discussion of the existence, maximal prolongation
and regularity of solutions can be found in [7], [9], [17], [18], [23], [32].

Remark. The constraint equations (6.19b) do not contain N and N, and
therefore we have no restrictions on the choice of these quantities beyond .

It has been postulated in [3], [41] that the components of the ADMW
density are the conjugate variables to the components of the metric
tensor g,; on ¢. In Section 8 we show that such a choice of variables follows
from a diagonalization of the (pre)symplectic form 2. It turns out that
in terms of (=¥, g,) the form Q has a diagonal expression which corre-

n
sponds to the diagonal formula @ = D> dp,A dg* for the canonical 2-form
in mechanics. i=1 ‘

The set Cd of all 3-dimensional surfaces in M with given positive
defined metric tensors g,; and 2-contravariant tensor densities #” on them
which fulfil the constraint equations (6.19b) generates the set of 3-dimen-
gional submanifolds of #. This set contains all admissible initial surfaces

of (#, (f))

7. A symplectic structure in the set of solutions
of field equations

The multiphagse approach to classical field theories enables us to
define a natural presymplectic structure in the space s of all states
of a given multisymplectic manifold (2, w). The construction has recently
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been presented in the paper of J. Kijowski and the present author [26].
We outline there the main ideas of this construction.

Let (#,"%) give a multiphase structure of a given field theory (of
a given differential equation). We assume that the theory under con-
sideration is of a hyperbolic character in the sense of Section 4. We denote
by ¢ the set of all admissible initial surfaces on 2. For the sake of simplicity
wo consider only a situation where £ is a bundle over an #-dimensional
manifold M and states are sections of w: 2 M which are diffeomorphisms
of M onto their images. A more general situation has been discussed in [26].
Woe intend to define at every point Ces# the tangent space to .

Let C = f(M), where f is a section of » and, for every vector field X
on C,

(7.1) (X _1"8"10 = 0.

Let @; be a one-parameter family of diffeomorphisms of & which
transforms the state ¢ onto submanifold G,(C) such that for every X
d >~ n-}l

—{X

(7.2) =

|Gt }£=0 _ 0

In general &;(C) is not a state, but we can say that the -curve t-—@,(0)
is tangent to the state C. We assume also that G, is a fibre-preserving
transformation in 2 and therefore it generates a =-vertical vector field Y
on C:

d
(7.3) ¥ == G(O)lico-

ProrosITION 7.1 ([26]). For any extension Y of Y onto a neighbourhood
of C in P and an arbitrary veclor field X defined in this meighbourhood we
have

(7.4) £.(X J"0N0 = 0.

Remark 1. If (7.4) holds for an extension ¥ of ¥, it holds also for
another extension, ¥,.

Remark 2. It is sufficient to congider n-vertical vector fields X.

PROPOSITION 7.2 ([26]). Condition (7.4) 18 equivalent to the following:
For every m-vertical vector field X in a neighbourhood U of C in # and vector
fields Z,, .. oy Z, in U which are tangent to O on ©

(7.5)  (T(X 1"8Y)(Z,, ..., Z,) +

+ S (=DHE 2V, B, Zay oy B)10 = 0.

k=1
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Writing down (7.5) in local coordinates in £, we see that equation
(7.5) involves only the values of ¥ on C and its derivatives in directions
tangent to C. Therefore (7.5) represents a system of linear differential
equations on the manifold €. We call equation (7.5) the linearized equation
of motion.

We define two subspaces of vector fields on C':

(a) the subspace T'y(5#) consisting of all m-vertical vector fields on
O generated by families of diffeomorphisms of 2 satisfying (7.3);

(b) the subspace T () consisting of all m-vertical vector fields on
C satisfying the linearized equation of motion (7.5).

By virtue of Propositions 7.1 and 7.2 T,(s#) < f’o(.#). We call
Ty (5¢) the tangent space to 5 at € and T'»(5#) the extended tangent space to #°
at C. The problem arises when T,(#) = T,(o#). This difficult mathemat-
ical problem of integrating vector fields over a non-compact manifold
cannot be solved generally: we have to investigate it in a given concrete
case. In our further considerations subspaces T'g(3#)y < Tg(s#) and
To(o#)g, < To(5#) consisting of vector fields with “spatially bounded
supports” are of special interest. We say that a vector field ¥ on C has
a spatially bounded support if the intersection of its support with every
admissible initial surface ¢ < C is compact. For hyperbolic theories in
the sense of Section 4, the linearized equations of motion (7.5) form a hyper-
bolic system of linear differential equations. Therefore if the field ¥ on C
has a compact support on an admissible initial surface ¢ < €, it has also
& compact support on any other admissible initial surface ¢, = ¢ (a finite
speed of propagation for hyperbolic equations). It is known from the
paper of Y. Choquet-Bruhat [7] that the Einstein equations have this
property. '

We define a Dilinear skew-symmetric form 2 on To(o#)y:

(1.6)  To(#)p xTo(#)g 3 (X, Xo)»> (T, T)
n+4+1

n+1l
= [(TiaT) Jo = [Y, 1Y Jo,

ccl ecd
where Y,, ¥, are n-vertical vector fields on C representing vectors ]‘.71, fz y
and ¢ < C is an admissible initial surface contained in C.
PROPOSITION 7.3. The value of 2 given by (7.6) does not depend on the
choice of an admissible initial surface ¢ < C. nl
This proposition follows from the formulas d @ = 0 and (7.5). Those
equations imply the following:

n+1
(7.7) (XA ¥o) J 0)IC) =0.

By virtue of (7.7) and the axioms of the family ¥ we obtain Proposition 7.3
a8 a consequence of the Stokes theorem.
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The 2 form Q defined by (7.6) on the set Tg(o#)y, can. be extended
to a larger subspace of T,(#). We have to impose some conditions which
provide the convergence of the integral in formula (7.6). Therefore we

can consider only those vectors Y which are represented by vector fields ¥
on ¢ vanishing rapidly at “spatial infinity”.

In [26] the space 5# has been endowed with a pseudodifferential
gtructure which enables us to define in 5# the basic notions of differential
geometry: vector fields in s#, their commutators, differential forms and
their exterior derivatives. In that structure formula (7.6) defines a differ-
ential 2-form in . It has been proved in. [26] that £ is closed, i.e., df2 = 0.
The 2-form 2 generates a Lie algebra structure in some subset of all smooth
functionals on s#. We discuss this problem in Section 11.

In meehanlcs the space s consists of 1-dimensional trajectories
in the phase space T*V x R satisfying the equation of motion (X _| d6,,,)|0
= 0. The set & is 2n—6hmensmna.l because it is parametrized by the initial
values p;(0),.¢°(0). The form £ is equal to the canonical 2-form in T*V,

7 F
ie, Q = de,ff\ dqi. We see that in mechanics the theory developed in [26]

GOII].GldeS wmh the symplectlc approach presented in [1], [35]. In this
case the form Q is non- degenerate but in general it is not true. We define
the gauge subspace of TO,_(%’)WLJ

(7.8) Wo = {¥elg(#)g: QX, ¥) =0, XeTo(#)g}-

The corresponding distribution W is called the gauge d?'stribution of Q.
It has been proved in [26] that W is involutive, i.e., if XI, Xa are vector

fields with values in W, then [X 13 X,] is a vector fleld with values in W
(cf. Section 11).

A degeneracy of the 2-form  is caused by:

(i) The existence of consfraints in the gpace-of Cauchy data for the
equation of motion.

(ii) The faet that an admissible initial surface c<% does not deter-
mine a state umniquely.
"~ As an example we consider non-linear electrodynamics in a curved
space. Let M be a 4-dimensional pseudoriemannian manifold with a metric
tensor g,, having the signature (—1, 4 3). s

The bundle =: 2—M is a subma,nifold of AT*(T*M) consisting of
all 4-covectors on T*M having the form:

1 —_— .
(1.9) » = —z;h“'l/—gdw"/\ cor AdAA oA do? 4
K

+H(a" A, ")V —gda’A ... A da?
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0:H

where ¥ = —Rh'" and the 6 x 6 matrix [———g] is invertible (ef.

L™ OR™ |, -

A<g_
(3.57)).
The canonical 4-form in £ is:
4 1 -
(7.10) 6(z* A4,, h*") = —Tia"’V—gdm"A oo AGALA .o A doB -
™ —

N

L H( A, 1)V —gds® A dot A de®A dad.
The equations of motion are (cf. (3.53)):

| 0H
(7.11a) Fur = 0,4, 0,4, = dn s,

)
11 oo
(T11b) V3 = dr— vy

Let o = M be a space-like surface such that the values A, and A*
on ¢ determine an admissible initial surface ¢ < 2.
LevmMA 7.1. The system of differential equations

b = dnj*(a’), where V,j*(z") =0

= 4nj*(2#’), where F,j*(2*) = 0.

18 equivalent to the system
(7.12a) V,h" = dnj*(@®) on M,
(7.12b) Vo b = 4ni®(z") on o.

For the proof see Section 15.
A space-like surface o = M gives a (3+1) decomposition of the
antisymmetriec tensor 2**. This tensor determines a vector field

(7.13) Di=1% in ¢

and a pseudo-covector field

(7.14) H, = }V|gley b in o

For orientable o we have the appropriate densities:

(7.15) 9' =V —y¢D' =VjND,

(7.16b) #' =V —gH' =VjNH!, where H'=g'H,.-
Equations (7.12) read:

(7.16a) 0,9" = —4njVGN + (rot #) on M,
(7.16b) V.2 =4nj®VgN on o,

3 — Dissertationes Mathematieae 150
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where
(1.17) (rot #) = ¥ 7, (NH,).
The kinematical equations (7.11a) have in the (3-4-1) approach.
the following form:
0H («*, A,, B, h??) . 0H (2%, A,, D°, #*)

(7.182) 0yA,—0yd, = 4m ST o S ,
(1.18b) 8,4, — 0,4, — 4n 22 (@ :;;;,’khw’ ) _ g OE ‘;‘7:;,,@ H )
ZH‘ «
If the 3 x 3 maitrix [W]r<k is invertible, equation (7.18b) determines
pP<q
(7.19) H® = H(aH A,, D%, 0,4,—08,4,).

Using (7.19), we obtain the system (7.16a), (7.18a) of differential equations
for A4,, Ay, 9'. This system does not contain the derivative 0,4,.
Therefore we cannot determine 4, from its initial value. We have to assign
a function 4, in a neighbourhood of an initial surface ¢ = M. Then the
covector field A, and the vector field @° on ¢ fulfilling the constraint
equation (7.16b) give the initial data for the system (7.16a), (7.18a).
We see that the initial data on o do not determine a state uniquely. Now
we pass to the tangent space of #°. A m-vertical vector field on Oe 5# is
given by
a

9
(7.20) X = ) o +64,——.
g o 04,

The linearized equations of motion in the case of vanishing currents are:

(7.21a) 0,64,—0,04, = 47:_3?57 sn’e,

ah* ol
(7.21b) 8,09" = (rot6 #)* on M,
(7.21¢) V82" =0 on o,
where

09 = S(NVGhY) = NVGon,
84" = 8(NVGH') = 3NG77e; 602,

Remark. It follows from the n-verticality of X that 84, is a covector
tield in o, and §2* and 8.#° are vector densities in o. By arguments similar
to those applied to the system (7.16a), (7.182), we can assign 64, on o
in an arbitrary way and 62° in such a way that (7.21¢) holds.

