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Abstract

We investigate delta-convex mappings between normed linear spaces. They provide
a generalization of functions which are representable as a difference of two convex functions
(labelled as d-convex or d.c. functions) and are considered in many articles. We show that
delta-convex mappings have many good differentiability properties of convex functions and the
class of them is very stable. For example, the class of locally delta-convex mappings is closed under
superpositions and (in some situations) under inverses. Some operators which occur naturally in
the theory of integral and differential equations are shown to be delta-convex. As an application of
our general results, we show that some “solving operators” of such equations are delta-convex and
consequently have good differentiability properties. An implicit function theorem for quasi-
differentiable functions is an another application. -






0. Introduction and notations

Real functions on R" which are representable as a difference of two convex
functions are labelled as §-convex ([5], [21]) or d.c. functions ([8], [19]). The
class of d.c. functions is the smallest linear space containing all convex
functions and it contains also all C>-functions. All d.c. functions have many
good properties of convex functions (e.g. they have all one-sided directional
derivatives at all points and have the second derivative almost everywhere).
Further, the class of d.c. functions is very stable, e.g. it forms a lattice and is
closed under multiplication and division. These stability facts were generalized
in an important article by P. Hartman [18]. He defined d.c. mappings between
Euclidean spaces as mappings with d.c. components and proved that the
superposition of d.c. mappings is d.c.

It is not difficult to give simple “inner” characterizations of d.c. functions
(or mappings) of one variable (cf. [31]). For example, f: R— R is d.c. iff it has
the right derivative at all points and f'; is locally of finite variation. Local
finiteness of the convexity gives an another characterization of d.c. functions (cf.
[31] and Definition 2.1). No “inner” characterization of d.c. functions of many
variables is known.

As far as we know, d.c. functions of many variables were at first
investigated by A. D. Aleksandrov ([2], [3]) in 1949; he suggested to investigate
surfaces which are (locally) graphs of d.c. functions. The main reason was that
these surfaces generalize both convex surfaces and classical (very smooth)
surfaces, and it is still possible to build a rich geometrical theory on them. It
seems that this project was not realized since there was found a more general
suitable class of surfaces investigated in [27]. However, there exist at least two
subsequent interesting articles on d.c. functions ([23], [39]) by Russian
mathematicians.

The notion of d.c. functions on an infinite-dimensional spaces arises quite
naturally in [37], where the sets of points of Giteaux non-differentiability of
continuous convex functions on separable Banach spaces are investigated.
Since only continuous convex functions are of an interest, d.c. functions are
defined as differences of two continuous convex functions.

In recent years d.c. functions were also considered in articles concerning .
the theory of the non-smooth optimization (e.g. [19], [20]). In the same theory
Demjanov, Rubinov and others (e.g. [11], [12], [13]) considered quasidifferen-
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tiable functions, which provide a further (slight) generalization of d.c. functions
(see Section 6.D).

In the present article we generalize the Hartman’s [18] concept of d.c.
mappings between Euclidean spaces to the notion of delta-convex mappings
between normed linear spaces and build a theory which shows, as we believe,
that our generalization is good. However, we obtain also new “finite-dimen-
sional” results concerning d.c. functions and quasidifferentiable functions, e.g.
Implicit Function Theorems for d.c. functions (Section 5) and quasidifferentiab-
le functions (Section 6.D). Also Mixing Lemma (4.8) provides a useful tool for
recognition of d.c. functions which seems to be new.

If X, Y are infinite-dimensional normed linear spaces, it is by no means
obvious which mappings F: X — Y provide the “right” generalization of d.c.
functions.

The “right” generalization is obvious in the case Y = R” (all components
are d.c.). If X = R then it is possible to define the convexity of F and therefore
the statements that F has locally finite convexity and that F’, has locally finite
variation (which are equivalent one to another, see Theorem 2.3) have the good
sense, Consequently it seems that in this case (X = R) the “right” generaliza-
tions of d.c. functions is provided by mappings (curves) with locally finite
convexity. Such curves were investigated and applied in [34].

In the general case, two ways of a generalization of d.c. functions seem to
be natural:

D1 (weak definition). A mapping F: X - Y is d.c. if y*oF is d.c. function for
any y*eY*

D2 (definition via convex operators). If Y is an ordered normed linear space it
is possible to define a convex operator G: X — Y as a direct generalization
of a convex function (see e.g. [4], [6]). We say that F: X - Yis d.c. if
F =G,—G, where G,, G, are convex continuous operators.

(Note that Aronszajn’s [4] definition of convexoid mappings and Dem-
janov-Rubinov’s [12] definition of quasidifferentiable mappings between Ba-
nach spaces are based on the same idea.)

‘Both these definitions give rather general classes of mappings and provide
the canonical generalization of d.c. functions in the case Y= R" but have the
following disadvantages:

(a) In the case X = R both these definitions give classes of d.c. curves
which do not coincide with the class of curves with locally finite convexity (see
Example 6.1).

(b) Mappings which are d.c. by these definitions lack many good
properties of d.c. functions on X. For example, the convex operator F: [, — l,
defined by F(x,, x,,...) = (Ix,}, [x,],...) is Fréchet differentiable at no point.

Note, however, that under some (rather restrictive) additional assumptions
convex operators are generically Fréchet differentiable [6].
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(c) The stability (e.g. with respect to superpositions) of the corresponding
classes of (locally) d.c. mappings is doubtful (cf. [12], where for quasidifferen-
tiable mappings a superposition theorem is proved, but only under some
additional assumptions).

Our definition is a slight modification of the weak definition D1 only.
Namely we say that F: X - Y is delta-convex if there exists a continuous
convex function fon X such that y*oF +f'is a continuous convex function for
any y*eY*, |ly*| = 1. Roughly speaking, a mapping is delta-convex if it is
uniformly weakly d.c. (this means that the functions {y*oF: |y*| = 1} are in
a very natural sense uniformly d.c.).

This definition has none of the disadvantages (a), (b), (c). In fact, we were led
to our definition namely by the attempt to give a definition which has not the
disadvantage (a). As regards (b), we shall prove that a delta-convex mapping
F copies many differentiability properties of the convex function f.

The stability of locally delta-convex mappings with respect to super-
positions was proved in [35]. The present proof uses an essentially new
characterization of delta-convex mappings (Proposition 1.13) and therefore it is
essentially simpler. The method based on this characterization enables us also
to prove that under some assumptions the inverse of a delta-convex mapping is
delta-convex. Unfortunately, we do not know wheather these additional
assumptions are nesessary (see Problems 1,2). In the finite-dimensional case it is
possible to omit them, we prove this by the “projection method” of [37] which
works in the finite-dimensional case only. The same holds also for implicitely
defined mappings.

The very important point of our article is that some mappings which
naturally arise in the theory of integral and differential equations (e.g. the
Nemyckii and Hammerstein operators) are under some (not too sever)
conditions delta-convex and consequently have many good differentiability
properties. We are also able to use our “inverse mapping theorem” and to
prove that some “solving operators” for integral or differential equations are
delta-convex. Thus we are able to obtain some new stability results.

Notation. The set of all real numbers will be denoted by R and the symbol
U, stands for the Lebesgue measure on R". The subdifferential of a convex
function f at a point x is denoted by &f(x).

In this paper, all normed linear spaces are real. Unless otherwise specified,
the same symbol || is used for norms of various normed linear spaces that
enter the discussion as this does not entail any confussion. The open ball with
center x and radius r is denoted by U(x, r). If X, Y are normed linear spaces,
then the space of continuous linear operators on X into Yis denoted by L(X,
Y). The operator Ide L(X, X) is the identity operator.
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If X, Z are normed linear spaces, D « X, xeD, yeX and if F: D> Z is
a mapping, then we define the one-sided directional derivative of F at x in the

direction y as

F(x+ty)—F(x
F(x, y)= lim _ﬁf_yl_ﬂ
~0+ t

We shall use the symbol F: 4 — B if a mapping F is defined at all points of
A. If f(x, y) is a mapping, then the partial mapping y — f (x, y) is denoted by
f(x) ).

Let (X, g), (Y, 8) be metric spaces, F: X — Ybe a mapping and K > 0. We
say that F is K-Lipschitz if for each x;, x,eX

8(F(xy), F(x;)) < Ko(xy, X,).

The minimal K is denoted by Lip(F). The mapping F is called bi-Lipschitz if
both F and F~! are Lipschitz.
If X is a normed linear space and F: [a, b]— X is a mapping, then

\/F denotes the variation of F and KF denotes the convexity of F (see 2.1).
The right derivative of F at a is denoted by F'.(a).

1. Basic properties of delta-convex mappings

\

DEerFINITION 1.1. Let X, Y be normed linear spaces, A < X be an open
convex set and F: A—Y be a mapping. We shall say that F is delta-convex
mapping (on A) if there exists a continuous convex function f on 4 such that
S+y*oF is a continuous convex function on A4 for any functional y*eY*,
|y*| = 1. We shall say that F is controlled by f or that F is a delta-convex
mapping with a control function f.

Note 1.2. (a) It is possible to omit the assumption that fis a continuous
convex function in Definition 1.1 since

f=%'(f+y"'oF) =(f+(=y*oF).

(b) The definition has a good sense also in the case X is an affine subspace
of a normed linear space.

The proof of the following lemma is obvious.

LeMMA 1.3. Let X, Y be normed linear spaces and A = X be an open convex
set. Then the following assertions hold.

(@) If F: A->Yis controlled by f on A and |a| < b, then aF is controlled by
bf on A.
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(b) If Fy,..., F, are controlled by f,,..., f, on A then F + ... +F, is
controlled by f, + ... + f, on A

(c) The system of all delta-convex mappings F: A— Y is a linear space
which contains all continuous affine maps.

Note 1.4. If ¢ > 0 and we write | y*| < c instead of ||y*| = 1 in Definition
1.1, we obtain (by 1.3 (a)) an equivalent definition. Therefore delta-convexity of
F depends on the topologies of X, Y only. Consequently it is not necessary to
specify norms on product spaces and to consider non-Euclidean finite-
dimensional spaces in some cases.

The proof of the following lemma is obvious.

LemMma 1.5. Let X, Y, Z, T be normed linear spaces, let A < X and B < Ybe
open convex Sets. Suppose that F: A-»Y is a delta-convex mapping with
a control function f on A and let G: Z— X, H: Y- T be continuous affine
mappings. Then the following assertions hold.

(@) The mapping HoF is delta-convex with the control function Lip(H)- f
on A
(b) If G(B) < A then FoG is delta-convex with the control function f oG on B.

LEMMA 1.6. Let A be an open convex subset of a normed linear space X.

(a) Iffis a continuous convex function on A then f is delta-convex on A with
a control function f.

(b) A real function on A is delta-convex iff it is a difference of two continuous
convex functions.

Proof. The assertion (a) is obvious, (b) follows from (a), 1.3(c) and 1.1.

LemMa 1.7. Let X, Y,,..., Y, be normed linear spaces, A = X be an open
convex set and F=(F,,..., F)). A-Y, x...xY, be a mapping. Then F is
delta-convex on A iff all F,,..., F, are delta-convex on A.

