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Introduction

The purpose of this paper is to study two kinds of weighted H? spaces
and to investigate the relations between them.

Weights arise naturally in many problems in analysis. For example,
this occurs in the Sturm-Liouville problem. Given a second order differ-
ential operator, there is a weight w (), with respect to which, the operator
is formally selfadjoint. Thus, one is led to consider eigenfunction expansions
in L?(w(»)dw). A wide range of classical expansions fall into this category.

From the Harmonic Analysis point of view, the main role of the
classical H” spaces is that of providing a natural extension, for 0 < p <1,
of the family of Lebesgue spaces {ReL”: 1 < p}. It seems reasonable to
expect that the development of a theory for the corresponding weighted
spaces will help to clarify some questions concerning these classical
expansions and many other problems which involve a weight. After the
work of Fefferman—Stein ([8]) and Coifman ([1]) our knowledge of the
classical H? spaces is sufficient to allow us to construct such a theory.

We will consider a weight w(z) satisfying the condition A4 intro-
duced by Muckenhoupt ([13]). These weights arise in a variety of differ-
ent situations, which include the one described above, and, also, their
properties make it possible to use in the study of the weighted spaces,
most of the techniques developed for studying the classical H® gpaces.
Even though the family of conditions 4,, p > 1 and A4, were introduced
by Muckenhoupt, we should point out that very similar conditions were
first studied by Rosenblum ([16]). In fact it is in [16] that the idea to
develop a theory of weighted H” spaces appears for the first time.

Following the classical definition of H?, we are led to consider the
space H” (w(»)dz) of all analytic functions ¥(z) on the upper half plane
such that

1F | Bmotayizy = sup [ 1P (z+it)Pw(@)de < oo.
>V

These spaces are studied in IT. The main results are: a maximal function
characterization of HP”(w(ws)dr) and the identification of the “building
blocks” into which every function in H”(w(wx)dw) can be decomposed.
We call them atoms. This atomic decomposition is similar to the one
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obtained for the classical case by Coifman ([1]). This decomposition allows
us to identify the dual of HP (w(w)da;) (Theorem II. 4.4) by means of
several equivalent integral conditions. The equivalence of these conditions
is a by-product of the theory which extends the theorem of John and
Nirenberg ([11]) giving the equivalence of different BMO conditions.

A paralle]l theory is possible for the space H?(w(6)d6) of all analytic
functions F(z) on the unit disk |2] <1, for which

| B
Il Ezpaooraey = SUP o f |F'(re®)[Pw(6)d6 < oo.
. -7

If we let
1 etz -
W(2) = exp {-2—; f o 10gw(6)d0=,

-T

then the mapping Fr>FW' is an equivalence between H”(w(6)d6) and
HP?({d6) which is the classical space. Of course, this allows us to identify
the dual of HP(w(6)d6). This way of setting up the duality, however,
is not very practical. For example, for p = 1, it identifies the dual of
H'(w(6)d6) with the space of functions L = P(w-e~"*)".B) where
B is a holomorphic BMO function, ~ represents the conjugate operator
and P is the projection on holomorphic funections.

Our way of setting up the duality by real variable techniques leads
us to more meaningful descriptions of the dual spaces.

In general, it is not true that for F e H?(w(w)dz), the functions
{F(x+it): t > 0} will have a limit in the sense of distributions as ¢—0.
For w(z) =1, we always have such a limit. Thus, for a general weight
w(w), the spaces H” (w(»)dz), 0 < p <1, are not. spaces of distributions.
This makes them more interesting in a sense but, on the other hand, it
urges us to seek a more natural kind of weighted HP®.

We study the spaces H” (w(x) da;) for 0 < p < 1. The atomic approach
cannot be applied to study H?(w(w)dz) for p > 1. If w(x) has critical
exponent g, > 1 (see I) we know that H? (w (w)dzv) is equivalent to
RelL” (w(m)dm) for p > ¢,. However, the spaces H? (w () dm) forl<p<yq,
still remain a mystery. .

Probably the most natural kind of weighted H” spaces are the ones
we have called $?(w(«)dx) which are defined directly by means of atoms
in the homogeneous space given by the measure w(z)dzr (see also [4]
and [12]). These spaces are studied in ITL. The atoms are of a different
kind that those considered in II. However, it is proved (Theorem III.2.9)
that there is an equivalence between $?(w(x)dx) and H” (w(x)'~?dx) for
a range of p’s close to 1 and this equivalence is given, for atoms, by
essentially multiplying times the weight.
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IV is devoted to examples and applications. The space of radial
functions in H!(R") is found to be equivalent to the space of even functions
in $(|r|*"'dr), the equivalence being the obvious one which assigns to
fl=]) (¢ € R"), the function f(|r|) (r € R). Two proofs of this equivalence
are given. One starts from the atomic decomposition in A*(R") and depends
on the geometry of the euclidean space. The other is based upon the study
of the operators arising from the restriction to radial functions, of differ-
ent systems of Riesz transforms. The latter proof can be extended to
provide a relation between the space of even functions in $'(|r|**dr)
(where 21> 1 does not have to be an integer any more) and the space
b'(|r]**dr) introduced by Muckenhoupt and Stein ([14]).

Finally the relation between the space of radial H! functions on
an euclidean space and the ordinary H'(R) is used to find a radial function
F in I*(R?® but not in H!(R?) for which the complex-valued singular
integral

Iz‘(w) = p.v. f%ﬁ’(w—z)dz

R

is in L'(R?). The two components of this vector-valued singular integral
form a system of second-order Riesz transforms. C. Fefferman has con-
jectured that “nice” conjugate systems, such as the second order Riesz
transforms, would give a characterization of H!(R?) (see [7]). Our example
disproves this conjecture. A similar phenomenon occurs for H!(K), where
K is a local field (see [9]).

Although we have restricted our attention to the real line R, a similar
theory can be developed for the euclidean space R”, n > 2. The most
significant modification should be the use of the Whitney decomposition
to prove an analog of Lemma II.3.5 which is the key to obtain the atomic
decomposition.(*)

(*) For the case w(x) = R", the atomic decomposition has been obtained by
Latter. See his article in Studia Mathematica.



Chapter I

Some preliminary lemmas

Let w(x) be a weight on the real line R satisfying the condition 4,
of Muckenhoupt ([13]) for some ¢ > 1. We will say briefly that w is an
A, weight or that w € A,. The following lemma is a simple consequence
of Holder’s inequality:

LeMMA 1.1, If fe L?(w(x)dw), it is locally integrable. In particular,
for every finite interval I:

1/
% If f(@)ldo < (const) (;0% If lf(w)l%(w)dw) !

where (const) depends only on the constant in the A, condition for w. w(I)
stands for [w(x)dw.
1

Given a > 1 and a finite interval I, consider its a-dilation §,(I),
that is: 6,(I) = C;+ a(I —C;), where C; is the center of I. Substituting
xr for f and 8,(I) for I in the previous result, we obtain:

LemwmaA 1.2, w(éa(I)) < (const) a%w(I), where (const) depends only on
the constant of the A, condition for w.

For the rest of the chapter we will assume that w is an 4, weight
for some ¢ > 1. We will denote by ¢, the critical exponent for w, that
is, the infimum of all the ¢’s such that w satisfies the eondition 4,. If
w satisfies A, for some g > 1, then it also satisfies 4, , for some &> 0
(see [2]). Thus, unless ¢, = 1, w is never an 4, weight.

LeMMA 1.3. There exists a, 0 < a <1, depending on the weight and
on g, such that if fe L'(w(x)dx) and ¢ satisfies the .condition |p()|
< (const) /(1 + [®])%; the convolution (fx@)(x) is well defined (¢,(x) being

19 (3> 0 and 749 (01 < (comst) Wl (a3 ), shere L

= {y: lz—yl <t}
Proof. w="@" gatisfies 4 ., where ¢’ = ¢/(¢ —1), exponent conjugate
to ¢. Taking a < 1 sufficiently close to 1, w='@=1 gtill satisfies A, . If
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this is so, we will see that for every &, ¢,( —y)/w(y) belongs to L (w(y)dy)
and

” P — y)
©) e otyian)
from which the lemma follows immediately.
It is clear, just because ¢ is bounded, that:

< (const)w (I (w; t))~'

(1.4) —('——y) w(y)dy < (const)s~2@-D f w(y)~ Y@ gy
lz—yl<t ’W(y) I(z;t)
But
e
‘g),(w_y) w(y)dy < t~va 0 —(const;)q' w(y)~Ya=D gy
eimu! W) vettan 7Y

so that applying Lemma 1 of [10] to the weight w(y)~"“~V we obtain
that also:

(L5)

<|lz—yl
Putting together (I.4) and (I.5) we get:

J‘ e (@

FANT

which ends the proof of (I.3).
With a function ¢ as above we can associate the non-tangential
maximal operator ¢, defined on functions f e L?(w(z)d») by: -

"Pt r
w(Yy)

q
w(y)dy < (const)t~7=Y f'W(y)"/(““)dy.
I(z;t)

w(y)dy < (const)w (I (z; t))~H-D

o, ()(w) = sup I(f*@)(y)l.

lz-yl<t

If |¢p(a;)| (const) /(14 |#])* for some a > 1, then ¢, (f)(#) < (const) f*(x
where f* is the Ha,rdy—thtlewood maximal function of f. Thus, it follows
from Theorem 1 in [2] that q)V is bounded in L7 (w z)dwr). In particular,
the function defined on the upper half plane R? = {(#,?): t > 0} by
(@, 1) = (f*@)(®), is in LY (w(x)ds) uniformly in ¢.

LeMMA 1.6. Let 8(w,t) be a non-negative subharmonic funciion on the
upper half plane, which is in L%(w(x)ds) uniformly in ¢ > 0. Then there
exists a with 0 < a <1 such that 8(w,t) < (const)(1 - |x|)?, where (const)
depends on t but can be taken to be the same for a strip 0 < t, <t <t < oo.

Proof. It follows from Lemma I.3 that, taking a < 1 close enough
to 1

f 8(w, t)(1 4 |@])~*dz < (const)w(I(0; t)) /2.
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Of course, the estimate s(z, t) < (const) (1 + |2|)* needs to be proved only
for x large, since s is continuous. Take (%, f) in the strip and such that,
say |z| > t,. By the subharmonicity:

_ 1
(2, 1) < (const) - ff s(x, t)da dt
* B(@ b tol2)

< (const) t—];(l +iz+ % ) t, < (const) (1 + |z])°.
0

The same method leads, via Holder’s inequality to:
LEMMA 1.7. Under the same hypotheses of 1.6:

8(z, 1) < (const) sup ( fws(y, u)qw(y)dy)l’qw(f(w; )
u>0 ' _5o

In particular s(x,1t) = o(t) as t—>oo.

I.6 and I.7 provide information about the growth of s at oo. They
will be used in connection with:

LemmA 1.8. Let s(x, 1) be a continuous function on R, = {(=, 1) € R*:
t > 0} which is subharmonic on R’. and has the following growth restrictions:

(i) s(w,t) = o(t) as t—oo.

(ii) s(z,t) = o(e™) as |w|—>oo for all a > 0, in each strip {(z,1t) € R?:
0 <t}

Then if s(z,0) < A < oo for all x € R, it follows that s(z,t) < A for
all (w,t) e R .

This is an casy extension of (5.2)(a) in Chapter IT of [18].

