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1. Introduction

An almost complex structure on a real 2n-dimensional C* manifold M
is defined to be a smooth (1, 1) tensor field J which is such that for every
point peM, J,, defines a complex structure on the tangent space T, M.
Locally this entails that the components of J must satisfy

(L1) St = —5,

where repeated lower case Latin indices are summed from 1 to 2n. M,
together with a fixed almost complex structure, J, is called an almost
complex manifold, and denoted by the pair (M, J). In what follows it is
assumed that the integer » is fixed at some value greater than 1.

The objects of interest in this paper are tensorial concomitants of an
almost complex structure, and linear connection valued concomitants of an
almost complex structure, For convenience in defining these objects we set

AC,,:= {the set of all almost complex manifolds (M, J) where dim M

= 2in};

T¥, (2, B) := ithe set of all pairs (M, T) where M is a real C® manifold

of dimension 2n and T is a class C* tensor field of type

(@, f) on M};
LC%, .= (the set of all pairs (M, V) where M is a real C® manifold of
dimension 2n and ¥ is a class C* linear connection on M}.

DeriNiTION 1.1. A map % from the set AC,, into the set T%,(x, f) is
called a class C* type (a, B) tensorial concomitant of a 2n-dimensional almost
complex structure if

(i) for every (M, J)e AC,, the under]ymg manifold of the pair & (M, J)
is M and we write

F(M,J)=(M, F()));

and )
(ii) there exist real valued C* functions F Ji 5
Vieys o3 Vaeyouc,s that is,

§q . . 174
Fjl Ju;] = F.Il (Vb > Vbcli SRR I/bcl...cy)’

of real variables W;
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which are such that if (M, Jye AC,, and x is a chart of M then the x-
components of F(J) are given by

[P = Fa e Jhes o5 Joey e

),

Y

where a comma denotes a partial derivative with respect to the chart x. m

At this time it should be noted that the functions F ! I j associated with
the tensorial concomitant # are not unique. This is essentlally due to
equation (1.1) and the identities which can be obtained from it by
differentiation with respect to local coordinates. Thus when we say that two
tensorial concomitants of an almost complex structure are equal we mean
that they are equal as maps from AC,, into T¥,(x, f).

The set of all class C* type (a, f) tensorial concomitants of a 2n-
dimensional almost complex structure will be denoted by 7%, (a, B). This set
admits the structure of a real vector space when addition and scalar
multiplication are defined in the obvious way. The zero element of this
vector space is denoted by O and is such that if (M, J)e AC,, then 0(M, J)
is the zero tensor field of type («, f) on M.

If #e7%,(a, B) then we shall usually express the real valued functions
Fll '; which locally determine # in terms of J§; J5. 5 ...5 J5., .. < and not in
terms of the real variables V'; Vg ;...; Vie,.. ey where J" serves to denote
the components of an arbitrary almost complex structure with respect to an
arbitrary chart x. If #e .7%,(a, f) then we shall say that F is of yth order if
it is possible to choose the class C* functions F; ‘12 ¢4 that the highest
occurring derivative of Jj appearing in them is of ytﬁ order.

A class C* linear connection valued concomitant of a 2n-dimensional
almost complex structure is a map % from the set AC,, into the set LC%,
which satisfies the obvious generalizations of conditions (i) and (ii) in
Definition 1.1.

Remark 1.1. The definitions of a tensorial concomitant and of a linear
connection valued concomitant of an almost complex structure adopted
above represent slight extensions of the definition of a differentiable
concomitant given by Nijenhuis [8]. m

Remark 1.2. Let (M, J) and (M, J) be almost complex manifolds of
dimension. 2n. A diffeomorphism ¢ of M into M is said to be an
automorphism of (M, J) into (M, J) if for every pe M and Ve T, M, ¢, (J,V)
—Jq,(p,((p* V). (Note that we do not require the range of ¢ to be M)
Following Epstein [2] we define a natural tensor of class C* and type (a, ff)
on 2n-dimensional almost complex manifolds to be a map .# from AC,, into
T, (o, B) which is such that if @: (M, J) (M, J) is an dutomorphlsm then
0 (F(W) = F (Dl 1t is easily seen that if FeT%, (a, f) then F is a
natural tensor of class C* and type (a, f) on 2n- dlmcnswnal almost complex
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manifolds. It is not known whether the converse of this statement is valid. =

When studying pseudo-Riemannian spaces one finds that there is no
shortage of tensorial concomitants of the metric tensor. In fact it is easily
seen that for any choice of the non-negative integers «, f8, y (with y = 3) the
real vector space of smooth, type (¢, ), yth order tensorial concomitants of
an n-dimensional pseudo-Riemannian metric is infinite dimensional.
Moreover, not all elements of this vector space can locally be expressed as
rational functions in the derivatives of the metric tensor. In spite of these
complications the structure of tensorial concomitants of a pseudo-
Riemannian metric tensor is fairly well understood due to the classical
replacement theorem (cf., Thomas [10]). This theorem tells us that if % is a
type (a, f), yth order tensorial concomitant of a pseudo-Riemannian metric
which locally is defined by the functions

’I}l _’ﬂ _11 jﬁ (gr.n grsrl’ grstltza cees grs.rl...rﬂ)
then

e .
’I} ...ja = j (gr.n 0 Drstitys s Jrsty.r )
18 1 8 112 10ty

where for p =2, ..., %, Grsty .., denotes the functions which locally define the
uth metric normal tensorial concomitants of a pseudo-Riemannian metric,
which are class C®, type (0, u+2), uth order tensorial concomitants. (The
formal definition of the metric normal tensorial concomitants is given on
page 104 of reference [10]. One important property of these concomitants is
that they are polynomials in the derivatives of the metric tensor.) Due to the
existence of the metric normal tensorial concomitants it is clear how one can
proceed to construct type (x, f), yth order tensorial concomitants a pseudo-
Riemannian metric.