Proof. Let F,,..., F, be controlled by fi,..., f,. Consider the maxi-
mum-norm on Y, x... x Y, (cf. 1.4) and choose y*e(¥; x... x )%, |y*| = 1.
Then y*oF = ytoF,+... +y*oF,, where yfeY¥, |y¥| < 1. Consequently

y*oF+(fi+...+f)=(ytoF + f)+...4+(yioF,+ 1)

is a continuous convex function and we have that F is controlled by
fi+...+f,. The converse implication is obvious.

COROLLARY 1.8. Let X be a normed linear space, A « X be an open convex
set and F: A— R" be a mapping. Then F is delta-convex iff each component of
F is representable as a difference of two continuous convex functions.

The following lemma is well known (see e.g. the proof of Theorem 41.B
in [31]).
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LEMMA 1.9. Let f be a convex function defined on an open convex subset A of
a normed linear space X. Let f be bounded from above on U(x,, 2r) = A. Then
fis Lipschitz on U(xg, 1).

PROPOSITION 1.10. Every delta-convex mapping is locally Lipschitz.

Proof. Let X, Y be normed linear spaces and 4 = X be open and convex.
Let F: A—Y be delta-convex with a control function fon 4. Let x,€A4 be
arbitrary. Choose r >0 and M such that f <M on U(x,, 2r) < 4, take
arbitrary y*e Y* with |y*| = 1. Denote g = y*oF. Then by Definition 1.1
(used for y* and —y*) g = ¢, — fand g = f—c,, where ¢, c, are continuous
convex functions on 4. Choose x¥€edc,(x,). Then for any xe U(xq, 2r) the
following inequality holds:

g(x) = f(x)— f(xo)—[ea(x) —ca(xp)] +9(xo)
< f(x)— S (xg)— Cx—Xg, X3) +g(xo) < M— [ (x0) +2r x| + g(xo).

This implies that g is bounded from above on U(x,, 2r). Then the same is true
for ¢, = g+ f. By Lemma 1.9, ¢, and f are Lipschitz on U(x,, r). Consequently
g is Lipschitz on U(x,y, r), too. In fact, we have shown that for any

yreY*
Fx)-FO) |\
S“p{K eyl >

Fx)—F(y)

fx—yll
Banach-Steinhaus Theorem, ie. F is Lipschitz on U(xg, r).

x, yeU(xq, 1), x ;éy} < 00,

Then all functionals on Y* are uniformly bounded by the standard

In Section 3 we shall prove that delta-convex mappings have some good
differentiability properties. Now we prove a proposition which shows that
sufficiently smooth mappings on Hilbert spaces are delta-convex. It generalizes
the corresponding result for delta-convex functions on R" from [2].

Let X, Y be normed linear spaces and let 4 = X be an open set.
A mapping F: A—»Y is called to be of the class C*'(4) if the Fréchet
derivative F’(x) exists for any xe A and the mapping F’ is Lipschitz on A.

PROPOSITION 1.11. Let X be a Hilbert space and let F be a mapping from an
open convex set A < X into a normed linear space Y. If F is of the class C*'*(A)
then F is delta-convex on A with a control function Lip(F')-||"|*.

Proof. Denote L = Lip(F') and choose arbitrary y*e Y* with |y*| = 1.
We shall prove that the function y*oF+L|-|*> has a continuous support
at each point x,eX and hence it is a continuous convex function
(cf. [31]).

Let x€ A be arbitrary. Then, by the Mean Value Theorem, there exists
a point z = bx+(1—b)x,, be(0, 1) such that
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y*, F)D +Lx)12—{y*, Fxg))~L1x]l?
= (y*oF'(z), x—x0) +Lx||> = L|x,|?
= (Y*oF (x), x—x0) —(y*oF'(xg) —y*o F'(2), x—xo) + L ||x||?
—LiIxolI* 2 {y*oF'(xo), x =% — L{z— oI X —xol + LI x]| >
—LIxol1* > <y*oF'(xo), x—x0) + L(— x— o[>+ | x]|2 = [l x0/1%)
= {y*oF'(xg)+2Lxy, x—Xg).

COoROLLARY 1.12. Let X, Y be Hilbert spaces, Z be a normed linear space

and let B: X x Y= Z be a continuous bilinear mapping. Then B is delta-convex
on XxY.

Proof. Since (B'(x,, y;)—B'(x,, y,))(h, k) = B(h, y,—y,)+ B(x,—x,, k),
we have

BeC'(X x Y).

Now we shall give several characterizations of delta-convex mappings,
which are very useful. Moreover, it is not clear whether the alternative
definition of delta-convex mappings given by condition (iii) of Proposition 1.13
(assuming continuity of F and f) is not more natural than our Definition 1.1.

ProprosITION 1.13. Let X, Y be normed linear spaces, A = X be an open
convex set, F: A—Y, f: A—R. Then the following assertions are equivalent:
(i) y*oF+f is convex on A for any y* from the unit sphere in Y*;

@) || X 4Pe)—F( % dll < ¥ 2761 (%, dux)

whenever x,,..., x,€A4, A; = 0,. l 0 and Zli=l

(iii) [laF(x)+bF(y)—F (ax+ab)|| af (x)+bf (y)— f (ax+by)
whenever xe A, yed, a=0,b>0, a+b=1,

z+kv —F(z) F(@—F(@z-h)| flE+ko)~f(2) [ —f(z—hv)
(iv) - < -
h k h

whenever ze A, ueX, z+kved, z—hved, k>0, h>0.

Moreover, if F is bounded on a ball B = A and f upper bounded on B, then

these conditions are equivalent to
(v) F is delta-convex with a control function f on A.

Proof. (a) (i) implies that —y*oF +f is convex for any y*e Y* with
ly*| = 1. Let x,,..., x,€A4, 4,..., 4, be as in (ii). Then

(—y*oF+1)( 3 Axj < 3. A(=y*oF+1)(x)
i=1

and consequently
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CE AFeI=F(3, A y*> < 3l ) (5, 4

i=1
Taking the least upper bound of the left-hand side, we get (ii). The implication
(i) = (iii) is trivial. .
(b) Suppose that (iii) holds and let v, z, k, h be as in (iv). Put x = z—hy,

y=z+kv. Then z=ax+by with a= kL-i-h' b= %ﬁ Hence by (iti)

F(z+kv)—F(2)

k h
”m'F E=mtw
_k_

h
k+h-f(z—hv)+m-f(z+kv)+f(z)

<
or equivalently

{F(z+kv)—F(z))— k —{F ()= F(z—hv)

k+

< k_-’:-ﬁ'(f(z + kv)—f (2)—

k+h

)= =),

Multiplying both sides by (k+h)/kh we obtain (iv).
(©) LetveX,k>0,h>0,z6A4, z+kve A, z—hve A. If (iv) is true then for
any y*eY* with [y*| =1
_ F(z+kv)—F(z)_F(z)—F(z—hv) o
k h ’

Seth)—f@) fE)—f(z—h)
~ k h .

If we denote g = y*oF +f, it is possible to write equivalently

gz +kv)—g(z) g(z)—g(z—hv)
k h

Hence g is a convex function on AnL for an arbitrary line L in X.
Consequently g is convex on A.

(d) Suppose that our additional condition (involving a ball B) and (i) are
satisfied. Since fis clearly convex (use (ii) or Note 1.2) and upper bounded on B,
we obtain that f'is continuous on A (cf. [31], Theorem 41.C). Hence y*oF +fis
bounded on a ball B, = B and consequently continuous on 4 for any y*e Y*,
Iy*l = 1.

Since the implication (v)=>(i) is trivial, the proof is complete.

=0

Note 1.14. In Proposition 1.13 it is obviously possible to assume that F is
bounded on B and f is upper bounded on an another ball B c A.
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CoRrOLLARY 1.15. Let X, Y be normed linear spaces and let A< X be an
open convex set. Suppose that F,: A— Y is a delta-convex mapping on A with
a control function f, for n=1,2,... Further suppose that

limF,=F and limf =f

where F is bounded on a ball B < A and fis finite on A and upper bounded on B.
Then F is delta-convex on A with a control function f.

Proof. Fix x, y, a, b as in 1.13 (iii). Use (iii) for F, and f, and pass to limits.

We shall need the following simple, probably well-known lemma. Since we
were not able to find a reference, we give a sketch of the proof.

Lemma 1.16. Let f: (c, d)— R be a continuous function. Suppose that for any
te(c,d) and 6> 0 there exist t,,t,eU(t, 8)n(c, d) and a, b > 0 such that
at+b=1, t=at,+bt, and f(t) < af (t,)+bf (t,). Then f is convex on (c, d).

Proof (geometrically obvious). Choose an arbitrary ¢ >0 and put
g(x) = f(x)+ex?. Suppose that g is not convex on (¢, d). Then there exist
points ¢ <z, <z,<2z, <d and an affine function h such that h > g on
(z,, 2,), h(zy) > g(z,), h(z;) > g(z,) and h(zy) = g(z,). The assumptions of
1.16 and definition of g easily imply that there exist points ¢,, t,, z, <&,
<zy<t,<z, and a,b>0, a+b=1 such that z,=at,+bt, and
g(z,) < ag(t,)+bg(t,) < ah(t,)+bh(ty) = h(z,). This is a contradiction which
proves the convexity of g. Consequently f is convex as well.

LEMMA 1.17. Let X, Y be normed linear spaces, A < X be an open convex
set and F: A=Y, f: A— R be continuous mappings. Suppose that for any x€ A,
8>0and veX, |v| =1 there exist x,, x,e U(x, 8)nA and a, b > 0 such that
a+b=1, x =ax,+bx,, x,—x; = {|x3—x;||'v and

laF (x,) + bF (x;)— F(ll < af (x1)+bf (x5) —f (x).
Then F is delta-convex on A with a control function f.

Proof. Let y*e Y*, |y*|| = 1 be fixed. We are to prove that y*oF +f =g is
convex on A. It is sufficient to prove that g is “convex on all lines”. To prove
this, choose an arbitrary line L parallel to ve X, ||jv|| = 1 and a point xe Ln A.
Choose an arbitrary 8 > 0 and find x,, x,, 4, b by the assumptions. Then we
have x,, x,eLnA and

—{aF(x,)+bF(x,)—F(x), y*> < af (x,)+bf (x;)—f (x),

which can be written as g(x) < ag(x,)+bg(x;). Using Lemma 1.16, we easily
obtain that g is convex on LNA.
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COROLLARY 1.18. Let X, Y be normed linear spaces, A < X be an open
convex set and let both F: A—Y, A—R be continuous. Then the following
assertions are equivalent:

(i) F is delta-convex on A with a control function f;

.. x+ x+

(ii) ( (x)+F@)— F( 2y> (f(x)+f(y))—f( y) whenever x,
yeA.

Since most of the results concerning delta-convex mappings are of the
local nature, the basic class of mappings for us is not the class of delta-convex
mappings but the class of locally delta-convex mappings.

DEFINITION 1.19. Let X, Ybe normed linear spaces and A < X be an open
convex set. We say that F: 4 — Yis locally delta-convex (on A) if for any ae A
there exists an open convex neighbourhood U c A of a such that F is
delta-convex on U.

P. Hartman [18] proved that if 4 = R" is an open convex set and F is
a locally delta-convex function on A, then it is delta-convex on A. Hartman
himself notes that his proof works for finite-dimensional domains only (cf.
Problem 5). But his proof gives immediately the following theorem.

THeoreM 1.20. Let Y be a normed linear space and A< R", (n = 1) be an
open convex set. Suppose that F: A — Y is locally delta-convex on A. Then F is
delta-convex on A.