(7.22)
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If
7.23 X; =64 g oD* 0 0H" 0 =1,2
(7.23) i = AE-F‘E Bﬁ_}_«; G T4
represent vectors X;eT',(#),,, then:
A 1
(124) (%, Xy = —— f (3994, — 39" 34,) do* A duPh da.
. : TC

Using the Hodge decomposition for covector fields, we can easily see
(at least when ¢ is compact) that all vectors belonging to the gauge distri-
bution of the form 2 are of the type

9 )
(7.25) Y = 0y + 5

where 44,|, is an arbitrary function on ¢ and 84,|, is the gradient of a fune-
tion. peC0® (o). We decompose the initial values 64, (i.e., a covector field in o)
into a gradient part and a free divergence part

84, = O,p+ 0'A,, where V*8'A, = 0.

In this way & vector X representing a class of the equivalence relation
To(#)|Wy is determined by six quantities 84,, 62" in ¢ which fulfil
2 constraint equations:

(7.26) p*84, =0, pLé92* =0.

Thus, we have 4 degrees of freedom in the phase space, and 2 degrees
of freedom in the configuration space.
Let G be a group of tranformations in & defined by the formula

(7.27) A,—~A,+0,x, HI'—=>n"

where y is a smooth function on M.
The Lie algebra of G consists of all vector fields in 2 of the type

5}
(7.28) X = 5A#'ﬂ-, where 5.A# = Bp 6x.
s

The action
(129)  Gx #> (1, 0) =[x, {{¢), 4,(), ()} }> By(0)
= {(a*, 4,(@") +0,%, k" (a")} e #

generates the action of the Lie algebra G:

(7.30) ® > v—>dR,(C)v el (o).
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It is easy to see that
(7.31) imdR,(0) = Wy.

In Sections 8 and 9 we discuss the same problem for gravidynamics.
Instead of the gauge transformation grup 4,—~4,4- 9,y we have an action
of the group of all diffeomorphisms of the manifold M. The corresponding
action of the Lie algebra of tho diffeomorphism group determines the gauge
distribution of the 2-form (2. This result is analogous to (7.31) where the
action (7.30) determines the gauge distribution. for the 2-form £ in electro-
dynamics (without currents).

8. A symplectic structure in the set of Einstein metrics

Let (2 ) be the 4-symplectic manifold defined in Section 5. The

set: o of a]l w singular section of the bundle n: P> M is in a one-to-one
coriespondence with the set of Einstein metrics in M. The Einstein
equations (5.2), (5.3) generate linearized equations for the components

E] . 5 3 3
of a zm-vertical vector field ¥ on a given w-singular submanifold Cc 2.
In iocal coordinates

(8.1) ¥= ) ag,,, -+ Der, > 1“‘ :

v /x4y

The field ¥ on C fulfils equation (7.5) if and only if:
(8.2) 817, = 8(39" (8,80 + 08,0 — 029,0)
= 30" (V,80,c+ V,8,.~ V,0g,,) =0

(8.3) (R, —Ag,) = 26 aﬁ+2 a#“ 8T, —16g,,= 0.

e<f a<<f

Remark. If Y is a n-vertical vector field on C, then dg,, and 6I%,
form components of appropriate tensor fields in C (or equivalently in M).
It is not true for non-vertical vector fields Y (see Section 14).

_ Vector fields ¥ on satisfying (8.2) and (8.3) represent vectors
Yel'o(#). If ¢ < M is a space-like surface (with respect to the metric Do
determined by C), we have a 3-dimensional submanifold ¢ = f(o), where f
is a section of # such that C = f(M). The submanifold ¢ = 2 is an ad-
missible initial surface contained in . We define a bilinear skew-symmetric
map on T, (s#),

a

(8.4)  To()yy xTo(#)gy2 (L1, Xa) = (X, X,) = [ X, X, o
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The above formula does not depend on the choice of an admissible in-
itial surface ¢ = C (cf. Proposition 7.3), or equivalently it does not depend
on the choice of a space-like surface ¢ = M, X,, X, are n-vertical vector
fields on ¢ whoge components satisfy (8.2), (8.3). In local coordinates
(@, g0, I'S), (8.4) is a very complicated expression (cf. (5.8)) and is incon-
venient for a detailed analysis. We would like to find a diagonal form for Q2
which corresponds to formula (7.24) for electrodynamics. It turns out
that the (3-+1) decomposition of geometrical objects connected with
a given gpace-like surface o = M is an appropriate tool for solutions of
that problem. In a fibre of the bundle n: - we have the ADMW
coordinates (N, Ny, gy, 77, M,, M, I't) instead of the Christoffel coor-
dinates (g,,, I';,). The correspondence between these systems is given
by the formmulas (6.6), (6.7), (6.13), (6.9), (6.14), and

(8.5) M, = (0,N)(gaps Top); My = (0,N1)(gapy I'p)-

A z-vertical vector field ¥ on C representing a vector fef’o(af’) has
the form

6

. - SN 5 8o
86) Y = kaNk+; gqaq+§naﬁ

:
+0Mu g, T Mk k+2" ‘fa

H

where the components (8N, 8Ny, dg;, 67, 6M,, M, 6I'}) fulfil the
linearized equations of motion:

(8.7) M, = 0,8N, OM, —0,0N,,
(8'8) ka = %gja(vk 0Fsa -+ V 00%a — V 8G1s) s
— — 2N g
(8.9) 0o 89y = 6|V N;+ VjN¢+]/—5(gipgqu —’%Qijtm)),

(8.10a) 8,6n" = a(—Nl/E(Rf’—-ff Ry— —lf(ngnq"—;n‘ftm))Jr

g
+ (Vg PN —g? P* 7, )+ 7, (N*a¥)) +
+8(— V,Nia" — 7, N a¥ — 20NV g%,

(8.10b") §(V;n) = V;6n"+ 8l%n™®*=0 on o,

(8.10b") a(R —21—%(npqﬂp«—%(tm)2)) —~0 on o.
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Equations (8.7), (8.8) and (8.9) are equivalent to the linearized kinematical
equations (8.2). They are obtained from (8.5), (6.9), (6.10) and (6.14).
Equations (8.10) correspond to equations (8.3) and are obtained by the
lincarization of system (6.19).

Remark. The right sides of the equations (8.9) and (8.10) have to be
expressed in terms of (6N, 8N, 6L ,, 6M ,,, dgy, 67, 6I'F). We compute
these expressions in Section 9.

It follows from the verticality of the vector field ¥ on C that (6N, éN,,
oM,, 6M ., 89y, 0n”, 6I'f;) have tensor transformation properties and
therefore 6N is a function on o’, 0N, i8 a covector field in g, dg;; i3 a 2-covari-
ant tensor field in o, and da” is a 2-contravariant tensor demsity in o.

Having a state Ce 5, i.e., a solution of the Einstein equations, and
a space-like surface ¢ = M, We can ag8sign a 2-covariant tensor field dg,;
in o, and a 2-contravariant tensor density on in o, in such a way that
the couple (87, dg,) fulfils the constraint equations (8.10b), a one-par-
ameter family of functions 6N on o and a one-parameter family of covec-
tor fields 4N, in ¢. These initial values determine a unique solution for
equations (8.7)-(8.10), where z° is considered as a parameter. Of course,
we have only a solution for small values of the parameter #°, i.e., a sol-
ution in a neighbourhood of the admissible initial surface ¢ = f(¢) in C.
The problem arises whether this solution can be extended over the whole
of . We know no satisfactory answer to that question but we see that
an element X e.’i’a(.%") gives 12 quantities (8", d9;) in o (or equivalently
in ¢ = 2) fulfilling the constraint equations (8.10b) and 4 quantities
0N, 6N, in a neighbourhood of ¢ in G. The correspondence

T (#) X ((62¥, 8g;5) in ¢, (8N, 6N;) in 0)

is injective and therefore instead of the elements of T (3#) we shall often
consider the appropriate systems ( én", 8g;) in ¢, (8N, 6N,) in C.

The following subspace of T, (s#) plays an important role in our
considerations:

DEFINITION Tc(wf ¢) is the linear subspace of 7', (#) consisting of

such YETG( ) that 1’ is represented by a vector field ¥ on C of the form
(8.6) such that:

1 0 are arpitrary on ¢
(i) 6N, 6N, 6M,, SM,, bitrary )
(8.11) (il) (5Mk = akaN, 6M3k == as 6Nk on G,

(iii) é=” =0, dg,; =0 on e.

It is easy to see that conditions (8.11) are consistent with (8.7) and

0
(8.10b). The definition of the subspace T,(#’,¢) essentially depends
on an admissible initial surface ¢ < C. <t
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.. ~ 8
PROPOSITION 8.1, For every X eT'n(H#)y, and XY Tx(o#, o),
QX,¥) =0

The proof is given in Section 15.

Proposition 8.1 shows that the subspace To(%" ¢) belongs to the
gauge subspace Wy of 2 defined by (7.8). It is connected with the fact
that the Einstein equations.do not determine N and N, by their initial
values on ¢ (and the same is true for the linearized Einstein equations).
This in turn is related to an invariance of the Einstein equations with
respect to the action of the diffeomorphism group of the space-time M.

TrEoREM 8.1. Let X, X,cT(#) be represented by vector fields X,, X,
of the form (8.6), one of them having a compact support on ¢. Then:

(8.12) X, %, = | (8 g,y — b bg,y) da A A .
¢ .

The proof is given in Section 15.

Theorem 8.1 shows that the quantities #” are in some sense conju-
gate to the spatial components of a metric tensor g,,. However, we must
remember that =" and g, are not independent but fulfil the constraint
equations (6.19b). In the next section we show that these equations deter-
mine the gauge distribution of the form Q. Proposition 8.1 is the first
step in that direction.

The form 2 is a geometric object independent of the choice of coordi-
nates. Therefore the diagonal expression (8,12) distingnishes the ADMW
coordinates. In particular, it shows why we should take the ADMW density
as momenta for General Relativity (cf. [3], [41]).