One of the objectives of this paper is to determine the form of the
functions which locally define the value of a tensorial concomitant of an
almost complex structure. To this end we shall demonstrate in the next
section that if k > max (0, f—a) then

(i) the vector space I (ot p) is zero dimensional if « > f, and finite
dimensional otherwise; and

(i) the functions which locally define a yth order element of 9%, (x, B)
can be chosen to be polynomials in Jy ;...; Ji., . o with coefficents which
are zeroth order elements of 7%, (t, 1) and in fact polynomial in J&,

The above two results clearly illustrate that the functional form of
tensorial concomitants of an almost complex structure is far simpler than
that of tensorial concomitants of a pseudo-Riemannian metric. However, this
does not mean that it is easier to construct tensorial concomitants of an
almost complex structure than it is to construct tensorial concomitants of a
pseudo-Riemannian metric—in fact, just the opposite is true!
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In the third section of this paper we shall present examples of how the
second result mentioned above can be employed to construct tensorial
concomitants of an almost complex structure. At that time it will be shown
that

(i) if Fe€73,(0,1) then &F =0;

(i) if FeT}, (1,2 then the functions Ff; which locally define & can
be chosen to be

. 0 if & is of zeroth order, otherwise,
v +ﬁJlNl_p a, BER,

where NJ; denotes the funcnons which define the Nijenhuis tensorial
concomitant [7] and are givén by

(1.2) NE = Jmgh —gm g g g Jh g

and
(iii) if #e773,(0,2) then the functions F;; which locally define & can
be chosen to be

P {0 if & is of zeroth order, otherwise,
Y |aN} Nj, +BJ N}, N3, o, BeR.

The key behind proving the replacement theorem for tensorial concomi-
tants of a pseudo-Riemannian metric is the fact that it is possible to const-
ruct a linear connection valued concomitant of a pseudo-Riemannian metric;
viz,, the Levi-Civita connection valued concomitant. In the last section of this
paper we shall demonstrate that it is impossible to construct a linear con-
nection valued concomitant of an almost complex structure. This result does
not imply that there does not exist a “replacement theorem” for tensorial
concomitants of an almost complex structure. However, since 9' ko (a, B) is
always a finite dimensional vector space, when k > max (0, f—a), a replac-
ement theorem would not actually prove to be of value in the study of
-tensorial concomitants of an almost complex structure. What we really need
to know is, what is a basis for 7%, (a, ) when k > max (0, f—a)? Such
bases have been presented above for (c, f) = (0, 1), (1, 2) and (0, 2).

In concluding this introduction we would like to point out that al-
though it is impossible to construct a linear connection valued concomitant
of an almost complex structure it is still possible to construct “differential
operators” which act on tensorial concomitants of an almost complex
structure to produce other tensorial concomitants of an almost complex
structure of higher order. One such operator is Walker’s [11} torsional
derivative, and another such operator is Horndeski’s [4] S-derivative.
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2. The local form of concomitants of an almost
complex structure

We begin this section with
ProposiTioN 2.1, Suppose that F is an element of T%,(a, f).
Q) Ifa>p and k=0 then # =0;
() If « =8 and k 2 0 then F is of zeroth order; and
(iii) If « <f and k= f—o then the functions Fli "jp which locally
determine % can be taken to have the following form
L B-a L
(21) Fll.'.'.'lfz - rlll""lkl"'kurl""wl"'sl"'swu
1l #gl w1+...‘§nﬂ=ﬂ-a Jue-dplyly %

0<a)1$...$m#

l
u
><.I,¢1,1 .J,‘M

,Sl ".smﬂ

where the functions n,) 4% are class C* functions of only J‘;.

Proof. Let (M, J)eACz,, and let x be a chart of M. For every te R* we
define a new chart X-by x' =tX. Since # is a tensorial concomitant the x
and X components of F(J)} must be related by

i —i k k
ke o, ga Ja g%l 9xcoxt  oxP
k] kﬁ( b.t‘l LRI ] b.cl...ty) axhl "'axh! a)?jl a_jﬂ
11dg /Fa. T . . T
jl...j‘; (Jg, J;,cl FRCR g-‘l,'""y)'

Using the fact that x' = tx' the above equation reduces to

iq...i a . . ‘ A, . .
(22) tﬁ aFjll ;ﬂ(‘] beys -t g,cl...c.)) ji jap (Jb3 t"b cpr [}'Jg,cl...c.’)'

If « > f§ and k > 0 we multiply equation (2.2) by t*~# and take the limit
as - 0* to find that F;ll 'J" =0. (Note that the express1on
j - j ® (J2: 0;...; 0) makes sense since it corresponds to evaluating F! I ﬂ at
a complex structure in complex coordinates.) Thus # =0ifa > f§ and k 0.
If « = B and k = 0 then upon taking the limit as t —» 0" in equation (2.2)
we obtain
Fiip = Fjl ';;,( 2;0;...;0).
Hence if « = f and k = 0 then # is of zeroth order.