The last result of this section concerns the following natural general
question: If a delta-convex mapping has some property, is it controlled by
a function with the same property? If this property is Fréchet differentiability at
a point x,, the answer is negative (see Example 6.3). For strict differentiability
we do not know an answer (see Problem 3). The question concerning positive
homogenity, which is important for applications to quasi-differentiable map-
pings, has simple positive answer.

Limma 1.21. Let X, Y be normed linear spaces and let F: X - Y be
a positively homogenous mapping (ie. F(Ax) = AF(x) whenever xe X, A > 0)
which is delta-convex on a neighbourhood of the origin 0. Then F is delta-convex
on X with a sublinear control function.

Proof. Let F be controlled on the neighbourhood U of 0 by f Then
F = F'(0,") is controlled on X by the Lipschitz sublinear function f”(0, -). In
fact, for any y*e Y*, |y*| = 1 we have y*oF +f = h, where h is a continuous
convex function on U, and consequently y*oF +/7(0, ) = y*o(F'(0, ))+1'(0, *)
= (*oFY (0, }+f'(0, )= KO, ).
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2. Delta-convex curves

DEFINITION 2.1, Let X be a normed linear space and f: [a, b] =X be
a mapping. For every partition D = {a = x5 < x; < ... < x, = b} of [a, b] we
put

b n—-1
§mm=2

i=1

f(xl‘+1)_f(xl)_f(xt)—f(xl—1)

Xie1— X X;—Xi—1

The convexity of f on [a, b] we define as
b b
Kf =supK(f, D),

where the supremum is taken over all partitions D of [a, b].

Note 2.2. For the notion of the convexity see [31], p. 23 and p. 266
(Problem F). Some results concerning mappings f: [a, b]— X with finite
convexity are proved in [34].

THEOREM 2.3. Let Y be a Banach space and F: (a, b)— Y be a continuous
mapping. Then the following conditions are equivalent,

(i) F is a delta-convex mapping,
d
(i) KF < o0 whenever a<c<d<b;

(i) F\ () = lim X FH=F) (x+’2"F (x)
K- 0+
for a<c<d<hb.

d
exists for all x €(a, b) and \/ F',.(x) < c©

Proof. (i)=>(ii): Let F be controlled by a continuous convex function f.
Consider a partition D = {x, =c¢ < x, <...<Xx,=d} of an interval [c, d]
< (a, b). By 1.13(iv)

|:((F, D)< "il <f ("x+11):{c fxi)_f(xg:{c f: 1))

=1

S o) =f n-n) S =S (Xa) 5

Xp = Xn—1 Xy —Xg

L,

where L is a Lipschitz constant of f on [c, d].

(ii) = (iii): By [34] we have that F’, (x) exists for every xe(a, b). Consider
a partition D = {x, = ¢ < x; <... < x, =d} of an interval [c, d] < (a, b) and
put

d ' n—-1
\/(F'+7 D) = Z [F% (64 1) = Fle (x)]
¢ i=0
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For an arbitrary >0 find § >0 such that d+6 <b, x;+5 <x;,, for
i=01,..,n—1 and
F(x,-+5§—F(x,? <

Fy(x)—
Then we have

F(xi+1 +0)—F(x x+1)__F(x|'+6)_F(xi)
0 )

d
\/(F,+’

F(x; 1 +8)—F(x14) F(xl+1 —F(x;+0)
5 |+1 x+6)

< 2ne+ Z (

i=0

IF(x;4 )= F(+8)  Flx,+8)—F(x)
| x,+1 (x; +6) 5

| d+8
+l ) 2ne+ K F.

d+é

d
Consequently \/F, < K F < w.

(iii)=(i): Fix x,€(a, b) and consider the functions

x

v(x) = \7 F, and. f(x)= [ov(r)dt

x0

(we put, of course, \/F’ = —\/F’ for x < xg).

X0

We shall prove that F is controlled by f. Clearly f'(x) = v(x) for xe M,
where A((a, b)\M) =0. Choose now y*eY* |y*| =1 and consider the
function h(x) = y*(F(x))+f (x). Since clearly (y*oFY, (x) = y*(F', (x)) is locally
bounded, we conclude that y*oF, and consequently also h, is locally Lipschitz.

Consequently h(x) = h(x,)+ | k" (t)dt. To prove the convexity of h it is clearly

x0
sufficient to prove that i, is non-decreasing on M. Thus suppose that x, < x,
are points form M. Then

LX) —hi(xy) = .V*( +(x,)—F'y (xl))+(v(x2)_v(xl))

2 (v(xy) —o(x )= IF (x;) = Fy (x )| = VFQ —IFy (%)= Fi(x)ll 2 0

The proof is complete.
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3. Differentiability of delta-convex mappings

A. First derivative. We shall prove that delta-convex mappings have many
good differentiability properties of convex functions. We start with the
following easy consequence of Theorem 2.3.

PrROPOSITION 3.1. Let X be a normed linear space and let Y be a Banach
space. Let G = X be an open convex set and let F: G— Y be a delta-convex
mapping. Then the one-sided directional derivative F'(a, v) exists whenever ac G
and ve X.

Proof. Consider the mapping g(t) = F(a+tv) and use 2.3 (iii).

Note 3.2. As presented, the proof depends on a result [34]. But it would be
possible to use Lemma 3.6 and to copy the proofs of 3.8 and 3.9 below and
obtain (independently on [34]) that g has a strict right derivative (cf. 3.4 (b)) at
t =0 for each a, v. '

It is well known that if a convex function is Fréchet differentiable at
a point, then it is also strictly differentiable at this point (Proposition 3.8).
Consequently any continuous convex function on an Asplund space is strictly
differentiable at all points except those which belong to a first category set. The
same holds for delta-convex mappings, too (Theorem 3.10). We shall obtain
this result as an immediate consequence of the “convex case” and Proposition
3.7 below which gives a necessary and sufficient condition of “Bolzano—Cauchy
type”. This condition can perhaps be of some independent significance.

DeFiNITION 3,3. Let X, Y be normed linear spaces. D = X and let
F: DY be a mapping. We say that Ae L(X, Y) is a strict derivative of F (or
a strict derivative with respect to a set M < X) at a point ae D if for any ¢ > 0
there exists > 0 such that

(1) IF)—Fx)~Ay—x)| < elly—x]|
whenever x, yeU(a, 8) (or x, yeU(a, §)n M, respectively).

Note 34. (a) For the definition of the important notion of a strict
derivative and some its applications see e.g. [7], [9], [26]. Note that some
authors use the name “strong derivative” or “sharp derivative”.

(b) If X =R, M ={a, b], F. M—>Y and F is strictly differentiable at
a with respect to M, we shall say that F is strictly differentiable from the right at
a and A4 will be called a right strict derivative, This is the only case (except the
case M = X) which is interesting for us.

(c) The inequality (1) can be rewritten as

’ <e

) HF(y) F)_ <y—x>
ly—xl~ “\ly—xI

2 — Disscrtationes Mathematicae CCLXXXIX
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DEFINITION 3.5. Let X, Y be normed linear spaces, D < X, M = X and let
F: D— Y be a mapping. Then for any ¢ > 0 we define the set D(F, M, ¢) as the
set of all points aeD for which there exists 6 = &(g) such that

F(y+ko)—F(y) F(y)—F(y—hv)
() T - P

whenever

<E

veX, |vl=1, k>0, k>0, yeU(a, d)nM,
y—hveU(a, )nM and y+kveU(a, )nM.
In the case M = X we put D(F, M, ¢)=D(F, ¢).

LeMMA 3.6. Let Y be a Banach space, ¢ >0 and F: [0,c]—>Y be
a mapping. Then F is strictly differentiable at O with respect to M := [0, c] iff
0e(\{D(F, M, ¢): ¢>0}.

Progf. (a) Suppose that F is strictly differentiable at 0 with respect to
M and let A €Y be the vector which corresponds to the strict derivative of F at
0 with respect to M in the canonical identification L(R, Y) >~ Y. Let ¢ > 0 be
given and choose é > 0 which corresponds to ¢/2 by Definition 3.3. Let for
some v, k, h, y the conditions (3) hold (for X = R, a =0). By (1) we have

F(y+ko)—F(y) F(y)-F(y—hv)
k h
These inequalities immediately imply (2).

(b) Now suppose that 0e({D(F, M, g): ¢ > 0}. At first, we shall prove
that the right derivative

€)

€
<3 d
5 an

. <

2]

F..(0) = lim F(x)—F(0)

x=0+ X

exists. Let ¢ > 0 be given. Choose a corresponding & = d(¢) by Definition 3.5
and suppose that 0 < x, < x, < § are given. By (2)

Fle)=F(x)_Fex)—FO) _
Xy —Xy X h

Denote

Then we have

IF(x;) — F(x,)—(x; —x,) B||l.< &l x, =X
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and consequently

[1F(xz)— F(0)—(x,—0)-B]|
= |F(x;)—F(x{)—(x,—x,)'B+F(x,)—F (0)—x, B|| < &(x,—x,)+0 < ex,.

Therefore

F(x,)—F(0)

X,

) ‘ —B" <e.

Thus we have proved that
diam{F—(x)—;—f(—o): 0<x< 5} <e.

Since Y is a complete metric space, we conclude that there exists F',(0).
Moreover

F(x;)—F(x,)
X2 =Xy

F(x,)—F(x,)

—F.0) X,—X
2 1

—B” +IB=F, (0)]| < 2e.

<

Using the condition (1') it is easy to complete the proof.

PrROPOSITION 3.7. Let X be a normed linear space, D = X, Y be a Banach
space and let F: D—Y be a mapping. Then F is strictly differentiable at a point
aeD iff F is continuous at a and aeﬂ{D(F, g): ¢ >0},

Proof. (a) Suppose that A is a strict derivative of F at a. It is obvious that
F is continuous at a. For arbitrary ¢ > 0 find > 0 which corresponds to ¢/2 by
Definition 3.3. Suppose that for v, y, k, h the conditions (3) hold with M = X,
By (1) we have

F(y+kv)—F(y)
k

Consequently (2) holds and we conclude that ae D(F, ¢).
(b) Suppose that F is continuous at @ and ae(\{D(F,¢): e > 0}. For
ve X, ||v] =1 define the function F, by the formula

F,() = F(a+tv).

Clearly 0 (\{D(F,, [0, 1], &): £ > 0}. By Lemma 3.6 we have that F, is strictly

differentiable at 0 with respect to [0, 1] and consequently F is strictly

differentiable at a with respect to the halfline {a+tv: t > 0}. Moreover, it

follows from the proof of Lemma 3.6, that

F(a+tv)—F(a)
t

—A(v)

and ”w <

&

(5) the limit lim
t=0+

{v: livll = 1}.

= F'(a,v) is uniform on the sphere
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Let now v, # v, be given; we shall show that

F'(a, v, +v,) = F'(a, v,)+ F'(a, v,).
Suppose on the contrary that
6 |F'(a, v, +v,)—F'(a, v,)—F'(a, v,)| := 40 > 0.

Find & > 0 which corresponds to & = w/| v, —v,| by Definition 3.5. Find now
t > 0 such that

a+2tv,, a+2t,, a+t(v, +v,)eU(@, §) and
lF(a+2tv1)—F(a)_
2t
F(a+2tw,)—F(a)
2t
Fla+t(o, +0,)—F(a)
t

F(a, v)|| < w,

_F,(a, v2) < (J),

—F'(a, v, +v,)|| < o.