9. The gauge distribution and the action
of the diffeomorphism group

Considering the general approach in Section 7, we have emphasized
that the 2-form £ is in general degenerate. In the present section we prove
that the gauge distribution of 2 in gravidynamics is determined by the
action of the diffeomorphism group of M in the space of states s#. In the
language of classical physics this action is called ‘“‘an active change of
coordinates in the space-time M™. The Einstein equations R, = Ag,,
are invariant with respect to such a transformation (cf. [2], [33]). There-
fore a physical meaning can be assigned to not Einstein metries in M
but to their equivalence classes with respect to the natural action of
Dift (M), cf. [16], [33], [41]. |
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To provide ‘the convergence of integrals in further considerations
we take in account only elements X eI'y(#),,. As we have mentioned
before, a finite speed of propagation for the linearized Einstein equations

provides that if a vector field X on C representing a vector X eTo(#)
has a compact support on an adinissible initial surface ¢ = C (or equiv-
alently on ¢ = M), then it has also a compact support on another admiss-
ible initial surface ¢, = C (or on. o, = M), cf. [7], [23]. Let

(9.1) Wo = {(Telo(o#): Q(T, %) =0, Xeo(#)y).

0
We know by Proposition 8.1 that the subspace T4(5#, ¢) defined by (8.11)
is contained in W,. We are looking for its algebraic complement in T';(5#).

1 o~ A
DEFINITION. T'g(#, ¢) is a subspace of T'o(#°) consisting of all vectors ¥
which are represented by vector fields Y on C such that

(9.2) 6N =0, O6N,=0 on C.

We know that the constraint equations (8.10b) do not contain the
quantities 6N, 8N,. This fact implies

ProrosITION 9.1. For every admissible initial surface ¢ = C we have
decompositions into direct sums:

- 1 0
To() = To(#, )DL (5, o),

(9.3) ) 2 o
To()p = Lo, €)@ T'o(H, C)gpy-

1
Remark. The subspace To(#,c) depends on an ADMW system
connected with a space-like submanifold ¢ = n(¢) < M. If we take a family
of admissible initial surfaces ¢, © 0 and such an ADMW gystem that
projections 7z(¢,) are space-like submanifolds in M described by the equation

gy = TE(C‘) = {.’.v€ M: COD = t},

1
then all spaces T'n(s#, ¢;) coincide.
For a given space-like surface ¢ < M (or equivalently for a given

admissible initial surface ¢ < ) we define a vector space
» = C(den8°T (0)® 8*T" (o))

consisting of couples X = (8xY, dg,;), where dx¥ is a symmetric 2-contra-
variant tensor density in ¢ and dg, is a symmetric 2-covariant tensor
field in 5. The space O, plays the role of Cauchy data for the linearized

.1
Einstein equations. A vector XeT.(#,c) determines a couple X =
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= (6n", 8g,;) which fulfils the constraint equations (8.10b) and an el-
ement X = (dn”, dgy)eC, satisfying (8.10b) generates a solution of the
system (8.10a), (8.9).

We define a scalar product in C,:

(9.4) O, xC,2(%, X,)= (( ?“ija qgfj); (627‘131 ggij))ﬁg(oi 0) (X1, X,)
1 — ,
— f (Tg (1575” Gip Gg O7°% + Vi ?gﬂg‘pgm 2ngpg) dxi A do?A das.

Remark. We assume that at least one of the elements X,, ¥, has

a compact support.
A connection between the scalar product (9.4) and the form £ (cf. (8.12))
is given by the operator J: C,—~C,

, . - e 1
(9.5) J(én‘j, 8gy) = (1/9 0 ped” gﬂ,— ‘79:‘ omPg,; gaf)-

It is easy to see that

(9.6) J? = —id.

Formula (9.4) defines a degenerate scalar product in T (#)g,:

(0.7)  To(a#)gy xTo(H)y> (X, Zo)>5(0, 0) (Xy, Xa) = (0, 0) (%1, %),

Remark. The definition of the secalar product g(C, o) essentially
depends on the choice of ¢ = M,
Comparing (9.4) with (8.12) and using (9.5), we have:

(9.8) —g(C, o) (JE,, Xo) = (X, X,) = g(C, 0)(%y, TEy).

Let C°(T (s)®R) be a vector space consisting of couples U = (v, y),
where % is a vector field in o and y is a real function on o. That space has
a natural scalar product

(9.9)  6(C,0) (T, Us) = [(wwVg + 2V 7) do* A dan da®
where u; = g;u’.
Remark. We have to assume that one of the sections U,, U, has

a compact support.

For a given Ce 3, i.e., if (77, g,;) satisfy the constraint equations
(6.16b), we define a differential operator A generated by the linearized
constraint equations (8.10b):

02 X>AXO°(T()DR), it X = (3a", ogy);



42 Geometric structure of the set of solutions of Einstein equations

then
(9.10) AX
— . _ - 1  _
— (% (V;6m" + oIt =), 6R+ —§~ (R—24) 6§—%6(nksn"s—%(trn)2))
g
where B
V; 6n = 0; 6n""+P}fs A
(9.11) d 55' =v%§ka([-7jagia+ ﬁi ’sgja_-ﬁa 59,;1),

0R = — R™ égpq—l— l;-j l;" ng,,— g7 l;k ﬁk 59:'1)
867 = Gz égy,-

The kernel of the operator A consists of those X = (%, dg;) which give
Cauchy data for equations (8.9), (8.10a).

By means of the scalar products (9.4) and (9.9) we define the adjoint
operator A*:

A*: ¢*(T(s)®R)—C,,
(9.12) ¢(0, o) (A*U,%) = 9:(C, 0)(U, A%); UeC”(T(0)DR), Xe0,.
Integrating equality (9.12) by parts, we obtain

A, ) = (827, dgy),

where
8nt = ~ V'l + VWG —2(n¥ —3trng¥)y,
1 — — —
0gy; = — ——= 7 Vouy+ 7 Vo, — Vy(myyu®)) —
(9.13) 91; 21/3( @ 7 i i (74 ))

2( _ 1 \ =5 s n
B E(Wisgsk’zkf— ?tr”“ﬂ)z‘l‘ ViVix—gy ¥ Vig—Byx+
+g;(B—21)%.

It is obvious that the definition of the operators 4, 4" depends on the
choice of state Ce s# and on the choice of a space-like surface o = M.

ProrosiTioN 9.2.
imJA* < kerA.

The proof is presented in Section 15.
The above proposition is very important for our further consider-
ations. It enables us to construct vector fields on C ¢ #° representing

1 .
vectors of Ty (4, ¢). In fact, every XecimJA* generates such a field.
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0 1 - L
DEFINITION. Wy(c) < T'o(o#,¢) consists of vectors Y eTq(s#, o)
which are represented by vector fields on C generated by imJA*.

PROPOSITION 9.3.
0
WG(G) c Wch

Proof. This proposition follows from formula (9.8) and the orthog-
onality of ker A and im A*.

DEFINITION.
1 0 0 ‘
(9.14) Wo(e) = Wo(e)@Ty(#,¢) (a direct sum).

It turns out that the subspace W,(¢) = T'x(s#’) does not depend on the
choice of an admissible initial surface ¢ < C (or equivalently on the choice
of a space-like surface o < M). We shall obtain this result as a consequence

1 '
of Proposition 9.7.) A direct discussion of the definition for W (c) is given
in Section 15.

PROPOSITION 9.4.

1
Wg(c) - Wo.
The above fact is a consequence of Propositions 8.1 and 9.3.

1
We cannot assert that W, (¢) = W, because we do not know whether
ker A@im A* is equal to the whole space C,. It i3 true when ¢ is compact.

PrOPOSITION 9.5. Let Ce # and o be a compact space-like surface
(without boundary) in M. We have the decomposition into an orthogonal sum:

(9.15) 0™ (den 82T () 8*T* (o)) = ker A®im 4*.

The proof of the proposition is based on the theory of differential
operators with injective symbols ([4], [34]) and is given in Section 15.
It seems that decomposition (9.15) can also be proved in the non-compact
case but we have to impose appropriate boundary conditions.

CoROLLARY 1. If decomposition (9.1B8) holds, then
(9.16) Lkerd = (kerAnkerAJ)@imJ A" (an orthogonal sum),

1
DEFINITION. Fy(c) is a subspace of T'x(#, ¢) generated by elements
belonging to kerAd nkerAJ.

O0ROLLARY 2. If (9.15) holds, then

1
Wo(c) = Wo,

(9.17) - .
To(#) = Fo(e)DWy (a direct sum).
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1

Corollary 2 shows that in the case of a compact ¢ the subspace W,(c)
is independent of the choice of ¢ = € becauso it is equal to the subspace W,
whose definition does not contain ¢. We see also that the subspace I,
is dependent on the choice of ¢ = €. We discuss this problem in Section 15,
where the proof of the above corollaries are given.

For every admissible initial surface ¢ = ¢ formula (9.17) gives a com-
plementary subspace to the gauge distribution W,. The subspace F,(c)
determines degrees of freedom for the gravitational field (cf. Section 10).
However, we cannot find a canonical decomposition of T,(s#) into Wo
and a complementary part.

We shall now explain a connection between the gauge distribution W
and the action of the diffeomorphism group Diff (M) in the space #.
The group of diffeomorphisms of M acts on the right in the set of all
pseudo-riemannian metrics in M having the signature (—1, 4-3)

(9.18) Diff (M) x 0°(S*T*M)> (¢, g)—>R,g = ¢"gC™(S*T* M).

Action (9.18) generates a left action in the bundle n: #—+>M. In local
coordinates a*—¢* (z*) = y*,

a(p™")" ale™h)
gyv +ga'ﬁ' = aya' ayﬁ' g#l”
(") 7Yy 09" _, 0 e ") g
ay™ ay®  ox* " oy oy” o0t

(9.19)

sz—}]j;:ﬂf =

ProrosrTION 9.6. Formulas (9.19) define a fibre preserving left action
in P: '

(9.20) Diff (M) x 23 (¢, p)— L,p 2.

4 5
The forms 6 and o are invariant with respect to this action.
This proposition follows from the transformation properties of

gpv! Iﬂ

4
wy CE. (B.4), (5.5). The invariance of the form 6 under the action
(9.20) is a consequence of Proposition 5.1. The invariance of cf) follows
by the properties of exterior derivative.
The left action in the bundle & defines a right action in the space
of sections of #. By virtue of Proposition 9.6 we have the right action

in the space #:
(9.21) Diff (M) x # > (p, 0)>R,(C) = ¢*Ce .

(In local coordinates, if R,,(g) = Ag,,, then R, (p*g) = A(p*g),,.)
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It is known (cf. [13]) that the Lie algebra of the group Diff{M) can
be identified with the Lie algebra of smooth vector fields in M (with the
commutator as a Lie bracket). The action (9.21) generates the action
of the Lie algebra of D.if(M):

(9.22) 0% (T M) >0 dRyy (C)ve Ty ()

where dR;(C) is the derivative of (9.21) with respect to the first variable
at the point (id, C)eDiff(M) x #.

We have the following result, which connects the gauge distribution
of Q with the action (9.21):

PROPOSITION 9.7. For every- admissible initial surface ¢ = C

R 1
ImdR,;(C) = Wg(e).