Lastly, if « < f and k 2 f—oa then we differentiate equation (2.2), (f—a)
times with respect to t and take the limit as t — 07. (In order to evaluate the
derivative of the right-hand side of equation (2.2) with respect to t we use the
chain rule along with the fact that F)! I 1s of class C* in the real variables
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Vo5 oos Voepe, ) The end result of this calculation is that Fj F‘ can be
expressed as in equat1on (2.1). If the original order y of F is less tﬁan f—a
then those terms 1involvmg J,,ml‘__c‘1 for u>y can be dropped from the
expression for F}ll',"',j;. .

Remark 2.1. Without loss of generality we can assume that the
functions n:: appearing in equation (2.1) have various symmetries. For
example, 11,‘ al1"8-¢ can be assumed to be symmetric in the indices

1-igk
ris ..., g~ Since these indices sum into J,,1 - . Another useful symmetry
is that if w, = w, (say) then we can assume that
l1 'u'llz"l ’wl"'l -‘wz l'l...ialzllsl...smzrl...rw
q1--dgkika J1-dpkaky - .

Remark 2.2. If FeJ%,(x, p) where k > f—a > 0 then Proposition 2.1
implies that F(J) =0 whenever (M, J)e AC,, is a complex manifold. a

Employing an argument similar to the one used to prove Proposition
2.1 we obtain

ProposiTION 2.2, If % is a class C' linear connection valued concomitant
of a 2n-dimensional almost complex structure then the functions C', which
locally determine % can be taken to be of the form

(23) Cik = i J3.c

where niy. is a class C' function of only J§. =
We shall now proceed to determine the form of the coefficient functions
My,..s. appearing in equations (2.1) and (2.3). This will be accomplished by
means of two propositions The first proposition will tell us that we can
choose the functions n,, ,, so that they determine a zeroth order element of
T 2,,(1 7). The second proposmon will tell us that any zeroth order element
of 7%, (z, 1) is locally determined by a function whlch is a polynomial in Jj.
PROPOSITION 23. The class C* functions 77,,1 ,, = )7,,1 by s (J') appearing in
equations (2.1) and (2.3) can be chosen so that they determzne a zeroth order
element of T%,(z, 1).
Proof In order to prove that a collection of real valued functions
Us ht =i 5 (J) defines a type (1, 7) tensorial concomitant of a 2n-
dimensional almost complex structure we must show that given a 2nx2n

matrix of constants [J]] which are such that J; JS = —4&!, and any 2nx2n
matrix [A!,]e GL(2n, R) with inverse [A,,,] then
(24) by o (AT AD) = VT D ALy A Ay A

However, given any such matrix [J5) there exists a matrix [g,]Je GL(2n; R),
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with inverse [g!] which is such that J. = g;J' g™, where

2.5) Hm:[i U

and I is the nxn identity matrix (cf. page 114 of Kobayashi and Nomizu
[6])). Now suppose that we can prove that for every [B.]eGL(2n, R) with
inverse [B!]
(2.6) Uyt o (BT BT =y F (T Bl BBy By
This would imply that equation (2.4) holds, as can easily be seen by
examining the equations which result by choosing B!, = g} 4% and B, =g},
in equation (2.6).

Thus in order to prove the proposition we must show that the functions
fy. s appearing in equations (2.1) and (2.3) can be chosen so as to satisfy
equation (2.6). This can be done as follows.

Let x denote the standard chart*of R?" and consider the almost complex
structure J which is defined on a neighborhood of the origin 0 by

2.7) Je=g,J0 48,

where [gf] is an invertible matrix of smooth real valued functions with
inverse [§4], and such that g§(0) = 6%.

We desire to examine the effect of a linear coordinate transformation on
the functions appearing in equation (2.1) when these functions are evaluated
at the almost complex structure given in equation (2.7). In order to do this
we first have to determine an expression for the derivatives of J§ with respect
to the chart x and then determine the effect of a linear coordinate
transformation on these derivatives of J.

Upon differentiating equation (2.7) u-times we find that -

(28) Bors oy = Bhrgor, TG+ GET0G 0+ (= 1)
where |u—1) := {terms involving derivatives of order less than or equal to
pu—1}. Since g;g7 = 6%, we have
= =l =f .e
Tpryory = ~0eGpGFryry T 1H—1)
and hence equation (2.8) can be rewritten as
(29) Tirpory = —GeGo Gy e, o+ T T5 G0+ 10—1].

Let [B.] be any element of GL(2n, R) with inverse [B!]. We define
another chart X for R%" by x':= B} x/. The X components of J are given by

(2.10) T; = B} J; B
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and thus
(2.11) B erncy = Sy, B BSBLL . B
Equations (2.9) and (2.11) combine to give us
212)  Toeyoe, =[0G 05y, RO+, TE 0, ] %
x BBy By ... Bt +{u—1}.

With these preliminaries disposed of we are now ready to evaluate the
functions presented in equation (2.1) for the almost complex structure J given
in equation (27) and to determine the effect of a linear coordinate
transformation on these functions.

