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Introduction

Following [3], a category K is said to be binding if every category
of universal algebras can be fully embedded in it. A lot of categories
can be fully embedded in any binding category and, under a set-theoret-
ical assumption, even every concrete category can ([1], [4]).

The present paper is a contribution to the problem what functor
categories &* are binding (where & is the category of all sets). The small
categories k, such that the functor category &* is binding, are called
rich in [2], [9].

The problem of the characterization or a lucid description of the
class of all rich categories is far from being sqlved. Papers [7], [8] inves-
tigate the case where a category % has exactly one object, i.e., where %
is a monoid, and some theorems about rich monoids are proved there.
In the present paper we consider the categories of presheaves, i.e., the
functor categories with a thin domain. The class of all thin rich catego-
ries is fully described here. We prove that there exist 31 finite and 4
infinite thin categories such that a thin categery is rich if and only if
it contains some of them as a full subecategory.

The paper has six parts. The first part contains conventions, known
definitions and facts about binding categories and functor categories.
In the second one the main theorem and its:corollaries are formulated.
The rest of the paper, i.e., Parts III-VI, contain lemmas and proposi-
tions needed for the proof of the theorem and the proof itself.

The authors would like to express their gratitude to L. Kudera for
reading the manuscript carefully and to A. Pultr for remarks and ref-
erences.



I. Preliminaries

1. Conventions. If K is a category, then we denote the class of
all its objects (or the class of all its morphisms) by K° (or ™). If a, b K°,
then K (a, b) is the class of all morphisms from a to b. A category K is
said to be thin if card K (a, b) < 1 for all a, beK°. The symbol ~ denotes
an isomorphism of categories. If A = K° is a class, then by KA we mean
the full subcategory of K such that A is the class of all its objects. If
H ~ KA for some A c K° i.e., if H can be fully embedded in K, we
denote it by H < K. If H is isomorphic to an arbitrary subcategory of K,
we write H < K. If k is a small category, then K* is the category of all
covariant functors from % to K and all their transformations. The cate-
gory of all (or all non-empty) sets and all their mappings is denoted by &
(or &,, respectively). Each semi-group with the unit, i.e., each monoid,
is also considered as a category with precisely one object. c; denotes the
group of all integers modulo 2 and also the category with one object a,
and precisely two morphisms 1,, ved,(a, a) such that 1, # 7, ror = 1,.
We recall that a category K is called connected if for every a, be K°, there
exist @, = a, a,,...,a, = b in K° such that K(a,, a;,,)VEK (a;,, a) #9
for all ¢ =0,...,n—1. A maximal connected subcategory of K is called
its component.

2. Following [3], 2 category K is said to be binding if every category
of universal algebras can be fully embedded in it. We recall
TEEOREM ([3]). The following properties of a category K are equiva-
lent:
(i) K i8 binding;
(ii) The category U(1, 1) of all universal algebras with two unary oper-
ations can be fully embedded in K '

(iii) The category ® of all graphs can be fully embedded in K.
3. Let h, k be small categories, let F: h—k be a functor, and let K

be a cocomplete category. Define F: K*—»K"* by F(f) = fF. Then F
has a left adjoint, say G: K"->K* (see e.g. [6], p. 74). If F is a full embed-
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ding, so is @, which follows immediately from the construction of G. Thus,
we have the following proposition, suitable for our purposes.
PROPOSITION. Let h,k be small categories, h & k. Then " & #*.
4. DEFINITION ([2], [9]). A small category k is called rioh if &#*
is binding. It is called poor otherwise.



II. Main theorem

THEOREM. Let k be a small thin category. The following assertions are
equivalent:

(i) k is rich;
(ii) The group ¢, can be fully embedded in &%, i.e., ¢, & &%;
(iii) k contains some of the categories ky, ..., kss as a full suboategory.

Note. The categories k,, ..., k;; are drawn on the next page (Fig. 1).
The identical morphisms and the composed morphism are not pictured.

CoroLLARY. 1) Evwery thin rich category has a rich component. A thin
category i8 rich iff some of its countable parts i8 rich. A finite thin category
18 rich iff some of its at most 7-objects part i rich.

2) There are infinile rich categories with all finite full suboategories
poor (e.g. Kssy ksqy kss). There are rich categories, the duals of which are
poor (e.g. Kkisy kg)-

3) Every rioh category has al least 8 morphisms. If it is connected,
then it has either just 8 or at least 10 morphisms (the identical morpkisms
are included). '

Note. With the aim of the theorem it is possible to form a computer
program for deciding whether a given finite thin category is rich or not.
In fact, such a program was really created by J. Kastl.

The following Assertion a, as well as the unicity in Assertion b, are
not immediate corollaries of the theorem, but they follow from the proof
of it, presented further.

ASSERTION a. If k is a poor connected thin category, then always there
exists a bigger poor connected thin category h, in the sense that k & h, card A’
> card k°. For every cardinal number m there exvists a connedted poor thim
category k with cardk’ =m.

ASSERTION b. There exists a thin connected category k such that
() k& i8 poor;

(B) If h i8 a connected thin category such that k < h, 0 < card (k™ — k™)
< 3, then h is rioh.
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10 The categories of presheaves containing any category

The category k i8 unique (up to isomorphism), it is

o O
o o\o/

Now we describe the framework of the proof of the theorem. In
Part III we prove that all the categories k,, ..., ky; are rich. So, using
Proposition of 1.3, (iii) = (i). The implication (i) = (ii) follows immedi-
ately from the known fact ([6]) that every small category can be fully
embedded in any binding category. The proof of the implication (ii) = (iii)
has the following parts: In Part IV we define a cone and forms a,, ..., ¢,
of thin categories and prove that, if a thin category % has a form a,,
ie{l, ..., 10}, then there exists no connected functor f: k—%, such that
all endotransformations of f form ¢,. In Part V we prove that a connected
skeletical thin category contains some %;, ¢ =1, ..., 35, or it is a cone,
or it has some of the forms a,, ..., a,. In Part VI the proof of (ii) = (iii)
is finished. If a small thin category k. satisfying (ii) is given, then it is
reduced by a transfinite process and we receive a category k such that
h & k, h is not a cone, it is skeletical, connected and there exists a con-

nected functor f: h— %, such that all endotransformations of f form e¢,.
Then it is sufficient to use Parts V and IV.



IIl. The categories %, ..., k;; are rich

Conventions and notation. (a) If f: X—»X  is a mapping, denote
by f: X x X—~X'x X’ the mapping with f(z,y) = (f(2), /(%))

(b) As usual, a graph @ is a couple G = (X, R), where X is a set
and B < X x X. Denote by =,: R—X, n,: R—X, the projections, i.e.
m(z,y) = 2, na(®, y) = y. This denotation will be kept in the sequel.
If G, G’ are two graphs, then the notation for @’ will be the same, only
primed, i.e., ¢’ = (X', R’), and so on.

(c) Let G, G be graphs, f: X—X' be a mapping. As usual, f is said
to be compatible iff f(R) c R’. Then we write f: G—@'. All graphs as
objects and all their compatible mappings as morphisms form the cate-
gory ® of all graphs and all compatible mappings.

(d) Let ¥ be a thin category, Z < k™. We shall write k™ = genZ
whenever every non-identical a<k™ can be received as a composition of
some morphisms from Z. If a, bek’ ack(a,bd), we write also a: a—b.

A. Construction (see Fig. 2). Let s be a thin category defined
as follows:

8° = {8y, 834 83, 83} (where all 8; are distinect),
8™ = gen{o;: 8,—>8,, 0a: 8,—>8y, Gy 83—>83}.
If @ = (X, R) is a graph, denote by X;: s—» & the following functor:
Z5(30) = (B x {1, 2})U(X X {3, 4});
Za(s)) = (BX {0)U(X x {8, 6});
Zg(8) = X x {7, 8};
Z5(8:) = X x {9};
[Za(o)](ry 1) = [Zg(0y)1(r,2) = (r,0) whenever reR;
[Zg(0))(®, %) = (x,2+2), whenever weX, 2¢{3, 4};
[Zg(o2)1(r,3) = (m;(r),i+6), whenever reR, ie{l,2};
[Zs(09)](®y4) = (x,i+4), whenever ze¢X, i¢{3,4};
[Ze(os)(z, T) = [Zg(oy)](w, 8) = (®,9), whenever veX.
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If @, & are graphs, f: G—@' is a compatible mapping, denote by 7,
the transformation z,: 25— X5 such that
ty(ry i) = (f(r),4) for all 7R, i =0,1,2,
7z, i) = (f(®),4), for all z¢X,i=3,...,9.

0 q

§q ==

Fig. 2
PROPOSITION 1. Let z: 25—>2y be a transformation such that either
() or (P) i8 fulfilled:
(a) (¢(X x {8}) X' x {B}) & (x(X x {6)) = X’ x {6});
(B) (t(X x{8}) « X' x{B}) & (x(X x{4}) =« X' x {4}).

Then there exists a compatible mapping f: G—@ such that v = 1,.

Proof. Let («) or (B) be fulfilled. Since r commutes with Zg(o;) and
Zg(0,), one can easily see that

(X x{i}) « X'x{i} for i=3,...,9.

If 7(r, 0)e X’ x {5} for some r ¢ R, then necessarily 7(m,(r), 8)eX’ x {7},
which is impossible. Analogously, z(r, 0)eX’ x {6} is impossible. Thus,
(R x {0}) = R’ x {0}. Clearly, (R x {¢}) « R’ x {i} for i =1,2, now.
Define the mappings f;: X->X', g;: R>R', j=0,...,2, i =3,...,9,
such that

T(z, 1) = (fi(w)r 'i)’ 7(r,j) = (gj('r)ﬁj)'
Then go =g, = g3y f5 = ... =f, and g, = f,.
COROLLARY.
(x)  The category ky i8 rioh.

Proof. Let k} = 8°U{a, b}, k' = gen(s™"U{a: a—>8,;f: b—>s,}). If G
is a graph, define a functor @;: k,—~< such that Z; is a domain-restric-
tion of &g, Pa(a) = X X {b}, Pg(b) = X x {6}, Pz(a) and Dg(pf) are
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inclusions. If f: @—@ is a compatible mapping of the graphs, denote
by py: $g—>Pg., the transformation such that u(r,j) = (F(r),j), u(z, 1)
= (f(#), i), for all reR, weX,j =0, ...,2,% = 3, ..., 9. Define ¥: G- 5*2
by ¥(@) = g, ¥(f) = p,. One can easily see that ¥ is a faithful functor.
Proposition 1 («) implies that ¥ is a functor onto a full subcategory.

(B) The category ky i8 rich.

Proof is quite analogous; use Proposition 1 (B).
Construction: If ¢ = (X, R) is a- graph, denote by Z5: s>
the following functor:

Za(80) = Zg(8) V(X X {10}),  Zg(s)) = Zg(sy),
Z5(8s) = Za(s) V(X X {11)),  Zg(ss) = Zg(85) V(X X {12});

2y 18 a subfunctor of E‘G and [Z‘G(al)](w,lo) = (x, b), [fg(a,)] (z,10)
= (z, 11), [Ea(aa)](w, 11) = (=, 12)._If f: G—>@' is a compatible mapping
of the graphs, denote by 7,: EG»EG. the transformation such that
(ryJ) = (f(r)ﬂ); ;f(mvi) = (f(m)a"')

for all reR, veX, j =0,...,2,1=3,...,,12.