For the proof see Section 15.

This proposition shows that the subspaces Wo (c) are isomorphic
for any ¢ = O (cf. also the discussion in Section 15).

In the case where admissible initial surfaces in 2 are compact we can.
combine Proposifions 9.5 (Corollary 2) and 9.7 into

THEOREM 9.1. For a manifold M with compact spatial sections (t.e.,
if admissible imitial surfaces contained in Ce ¥ are compact manifolds
without boundary) we have:

imdRy,(0) = W.
This result shows that the degeneracy of 2 is fully determined by
the action of Diff (M) in #. Therefore it is natural to pass to the quotient
space s [action of Diff(M). We discuss such a construction in Section 10.

The results obtained in the present section enable us to describe
isotropic submanifolds of 0.

DErFINITION. A linear subspace H < T, () is called isotropic if for
X, X,eH, Q(X,, X,) = 0.

The following two subspaces of T(.(Jf) are isotropic: the subspace

JTo(#,¢)  Ty(#) consisting of vectors Y which are represented by
vector fields ¥ on C such that

(9.23) 0N =0, 6N,=0 in C,
dgy =0 1In  ¢;
The subspace ,To(#,c¢) « To(#) consisting of vectors Y which are
represented by vector fields Y on C such that
(9.24) 6N =0, ON,= in 0,
5z =0 in .

In the first case the couple (6=, 0) must satisfy the constraint equations
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(8.10b), which have the form

. Von7=0 in - ¢,

(9.254a)
(704 07 — L s t¥67*¢) =0 in 0.

In the second case the couple (0, dg,;) must satisfy the equations

éria* =0 in e,
(9.25b)

$B— ~ (R—21) 69—-“-(:1,,: 7 g, — Yrant®ég,) =0 in  o.
g
We have
1
qu(‘%ﬂ7 c)@)aTO(‘%p? 0) < TO(Wy c).

PrOPOSITION 9.8. If admissible initial surfaces in 2 are compaci,
then for every admissible initial surface ¢ < C the subspaces

. ) 0
H,(c) = (,To(#, 0)nFp(c ))@Tc(” 0)@Wa( )s
Hy(o) = (,To(o#, e)nFg( 0))@T0 A 0)@Wc’( )

are mawimal isotropic subspaces of Q.

The proof is given in Section 15.

Aceordmg to A. Weinstein [40] we call a maximal isotropic subspace
H < Ty(#) a lagrangian subspace if it has a complement H’ which is also
2 maximal isotropic subspace. However, the degeneracy of 2 gives rise
to the non-existence of lagrangian subspaces. In the next section ‘we pass

to the quotient spacé H = H [Diff ( M). The 2-form 2 generates a non-

degenerate 2-form & in #. In the space # we have two families of lagrang-
ian submanifolds: those generated by (, To(o, ) nFef a)) and those
generated by (;To (o, c)nFg(e)).

10. Degrees of freedom and a superphase space
for General Relativity

The space 5 introduced. in previous sections is too large for a descrip-
tion of dynamics in General Relativity. A physical meaning can be assigned
not to different metrics in M but to their equivalency classes with respect
to the action (9.18). The corresponding action (9.21) in the space ¢ splits
it into classes of equivalent states. In terms of tangent spaces Ty(#),
Ce &, we have equivalency classes generated by the action (9.22). In the
case of compact admissible initial surfaces in 2 we can give a complete
discussion. It follows by Corollary 2 of Proposition 9.5 and by Theorem 9.1
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that the space Fg(c) determines the degrees of freedom for the gravi-
tational field. By virtue of the definition of F,(c) we have 8 constraint
equations for 12 components

(677, 8g;;) € C(den§*T ()@ BQT*(U)).

Four of them are the constraint equations (8.10b). The remaining four
are obtained from (8.10b) by the transformation

Sm? s &' — ]/_g:gip-g-magpa,

(10.1) 1

8y~ 89y = — —= iy 02",
' %) VE ipJip

In this sense we gay that there are 4 independent degrees of freedom
(in the phase space) for the gravitational field (2 degrees of freedom in
the configuration space).

We now discuss briefly the global problem. Let ¢ = M be a 3-dimen-
sional compact submanifold and let Of.(S*T*M) be a set of Einstein
metrics in M for which ¢ is space-like. We assume also that o determines
correctly the Cauchy problem, i.e., for every geG(?,;,,,)(SZT*M ) the natural
lift of ¢ to 2 is an admissible initial surface. If ¢ is a sufficiently small
neighbourhood of the identity in Diff(M) (in a suitable topology), then
we have the action:

(10.2)  OX % (8*T*"M)>(p, g)>Rog = 9°9<C o (S*T* M).

One can divide the space Gf}’;_a)(S’T*M) by the action (10.2) to obtain
the superphase space for General Relativity. If we express g,, in terms
of g;;, #7 in ¢ and N, N, in M, we do not know whether the action (10.2)
allows us to change N, N, in an arbitrary way. This fact is possible,
because it is satisfied in the tangent space (Proposition 9.7 and Theorem 9.1).
This problem is difficult and therefore it is better to define the superphase
space axiomatically. Let Cd a subset of C, = C(den8*T(o)® S*T"* (o)}
consisting of couples (n?, g;;) satisfying the constraint equations (6.19b).
Cd is the set of Canchy data for the Einstein equations. We define the
action of ® < Diff (M) in the set Cd:

(10.3) 0 x Cd> (p, m, g)—~R,(n, g) = ((p7" s, p*g)<Od.

The couple ({p~')«7, p*g) is defined in the following way: let g be the metric
in M determined by (r, g) (we take N = 1, N, = 0); the pull-back ¢*g
generates in ¢ the couple consisting of tensor density (¢~ !)«x and tensor
field (p)*g. It is obvious that this couple satisfies also the comnstraint
equations (6.19Db).

The superphase space # is the quotient space—Cd divided by the
action (10.3). '
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Remark. We can define other actions of the type (10.3) taking
different lapse functions and shift vectors in M. If the transformation
(10.2) acts transitively in variables N, N,, then all those actions give
the same space #.

Recently a similar object has been proposed by A. Fischer and J. Mars-
den [17] as a possible choice of a superphase space for Einstein dynamies.
The structure of such an objeet is very complicated (cf. [16], [17]) and
requires detailed investigations. We do not consider this problem here.

11. A pseudo-differential structure in the space #
A Lie algebra of functionals on

It has been shown in [26] that for a given field theory with a multi-
phase structure (2, w) (2 is a bundle over M) the set of states 5 can be
endowed with a kind of pseudodifferential structure. We need such a struc-
ture for defining such notions as smooth vector fields in s, their commu-
tators and the calculus of the exterior forms. In the structure described
in [26] £2 becomes a 2-differential form in . The main theorem of the
above-mentioned paper states that d2 = 0. We arc going to describe
briefly the results of [26]). Moreover, we give an alternative approach
to those problems, which is simpler and probably more useful for non-
linear theories.

Let P, be an open k-dimensional cube in R* (k =0,1,2,...)

P, ={t =@, ..., ") eRF: |t'| <1, L i< k).

For every Ces# we consider k-parameter families of - diffeomorphisms
of Z; (v(t;)p, (k=0,1,2,...) which transform the submanifold
C < 2 onto a submanifold 0, « # which is a w-singular section of 2.
In general, such a family does not transform.all states onto states; we
only know that it transforms the state ¢ onto the state C,.

We assume also the following non-degeneracy condition:

(1) »(0; ) = id,,
(i1) (a) if ¥ = 1, then for every teP; there exists a peC such
0
that the vertical vector Et-w(t; p) is not equal to zero,

(11.1) (b) if k>1, and (#(7),...,1(z)) is a curve in P, with

a non-vanishing tangent vector, then the mapping
o(7; ) = p(t(e), ..., T*(1); *)

| satisties condition (a).
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Lvery family ((1p( t; -)),,P,c of type (11.1) g=nerates a mapping P2 t—x% () et
(11.2) () = {p(t; 2)<2?: peC}.

Taking all families of type (11.1), we obtain a set of mappings x: P,—3#,
E=0,1,2,... We denotz it by .
Condition (i) of (11.1) provides the injectivity of these mappings
and therefore the image x(P,) is called a k-dimensional surface in 7.
Subsequent geometric applications of the theory require the follow-
ing axioms:

[ A. For every C < . there exists at least one mapping (x, P}) ¢ &
such that € < »(P,);
* B. For every two mappings (i, Py ), (%, Py)e o, having
the property ux;(Pp)nx,(P;,) # 9 there exists a mapping
(%, P.)e of such that
#1(Pr,) < #(Pr),  25(Pp,) = %(Py).

(11.3)

The set of injective mappings xe¢ o/ generates in 5# a topology of
an inductive limit. It has recently been proved that the space is a Haus-
dorff space in this topology (J. Ozyz —to appear in Bull. Acad. Polon.
Sci.). The couple (#, &) is called an inductive differential manifold [26].

The vector space Ty(#°) tangent to s at C is generated by curves

Ppt—>x(t)e #, where (x,P,)e .

It has been proved in {26] that a vector i’eTc(.%’) is represented by a ver-
tical vector field ¥ on ¢ fulfilling the linearized equations of motion (7.5).
In a natural way the definition of a smooth vector field in 5# can be given.

A map #> C—>X (C)eTo(5#) is a smooth vector field in s if for every

Ce o# there exists such a mapping (x, P;) that X (C,) is represented by
the vector field

-

)
(11.4) X(p(t;p) = 5-v(t;p), peG =0, on G

In a similar way mappings (x, P,) generate k-vector fields in a k-dimensional
surface x(Py) < 5. The axiom B enables us to define the commutator
of two and more vector fields. Having this definition, we can introduce
the notion of the exterior derivative for differential forms in # (c¢f. [26]).

The construection described depends essentially on the axioms (11.3).
It seems that in non-linear theories it is difficult to check their validity.
Therefore we propose a simpler approach. Instead of mappings (x,Py)
generated by k-parameter families of diffeomorphisms of # we shall
congider k-parameter families of states:

Pk3t—>$(t)e W,

4 — Dissertatlones Mathematicae 150
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generated by k-paa'a.meter families of sections of #: ¢: P x M 2P

(11.5) = {p(t; 2)eP; e M},

Every family (&(%) )t,P of the type (11.5) defines %-vector fields on
0, = &(t) satisfying (7.5). The set of such vector fields on ¢ = £(0) is
called the tangent space at 0 ¢ #° and denoted by Ty (5#). Instead of (11.3)
we postulate the following axiom:

For every two families of states (51(t))t¢1=k s {&2(2) )“Pk of the type

(11.5) there exists a family (&(£)),cp, of the same type such that
(11.6) E1(Py,) < E(Pr)y  &a(Py,) = E(Py)-

The image £ (P,) (for a family (&(£)),.p,) determines a subset (P, M) < 2.
In general, (P),, M) is not an (n-+k)-dimensional submanifold of £ because
at some points it can have a dimension #» << m < %4k and at some points
it can be singular (i.e. the tangent space is not well determined). In spite
of these difficulties we can define in ¢(P,; M) vector fields generated by

. a ' - A
partial derivatives prid 1<s<k Having two vector fields X,, X,
in 5 and the correspondmg generating mappings (&;, P,), (&, Py-), We
have vector fields X,, X, in the subset ¢1(P1,M)n(p2(P1n M) < 2.