Since # is a tensorial concomitant we know that the barred and
unbarred components of F(J) are related by

(213) FARTEG . i Thee)

jl"'jﬁ
Uyl . . =1 5l pl1 v
= -Fu}...v;(']g’ e Jg.cl...cv)Bul ...B,,Z B.il : "ng'

We employ equations (2.1), (2.9) and (2.12) to evaluate equation (2.13). If we
only keep track of the terms which involve derivatives of g§ of order (f—a)
we find that equation (2.13) implies that

I{odgbeyoCpeg Ty r=! 7 —] = ~
(214) T I G T Gy g g = Fe 0 Grrrg o TH ] X
Ba rp—; Wl kPy.rg— —l ¥
x By By Bl v BTt =yt T D (G5 TE Gyt
=] = 7 5l 51
+0003 Ghurynp_ oI5 081 Buy .. BEB)! ... Bjf + {B—a—1}.

The functions g:v.m---"w-a appearing in equation (2.14) are essentially

arbitrary and hence we can differentiate this equation with respect to them.
Upon doing so, and evaluating the result at O ¢ R*" we find (noting remark
2.1, equations (2.7), (2.10) and the fact that g;(0) = 4;) that

e (2(0) T5(0) B? By ~ T (0) B By) B . B

J1 ...jpa f-a
- [71u1...uawm1...mﬁ_,(j¥) j:_nul...uakml...mﬂ_a(j-g) .7,‘:’] %

ul...vﬂl vy..ugt
i1 =i vy v
xB,;...B,; B ... By,

where J¥(0) = B2J2 Bt. When this equation is multiplied by J' we discover
that the functions

all) Mg WHL Mg Uf..ligWmy..mg_ Uy lgkmy..mpg_
(215) ke o T () T () T gt

satisfy equation (2.6) and hence determine a zeroth order element of
T (B+1, B+1).
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The term involving J"‘-’l“-’ﬂ-a in equation (2.1) is

[f ikt yorg-q
(216) "ji.-.jpl’l ﬂ JI’(rl rﬂ a

— 1 i1.igkry..r 1 L, 01 igary.r b
7’7}1 jaﬂl p- u']k.rl...rﬁ_a'*'f'hl jﬂb p- aJ

ar1 rﬂ al
Upon repeatedly differentiating equation (1.1) we find that

(2.17) Borrrgoa =PI T ey g+ iB—a=1).

Thus we can use equations (2.15)—(2.17) to conclude that

ghkr

1+¥g-a g1 1L algeghry.r ! {
7711 gl Jk,rl...rﬂ_a_'fnjl f;t h- aJkrl... +1ﬂ—a—1}.

rﬂ_
Consequently we could have originally chosen the functions Ft I appearmg
in equation (2.1) so that the coefficients ;1,1 ak1Th-a Gefine a zeroth order
element of 7%, (B+1, B+1).

At this time one should note that the argument presented above implies
that the coefficients nih, appearing m equation (2.3) can be chosen so as to
define a zeroth order element of 73, (3, 3).

We shall now sketch how the remainder of the proof of this proposition
can be completed using induction.

Suppose that we have shown that for =1, ..., v—1, the coefficients
11}1 'f;:‘,i, appearing in equation (2.1) can be chosen so as to define zeroth
order elements of T4 (B+ u, b‘+p). We shall now prove that under this
assumption the coefﬁcrents 11] ',‘” can be chosen so as to define zeroth
crder elements of J%,(B+v, B+v) To this end we consider the almost
complex structure J defined on a neighborhood of 0e R*" by equatlon 2.7.
Employmg equation (2.1), (2.11) and the assumed tensoriality of ry,l 'j;;‘,i ',‘"“ '
(for pu=1,...,v—1) we see that equation (2.13) implies that in’the present

case

f-a
I oedgbyondy€1 €y ol pan —
(218 % Y ettty g g LT
' ji..jgay..a bysegety, * ' Yh,dy...d
p=v oyt to,=f-a J1-dpt1-tu ALty wilCwy
0<ml$...$w”
Foe K.k '
_ f Z ul...ua 1o “rl...rml...xl...sw ¥ I#
= vy..vglg...0 (J )‘]k el Jk 181 e0e8 }X
u=v wl+...+m‘l=ﬂ—a 1 B1n T @p

O<wp ... Sa)#
=i —f
xB,, ...B, B ..B} g
Let us choose v positive integers =, ..., m, which are such that
Ty +...+n,=p—oand n, <...< n,. We now use equations (2.9) and (2.12)
to replace the derivatives of J,‘ and J? in equatnon (2.18) (however we need
only keep track of those terms which involve 951»'1 gy .Gy) . sn) Upon
differentiating the resulting equation with respect to
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1 Ty
g“'l"’l--'hnl LA} ng-"'l-""’nv

and evaluating at O R*" we find, through use of equation (2.6), that

(2 19) "'.l""'a"l-'-kv"l""'nl""l“"nv
) j]...]ﬁll...lv
1y i@y @yry P S1..8p ky b ky b k. b k. b
= 1 v 1 591 1 1 v % v 7%
* ”jl"'Jﬁbl“'bv (501 511 +Ju1Jll)"‘(5ﬂv51v +Jalev)

defines a zeroth order element of 7%,(8+v, f+v) for each admissible choice
of the positive integers my, ..., 7,.