These inequalities and (6) easily imply

F(a+2tv1)—F(a)+F(a+2tv2)—F(a)_F(a+t(v1 +1v,))—F(a)
2t 2t t

> .

which yields
(F(a+2tv,)— F(a+t(v; +5,))—(F(a+t(v, +v,))— F(a+2tv,))|| > 2tw.
Consequently

F(a+2tv,)—F(a+1t(v, +v2))_F(a+t(v1 +v,))—F(a+2tv,)
tllo, —v, || tlog—v,ll

2w
||U1_1’2”.

On the other hand, since (3) holds by the assumptions for
e=wflo,~v,l,  y=a+t,+v,),  v=(0,—0,)lv,—,l,
h=k=t|v,—v,], M=X,
we obtain (2); i '

” (a+2tv,)— Fa+t(u1+v2)) Fla+t(v, +v,))—F(a+2tv,)
tllo, —v,l tllvy — v,

w

~
”vl_uz“,

and this is a contradiction.
Putting A(v):= F'(a, v) we see that A is positively homogenous and
additive, consequently A4 is linear. Since (5) easily yields

|F(a+h)—F(a)—A®)I = o(lhl), h-0,

we conclude that A is continuous and that A is the Fréchet derivative of F at a.
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It remains to prove that A is a strict derivative of F at a. Choose ¢ > 0 and
choose a corresponding & > 0 by Definition 3.5. Further choose d, < § such
that

)] |F(a+h)—F(a)— A(h)| < ellh] whenever |h] <6,.

Now put 8, = 6,/4 and suppose that arbitrary points x, y, x # y from U(q, 6,)
are given. Put v = (x—y)/lx—yl, k= |lx—y| and h=24,. Then we have
I(y—é,v)—all <4d,. Consequently by (7)

|F(—8;0)—F(a)—A(y—d,v—a)l < elly—d,v—a] and
IFG)—Fl@)—A(y—a)l <ely—al.
These two inequalities imply
IFy)—F(y—0,0)—A(0,0)ll <e(ly—d;0—al+]y—al)
< e(ly—all+0,+ ly—all) < 3¢d,.

Consequently

HF(y)—F(y—ézv)

2

—-A(v)‘ < 3¢

Since for our v, k, h, y, M = X the conditions (3) are clearly satisfied, we obtain
(2), ie.

”F(x) FO)_-FO)=Fp=5,0) _
lx— il 8, S

Therefore

—A@)| < 4e

‘F (x)—F(y)
flx—yl
and hence A4 is a strict derivative of F at a.

We shall need the following well-known proposition. Since we were not
able to find a reference, we add a simple proof based on Proposition 3.7.

PROPOSITION 3.8. Let G be an open convex subset of a normed linear space
X and ae G. Let f be a convex function on G, which is Fréchet differentiable at a.
Then f is strictly differentiable at a.

Proof. Let f'(a) be the Fréchet derivative of fat a and & > 0. It is sufficient
to prove that ae D(J, &). Without any loss of generality we can suppose that
a=0, f(a)=0 and f(a) =0. Find v > 0 such that

(8) LS ON <elyl/6  for |yl < w.
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Put & = w/3 and suppose that y, ve X and k, h > 0 are such that [v]| =1,
yeU(a, 8), y—hve Ufa, 8), y+kve U(a, d). Then h < 24, k < 25. Consequently
the convexity of f implies

Sy+k0)+10) [ ~f (y—hv)|
k h

|20 —1G)_ fO)—~f(y—2689)
= 26 28

Since |y+26v|| < w and |y—2dv| < w, (8) implies

=T.
|

- i%-|f(y+;zcstz)—2f(y)+f(y—25u)| < %-4%-6@ .

ProPOSITION 3.9. Let X be a normed linear space and let Y be a Banach
space. Let G = X be an open convex set, aeG and let F: G—Y be a delta-
-convex mapping with a control function f: G—R. Then the following im-
plications hold.

(i) If f is Fréchet differentiable at a then F is strictly differentiable at a.

(i) If f is Gateaux differentiable at a then F is Gdteaux differentiable at a.

Proof. (a) Proposition 1.13 (iv) immediately implies that D(f, &) = D(F, ¢)
for ¢ > 0. This observation, Proposition 3.7 and Proposition 3.8 immediately
imply (i).

(b) Let V < X be a finite-dimensional space. Since F is controlled by fon
the affine subspace a+ ¥V, we obtain on account of (i) that F'(a, v) exists for any
veX and F'(a, ) is linear. Proposition 1.10 implies that F'(a, -) is Lipschitz
which completes the proof.

THEOREM 3.10. Let X, Ybe Banach spaces. Let G < X be an open convex set
and let F: G—=Y be a locally delta-convex mapping. Then the following
assertions hold.

(i) If X is an Asplund space then F is strictly differentiable at all points of
G except those which belong to a first category set.

(i) If X* is separable then F is strictly differentiable at all points of
G except those which belong to an angle small set.

(i) If X is a weak Asplund space then F is Gateaux differentiable at all
points of G except those which belong to a first category set.

(iv) If X is separable then F is Gateaux differentiable at all points of
G except those which belong to a countable union of §-convex hypersurfaces.

Proof. To prove (i) and (iii) it is sufficient to use Proposition 3.9 and the
well-known fact (cf. [22]) that each locally first category set is a first category
set. The separability of X* and a result of [30] concerning Fréchet differen-
tiability of continuous convex functions on a space with separable dual easily
yield (ii). Similarly a result of [37] implies (iv).
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B. Second derivative of mappings F: R"— Y. In the remaining part of this
section Y will be a Banach space.

DerINITION 3.11. By a quadratic form Q: R" — Y we shall mean a mapping
of the form

Q(x)=Qxy,-0r X = Y. Xx;Ay,

1<i<j<n
where A eYfor 1<i<j<

DEFINITION 3.12. We shall say that a mapping F: R"— Y has the second
(Peano) derivative Q at a point aeR", if @: R"—> Y is a quadratic form, the
Fréchet derivative F'(a) exists and

F(x)=F(@)+F'(@)(x—a)+Q(x—a)+o(|x—al?), x-—a.
The proof of the following lemma is obvious and we shall omit it.

LeMMA 3.13. Let e, be the i-th vector of the canonical basis of R" and let

vectors By;e Y, 1 <i<j < nbe given. Then there exists a unique quadratic form
Q: R"—Y such that

Qe;+e)=B; 1<i<j<n

LEmMMA 3.14. Let Q: R"— Y be a quadratic form. Then there exists K > 0
such that

HQ ZlQ@” K-ec,

whenever s, ..., s,€R", l,->0, Ay >0,Z4=1|s| <cfori=1,...,nand
diam {s,,..., s,} <&
Proof. Let Q(x,,...,x)= Y xxA,ands; =(sf,....s),i=1,...,n

1€igj<n
Then we have

”Q(;1 list)—_; LGl = k; A ; '1:'113753"—‘;1 Assist)||

]=1

Since for any k, m we have

| Z AiA;sksT — Z Askst = | Y AsH( Y ApsT—sT) < e Y Aylsfl <ec
=1 i=1 i=1 i=1

hj=1
it is sufficient to choose K= Y  |A.l.
1sk€ms<n
It is a well-known fact that each convex function on R" has the second
derivative almost everywhere. This theorem was proved by Buseman and Feller
[8] for n =2 and by A. D. Aleksandrov [1] for an arbitrary n. It can be also
considered as an immediate consequence of the Mignot’s theorem [25] on
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the a.e. differentiability of monotone operators T: R"— R". The Mignot’s
theorem is an easy consequence of well-known facts concerning Lipschitz
mappings (cf. [38]).
" The following theorem gives a generalization of Buseman-Feller—Aleksan-
drov theorem.
Recall that P < Y* is said to be total if for any 0 # ye Y there exists pe P
such that {y, p> #0.

THEOREM 3.15, Let H = R” be an open set and let Y be a Banach space with
the Radon—Nikodym property such that Y* contains a countable total set. Then
any locally delta-convex mapping F: H— Y has the second derivative at almost
all points of H.

Proof. Without any loss of generality we can suppose that H is convex and
F is delta-convex on H. In the first step we shall prove the theorem forn = 1.In
this case we use Theorem 2.3 (iii) and obtain that G(x) = F';(x) has locally
finite variation. Since Y has the Radon-Nikodym property, we obtain (cf. [14])
that G'(x) exists a.e. Using Theorem 3.10 we see that it is sufficient to prove that
F has the second derivative at all points ae H at which both F'(a) and G'(a)
exist.

We shall prove that under the above conditions the quadratic form

000 = 3°x*6'a)

is the second derivative of F at a. We have

Fy(x) =F(a+G'(a)'(x—a)+r(x), where lim Il:(—xzzlt =

Consider the mapping

1
Z(x) = F(x)—F(a)—(x—a)F’(a)—z(x—a)zG’(a).
Y
Then
Z@=0 and Z.(x)=F,(x)—F'(a—(x—a)G'(a) = r(x).
Let now an arbitrary ¢ > 0 be given. Find § > 0 such that [x—a| < & implies
1Z°+ ()| = Ir(x)]l <elx—al. Let y, 0 < |y—al <& be given. Using the Mean
Value Theorem for right-hand derivatives we obtain

IZWI = 1Z(y)=Z(@)l < ly—al-sup{|Z+ (x)]: |x—al < [y—a]} < ely—al®.

Consequently Z(y) = o(ly—al|?), y—a.
Now consider the case n > 1. Let F be controlled by a continuous’ convex
function fon H. Let ¢, be the i-th vector of the canonical basis of R". Let C* be

the set of all vectors of the form v =, or v=(e,-+ej)/\/5, I1<ig<jgn,
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1 <k < n Let C>C* be a countable set which is dense in the unit sphere
§ = {xeR™ |x| = 1}. For veC denote by D, the set of all points acH at
which F has the second derivative in the direction v, ie. the function
ga,(t) = F(a+1tv) of the real variable t has a second derivative Q,, at 0.

It is not difficult to prove that D, is a measurable set. In fact, denote by
W the set of all points of the strict differentiability of F. Further denote by
Apxn the set of points xeW for which

1 - —tF
Ulx,-]cH and diam Flx+m) F(f) E v): ls ¢l <1 <l
k t n ki p
for positive integers p, k, n, k < n.It is easy to prove that each set A4,; , is open
in W and

WﬁD”—_— ﬂ U n Ap.k.n'

p=Llk=1ln=k+1
Since u,(H\W) =0, we obtain a measurability of D,.

Consequently the validity of our theorem for n=1 and the Fubini
Theorem imply u,(H\D,) =0 for any veC.

Let P < Y* be a countable total set. Using Buseman-Feller—Aleksandrov
Theorem we obtain that f has the second derivative a.e. and any function of the
form y*oF, y*e P, has the second derivative a.e. By Theorem 3.10, F has the
Fréchet derivative a.e. Consequently it is sufficient to prove that F has the
second derivative at each point ae R" at which F has the Fréchet derivative,
f has the second derivative Q ., ae D, for all ve C and each function poF, peP,
has the second derivative Q, at a. Let a be such a point.