LEMMA L1.9. Let fe L?(w(x)dx). The Poisson integral of f, f(x,1)
= (f*P,)(x) is a harmonic function on R’ which is in L%(w (x)dz) uniformly
in t. Suppose also that f is continuous in R and |f(z)| < (const)(1+ |z|)® for
some a < 1, then the function defined by f(z,t) = (f+P)(x) ¢f t > 0 and
f(w, 0) = f(x) 18 continuous in Iii and satisfies (i) and (ii) in Lemma L1.8.

The proof is routine.

LeMMA 1.10. Let s(z,t) be a non-negative subharmonic function on
R’, which s in L (w(x)dz) uniformly in t > 0. Then s has a least harmonic
majorant which is the Poisson integral of some s, eL"(w(m)dw).

Proof. For every ¢ > 0 let s,(x) = s(w, ). s, € L?(w(»)dw) uniformly
in ¢t > 0. Thus, the set of functions {s;: ¢ > 0} is contained in a closed
ball of L(w(x)ds) = (L% (0(w)da))*, dual space of L« (w(x)dx), where
¢’ = q/(g—1). This ball, with the weak-* topology given on L(w(x)dx)
by L7 (w(w)dx), is a compact space. Therefore, there will be a sequence
t,—0 such that 8;,—>8¢ € L* (w () da;), the convergence being in the weak-*



I. Preliminary lemmas 11

topology; that is: for every ¢eL¢(w(x)dz), [ 8, ()9 (@) w (z)dz

— [ 8o(2)@(#)w(x)dz. Let us consider, for each n, the harmonic function
(2, t)—>(s;, *P;)(x). For each n,x,1, we have:
(L11): s(®,t+1,) < (s,n*P,) ().

This ecan be obtained by applying (I.8) to the function (», t)—>s(®, t+1") —

(2, 0)—>s(z,t,) —s; (w) = 0.

That (I.8) can actually be applied to this function follows from (I.6),
(I.7) and (I.9). Now, letting »—>oco0 in (I.11) and using the fact that
Pz —y)w(y) is in LT (w(y)dy), we get: s(@,t) < (so+P)(x).

In the next two lemmas we investigate the relations between different
powers of a given weight.

LEmmA I.11. Let w be a weight with critical exponent q,. Let 6 > 0
be such that w satisfies a reverse Holder’s imequality with exponent 1-- 6.
Then for each p such that 1— /g, < p < 1, there ewists ¢ > qo(L—p)+D
and a constant such that for every I:

(L.12)

1 " liq 1
(f'w(m)—“"dw If w (@) () Pdm) < (const) (_fm If w(a:)dw)
o I

Proof. For p =1 (I.12) is just a reverse Holder’s inequality and
there is nothing to be proved (see [2]). Let us assume, therefore, that p < 1.
w(x)'"? is as good a weight as w(x); its critical exponent is < ¢o(1—p) -+
+p < go. Let ¢, > g,. Then w(x)'~? is an 4, weight. It follows that there
are two constants ¢, and ¢, such that:

1/p

1 H(i-p) 4 1 1/s
(I.13) clg(m If w(w)‘"pdw) (TI_I If w(w)“sdm) < e,

where s = (1—p)/(g,—1). If p > 1—d/qy, then é+p > ¢,(1 —p)+p. Let
¢ = 6+p. Then the left-hand side of (I.12) is

1 1/g
— o w(a;)"""dw) <
(Ifw(a;) dz if

ol S

(const)

1
T (—-—- w(x) do
f'w(a;)“"dm] o If
I

Vp-ljg | 1
y (mffw(m) dx)

)( 1+3)/g

(1+¢)/g—1/p

| =
~
% H
g
B
q
|
)
——

fw(w)~*dz }
i
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We will have proved (I.12) as soon as we show that the expression between
brackets is bounded. But, by (I.13) this is

—(1-p)(1/p—1/q)
g(const){ i fw(m) ’da:) (III m)dw)}

1 1/a
and (—— w(x “’dm) ( w(z dm) is bounded away from 0 and oo
/e @ TR y

since 8 = 1/(¥—1) for N =14+(g,—1)/(1—p) > ¢q, so that w is an
Ay weight.

LeMMA L.14. Let w be a weight with critical exponent q,. Let 0 < p < 1.
Then for every r such that 1 < r < 1+{(L—p)/(g,—1), there exists a constant
such that for every boumded interval I:

[ w(w)' =" da \ V" [w(z)~?ds P
I ‘ i
( Jw(x)ds ) < (const) ( [w(z)de ) )
1 I
Proof. Let ¢, = (r—p)/(r—1) > go. Then r = 1 (1 — p)/(q1~1 ). Let

s = (L—p)/(q;—1) > 0. The exponent conjugate to # will be » = 1+1/s
= 1+4(¢,—1)/(1 —p) > ¢q,. Therefore w satisfies the condition A, so that

we have:
1/s
g(lTllifw(m)dm)(lTlljfw(w)‘sdm) < (const).

The fact that w is in 4,. is equivalent to the fact that w(x)™' satisfies
a reverse Holder’s inequality with respect to w () with exponent » (see [2]).
Also w(x)'~? satisfies 4,, so that we have:

1 . 11-») 1 1 /s ‘
lé(l—ﬂ!w(w) ”da:) (IIlf ()~ ) < (const).

Putting all these facts together we have:

fw(x) =" ds
I
[ w(w)dz
i

1] (const)

1/r
< (const) < 11
) 1 up (1 g (;,“);
(7 werse) " ( Jrcorao

w(I)
f w m)"”da:)ﬂ”

(const) ( IW



Chapter II

Weighted H? spaces of analytic functions

1. Behaviour at the boundary

For a weight w with critical exponent g, and p > 0 let H? (w(x)ds)
be the space of all analytic functions F (x4 t) on the upper half plane
such that

WP llppciays) = s‘up{ f |F(w+it)1pw(m)d$}1/p
>0 _ o

The classical results about the behaviour at the boundary of an H? function
extend to this situation in the following way:

THEOREM II.1.1. Let F e HP(w(x)dx). Then:
(i) llmF(w—l-@t exists for a.e. ¥ € R and the function F(z) = hmF (@ +122)

18 in LP (w(w)dw) Actually F has non-tangential limits at a.e. w eR.

(ii) lim f |F (2 +4t) — F(2)|°w(x)dz = 0 and consequenily
{0 —o0
lim f |F (2 + i) |Pw(x)de = f | P (2)Pw(z)d2.
-0 o -0

(i) 1P lerppoarazy < (const) l_f \F (217w () dar} .

Proof. We will show that the non-tangential maximal function
mgp(2) = sup |F(y+4t)|isin L? (w(m)dm) By a result of Calder6n (Theorem

2—-y|<i
3.19in []l.S]'; (i) follows immediately and (ii) is a consequence of Lebesgue’s
dominated convergence theorcm. If ¢, is the critical exponent of w, let
8(2) = |F(2)|* with 0 < ¢ < p/g,. Then 8(x -4t} is a non-negative subhar-
monic function on R’ which is uniformly in L?(w(z)de) with ¢ = p/s > g,.
By Lemma L10: s(x-+it) < (8o+P;)(#) for some s,e L?(w(z)dz). Thus

mp(@) < (P2 (50) (@) < (const)s? (@) and | mp(@)Pw(@)de < (const) x

X [ |85(2)|%w(#)dx < co. In order to prove (iii) it is only necessary to
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observe that s,(zr) = |F(x)|°. Actually, since it follows from (ii) that
}DIF (@)1Pw (@) d2 < | Fllypgomyan ; F>| _F]F (@)[Pw () dac}'® is & “norm” equiv-
alent t0 [ oemae- -
LEMMA IL.1.2. For F e H? (w(x)dx):
IF (@, 1)] < (const) |F llanuaan (I (@5 1) 7.

Proof. Apply (L.7) to s(x, 1) = |F(», ?)|°. An important consequence
of (IL1.2) is that the imbedding of H”(w(x)dz) into the space H(R?)
of all the functions holomorphiec in the upper half plane with the topology
of uniform convergence on compact subsets, is continuous. The following
result also follows from (I1.1.2).

LeMMA IL1.3. For any p > 0, H”(w( m)da;) is complete.

The next result is very useful in determining whether or not a given
function belongs to H? (w(z)dw).

LemMMA II.1.4. Let wy and w, be A, weights. Suppose that F
€ H?1 (w,(v)dz) and its boundary funciion belongs to LP2(wq(x)dx) with
Py > Py. Then F e HP2 (w,(x)dx).

Proof. Let ¢ > 1 be such that w,,w, e A,. Then |F|" is a sub-
harmonic function which is uniformly in L?(w,(»)dz). It follows from
(IL.1.1) and (I.10) that:

< \F(z+t) |V < Pyx(|F|P19) (),
where we use the notation F(z) for the boundary function of F. But

|F[?V2 belongs to L%2P1(w,(x)dx) and, since 4 Py > q we have:
V2

n
sup | F(y +it) [P < P (| F|PY9) () < (const)lF(w)l“
lz—yl<i
a Pla
which belongs to L2/?1 (w,(2)ds). Then sup |F(y+it)| < (const)|F(z)|? 1

lz—y|<t

which belongs to LPz(w,(x)dx). It follows that F e H?2(w,(x)dw).

If FeH? (w(m)dm) with p > ¢,, then F(x+it) = (F+P)(x) and
F(o) = f( m)—l—zf(.fc), where f is real and f is its Hilbert transform. The
correspondence F«f is an equivalence of metric linear spaces between
H? (w(x)dx) and ReL”(w(w)dw). The situation is quite different for
? < ¢, Simple examples show that the correspondence F (x + it) > Re F (x)
is no longer 1:1. We will concentrate our attention on these spaces, in
particular on those for which p < 1. The first thing we do is to avail
ourselves of a nice dense subeclass.

THEOREM IL.1.5. For any positive integer N, let S%; be the subspace
formed by the functions F e H? (w(w)dw), such that:
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(i) F is continuous in R_'i = {(»,1)| t = 0}.

(ii) F(z+4t) = O(jz]™N) as |o|-~o00 in each strip 0 <t <4,.

Then $% is dense in H? (w(z)dax).

Proof. Since every F(z) in H? (w(x)dw) is the limit in H? (w(x)dx) of
the functions F(z-}it) as {—0, we can assume that F is continuous in
—I?; and also that F(z+it) = O(|w|™) as |v|—>oo in each strip 0 <t <¢,.
For every =, positive integer, consider the analytic function in R’ -

M+N
ae) = (i /(2+9)) 5 eer<

Clearly @,(2)F(2) is in H? (w(w)dz), is continuous in RZ and, besides,
on any strip 0 <t < {y: |G, (z -1 it) F (2 +t)] < (const)/(1+ |#|)N. Thus, for
every n, G,(2)F(z) is in S%; @, (2)F(2)—>F(2) in H? (w(x)dz) as n—>oo.

Indeed
® 2 M4+N
HGnF—F“gIP(w(z)da:) < (COnSt) f ("’/ (_'l_b- +i)) -

o M+N
/(5 +)
n

COROLLARY IL1.6. For any gq, H?(w(x)dz)nH?(w(x)ds) s dense
in HP (w(»)ds).

Proof. This follows from the fact that for every N > q/q, %
c H? (w(s)dw) " H? (w(z)ds). Indeed, if F € %, the boundary function
will be in L?(w(x)dz). Then it follows from (IL.1.4) that F e H*(w(z)dx).