. . Iy L, . - .
The term involving J,(l',l',_,ﬂ1 "'kan--ﬂn\, in equation (2.1) is

fl...iakl...kvrl...r" R ST Iy lv

r’jl...jﬁll...lv ! v Jkl"l"'rﬂ:l AN Jk\usl...sn"‘

Empoying the obvious generalization of equation (2.17) we see that this term
can be rewritten as

_1_. Ail--.lakl---kv’l---rnlvnnslnnsnv Iy J[v
¥ jl...jﬂll...lv "1-"1""'1:1"' kv.sl...s"v

+ ...

where “...” denotes terms such as those appearing within the curly brackets
on the right-hand side of equation (2.18) with v+1 < p < f—a. Consequently
under our present assumptions we see that we could have originally chosen
the functions F}i:‘_'j; appearing in equation (2.1) so that the coefficients
n};:'_:}‘;';:::’,‘"“"' define zeroth order elements of J%,(B+p, f+u) for
I<pu<sv.

Due to our earlier work we know that our inductive hypothesis is valid
for v=2. Hence our proof of this proposition is complete. m

Propositions 2.1, 2.2 and 2.3 have shown us that the problem of building
suitably differentiable tensorial concomitants and connection valued
concomitants of an almost complex structure essentially reduces to the
problem of constructing zeroth order type («, &) tensorial concomitants. This
problem is resolved in

iy

. i100d .

ProrosiTioN 2.4. If the functions ’7-’11;: = 1), 4 (J3) define a zeroth order

tensorial concomitant of a 2n-dimensional almost complex structure then they

must be a real linear combination of terms of the form F;i F}; F;:, where
1 2 a

] i i
for all p=1, ..., q, I:J!“‘=6,““ or Jj"“.
Proof. Let V:=R* and let P(a) denote the representation of the

permutation group of « objects in GL(V ®) which permutes the factors. We
define subgroups N(a) and G(x) of GL(V ®) by

N{a):={4%| AeGL(V) and AoJ =JoA)
and
G(a):=[1eGL(V®) 1= +tnolPA@J®e A f=0,1,...,a, and neP(x)
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where 1, denotes the identity element of GL(V) and J is the automorphism
of V whose matrix with respect to the standard basis {e}*", of V is given by
equation (2.5).

If H is a subgroup of GL(V®%) we let H denote the subalgebra of
End(V ®) generated by real linear combinations of elements of H.

For any subset S of End(V®) we define

C(S):={reEnd(V®) 10{ ={ot, for every (eS}.

If S is a subgroup of GL(V®°‘) then C(S) = C(S)

The real numbers nj Loy (.7 ') are the componcnts of an element of
End (V ®) with respect to the staidard basis for ¥ ®* determined by the basis
le} 2r, for V. Moreover this element of End(V ®%) commutes with any element

of N(a) due to equation (2.6). Thus in order to complete the proof of this

proposition all we need do is show that C(N(a)) = G(). This can be done as
follows.
G(a) forms a finite group under composition which contains P(x) as a

subgroup. From Maschke’s Theorem (Weyl [12], p. 101) it follows that G ()
is fully reducible and by Theorem 3.5D on page 95 in Weyl [12], we have

C(C(G@®)) = G(a). To prove that C(N(«))=G(x) we shall show that
C(G(@) = N(a), and hence C (N (x)) = C(N(a)) = G(a) as required. We now
determine C (G (x)).

Due to the obvious fact that mcc(ﬁ) we concentrate on

showing that any element of C(G( )) is in N(«). To this end we construct a
basis for End(V ®*) which is particularly well adapted to our problem.
Define the sets M™ and M~ by

={AeEnd(V)| AoJ =J oA},
and
M~ :={AeEnd(V)| AoJ = ~JoA}.

It is easily seen that (i) dim M* =dim M~ = 2n?; (ii) End(V)=M"®M~;
and (ili) M* and M~ possess bases which consist of automorphisms of V.
We now let B:= 'Az}f" , be a basis for End (V) which is such that for
every =1, ..., 4n% A,eGL(V) with A;eM* for | <A< 2n* and A;eM~
for 2n*+1 < 1 < 4n®. We set B® equal to the basis for End(V ®%) obtained
by taking tensor products of the elements of B.
Due to the fact that P(a) = G(x), we see that C(G(a)) < C(P( a)) It is

well known (cf. Weyl [12], p. 130) that C(P a)) consists of the so-called bi-
symmetric endomorphisms of V ®. Now teEnd(V ®?) is bi-symmetric if (and



16 The construction of concomitants [rom an almost complex structure

only if)
4nt

(2.20) = Y R4, .84,
Afrendg=1

where %17 g symmetric in the indices A, ..., 4,. (This fact is valid for any
basis of End(V ®) determined by a basis for End(V).)
The endomorphism J®1F“ "eG(x) and hence must commute with

every element t of C(G(a)). Using the basis B®* and the fact that
10J®1F D =J®12"Vor,

we deduce from equation (2.20) that

4n2
Z T}al..'la(AllOJ‘.—J‘-OA.AI)®A}'2®...®Ala=0.

Areindg=1

By the linear independence of the A,’s we must have

4n? 1 1 -
y (A, 00 —J0A;)=0
ll=1
and hence due to our choice of basis we see that
4n2
Y gt 4;, =0
1y=2n2+1
Again, linear independence of the basis implies that 1% =0 for M
=2n%+1, ..., 4n%. The symmetry of ¢*!"* in its indices now implies that
1% — () whenever one or more of its indices takes a value in the set
{2n*+1, ..., 4n*}. Consequently if 1€ C(G(x)) we may write

2n2
(2.21) = Y 4 ®..®4,
Afseen 1z=1
where 717 js symmetric in A, ..., 4,. Conversely any totally symmetric

collection of real numbers 1'% (A,, ..., 4, = 1, ..., 2n?) defines an element

of C(G(a)) by means of equation (2.21). In fact the above work shows that
the set

B®:={4,®..®4,)| 1<} <2% f=1,..,0a)

forms a basis for C (G(a)), where round brackets about a collection of indices
denotes symmetrization over those indices.