PROPOSITION 2. Let T: fgef@ be a tramsformation such that one
of the following conditions is fulfilled:
(@) (F(XTx{6}) =« X' x{6}) & (v(X x{11}) =« X' x {11});
() (T(Xx{8}) =« X' x {6}) & (v(X x {12}) = X' x {12});
(v) (f(Xx{4}) « X' x{4}) & (v(X x {11}) = X' x {11});
(3) (T(X x {4}) €« X' x {4}) & (z(X x {12}) = X' x {12}).

Then there emists a compatible mapping f: G—>G' such that v = 1,.

Proof. If one of the conditions (a), ..., (8) is fulfilled, then, clearly,
7(X x {i}) « X' x {i}, whenever i¢{4, 5, 6, 10, 11, 12}. If 7(2, 9) ¢ X’ x {12}
for some x¢X, then necessarily 7(z,6)eX’ x {5}, which is impossible.
Now, prove 7(X;) = Xz and use Proposition 1..

COROLLARY.
(«) The category k, is rich.
(B) The oategory ks is rich.
(y) The category kg is rich.
(8) The category k, is rioh.
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Construction: If ¢ = (X, R) is a graph, denote by ?‘G: s>
the following functor:

Zo(80) = Za(8) V(X X {13}),  Za(&:) = Zg(s1),
To(8) = Za(@)U(X X {(14}),  Zo(8s) = Zg(8s) V(X x {15});

Zg is a subfunctor of Zy and [Zs(0,)](, 13) = (2, 6), [Zg(os)](z, 13)
= (2, 14), [Zg(05)](z, 14) = (2, 15). If f: G—@' is & compatible mapping
of the graphs, denote by 7,: Zg—Zg the transformation such that
7!("! j) = (f(r)’3)1 7}(“’7 i) = (f(m)y 7')7
whenever r¢R, zeX, j =0, 2, i=3,...,15.
PROPOSITION 3. Let 7: 20—>20 be a transformatwn such that one of
the following conditions is fulfilled:
(@ ([E(Xx{14}) c X' x{14}) & (z(X x {11}) = X' x {11});
B) (EXx{14}) c X'x{14})) & (X x{12}) = X' x {12});
(v) (f(Xx{16}) « X' x {168}) & (v(X x {12}) = X' x {12}).

Then there exists a compatible mapping f: G—G' such that T = 7.
Proof. Prove r(Z‘G) c L‘a and use Proposition 2.
COROLLARY.
(x) The category kg i3 rich.
(B) The category k, is rich.
(Y) The category ko t8 rich.
ProOPOSITION 4. The category k,, i8 rich.
Proof. Put k%, = s8°U{e, b, b}, k% = gen(s™U{y: 0—>8;, B: 8;—>b,

B: b—>b}). If @ = (X, R) is a graph, denote by ®g: k,,—% the following
functor:

Po(s0) = Zg(se)y  Dg(#) = Zg(81),
Dal8s) = Z(8)U(X X {16}), Py(8y) = Zalsy)U(X x {17, 18}),
Byle) = X x (17,18}, Pg(d) = Zg(s)U(X x {17}), Bp(b) = Zy(sa);

EG is a subfunctor of the domain-restriction @Dyz/s8 and Py(y) is
an inclusion; if @zeX, then [(bo(a,)](a; 16) = (z, 17), [Pa(B)](z, 17)

= (2, 17), [Pa(B))(®, 18) = (2, 15), [Bs(B)](=, 17) = (a, 12); if zeZg(sy),
then [Pg(B)1(2) = [Pe(B)1(2) = 2. If f: @G is a compatible mapping
of the graphs, denote by u,: P3— Ps- the transformation such that
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py(t, §) = (f(r)yf)s py(@y 9) = (f(m)y") for all reR, zeX, j=0,...,2,
i=3,...,18. It is easy to see that ¥: ®—"11 guch that (@) = Dy,
Y(f) = u, is an embedding. Let u: Pg—>Pe be a transformation; we
prove that u = u, for some compatible mapping f: G—~@'. Since X X {17}

= [Pg(05)1(Pa(22)) N [Pa(¥)](Ps(0)), necessarily
pHEX{17)) € XI'x {17}, wP(X x {12}) = X' x {12}.
The last inclusion and X x {12} < [Pg(030 05))(Pg(8,)) imply " (X x {12})

c X’ x {12}. Since X x {15} = [Pg(Boy)](Pa(e))N[Pa(BC 030 a3)](Pa(s)),
necessarily

(X x{16}) €« X'x {156}, wu"(X x {18}) =« X' x {15}.

Now, prove that p(?a) c E‘G, and use Proposition 3.

PRrOPOSITION b. The category kg i8 rich.

Proof. Put _

k3 = 8°U{s, ¢, b},
kj = gen(s™U{oy: 8,—>8;, 05: 8;—>85, ¥: C—>8, B: 83—>b}).

We construet a full embedding ¥: G->" such that if @ is a graph we
put ¥(@) = @5, where @, is defined as follows:

Po(so) = Zg(sa),  Pals)) = Za(s1),  Plsa) = Za(s5) U (X x {16}),
Pg(83) = Zg(8)) V(X X {17}),  Pg(ss) = Zg(ss) V(X x {16,17}),
Po(0) = X % {16,17},  Bg(b) = Zg(sy);

T is a subfunctor of Py/s, Py(y) is an inclusion and if ze®gy(s,), then

[Pa(a2)1(2) = [Po(o3)](2);
if zef'g(s,), then

-

[Pa(03)1(2) = [Pg(0)](2);

if zeX, then
[Po(02)](2, 16) = (2, 16),  [Pg(0y)](®, 17) = (@, 17),
[Pa(B))(2,16) = (z,12), [Pg(f)](z,17) = (=, 1B).

B. DEFINITION. Let & be a small category, &#: k—»% a functor,
Y = Vkodi(o), ¥,y Y. Every sequence a,,...,a, such that a, =y,
o¢

a, = y', and that for every ¢ =1,...,n there exists a;e%™ such that
either a; = [P(q,)] (a;_,) or a;,_, = [DP(a;)](a,), I8 called a path (in Y)
from y to y’', n is its length.
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Construction (Fig. 3): Let I be a thin category such that

U = {l, 1,1} (where all I; are different),
™ = gen{i;: [;—>1, 4 [,—>1,}.
If @ =(X,R) is a graph, denote by Az: I-% the following functor:

4 6
Ag(h) = (U X x (4)) 0 (U B x {45)),
Ag(ly) = (Qﬂx x {4i+1, 4i+3})u(qu X {4j +1, 4§+ 3}),

Ag(ly) = (CJ xx{4¢+2})u(ng{4j+2});

if zeX, 7 =0,...,3, then
{46(4))(x, 4 +1) = (v, &), [Ag(h))(z, 4i+3) = (2, 41+ 4);

if reR, then

[Ag(4)]1(r, 4§ +1) = (r, 4)) whenever j =5, 6,

[Ag(A)](r, 4§ +3) = (r,4)+4) whenever j = 4,5,

[Ag(A)]1(ry 17) = (m(r), 16),  [A(A)](r; 27) = (wa(RB), 0);
[4(42)](2, 4n +1) = [Ag(4:)](2, 4n+3) = (2, 4n + 2)
whenever either zeX, n =0,...,3 or zeR, n = 4,5, 6.

If f: G—>G' is a compatible mapping of the graphs, denote by :
Ag— Ag the transformation such that vy(w, i) = (f(2), 1), »(r, j) = (f(r),j)
for all zeX, reR, 1 =0,...,16, j =17,...,27.

PROPOSITION 6. Let v: Ag—> Ay be a transformation such that one
of the following conditions is fulfilled:

(@) (P(Xx{0}) =« X' x{0}) & (»(Xx{16}) <« X' x {16}) &
& (»(X x {8}) =« X' x{0, 8, 16})?

B) EXx{1}) cX'x{1}) & (X x{16}) « X' x{16}) &
& (v(X x {8}) =« X' x {8, 16});

() ((Xx{1}) cX'x{1}) & (»(Xx{16}) «c X' x{16}) &
& ((Xx{7}) c X'x{1,T}).
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Then there evists a compatible mapping f: G—>@ such that » = Vg

Proof. If (B) or (v) is satisfied, then («) is also satisfied. Now, suppose
(a) is fulfilled. Put '

2 2
Y = UAG(li)1 Y = H’AG‘(li)'

=0

If ay, ..., a, i8 & path in Y, then »(a,), ..., »(a,) is & path in ¥’.
1) First prove »(X x {8}) « X' x {8}: Let ze¢X. Then there exists
a path with the length 8 from (z, 8) to (x, 0) in Y but for no z¢X’ there

R a//" >
&
23/-—7024 40\6;
0% T
\%l Z)/
\ »~

Fig. 3

exists a path with the length 8 from (2, 16) to & point of X’ x {0} in Y’.
Since »(X x {0}) = X’ x {0}, necessarily »(z, 8)¢X’ x {16}. One can prove
that »(z, 8)¢X’ x {0}, analogously.

2) Now prove »(X x {i}) « X' x {i} for ¢ =0,...,16: We prove,
for example, »(X x {4}) c¢ X’ x {4}. If xz¢X, then there exists a path
with the length 4 from (z, 4) to & point of X x {0} and another path with
the length 4 from (x, 4) to a point of X x {8}. If 2¢ ¥’ and there exists
a path with the length 4 from 2 to a point of X’ x {0} and another path
with the length 4 from 2 to & point X' x {8}, then necessarily ze X' x {4}.

3) Now, prove »(Rx{j}) =« R'x{j}, j =17,...,27: The proof is
analogous.

4) Define the mappings f;: X—+X', g¢;: R»R, 1=0,...,16,
j =117,...,27, such that »(x,%) = (fi(a),4), »(r,j) = (g(r),j)- One
can easily see that fo=fi=... =fi, g =... =g, and ¢, =f,.
Consequently, f,: @—G' is a compati mapping and » = v, .

2 — Dissertationes Mathematicae 124
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COROLLARIES.
() The ocategories k,g, K14, K15y K16, k17 are rich.

Proof. We prove, for example, that the categories k,, and k,, are
rich. The other proofs are analogous. Put

K, = 'U{a, b, b},
kn =gen(I"U{a: a—1l,, B: b—>b, B: b—>1,}).

If @ is a graph, denote by P,: k,,—~ & the following functor: the domain-
restgiction @/l equals to Ay, Py(a) =X x {0}, Dg(b) = X x {16},
Dy(h) = X x {8, 16}, Pg(a), Pg(B), Pg(B) are inclusions, Put

kY, = ’ufa, b, ¢},
kl; = gen(I"u{ad’: a—ly, a: a—>c¢, f: b>e, y: c—>1,}).
If @ is a graph, denote by @4: k,,—~ & the following functor: the domain-
restriction Pg/l equals to Ay, Py(a) = X X {0}, Pg(b) = X x {16}, P4(¢)

= X x {0, 8, 16}, Dy(a), Py(B), Ps(y) are inclusions, and [Dy(a’)](z, 0)
= (@, 1).

(B)  The categories k.4, k,, are rich.
(Y) The category ko, i3 rich.