Without any loss of generality it is possible to suppose a = 0, F(a) =0,
f@=0, F(@=0, f'(a) =0.

Using Lemma 3.13 it is easy to see that there exists a unique quadratic
form Q: R”— Ysuch that Q(tv) = @, ,(t) for ve C*. We shall prove that Q is the
second derivative of F at a. Since the second derivative, if it exists, is uniquely
determined, we obtain Q,(tv) = poQ, ,(t) for veC and peP. Since from the
same reason Q,(tv) = poQ(tv) for ve C* and pe P, we obtain by Lemma 3.13
that Q, = poQ and consequently poQ(tv) = poQ, ,(t) for ve C, pe P. Since P is
total, we easily obtain Q(tv) = @, ,(t) for veC.

Let an arbitrary 0 < & < 1/2 be given. It is geometrically obvious and easy
to prove that there exists a finite set K < C with the following property:

(9) For arbitrary veS there exist s,,...,s,eK, 4;,...,4, positive and
1/2<p<1 such that A.+...+4,=1 diam {s;,...,s,}<e and

Now find 0 < § < ¢ such that

(10) IF(tv)—Q(tv)]] < et*  whenever [t| <6 and vek,

(11) 1f () —QpMIl <ellhll*  whenever ] <.



26 Delta-convex mappings

Let now an arbitrary he R", 0 < ||h| < 8/2, be given. Find sy,..., 8,5 41,..., 4,
4 which correspond by (9) to v = h/|h| and put z; = (lAll/ s, i=1,....n

Then ||z,| < 2|\Al, i = 1,..., n,diam{z,,..., z,} <2[hleand h = Y. A;z;. Since
i=1
F is controlled by f, we have by Proposition 1.13 (ii)

n n

IF (h)— Z Fe)l < ) Af @)= ).

= i=1
Thus we can compute

IER) —Ql < ||Fty— T AFE)|+ || Y 4FE)—0w)|
=1 i=1

<Iftn- 3. Af@l+) ¥ 4Fe)- 5 A0

+] %, 2,00~ 00| < | B-0,00] + 2,00 3. 40,62

HE AQte)= % 1S @)+ T AP~ 3 10|

+| ¥ 4.0(z)—Q(h)|:=T.
i=1
Let K > 0, K, > 0 be numbers which correspond to quadratic forms Q, 0, by
Lemma 3.14. Then by Lemma 3.14, (10) and (11) we have

T < ellh)>+ K ;- 2|1kl (21 hlle) + de || > +dell 1|2+ K-(2]|h])- (2] hlle) = eM | h]*

where M does not depend on ¢ and h. Consequently Q is the second derivative
of F at a.

4. Superpositions and inverse mappings

PRoPOSITION 4.1, Let X, Y, Z be normed linear spaces andlet A X, Bc Y
be open convex sets. Let F: A— B be delta-convex on A with a control function
S and let G: B—Z be delta-convex on B with a control function g. Suppose
further that G, g are Lipschitz on B with constants Lg, L,.

Then the composite mapping GoF is delta-convex on A with a control
function h = goF+(Lg+ L) f.



4. Superpositions and inverse mappings 27

Proof. We shall use Proposition 1.13 (iii). Choose x, ye Aand a > 0, b > 0,
a+b = 1. Then the following inequalities hold.

laG (F (x))+bG(F () — G(F(ax + by))|
< ||aG(F(x)+bG(F(y))— G(aF (x)+bF ()|
+||G(aF (x)+ bF(y))— G(F (ax+ by))|
< ag(F(x))+bg(F(y))—g(aF (x)+bF (y))
+ Lg|laF(x)+bF (y)—F(ax + by)|
< ag(F(x))+bg(F () —g(F (ax+ by))
+g(F(ax+by))—g(aF(x)+bF (y))+ L; |aF (x) + bF (y) — F(ax + by)|
< ag(F(x))+bg (F () —g(F(ax+by))
+(Lg+ L))aF(x)+bF(y)— F(ax+by)|l < ah(x)+ bh(y)—h(ax +by).
Since GoF and h are obviously: continuous, the proof is complete.

As an immediate consequence of Proposition 4.1 and Proposition 1.10 we
obtain the following theorem on superpositions of locally delta-convex
mappings. Note that this theorem was proved in [35] under some slight
additional assumptions (completeness of X, Yand Lipschitz continuity of G). In
finite-dimensional case it was proved by P. Hartman [18].

THEOREM 4.2. (Superposition Theorem). Let X, Y, Z be normed linear
spaces and A< X, Bc Y be open convex sets. Let F: A—~B be locally
delta-convex on A and G: B—~Z be locally delta-convex on B. Then the
composite mapping GoF is locally delta-convex on A.

COROLLARY 4.3, Let T, Z be normed linear spaces and X, Y be Hilbert
spaces. Let G = T be an open set, B: X x Y- Z be a continuous bilinear mapping
and f: G- X, g: G- Y be locally delta-convex mappings. Then the mapping

h(w):= B(f(w), g(w))
is locally delta-convex on G.
Proof. Tt is sufficient to use 1.12 and 4.2.

Using Proposition 1.13 (iii) we obtain also a short proof of delta-convexity
of implicite mappings. Unfortunately, our proof works under rather restrictive
additional assumptions only (cf. Problems 1 and 2).

THEOREM 4.4 (delta-convexity of implicite mappings). Let X, Y, Z be
normed linear spaces and A = X, B = Y be open convex sets. Let G: AxB—2Z
be a delta-convex mapping with a control function g. Suppose that there are
L>0, c>0 such that

lg(x, y)—g(x, i) < Llly~y| and [G(x, y)—G(x, ) = cly—Jl,
whenever x€ A, y, yeB.
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Let ¢: A— B be a mapping satisfying G(x, ¢(x)) =0 on A and let L < c.
Then ¢ is delta-convex on A with a control function

h(x) = ——g(x. o(x)).

—L

Proof. We shall use Proposition 1.13(iii). Let x, xed, a=0, b>0,
a+b=1. Then

lag(x) +bo (%) — p(ax + bx)|

< %||G(ax+bf, a@(x)+ b (X))~ Glax + bx, ¢(ax+bx))|

- %“G(ax+bf, ap () +bo ()|

= %HG(ax+bi, ap(x)+bop(%)—aG(x, p(x))—bG(X, ¢(%))

< %[ag(x, o(x))+bg(%, ¢(%) —g(ax+b%, ap(x)+be(%)]

- %[ag(x, () +bg(%, 9(5)—g(ax+b%, p(ax+b%)]
-}%[g (ax+b%, ¢(ax+bx))—glax+b%, ag(x)+ be(%)]

< %[ag(x, @(x))+bg(x, (X)) —g(ax+bx, p(ax+b%))]

+%L Il @ (ax + bx)—ap(x)—be(X)| .

Hence
lae(x)+ b (X)— @(ax+bx)|| < ah(x)+bh(x)—h(ax+ bx).

Thus it is sufficient to prove the continuity of ¢. Let x e A. By Proposition 1.10
the function H = G(-, ¢(x)) is Lipschitz with a constant d on an open
neighbourhood U of x. Let yeU. Then

dlx=yll = [|Glx, (x))=G(y, )| = |G (v, e
= G(y, 0(x))~G(y, e = clox)— oM.
Therefore ¢ is continuous at x and the proof is complete.

As an immediate consequence we obtain the following theorem.
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THEOREM 4.5 (delta-convexity of inverse mappings). Let Y, X be normed
linear spaces and B < Y, A < X be open convex sets. Let F: B— F(B)> A be
a bijective delta-convex mapping with a control function f. Suppose that f is
Lipschitz on B with a Lipschitz constant L, F~! is Lipschitz on A with a constant
¢! and L <c. Then F~! is delta-convex on A with a control function

1
h(x) = F~1(x)).
() = —S(F~1(x)

Proof. Tt suffices to apply Theorem 44 with X, Y, Z=X, A4, B,
G(x,y) =x—F(@y), g(x, y)= f(3) and @(x)=F'(x). '

For general bi-Lipschitz delta-convex mappings in the infinite-dimen-

sional case we have the following theorem only (cf Theorem 5.2 for
finite-dimensional case and Problems 1, 2).

THEOREM 4.6. Let Y be an Asplund-Banach space and let X be a normed
linear space. Let Vc Y, U c X be open convex sets and let F: V-U be
a bijective locally delta-convex mapping on V. Suppose that F~! is locally
Lipschitz on U. Then there exists an open dense subset U < U such that F~ 1 is
locally delta-convex on U.

Proof. For each yeV find an open convex neighbourhood W, of y,
a convex continuous function f, on W, and c, > 0 such that F is delta-convex
on W, with a control function f, and F ™' is ¢,-Lipschitz on F(W). Since Yis an
Asplund space, we can find a dense subset D, of W, such that the Fréchet
derivative f} exists at all points of D,. For each de D, choose an open convex
neighbourhood B, ; of d such that B,; « W, and the function

Soai= f,—[5(d)

is Lipschitz on B,, with a constant L, < ¢, (here we have used the strict
differentiability of f, at d, see Proposition 3.8). Now, it is possible to put

U =J{F(B,.): yeV, deD,}.

In fact, if xe U, we can find yeV and d eD, such that xeF(B,,). Further
choose an open convex neighbourhood A of x, A < F(B,,). Since the
assumptions of Theorem 4.5 are satisfied with B= B, ,, L = L, 4, ¢ = c,, 4, we
obtain delta-convexity of F~! on A.

Note 4.7. If Y* is a separable space, we can use the result of [29] and
slightly refine the proof of 4.6 to obtain U for which U\U is g-porous nowhere
dense set.

The following Mixing Lemma is in some situations a useful tool for proofs
of delta-convexity (cf. proof of Theorem 5.1 and Example 3). It can be also
considered as a generalization of the well-known fact that maximum of finitely
many delta-convex functions is delta-convex.
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LEMMA 4.8 (Mixing Lemma). Let X, Y be normed linear spaces and A <« X
be an open convex set. Suppose that F;: A-Y, i=1,..., m, be delta-convex
mappings on A. Suppose that F: A—Y is a continuous mapping such that

Fix)e{F(X),..., F(x)}  for any xeA.
Then F is delta-convex on A.