From (IT.1.5) and the equivalence between H? (w(w)dm) and the space
of boundary functions, it follows that we can view H? (w(z)dx) for p <1
as the completion with respect to the quam-norm (see [19]) lIflIZrpnz)az) +

+"f”Lp(w(1.)dz) (or the equivalent one |lP (f+ zf IZ2anzazy) ©Of @ space of
“nice” real functions.

p

| F (@) [Pw (@) do—0

as n—»oo

because —1| -0 boundedly.

2. Maximal function characterization

On ReL?(w(x)dz), ¢ > ¢,, we consider the gauge

(IL.2.1) TIP3 (f + D) rpugapasy

The space of functions for which it is finite becomes, once completed, an
equivalent copy of H?(w(«)dw). In this section we introduce several
gauges which will turn out to be equivalent to (IL2.1) (in the obvious



16 II. Weighted HP spaces of analytio functions

sense of dominating each other, i.e.: bounding each other up to multi-
plicative constants) thus providing new ways to look at HP (w(«x) dw).
The starting point will be the gauge

(IT.2.2) T~ 1Py (N2

which is, of course, dominated by (IL.2.1). (IL.2.2) is given by the non-
tangential maximal operator associated to the Poisson kernel. Now we
will consider other approximations to the identity. In general if ¢ is such
that |p(2)} < (const)/(1+ |#])® with a > 1, we can associate with each
feReL?(w(x)ds) a function defined on R’ as f(»,?) = (f*¢,)(») and
derive from it:
(i) the non-tangential maximal function
¢, (f)(@) = sup |f(y, );
lz—yl<t

(ii) In general, for N > 1, the non-tangential maximal function of
amplitude N

gr n(f)(®) = sup 1f, 015

lz—-yI<N

(iii) For M > 1, the tangential maximal function with exponent M:

13 i M
P2 () (@) = sup 1f(y, O (m) .

(u,t)enz_,_

Next we investigate the relations among these different maximal
operators.

Levma TL23. gy n()Erwizan < (const) Nligy (fiEeuiaz, where
{const) depends only on w, p and q.

Proof. For any 1 > 0 consider the open set E, = {z € R: ¢, (f)(z) > 1}
and let E, = |J I, be its decomposition in connected components. Then,

[§ .
clearly {» e R| ¢y y(f)(®) > 4} = U dy(I,). Applying (L2) the lemma
follows. '
LevmaA I1.2.4. If M > q/p, then
llp 3 () B poteyazy < (const) o) (F)Pooieza)s

where (const) depends only on M, p, q and w.

Proof. Fix » e R. Then, breaking up R’ as the union of the sets
{(w,0): lw—yl <t} {y,0): 2"t < lx—y| < 28}, k = 0,1, ...; we obtain:

(73 (N@)P < (pp(N@)P+ D) 27442 (g2 k1 (f) (@),
0
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Thus, by (IL.2.3):

loat () Eroman < Nop (f MErotzyaz) (l+(const) Z (29 Mp )k) .
0

= (COHSt) ”‘P; (f)“gf'(w(z)da'b

since ¢—Mp < 0. As a consequence of (I1.2.4) we see that the gauge
F 1P o (N)Epusaz 18 dominated by (IL.2.2) provided M > g/p.

Now following Fefferman and Stein ([8]) we pass from the Poisson
kernel to a kernel ¢ in the class # of Schwartz. We start with a continuous
function y defined on [1 oo[ which is rapidly decreasing at oo and such

that fzp J@i =1 and [ }." X)dl =0 fork =1,2,...(see [17], p. 182).
Then define of f p(8)Py(x)ds. It i3 easy to -see that o es. Other
interesting properties of g are: (i) o is even; (ii) o has all moments of order

>1 equal to zero; (iii) [ o(w)dr = 1.

-0

@
o gives rise to the approximate identity {s,}, where o,(») = —o(——)

= f v(8) Py (x)ds. It is clear that:

LeMMA IL.2.5. o) (f)(x) < (const) Phy (f)(x).

Thus, we have the following chain of gauges, where < signifies “is
dominated by”:

oy (/) Epaotapazy < P2t (o) < 1Py ()IE2poiaaz) -
Now we pass from {o,} to a very general kind of approximations to
the identity. We do it in several steps.

LEMMA I1.2.6. Let ¢ be in F and suppose that n = Exgp, with §e€ S
and 0 <8< 1. Then

72 (@) < (constys( | |E(A)I (L +141)¥d2) @37 (f) (@)

The proof is in [8].
LEMMA I11.2.7. Let ¢ be as in (IL.2.5). Let n be 6> with support con-
tained in [—A, A). Then

dM+l )
M+l

ny (f) (@) (CODSt)(flﬂ(u)]du+ f

du) o5 () @),

where (const) depends on A and M b

is otherwise independent of either
7 or f. '

2 — Dissertationes 162
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Proof.

o0
7 =nkono+4 2’7*0'2-1‘;—1*0'2-1;-1"ﬁ*%—k*“z—k
k=0

o0
k=0

= nroxo+ 217*(0_)2_k*(0+)2—k,

k=0
where ¢_ = o0, ;—o¢ and ¢, =0, ,+o0.
Now we apply Lemma (I1.2.6) with ¢ and o, in place of ¢ and, since
(o) (N @) < (@M +1) o (f)(2):

(-]

(IL2.8) ) (f)(@) < (const) o () (@) | [ Inxo) (WL + 1AM a2+

+ 312 [ |(nx (o)) (A L+ 1A)¥dA},
k=0 — 00
where (const) depends only on M .
[ Wnxo) (AL +1A)MdA < (const) [ In(w)|du,

where (const) depends on A and M.

Now, using the fact that ¢_ is even and has all moments equal to
zero, we can write: ‘

) o u
(77*(0‘__)»)(1) = _.!; {’7(1-}-%)—17(2)_.“,7'(1)_“ _ %n(M)()‘)} (G_),(u)du
o (M4l 1
= f { _Z'I! f(l—"')M?](M+l)(}~+7'u)dT} (d_)s(u)du.

Therefore:

I (ne(oo)) W]+ 1) ¥ aa

=]

1} o
<@of <1-f)”‘_£ W™+ (o), ()] [ (L 1A (™D (A ru) | dddudr.

- 00

But

00 o«
[ @+ 12)™ 4D (4 + ru)| di < (const) (1 + ul)™ [ P a)aa
-0

-0
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for every r with (const) depending only on A and M, so that:
I ln* (o)) (W] (L +12)*an
< (eonst) ([ 1w (oL )g(w) (L + ju))™au) [ 1+ () d2)

(o]
< (const) ¥+t [ [n®1(7)|dA.

— o0

Going back to (IL.2.8), we get:

7y (£)(#) < (const) 3 (£) (@) f I (w)| du + 22“”2 KO+ f |7+ ()] du)

k=0

M+1,’)( )
.

= (const) (

“) o (f) (@)

as we wanted to show.

Suppose now that ¢ is a ¥ function with support contained in
[—3d, 6] and ¥ a fixed constant > 0. Take (y, t) e R%. and let  be such
that |#—y| < dt. ¢)¢s has support contained in [—~1/¢, 1/¥]. Then:

HpexH I < (‘P:/W); (F) ()

< (const) [ toueatiaut [ | (@ywo) ™+ (w)] ) o3k () ()

(const)( f lp ()| du 4 6M+! flcp(M“’(u du) () (@)

with (const) depending only on %. In particular, we have proved the
following:

LeMMA I1.2.9. Let ¢ be €, supported in [ — 8, 6] and @ and y be such
that |v—y| < €6. Then:

-}

l(p*f) ) < (const) ([ lp(w)| du+ 6*+* f g™+ ()| dus) o3¢ (£) (@),
where (const) depends only on C.

Now let ¢ be any ¥ function with compact support. Let I, be the
smallest closed interval containing the support of ¢ and C, the center
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of I,. Let # be such that dist (@, I,) < C|I,| for some fixed C. Then
o
| [ foemal = |(frp(c,—)(0,)

g(const)( [ lp@w)du+ I f |¢(M+1)(u)1du)aj;;‘(f)(m),

where (const) depends only on C.
Let us define the maximal operator:

| [ fea
83c(f)(@) = sup { — == = ,
[ o) du+ 1L, [ e w)| du

where the supremum is taken over all the ¢ functions ¢ with compact
support and such that dist (z, I,) < |I,|. Then, we have seen that:
TuEOREM I1.2.10. 8% (f)(%) < (const) oy (f)(2).

Taking M > q/p and f e ReL?(w(x)dx), this result adds a new link
to our chain of gauges which now looks like this:

183 (PEpwimyae) < loar(f W22 oizyaz) < g (HIEswiaaz)
< 1P (NEroieraz) < 15 (f WEP(o@)az) -

3. Atomic decomposition

Let w be a weight with critical exponent ¢,. For 0 <p <1 and »
such that r > p and w € 4,, a (p, r)-atom with respect to w will be a real-
valued function a, supported in an interval I and satisfying:

1r
() (ﬁf ta(w)l*w(w)dw) <o)y i < oo or al,<w(I)
if » = oo.

() [ a(z)a*ds =0fork =0,1,...,[g/p]—1, where [g,/p] stands

for the biggest integer < ¢,/p.

For the remaining of the section we will write N, = [qo/p]- A (p, o0)-
atom is always a (p, r)-atom for any other r. Most of the results and proofs
that follow will be written for r << oo. In the next four propositions we
will use the following notation: a will be a (p, r)-atom with respect to
w, I the smallest closed interval containing the support of w, C; the center
of I and I* = §,(I) = C;+2(I—0Cy).
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LEMmA IL3.1. [|@(®)Pw(x)dr < (const).
1'

Proof.

1/r

1/
(1%1f |d(x)|”w(m)dac) ’ < (const) (w—b—)!!a(w)lrw(w)dm)
< (const)w (I)~V7,
Thus [|d(#)|Pw(#)de < (const)w (I*)w(I)~! < (const).
i

LeEMMA I1.3.2. For o¢ I*:
' |d@(w)| < (const)w (1)~ (|I| /@ — C )0+,

p.v. fwdy‘

Proof.

|&(«)] < (const)

No
1 (?/—Ol)k-l) ’
= t — —|d
(const) | | ] 2 o)

(y—Cp™o
(w—Cr—6,(y—Cp)

1/r
< (const) ( f la(y)"w(y) dy) or W(y)“"xz(y)‘
I

.

r

with 0 < 6,<1. But |y—C)| <|vr—C,|/2 and consequently [v—C;—
— 0,y —Cp)| = | —C;]/2 so that:

|I| o

m llw ()™ 2191l
I

< (const)w (I)~YP(|I) /| — C,|)No+l.

|d@(2)] < (const)w (I)""1P

THEOREM IL.3.3. ||G{Zrumm)es < (cOnSE).
Proof.

w(z) dwx
o — 0P+

@ (@) [Pw(x)de < (const)u% |T|PNo+D) f < (const)

x¢l* z¢I*

because p(N,+1) > ¢, and we can apply Lemma 1 in [10]. This inequality
together with (IL.3.1) gives (IL.3.3).

THEOREM IL.3.4. [P} (a + i) Epuozan < (cONS).