Their commutator defines the commutator of Xl, X,: gt
(11-7) [le 2] = [le Xﬂ] .

For the 2-form (2 defined by (7.6) we compute its exterior derivative.
According with the well-known formula (cf. [36]) we have for vector

fields i’l,iz,ﬁ, in ##: ]

(11.8) 3dQ(X,, X,, X,) = X, Q(X,, X,) - X, 0(X,, X,) + X.Q(X,, X,) -
— Q([X,, X,], Xo)+ Q([ X, X,], X,) — 2([X,, X1, X))

where Xﬁ (ZE, ﬁ’ ,) 18 the Gateaux derivative of the function Q(i&, j’.’.;s)'

in the direction of the field X

Geometric considerations together with the definition of the Lie
derivative give:

Lemma 114 If X, , X, , X, are vector fields in the subset
@1 (Pr, 3 M)”(Pa(Plczi M)y (P, ; M)

of P generated by fields ii , j@ f,-a, then
(11.9) (X, 2(X,, st f %, ((-Xiz A Xis)J w)
ccC

where ¢ is an admissible initial surface contained in C.
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For a detailed proof of the lemma see [26].
LemMA 11.2. If X,, i =1, 2, 3, are vector fields in a finite-dimensional
manifold A and w i a closed differential (n+1)-form in A (n > 1), then

(1110) £ (XonXy) o)~ 25, (FiaXy) o) +E, (XinX,) o) -
—([&,, L,]a %) Jo+ (X, Z)a k) Jo— (%, L1nE) o
= d(( XA X0 X)) o).
For the proof see [26].

THEOREM 11.1. The form Q2 is closed, i.e., d2 = 0.
Proof. By (7.6), (11.8), (11.7), (11.9) and (11.10) we have

(11.11) 34Q(X,, X5, X)(0) = [d((ZiaZan Xy ).

Therefore the theorem follows from the Stockes theorem and the boundary
conditions for fields X,.

We know that in lagrangian theories a multisymplectic form « ig
exact, i.e., @ = df. In this case we can give an effective formula for
a primitive 1-form & of Q.

ProposITION 11.1. If 0 = df and ¢ < C is an admissible initial surface,
then

(11.12) Oo(X) =2 [X _|6,

where a vector field X on C represents a vector b¢ eTo(H#), defines a 1-form @
in 3 such that dO = Q.
The proof is based on the following results:

(11.13)  2d0(X,, X,) = X,0(X,)~ X,0(X,)—O([X,, X,]).
Levwa 11.3. If X, ¢ = 1, 2, are vector fields in the subset o, (Py.; M)n
Npy(Pyr; M) = P generated by fields X,, X, in 3, then

(11.14) (X, 0 )0 = [ £X,i1(j:. _10).

2
ccC

The proof is analogous to the proof of Lemma 11.1.

Lemma 11.4. If X,, i = 1,2, are vector fields in a finite-dimensional
manifold o and 6 is an n-form in A, then

(11.16) £ (X, 16)—£5,(X, _10)—[X,, X,] 6
= (X nX,) _1d6—d((X,aX,) _106).
For the proof see Section 15.
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By virtue of (11.13), (11.14) and (11.15) we have
(1L16)  2d0(X,, X,)(C) = [ 2(XinX,) Jas—2 [ a((E.a X, _i0).

cel c=C

Integrating (11.16) and using the boundary conditions for fields X,
we obtain d@ = Q.

Remark. We know (cf. Section 7) that the definition (7.6) of the
2-form Q does not depend on the choice of an admissible initial surface
¢ < C. It is not true for formula (11.12), which defines different 1-forms @
in o for different ¢ < C. Of course, all these 1-forms have the same exterior
derivative, equal to Q. ‘ 5

ExAMPLE. Non-linear -electrodynamics (cf. Section 7). Let (2, o)
be a 4-symplectic manifold for electrodynamics described in Section 7.

4 . . a
Let 6 be a primitive form of cf» defined by (7.10). For a vector X eTy(sF)
and a vector field X, representing it, of type (7.20) on ¢ we have

. 1 —
(1L.17) O(d) = —5— f A, WY _gdata duta o,
™

In the (3 4+1) formalism the vector field X assumes the form (7.23) and
we have, instead of (11.17),

L |
(11.17") Oo(X) = — == f 54, 9*dwt A dw? A dad.
T

We define also another 4-form in 2:
, 1
(11.18) 5 =Ie A, dzA ... A d(h“"l’ —g(wl))/\ oo Ado® -
Tc .
+H(a, A,, ")V —gda’ A dat A dw? A do?,

4 4
having the property d'0 = df = o, (It is eagy to check that (11.18) de-

4
fines a 4-form in #.) The 4-form ’6 defines another primitive 1-form of Q.
For X eT;(s#) represented by a vector field on 0 of type (7.23) we have

1
(11.19) Oo(X) = 2= f 5D* A, dwt A dw A dasd.
- |

4
We now pass to General Relativity. The 4-form 6 defined by (5.7)
determines a primitive form @ of the presymplectic form Q:

(11.20) Oo(X)=2 [ X 0,
cc(d

where X i3 a vector field of type (8.1) on 0
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PrOPOSITION 11.2. If we take an ADMW coordinate system determined
by a given space-like surface o = M and a vector field X on C of type (8.6)

which represents a vector X eTy(5#), then

(11.20") O (X) = — [ én¥g,dut duA da.

We can also define another primitive 1-form for £, which in the
ADMW coordinate system is defined in the following way:

(11.21) 'Og(X) = [ a7 8gyda* A dw®n da,

where a vector X eT'y(5#) is represented by a vector field of type (8.6).
However, we do not know how to express (11.21) in an arbifrary coordinate
system analogous to (11.20).

The presymplectic form  in 5# defines a Lie algebra structure in
some subset of smooth functionals in »#. This structure is a general-
ization of the Poisson algebra of functions in the phase space. Contrary
to the 1-dimensional case (mechanics), we do not take into account all
smooth functionals in 5# but only a subset. We know (cf. Seetion 3) that
a symplectic 2-form 2 in mechanics gives an isomorphism between the
tangent and the cotangent space of the manifold #,, ~ . In the general
gituation, for a field theory (£, w), the form 2 is degenerate and there-
fore the mapping
(11.12) To(#)> X X0 Th(#),
where

¥, X0 =X0(F) =X, ¥), Yelo(#),
is not injective. The inverse mapping #H: is determined up to vectors
belonging to the gauge subspace W,.

In the set of smooth functionals in # we distinguish a subset whose
elements are called physical quantities (observables).

DEFINITION. A smooth functional F: s#—R is called a physical
quantity if there exists a smooth vector field X in # such that

(11.23) iF = —XP,
or equivalently, if for every vector field Y in #
(11.24) ir(¥) = — (X, 7).

Formula (11.24) implies that, for ¥ e W, dF(¥) = 0, i.e., the func-
tional F is independent of the gauge. We cannot assert (in the general
case) that every smooth functional in s independent of the gauge is

a physical quantity, i.e., satisfies (11.23) for a vector field X in 5. In electro-
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dynamics and gravidynamics we can define a wide class of functionals
called regular and every smooth regular functional which does not depend
on the gauge is a physical quantity (cf. Proposition 11.5).

In the set & of physical quantities in # we introduce a bilinear skew-
symmetric form

(11.25) & XF2(Fy, Fy)>{F, Fo}eF, {F,F,} = Xan)

where dF, = — X!, dF, = — Xb,
The functional {F,, F,} is called the Poisson bracket of F,,F,.
The property df2 = 0 implies
ProprositioN 11.3 (ef. [26]). (i) If dF, = —-Xl,sz = —-X,, XI,X,
eC™(T(#°)), then

(11.26) A({Fs, Fo}) = —[Xy, TP

(ii) The Poisson bracket of two physical quantities is also a physical
quantity.
(iii) The Jacobt identity holds:

(11.27)  {{Fy, Fu}, Fo}+ ({Fs, Fs}, Fu} + {{Fs, P}, Fa} = 0.

ProposiTioN 11.4 (ef. [26]). The gauge distribution W of Q zs wwol-

utive, .e., if Xl, X are vector fields in # with values in W, then [Xl, Xg]
8 also a 'vectw field with values in W,

The statement of the above proposition is nothing else than the Fro-
benius integrability condition [31] Although s# 1s not a Banach manifold,

we can try to construct a space # such that T(./f) = T(s#)/W and a non-

degenerate 2-form Q in #. We have discussed this problem for General
Relativity in the previous section.

We refer the reader to [26], where examples of physical quantities
and Poisson brackets in electrodynamics and scalar field theory are given.
Independence of gauge implies that for instance in electrodynamics the
potentials A4, do not generate physical quantities but B = rotA and
D¥ = 1’ do. Tt can also be shown that in the case of a homologically non-
trivial 3-dimensional surface ¢ « M the harmonic part of the eovector
field A, in o determines a physical quantity.

We shall now give the definition of a regular functional in gravi-
dynamics.

DermniTION. A functional F: #—R i3 called regular if for every
o < M there exists an element ¥,e¢C, such that for every X eTo(s#) and

the element X «C, corresponding to X (cf. Definitions in Section 9) we have

(11.28) dFq(X) = g(C, 0)(%y, X).
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PROPOSITION 11.5. A regular functional F independent of gauge is
a physical quantity.

For the proof see Section 15.

In particular, the local observables discussed in [24] are regular
functionals (for instance in electrodynamics).

Remark. A similar result can be obtained in electrodynamics.

It is easier to check that a functional is regular because it requires
the Hilbert space technique.

An exact discussion of physical quantities in General Relativity is
beyond the aims and possibilities of the present paper. The problem is
connected with the theory of invariants in differential geometry. We
hope to deal with it elsewhere.

In Section 7 we introduced two spaces, Tc( ) and 1,(s#). The space
Ty (2#) consists of all vectors generated by curves in 5 and f’c(.%") congigts
of vector fields on C fulfilling (7.5) (in General Relativity (8.2), (8.3)
or (8.9), (8.10)). We know that Tp(s#) < Tp(s#).

According to [6], [8], [19] we call a state Ce # linearization stable
if T (#) = To(H#),i.e., every solution of the linearized Einstein equations
generates a curve in the set of Einstein metrics in M. It turns out
that under a natural assumption a state C is linearization stable [19].
In particular the Minkowski space, i.e., R* with the trivial Lorentz metric
is linearization stable [8]. However, counterexamples can also be given [6],
[19] but these cases are rather exceptional.