Proof. Let F; be controlled by fon A,i=1,..., m Let 1 <i<j<mbe
fixed. Since F;—F; is obviously controlled by f,+f, and |||y is controlled by
[-ily which has Lipschitz constant 1, we obtain by Proposition 4.1 that
IF;—F;| is delta-convex on A with the control [unction [|F;—F;|| +2(f;+f).
Put

1 m
hy = fitfi+3IF—F)|  and  f= 2 hy

Lj=1

We shall prove by Lemma 1.17 that F is controlled by f on A. Choose arbitrary
xed, veX, |vJ=1 and §>0. Continuity of mappings t— F(x+tv)
and t->F,(x+tv), i=1,...,m easily implies that there exist points
Xy, X,€U(x, 8), indexes r, se{l,..., m} and a >0, b >0 such that

a+b=1, x=ax,+bx,, x,—Xx,=|x,—x,|-v and
F(x)=F,(x) = Fy(x), F(x;)=F/(x), Flx;)=Fix,).
Then the following inequalities hold.
llaF (x,)+bF (x,)— F(x)|| = l|aF,(x,)+bF(x;)— F(x)ll

:

1
+5(aF, (e1) + bF, (x3) = Fy () +5{F,(x,) = F, ()

1 b
E(aFr(xl) +bF,(x,)—F,(x)) +5(Fs(x2)—F,(xz))

|

< %u(aF,(le bF,(x)— F,()| +%na1~:(x1) +bF(x;)— F, ()|
+%(a|, F, ()= F,0e)l +b1F, ()= F,(x,)ll - I F, (%)= Fo())
< %(af,(xl)+bf,(x2) ~£,(%)) +-;-(afs(x1) +bf(x2) =£i(x)
+ %(anF,(xl)—Fs(xl)Il +b|[F,(x5) = Fy(x,)| — I F,(x) = F,(x)Il)

1
= a<§(fr+fs+ [[Fr—Fs||)(x1))+b<%(f,+fs+ IIF,—Fxll)(xz))
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_%(ﬁ+_fs+llF,—Fsll)(x)

= (af (x1) +Bf (x;) —f (x) —(ah(x,) + bh(x;) — h(x))
< af (x,) +bf (x2)—f (%),

1 1 “
where h==f+-f+ Y h;
2 2 ij=1 )
i#r,j¥Es

We have used the convexity of h.

5. Inverse mappings in finite-dimensional case

THEOREM 5.1 (delta-convexity of implicite mappings). Let X, Z be normed
linear spaces and let Y be a finite-dimensional normed linear space. Let A < X,
Bc Y be open convex sets, c>0 and let G: AxB—Z be a delta-convex
mapping such that ||G(x, y)—G(x, p)Il = clly—J|| whenever xe A, y, yeB. Let
¢: A— B be a mapping satisfying G(x, ¢(x)) =0 on A.

Then ¢ is locally delta-convex on A.

Proof. It is easy to see that we can suppose that Y = R”, n > 1. Further, in
the same way as in the proof of Theorem 4.4 we obtain that ¢ is continuous on
A. Suppose that G is delta-convex on A x B with a control function g.

Now consider the function &(x, y) = {{G(x, y)||. Since the mapping
I-1: Z—R is delta-convex with the control function ||-|| which is 1-Lipschitz,
Proposition 4.1 gives that @ is delta-convex on A4 x B with a control function
F(x, y) = |G(x, ¥)ll +2g(x, ). Since ¢ is continuous and we want to prove that
@ is locally delta-convex on A, we can suppose without any loss of generality
that F is K-Lipschitz on 4 xB.

Now fix xeA and put F = F(x,"), g, =g(x,). Clearly F,: B—R,
g.: B— R are convex functions. We shall show that &F (¢ (x)) contains an open
ball with radius ¢, namely the ball B, = U(2g*, c¢), where g*eR" is an
arbitrarily chosen point from dg,(¢(x)). To prove B, < dF (¢(x)) it is sufficient
to prove that for arbitrary he B, and ve R" the inequality <{v, b} < F(¢(x), v)
holds. But it always holds, since

Fio(x), v) = 2g.(¢(x), v)+ lim ||G(x, o(x)+sv)—G(x, p(x))||"s~*

=0+
. C|sv
= 2{v, g*>+ lim —”s_ﬂ

5—+0+

= 2(v, g*> +cllv|

and there is zeR", |z|| <1 for which
v, h) = (v, 2g* +-cz) = 2<v, g*) +c(v, z) < 2w, g*>+c|vl.
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Since F is K-Lipschitz, we have 0F (¢(x)) = U(0, K) for any xeA.
Consequently it is easy to see that there exists a finite number of open balls

U(zié)c Y¥=R", i=1,...,p

such that for any xe 4 we can choose an index 1 <i_< p such that

U(z,-x, %) < B, < 0F,(p(x).

Put 4;,={xeA: i, =i}.

P
Since A = | 4, and ¢ is continuous, by Mixing Lemma 4.8 it is sufficient
i=1
to prove that for any 1 < i < p the mapping ¢: A;— R" can be extended to
a delta-convex mapping on A. To this end it is sufficient to show that all
components of ¢ can be extended to a delta-convex function on A.
To prove this, fix 1 <j< n and denote by e; the j-th unit vector of the
canonical basis of R". Put
z¥ = z,~+§ej
and for xeA,; define
o(x) = F(x, p(x))—<p(x), z>) and

U*(X) = F(X, ¢(x))_<¢(x)a zi*>

Thus we have v(x)—v*(x). = %(qo(x), e;> for xe A; and therefore it is sufficient

to prove that v, v* are restrictions of convex continuous functions defined on
the whole A.
Since z,, z¥edF, (p(x)) for xeA;, by the well-known version on the
Hahn-Banach Theorem [31] there exist w,, w¥edF(x, ¢(x)) such that
wi(t, y) = a,()+z{y) and wi(, y) = af(t)+2X(y)
where a., a¥eX* Obviously |a. | <K, |af| < K. Let x, xeA;. Since
w,€3F(x, ¢(x)), we have
F(x, ()= F(x, ¢(x) = (X—x, a,)+<{p(®)— 0 (x), z,).
Consequently

v(f)—v(x) = F(.f, ‘P(x))_F(x, cp(x))—(qo(i), zl>+<¢(x), Zl> = <i_x) ax>'

Quite analogously we obtain v*(X)—v*(x) > (X¥—x, a*>. Consequently we
conclude that v, v* have convex continuous extensions on the whole A (cf.
Lemma 1 of [37]) and the proof is over.



5. Inverse mappings in finite-dimensional case 33

As an immediate consequence we obtain the following theorem.

THEOREM 5.2 (delta-convexity of inverse mappings). Let n > 1 and G < R"
be an open set. Let F: G—R" be a bi-Lipschitz mapping which is locally
delta-convex on G. Then F~*' is locally delta-convex on F(G).

Proof. The invariance-of-domain theorem implies that F(G) is an open set.
Choose a point x,e€F(G). Put y, = F~!(x,) and choose an open convex
neighbourhood A of x, and an open convex neighbourhood B of y, such
that F(B) = A and F is delta-convex on B. Now it is sufficient to use The-
orem 5.1 for

X=R', Y=R, Z=R', A, B,
G(x,y)=x—F(y) and ¢=F"1,.

Our theorems say nothing about the existence of the implicite and inverse
mappings. They show the stability of the system of locally delta-convex
mappings only. Very general conditions which imply the (local) existence of the
implicite and inverse mappings can be stated in terms of generalized Clarke’s
derivatives (Jacobians) (cf. [10], [28]).

We state results which immediately follow from [10], [28], [16] and our
results. We shall sketch the proofs only.

DerFINITION 53. Let UcR" (n>=1) be an open set and let
f: U->R* (k= 1) be a Lipschitz mapping. Let N = U be a set of Lebesgue
measure zero which contains all points of (Fréchet) non-differentiability of
f and let ae A. Then we put

8f (@) = () co{f'(x}): xeU(a, S)\N}.
4>0

Note 5.4. In view of [16] the generalized derivative df (a) does not depend

on N. Consequently the concepts of [10] and [28] coincide.

DEFINITION 5.5. Let U < R"x R* be an open set and let f: U—R? be
a Lipschitz mapping (n, k, p > 1). Let N c U be a set of Lebesgue measure
zero such that for any z =(z, z,)e U\N the (partial Fréchet) derivative
[2(2) = (f(zy, ) (z,) exists. Let ac A, Then we put

0,f(a) = () co{f3(z): zeU(a, H)\N}.
§>0

Note 5.6. Slightly changing the proof of [16], we see that the given
definition of a generalized partial derivative does not depend on N and
coincides with the one given in [28].

Now we can formulate the following results.

PROPOSITION 5.7. Let U = R" be an open set, ac U and let F: U—R" be
locally delta-convex on A. Suppose that 0F (a) contains surjective linear mappings

3 — Dissertationes Mathematicae CCLXXXIX
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only. Then there exists an open neighbourhood V of a such that (Fl,)~" is locally
delta-convex on the open set F(V).

Proof. 1t is sufficient to use Theorem 5.2 and Clarke’s inverse mapping
theorem (or Theorem 11.1 of [28]).

Note 58. We de not know whether the sufficient condition from
Proposition 5.7 is necessary one (cf. Problem 8).

PROPOSITION 5.9. Let U < R"xR* be an open set, (a, b)e U and let
G: U—R* be a locally delta-convex mapping on U such that G(a, b) =0 and
3,G(a, b) contains surjective mappings only. Then there exist J, ¢ >0 and
a delta-convex mapping ¢: Ula, 8)—> U(b, €) such that for xeUf(a, ) and
yeU(b, e
y=e(x) iff Gl =0
Proof. 1t is sufficient to use Theorem 5.1 and the proof of Theorem 12.1

from [28] (cf. Note 5.6). In fact, the uniqueness of ¢, which is not explicitely
formulated in [28], easily follows from the proof. The validity of the inequality

1G(x, ) —G(x, I Zclly=yl, ¢>0,

for x sufficiently near to a and y sufficiently near to b follows by the standard
methods from the regularity of d,G(a, b).

6. Examples and applications

A. Three counterexamples.

ExaMPLE 6.1. There exists a mapping F: R—1, such that

(i) F is a difference of two LlpSCh]tZ convex operators (we consider
coordinate-wise ordering of 1,),

(ii) y*oF is delta-convex on R for any y*e(l,)*,

(iif) F is delta-convex on no neighbourhood of 0.

Sketch of the proof. Let e; be the i-th vector of the canonical basis of /,. Let

F{t)=0 for t <0,
1 1 .
F(?)—Eei, 1—1,2,...,
1 1
F(t)= 71 for t > >

and let F be affine on each interval [ 1 1

7T ?:I, i=1,2,... It is easy to

2 . , .
construct ?-anschltz convex functions G;, H,on R, i=1, 2,..., such that
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F=(G,—H,, G,—H,,..). Then G =(G,, G,,...), H=(H,, H,,...) are Lip-
schitz convex operators and F = G—H. A simple computation based on
Theorem 2.3 gives (ii) and (iii).

ExAMPLE 6.2. There exists a function f on R* which is delta-convex on any
line (cf. Note 1.2(b)) and is not delta-convex on RZ2

Sketch of the proof. Put x,=27" y, = x} and z, = (x,, y,). It is easy to
contruct a sequence (r,)i-; of positive numbers such that no line in R?
intersects more than two members of the sequence (Ul(z,, r,))i=,. Put

fx)=r,—llx—z,] for xeU(z,,r,) and

fx)=0 for x¢ | Uz, r,).

n=1

It is easy to see that fis 1-Lipschitz and delta-convex on each line, moreover

11
K f(a+w)<8 whenever aeR?, veR?, |jv| =1 and t, < t,.
L3

On the other hand, it is easy to compute that
K, t*) =+ for each ¢>0.
it '}

Thus Theorem 2.3 implies that t— f(¢, t?) is not locally delta-convex on R.
Since t — (¢, t?) is delta-convex on R, Theorem 4.2 implies that f'is not locally
delta-convex.

ExXAMPLE 6.3. There exists a delta-convex bijection F: R* - R? such that
F~'is delta-convex and F is differentiable but not strictly differentiable at the
origin.

Sketch of the proof. Put

F(x, y)=Fy(x, y):=(x, y) if x <0,
F(x,y)=Fy(x, y):=(x, y+x?) if x>0 and y > x2,
F(x, y) = Fy(x, y):= (x, 2y) if x>0 and —x2<y<x?,

F(x,y)=F4(x, y):=(x,y—x* if x>0 and y < —x2.