Construction: If G = (X, R) is a graph, denote by /—lo: -
the following functor:

Agl) = dg(l),  Aglly) = Ag(ly) VU (X x {28}),
Ag(l) = Ag(l) U (X x {29}),

Ag is a subfunctor of Ag, [Ag(A)1(z, 28) = (z,0), [Ag(A)](z,28)
= (v, 29). If f: G—-GQ' is a compatible mapping of the graphs, denote

by #;: Ag—>Ag the transformation such that ¥z, i) = (f(2), i), #(r,J)
= (f(),4), for all z¢X, reR, i =0,...,16,28,29, j =17, ..., 27.

PROPOSITION 7. Let ¥: AG—‘»ZG. be a transformation such that either
(x) or (B) 8 fulfilled.
() ([F(Xx{29}) c X' x{29}) & (F(X x {16}) =« X' x {16}) &
& (7(X x {8}) = X' x {8, 16}};
(B) (F(X x{29}) c X' x{29}) & (#(X x {16}) c X' x {16}) &
& (v(Xx{j}) c X' x {7}).

Then there exists a compatible mapping f: G—~G' such that 7 = .
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Proof. If (B) is fulfilled, then («) is also fulfilled. So, we may suppose
(a). Then, clearly, 7(X x {28}) =« X' x {28}. Now, prove ¥(dg) = Ay
and use Proposition 6.

COROLLARY.

(x)  The categories Ky, Kyy, Ky are rich.
(B) The category ko, i8 rich.

ProrosiTioN 8. The category ks is rich.
Proof. Let
ks = Ve, ai b},

kR = gen(I"U{a: a—a, a: a—>1,, f: 1,—>b}).

We construct a full embedding ¥: G55 such that, if @ is a graph,
we put ¥(@) = @4z, where &, is the following functor:

gD¢:1¥(lo) = Ae(lo); @G(lz) =‘Aa(la)y
Pe(l) = Ag(l,) V(X X {28, 29}), Py(a) = X x {28},
Pg(a) = X x {28, 29,30}, Pg(b) = Ag(ly);

Ag i8 a subfunctor of the domain-restriction @4/l, P,(a) is an inclusion
and if zeX, then

[Pe(a)l(®, 28) = (z,28), [Pala)l(w,29) = (a, 29),
[Pg(a)](2, 30) = (z, 0),
[P(8)](z, 28) = (#,16), [Pg(B)1(w,29) = (=, 8),
[$4(B)](2) =2 whenever =zedg(l,).

PrOPOSITION 9. The category kg is rich.
Proof(!). Let
k3 = VV{a, b, o},
k3 = gen(I"U{a: a—1,, B: b1, y: b—>oc}).

The full embedding ¥: G—>5" is defined as follows: if @ is a graph,
put ¥(G) = Py, where

Do(ly) = dgll), Palls) = Ag(la), Dol = Ag(l)U(X x {28)),
Dg(a) = X x {0,28}, Dg(b) =X x{8,16,28}, Dgy(6) = X x {8, 16},

(}) The proof, shorter than our original one, was given by J. Kastl.
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Ag i8 a subfunctor of the domain-restriction @4/l, Py(a) and P;(f) are
inclusions and

[Pe(¥)](2, 8) = (@, 8), [Pa(y)](z,16) = [Pe(y)](z,28) = (=, 1)
for all zeX.

PROPOSITION 10. The categories ky, k,; are rich.

Proof. Choose an object a of %, (or k,,) such that ¢ is a domain of
two distinet non-identical morphisms, say a,, a,. If @ = (X, R) is a graph,
denote by PDg: k> (or Pg: ky;—) the functor with PDy(a) = R,
Dy(c) =X for ¢ #a, Pgla;)) =m, © =1,2, Dg(y) = 1x whenever y
is & non-identical morphism of k, (or k,,, respectively), y +# a;, i = 1, 2.

PROPOSITION 11. The categories kg, ks are rich.

Proof. Let

k3 = {a, by, by, ¢, dy, d;},
k3s = gen({a;: a—by, ay: a—>b,, y: a—¢, 8;: d;—>¢, 85: dg—>a})
(or k3 = kag, kg = gen({ay, ag, ¥, 8,}U{8: dy—>c})). If G is a graph,
denote by D;: kyg—>F (or Pgy: kag— &, respectively) the following func-
tor: Pg(a) = (X x‘{l})u(Rx {2}) = Dg(c), Pg(y) is the identity, Pg(d,)
= X x {1}, Pg(d,;) = R X {2}, Pg(3,) and Dg(d;) are inclusions,
Pg(by) = Pa(by) = X, [Dg(ar)l(#,1) = [Pg(as)](@,1) = =,
[DPg(a)](r,2) = m(r), for all zeX, reR, i =1, 2.
PROPOSITION 12. The category kg 8 rich.
Proof. Let
k3o = {a,b,¢,d,e¢,f, g},
k3% = gen{a: a—b, f: c—>b, y: c>d, 4: e~>d, e: e~f, & g—>f}.
We construct the full embedding ¥: G— %0 such that, if @ = (X, R)
is a graph, we put ¥ (@) = P4, where @; is the following functor:
Pg(a) = X x {1}, Pg(b) =X x{1,2}, Pg(c)=Xx{3,4,5},
Pp(d) = X x{6,7}, Pgle) = (X x{8})U(Ex{10,11}),
Py(f) = (XX {9} V(B x{12}), Dalg) = X x {9},
®y(a) and Pyz(%) are inclusions, _
[Pe(B)](@,3) = (2,1), [Pa(B)](z,4) = [Pa(P)](,D) = (2, 2),
[Pa(1)](z, 3) = [Pa(»](®,4) = (2,6), [Ps(»)](z,B) = (v, 7),
[2(8))(z, 8) = (&,7T), [Pa(d)](r, 10) = (my(r), T);

[Ba(B](r, 11) = (my(r), 6),
[P](e)(z, 8)=(z,9), [Dg(e)](r, 10) = [Bg(e)](r, 11) = (r,12)

for all zeX, rcR.
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ProPOSITION 13. The category ky, 18 rich.
Proof. Let
k3, = {a, b, ¢, Ey a, d},

k" = gen{a: a—b, f: e>b, f: e>b, a: a»b, y: c>d}.

We construct a full embedding of the category U (1, 1) of all universal
algebras with two unary operations in #%. If 4 = (X, u,, u,) is an algebra
with two unary operations u,, u,, denote by ®,: k;;—>% the following
functor:

D (a) = qbA(&) =0 (d) =X x{1}, Pu0b) = ¢’A(5) = X x {1, 2},

. Dy(0) = X x{3, 4,5},
®(a), P(a) are inclusions,

(Pa(B)](z,3) = [P4(B))(®, 4) = (#,2), [P4(B)l®,5) = (w,1),
[D4(B)])(@,3) =(,1), [P4(B)](=,4) =[P4(B)](z,B) = (s,2),
(0,()](®,3) = (2,1), [@.»](®,4) = (ws(a), 1),
[92,(»)1(#, B) = (’“z(w): 1)~

If f: A—>A'is a homomorphism of algebras, denote by ¢;: ®,—>D,.
the transformation such that g,(w,3) = (f(z), i) for weX, ¢ =1,...,5.

One can easily prove that the mapping ¥, such that ¥(4) = @4, Y(f) = ¢,
is a full embedding of (1, 1) in ¥,

C. DEFINITION. Let # be the following category: objects are all
.triples (X, R, e), where X is a set; R is a reflexive symmetric relation
on X without isolated points (that is,

1) R c expX;

2) heR = cardh <2;

3) (h « X) & (cardh =1) = heR;

4) (VzeX)(3heR)((cardh = 2) & (weh)));
e is an evaluation of X, i.e, e: X—>N is a mapping, where N = {0,
1,2,3,...}; morphisms are precisely evaluation-increasing compat-
ible mappings, ie. if ¢ =(X,R,e), ¢ = (X', R',¢'), are objects
of #, then morphisms from g to g’ are precisely the mappings f: X—>X’
such that

h ={z,y}eR = {f(2),f(¥)}eR,

(VzeX) (' (f(2) > e(a)).

DEFINITION. We say that f: (X, R, e)>(X’, R’,¢') is a strongly
compatible mapping if it is a morphism of # such that

{z,y}eR, x#y = f(x) #[f(y).
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Convention: Let (X, R, e¢) be an object of #. Every finite sequence
ay, ..., a, of elements of X such that {a,_,, a;}eR for every ¢ =1, ..., n,
is called a path in (X, R, e). (We do not assume a;_, # a;.) The number »
is called the length of the path a,, ..., a,.

PROPOSITION 14. There exists a full embedding I': W(1, 1)> % such
that for every objects A, A’ of U(1, 1) the following statements are equivalent:

1) f: I'(A)->T'(A’) is a morphism of X;
2) f: I'(4)—>T'(A’) is a strongly compatible mapping;
3) f = I'(h) for some homomorphism h: A—A’,

8 0 4 0 1 0

2 3
2 3

Fig. 4

Proof. If A = (X, a,p) is an object of W(1,1), put I'(4) =g,
where ¢ = (Y, R, ¢) is defined as follows: ¥ = X xZ, Z being the set
of all integers;

R = {{(z, n), (w,n+1)}; 2eX,neZ}U
v{{(z, 3n+1), (z,3n+4)}; zeX,n =1,2,3,...}u
vl{(z, 1), (a(@), 4)}; veX}U
vi{(z, —1), (B(»), 1)}; zeX}U
Vl{(z,n)}; X, neZ};
e: e(w,n) =0 for (z,n)eX x({—1, -3, —5, —7,...}v
v{l, 4,7,10,13,...}),
e(z,n) =2n| for (z,n)eXx{-—-2,—4,—6,—8,...},
e(x,0) =1 for all ze X,
e(x,n) =n for all (v,n)eX x {2,3,5,6,8,9,11,12,...}.

IfA=(X,a,p), A =(X,d,p') are objects of U(1,1), h: A—>A’
is a homomorphism, put {I'(k)1(z,n) = (k(z),n) for all (z,n)eX X Z.
It is easy to see that I': U(1, 1)—>Z is a faithful functor and every I'(k)
is a strongly compatible mapping. Thus it suffices to prove: if f: I'(4)
—>1I'(A’) is a morphism of R, then f = I'(h)for some homomorphismh: A—A’.
Thus, write

I'(d) =g = (X, RB,e), I'(4d')=g =(X,Ee¢).
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Let f: g—¢' be fixed in the sequel.

1) First we prove f(X x {0}) <« X' x {0}:

(a) Let us assume that f(z, 0)eX’ X { —n} for some xeX and some
positive integer n. As ¢(z, 0) = 1, we have ¢’ (f(z, 0)) > 1 and so n must
be even. Let us consider the path

by CoyCry ey Ogny d,y

where b = (z,0), ¢ = (2,1), ¢, = (a(z), 3k+1) for k =1,2,..., 4n,
d = (a(x), 12n +2). The length of the path is 4n+2 and e(d) = 12n+ 2.
Then
F (), f(eo), f(e1)y -y f(Csn), ()

is also a path with the same length. Since f(b)eX’ x { —n}, necessarily
f(d)eX’ x {I} such that

_ —n—4n—-2<1<14+3(3n+2).
Consequently,

e’ (f(d)) < max{2(n+4n+2),1+3(3n+2)}.