To finish our proof that W= C(E@) we shall now demonstrate
that demanding that 1eC (m) and ¢ N(x) leads to a contradiction. By
definition N (a) is spanned by elements of the form A®*, 4eGL(V) with
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282
AoJ =JoA. Therefore there exist real numbers b* such that 4 = ¥ b*4,,
and N (a) is spanned by linear combinations of the form =t
2n2
AR..@A= Y b..b"4, ®..04,
Afsndyg=1 *
where
2n2
(2.22) det() b*4,)#0.
A=1

If reC(_G_(a—)) and t¢N(a) it suffices to assume that teN(a) L, where the
inner product in question is determined by the demand that the basis B® of
C(G(«)) is orthonormal. Thus we can use equation (2.21) to deduce that
there exist real numbers ' = ¢*1"* which are such that

22
(2.23) Z z‘l“"“ b bl =0
Apeady=
for all b* which satisfy equation (2.22). Due to the principle of the irrelevance
of algebraic inequalities (Weyl [12], p. 4) equation (2.23) implies that < Aota
=0, and hence t7=0eN(a) contrary to our original assumptions.
Consequently N(a) = C (ECT)) and our proof is complete. =

Remark 2.3. Note that in stating Proposition 2.4 we have not required
the functions #;}"} to even be continuous, and yet we have succeeded

in proving that they must be polynomial in the J§'s and hence are of
class C”..

Remark 24, In gcneral the set of .all distinct terms of the form
117 i - F = in Proposition 2.4 is not linearly independent. For example, when

a=4 and n = 2 we have the identity 0 = 5ii'j’;'gﬁ',, Jb to contend with, where
5?1',55 is the Sx5 generalized Kronecker delta. =

Let 7 ,,(x, @) denote the real vector space of tensorial concomitants
described in Proposition 2.4. The dimension of this vector space is less than
or equal to a!2% Thus we can now employ Propositions 2.1 and 2.3 to
deduce

ProrosiTION 2.5. If k > max(0, f—a) then the vector space .7%,(a, p) is
finite dimensional and any element of this vector space is of order less than or
equal to max(0, f—a).

In the next section we shall show how- the theory developed above can
be used to determine bases for the vector spaces J%,(a, §) when k = f—
—a >0

2 — Disserloliones Mathemiticne CCXXXIX
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3. Illustrative. examples

The purpose of this section is to show, by means of examples, how the
prevmus theory may be implemented to construct all of the elements of

T% («, f) when k > max(0, f—a). In particular we shall be concerned with
thc vector spaces Z3,(0, 1), 71,(1,2) and 72,0, 2).

EXaMPLE 1. Constructmg the elements of 773,(0, 1).

Propositions 2.1 and 2.3 tell us that if £€.7%,(0, 1) then the functions
F, which locally define # can be taken to have the form

(.1) Fy=malie

where 7 defines a zeroth order element of 73,(2, 2).

Horndeski [4] has established the following replacement theorem for
first order tensorial concomitants of an almost complex structure.

PropostTioN 3.1. If the functions F;ll'_j'_;’; =F};;'_;j9;(J:; 2 ) locally define
a tensorial concomitant of a 2n-dimensional almost complex structure then
F;i'_'.‘_'j; = j.i'_'.'_’j;( a. _1J2NL) where N). is defined in equation (1.2).

In view of this result we see that equation (3.1) implies that

(32 Fy= —IﬂjaJ"NLc-
Due to Proposition 24 we know that
(3.3)  nl =, 0885+, 8588 +os J) 55+ oy JG8h+as 5 J6+
+ae 85 Jo+as Iy Js+ag J5JL,
where a4, ..., ag are real constants. Upon combining equations (3.2) and (3.3)
noting that
3.4) m=JnNp=0
we find that F,=0. Consequently the vector space 7 1,00, 1) is zero

dimensional. =

ExampLE 2. Constructing the elements of 73,(1, 2).
Proposmons 2.1, 23 and 3.1 imply that 1f FeTi,(1,2) then the
functions Fj, which locally define # can be taken to have the form

(3.5) F;k = ’7ﬂca Ny,

where /%, defines a zeroth order e]ement of 74,3, 3). Proposition 2.4 shows
us how to express the coefficients nﬂ‘,, appearing in equation (3.5) in terms of
Ji. Employing this expression for #}}; along with equation (3.4) and the
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identities
(3.6 J5 N;J =—J! s J‘ch = —Jj N
we find that equation (3.5) becomes
Fiy = aNj+BJi N},

where « and f are real constants. Consequently the vector space J73,(1, 2) is
2-dimensional, and any element in it must be of class C® and of first
order. m

Remark 3.1. At this time we could use Propositions 2.2, 2.3 and 24 to
show that there does not exist a class C! linear connection valued
concomitant of an almost complex structure. However, the argument would
be a bit cumbersome (cf., pages 96-103 of Aldersley [1]). In the next section
we shall present a simple explanation of why such a linear connection valued
concomitant does not exist. m

So far the examples which we have considered have been quite
elementary. We shall now conclude this section with a more formidable
example.