12. A variational principle for General Relativity

In spite of the non-existence of a lagrangian formulation of gravi-
dynamies in the sense of Section 3, i.e., the non-existence of an invariant
lagrangian function depending on first derivatives of components of
a metric tensor ¢,, it is possible to obtain dynamical equations from
a variational principle. In the present section we discuss a geometric ap-
proach to the Hilbert—Palatini action prineciple. In our formulation the
Palatini method corresponds to Dedecker’s theory for lagrangian systems.

We consider the bundle =: 2— M defined in Section 5. The transform-
ation properties (5.4), (5.5) show that this bundle is a fibre produet of the
tensor bundle m=,: S*7*M—+M and the affine bundle of coefficients of
an aif.lne connection z,: I'->M. (In the bundle I" we have coordinates
(z*, I'7,).) Therefore a section f of # generates sections f; of »; and a sec-
tion f2 of =,. We write f, = pr.f, f, = pr.f.

Let D be a relatively compact domain in M. We consider a set of
sections of # over D with fixed values of the projection pr, on the
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boundary of D. The action functional for gravidynamics is

) 4 4
(12.1) 0*(D, 2 f>8(f) = [f'6= [6
D 1(D)
where 8 is the 4-form in # defined by (5.7). We know by (5.12), (5.13)
that formula (12.1) defines the Hilbert—Palatini action functional
(ef. [33]).

We say that a section f of £ is an extremal section of the functional 8§
with fixed boundary values of coefficients of an affine connection if for
every one-parameter family (f,)s—s,6; Of sections of # having the prop-
erties:

(12.2) i) fo =1, (ii) Prafilop = Preflop
the condition

d 4

— [ f*0|,_, =0

da bffa Ie_o
holds.

ProrosITION 12.1. A section fof P is an extremal of the funclional 8

(with fized boundary values of pr,) if and only if it is ZJ-smguZwr.

For, the proof see Section 15.

We can consider also a weaker variational prineciple, taking into
account families of type (12.2) consisting of integrable sections (i.e.,
sections fulfilling (5.2)). It turns out that such a problem has the same
extremals. We prove this fact in Section 15. The equivalence of both
variational principles is in fact the equivalence of the Hilbert and Palatini
methods of variation of the scalar curvature R ([33], [41]).

The Palatini variational principle has a clear geometric interpret-
ation in the 3 J-1 formulation. We take a domain D < M whose boundary
consists of two 3-dimensional surfaces o, o, = M. We assume that there
exists an ADMW coordinate system in which o, = {ze M;a° = 1,},4 =1, 2,
and congider only such metrics g,, in M (integrable sections of £) for which
o; are space-like. If ¢, are compact submanifolds of M without boundary
or if the metrics in question are asymptotically flat, then we obtain:

PROPOSITION 12.2. Let oy, ¢ = 1, 2, be two 3-dimensional surfaces in M
with given ADMW densities :;zi’ , agzij in oy, 0y, respectively. Then an extremal f
of funciional (12.1) with respect to all integrable sections of P which determine

» . . . . 5 » »
the given ADMW densities in o, 0, 18 a w-singular section of 2.

For the proof see Section 15.

We know (cf. Section. 8) that the components of the ADMW density =™/
in & given surface e M can be treated as momenta in General Relativity.
By virtue of Proposition 12.2 we call the variational principle (12.1),
(12.2) a problem with fized momenta ([33], [41]).
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13. The Hamilton-Jacobi equation
in lagrangian field theories

_Thig section is devoted to a discussion of the Hamilton-Jacobi
equation in field theories with a Lagrange function. The idea consists in con-
sidering the action functional § as a functional in the space of initial and
final values of fields. The simplest, well-known example is mechanics
(cf. [1], [35]). In this case the Hamilton-Jacobi equation is simply a first
order partial differenfial equation. We recall its construction.

In the 1-phase space # < T*(V x R) we have the canonical 1-form 6
and the canonical 2-form o (cf. (3.7), (3.8)). Every state, i.e., a w-singular
section f of #—R, generates a section gof of the bundle z: V X R—+R
(o: -7V is the natural projection).

Let (4, %), (¢, %) be two fixed points in ¥ x R.
We congider a family (f,) of states

(18.1) (£ = [t=(py(2, e), €'ty €), ) P},  £el1—08, 1+ 8]
such that

qi(to; g) = qi(to; 1) = &ia qi(tn g) = &iy

where e—(¢',1,) is an arbitrary curve in the neighbourhood of (g, %)
in V XR.

In other words, we consider solutions of the Hamilton equations
(3.11) which have fixed initial values of coordinates at an instant ¢, and
the final values of coordinates as well as the final instant of time are
variable,

A family (f,) of type (18.1) generates a vertical vector field Y’ on the
submanifold f,(R) = C:

aq* a 0D, ) ]
13.2 Y = (8 — —8t)| — ——=L 5t] —
(13:2) ( T~ % )aq‘+(61’f ot ) op,
where
. dgi(t,, & dg*
5¢ = QEZ y €) = dq ;
£ e=1] € [s=1
(13.3) dp;(t,, € dt
_ Di\by ) | =
5?_1 N de z—l, o de |oon

‘We have also a non-vertical veetor field ¥ on €

0 ] ]
(13.4) Y = op, 517+6gi5&;+6t5.
3
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The vector field ¥ is the generator of a transformation &, which carries
the solution with final values (éi, t,) into a solution with final values

(@', t.). The fields ¥’ and ¥ both fulfil the linearized .equations of motion
(7.5) and the difference ¥ — Y’ is a vector field tangent to €. Therefore ¥

and Y’ determine the same vector fe_.’[‘o(%”) (cf. [26]) tangent to the curve
¢—f,. The action functional

(18.5) f~8(f) = [oeR
[ (R)

can be congidered as a function depending on the final values (¢°, 2,)

(13.6) 8(f) = 8(&, t,).

We know that

as(fe) .
13.7 = £,0 = | Y _1do+ | Y _Jo.
( ) de |’=1 cf Y cf acf
By virtue of equation (3.10)
as (£,

. = | Y _]6.

(13.8) T ™ Cf 1.

0 0. .
dC consists of two points (p;, ¢', %)y (Byy ¢, 4,) but ¥ _16 =0 at the
first. Therefore

as(f.) 1 dg’ 1o
(13.9) e |, Py—- S=I—H(Pn q, t1)ﬁ »
By (13.6) and (13.9) we have
08 o8
(13.10) e b5 = —H(p;, ¢, 1)
or
08 s

3.1 - q" = 0.

(13.11) 5 +H(0g”q’t) 0

Equation (13.11) is known as the Hamilton-Jacobi equation. In field
theories a generalization of (13.11) is a functional equation for the action
functional (3.50). 4

We consider a multiphase manifold (2, w), where £ =« AT*W and
w: W—M is a bundle over the space-time M. We assume that £ consists
of all 4-coveetors having the form
(13.12)  phdA2’A ... A QUA ... A d2®— H (P, u®, ") d2® A de* A da* A da®

i

((«", u°) are local coordinates in W).
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The canonical 4-form in # detined by (3.55) is equal to
4
(13.13)  6(p", u®, &*) = PLdx’A ... A QUCA ... A d2®—

H
— H(p%, u®, 2*)da’ A da' A da* A da’.
Let o: #—W be the projection.

DEFINITION. A 3-dimensional submanifold ¢ = W which is a section
of n over a 3-dimensional submanifold ¢ < M is called an admissible
initial field if there exists an admissible initial surface ce¢Z such that
e(c) =o.

We denote the set of admissible initial fields @. In important examples
we have no constraints for the initial values of field strengths #” and there-
fore in such a cage

é = | C®(c, W).
ecf
We fix an admissible initial field ¢, and vary another ¢. For every couple
(o, ) we have a one-state Ce 5# such that the projection o(C) contains
both ¢, and ¢.
We define the action integral

4

(13.14) Dop—+8(p) = [ OeR

Cleg?)
where C(p,, ¢) 15 a subset of C confined by lifts of ¢,, p to 2. For a one-
parameter family (@.).c);-s,146f We have

d d 4 4
(13.15) — 8| = f 8| = f £,6
¢ je=1 Cy(#0,P¢) C(®g @)
whero
9 9 9
16 — &p" a ,
(13.16) Y = 8 o bu g o

is the vector field generated by the family of states C,. The field ¥ on O
satisfies equation (7.5).

4 4
The formula £1,5 =Y _]df+d(Y _]6) and the equation of motion
(3.56) give
d 4
(13.17) — S(p.) = ( Y _J6.

de e=1  0C(Fg.9)

The vector field Y on C generates a vector field Y = oxY on p(0). In
local coordinates, if ¥ is given by (13.16) then

= 0 .
(13.18) Y = du T + 6z P

4
The g-horizontality of the form 6 implies
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PROPOSITION 13.1. There exists a 3-form az i o(C) such that

4
(13.19) [ va6= [ ey
. 8C(e,®) o(8C(®g, %))
In local coordinates:
3

(13.20) ay = (=1)phouda’A ... ... Add’—
5= 2 y
3
— Z(—l)“ﬂ(ﬁg‘,u“, o) 62 daA ... ... AdD*+
pe=0 ¢
: due ou°
—1)*+ | p2 6" — P ot —)dx A ... ... 3
—|—1;:( ) (pam P po bz Ow”)dm/\ : A do

where Bt = b4 (@), u® = u(2%).
The proof of the proposition consists in elementary calculations.
COROLLARY. If the vector field Y= 18 tangent to @, then a f_lqo = 0.
Proof. A vector field tangent to ¢ has the form

ou® 0 0

il ol

(13.21) Y =

0
where 4z T is @ vector field tangent to ¢ = ={¢p). In a coordinate system

in which ¢ = {®we M; 2° = 0} 62" = 0 and &2* are arbitrary. Then if we
put (13.21) into (13.20) we obtain the result.

A vector field T (tangent to W) on @ represents a vector tangent to the
space @. If we have a Riemannian structure in the space-time M, we can
choose a representative Y, in the space T,(P) = C*(p, TW)/0"(p, Tp)
in such a way that its projection z,Y, is normal to ¢ = n(p). By virtue
of Proposition 13.1 and the Corollary we have

d
13.22 L8| = f“‘ .
( ) = (@) - )R
In a coordinate system where o = =(p,) = {we M: 2° = 0} the normal
k
unit vector has components n* = (Tlv" —ITVV—) (cf. (6.7)). If we write

P =p"V—g, H= Hl/—-g, dx” = n’dr, then
(13.23) g lp = plouN VG da* A da® A da® —

k(2
ou’ p 0u®
aat P g

- (H(Pﬁ: u®y @) —po N* )61 V3§ da' A da® A do®.
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A geometric discussion of the above formula in particular cases
gives the Hamilton-Jacobi equation for a given theory.