Since = is even, ¢’ (f(d)) < e(d), which is impossible.

(b) Let us assume f(x, 0)e X’ X {n} for some r<X and some positive
integer n. Consider the path

Goy Byg ooey Gapy

where a; = (¢, —¢) for ¢ = 0,1, ..., 2n. Its length is 2n and e(a,,) = 4n.
Since either e(a;_,) > 0 or e(a;) > 0 for every 7 =1,2,...,2n, there
is no 7¢{1,...,2n} such that

{f(a;_y), fa))} €« X' x({—1}V{8k+1; k =0,1,2,...}).
Since f(a,)eX’ x {n}, necessarily f(a,,)eX’ x {I}, where
n—2n<l<n+2n.

Then e’ (f(a,,)) < max(2n, 3n), which is impossible.
2) Now, we prove f(X x{—n}) c X'x {—n} for every neZ posi-
tive: Let w¢X, neZ positive be given. Consider the path

Ty GByy <oy Qagy

where 2k>n, a; = (#, —i) for i =0,...,2k Since e (f(ayy,) > 4m
for every m =1,...,k and f(a,)eX’ x {0}, necessarily f(a;)eX’ X {—1}
for all ¢ =0,1,...,2k.

3) Further prove f(X x {1}) =« X' x {1}:Let weX. Consider the path

(@, 0), (®, 1), (a(m), 4)1 (a(m)y 5)'
Since f(z, 0)eX’ x {0}, ¢’ (f(a(a:), 5)) > 5, necessarily f(x,1)eX’ x {1}.
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4) Now prove f(X x{i}) « X'x{#}, ¢ =2,3. Let w#e¢X. Consider
the path (=,1), (»,2), (»,3).

5) Now prove f(X x {4}) =« X'x{4}: If zeX, consider the path
(@, 3), (=, 4), (», b).

6) Further prove f(X x {I}) « X' x{l}, f(z x{{+1})c X’ x{I+1} when-
ever | =4+3k, ¥k =0,1,2,...: Let ¢eX, | =443k be given. Con-
gider the path

Gy Byy ooy Oy b,

where a; = (,4+434),7=0,1,..., %, b =(2,4+3%k+1). Since f(a,),
flay), ..., f(ar), f(b) 18 a path with the length % +1 and such that
(@) eX' x {4}, €' (f(b))>4+3k+1, necessarily f(b)eX’ x {4+3k+1},
flay) e X' x {4+ 3k}.

7) Finally prove f(X x{l}) « X'x{l} whenever ! =4+3k+2,
kE=0,1,2,...: If zeX, consider the path

(@, 4+3k+1), (¢, 4+3k+2), (v, 4+ 3(k+1)).

We have proved f(X x {n}) c X' X {n}ior every nmeZ. Define b,:
X—>X' such that f(z,n) = (h,(z),n). Put h = h,. One can easily see
that b, = hforallneZ and h: A—A’is a homomorphism. Thus f = I'(A).

Convention: Let & be the full subcategory of # such that «°
_is the class of all I'(4); AeU(1,1)°. Thus o is isomorphic to (1, 1)
and every morphism of #, i.e., every evaluation-increasing compatible
mapping from an object of o to another one, is a strongly compatible
mapping.

If g =(X,R,e)e o write

B = {reR; cardr = 2}.

PROPOSITION 15. The category kg, i8 rich.
Proof. Let

k3, = {a; b;0,, n =0,1, oo}y
k3 = gen{a: a—>00; B: a—>b; w,: 0,0, ;, n =1,2,...}.

Define a full embedding ¥: &/— %% ag follows: if g = (X, R, ¢)< 2,
put ¥Y(9) = &, where PD: k,,—>% is the following functor:
D(o,) ={wveX; e(xz)=2n}, n=0,1,2,..;

&(w,) is the inclusion; P(a) = {(@, r)e X x B; zer}; &(b) = R;
[P(a)](z,r) = @; [P(B)1(z,r) =r. The definition of ¥(f), where fe o™,
is evident.
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PROPOSITION 16. The category kyy i8 rich.
Proof. Let

3% =1{0;b50,, n =0,1,2,...},
k3 = gen{a: oy—>a; B: 0,—>b; w,: 0,—0,_,, n =1,2,...}.

Define a full embedding as follows: if g = (X, R, e) e &°, put ¥(g) = &,
where '
®(a) =X, OB =R, &o,) ={x,r)eXxR; zer, e(z)>=n}, -
n=0,1,2,...;

®(w,) are inclusions, [P(e)](z,r) ==, [P(B)](x,r) =T.
ProposiTION 17. The category kyq i8 rich.
Proof. Let

k3 = {a,b,¢,d}U{o,, n = 0’172‘7 o}y
k3 = gen{a: o,—>a; f: b—>0,; w,: 0,0, ;, n =1,2,...;
Ym: €0, m =0,1,2,...; 8: c—>d}.

Define a full embedding ¥: &> ag follows: if g = (X, R, e)e «°,
put ¥(g) = P, where P(0,) = (X x {0})U({zeX; e(x) = n} x {1}), P(w,)
are inclusions;

o) =X, [ =(=,1);
D(a) =X, [P(a))(z,0) = [D(a)](z,1) = a;
P(0) = {(@,r)eX xR; wer}, [P(ym)l(@,7) = (2, 0);
d(d) = B, [D(8)](w,7) = 7.
PRrOPOSITION 18. The category ks, i8 rich.
Proof. Let
k3s = {a, b, c}U{o,; » =0,1,2,...},

k3 = gen({y: b—>c}u{a,: a—o,, f,: b—>o0,, n =0,1,2,...}U

U{w,: 0,—>0,_,, n =1,2,...}).
lLet h be a thin category such that

h° = kgsu{d}3

h™ = gen(kg{a: a—>d, B: b>d}u{é,: d>o,, n =0,1,2,...}).

1) First we define a full embedding ¥: &#/—%": if g = (X, R, e)e &°,
put ¥(g) = @, where @: h— & is the following functor: choose an element &,
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¢¢X and put &H(d) = {§}UX, DP(a) = (£}, P(a) is the inclusion;
®(b) = {(zv,r)eX X R, zer}, B(c) = R, [B(B)](x,7) = =, [B(y)](w, ) = r;
P(o,) = {§}V{zeX; e(x)<m}, [P(3,)](8) =&, [P(4,;)](z) =2 when-
ever e¢(z)<n, [P(4,)](@) = & whenever ¢(x) > n; P(w,) i3 the map-
ping such that @ (w,)oP(4,) = P(8,_,). One can easily deflne ¥(f) for
fe o™ and prove that ¥ is a full embedding.

_ 2) Let 1 be a full subcategory of X, 1° = {0,; n HO 1,2,.. }.
Denote by @;: |- the domam restriction of & to I. One can easlly see
that

d); {9(4,); » =0,1,2,...}) =1limQ,.

Thus, the functors ® = ¥(g): h—¢, g running through 2/° and their
transformations, are uniquely determined by their values on k.
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In the present part the forms a,,..., a;,y of small thin categories
are defined. We prove here: If &k has some of the forms a,,..., ay,, then
there exists mo connected functor from k to &, such that all its endotransforma-
tions form precisely c,.

The proofs are rather similar for the forms a,,...,a,. To prove
it for a,, ..., a;p we need some lemmas about endomorphisms of a certain
graph. At the end of the present part we define a cone.

CoNVENTION 1. (a) Let h: X— Y be a mapping. We write » = consty
iff h(z) =y for all zeX.

(b) The set-theoretical symbols <, U, N, v will be used also for
functors to &. If f: k—& is a functor, we denote by 1, the identity endo-
" transformation. f is said to be rigid if 1, is the only endotransformation
of f.

(¢) Let & be a thin category. We write a < b whenever a, bek’ a #~ b
and there is a morphism from a to b in k. This morphism is sometimes

denoted by (Z’

small categories are considered also as quasi-ordered sets (by <) and the
terminology for quasi-ordered sets is sometimes used for them.

(d) Let % be a category, A < k° be a class. We denote by kA the
full subcategory of k such that (k4)° = 4.

(e) We recall that a functor f: k—& is said to be irivial iff f(o) = O
for every oe¢k°. The trivial functor is denoted by C,. The other functors
are called non-trivial. A functor f is said to be connected if it cannot be
expressed as f = f,Uf,, where f, and f, are non-trivial, fyn f, = C,.

LEMMA 1. Let f: k- be a non-trivial funclor from a small thin cate-
gory. Then it is connected iff for every o, o’ ek° xef(0), ' ef(0’), there exist
0gy O1y ...y 0,€k’ and z;ef(0;) such that oy =0, 0, =0', 2y =2, @, = 2
and either '

[f(o‘:l)](w,.) =@, or [f("zl)](mm) =z, i=0,..,n—1.

). If %(a, b)Uk(b, a) = B, we write & #+ b. As usual, thin
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Proof is easy.

CoNVENTION 2. Let % be a small category, f: k—>% be a functor.
Denote by Z(f) the following three conditions:

(a) f is connected;

(b) f(o) #O for every oek’;

(¢) the monoid of all endotransformations of f is isomorphic to ¢,.

DEFINITION 1. We say that a small thin category k has a form a,
iff it has exactly one minimal object.

ProPOSITION 1. Let k& have the form a,. Then Z(f) does not kold for
any [: k>,

Proof. Let ¥ have the form a,, let a be its minimal object. Let f: k—%
be a functor satisfying (a), (b) from Z(f). Choose z,¢f(a) and define a trans-
formation 7: f—f such that 1° = constz, for every oe¢k° where z,

Tl

Then r is idempotent and if v = 1,, then f is rigid. Consequently,
(c) is not fulfilled, Z(f) does not hold.

DEFINITION 2. We say that a small thin category &k has the form a,
(see Fig. B) iff

(2) ¥° = {6, 6} VRUCUDUMUL
so that:

(2a) the sets on the right-hand side of (2) are disjoint;

(2b) a,, a, are two different minimal elements of %;

(2¢) B = {o<k®; 0> a;, i =1,2} is well ordered and it can be
written as B = {r,; 8 < f#+1} for some ordinal g > 0 such that d< ¢
SB+L > 1, <7y;

Denote by r the last element 7.

(2d) O is non-void and well ordered, C = {¢,; ¢ < a} for some ordinal
g t<i<a = 6; << ey < 15

(2e) L is linearly ordered, a, <! < r for every leL;

(2f) a; < d 4 r for every deD;

(2g) r > m > a, for every me M;

l # ry, + m for every leL, me M, ryeR, r,<<7;

(2h) if A = {d,m, o, 1,,1} for some deD, me M, :< a, 6< B, lek,
then # # y for every z,ye¢A, z #y. '

Note 1. (x) The sets M, L, D can be empty, but necessarily B # @,
C +# 0.

(B) (2a), ..., (2h) imply ¢ 4 a, for every c<C. Analogously, m + a,,
d # ag, ! + a,, for every me M, deD, leL.
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PROPOSITION 2. Let f: k—% be a functor. Let k have the form ay. Then
Z(f) does not hold.

Proof. Let (a), (b) from the definition of Z(f) be fulfilled. We con-
struct an endotransformation z: f—f with ror =7 such that either
v =1, and f is rigid or v # 1,. Thus, (¢) from Z(f) cannot hold.