Proof. The proof parallels that of (IL.3.3). First we can see that
Ij" (P} (a+ id)())Pw(x)dz < (const). Then, for # ¢ I* we estimate P}, (a)(x)and
P: (@) ().
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For [z—y| <t we have:

@eao =| [Puy—wiatura]

| fm {P,(y—u)—E(—"k—f)—kﬂ’%y—o,)o(u—cz)"} ()]

k=0

< (const) f |P{Nol(y — Oy — 6, (u — Cp))|lw — Oy |a(u)| du

P(No) (y — GI'— :u(u — GI)) %

< (const)w(l)llf-llp tO—No—l

X (u— Or)YNow(w) ™Yy (u)l,

Using the estimate |P®)(s)] < we get:

Cy
(14 [shV+!
PN (?/—Cz— ou(u'_ol)) < (const)NVot!

t =t ly— 0 — 8, (w—Cp)}) ot

and since t+|y—C;— 0,(u—0Cf)| > [#—C;|/2 we have finally:
I[N

-1/r

(Pn *a) ()| < (OODS’G)W( yHr-ile %1 ()]l

W flew (w)~
< (const)w (I)~YP(|I|/|x— Cp])Not!.

Thus, if @¢I*: P)(a)(z) < (const)w(I)~"?(|I|/le— C;l)Not? which is
the same estimate obtained in (IL.3.2). Pj(a)(#) = sup |((P)*a)(y).

lz—y|<t

Since P(s) = s/(1+s%) satisfies, like P, the condition: [P®)(s)|
< Cp/(L+s|)¥*! the same proof renders that if ¢ I*: P)(d)(z) <
(const)aw (1)~ (|I|/lo— C,])~*™ . The rest is as in (I1.3.3).

We have seen that atoms prov1de very simple examples of functions
in H"’(w(a:)dm). The fundamental result will be that every function in
H?(w(z)dw) can be decomposed into atoms. In order to achieve such
a decomposition, we will use the following lemma which is a refinement
of the classical Calder6n-Zygmund decomposition.

LEMMA I1.3.5. Let f be a function in ReL%(w(x)dxz) for some ¢ > g,,
A a real number > 0 and N an integer > 0. Then f(x) = ga(m)—*—z_:bj(a})

1
a.e. and in L% w(»)dx) with |g,(x)| < (const) A, b} supported in an interval
I} and [ bi(z)a'ds =0 for 1 =0,...,N. The intervals {Ii} are going to

be the connected components of the open set {m: Sy (f)(z) > 1}.
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Proof. For every I, a Whitney type decomposition {I"}2_, is
obtained by first dividing I* into three intervals of equal length, of which,
the one in the middle will be I*°, and the ones in the extremities will
be split in half. Of the two intervals next to I*’, the one to the right will
be I*' and the one to the left will be I»~%, The remaining intervals are
split again and the process continues indefinitely. With this decomposition
we associate a partition of unity in the following way: Let n be an even
%> function with support in [—1— &, 14 4] for some § < 4, identically
equal to 1 on [ —1, 1], decreasing to O between 1 and 1+ 8. Then if Cj is
the center of I/, let

) t—Ci
7 (t) = n(2 TZ ) = (29I (1 - ).

Our choice of & guarantees that every point has a mneighborhood that

(-}
meets at most two of the supports of the n}"s. Thus, D) 1;} (t) is a €* func-

=—

tion vanishing outside I’ and such that for any t e I, Z' 75 (1)< 2. Let

=—oo

Pi(t) = 7} t)/ 2 n;(t). ¢ is a %™ function which has the same support

as n}. Clearly 2 #4(t) = 27i(t). Let Pj(x) be the unique polynomial of

-—W

degree N such that

f(f(w)—Pj(m))w'cp}(m)dm =0 for every 1 =0,...,N.

- 00

Then we can write: .
f(@) = (@) xp-uril@)+ Y] Y Fj(@)gi(@)+ Y D(f(a)—Pj(a)) ¢} (@).
Define . t Y

9:(0) = J(@) xn-yri(@) + 2 ;‘P;'(mw;(m)

and for every ¢,

bi(@) = D(f(@)—Pj(a))gj(a).
J

Then f(x) =gl(w)+2b§(m) a.e. The important fact is that |Pj(z)ef(o)|

< (const) 4, where (const) does not depend on %, j or A. Let us prove this.
If N =0, Pj(«) is just the constant

ff(w (@)dw

@)
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By the definition of 8%,(f) if we take as # the extremity of I° closest to
I we get:

(-]

| f fl@)oi(z dml ( f %} (w)du + (const) [T P41 [ |(gf)2+ (u)| du).

- 00

But, by the definition of the I”s, 83,(f)(z) <A and for the kind of
functions that we are using:

f @i (u) du-l—(const)lI’ d | M+ f [(@))™M+D (w)| du < (const) f gi(u)du.

— 00 — 00
Consequently ]m,-[ < (const) A. For the case N > 0, we see that lP,‘f (w)cp}(w)[
< (const) lm;fl. Indced, this inequality is invariant under translations and
dilations so that we just need to prove it for a fixed ¢, for example ¢ can
be the 7 considered above. Then

P(@) = Y| [f(a) &@)p(@)de ) & (o),

=0 —00
where & js an orthonormal basis for the span of {1, «, ..., "} in L*(p(2)dx),
sav, the one obtained by the Gramm-Schmidt process. Clearly
[ f(@)p(@)de
P(x)p(2)| < (const) — .
f p(2)d
From |Pj(z)¢i(®)] < (const) A, it follows that |g,(x)| < (const) A and also
1bi(z)] < (const) S;I( f)(@). Then, Lebesgue’s dominated convergence theo-

rem implies that f(x) = g,(x) —}-2 bi(x) makes sense also in L"(w(m)dw)
Finally

0

fbﬁ(m)w’da; =2 f (f(w) — Pj(x)) #'pj(w)dw =0 for I =0,..., N

J —o
and the lemma is completely proved. Now, from this lemma we get an
atomic decomposition for nice functions in H?(w(s)dz), 0 < p <1.

THEOREM IL.3.6. Let f € Re L? (w (@) da) be such that Sy (f) € LP (w(z)dax)s
where M > q[p. Then there ewist:

(i) A sequence (a;) of (p, oo)-atoms with respect to w, and
(ii) A sequence (4;) of real numbers satisfying

Zw’ (const) f 185, (f) (@) P () d

- 00

such that f(z) = > hay(») a.e. and also in L7 (w(w)dw).
]
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Proof. For cach integer k&, let f(x) =g,c(w)+2b;;(w) a.e. and in
D)

L%(w(wx)dx), be the decomposition obtained in (I1.3.5) with 1 = 2* and
N = [gqo/p]—1. Now we put all these decompositions together. g,(x)—0
a.e. as k—>—oo since |g,(z)] < (const) 20 as k—>—oco. We also have
convergence in L?(w(z)dw) since |g,(z)| < (const) 83, (f)(x) which is in
L%(w(w)dz). Also g,(z)—f(z) a.e. as k—>oo because f(z)—g,(») lives in
the set {x: 83,(f)(#) > 2%} which decreases to a sct of measure 0 as koo,
As before, there is convergence in L7 (w(z)dz) as well, since |f(2)— g, ()|
< (const) 83;(f)(z). These facts imply that f is the sum of the telescopic

series ' (0k41(2) — g, (2)) converging a.e. and in L?(w(x)dw). Thus

k=—o0
f@) = D (grn(@) —gu(@) = b ( 2”’ () — me )
k=—00 k=-o00
D b= Y b)) = 2 D' Bi=),
k=—00 1 {11k+1 k} == 1

where
i) =bi@)— D bl.(a).
{ﬁIi+chi}
Of course this can be done because each I, is contained in a unique I%.
Bi(@) = gy 41 (@) — gy (@) if @ € I, and B} (x) = 0 elsewhere. Therefore |},(z)]
< (const) 2%. Let ai(») = (w(I%)"? (const) 2%)!gi(2). Then a} is a (p, oo)-
atom with respect to w. f(z) = YD A,a; with A}, = (const) 2%w (I})"?.
k3

D e
k1

=2 Z(consﬁ)”?‘”w(l};) = (const) 5: 2" w ({w: Sy (f)(2) > 2%})

R=—o00
(const)f AP lw({m: Sy (f)(w) > A})dA = (const) f(S (F)(@))Pw () das.
This flmshes the proof of (IL.3.6).
For f &Rl w(w)da) leb N, (f) = int{(S: f@) = 3 hoyla

a.e. and in L"(w(m)dm) the a;’s being (p, )atoms with reqpect to 'w}
Since for r, < r,, a (p, r,)-atom is always a (p, r,)-atom, we clearly have:
N () < Np 1, (f). (IL.3.6) shows that (N, ,,(£))? < (const) 183 () sz
Thus, we can ‘extend our chain of gauges over ReL?(w(x)dx):
('Np,r(f))p < (-N ,oo(f))p < ”S;ll(f)”fﬁ’(w(z)dx) < ”Gjl; (f)”gp(w(z)dz)
< oy (NEpuotepzy < IPa1 (HIEpeoarazy < 1Py (NI reoan
< 1Py (f+ ) Brweany W EA,, < oo.
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Actually all thesc gauges are equivalent as we will sec now: Let f(x)
= ;‘ljaj(aa) a.e. and in L?(w(x)ds) with %‘]/‘le” < oo and the a;’s being

(p, r)-atoms with respcct to w. Then
Py (f+if) (@) < D) 151 P} (a;+id;) (=)
: 7
so that

1P} (f + i Esiotarier < Y I [ (P (@) (2))Pw (@) do < (cons) 2 14417.

Since this is true for every decomposition, we get finally:

IP5 (f + i 2ppoqman < (const) (N, ()"

which closes the chain of gauges and shows that all of them are equiv-
alent. The conclusion is that the completion of the space determined
on ReL?(w(x) dz) by any of the cquivalent gauges above, is an equivalent
copy of HP {w(x)dax).

Next we give an atomic characterization of H? (w(»)dax) in the orginal
setting of analytic functions.

THEOREM II3 7. For FeH(R.), 0<p<1landr such that we A,,
let N, (F) = mle[}. [P} over all decomposmons F(z) = 2]., :(2) con-

verging umformly on compact sets, where le,l” < cmd for every {,
i=

Ay (w+1at) = (P,*(aj—l—i&,))(m), a; being a (p,r)-atom with respect to w.

Then Fr— (N )” and B | F|pwzaz are equivalent gauges over H (R%),

so that Hp( m)da;) can be viewed as the space determined on H (R%) by

P> (N, ,(F))*. |

Proof. Clearly if F(2) = ZA,A,(z) in H(R%) with Zlﬂ.,[” < oo and
Ay(x+it) = (Pyx(a,+id))) (») W1th a; (p, r)-atoms; then for every ¢t > 0:

le(m-}-it)l”w(m)dw
PN f (P} (a+ id)) (2))Pw (w) dw const)Z[l,l"
J=1 J=1

Thus F € H? (w(x)dz) and |F|Epmir) < (const) (N, .(F))2.

Conversely, if F e H” (w(x)dx), then by (IL1.5) F is the limit in
H? (w(o)do) of a sequence of functions Fje % (some fixed N) with
1F el arpoapn < WFllappzar- The F,’s can be taken in such a way that
1Fy i1 — FrlBimman < 2% By (IL1.2) also F' = lim Fy, uniformly on com-
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pact subsets of R’ . For every k, F = F, + 2( 11— Fy). Let f; be the

real part of the boundary function of F,. Then f; € ReL%(w(»)dz) for
every q > ¢, and F(z+it) = (P,*(f,-i—zf,j . Now fi,.(®)—f;(»)

= 3 MmO (®) a.e. and in L% (w(s)d)
m=1

o0
lejmlp (const) |Fy ., — FillEvpman < (const) 277

m=1
and ay,, are (p, oo)-atoms with respect to w. Likewise fi(#) = D thpbpm(®)

a.e. and in L?(w(x)ds) with

Z I/“km]p < (COHSt) ”Fk”gp('w(z)dx) < (COHSt) ”'F”?ip(w(:c)dz) .