4
ExAVMPLE. Electrodynamics. Let 6 be the 4-form defined by (7.10) in
the manifold # (cf. Section 7). If:

2 0 )
24 = 84— v 9
(13.24) Y, =04, YRR

then formula (13.23) reads:

1
— %84, — "0, A,61) N VG do' A dwa do® +-

(1335)  af, = — =

1 1
- (H(h"w, A” wl) - ‘g hﬂﬂfaﬁ‘l"jﬁ hOk.N’n'f,k) afﬁdwl/\ dmzl\ dwa.

Using the equation of motion (7.12), we have

(13.26) h%*w 3, AN = V(W% 4,) — V(R N° 4,) — 4mj* N4, 0" +
4+ W (A 0 8, N +0,N* 4,).

If we uge (13.25), (13.26) and neglect the divergences, we have

as2n  fag = ZIF W34, N VG dat s da* a da® +

Fn
ny a *0 B 1 af 1 ok »
+ (B0, 4, @)= N (40¥)— B0t —B* NS
: 8= 4~

X 8 Vg dz' A da® A 2’
where

’ 8
"0kN, dr — OV A,8

(13.28) 04, = 4, —A,n v 7 A

TI

The vector fields f,, is not vertical and therefore 64, do not
represent a differential 1-form on the manifold ¢ < 3. However,
it turns out that the quantities 5Ak defined by (13.28) determine
a covector field in ¢. It is defined by the following geometric construe-
tion: a state 0 determines a 3-dimensional submanifold ¢ (an initial value
of the field — an admissible initial field) which is a section of the bundle
W = T*M over a 3-dimensional space-like surface ¢ = M. In other words
we have a covector field (tangent to M) on o. The injection ¢: o—~>M gen-
erates a covector field i*¢ in ¢. Let @, be a family of transformations of W

generated by a field Y of type (13.24). We have a family ¢, = G,p of
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submanifolds in W and the corresponding family of 1-forms i*p, in the
manifolds ¢, = n(p,). In such a situation the formula

d . +
(18.20) [ = (@, — 1) s
defines a 1-form (a covector field) in o.
In local coordinates in M for which o = {we M: 2° = 0}

(13.30) @ = {((0,5"), 4, (") W}, "p ={(a*, 4,(2")T*0).

ProrosITION 13.2. In such looal coordinates ¢ = 5A,¢dw", where 3A,,
are defined by (13.28).

The proof is given in Section 15. .

The above geometric construction shows that 54, have tensor trans-

formation properties.
By virtue of (13.22) and (13.27) we write

08 1 — 1
3 — = ———— 1NV = —— "
(13.31a) L el NVg o
BS ur A +0 7 1 af 0k v -
(13.310)  —— =(H(", 4,, ") =" N (4,0") — = hfop +- 1" Ny, Vg .

Formulas (13.31) generalize the results presented in [33], pp. 496-498.
The quantity on the right side of (13.31b) is the density of energy for an
electromagnetie field. We see that a variation of the action functional §
with respect to potentials gives the density of electromagnetic induction
and a variation with respect to “time” gives energy.

14. The Hamilton—Jacobi equation in General Relativity

The system of functional equations (13.31) is called the Hamilton—
Jacobi equation in. electrodynamics. It gives a dependence of the action S
on a final (initial) surface ¢ = M and on the value of a covector field A,
in ¢. In the present section we discuss a similar problem in gravidynamics.
The action. functional (12.1) depends on initial and final surfaces oy, 0 < M
and on ADMW densities :g-,ﬁ, 7Y in o,, o. Tt turns out that a dependence

on o is trivial (cf. the discussion of that fact in [33], Chapter 21) and the
functional derivative with respect to the ADMW density =¥ gives the
conjugate quantities g,;.
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We begin with some geometric notions. In a neighbourhood of ¢ in M
we take a coordinate system in which ¢ = {#e M: 2° = 0}. Such a neigh-
bourhood has a structure of a bundle determined by the vector field

(14.1) £ =

(in Section 6 we used the symbol v instead of &).
A metric g, in M determines a vector normal to o, n
A lapse function and a shift vector are defined. by

(14.2) N = —(n|é),
(14.3) N = £+ (nlé)n
(cf. Section 6).

They determine in a neighbourhood of ¢ in # an ADMW coordinate
system (¢ is the lift of ¢ to 2). A vector field .

(14.4) Y = 26 3 ar‘ + S’ag,,, a‘l

u<y #sv Gur

generates a family @, of transformations in 2. Let ¢, = G¢, 0, = 7(G,0)
(%: #—>M). We consider only those fields ¥ which transform a state O
(determined by a metric g,, in M) onto sections of 2 which are integrable
(i.e., fulfilling (5.2)). This implies for dz" = n’d7.

Levmma 14.1.

N? 1
(145) 8040, = O 80,0+ 0y 0y O (—ﬁ-)dr—@ogﬂ,ak(-ﬁ) st on o

In the ADMW system

9 5 9
& — N oW, 9 em, -2
(4.4) ¥ N|6N+6N"6Nk+aM"aM,,+ "3,

1<J 1<)

+

We intend to compute the normal vector to «,, a lapse function,
a shift vector, the metric in o, its second fundamental form and the ADMW
density. Of course, we can find only the solution up to linear terms. The
diffeomorphism mo @,|, enables us to parametrize the submanifold o,
by coordinates w', 2%, #° in ¢. In subsequent considerations we always
use such a coordinate system.
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ProPOSITION 14.1. If Y is of type (14.4') and 8a® = n’év, b7 i8 & cons-
tant, then

11
(14.6) [? e Fsm’
' N? 8NP & - 6
P, T " =pk - .
Zr; &~ ey ¥ 7 6,,N61+N2N”6N,
(¥ ~ N+ ss_N,
wn 1 ¥
0N = 6N+ N”N d7;
L
(14.8) | Ul
| GNP — 6N” + %0, Név + N*8, N? b7
’ 9y == 9yt 8591‘5:
(14.9) 1. 1 )
L‘s!hj = 5911—}‘(91561‘1\7 +gm'aij) dz;
(7 -if_[_sggii,
(14.10) ’

A ) ) .
877 = — 7 8gad” + - (0. N7 +770. N d;. .

[ o~ 7' + edm¥
o

A 1 , 1 .
N i ja i ia 7 — ] G Sy
(1411) |07 = o'+ (@0, N a0, ) bv~ —-m 0, N° ot

—ng (VVIN—-g7*V,N) bv.

|

The proofs of (14.6)-(14.10) are rather easy, the proof of (14.11) is
very long, we have to use Lemma 14,1, See Section 15.

Remark. The vector field Y is not vertical and therefore quanti-
ties ON?, 8gy, 657, 6n¥ do not define appropriate tensor densities or
fields in o. The geometric construction of 6N” 6gzj, 657”, én" shows thab
they determine in o tensor quantities. This can be proved directly by
checking their transformation properties.
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LEMMA 14.2. For a vector field XY of type (14.4) and a state €« S we have

4 S —_—
(1412) (X _10)I0= D' (—1yg” oIV —g da' ... ... A da*—
y=( v
3
_2( 1y g 8I'%, V—g daa N
y=0 v
3
+ 2(—1)"226:0"1/ —gda’A ... ... AdE +
v=0 ¥
+ 2 1)+ (g°P 0, s — g™ 8,1 62 V-:g]—dw"/\ el A da®,
v=0 v ’

Levva 14.3. In the ADMW coordinate system, for an admissible
initial surface ¢ < O (¢ is the lift of o), we have

(14.13) (Y_IB)Ic—{l/gV( ) Vg V( VN)ar — gy 6% +

42 (R—zz—%(nffn,.j— %(trn)")) Vg sv—Vg 7 (a‘)N ) 61:} dz' A d* A dz®
where SN?, da7 are dgfined by (14.8), (14.11).

The proof of Lemma 14.2 consists in elementary calculations using
only the equations E,, = Ag,,. Formula (14.13) is a consequence of (14.12)
and equations (6.19a). ‘

We consider the action integral (12.1)

4

(14.14) Slopya?y = [

C(0g,7%)
where C(c,, 7n7) is a subset of C confined between admissible initial sur-

faces ¢, and c,.
In the same way as in Section 13 we obtain

d8(a,, n¥)

(14.18) -

= [¥ .

=1 5C

In the case where the admissible initial surface ¢ = C is a compact mani-.
fold without boundary or the solution C is assymptotically flat (i.e.,, N =1,

N, = 0 in the “spatial infinity”) integrating (14.13) we obtain

a8
5 = =i
(14.16) 58 1
—6? =2 (R-—2l——g— (%ijﬂ'ﬂi}-— %‘(trﬂ)g)) ]/g .
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By virtue of (6.19b) we obtain
PROPOSITION 14.2. For the functional S

68 68

i U

We call system (14.17) the Hamilton-Jacobi equation (relation)
in the momentum representation. It is interesting to note that the quantity

(14.17)

o8
e which corresponds to the density of hamiltonian in electrodynamics
T

i in gravitation equal to zero.
It is possible to discuss the action functional § in a coordinate rep-
resentation. but we do not tackle that problem here.

15. Proofs

Proof of Proposition 5.3. Let a'—(z g, (2"), I (2") Dbe a

as)-sing'ula,r, section. of #. The condition
N

(X, 16)|C =0, where X, = 2 sI%,

n<y

_6_
ors,’
gives the equations
(18.1)  [B(g™g™ 49 g™) 83— 1(9™ 9™ 0+ 9™ g™ 8% + g™ g™ 8+ g9 67) —
— 399" 85+ 19 (9" 83+ 9"¢ 65)10,9.s
= g" i+ g% Tp,— 4 (9" I, 8+ 9P°T5, 8%) — g™ T'h;.

Contracting equations (15.1) with respect to u, » and with respect to u, 4,
we obtain a set of equations which gives

g“ﬁa,_gap =21%,,

gﬂoaqg}tﬁ = Pﬁl""g/iyp;ogﬁe'
From (15.1) we have

(16.3) 8304 = Guelma+ Goclja— 4 (Gue Tep 0™ G+ 80: Tepg™ 9,2) — G Toa+
+ 3(0.9,59" 920 + 09,59 92.) +
+ 39039009 — 1(0°°0,90p9,1+ 970,905 9u1) -

Equations (15.2) and (15.3) give

(15.4) 019w = Guel it Gue Ly

We know that (15.4) is equivalent to (5.2).

(15.2)
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The condition

(X, 1@)C =0, where X,— Vag#,aa

n<r
gives rise to equations (5.3).

Proof of Proposition 5.4. Let p 2 and C be an cf:-singular submani-
fold passing through p which is the graph of a section of #. If the tangent

space T,(0) is not a maximal cf;-singula:r subspace of T',(#), then there
exists a vector Y eT,(2) but Y ¢T,(C) such that for every vector X T, (%)
and veetors Z;¢T,(0), 4+ =1, 2,3, we have

(15.5) (X _1OWY,Z,,%,,2,) = 0.