Put
y = min{a; [f(f,’:)] (f(al))n[f(‘,’:)] ((ay) # ﬂ}.

(Note that the last set is non-void because f is connected.)

1) Let ¥ < . Choose p;ef(as,), ¢ =1, 2, such that

{6, | fae
® (7))o =[(37)) e
and define gq,, 0k’ — {r,; 6 < y}, by
3 =[f(‘f;)](p1> it 0> ay,

% =[f ('Z’)](p.) if 0> a,.

Further define d}, d; for §< y by

(3) dj =[f(::)](p¢), i=1,2.

(2)
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Define v: f—f by
7° = constq, for oek®—{r,; 8 < v};
(4) 7%/A, = constd;, for 4< y;
?8)f(r;) — A, = constd; for d<y,

4= G (G o)

Evidently, v is idempotent. If v = 1, then f(0) = {g,} foroek’ — {r,; 8 < 7},
and f(r,) = {ds, d3} for 8 < y. But then f is rigid.
2) Let y = f#+1 and there be ¢ << a such that

uinfsf)|ren #o.

Let A be the least ordinal such that the last assertion is fulfilled.
Choose psef(ag), pef(c,) such that

el [

As f is connected, the mapping f (ral) is onto.
B+1

where

Now choose p,¢f(a,) with

o [ o

Define {g,; 0ek’—{r;; 8<f}} by.(2) and {4; 8<B, i =1,2}
by (3); put A, =[f(:“)](p) for every ¢, 1 < ¢t< a. Finally, define z: f—f

by (4), changing only the definition of z% (< a, to

™(z) = h, for every we[j(i‘)]—l(Y), e < a,
P
%(2) = g., for every mef(c,)—([f(:;)]-l(Y)), 1< a,

7 = [1f5 oo

It is easy to see that z is an idempotent and if = = 1,, then f is rigid.
3) Let y = f+1 and

[#(E] a2 =o.

We proceed formally in the same way as in 1).

where
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DEFINITION 3. We say that a small thin category % has a form a,
(see Fig. 6) iff (2), (2a), (2b), (2¢'), (2d), (2e), (2f), (2g) hold, where (2¢’)
is obtained from (2¢) by changing the assumption § > 0 to § = 0.

Fig. 6

PRrOPOSITION 3. Let k have the form as. Then Z(f) does not hold for
any f: k—> <.

Proof is the same as that of Proposition 2 (it was not essential that
g > 0).

DEFINITION 4. We say that a small thin category % has the form a,
(see Fig. 7) iff (2), (2a), (2b), (2¢’), (2d'), (2e), (2f), (2g), (2h') are fulfilled,
where

Fig. 7

(2¢”) R = {0€k’; 0> a;, t = 1,2} is well ordered, |R|>2, and
it has a last element, say 7; '

(2d") C =0;

(2h’) if A ={d, m,l,r,} for some deD, me M, leL, ryeR—{r},
then =z 4 y for every =z, yed, © #y.

PRrOPOSITION 4. Let k have the form a,. Let f: k— % be a functor. Then
Z(f) does not hold.
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Proof is similar to that of Proposition 2 and therefore it is omitted.

DEFINITION 5. We say that a small thin category k has the form a;
(see Fig. 8) iff

(5) &° = {a;, a3} VRV L,UL,uD,UD,
so -that

(5a) the sets on the right-hand side of (5) are disjoint;

(5b) a,, a, are two distinet minimal elements of k;

(be) R = {oek’; 0 > a,, 0 > a,} i8 well ordered, R # G;

(bd) L; is linearly ordered and a; <! for every leL;, i = 1,2;

(be) if LyUL, #0O, then |R|>2 and B has a last element, say r;

(6f) if LyVL, # 9, then I < r for every leL,U L,;

(bg) 4 > a; for every deD;, i =1, 2;

(6h) if A = {d,, dy, 7}, where d,cD;, z¢R, then # # y whenever
T, yed, v #y;

~ (6i) if @,yeD,UD,UL,UL,V(R—{r}), 1<y, then either &,yeR

or x,yeD;, or m,yely, ¢ =1,2.

Fig. 8

PROPOSITION 5. Let k have the form as. Then Z(f) does not hold for
any f: k—~ .

Proof is similar to that of Proposition 2 and therefore it is omitted.

DEFINITION 6. We say that a small thin category k has the form a,
(see Fig. 9) iff

(6) k° = {a,, a,, a3} D, VD, UM, UM,
so that ,

(6a) the sets on the right-hand side of (6) are disjoint;

(6b)- a;, a, are two distinet minimal elements of %;

(6c) a; < m < ay for every me M‘; 1 =1,2;
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(6d) a;< d 4 a, for every deD;, i =1,2; if deD,, then d 4 a,;
if deD,;, then d + a,;

(6e) if A = {d,, dy, m,, my}, where d;eD;, m;e M;, then v 4 y for
every z,yed, » #4Y.

PROPOSITION 6. Let a small thin category k have the form a,. Then Z(f)
does not hold for any f: k—%.

Proof. If f is connected, then

_[f (Z:)](f (a,)) “[f (z:)] (f(an) 0.

The rest of the proof is evident.
CoNVENTION 3. Let I be the category described in IIL.B, i.e.,

U ={lyl,l}, T =gen{l: L>l; 4 Li—~>L}.
Let f: 1> be a functor. Define an oriented graph G, = (X, R) such that

X =fl) vy,
(By, Tg)e B <= (zeef(ly), + =1,2) & (Fzef () ([f(2)1(2) =a, ¢ =1,2).

Clearly, there exists an epimorphism &: f(l,)> R such that f(4;) = =,0e.

LEMMA 2. Let f: I->% be.a functor. Let t*: f(l,)—>f(), i =1, 2,
be mappings. Then there exists a mapping °: f(lo)—>f(l,) such that
T = {z% %, !} i8 an endotransformation of f iff the mapping ¢ = 1*v <
i8 an endomorphism of Q. If o is idempotent, then t can be chosen also
idempotent.

Proof is easy.

CONVENTION 4. Let G = (X, R) be a (directed) graph. We recall
that every sequence @, ..., o, such that either (z;, #;,,)eR or (v, ,, ¥;)eR
is said to be a path in @, n is called its length. Let A, A, = X. We write
e(A,, A,) = n iff n is the minimal length of a path z,, ..., 2, with 2,e4,,

3 — Dissertationes Mathematicae 124
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@,eAd,. If there exists no path =, ...,2, with @ycd,, z,¢4,, we write
o(A;, 4;) = 0. We write p(z,y) instead of o({z}, {y}). The identical
endomorphism of @ is denoted by 1,.

LEMMA 3. Let G = (X, R) be a graph such that
(*) X =X1VX2’ ((Dl,wz)eR = .'Di-e X.‘-, 'i = 1’ 2-

Let Ay, A, be non-void sets such that A, c X, and either 4, c X,
or Az c Xl’ AlnA2 = ﬂ.
Then there exists an idempotent endomorphism o of G such that:

() o =1lve? where v*: X,»>X;, 1 =1,2;
(B) o(4;) < A;, a/A; are constant, i =1, 2;

() o=1g = |4, = |4, =1 and 1; 18 the only endotransformation
of G with o(4;) < 4;, 1 =1, 2.

Proof. We may omit the trivial case R = @.
Y‘={wex; Q((D,A,)< m}, i=1’2-

Let je{l, 2}; if there exists (x;, ;)¢ R such that either z;¢4; or y;e4;,
put o(x) = z; for every ze¥Y;NnX,, o(z) =y; for every ze¥Y;nX,. If
not (i.e. if Y; = 4;), choose a;eA; and put o(2) = a; for every zeY;.
It remains to define o(z) for ze X — (Y, VY,) =Z. If Y,— 4, # 3, put
o(z) =@, for2eZnX,, o(x) =y, forweZnX, If Y, = A,, Y,— A, #9,
put o(z) = x,forzeZnX,, o(z) = yyforrxeZnX, . If 4, =Y,, 4, = Y,,
choose (z;, 2,> ¢R and put o(z) = 2, for veZNX,, o(2) = 2, for 2zeZNX,.
It is easy to see that ¢ is an idempotent endomorphism of @ satisfying
all the required properties.

2) Let p(4,, 4;) = n < oo. Clearly, n >0 and so either »n = 2d
or n =2d+1,d is an integer, d > 0. Let w,,...,z, be a path in G such
that x,ed,, v,cA4,. Let zeX; if k = o(z, 4,) < d, put o(z) ==, (in
particular, o(x) =xyc A, for every zeA)); if k = o(x, 4,) < d, put o(x)
= @,_; (in particular, o(x) = x,¢A, for every xe4,); if both inequalities
o(z, A,)< d, g(x, 4,) <d hold, then n = 2d, ¢(z) = ; = ,_4 50 that
the definition is correct; if o(z, 4,) > d< o(x, 4,), put o(z) = z4,,
whenever z,z;, ,¢X; for some ¢ =1,2, o(z) = z; whenever z, z;¢X;
for some 7 = 1, 2. One can prove easily that ¢ is an endomorphism of &
with all the required properties. '

LEMMA 4. Let a graph G = (X, R) satisfy («). Let A, <« X;, Bc R
be non-void sets. Then there exists an idempotent endomorphism o of G such
that: ‘ '

(0) 0 =TV, ¥ X,—~X; is a mapping, i =1, 2;
(8,) o(4,) = A,,0/A, is constant;
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(By) the mapping 8: R—>R, defined by 8(z,y) = (v:(®), 74(2)), satisfies
8(B) < B, §/B is a constant;

(Y) #f 6 = 1g, then |B| = |R| = |4,;| = 1 and 1; i3 the only endomorphism
of G such that ¢(4,) < A,, é(B) < B.

Proof. 1) Let =n,(B)Nn A4, # &. Then Lemma 4 is trivial.

2) Let x,(B)n4, =@, o(n,(B), 4,) = oo. Put A4, ==, (B) and
apply Lemma 3; evidently, the point (2,, ¥,) from the proof of Lemma 3
can be chosen such that (z,, ¥,) e B so that /B is constant.

3) Let #,(B)nA4, =@, ¢(n(B), 4,) < co. Then either

o(m.(B), 4,) = o(ms(B), 4,)+1 or
(ii) 9(7‘2(3 1) = 9(7‘1(3 1)+1
In case (i) put 4, = =,(B), in case (ii) define 4, = =,(B). Choose
a path z,, ..., z, with the minimal length from A4, to A, such that ,_, ex,(B)
whenever (i) holds, #,_,exs,(B) whenever (ii) holds. Then define o as
in the proof of Lemma 3.
LEMMA 5. Let f: 1-% be a functor. Let Ay, A, be non-void sets, A,
c f(ly), Ay = f(l;) for some ie{0,1,2}; moreover, A,NA, =@ in the
case A, c f(l,). Then there exists an idempotent transformation t: f—f
such that:
1(4;) < 4;, v[]A; i8 conslani, ¢ =1, 2;

(+) = #1; or the following statement is true: v =1, |4,| = [4,] =1
and 1, is the only endotransformation of f such that v(4,) = A,
1 =1,2.

Proof. If either A, < f(I,) or 4, = f(l,), then Lemma 5 follows from
Lemma 2 and Lemma 3. It is only necessary to choose t° to be constant
on every non-void set Z, ., where Z, , = {zef(l); [f(%)](z) = =,
i=1,2).