ExampLE 3. Constructing the elements of .7',%,,(0, 2).
Proposition 2.1 and 2.3 tell us that if #e52,(0, 2) then the functions
Fj, which locally define # can be taken to have the form

(3.7) Fy= ’hka ?u+'172§b aJor

where n's and nigef define zeroth order elements of 73%,(3, 3) and 73,(4, 4)
respectively. Due to Remark 2.1 we can choose the 5:’s to have the
following symmetries

ich def _ d
rljka = nﬁw and n;hzi‘ ”jl{bca

Thus we can use Proposition 24 to conclude that there exists 24 real
constants o, ..., a,, which are such that

(3.8) e = ay 850805+, 8 8% 8+, 8 858h +y 5563 O+ 03 0504 6+
oy 08 0L O5+0g JEO BC + g J4 05 08 +ous I3 8% O+ as J5O0L0, +
g JS 0L B8+ J8 8L 85 + 0ty 85T 85 + oty 855 60 +0tg 87 T3 85+
+ g 05 T8 O+ atg 85T 88+ atg 83}, 85+ oty 0 8} 83 I ety 0 8) 65 Jo +
oy 88 OL Tt oy 8500 Th+ g5 8583 Jh 42y 287 8L Jo+
+ay3 JYJE 85 +ays J)JE Oh oy JEIL S oy IS TS+
oy s JSTL O oy s JITL 05 a6 S ORIt a6 30k T+
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oy JEOLTE oy SR T4 oy IS O T 0 g O TG+
oy 0T8T oy o BETE T+ age 85 J5 Jh+az0 85 T2 JE 4
Fogy BT TE+ayy 88T TG+, S TR T oy, JETEJ0+
Fapy SIS A ays JSTE T A ag JSTL TS g, SIS

There exists a similar expression for njjef involving 192 real constants and
384 terms.

As one might expect the coefficients #'bs and e appearing in equation
(3.7) are not independent and they must satisly various relations if Fj, is
to define a tensorial concomitant. These relations can be found in the follow-
ing way. Let x be a chart of (M, J)e AC,, at a point pe M and such that
x(p) =0eR*". We now define another chart X on a neighborhood of p
by %:=Bjx/+3Bj,x)x*+{B}, x/ x*x' where the real constants Bi, B
and Bj, are such that det(B}) 0, Bj, =B, and Bi, = Bj,,. Upon
examining the effect of this coordinate transformation on F(J) at p we obtain
an identity in Bj, Bj, and Bj,. When this identity is differentiated with
respect to B}, and Bj, and evaluated for B} =4}, Bj, =0 and B, =0 we
obtain

(3.9 e T4 = nie T
and
(.10)  ni Toa e Tas— i Juh+ e o J g — ke I Jh = 0.

(A third identity could be found by differentiating with respect to BY but this
identity is not required for what follows. For more information on this
approach to deriving identities satisfied by tensorial concomitants see, for
example, Horndeski [3])

Equation (3.9) implies that the constants «, ..., a,, appearing in
equation (3.8) must satisfy

Oy +ay = —Q1—031; Ay3+oys =0g+ag; Are+0jg = —0 +0;s;
Qig+0,y; = —0;+a
and 19 0z atoys
(.11
O4tag =0a1o—034; Art0g =013 —033; Ao+, =04+0g;
Xz t0y = —0Og~—0y.

Due to equation (3.11) and the identities which can be obtained by
differentiating equation (1.1) (such as J2J: ,. = first order terms) we find that
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ibc ya

the term #%,Ji, appearing in equation (3.7) can be expressed as

Mika T fbe = 2(0ts +016) (Tna =i ja = Jhca IS Ji+ Thca TR I +
+2(a4~a10)‘]}(‘]ika'— z.la—' ﬁ.canJi‘*'Jﬂ.canJf)‘i'
+ {first order terms}.

Thus at first sight it appears as though there may exist a second order
element of 7 3,(0, 2). Unfortunately the analysis of equation (3.10) (which is
quite lengthy) shows that this is not the case and that we can take #'y; equal
to zero in equation (3.7). Consequently the replacement theorem, Proposition
3.1, can now be employed to deduce that

. !
Fj=1sief Ji Nea JL Ny,

which, due to Proposition 24, and equations (3.4) and (3.6), reduces to

(3.12) Fy = aNjs N, +BJ; N, Ni.

where o and f are real constants.

In summary we have shown that the vector space 732,(0,2) is 2-
dimensional and if #e773,(0, 2) then the functions F which locally define
# can be chosen to be

{0 if F is of zeroth order, otherwise,
=
! aNY, N5, +BJ; N Ni,, a, BeR.

The concomitant &€ 2,(0,2) with local components given by S,
:= N’ N;, has been previously investigated by Horndeski [4], [5]. His work
has shown that S(J) is a symmetric, Hermitian, (0, 2) tensor field, and that
there exist almost complex structures J for which S(J) is a degenerate (0, 2)
tensor field. As a result of rthese facts and equation (3.12) we can now
conclude that there do not exist elements of 7%,(0, 2) (for k > 2) which are
pseudo-Riemannian metric valued or symplectic structure valued. =

In the past there was some interest shown in the elements of 7 3,(1, 3)
(see e.g., Slebodzinski [9], and Willmore [13]). Due to Propositions 2.1 and
2.3 we know that if #e.732, (1, 3) then the functions F;, which locally define
ZF can be taken to have the form
(3.13) Fly = 77:3‘1‘: Jg.cd'*"?;flf:bf 240 s
where %4 and nfsde/ define zeroth order elements of 73,(4,4) and
F32.(5, 5) respectively. We presently suspect that an argument similar to the
one empolyed in Example 3 can be used to prove that nied can be set equal
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to zero in equation (3.13). If this is the case then any element of 773,(1, 3)
would have to be of first order and the computation of its explicit form
would be routine.