By virtue of (4.2) we agsume that vectors X, ¥ are m-vertical. Let

x- Sutos S

(15.6) Hsr
Y
u<r ’E<7

In local coordinates equation (15.5), which is equivalent to

(16.7) (XA Y) _|0)(Z1y Zsy Zs) = 0,
gives
(18.8)  8I%(39)" — OT%,(89)" — (0T5a(8g)" — 8T}a(3g)") = O

for every 6]’5“ (6g)‘"’ = g“° ?ga,,g"’.

Elementary considerations show that (15.8) has only a trivial solution
for 61"'1 (69)". The proposition is proved.

by

Proof of Proposition 6.2. It is known (cf. [2]) that the Einstein
tensor G,, defined by (6.16) from any metric g,, in M satisfies the contrae-
ted Bianchi identities:

(15.9) v,6, = 0.
We write (15.9) in the form
(15.10) — 8,6 = 8,5+ I'},Gh — T &,

If equation (6.18a) holds, then we have

1 . 1,
(16.11) & = ng“G;? — 85 Gy — ra 6Fg* G-
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By (15.10) and (15.11) we obtain a system of linear differential equations
(16.12) 0uG, = A} (gaps Teap) G+ B (Gups Tap) 0,65

We consider (15.12) as a linear differential equations in the funectional
spaces of quantities &, (if we take the ADMW coordjnate system, we have
a scalar function @Y on ¢ depending on a parameter «° and a covector field GJ
in o depending on z %), Equations (15.12) together with the initial data
(6.18b) imply &, =0 in M.

' Proof of Lemma 7.1. For an antisymmetric tengsor field a” in M
we have

(15.13) V,V,a* =0.

Therefore we have

(15.14) VoV A+ Vo (V) =0

Equations (15.14), (7.12a) together with the continouity equation V,j" = 0
give
(15.15) Do (V. h% — o) + 10 (V) b — 4mf®) = 0.

Equation (15.15) is a linear differential equation in the space of function
on ¢. It has a unique, trivial solution satisfying the initial data (7.12b).
The lemma is proved.

LemMMA 15.1. T'he equations

N* _ N'NT 1 —
E = ((Pgr PT) Na I‘;f(gw_l_ .N ) + 170 NS)}/—gJ

=((F3, 12)( - o 9] 2137 ;)V—_g

give a one-to-one correspondence between the variables £, £ and (I'S, —I'S.), I'%,.
In such coordinates we have:

Vg _ . 1~
(15.17) &= —;—26,,1\7% & = — =5 Vq 770, N T} N);

(15.16)

and the multisymplectic form o s equal to

(15.18) @ = d&A AN A d2' A da A dz® 4 ALE A AN A da* A da A do® +
+(—(LAN*+ N* &) — 3 (NAE+EAN) G — L EN dg* + dn*®) A
A Agpan A A d2* A da +
+ (terms containing the differential dx°).
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Expression (15.18) for the 5-form & is obtained from the formula

(16.19) w = EAN A dz'A d2*A da® - EXAN LA da' A dz® A do® +
_I_(_%(Eslv'lc_i_ Est)—%ENﬁks+nk")dyk,A dwl/\ dm’z\ dms_l_

+ (terms containing dz°),

where y i8 the form defined locally by (5.9). The non-covariant formula

(15.19) gives a covariant expression (15.18). We shall use (15.18) in the
subsequent proofs.

Proof of Proposition 8.1. We divide the proof into two parts.
First we prove.

A oA J
LeMMA 15.2. For every two vectors Yy, ¥Y,eT (5%, ¢),
(15.20) Y, T,) =0
Proof. Let Y,, Y, be vector fields of type (8.8) on C representing

vectors 171, YZ and fulfilling conditions (8.11). Using (15.18) and (8.7),
(8.8), (15.17), we have

(18.21) ¥y, L) = [(Tua¥o) 1b = [(@pa—dp),
where
,ul-*z ""1( l/ﬁﬁ"'BNcSN)dmA R’ A
r
(15.22) =
g = Z (—1y+ (_ﬁz_ ;/Eg"’zéanﬁNk)dmlA SR ar’

r=1

are 2-forms in the manifold ¢ < ( (or in the manifold ¢ = M). The bound-
ary conditions for the f1e1ds Y,, Y, gwe (15.20).

LEMMA 15.3. If Ylsi" (o, ¢), YZETU(%’ ¢), then
(15.23) Q(Y,, Ty) =

Let ¥,, Y, be vector fields on C representing fl, 1;2. Conditions
(8.11) and (9.2) together with formulas (15.18), (8.7), (8.8), (15.17) give

(15.24) QY T, = f (YA Xy) _Jo = f (dny— dna),

¢ c
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where
3
1
= 2(—1)’“(1\72
(16.25) r
= N(o1yn (537 V3070 g0y 090} ... 2 0

r=1

VG 5N, 5 SN '25.%3) aw' A .. ... A do?,

are 2-forms in the manifold ¢ = € (in ¢ = M).
Therefore (15.23) follows from the boundary conditions for ¥, ¥,.

By virtue of Proposition 9.1 we can decompose a vector X T o ()

into & sum X = X,+X,, where XIeTO(.af ¢), 2e!f’ (##, ¢). Thus,
Proposition 8.1 is a direct consequence of Lemmas 15 2, 15.3.

Proof of Theorem 8.1. By virtue of Proposition 8.1 and decompo-

sition (9.3) it is sufficient to prove formula (8.12) for Xl, Xael’a(,%” ¢).
Direct calculations, formulas (8.7), (8.8), (15.17) and (15.18) give

(15.26) Q(jfl, X, = f (617375 fgﬁ—- gn"f isgij)dwlzx adz* A da® + f (dyy — dv,)

where
&
¥y = ( 1)"‘"1( Vg 5 5" 89 6gsk)da7 A ve oo AdT,
r=1 r
(15.27) 3 .
v, = Z( 1)""‘( Vi g 77 8g, Jgsk)dm A eeoio AdD?
r=1 r

are 2-forms in ¢ (in ¢ < M). The boundary conditions for fields X; and the
Stockes theorem give the result.

Proof of Proposition 9.2. Let (8, 6g,4) = JA* (w!, %¥). Then
we have '

onl = —%(ni“[_ﬁu"—]-njaﬁaui—ﬁa(n“u“))—

2
—l/g (7% 9o 7 — Y trmn? x—l—l/g "jV"ka)—k

(15.28) . L L
+V§(—R”x+s7"(13-2l)x),

591';' =

1
E(V;f’“‘FV{“j)"l' }/g (7 —$trmgy)x
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Using the constraint equations (6.19b) and the formulas

VPV — ViV, = B¥V,y, F,RY =1VR,
(15.29) (ViV;—V,V)u* = REwe, (P, 0,— V;V)uy = — RS,
(VV;— V7 ok = RE oy B2, o0,
we obtain by a direct computation AJA*(u?, y) = 0.

Proof of Proposition 9.5. We define two differential operators:
Ay O (denS*T (o) S T™( a))->0°°(T a')),
4,: C*(den8*T(0)D S*T™(0))— 0 (o)

V;(Ej b’ 8T, 7*),
' " _ 1 _ 1
AB31)  Ay(on%,0gy) = 8R+ —(B—20) 87 —— b (2 m, — b(tz))

(cf. (9.11)).
Formulas (9.11) show that 4, is a first order linear differential oper-
ator and A, is a second order linear differential operator. We have

(15.32) A = A,®A,.

(18.30) A, (377, 8g;) =

The scalar products (9.4) and (9.9) define the corresponding adjoint
operators:

Af: C°(T(0))—C>(den§*T (0)D 8> T (o)),

Ay: 0°(0)>0%(den 8T (o) ST (o)),

— (701 "ty + 713, V) —

v n,u"))-

' * i =1 2 =5k
(15.34)  AX(y) = (—2(ﬂ’—%trn93)x, — 2 (g — ) +

(15.33) Ar(uf)=(—§(ﬁiu’+7’ui)V§,— 275

+T7i'—7-jx — gf;'—7k'_7"x - l'_?«z-;x + gij(R —21) x) .

LEMMA 15.4. The operators Ay, A; have injective symbols.

We refer the reader to [34] for the definition of the symbol.

The proof of the lemma is elementary.

LEMMA 15.5. If ¢ is a compact manifold without a boundary, then we
have the decompositions in orthogonal sums:
(15.35a) € (denS* T (o)®S*T* (o)) = ker A,®imA;,
(15.36b) c® (denSzT(a)®S2T*(a)) = kerA,®imA;.
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Decompositions (15.35) are proved in [4] for any differential operator
with an injective symbol on a compact manifold. We are going to prove
(9.13) using the theory of elliptic differential operators. The detailed,
analysis of the Berger—Ebin proof [4] of decompositions of the type (15.35)
shows that we need only the operator 4A* be elliptic. Unfortunately, 44*
fails be an elliptic operator in the usual sense because it consists of four
differential operators

(15.36) Ly C°(T(0)) - C*(T(s)) of order 2,
(15.37) Lys: C°(0) - C*(T(0)) of order 3,
(15.38) Ly : C°(T(0)) — 0% (o) of order 3,
(15.39) Lyp: 0®(0) - 0®(0) of order 4,
(15.40) AA* = (Ln1y L12)® (Layy L)

This system turns out to be elliptic in the generalized sense of Douglis—
Nirenberg (cf. Appendix for the complete proof). The ellipticity of A4*
gives raise to the decomposition (9.15) by arguments presented in [4].

Proof of Corollary 1. Proposition 9.2 implies
(ker A nker AJ)@imJA* < ker 4.

Let XekerA. We decompose —JX = 9,49, where 9),ekerd, 9,cimA.
Thus, ¥ = JY,+J9D,. But JY,eimJA* < ker A. Therefore, J9),ekerA.
Moreover, J(J%,) = —9,ckerA.

Proof of Corollary 2. The first statement of corollary follows from
(9.15), (9.8) and Proposition 9.2. The second part is the consequence of
(9.3), (9.16).

Proof of Proposition 9.7.

LEMMA 15.6. In local coordinates

0
oz*

C= {(Vm", 9,50, Thy(a’)) e P: (@*)eM} amd v = o

Then d_ﬁid((}')v = i, where X eT (o) is rvepresented by the vector field X
on C:

d 1 d
(1841) X = D (P4 700) 5= PIAZE RS ST
uy uv

p<r p<r

Proof. If ¢, is a one-parameter family of diffeomorphisms of M
: a A
such that ¢, = id and 7% = v, then the infinitesimal change of g,,
=0
is given by the Killing formula (cf. [42]):

(15.42) Alg,uv = tag,uv = t£vgpv =1( Vu_'ov'l‘ Vv'vp)'




