If 4, c f(l,) put B = ¢(4,) and apply Lemma 2 and Lemmasa 4 and
again choose 7° carefully.

CoNVENTION. Denote by ¢ a thin category such that
¢’ =0Uu{ly}, ¢c™ =genl"u{y,: Ll ya: I3}
(where I is the category defined in III,B). Since it is a thin category,
necessarily y;04; = y,04,.

LEMMA 6. Let f: ¢— be a functor, A, = f(1,), 45 = f(l), [f(¥1)1(4)N
N[f(y104)1(A4;) #OD. Then there exists an idempoient endotmnsformatwn
t: f—f such that (+) holds and =% is constant.

Proof. Denote by f the doma.m-rgstnctlon of f to 1 and consider
the graph G;. Notice that '

() 1(@) = [f(r2)](@) = [f(y1)](®a) = [f(¥2)1(@s) = ...
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for every path z,, xy, T, @5, ... in Gy with zyef(l;). Use this fact and
recall the construction of the transformation 7: f—f satisfying (+) (where
we write 7, f instead of r, f) in Lemma 5.

DEFINITION 7. We say that a small thin category k has the form a,
(see Fig. 10) iff ‘

(7) k° = {a1, @2} U {loy U1, Iy, L}V DUMUB
so that

(7a) the sets on the right-hand side of (7) are disjoint;

(7b) a,, a, are two distinct minimal elements of k;

(Te) L<li<lyy Lhi<ly<ly U # Ly;

(7d) 6, <Yy © =0,...,3; a3< 1y, ly; 65 4 Uy, Up;

(7e) d > a; for every deD; if deD, x¢k’—(DU{a,}), then = + d;

(7f) a;<m<l; for every me M; if me M, zek’— (MU {a,,ls}),
then = + d;

(7g) ag< b<ly for every beB; if beB, zek’—(Bu{a,,l;}), then
@ 4 d;

(7h) B is linearly ordered.

Fig. 10

Note. Some of the sets D, M, B may be empty. The following prop-

osition and its proof remain true if we do not suppose that B is linearly
ordered.

PrOPOSITION 7. Let a small thin category k have the form a,;. Then Z(f)
does not hold for any f: k— <.

Proof. Let f: k—% satisfy (a), (b) from the definition of Z(f). Put

Ay =[r() e, ax =[#(3)] 1w

Then A,, A, are non-void sets.
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Denote by f the domain-restriction of f to k(ly, 1, Iy, 13) ~ €. Since f

is connected,
[ aan ()] ean o

Then (Lemma 6) there exists an idempotent transformation 7: f—f
satisfying (+) such that 7 is constant. Clearly, 7 can be extended to
7: f—f such that z° is constant for every oek’ — {lo, l,, la, I3}. Then either
t # 1,0or 7 = 1,and f is rigid. Thus, Z(f) does not hold.

DEFINITION 8. We say that a small thin category % has the form a,
(see Fig. 11) iff

(8) k° = {ay, as}u{ly, L1, 1L} D,V D,
so that
(8a) the sets on the right-hand side of (8) are disjoint;
(8b) a,, a, are two distinet minimal objects in k;
(8e) la<lyyly; Uy # 1y;
8d) a; < Uy i =0,1,2; a, <1y, @ + by, ly;

(8e) a; < d for every deD,; if deD,;, ek’ —(D;V{a;}), then o 4 d
(G =1,2)

O!:l

Y ")

Fig. 11

PROPOSITION 8. Let a small thin category k have the form as. Then Z(f)
does not hold for any f: k—%.

Proof. Let f: k— satisfy (a), (b). Denote by f the domain-restric-
tion of f to k(l,, 1, 1,) Tf:l, put

s =[#(3)] i, =[ ()] e

and use Lemuma 5.
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DEFINITION 9. We say that a small thin category k has the form a,
(see Fig. 12) iff

(9) %° = {4y, a5}V {ly, Uy, la} U D U D,,
so that \

(9a) the sets on the right-hand side of (9) are disjoint;

(9b) a,, a,, [, are three distinet minimal objects of k;

(9¢) 8, <1, > by b<ly> asy U, + 1y;

(9d) @ > a; for every deD,; if deD,, zek’—(D;v{a;}), then z 4 4,
1 =1,2.

\VAVAV:

Fig. 12

PrOPOSITION 9. Let a small thin category k have the form a,. Then Z(f)
does mot hold for any f: k— 2.

Proof. Denote by f the domain-restriction of f to k(ly, Iy, ly) ~1,

put
A =[] e, 1=,

and use Lemma 5. o
DEFINITION 10. We say that a small thin category k has the form

a,, (see Fig. 13) iff
l[ 12
(o] (o]
O\o /
az

by
Fig. 13

(10) %° = {@,, @y, by U1, I} and
(10a) a,, a4, 1, are three distinct minimal objects of k;
(10b) a4, a5, l,< 1y, 1, < l,and z 4 1, whenever xe{ay, a;, ,}.
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ProPOSITION 10. Let o small thin category k have the form a,,. Then
Z(f) does not hold for any f: k—%.

Proof. Let k have the form a,q, lot f: k—% be a functor satisfying
(@), (b) from Z(f). Put

4, =[f(§"j)](f(a1-)), L =[f(§j)](f(lo))-

Since f is connected, necessarily L = f(I,).
1) Let A,nA, # @: Choose wzlfA1ﬁAz,%,-a @y, o, such that

(R ) SRR

and define z: f—f such that ° = =z, for every ok’
2) Let A,\nA, =0; use Lemma 5.

DEFINITION 11. We say that a small thin category & is a cone (see
Fig. 14) iff

Fig. 14

(1) ¥ =pPuyr,

so that
(11a) the sets on the right-hand side of (11) are disjoint;
(11b) Pislinearly ordered non-void;

(11c) I is the set of all cuts : = (4,, B,) in P such that 4, #9
(the cut (P, @) is included);

(114d) if tT,, then t < a, t 4 b for every acA,, beB,;

(11e) if teT,, t'eT,, ¢ # ¢/, then ¢ 4 1.
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The aim of the present part is to prove the following proposition.

PrOPOSITION. Let k be a connected skeletical thin category, k° +# O.
Then k i8 a cone or it has some of the forms a;, ..., ay, or k; = k for some
t=1,...,35.

Remark. We recall that a category k is said to be skeletical if two
objects are identical provided they are isomorphic.

Proof.

A) Let k contain a chain without a lower bound. Denote by R a maxi-
mal chain without a lower bound. Then either k i3 a cone or the class k°— R
18 mon-empty. We shall consider the latter. Since % is connected, one can
find a path from R to o for every ock’—R. Fix the shortest one, say
Po = {ag, ..., a3}, Where ageR, a3 = o, put I(p,) = n.

1) Let there exist 0 ¢k’ — R such that I(p,) > 2. One from the following
two cases must occur: *

I. a{ < ag: Then necessarily a?< a3, ai¢R, aj¢R, aj + a;. Putb
R, = {reR; r < a3}. Since a} is not a lower bound of R, either there exists
roe R, such that r, < a7 and then %4,  k or r # a? for every reR,.Then
a3 < r for no reR,. If 7, < u? for some r,¢R,, then k(aj, a?, a7, o) ~£,.
If r 4 aj for every reR,, then k4 < k.

II. a? > ay: Then necessarily aj¢R. Since R is maximal, there exists
roeR such that a} 4 r,. Then &y < k.

2) l(p,) = 1 for every oek’—R:

I. Let there exist 0 ¢k°— R such that 7, < o for some r,e R. Then kyy <
(see the case 1.II).

II. Let I does not hold. Then every oek’— R determines the cut
t, = (4o, B,) in R such that 4, = {reR; o<r}, B, = {reR; r + o}.
Then either % is a cone or there exist o, 0o’ ek® — R such that ¢, # ¢, and
0,0’ are not incomparable, say o< o’. Then A,NB, #© and o' # 7
for every reA,N B,. Thus ks < k({0, 0'}UB,,).

B) Every chain in k has a lower bound. Particularly, every object
of k is greater than a minimal one. Then either k has the form a, or it has
at least two minimal elements.
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I. Let k have exactly two minimal objects.
Denote them by a,, a;. Put

R ={rek’; (r > a,) & (r> a,)}.

R is a non-empty class because &k is connected. If there exist r,, r,eR
such that r, 4 r,, then k(a,, a,, 7, 73) ~k,. So we may suppose that R
is linearly ordered.

a) Let R be not well ordered. Then there exist r;eR, 7, < Ty
t =1,2,... Then either & is a cone or there exists oek’, o 4 r,. Then
o + r; for all ¢ =1,2,... and either a,< o0 or a,< o. Consequently,
kys & K.

b) Let R be well ordered. A lot of cases must be considered now.
Denote by b the smallest element of R and put (¢ =1, 2)

A; = {0ek®; a;< 0 < b},

T; = {oek°—R; (IreR)(a; < 0 < 1)},
D; = {0ek’; 0, < 0} —(RUT)),

L, =T,—A,.

We consider the following cases (the lexicographic enumeration for
cases is used):

1. |R|>2,D, #0,D,=0

Now we prove: either k; & k for some i =1, ...,35 or k has the form
a, or az or a, or a,.

Let d denote an arbitrary but fixed element of D,.

1.1. A, # 0. Then k{d, a,, b, a,, v, r) = k,;, where zed,, reR— {b}.

1.2. 4, =0.

1.2.1. The class T, = L, is not linearly ordered. Choose t,? eT,,
t 4+ t’. Denote by 7, or 7, the smallest element of R such that ¢t < 7, or
t' < ry, respectively. If r, = r,., then k{d, a,, b, r,, ¢, '} ~Fk,,. If v, # 7y,
say 7,<<r,, then k{d, a,, @, t, 7, 74} = k.

1.2.2. The class T, = L, is linearly ordered. For every t{eI', denote
tly r, the smallest element of the set R such that { < 7,.

1.2.2.1. There exists teT, such that 7, is not the greatest element
of R. Then

k{d, ayy G, 4, 1y, 5} ~ ko5, Where xeR, x> 7.

1.2.2.2. T, has no element #, with the property from 1.2.2.1. Then
either B has the greatest element, say f, and ¢ 4 r for every teT,, reR,
7 <f’ ar Ta = 0.
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1.2.2.2.1. There exist d,eD, and teT, such that #, < dy. If thed,,
then k{a,, t,, dy, b, a,, } _k,, where ze¢R, # # b; if tyeL,, then ¢, + b,
consequently

k{ay,ty, do, b, @y, ¥} ~%,,, where ze¢R, x> t,.

1.2.2.2.2. There exist no dyeD, and f,e7, such that i < d,. Conse-

quently, (VdeD,)(VieT,)(d + t). For every teT, denote by 7, the smallest
element of R such that ¢ < r,. Put

F = {"‘; tGTl}.

We consider the following four cases for the power of F':

1.2.2.2.21. cardF > 3: Let m,n,peF, m<n<p. OChoose teT,
gsuch that r, = m. Then

k{d, ay,t, m,n,p, as} ~k,.