Me=]

Thus

Fy(o+it) = 2 #Am Pz (bkm+"'bkm Zﬂkm o (T 4 12)

m=1] me=1
and

Fy (@ -+it) — Fy(w+it) = 2 i (Py# (g + 805)) (@) = Y Ay Ay (@ + i2)
m=1 m=1

uniformly on compact subsets of R% . Therefore

(==

F(z) = Fu(2)+ D) (Fya()—Fy(@) = D) tinBin(@+ D D himAjnlz

i=k m=1 j=k m=1

uniformly on compact subsets with

Z.o' )" + 51

M=l i=k m

N

M’jm[p

Il
-

< (const) (”F IEpaota)iz + Z 2_1) < (const) (1P oz +27)-
i

This implies that (N, ,.(F))? < (const) |\ F|Eoumzaz) -

4. Dual spaces

(H” w)dm)), dual of HP(w(w)dw), is the Banach space formed
by all continuous linear functionals A: H? (w dm)—>R with the norm
given by:

4l = sup {|AF)|: |F|grayzzy = 1} -
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Given a bounded interval I and » such that »r > p, r < oo, and we A,
let- [Re L” (I, w(x)dx)], be the space of all real functions in L (w(x)dx)

living in I and such that ff #lde =0 for 1 =0,...,[gy/p]—1. For
fe|ReL(I; w(x)dw)]y, F zv—[—a,t = (P, (f+if))(2) is in H (w(2)dz) with

1B | grppoqepiz) < (cOnst) Ny, () < (const)w (1P |\f () 1 ()| prpwzyaz)

The following result is a s1mple consequence of Riesz’s representation
-theorem.

THEOREM I1.4.1. Let A € (H” (w(w)dx))*. Then there evists a function
b locally in ReL" (w(w)dx) such that for any fe[RelL(I; w( w)dz)|, for
some I, if we let F(x+14t) = (Py+(f+if)) (2), we have:

= ff(m)b(m)w(w)dm.

Any two such functions b differ by P (w)[w (), where P(x) is a polynomial
of degree < [¢o/p1—1.

Thus, we have a 1 : 1 correspondence A—[bw] between (m (w () dm))*
and some subspace of w-ReLi, (w(x)dz)/{polynomials of degree <
[¢o/p]1—1}. Next we identify this subspace. We will make use of the
following lemma and corollary:

LemMA I1.4.2. If g is locally integrable and I is a bounded interval,
let P;(g) be the unique polynomial of degree [g,/p]—1 such that [ (g(x)—

I

—P,(g)(x))a*dw =0 for & =0,...,[q,/p]—1. Then for xel:

(const)
Prlg)o)] < —7 f 91

Proof. It is the same proof that the one of |P}(w)<p;1(aa)l < (const)
[mj| in (IL.3.5).
CorROLLARY 11.4.3. If g e L"(I,w(x)dw), then for mel:

1 1/r
P4 (g) ()] < <eonst)(7m—) i lg<w)rw(w>dx) -
I

Proof. It follows from (L.1).

THEOREM IL.4.4. Let A e (HP (w(w)da))*. If 1 is a function such that
I(x) jw(x) is locally in ReL"( w(x)dw) and for every I and every f e [ReL"(I;
w(w)dw)]y, A f f(@)l(z)dm; then there is a comstant C < (const)|lA]

such that for every I
(f L) — P (1) ()

A —

™ w (@) dae \M
<
w(I)

Ow(I)!#,
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Conversely, if such a C exists, Fi— If f(@)l(x)dx extends in a wnique way
to a functional A e(H" ('w(m)dm))* and ||| < (const) C.
Proof. For any (p, r)-atom a we will have:

oQ

\ fa(m)z(w)dm|<(const)u/ln.

--00

Let I be the smallest interval containing the support of a. Then, the last
inequality can be rewritten as

w)—PI (o) w(=
J o o

Now, given any function f living in I such that

)Io)lw! (const) | Ajw (I)~"

dx \Vr
([r@rS2e) <1 et bo) = w1 - R ).
I

(IL.4.3) implies that b(x) = (const) a(x), where a(z) is a (p, r)-atom with
respect to w. Thus:

Uz)—P; (1) (@) w(x)de |

w(x) w(I)
— (const) If w(t)a(e) L ZOE LOL < (consty 4o (1ye-
Therefore:
Vo) —Pr(l) (@) | w(w)dw\V’ 1Up—1
(I1.4.5) ( [f o) ol ) < (const) A ] w (T)17~1,

The converse is clear. Even though we had to exclude r = oc in (II.4.1),
once the existence of I(») has been established we can use (p, oo)-atoms,
getting (I1.4.5) also for »' = 1.

We obtain as a byproduct the equivalence of conditions (II.4.5)
for different values of #’. In particular for 1< < g, If g, =1 and
p <1 the range will include also ¢, = oo, i.e., it will be: 1 <7’ < oo.
For w(z) = 1 and p = 1, this equivalence is the famous theorem of John
and Niremberg ([11]) about the characterizations of BMO, which is (H?)*

In general, for p =1 and ' = 1 (I1.4.5) reads:

(I) f [l(2) —P(I)(»)| dv < (const)
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4 P Y

which coincides with the definition given by Muckenhoupt and Wheeden
([158]) of the space of functions of bounded mean oscillation with respect
to w. This space can be defined equivalently by any of the conditions

(f (@) =P (1)) [ w(z)ds \'"

w (@) w(I)
for 1<r < gq,. This result is proved independently by Muckenhoupt
and Wheeden in [15]. Finally let us point out that in the characterization
of the dual we do not need to have necessarily the polynomial P,(l).
The following condition is seen to be equivalent by applying (IL.4.3):
There is a constant C such that for any bounded interval I there is a poly-
nomial @, of degree < [g,/p]—1 such that

U 1(2)—Q; (@) " w(a)do
)| v w(I)

The infimum of all the (’s for which the above condition holds is
a norm equivalent to the one considered previously.

< (const)

/s’
) < Cw(I)'P1,




Chapter III

H” Spaces associated with the space
of homogeneous type (R, w(x)dx)

1. The space $!(w(x)dx)

For r > 1 a (1, r)-atom of homogeneous type (h.t.) with respect to
the weight w will be a real valued funetion @ supported in an interval
I and satisfying:

(i) (ﬁ If [a(m)rw(m)dm)wgw(z)-l if r < oo or la), <w(I)™! for

r = oo.
(ii) fma.(w)w(m)dm =0,

These are the natural kind of atoms for the space of homogeneous
type (see [3], [4], and [12]) (R, w(«)dx) for which the metric is d(z, y)
=w(l,,), I,, being the smallest interval containing both 2 and y.

We define 5}(w(x)dx) as the space of all real-valued functions f(z)
for which there is a decomposition f(#) = ' ;a,(z) a.e. with }'|4;] < oo
T 3

and each a; a (1, r)-atom of h.t. with respect to w.
It is clear that $}(w(x)da) is a linear subspace of L!(w(s)ds). On
$:(w(»)dz) we consider the norm R, ,(f) = inf{}' [2,]}, where the infimum

is taken over all decompositions of f into (1, r)-atoms of h.t. It can be
proved that all the spaces $;(w(x)dw) coincide as sets and all the norms
MN,,, are equivalent, since this is the case in the general setting of a space
of homogeneous type (see [4] and [12]). In our case we do not need to
appeal to the general theory because we have a direct equivalence between
each $;(w(v)dz) and Re H'(R), the ordinary real H! of the line. Actually,
in order to define §;(w(x)dz) we do not need w(s) to be a Muckenhoupt
weight. It is enough for it to be locally integrable and > 0 a.e. If this
is the case, we have the following result:

THEOREM IIL.1.1. Let W (x) be a primitive of w and B(z) the inverse
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function of W (). Then the mapping f(x)—f(B(y)) is an equivalence between
Hr(w(z)dx) and ReH'(R).

Proof. The reason is that a(z) is a (1, r)-atom of h.t. with respect
to w if and only if a(B(y)) is a (1, r) -atom with respect to Lebesgue

measure since [|a (@) w(z)dz = ﬂa y))[dy; w(I) =|W(I)| and
1
fa,(w)w(w)dm = fa(B(y))dy.

In view of the equivalence among the different $,’s, we can simply
write $(w(2)dx). If w is a Muckenhoupt weight, we have a much less
trivial equivalence between $!(w(z)dw) and ReH!(R).

THEOREM IIL.1.2. If w is an A, weight, then the mapping f(x)—f(z)w (x)
is an equivalence between H(w(w)dx) and ReH!(R).

Proof. Let a be a (1, oo)-atom of h.t. with respect to w. We will
see that there is some r > 1 and a constant, both depending only on the
weight, such that (const) a(z)w(x) is a (1, r)-atom with respect to Lebesgue
measure. The reason is that the weight satisfies a reverse Holder’s in-
equality, that is: there is a 4> 0 and a constant such that for every
bounded interval J:

(l%l!w(w)l’“’dw < (const)-é—ljfw(w)dw

(see [2]). Let r = 1L+ 6 > 1. Then, for our atom a:

)1/(1+6)

r i -1 . ’MJ(I) -1
(IIlfl |dm) < w(I)™'(const) < (const) |[I|7'.

1|
This, together with the fact that f (@)w(x)ds = 0 implies that

a(x)w(x)/(const) is a (1, r)-atom in Hl(R) This proves that the operator
f(@)—f(®)w(z) is bounded.

Next we prove that its inverse g(x)—>g(x)/w(x) is also bounded.
Let b(x) be a (1, oo)-atom in H*(R). We will see that there exists ¢ > 1
and a constant both depending only on the weight, such that (const)
b(x)/w(x) is a (1, gq)-atom of h.t. with respect to the weight. It is enough
to take a ¢ such that 1 < g < co and we 4,. Then

lb m)l )Ilq I —l/q( 1-¢q )
( D flw(a; dz T w(I) fw dz

< % w(I)™ U w(m)*f(“'—"d”)""'_”’“'< (const)w(I)™".
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| T b - -
This, together with the fact that f—(—)— w(x)dr = 0 implies - that

K w(x)

1 b(x)
(const) w(z)

is a (1, ¢)-atom of h.t. with respect to w. And (IIL.1.2)

is proved. ,
2. The spaces $?(w(x)dx) for p <1

For a > 0, let @,(w(x)dx) be the space of equivalent classes [I]
modulo constants of functions I for which there is a constant € such that
for any », ¥ and any interval I containing x and y: |l(»)—1(y)| < Cw(I)"
The infimaum of all these constants ¢ will be denoted by ll[l]llga(w(zm).
[0 I10l¢,(wz)az) 18 @ norm on L,(w(w)ds) which, endowed with it, be-
comes a Banach space.

These spaces are well defined not only for weights but for any locally
integrable function w. If w(x) > 0 a.e. the following result holds.

THEOREM IIL.2.1. Let W(x) be a primitive of w and B(x) the inverse
of W (). Then the mapping [11—>[lo B] is an equivalence between L,(w(x)d)
and L,(dx) which is the ordinary Lipschitz space.

Proof. Indced (I{(z)—I(y)| <Ow(T)* for =,y eI is equivalent to:
1(B(s))—L(BM)| < CIWI)}" for s,te W(I).

For a > 1, the space {,(dz) reduces to 0, so that, by the above
result, also £, (w(m)da;) = 0. We will only consider 0 < a < 1.