It is easy to see that the definition is correct and that F is a continuous
bijection of R? onto R2. Using Mixing Lemma 4.8 we immediately obtain that
F is delta-convex on R?2. It is easy to see that F~! is also a “mixture” of four
delta-convex mappings; consequently F~! is delta-convex, too. Obviously
F'((0, 0), v) = v and since F is locally Lipschitz (e.g. by 1.10), we conclude that
F'((0, 0) = 1d. On the other hand, since for x > 0 F'((x, 0), (0, 1)) = (0, 2), F is
not strictly differentiable at (0,0).
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Note 6.4. The above example shows that there exists a delta-convex
function f: R?— R which is differentiable at a point ae R? but it is not strictly
differentiable at a. (A similar example is given in [32].) Proposition 3.9 gives
that fis controlled by no function which is differentiable at a. In this case, there
necessarily exists ve R? such that f'(-, v) is not continuous at a. On the other
hand, it is possible to prove that differentiability of a delta-convex function f at
a implies continuity of f'(-, v) at a with respect to the ordinary density topology
(for definition see, e.g. [24], p. 167) on R2

B. Nemyckii and Hammerstein operators,
PROPOSITION 6.5 (delta-convexity of Nemyckii operators). Let Q < R" be
a measurable set, 1 < p < oo and let f, g be real functions on Q x R satisfying:
(a) There exist constants c,, c, 2 0 and functions w,, w, € L,(Q) such that
for almost every xeQ
IfGe, N < wil)+e, )P and

lg(x, N < wy(x)+c, | [P
(b) For almost every x € Q, the function g(x, *) is delta-convex on.R with the

control function f(x, ).
(¢) For each teR the functions f(-, t), g(-, t) are measurable.

Then the Nemyckii operator G: L,(Q)— L(R), defined by
Gw)(x) = g(x, u(x),
is delta-convex on L,(2) with the control function

d(u) = };f(x, u(x))dx.

Proof. The assumptions imply that the Nemyckii operators
Gw)=g(,u(")) and F(u) = f(, u(")) act from L,(Q) into L,(R) and are
continuous (see [33]). Hence & is continuous, too.

Leta>0,b >0, a+b = 1. Then for any u, ve L,(Q) the following holds.

laG(u) + bG(v)— Glau+ bv)|| L,
= [lag(x, u(x))+bg(x, v(x))—g(x, au(x)+ bv(x))|dx
2

< J(af (x, u(x)+bf (x, v(x))—f (x, au(x)+bv(x)))dx

= aP(u)+bP(v)— P(au+ bv).
Hence G is delta-convex with the control function & by 1.13(iii).
Note 6.6. The situation for Nemycku operators acting into L, () with
g > 1, is not so nice. For example, it is possible to prove that the mapping

u— [ul is a continuous operator from L,((0, 1)) into L,((0, 1)) for any p > 2 but
is never locally delta-convex.
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ExAMPLE 6.7. Let @ < R" be a measurable set, g be a function on @ x R
and ¢ > 0. Suppose that

() g.:=g(x, ) is convex for each xef,
(i) (g,)+ @) < clt] for any xe, teR,
(iii) g(-, 0)e L,(Q),

(iv) g(-, t) is measurable for each teR.

Then the Nemyckii operator G: L,(2)—L,(Q), G(u)=g(-, u(")) is delta-
convex on L,(Q).

In fact, it is sufficient to use Proposition 6.5 for f =g.
Using Proposition 3.1 and Theorem 3.10 (i), we obtain the following result.
COROLLARY 6.8. Let the assumptions of Proposition 6.5 (or of Example 6.7)

be satisfied. Then the Nemyckii operator G: L,(2)— L,(S) has the following
properties.

(@) G has all one-sided derivatives at each point of L,(Q).
(b) If p> 1 then G is (strictly) Fréchet differentiable at all points of L,(£2)
except those which belong to a first category set.

ProOPOSITION 6.9. Let € < R¥, Q c R" be measurable sets, 1 < p < o0,
1 € q < oo and let functions f, g on Q x R satisfy the conditions (a), (b), (c) from
Proposition 6.5. Let K: Q' x Q- R be a measurable function with the property:

There exists C = 0 such that

(d [IK(x, yWdx < C for almost every ye®.
o

Then the Hammerstein operator H(u) = [ K(-, y)g(y, u(y))dy acts from L,(®) into
Q
L () and is delta-convex with the control function ¥(u)= C'-{ f(y, u(y))dy.
n

Proof. It is easy to see that H = ToG where G is the Nemyckii operator
from 6.5 and

T(@) = [K(, y)o(y)dy.
n

The assumption (d) implies that T'is a bounded linear operator from L, (£2) into
L,(Q) with | T|| < C' (see [15]. Ch. VI, § 9, Exercise 59). Hence by Lemma
1.5(a) H is delta-convex with the control function Y.

ExaMPLE 6.10. Let K: (0, 1)x (0, 1)— R be a bounded measurable function
and g: R — R be an arbitrary convex Lipschitz function. Then the Hammerstein

1

operator H(u) = [ K(:, y)g(u(y))dy is a delta-convex mapping from L,((0, 1)) into
0

L,((0.1)) for arbitrary p, ge[1, +0).
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Let 1<p<w, q=p Denote M =sup{|K(x,y): x, ye©, I}
L =Lip(g) and choose any AeR with |4| < (2ML)~*'. Then the equation
u+AH(u) = v is solvable in L,((0, 1)) for any ve L,((0, 1)) and the mapping
(Id+AH)~! is delta-convex on L,((0, 1)).

Proof. Denote m = max{|g(0)|, 1}. Then the Lipschitz property of g and
the Holder inequality imply
lg(O] < |g(0)+L|t—0] < m+L|t] < (m+Lt|)" < 27~ (m? + I}t]?).

In addition jIK(x y)?dx < M9 Consequently H is delta-convex with the

1

control function ¥(u M_[g( (»)dy by 69.
It is easy to see that Lip(H) < || T||-Lip(G) < ML, where T(v)
1
= [ K(-, y)v(y)dy, Gu) = g(u(-)), and analogously Lip(¥) < ML. Our equa-

0
tion can be rewritten in the form u = v—AH(u) and is now solvable by the
Banach Contraction Principle.
The mapping Id + AH is delta-convex with the control function ||-¥ and

I(id + AH) (w)—(Id + AH) (@)l = (1—[A ML)jju—a|.

Hence by Theorem 4.5 the mapping (Id+AH)~! is delta-convex, since
Lip(J4|- ¥) < |AIML < (1 —|AIML).

Of course, we obtain that under some conditions the Hammerstein
operator H and the solving operator (Id+AH)™! have good differentiability
properties. We formulate the following “stability” result only.

COROLLARY 6.11. Let the assumptions of Example 6.10 be satisfied and let
p> 1. Then:

(a) The solving operator S:= (Id+AH)™* has all one-sided directional
derivatives at all points and is (strictly) Frechet differentiable at all points of
L,((0, 1)) except a first category set.

(b) Let u, vy,...,v, be functions of L,((0, 1)). Define the mapping
V: R L,((0, 1)) by

Vit,,....t,))=Su+t,v,+... +t,v,).

n

Then V has the second (Peano) derivative at almost all points of R".

C. Weak solution of a differential equation. Consider the following
Dirichlet problem:

—w(x)+gux) = f(x), xeJ=(a,b)
u(a) = u(b) = 0.

(P)
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The family
W§2(J) = {u: u is absolutely continuous on [a, b],
u € L,(J), u(a) = u(b) = 0}
is a (real) Hilbert space with the inner product
Cu, v) = [u'(x)v'(x)dx
J

and the norm [uf = {u, ud*’? (cf. [17]).

Let ve W§%(J) and denote |J| = b—a.
Then the inequality

v?(x) = (fv' () dy)* < (x—a)- {2 (y)dy < [T Iv]?

implies
(12) lo(x)] < |12 v for xe[a, b] and
(13) 0l Lyery < W1 N0l

The weak formulation of the problem (P) is following (see [17], p. 26):
Find ue W§2(J) such that
W) [u(x)v'(x)dx+[g(ux)v(x)dx = [ f(x)v(x)dx for every ve W§2(J).
J 7 N

PROPOSITION 6.12. Let g: R—R be a delta-convex function such that
1 + o . . _
5'\/(9’+)+Llp(g)<l-fl %

Then for arbitrary right-hand side feL,(J) there exists a unique solution
ue W§2(J) of the problem (W) and the mapping f—u is a delta-convex mapping
from L,(J) into W§2(J).

Proof. Define a mapping G: W§2(J)—» W§2(J) and a function ¢ e W§*(J)
by the formulas

(G), v) = [gu(x)v(x)dx, veWy(J)),
J
(14) (o, vd = [ fX)o(x)dx, veW§2({J).
J

Then (W) can be rewritten to the form
(E) u+Gu) = o.

Let h be a convex function controlling g and satisfying

1 +x©
Lip() = 5V (g%
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X t
(Choose x, € R and put h(x) = | (\/ (g'+))dt. The proof of (iii)=> (i) in Theorem

Xg Xo
+ o

2.3 shows that K controls g. Further \/g=s—i, where s=sup{K,():
teR} = lim K, (f) and i =inf{F,(t): teR} = lim A.(¢). It suffices to put

t—=+mo t—+—a0
h(t) = h(t)———-t.)
Let ||v] = 1. Then the function
ur{G(u), v} +[J1"2 [ h(u(x))dx
J

~ g|v(x)|-(g(u(x))-sgn(v(x))+h(u(x)))dx

+§ (112 = o)) h(u(x)dx

J

is convex and continuous on W}§2(J), since |v(x) <J|*?* on J and
ur—-»lv(x)l-(g(u(x))-sgn(v(x))+h(u(x))) is convex on W}-2(J) for each fixed xeJ.
Consequently G is delta-convex on W§2(J) with the control function

&) = |J|'72 [ h(u(x))dx.
J
By (13),
IKGW)—G(w), vl < j'|g(u(x))—g1£w(x))|-lv(x)]dx

< Lip(g)'j|u(x)—w(x)|'|v(x)|dx < Lip(g) ”“—W”Lzu)' ollL,y
J

< Lip(g)-|J1*-lu—w]  for any [o] =1,
and analogously

|®(u)— B(W)] < 71172 [ |hfu(x)) — h(w(x))|dx
J
< WIY2-Lip(h)-{ lu(x)—w(x)ldx < [J|-Lip(h): |4~ wl ,0)
J

< WI*-Lip(h)- flu—w|.

Consequently Lip(G) < Lip(g)|J|* and Lip(®) < Lip(h)-|J|>.

The equation (E) is equivalent to u = ¢ — G(v) and is uniquely solvable for
any @€ W§3(J) by the Banach Contraction Principle, since Lip(G) < 1. We
have

I(Id+G) (u) —(Id+ G) W)l > (1 ~Lip(G))lu—wl > (1 —Lip(g)|J|?) [u—w].