1.2.2.2.2.2. cardF = 2: Let F = {p, q}, p < q. If there exists reR
such ‘that either » > ¢ or p < r < ¢, then

k{d,a,,t,p,q,ay, 7} ~Fk,;, where teT,, r,=7p.

Now let ¢ be the greatest element of R and there is no <R between p
and ¢. Put

Q= {teTy; 1, =q}, P = {tely; r, =p}.
Then P 0, Q # 0.

1.2.2.2.2.2.1. P is not linearly ordered: Let p,, p,eP, p; # P,.
Then

k{d,ay, P1) Psy Py Q) Ba} = Fra.
1.2.2.2.2.2.2. P is linearly ordered but not well ordered: Choose
pieP, pi <Py ¢t =1,2,... Then
k{d, @y a5y 0, }U{Ds; ¢ =1,2,...} k.
1.2.2.2.2.2.3. P is well ordered.
1.2.2.2.2.2.3.1. There exist 2,,2,¢Q, 8eP such that s <z, 8< 2,
Zy #29: If 2, + 2,, then
k(ay, 8,21, 23, Py @) = kys.
¥ 2, <z, then
k(@yy 8,21y 22, Dy @y) ~ ks

1.2.2.2.2.2.3.2. For every seP there exists dt most one z,¢Q such
that 8 < z,: Then either ¥ has the form a, or the form g; or a z,, really
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exists for some s, P. Consider the last case. If P = {s,}, then either p > b
and k(a,, b, as, P, 8o, %)) = Ky, Or k has the form a,. If there exists seP —
— {80}, then

k(@1 80y %55 85Dy @g) 2Ky for s<8,
and
k(G1) 80y %,y 8, Py @) =Ky, for 8, <s.

1.2.2.2.2.3. cardF =1: Put F = {p}.
1.2.2.2.2.3.1. There exist r,, r;¢ R such that p < r, < r,: Then

k(d,a,,t,p, 7y, 75, @3) ~F%,;, where teT,.

1.2.2.2.2.3.2. There exists exactly one element of B greater than p:
Denote it by r. If there exist {,, t,¢T,, t, + t,, then

k(d, ay, 1,8, 0,7, ag) ~ ky,.

Now, let T', be linearly ordered. If 7, is well ordered, then k has the form a,.
Now, let T, be not well ordered. Choose #;eT,, t;,, <1, ¢ =1,2,...
Then *

k({t;; 0 =1,2,...}u{d, ay, a3, 7, p}) =2 Ky,

1.2.2.2.2.3.3. p is the last element of R: Then % has the form a,.

1.2.2.2.24. F =0@: Then T, = @ and k has the form q,.

2. |R=22 D, +#9,D,#60

Put I, = k(¥°—D,), l;, = k(k°—D,). Now use the case 1. Then
l; (¢ =1, 2) either contains some %; (j =1, 2,...,35) as a full subcate-
gory or it has the form a, or a; or a, or a,. If both categories ,, I, have
some of the forms a,, a4, a,, a,, then they have necessarily the form a,
and then % has the form aj.

3. |R|>2, D, =0 =D,. For every teT,uT; define r, as in
1.2.1. Then either & is a cone or there exist ¢, ¢’ eT,UT, such that t < ¥,
b < 7, < Ty Then

k(@yy @3y by by 1y, 8') =2 Kyy.

4. |R|{ =1. Then R = {b}. Put
V'--:{OG.D"; apeAi,p<o}, 'i=1,2.

41. V, #0 # A, (or Vo, #0 # A,): Choose veVy; ped;, p<0,
aeAz. Then
k(ay, ayy 0, p, @, b) = k.

4.2. V, #0 = A, (or V, #0 = A,):
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4.2.1. |V, > 1: Choose v,v'eV,, v #v, q,qed,, v>¢q, v'>q.
If v< ', then

k(ay, @z b, q, 0, v') ~k,.
Let v  v'. If ¢ # ¢/, then
k(@y; a3, b, 9, ¢y v) = kys.
If either g< ¢’ or ¢ = ¢/, then
k(a,y a3, q,v,0", b) ~ kz.s-
4.2.2. |V,| =1: Put V, = {v}.
4.2.2.1. [A,] > 1: Choose a,qed,,qg<v, a # q. Consider the cate-
gory h =k (a,, @3, b, @, q,v). If a < q, then h ~ ky,. If ¢ < a, then either

a<<v and then A ~ky, or ¢ + v and then » ~k,. Now, let a + ¢. If
a 4 v, then h ~ k,,, if a < v, then

k(q,a,v,d) ~k,.

4.2.2.2. |A,| =1: Put A, = {a}. Then either k¥ has the form a4 or
there exists d¢D, such that @ < ». THen d¢V,, consequently d& + a. Then

.k(an Gz, b,0,d,a) ~ky.

43. V, =V, =0: Then k has the form a4.

II. k has at least three minimal objects.

Denote by M the set of all minimal objects of k. If a, a'e M, ¢ # a/,
put M, , = {0k’ (0> a) & (0 > a’)}. If there exist a,a’e M, a +# o
such that & + ¢ for some s,t¢ M, ,, then k(a,a’,s,t) ~k,. We shall
suppose in the sequel that

()  for every a,a’« M, a +# o', the set M, , i8 linearly ordered.

1. Let there exist different a,, a,, a;¢ M and bek® such that a,<< b
for all ¢ =1, 2, 3. Since k is connected, for every o<k’ — {b} there exists
a path from b to o. If p, = {¢y, ..., €.} i8 such & path with the minimal
length, then ¢, =b, ¢,,, =0, [i—j|>1 = ¢; + ¢;. '

1.1. Let there exist o<k’ — {b} such that ¢, > ¢; < ¢, for some shortest
path p, = {¢ ¢y €3, ..., €1} from b to o.

11.1. Let ¢, = a; for some i= 1,2,3, say ¢, =a,. Then &
= k(ay, a,, a4, b, ¢,) has the form a,,. If k¥ # h, then k°—h° #* 0. We
suppose this is the case throughout the 1.1.1.

1.1.1.1. Let there exist tek’— h° comparable to at least one element
of A° but not to all of them. Put I = k(a,, a,, a3, b, ¢;, t). Since a;,4
=1, 2, 3, are minimal objects and since () is supposed, the following
cases are the only possible:
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1.1.111. a; #+ ¢, ¢ =1,2,3.

1.1.1.1.1.1. t<<ogy t # b; then 1 ~ kg;

1.1.1.1.1.2. t< ¢y, 1< b; then k(ay,t, ¢y b) ~Fk,;

1.1.1.1.1.3. ¢ 4 ¢y, t << b; then I ~1Fk,.

1.1.1.1.2. Put {2,3} ={m,n}. Let a; #+ ¢, ¢ =1,m, t> a,.

1.1.11.2.1. ¢ 4 ¢, t 4 b; then I ~ kyq;

1.1.1.1.2.2. ¢ 4 ¢,y t < b; then I ~k,,;

11.1.13. t>a,, ¢ + a;, i =2, 3.

1.1.1.1.31. ¢t 4 ¢,y ¢ 4 b; then I ~ ky;

1.1.1.1.3.2. ¢t 4 b and either { < ¢, or 0, < ?; then I ~k,;

1.1.1.1.33. t< b, t 4 cy; then 1 ~ kyp;

1.1.11.34. t< b,t < c,; then I~Fkyj,.

11.1.1.4. ¢ 4 ay, 6;<t, © =2,3; then (%) implies << b. Since ne-
cessarily ¢ + ¢,, | ~ k;;.

1.1.1.1.5. Put {2,3} = {m,n}. Let ¢ + @,, t>a;, t>a,. Then
<b,t # ¢y and ! ~kK,.

1.1.1.1.6. a;<t, i = 1,2, 3. Then ? is not incomparable to b. Since #
is not comparable to all elements of k° necessarily ¢ 4 ¢,. Then I ~ k,.

1.1.1.2. There exists no te¢k® —h° with the property from 1.1.1.1. So,
if tek° — h° then either ¢ is comparable to all objects of % or it is incompa-
rable to all objects of k. If tek®—h° is comparable to all objects of &,
then ¢ > x for all x¢h°. Put

A = {tek®—h°; t > z for all zeh®}.

() implies that A4 is linearly ordered. If sk’ — (h°U 4),thens 4 zforallzeh’.
Since % is connected, either % is a cone or there exist d,, d,, d; such that
dieA, d,,dsek®— (A°VA), d; > dy, dy < dy, d; + d3. Then

k(d,, d;, dy, a,, aa_’ G3) =~ k4.
1.1.2. Let ¢, #a;, t =1,2,3.

1.1.2.1. Let ¢, > a;forsomes = 1, 2, 3,8ay ¢, > a,.Since b # ¢; > ¢y,
() implies a, # ¢,, ag # ¢,. Then

k(ayy a9y @3, b, €1y 05) =~ FKy4.
1.1.2.2. Let ¢, + a;, ¢ =1,2,3. If a;+ ¢,, then
k(a,, @y, @3, b,y 01y 0a) = Kyg;
if a; < ¢, for some j, then
k(a'j, b’ Gl, 02) ~ klo

1.2. Let there exist o<k’—{b} such that ¢, < ¢, > 0, < ¢, for some
path with the minimal length p, = {¢, ¢y, ¢5, €3, ..., ¢,.;}. Then nece-
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ssarily o3 + a,, ¢, 4 a; for all ¢ =1,2,3. Then
k(ayy asy agy €14 Cay C3) ~ Kyg.,

1.3. For no oek’—{b} there exists a path with the minimal length
from b to o with the property from 1.1 or 1.2. So either p, = {¢,, ¢,} or
Do = {Coy €1, Cs}, €< € >a; for all oek’—{b} and all paths with the
minimal length from b to o. Put A = {zek®; x> b}. (x) implies that A
is linearly ordered. Clearly, for every oek° there exists f,eA such that
0 < t,. Then either ¥ is a cone or there exist o, o' ek’ — (A U{a,, a,, a,}),
-ty 8, €A such that o< t,, ' <,y 0< 0y t,<t, and o' 4, If 0> q
for some ¢ =1, 2, 3, then {b, a;, 0} is a path with the minimal length
from b to o with the property from 1.1, which is impossible. 8o o + a;
for all ¢ =1, 2, 3. Analogously o’ + a; for all + = 1,2, 3. Then

k(ay, @y, aq, 0, 8y, 0') ~ k5.

2. Let there exist) no bek® and distinet a,, a,, a;e M with a;<b,
¢t =1, 2, 3. Define a symmetric graph R on M as follows: (a,a’)eR <«
< M, » # 9. Since k is connected, R is a connected graph.

2.1. Let card M =3, say M = {a,, a,, 33}. Then cardRe{2,3}.

2.1.1. Let card B = 3:foreveryd,j = 1, 2,3, ¢+#j choose a; ;e My, o
Then %(ay, 6a, @3y G5, Gz s, G3,;) == Kyy.

2.1.2. Let card R = 2:8ay R = {(6,, @), (a2, a5)}. Choose a,,¢ M, ,,
@y 3¢ M Jag*

2.1.2.1. Let there exist o<k’ 0> ay, 0 # @,,,0  a,,. Put 1= k(a,,
@y, Ggy Gy 5y Gy 3, 0). The following cases are the only possible:

2.1.2.11. 0 4 a;5, 0 ¥ a5;. (%) implies o 4 a@,, 0 # a; and then
l o~ kal;

2.1.2.1.2. Put {m,n} = {1,3}. Let o + a,,, 0<a,,. (+) implies
0+ a,. o + a,, then | ~Fk;. If 0 > a,, then I ~k,;
21.213. Let 0< a,,, 0< ay3. If 0> a,, then a,;> a; for all

t =1,2,3, which is impossible. So, o + @, and analogously o + a4.
Then l gk..;

2.1.2.1.4. Put {m,n} ={1,3}, let o + a,,, 0 >a,, Then o + a,
and ! ~k,.

2.1.2.2. Let there exist o +# a, such that either 4,< o< a,, or
Gy < 0 < Gy 4. Then

k(ay, agy a3y G134 Gy 3, 0) =2 Kgy.