For }<p<landr>=1,a (p,r)atom of h.t. with respect to w will
be a real-valued function @ supported in an interval I and such that:

ir
(i) (w—zylfla(w)l’w(m)dfv) <w(I)"Y if r < oo or |[a||m<'w(1)"””
if r = oo.

(i) [ a(z)w(x)de = 0.

~— 00

LeMMA IIT1.2.2. If « = 1/p—1 and a is a (p, r)-atom of h.t. with respect
to w, then the mapping [11— [ l(x)a(s)w(x)de is a bounded linear functional

L, on 8,(w(x)ds) with norm dominated by a constant independent of a.
Proof. Indeed

| .fl(m)a(w)w(w‘)dwl =| [ (1@) —1C) a(@)w0(a) do
—oo I

< ’w(I)a”[l]”na(w(x)dz)w(l)w(I)*”p = "[l']nsa(w(x)dx)?
i.e., I, € (€, (w(@)dz))* and L0 = ILll(s wiaa < 1-

3 — Dissertationes 162
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LeMMA II1.2.3. a ¢s a (p, r)-atom of h.t. with respect to w if and only
if a(B(y)) is a (p, 'r) -atom 'wzth respect to Lebesque measure.

Proof. fla »)|"w fla(B )["dy and w(I) = |W(I)|.
The characterlzatlon of ReH"( ) for } < p < 1 as the space of func-

tionals M e ({,,_,(d»))* which can be decomposed in the topology of
(R1p—r (dw))* a8 M = Y2, M, with X|2,” < co, the a;’s being (p, r)-atoms
i i oo

with respect to dz and M, ([m]) = [ m(x)a;(x)dx; with the quasi-norm
given by the infimum of ZM [ taken over all such decompositions (see

[1] and [4]) suggests the followmg definitions: $? (w(z)dz) will be the
subspace of (£,,_, (w (@) x)da))* formed by those functionals L: 2, 1(w(a;)dac)
—R for which there is a decomposition L = Z}. L converging in the

topology of (Eup_ l( dm)) such that 21).-]1’ < oo and a; are (p, r)-atoms
of h.t. with respect to w. Also for L e $? (w () dw) let N, (L) = inf [Z{:M,-l"]””,

where the inf is taken over all decompositions as above. L—>(,,,(L))? is
a quasi-norm on $? (w(v)dz). Given a decomposition L = 2,1 L,, with
S < oo we have Ly < STl < S < (S1k ) Thus, for
L € P (w(»)do): |1L|]... <N (L) Tn other wards the inclusion map
H? (w(x)do) H(ﬁup . (m)dm))* is continuous.

We already know that the mapping &: 8,,_,(dz)—>£,,,_ 1w (2) dw) given
by &([m]) = [moW] is an equivalence of Banach spaces. It provides an
equivalence between the duals: &*: (ﬂl,p_l(w(w)dw))*»(ﬂl,p_l(dw))* given
by &*(L) = Lo 9.

TEEoREM IIL.2.4. ®*($? (w(v)ds)) = ReH? -and the restriction of ®*
to HF (w z)dwz) i8 an equivalence of quasi-normed spaces. As a consequence
we see that all the HT's coincide as sels and the quasi-norms N, . are equivalent,
so that we have a single space $? (w (x)dx). This space is equivalent to Re H” (R)
and, therefore, complete.

Proof. Let L e $H? (w(x)dz) and L = Z‘lL with Zlﬂ. |? < co and
a; (p, r)-atoms of h.t. with respect to w. Then @o*(L) = Zl‘di (Lg,) in
(4/p_, (dm))*. But

(@*(L,) ([m]) = (La,dﬁ)([m]) = L, ([moW))

00

= [ m(W@)a@w@de = [ my)e(By)dy = M, z([m]).

— 00 — 0

Thus @*(L) = Y4 M, 5. Since a,0B are (p,r)-atoms with respect to
B ¢
Lebesgue measure, we have: ©O*(L)eReH”(R) and |9*(L),,<
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(const) 9, ,.(L). The inverse change of variables would give us the other
half of the theorem. The equality of the spaces $? (w(x) dw) for different
r’s and a weight w follows also from the general HP” theory on spaces of
homogeneous type (see [4] and [12]).

Next we undertake the extension to p < 1 of the equivalence between
ot (w(m)dm) and ReH!(R) obtained by multiplying times the weight.
We start by examining the image of an atom.

LevMA IIT.2.5. Let w be a& weight with critical exponent q,. Let § > 0
be such that w satisfies a reverse Holder’s inequality with exponent 1+ 6.
Let p be such that 1 —3g, < p < 1 and also p > q,/(L+q,). Then if a(x)
is a (p, oo)-atom of h.t. with respect to w, there is @ ¢ > qo(1 —p)+p and
a constant (independent of a) such that (const) a(z)w(w) 48 a (p, q)-atom
with respect to w(x)' 2.

Proof. @ will be a function with support contained in an interval I;
and such that:

(1) lalle < w(I)~'P,
(i) [ a(@)w(@)ds = o.

Let b(z) = a(z)w(x). Since w ()2 has critical exponent < g,(1 —p) +
+p and p > ¢,/(L+¢,) implies that (g(L—p)+p)/p—1 <1, the only
vanishing moment required for a (p, ¢)-atom with respect to w(x)'~? is the
mean, and this does vanish for b(z). '

Now Lemma I.11 guarantees the existence of ¢ > ¢,(1—p)+p and
a constant such that

1 - /g 1
(i sl < )
Then

1p

1/q _up
(f’w(m)l—pdm f[b d;)lqw(!l;)l—l’d.ﬂv) < (const)(fw(m)1—pdm) )
I

In order to go in the opposite direction we need less limitations in the
range of p.

LeEmMA IIL.2.6. Let w(w) be a weight with critical exponent q,. Let
} <p<1l If b(») s a (p, co)-atom with respect to w(x)'~?, then for every
r such that 1 < r <14 (1—p)/(go—1) there is a constant (independent of b)
such that (const) b(x)/w(x) s a (p, r)-atom of h.t. with respect to w.

Proof. Let b be supported in I and such that

(i) Iblloo < Ifw(w)‘*"dw)"”?,
(ii) at least [b(w)dz = 0.
1
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(]

Let a(z) = b(2)/w(x). Then [ a(x)w(w)de = 0. Let r be such that
l<r<1+(1L—p)/(gy—1). Then:

1/r

[z [ 1@ o))
I

Jw ()" dz

1/r
1- md =y
<(1fw(w) ”da;) ( fot ) < (const)w (1)~

the last inequality being a consequence of (I.14).

In Lemma III.2.5, the restriction 1 — d/p, < p is rather unfortunate,
since there is no relation between 6 and ¢,. It will prove more fruitful
to look at the Hilbert transform or the IPoisson non-tangential maximal
function of an atom. The results are as follows:

LEMMA II1.2.7. Let w be a wetght with critical exponent q,. Let p > q,f
|1+ q,) and r > 1. Suppose a(x) is a (p, r)-atom of h.t. with respect to w.

Then [ |(a-w)” (®)[Pw(»)'~Pdx < (const), where (const) does not depend on a.

Proof. Let I be the smallest closed interval containing the support
of a. Take ¢, > q, 80 large that ¢, = ¢,/(q, —1) < r. Let ¢ = ¢;. Clearly,
a(») is a (p, ¢)-atom. Applying Hélder’s inequality and realizing that
1—q = —1/(g,—1), so that w(x)'~? satisfies the condition A,, we get:

[ aw)” @)Pw(@)'~*da < ( [ l(aw)” (@)% (2)'~2da) w(I+)'-?
Ie I
< (const)( f Ia(m)lqw(m)d:c).p "2 40 (I*)'-P1a < (const).
Let, now, @ ¢ I*. Then, for y e I: lx—y| > |v— 0;]/2. Thus:

1 1 '
f(m_y - w_o,)“‘”)w‘y’d-”‘
I

I
< (CODSt) I—m—llo—lz’l,U(I)l-up.
I .

l(aw)” ()] = (const)

Since the critical cxponent for w(z)'™? is < ¢o(1—p)+p < 2p,. we have:

w (@) ~?dow w(I)-*
27 =7 < (const :
g < g

Thus

f [(a@-w)" (x)|Pw(x)'~Pdx < (const).
a¢l*
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LeMMA II1.2.8. Under the same hypotheses:
flPV (@-w+i(a-w)”) (@)|Pw(2)'"?de < (const).
Proof. S;lect ¢ a8 above. Then
,f |} (aw -+ i (aw)”) (@)Pw(#)'~? dw < (const) ( f la(w)l"w(w)dw)m w(I*)-»le
d -

< (const).

Let ¢ I*. Let (y,t) € R% such that |z —y| <1

|(Pex(a-w)) )] =| [ (Bely—w)—Pi(y— 1) a(w)w(u)du

o0

< [Py —Cr—6,(u—0Cp)|lu—Cylla(u)iw(u)du,  where 0 < §, <1.

But |P’(s)] < (const)/(1+ |s])? leads to:

o]

(const)
Pyx(a-w))(y) < f |l —Cy| la(u)|w(u)du
(Per@w) < | o, ma,mogyp 1~ Oletl
. lo—Cyl . .
and since t—l—ly—CI—Gu(u—C,)‘l}--—T——, we get: Py(a-w)(w)
I
< (const) EJHTI“ w(I)*~Y? which is the same estimate obtained in
— VI

(IIL.2.7) for |(a-w)" (#)| with # ¢ I*. Then exactly as in (IT1.2.7) we obtain:

f |P% (a-w) (#)[Pw (2)'~* dz < (const).
zé¢l®
Now since P} ((a-w)”)(z) = (P)%(a-w)(z) and P(s) = s/(1+s?) also satis-
fies |P’(s)] < (const)/(1+ |s])® the same proof yields:

[ |P;((a-w)") (@)[Pw (@) do < (const)

T¢I

which finishes the proof of (III.2.8).
Next we establish the main result which relates the “atomic” or
“homogeneous type” $P spaces and the “analytic type” HP spaces.
THEOREM IIL.2.9. Lét w be a weight with critical exponent q,. Let
Q@/(L+¢q,) < p < 1. Then there is an equivalence between $H* (w(w)dm) and
HP (w(x)'"?dw) which for (p, r)-atoms of h.t. with respect to w, is given by:

a(@)>Pys (0w +i(a-w)")(@).