4. Commection valued concomitants
of an almost complex structure

The primary purpose of this section is to prove the following

ProrosITION 4.1. There does not exist a class C* linear connection valued
concomitant of a 2n-dimensional almost complex structure,

Proof. The proof is by contradiction. Suppose that % is a class C!
linear connection valued concomitant of a 2n-dimensional almost complex
structure. Without loss of generality we can assume that % is symmetric
linear connection valued. Proposition 2.2 tells us that the functions Cj, which
locally define ¢ can be expressed as

(4.1) i = tikaJh.e
where the real valued functions njy = i (J2) are of class C', and such that
Mika = M- B

We now choose J to be the complex structure on R?*" whose
components with respect to the standard chart x of R?" are presented in
equation (2.5). Due to equation (4.1) we see that the x-components of C(J)
vanish, -

Let X be another chart of R* which is defined on a neighbourhood of
0e R?" by

4.2) % =x'—% B x/ x*

where Bj, = Bj; are real constants. Using the transformation law for a linear
connection we find that the X components of C(J) at O are

(4.3) [C(U)]ix = Bjs-

However, equ'ation (4.1) tells us that

=

[CDTy = niks(To) T,

and hence we may use equation (4.2) and the transformation law for J? to
conclude that at 0

(4.4) [CWNIk = ke (T (Ji By~ J} By,
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Upon combining equations (4.3) and (4.4) we discover that for all collections
of real numbers Bj, = Bi, we must have

(4.5) Bjy = e (J2) (J¢ B~ J} BL).

Let S denote the vector space which consists of all collections of real
numbers [Bj,] which are such that BY, = B},. The dimension of § is 4n®+
+2n*. Let M~ denote the vector space of 2nx2n matrices which
anticommute with [J¥]; ie, if [4f]e M~ then Jt Al = — 47 J'. As mentioned
earlier M~ is of dimension 2n*. We now set W:= M~ @...®M~ (2n-
factors). Evidently the dimension of W is 4n®, which is less than the
dimension of §.

We define a map L from S into W by

[Bil»M®...0M
1 2n

where for every ¢ =1, ..., 2n,

) g:=‘7‘;B£c—‘7llan'

L is easily seen to be well-defined and linear.
Let T denote the map from W into § given by

M®... @M vl M,

T is also linear.

Due to equation (4.5) ToL is the identity on S and hence S and W are.
isomorphic. This is absurd since dim W <dim §. Thus our original
assumption that there exists a class C' linear connection valued concomitant
of a 2n-dimensional almost complex structure is false. w

One important aspect of the above proof is that it does not require the
use of Propositions 2.3 and 2.4. As a result of this fact Proposition 4.1 can be
extended to some other structures defined by (1, 1) tensor ficlds on a
manifold. We shall now devote the remainder of this section to a discussion
of such extensions.

Let M be a real C* m-dimensional manifold. An almost product
structure on M is defined by a smooth (1, 1) tensor field P (# I, the identity
tensor) which is such that P? =1. An almost tangent structure on M is
defined by a smooth (1, 1) tensor field Q which is such that Q? = 0, rank Q
=n, and m = 2n. Lastly an F-structure on M is defined by a smooth (1, 1)
tensor field F(# 0) which is such that F? = —F.

Let K denote any one of the (1, 1) tensor fields introduced in the
previous paragraph. Employing an argument similar to the one used to
prove Proposition 2.1 we can show that if % is a class C' linear connection
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valued concomitant of K then the functions Ci, which locally define % can
be expressed as

(4.6) Cix = ke Kb

where 7t = it (K?) is of class C'.
If K is taken to be an almost product structure then we can prove that
% does not exist by essentially repeating the proof of Proposition 4.1 with

[J7] replaced by
~ I 0
Pl:=|"7 :
A

where I, and I,_, denote the identity matrices of order a and (m—a)
respectively and a is an integer such that 1 <a<m.

If K is chosen to be an almost tangent structure then we can prove that
% does not exist by replacing [J'] by

- 0 I,
= ¢]

in the proof of Proposition 4.1. Once again we find that the dimension of W
is less than the dimension of S and hence T o L cannot be the identity map.

Lastly, if K is taken to be an F structure then without loss of generality
we can assume that det K =0 (for otherwise K would define an almost
complex structure and we know that % does not exist in that case). We now
replace [J*] in the proof of Proposition 4.1 by

lel OIXZn

' Onxn In

[Fil= Ogprs
—In Onxn

For this chaice of F the map L has a kernel and hence % cannot exist.
To recapitulate the above work we have

ProPOSITION 4.2. There does not exist a class C' linear connection valued
concomitant of either an almost product structure or an almost tangent
structure or an F-structure. m

In concluding this paper we would like to point out that there does exist
a structure involving (1, 1) tensor fields on a manifold which gives rise to a
class C™ linear connection valued concomitant; viz.,, the almost quaternionic
structure of the first kind (cf, Yano and Ako [14]). In keeping with
Proposition 2.2 this connection valued concomitant is of first order.
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