6. Examples and applications 41

Since

. . 1 + o . .
Lip(®) < Lip(h)lJ|* = 2 V (g4)W1* < 1—Lip(g)1JI%,

the mapping (Id + G) ™! is delta-convex by Theorem 4.5. The mapping S: fi~¢
defined by (14), is a bounded linear operator from L,(J) into W§2(J), since

loll = sup{<p, v>: o =1} = Sup{gf(x)v(X)dx: ol = 1} S WIS euy-

The “solving mapping” f+-u for the problem (W) can be written in the form
(Id+G)™ oS and is therefore delta-convex on L,(J).

EXAMPLE 6.13. Let p > 0 and f be a p-periodic delta-convex function on R.
Then there exists ¢, > 0 such that

g(x):=¢f (x)e” ™

satisfies the assumption of Proposition 6.12 for each 0 < ¢ < &,. We omit the
simple proof based on the fact that

g(x+kp)=g(x)e™® for x>0and k=0,1,2,...

In the following example we show ¢, for some f. We omit an elementary
but non-trivial computation.

ExaMPLE 6.14. Let h be a convex Lipschitz function on [—1, 1],
M =max {|h(x): xe[—1, 1]} and L = Lip(h).
—-2n

1—
If ¢ < ¢

w hOldS, then the function

g(x) = ge” ™ h(sin x)

satisfies the assumption of Proposition 6.12.

Of course, Proposition 6.12 yields some stability results concerning the
dependence of the solution of the problem (W) on f. Nevertheless, we do not
obtain generic differentiability of the solving mapping f+>u, since L,(J) is not
an Asplund space. Since |J| < oo, we obtain the following result.

COROLLARY 6.15. Let g satisfy the assumption of Proposition 6.12. Then the
restriction of the solving mapping of the problem (W) on L,(J) is (strictly) Fréchet
differentiable at all points of L,(J) except those which belong to a first category
set.

D. Quasidifferentiable functions and mappings. A function f: R"— R is said
to be quasidifferentiable [11] at ae R" if f'(a, v) exists for each ve R" and the
function f'(a, -) is a difference of two sublinear functions.

All delta-convex and all smooth functions are clearly quasidilferentiable.
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In [12] the notion of a quasidifferentiable mapping was defined. A map-
ping F: X -Y, where X is a normed linear space and Y is a K-space (i.e.
a conditionally complete vector lattice provided with a monotonic norm and
complete with respect to this norm), is said to be quasidifferentiable at ae X if
F'(a, ) is representable as a difference of two continuous sublinear mappings.

If we consider the coordinate-wise ordering on a space R”, then we obtain
on account of 1.8 and 1.21 the following easy fact.

LEMMA 6.16. Let A = R* be an open set, acA and let F=(F,...,
F). A-R" be a mapping. Then the following conditions are equivalent.

() F is quasidifferentiable at a;

@) F,,..., F, are quasidifferentiable at a;

(iii) F'(a, -) is delta-convex on R¥;

(iv) Fi(a,"),..., Fi(a, ") are delta-convex on R

It is proved in [12] that under some conditions the composition of two
quasidifferentiable mappings is quasidifferentiable as well. In particular, these
conditions are satisfied in the case of mappings between Euclidean spaces; in
this case it is not difficult to obtain the result as an immediate consequence of
the Hartman’s Superposition Theorem (Theorem 4.2).

Now we shall show that our results concerning delta-convexity of implicite
and inverse mappings yield corresponding results concerning quasidifferen-
tiabiliy, which seem to be new.

THEOREM 6.17 (quasidifferentiability of implicite mappings). Let A < R*,

B = R™ be open sets,c, > 0, ¢, > 0and let G: AxB— R” and ¢: A - B satisfy:
(i) G(x, @(x)) =0 for any xeA,

(i) collys =yl S 1G(x, y1)=G(x, y)ll < ¢;lly,—y,ll whenever xe A and

Y1» yZ € B’
(iii) G is quasidifferentiable at a point (x4, @(x,))€ A x B.

Then ¢ is quasidifferentiable at x,.

Proof. Choose an arbitrary ue R*. Then for any sequence t,—0+

oo+ 1)~ 0(xo)

lim sup

1, 1 .
< c—hm sup}—||G(xo+t,,u, @(xq+ 1,))—G(xo+t,u, @(xo))l
0

1. 1
= ahm supt—”G(xo, @ (x0)) — G(xo+ Lot p(xo))|

Gl((xo (P(xo)), (u, 0))“

1
=;|
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Consequently there exist a subsequence (t,) of (¢,) and a vector ve R™ such that

v

Now, let s,—-0+ be an arbitrary sequence such that the limit
Jim 2o T 5a4) = @ (o)

Sq

exists. Then this limit must equal to v, since

—U

Sn

Jimetzet stz

o1
= hms—l[qa(xo +5,u)—(@(xo) +5,0)|
1. 1
< ;—hm sups—||G(x0+s,,u, @ (xo+5,u)— G(x0+ 8,1, 9(x)+5,)|
0 n
.. 1
= c—llm SUPS‘”G(XO, @ (xo)) =~ G(Xo+ 5,4, @(xg)+s5,0)|
0 n
1
= —”Gl((XOs (P(XO))7 (u'l U))“
Co
| 1
= C—limt—,”G(xo+t;,u, @ (x0)+ t,0)— G (X + tout, @ (xo+tyu))||
[4] n
€y

—lim
Co

<

thu) —
"P(xo'f' :) "’(x°)—u”=o.

Consequently ¢’(x,, u) exists for any ue R*, The inequalities above show that

¢ (x, ) = v iff G'((x0, @(x), (u, 1)) = 0.
It is easy to prove that the property (ii) implies

(|G ((xo, @(xo)), (1, 9,)=G'((x0, @(x0)), (u, B)|| = collo; — 05

Hence it is possible to apply Theorem 5.1 to the delta-convex mapping (u,
v) - G'((x0, @(x,)), (1, v)), and obtain that the mapping ¢'(x,, *) is delta-convex
on R* Consequently ¢ is quasidifferentiable at x,.

COROLLARY 6.18. (quasidifferentiability of inverse mappings). Let ¢, > 0,
¢, > 0 and let F be a mapping of an open set A = R* onto an open set B < R™
with the property

collxy — x5l < |F(x)—F(Oe)ll € cillxy—x,|l, whenever x;, x,€A.

If F is quasidifferentiable at a point x,€ A, then F~' is quasidifferentiable at
F(xg).

Similarly as in Section 5 it is possible to obtain the following pro-

positions which are analogous to Propositions 5.7 and 5.9.

PROPOSITION 6.19. Let U = R" be an open set, ac U and let F: U-— R" be
quasidifferentiable at a (or at each point of U). Suppose that éF(a) contains
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surjective linear mappings only. Then there exists an open neighbourhood V of
a such that (F/,)™" is quasidifferentiable at F(a) (or at each point of the open set
F(V), respectively).

ProposITION 6.20. Let U = R"x R* be an open set, (a, b)eU and let
G: U — R* be a mapping which is quasidifferentiable at (a, b) (or at each point of
U). Suppose that G(a, b) =0 and 0,G(a, b) contains surjective mappings only.
Then there exist 8, e > 0 and a mapping ¢: U(a, 8)— U(b, ¢) quasidifferentiable
at a (or at each point of Ul(a, 8) respectively) such that for xe U(a, 6) and
yeU(b, ¢)

y=e¢@x ff Gx, =0

7. Some open problems

PROBLEM 1. Let X, Y be Banach spaces, G < X, H = Y be open sets and let
F: G — H be a bi-Lipschitz bijection which is locally delta-convex on G. Is then
F~! locally delta-convex on H?

Note. If X = Y= R" Theorem 5.2 gives a positive answer. We do not
know an answer either in the case X = Y=1,.

PROBLEM 2. Let X, Y be Banach spaces, G = X be an open set and ae G. Let
F: G- Ybe a delta-convex mapping which has an invertiable strict derivative at
a. Does there exist an open neighbourhood U of a such that (F|,)~" is locally
deltaconvex on F(U)? '

Note. The inverse mapping theorem for a strict differentiable mappings ([7],
[9], [26]) implies that a positive solution of Problem 1 gives immediately
a positive solution of Problem 2. Also the case X = Y =1, is open.

PROBLEM 3. Let X, Y be Banach spaces, G = X be an open set and ac G. Let
F: G—>Y be a delta-convex mapping which is strictly differentiable at a. Does
there exist a function f which controls F on G and which is strictly differentiable
at a?

Note. Theorem 4.5 easily implies (cf. the proof of Theorem 4.6) that
a positive solution of Problem 3 gives a positive solution of Problem 2. Also
the case X = R% Y=R is open. It is easy to see that the case X =R,
Y arbitrary, has a positive answer.

PRrOBLEM 4. Let X, Y be Banach spaces, G = X be an open set and let
F: G- Y be a continuous mapping. Let there exist a convex function f (which is
not a priori continuous) such that f +y*oF is convex on G for each y*eY*,
iy*| = 1. Is then F delta-convex on G?
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PROBLEM 5. Let X, Y be Banach spaces and A = X be an open convex set.
Let F: A=Y be locally delta-convex on A. Is then F delta-convex on A?

Note. If X = R", the answer is positive (Theorem 1.20). We do not know
a solution also in the case X = [,, Y = R, but we conjecture that the answer is
negative whenever X is infinite-dimensional.

PROBLEM 6. Let X, Y be Banach spaces, A = X be an open convex set and
F: A-Y be a mapping. Suppose that Fof is delta-convex on (0, 1) whenever
f: (0, 1)> A is delta-convex. Is then F locally delta-convex on A?

Note. Also the case X = R?, Y = R is open. Compare with Example 6.2.

PROBLEM 7. Let X, Y be Banach spaces, A = X be an open convex set and
F: A—Y be a Lipschitz mapping. Suppose that there are a = 0, b = 0 such that

Il(FofSall(f+ b-Lip(f)
0 0

whenever f: [0, 11— A be a Lipschitz mapping. Is then F delta-convex on A?

Note. It is possible to prove that if F is delta-convex on A4, then it satisfies
the condition from Problem 7. For a motivation of this problem see [36]. Also
the case X = R%, Y=R is open.

PrOBLEM 8. Let G, H be open subsets of R", aeG and let F: G- H be
a bijection. Suppose that F is locally delta-convex on G and F~! is locally
delta-convex on H. Does the Clarke's generalized derivative 0F (a) contain
surjective linear mappings only?

Note. Also the case n =2 is open. For the case n =1, the answer is
positive.

PROBLEM 9. Let X, Y be separable Hilbert spaces, G < X be an open set and
let F: X —Y be adelta-convex mapping. Does there exist a point ae G such that
the mapping

F,(t)= F(a+tv)
has the second Peano derivative at O for each veX, |v| =17

Note. For X = R" the answer is positive (Theorem 3.15). We do not know
an answer even in the case X =/,, Y=R.

ProOBLEM 10. Let X, Y be Banach spaces, A — X be an open convex set and
O # M c A. We shall say that F- M — Y is delta-convex on M (with respect to
A) if there exists a continuous convex function f on A such that for each y*e Y*,
ly*I =1, there exists a continuous convex function g, on A such that
y*oF =g, —f on M.
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Is it possible to extend each delta-convex mapping on M to a delta-convex
mapping on A?

Note. 1t is a problem (slightly modified) from [34], p. 557, where it is
shown that a positive answer would have an interesting application to an
investigation of singularities of convex functions.

The answer is positive if X = R or Y = R" [34] and open even in the case
X=RY Y=,
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