2.1.2.3. Let neither 2.1.2.1 nor 2.1.2.2 be satisfied. Then % has the
fOl‘m Qg.
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2.2. Let card M > 3: , .
2.2.1. Let there exist a,, a,, ay, aseM such that (a,, a;)eR for all

i =1,2,3. Choose a6 ;e M, ,, ¢ =1,2,3. Then
k(agy a1y @3y g1y Gozy @g,3) =2 Ky

2.2.2. Let 2.2.1 be not satisfied. Since the graph (M, R) is connected
there exist a,, a,, a,, a; such that (a;, a;,,)eR, 1 = 0,1, 2 and such that

k(ayy @yy @yy @3y Gy 1y @) 0y Gy 3) = kg,

where a; ;¢ M, ..



VI. Operations o,, 0, and reducing of a category by these
operations
1. The operation o,.
DEerFINITION 1. We write r(k, f, r) whenever % is a small thin cate-

gory, f: k—% is a functor, v: f—f is a transformation such that v + 1,,
1ot = 1, and 7, 1, are the only endotransformations of f.

CoNVENTION. If & is a cone, we always suppose that one expression
of k in the form

R =PulJT,
el
is chosen and kept in the following (where (11a), ..., (11e) from Definition

11 of Part IV are satisfied).

LEMMA 1. Let r(k, f, t), let k be a cone. Then t*(x) = @ for every peP,
zef(p)-

Proof. Let there exist p,eP, 6,, a;¢f(p,) such that a, # a,y, v(ay) = a,,
{(ag) = a,. Put af =[f(£°)](a{), ¢ = 1, 2. Clearly, z(a?) = af, v(a}) = a?.
Put P, = {p > p,; o} # al}. If o€k’ put

9(0) = {wef(o); (ElpePo)([f (;)] () = a?)}.

Let 0, 0" €k’ o0 < o’y xef(0), vy =[f(z,)](m).

One can easily see:

if z¢g(0), then y¢g(o’);

if veg(0), then either yeg(o’) or z(y) = y.

Define »: f—f by »°(#) = v°(¢) whenever oe¢k’ =zeg(0), () =@
otherwise. One can easily see that » is a transformation such that 1, #» # 7.

LemMa 2. Let r(k, f, ), let k be a cone. Then there exists exactly one cut
= (4,, B‘o)eI and ezactly one collection {2,; ped,} such that

1) 2,¢f(p), [f(g)](zp') = 25

2) if 0ek’, wef(0), v(z) # =, then
a) OeT,o;

b) (Vped,) ([f(;)](m) - z,).
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Proof. Lemma 1 implies 7(2) = & for every wef(p), peP. Choose
0ek’ aef(o) such that v(a) # a. Then necessarily oe T, for some g

= (4,,, B,)<I. Put
o

1) If there exist ¢ # 4, geT,, bef(q) such that z(b) # b, define
a(z) = v(z) whenever zef(t), teT, and a(z) =« otherwise. Clearly,
a: f—f i3 a transformation such that a # 7, a # 1,, which is impossible.

2) If there exist geT,, bef(q) such that z(d) #b, [f(;)](b) # 2,

for some PeA,o, put a(z) = r(x) whenever xef(t), teT,o, [j(;))] (@)
= [f (g)](b) for all ped, , a(x) = & otherwise. Clearly, a: f—f is a trans-

jormation such that a # 7, @ # 1,, which is impossible.

DerFiNiTION 2. Let r(k,f, ), let k be & cone. Let ¢ = (4
{#p; peA,} be as in Lemma 2. Define an operation o, such that

01(ky fy 1) = (b1, f1y 1)

B,),

‘o’

where
1) kl = leo;
2) fi: k;—>& is a subfunctor of the domain-restriction of f,

o) = aepion; (Voea)([£(5)] @ =)}

3) 7,: fi—f, is the domain-range-restriction of .

LEmMMA 3. Let r(k, f, ), let k be a cone. Let o,(k, f, T) = (ky, f1y 71)-
Then r(ky, f1, T1). If 0€k® xzef(0), T°(2) # o, then ocky, zefy(0).

Proof. It follows immediately from the definition of o,.

2. The operation o,.

Note. Recall Conventions 1, 2 and Lemma 1 from Part IV.

LEMMA 4. Let f: k— & be a connected functor. Let A = {ok’; f(0) # O}.
Then kA is a connected category. '

Proof. It is evident.

LemMMmA 5. Let f: k—% be a non-trivial funcior. It may be uniquely
writlen in & form

f = Ufa’

acd

where all f, are connected and pairwise disjoint.
Proof. It is evident.
Note. The subfunctors f, will be called components of f.
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LeMMA 6. Let f: k— % be a non-trivial functor, {f.; acA} be the system
of all its components, t: f—f be a transformation. Then for every ac A there
exists a’'eA such that v maps f, into f,..

Proof. It is evident.

Note. We shall write r(f,) < f,- in this case.

LEmMMA 7. Let r(k, f, t), let {f,; acA} be the system of all components
of f. Then x(f,) < f, for every aeA.

Proof is easy.

Note. If »(k, f, ), f, i8 a component of f, denote by 7,: f,—f, the
domain-range-restriction of f.

'LEMMA 8. Let r(k, f, ), let {f.; acA} be the system of all components
fo f. Then there exists evactly ome age A such that r(k,fo, 7,). The other
components are rigid.

Proof. It is evident.

DEFINITION 3. Let r(k, f, 7). Let f, be the component of f such that
7(ky foyy Tay)- Put

0s(k, fy t) = (K2y f2y Ta)y

where k, = kA, A = {0k’ f, (0). # 0}, fy is a domain-restriction of
Jay 10 kg, 74(®) = 74, (2) for every zef;(0), oeA.
LeMMA 9. Let r(k, f, v). Put og(k, f, t) = (kg, fa, 72). Then r(k,, fs, 1,),
ky 18 connected and Z(f,) holds. If 0ek®, wef(0), 1°(@) # x, then oeky, xfy(0).
Proof is easy.

3. Construction of reducing. Let r(k,f, 7). We use the definition
by transfinite induction.

1) he =k, fo =f, 70 = 73

2) let @ =p+1, r(hg, fs,75); if h; is a cone, put (h,, f4 Td =
01(hs, fp, T5) (Where some expression from IV, Definition 11, is chosen),
and put (h,, [, ve) = 0s(hg, fs, vs) otherwise; then r(k,,f,, z,) again;

3) let a be limit: put A = (Mhp, b, = kA, f, is a subfunctor of

f<a

the domain-restriction of f, f,(0) = M f5(0), ©a: fa(0)—>f.(0) is the domain-
f<a

range-restriction of z° for every oeh?.
We must prove r{(h,,f., 7,) in this case: If o0ek° =zef(0), t(x)
# @, then necessarily oehg, z¢f,(0). Consequently, 7, # 1, . The equality
7,07, =1, is evident. Let »: f,—f, be a transformation. We want to
prove either » = 7, or » = 1, . We show that it is possible to find a trans-
formation ¢: f—f which is an extension of ». So, either p =7 or ¢ =1,
consequently, either » =z, or v =1,.
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Put ¢°(x) = # whenever x¢f(o) and either 0ek°—h? or oeh?, x¢f,(0),
and put p°(x) =.»°(x), otherwise.
We prove that g: f—f is & transformation. Let o,0'¢k’ o< o',

zef(o), @' =[f(z,)](w). We prove that

(*) [f (Z,)](e"(w)) = ¢"(2).

a) Let @' ¢f,(0'): if @ef,(0), then () holds because o° (') = +°(z'),
o°(z) = +°(x). We show that z¢f,(o) (or o ¢ k) is not possible. Suppose z¢f,(0)
(or o¢h3). Let B be the smallest ordinal such that z¢fs(0o) (or o¢hj3). Then g
is isolated, say 8 = y +1. Then wef,(0), ' ¢f,(0o’). Then neither (h4, f5, 75)
= 0,(hy, f,, t,) DOT (hy, fp, Ts) = v4(h,, f,, 7,) a8 it follows from the defi-
nitions of o,, o0,.

b) Let 2'¢f,(0") (or o' ¢hl): if x¢f,(0) (or o¢hy), then (x) holds because
" (@) =, ¢°(#) = x. Let xef,(0). Let f be the smallest ordinal such
that a'¢fz(0’) (or o'¢hj). Then necessarily § is isolated, say g = y+1,

and (hg, fp, 75) = 04(h,, f,, 7,). But then [j, (z,)](z) =z’ for every zefp(o)

(see the definition of o,) and thus (*) holds again.
So, we obtain (kg, f3, ) for every ordinal .
One can easily see that there exists an ordinal 1 such that

(Bas f1y T2) = (Rasry fayry Tag)-

Then '

(«) h; i8 not a cone;

(B) Z(f,) holds;

(y) A, is connected and it is a full subcategory of %.

Now, it is easy to prove the implication (ii) = (iii) of the theorem.
Let k be a small thin category, ¢, can be fully embedded in #*. We may
suppose that % is skeletical. Choose f: k- and z: f—fsuch that r(%, f, 7).
Find an ordinal A such that k;, f,, 7; satisfy (a), (B), (y). Then &, is also
skeletical. Now, use the proposition from V.

Since Z(f;) holds, A; has not any of the forms a,, ..., a;, (see Lemmas
1,...,10 from Part IV). Since 4, is not a cone, it must contain some

kyi=1,...,35, as a full subcategory.



Appendix

The main theorem was announced as Theorem 4 in [10].

In [9], we announced a little stronger theorem for finite thin cate-
gories. The following properties are equivalent for a finite thin category #:

(1) k 48 rioh.

(2) &* oontains N, non-isomorphic rigid objects.

(3) A non-trivial monoid without a non-trivial -(i.e. non-identical)
idempotent can be fully embedded into F*.

(4) Some of the categories k,, ..., ki, i3 & full subcategory of k.

The proof of the equivalence of (1)-(4) uses analogous methods as
the proof of the main theorem. One can see that if a finite category &
has some of the forms a;, ..., a4, then (2) cannot be satisfied by connected
functors to &, and, if & non-trivial monoid M without a non-trivial idem-
potent is given, then there is no connected functor @: k— %, such that
all endotransformations of @ form a monoid isomorphic to M. The cone
is very simple for finite categories and the transfinite reduction described
in VI may be replaced by usual induction on the objects of k. We put
the following problems:

a) Let k be a small thin category such that S* contains a proper class
of pairwise non-isomorphic rigid objects. Is k richt

b) I3 the condition (3) wffzment for an infinite thin category to be rzck?
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