38 III. H? spaces

Proof. From (III.1.2) we know that the result holds for p = 1.
Here we are concerned with p < 1. Fix » such that 1 <r <14 (1—p)/
[(go—1). Let A be the subspace of (ﬂl,p-l(w(m)dw))* formed by those
functionals I which can be written as finite linear combinations of func-
tionals I, corresponding to (p,r)-atoms of h.t. with respect to w, a;.
Clearly, % is a dense subspace of $? (w(x) dz). For L e, let

N, (L) = inf{(zn |/1,|p)"”: L= Zn]z,l;,,j; a,(p, r)-atoms}.
i=1 =1

Obviously R,,(L) <N, (L). It turns out that L->(RN, (L)) and L
»—-r(‘j'tp,,(L))p are equivalent quasi-norms on 2. This is not totally obvious.
It can be proved by considering the completion of U with respect to
L~ (51,,‘,(13))” which will be a subspace of $HP (w(:r;)dw), and realizing
that it has to coincide with ﬁp(w(m) da:). Then the identity mapping is
continuous and onto and the open mapping theorem guarantees that its
inverse is also continuous and, therefore, the two quasi-norms are equiv-
alent. '

Let B be the space of all the holomorphie functions F in the upper
half plane, which can be written as a finite sum:

F(@+it) = ) 4P (ay-w+i(a;-w) ")) (2),
j=1
where A; are real numbers and a; are (p, r)-atoms of h.t. with respect
n
to w. For FeB define N, .(F) =inf{() |4l?)'?} taken over all the
J=1

decompositions of the above type. It follows from (IIL.2.8) that B
c H? (w(z)'~?dz) and for F € B: | Fllgppyz!- pary < Ny, (F). Actually, on B,
the quasi-norms Fr—(N,,(F))” and Fr || F|fpue)i-ray aTe equivalent.
The proof is as follows: First of all, B is a dense subspace of H” (w(z)'~? da)
since, according to (III.2.6) it contains all the finite linear combinations

of the form F(z+1it) = ZA;(P,*(bj—l—iI;j))(w), where b; are (p, oo)-atoms
j=1

with respect to w(x)'~?. Consider the completion of B with respect to the
quasi-norm Fr>(N, (F))P. It coincides with H?(w(x)'~?)ds because of
(IL.3.7). Then the equivalence of the two quasi-norms follows from the
open mapping theorem.

To L = ) ).,Laj e A we associate the analytic function in the upper
j=1
half plane:

Flo+it) = ) 4P (a;-0+i(a;-w)")) (@),

=1
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F eB. Let us prove that we obtain this way, a well defined mapping

from % to B. It amounts to showing thatif ¥ 2,L, =0 in (ﬁup-l('w(m) d:v))*,
j=1

then:

(Pt*(éljajw+i(j Z,-a,-w)')) (@) =

i=1

n
Suppose that 2 AjLg, = 0 in (Bl,p%(w(ar)dm))*. This means that for every
=

[l] € £p1 (w(2)da), fl ) (2 Aya; (@) w( @)dz = 0. It follows that
Z/I ja;(w)w(x) =0 for a.e. w because ﬁl,p 1( ( )dw) contains [l]for each

functlon which is ¢* and has compact support, provided p > ¢,/(1+ qo)-
(Indeed, let ! be %> with support contained in the interval K. p >
¢o/(L+q,) is equivalent to 1/g, > 1/p —1. Take r > q, so that 1/g, >
1/r > 1/p—1. Then for x,y €I <« K we have:

[t(x) —1(y)] < (comnst) |z —y| < (const) |K|( ((II()))
w(I)

< (const) | K| ( w(E)

1/p—1
) < (const)w (I)P-1.)
It follows that

(P,* (Z Aja;w 1 (5‘5’: ljajw)g)) () = 9.

It is clear that L~ F is an equivalence between % and B. The density
of these subspaces allows to extend it to a unique equivalence between
$® (w(x)dr) and H? (w(x)'~?dw).



Chapter IV

Applications and examples

1. A weighted Hilbert transform

Let w be a weight, W a primitive of w and B the inverse of W. In
(IIL1) we established the following equivalences: f(#) is in $1(w(z)dz)<>
<f(B(y)) is in H(dy)<f(x)w(z) is in H!(dw).

For fe L!(w(z)dx), (foB)~ (W(r)) =p.v. %%li—v(—s)(—ﬂds 50
that fe$'(w(z)ds) if and only if p.v. i%ds is in

Li(dr). Also f e H? (w(m)dx) if and only if p.v. f ir—s_— ds is in L (dr).

w(r)

m ds is in L*(dr) if

Thus, for a function g € L, p.v. f g(s)

~ 1
and only if p.v. f g(s) p— dsisin L' (dr). That is, for a weight w, the sin-

. . w (7 )
gular integral with kernel TW(_—;W can be used in place of the
1
Hilbert transform, with kernel — P in order to characterize H.
ﬂ —

2. Equivalence between the space of radial functions in H'(R")
and the space of even functions in $(|r|"~'dr)

LEMMA IV.2.1. Let w(r) be an even weight. Then, for a function f(r)
living in the right half line [0, oo, the following properties are equivalent:

(i) fe D (w(r)dr);

(ii) The even eartenswn g of f is in H (w(r)dr);

(iii) f(r) = 2 A;a,(r) with 2 14;] < oo and a; (1, co)-atoms of h.t. with

i=1

respect to w lwmg all of them in [0, oof.
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Also |[f||51(w<,)d,), g1l 61 (uoryar) and inf {le |}, where the inf is laken

=1

over all decompositions allowed in (iii) are equivalent norms.

Proof. (i) = (ii). If fe ! (w(r)dr), then f(r) gy cf(r) =f(r) = 2'” Aa;(r)
=1

o
for a.e. r € R with 3 |4, < (const)||fllgiuar) and the a’s being (1, oo)-
f=1

atoms of h.t. with respect to w. Then f( —7)yj_e,0 () = f(—7) = ) Aa;(—7)

t=1
for a.e. reR. For j =1,2,... let b; =a;. For j = —1, —2,... let
b; = a_;(—r). From the fact that w(r) is even it follows immediately

that for j = —1, —2,..., b; is a (1, co)-atom of h.t. with respect to w.
Let b, =0 and 1, =0. Then g(r) = f(r)x of(*)+S( —7) X}-o00,01 (")
= 2 Az bs(r)

Thus g(r) is in H*(w(r)dr) and gl ey < (CONSE)]fll5 wirar) -
(ii) = (iii). If g(r) is in Sjl(w(r)dr) we will have: g(r) = f A;a,(7),

=1

where D[4, < (const)llgllgi(wrer) and the a;’s are (1, co)-atoms of h.t. with
=1

respect to w. Sinceg is even: g(r) = }(g(r) +g(—7)) 22 ).

T=]

Then f(r) = 9(r) (1) = 21 L) ) Tt by(r) =

a(r) +a;(—7)
2

a; lives in ]— o0, 0], then b;(r) = a,(—r)/2. If we are not in any of the

previous two cases, still b, is a (1, oo)-atom of h.t. with respect to w living

in [0, oo[. Indeed, clearly [b;(r)w(r)dr =0 and if I, is the smallest in-

terval containing the support of a;; b, will hve in I;n[0, oo[ and |b;(r)]

<1w(I,) <1jw(I;n[0, oo[). Thus f(r) = 2 2;b; proves that (iii) holds
and also ‘Z 4] < 191l g1 orrar) -

That (iii) implies (ii) is trivial.

(IV.2.1) is true, in particular, for w(r) =1, for which §*(w(r)dr)
= 9'(dr) = H'(R).

THEOREM IV.2.2. A radial function F(z) = f(|»|) defined on R", is
in HY(R") if and only if f(7) x0,000(7) = Sl').iai(r) for a.e. r with f; 4] < o0

and each a; being a (1, oo)-atom of h.t. with respect to the weight_lrl""‘ and
living in the half line [0, oo[. Also inf{D) |41}, where the inf is taken over
all such decompositions, is equivalent to ||F||gygn,.

X, (1) I a; lives in [0, oof, then by(r) = a;(r)/2. If
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Proof. Let F(x) = f(1w| ) be in HI(R") Then F admits an atomic
decomposition F(z) = 2}. A, (%), where 2, [4;| < (const) IIFnHl(Rn,, cach A,
is supported in a ball B,, has { A, w)dcv = 0 and |4,(z)| <1/|B;]. This

atomiec decomposition for functlons in H*(R") is equlvalent to the duality
result found in [8]. It can also be obtained directly by modifying accord-
ingly (IL.3.6). This has been done by Latter. See the note at the end
of the Introduction.

Since ¥ is radial, we will have for a.e.» > 0: f(r) = > A,a;(r), where,
t=1
for each ¢, a,(r) = | f A;(rx')dx’. We will see that (const) a; is
n—1 }_‘

a (1, oo)-atom of h.t. Wlth respect to the weight |r|*~! for every 4. Let

us consider, in general, a (1, oo)-atom A4 in H'(R") and set, for r > 0,

a(r) = T . f A(rz')dz’. Let B be the smallest ball containing the
—E,

support of A. Let r, = dist(0, B) and 6 = diam(B). Then a is supported

in [ry, 7o+ 8] fu(r)r”‘ldr =(const)f A(z)dr =0 and also |a(r)]
0 R"

< (const) /6. If r, < & this is enough to realize that |a(r)| < (const)/
ro+9 ro+9

| | ™ 'dr because f "~ 1dr < (const)6". However, the estimate is
f

.
noto good enough for ro > 8. We can obtain a much better one. Consider
N rotations {g,,..., 05} such that the balls {o;'(B),..., o5'(B)} are
disjoint. The number N will be > (const)(r,/8)"~! with (const) depending
only on the dimension.

For each j: T A(g;rz')da" = a(r) so that
-1l 2, T
r f 2 Af{o;rx")dw’.
(r) = _N IZ N y Qj ")
n 1
For r fixed, each r2’ belongs to at most one of the g;'(B)’s; so that the

N
sum Z A(p;ro’) has actually one single term at most for every #’. Thus

lZA(g,rm )| < (const)/é". Then

J==1
%=1 (const (const)
T)I (_) ( o ) < To+9

and we have seen that a(r)/(const) is always a (1, oo)-atom of h.t. with
respect to the weight |r|*~!. This way we obtain our desired decompo-
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sition f(7) xpo,0r(7) = Y A;(const) a,(r)/(const) and see that ' |14,] (const) <
(const) |[Flizygn) -

Suppose conversely that f(7)xe(” 2 A;a,(r) for a.e. r with

D 14| < oo and each a; a (1, co)-atom of h.t. w1th respect to |r|*~! living
t=1

in the half line [0, oo[. Let a(r) be a general (1, oo)-atom of h.t. with
respect to the weight |r|*~! and living in [0, oo[. Let [r,, 7o+ 6] be the
smallest interval containing the support of a. That a is an atom means:

[+ . r0+d

f a(r)yr™tdr =0 and la(r)] fr”“‘dr

0 o
Associate with @, the radial funetion A () = a(|#|) defined on R". By this
method we will associate with each atom @, in the decomposition f (7) Xt0, 00t (7)
= > Ma;(r), a radial function A;(#) = a,(|z]). Then F(2) = f(|=])

=1

= Y Aa;(lz]) = D 2;4,(x). Going back to our atom a(r) supported in
=1 i=1

[rey 7o+ 6], let us study the radial function A () = a(|s|) to which it
gives rise. First, if ry < d, there is a constant such that (const)A4 (x) is
a (1, co)-atom in H*(R"). In fact: A (x) is supported in the ball of center
0 and radius ry+ 4,

[ A@)ds =\, _lif a(r)rdr =0
R—n
and

|4 (2)] < (const)/(ry+ 6)** 6 < (const)/(r, + 6)"

If 6 <7, we can still decompose A into a finite linear combination
of atoms in H'(R") with the sum of the absolute values of the coefficients
bounded by a constant. In fact we partition the region r, < [3| <7+ &
into N spherical cubes @’ of measure < (const) 8", Where N < (const) (r,/8)* L.

Then let A9 () = A(x )%q;(w). Clearly A(a 2 NA“’(a: and it turns

out that ¥A¥(2) is an atom in H'(R") for every j. Indeed AY) is sup-
ported in B;, the smallest ball containing @; and |B;| < (const)d”™. Also

fA(”(w)dm = (Tda(r)r""dr) ( f 2o (ro® )da;) =
R" [

Zp— -1
and

) n-l 1 (const)
NAY(2)| < (const (—ri) <
| )l < ) 3] (ro+6)y"'o | B;|
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Thus, no matter whether r,<J or §<r, we always have A4(z)
= Ya;BY(z), where B are atoms in H'(R") and }(a;| < ( comt) Going

back to our particular problem where we had F(x) = f(|=!) 2 AA (2),

we can decompose every A; (w) as A;(x) = 2 a,; BY (z) with the B
j=1

being atoms in H!'(R™) and Z‘ la;] < (const) independently of 4. Thus

o o0

F(z) = EA(Z%B")(m)) D Y a,B

i=1 j=1
which is an atomic decomposition with

2 a3l < XAl (D) lagl) < (const) 314
i=1J=1 i=1 i=1 i=1
which tells us that F € H'(R") and 17|l g1 (rny < const D) |4,]. This finishes
the proof of (IV.2.2). i=1

Let H,,4(R™ be the closed subspace of H'(R") formed by the radial
functions. Let L .. (|7|* " dr) be the closed subspace of §'([#|*~1dr) formed
by the even functions. Then by Lemma IV.2.1, Theorem IV.2.2 can be
restated as follows:

THEOREM IV. 2.3. The mapping f(r)—F(z) = f(|=|) is an equivalence
between the Banach spaces 9y on(lr|” 'dr) and H},4(R").

Theorem IIT1.1.2 provides another equivalence: f(r)—f(r)|r|*~! between
Hevenllr|"1dr) and H.,..(R) the space of cven functions in Re H!(R).
Putting this together with (IV.2.3) we have:

COROLLARY IV.2.4. The mapping F(z) = f(|lz))—f(r])|r]" ' 48 an
equivalence between Hyp,o(R™) and Hy,.,(R).

Let H' (R) be the subspace of ReH'(R) formed by the functions
living in [0, oo[. Then, again by Lemma IV.2.1, we have:

CoroLLARY IV.2.5. The mapping:

F(2) = fz)—=F )" x5, e00(7)
s an equivalence between H,4(R™) and HY (R).

3. Integral operators in the line obtained
by restricting to radial functions some systems
of Riesz transforms in higher dimensions

(IV.2.5) suggests to investigate the relation between the system of
Riesz transforms of a radial function F(x) = f(|#|) in R", that is

(R F(m) — =Y o)
\B,F () = p.v. f Ply) i |

R J=l,ein
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and the Hilbert transform of f(r)7"~y (r). The study of this relation
will lead to another proof of (IV.2.5) independent of the atomic decom-
position in H!(R").

The first observation to make is that for a radial function F(z) = f(|=|),
the n Riesz transforms are not essentially different. Indeed, there is a radial
function R¥(x) such that for j =1,...,n:

1
(B; F)(2) = — — IZI (BT) (@).

If |#| =r and I is a fixed point on the unit sphere Z,_,, we have:

®F)@) = & [ 1y

R

|7I— |"‘1 dy-

Since

IRF ()] = (n—1){ 2 \B; F(a)12)"",

=1

it follows that for a radial function F(z) in R", the fact that all the Riesz
transforms (R;F)(») are in L'(R") is equivalent to the fact that (RF)(x)
isin L' (R"). In other words: the radial operator R can be used to characterize
Hl,o(RY).

We can view R as an operator in the line applied to f (3)3”—17([0,00[(3)-
Indeed

(RF)(@) = p.v. [ f(s)s"'R(r, 8)ds, r = lal,

where

’

R(ry8) = a,-( J W)

n—l

Thus, for F(z) = f(|»|) in L'(R") or, what is the same, f(r) in L*([0, oo[;

r"~1dr) we have: F(z) is in H'(R")<p.v.[ f(s)s" ' K(r, s)ds is in
0

L1([0, oo[; ™ 'dr). Next we compute the kernel of this singular integral:

dy’
f:rl—sy';”“ - f(r2+sz_2rs<1,?,'>)(n—u/z
Fn-1 Zn—1

(sin 6)"%d6
J (r*+st— — 2rscos §)» 12

C, depends only on the dimension .
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Muckenhoupt and Stein have studied by “complex methods” the
space of functions f(r) in L!([0, oo[; #**dr) for which p.v. f f(3)s™R,(r,s)ds
is also in L*([0, oo[; r**dr) with

kL

' (sin 0)
falri8) = Ca g ((}f (r2+ 82 — 2rscos ) dﬂ).

2A—-1

See [14). For 4 = (n—1)/2 they obtain the space that we are considering,
i.e., the one corresponding to Hl,;(R"). In gencral, we will study the
kernel K,(r,s) for A> 1. As a first step we analyze the situation for
A =1 which corresponds to » = 3. In this case, the kernel can be com-
puted very easily. In fact

f sin 6 a0 =l-10g r+s
: 73+ 52 —2rscos b —8
and, therefore:
2 1 1 718
= — - — log [—t}.
K(r, s) (const) (r r2—82+r23 og 7‘_8)

Since F(wx) is in H'(R?) if and only if p.v. [ f(s)s?7?Q(r, s)ds is in
0

LY([0, oo), we are actually interested in the kernel:

)

1
— (Const) (— + ;‘Tf—_s- + -

2 1
rI}(r, 8) = — (const) (ﬂ—r——f— —log

—82 ¢

r+8
7 —8

7‘+8
r—s

).

From this decomposition of the kernel, we obtain the following relation
between our singular integral and the Hilbert transform:

-}

(IV.3.1) p.v.ff(s)sz(rﬂﬁ(r,s))ds = — (const) {(f(s)s”x[obw[(s))"(r)—

1]
ds}

ds 18 a bounded operator

—(7(6) 5% g, () (1) f sy <log |

LEMMA IV.3.2. ¢ T)I—-)f q(s)- —log

from H (R) into L*([0, oo[)
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Proof. By using the power series expansion

1+Z 2k+l
log 4 2k el <1,
we can obtain a decomp0s1t10n:
f g(s)- —log %l as
(
g9(8)
2k 2k+1
{k_zozkﬂ “"+1fgs)s ds+22k+1 !s”‘” }
—2{ 'y ()(r)+" o),

R‘

where, for t>0 we let (4,9)(r) =»*! f g(s)s'ds and (B,g)(r)
0

= ¢! ) g(s)s~'ds. It is an immediate consequence of Fubini’s theorem
T

that, for ¢t > 0, 4, and B, are bounded operators in L' ([0, oo[) with operator
norms {|4,|| = ||B,| = 1/t. Clearly neither A, nor B, map IL![0, oo])
into itself. For example if g = y '

1 if 0<r<1,
A ry =11
o(9)(7) 1 it 1<,
r
and
-—1 ifo<rgl
By(g)(r) = =
0 if 1<r,

which are not in L*([0, oo[). However, 4, and B, still map H, (R) bound-
edly into L!([0, oof). Indeed if a is a (1, oo)-atom and [r,y, 7o+ 8] with
roy 0 > 0, i8 the smallest interval containing its support, A,(a) is also

supported inside I, since [ a(s)ds = 0. Also

(@)l < f a(s)lds <

Thus f“ [Aq(a)(r)|dr < 1. Also By(a)(r) = —Aq(a)(r) since fo a(r)dr = 0.

We have thus realized our operator as a sum of a series of bounded operators
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from H (R) to L!([0, oo[) which converges in norm. This finish‘es the
proof. Combining this result with the decomposition (IV.3.1) we obtain:

THEOREM IV.3.3. If f(s)s? is in H', (R), then the radial function F(w)
= f(|z]) is in H'(R®) and

I < (const) || f(s)s?|

a7 (R®) B (®)°

Of course this is part of (IV.2.5) but the new proof does not depend
on the geometry of R® and can be extended to the non-euclidean cases
considered by Muckenhoupt and Stein. We will consider, for 1 > }, the
kernel 7**R,(r, ), where

e : 21-1
Rulr, 5) =04%(f( 0 Aae).

r2-+ 82 —2rscos 0)

In particular, for A = (n—1)/2, n being a positive integer, we get the
kernel corresponding to the Riesz transforms of a radial function in R".

_ (sin )21
K,(r,s) —of (r*+ 82 — 2rs cos 0)*

d6 = K,(s, ).

Thus, we can restrict our attention to s < r. Then, changing variables
and expanding in Gegenbauer polynomials (see [6] and [6]) we obtain:

! 2)i-1
— dai
Ky 9) =3 [
-1

T -7

1
=—7 ((const) + 1log r
7 s

Consequently

(const)
RKa(r,8) = 04{ ez e ru_l O Z IEETES (_)}

Thus, for s < r, our kernel is:

(const) 1 1 > % (1)}
22 — — _ ——0ot=}\.
rR(r,s) = Cl{ p r—s r+s + 1-1‘ IS 0 1

S o)

leml

For s > r:
rts

K;(r,‘s) K,(s,7)=—3 yer ((const)—}-—log
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Then

¢ P
R (r’ 3) 8: { 1‘(1‘2 + 2 2l+2 (Z+1)} for 8> r

and our kernel

. B B 1 22—-2 1 } 1 ) ki ,’.2l+21+1 1 ‘
o Ru(ry 8) = 01{ (8) PR + s +g T 0 1+1

for s > r.

Thus .

p.v.f(f( 8)s¥)(r™ R, (r, 8))ds = Cli—pvf(f(s)s“)

+f HOLY —r—s +f( ( )21— ) ris (£(s)s¥) s +

N

+232t+u+2 3)32‘) r)O( 111 }

=0

o ds+2Azzf(s “’"’O(m)

As we see, the situation is not very differcnt from the one obtained for
A =1, The only “new” operators are:

o] - ) ) 2
r—s
A A W0

o [ o= (3] £

We will prove that these operators map H’, (R) into L*([0, oo[) boundedly,
from what an extension on (IV.3.3) to this situation follows immediately

o 2A-2 ot a__ ,a
Pl ()t - o e
J s r—s J r—s 8
where a = 24—-2 > —1.
For a>1

and

1
o S

8t —r?

r—s

4 — Dissertationes 162
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that is, the kernel is dominated by a constant times the kernel of B,.
Therefore the operator is bounded in L'([0, oo[). f 0 <a <1
1 re1

sa\a §°

80__1.0

’
r—s

i.e.: the kernel is dominated by & constant times the kernel of B,. Thus,
also in this case we have an operator bounded in L*([0, oof). If —1 < a < 0,
et —a = 8. Then

1

8§t —1r°

R
(s —r) PP
which is also the kernel of an operator bounded in L!([0, oof).

It remains to consider the case a = —1 which arises for A = } which
—1

sTl—p¢ ! 1 1

—s T
so that the operator coincides with B, which maps H', (R) into L([0, oo[)

boundedly,
3 ds [\t
ds = ~ (=
5)ds rfg(s)rﬂ, f(s) 90)

% r\2A-2
[0-)
8
r
1/(r+8) <1/s so that the kernel of the first part is dominated by the

kernel of B,. Also
r\#-? 1 1
(—) <— fors>r
8 r+8 8

r—s

corresponds to the euclidean case n = 2. In that case

if 2A—2 > 0 so that the only case left is g(r)— f (%) g(s)ds for

—1<a<0.If —-1<e<0and —a =4,

()5 -G e =ites

which corresponds to the kernel of B,_,.
It still remains the case ¢ = —1, which gives rise to

r+s

g | r(r:_s) g(s)ds.

For g e H' (R), integration by parts yields:

,f ey Y = M) - f o(9)(9)

w+wd
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Since 4, maps HY (R) boundedly into L'([0, oco[) and h(r)n—->fh(s)

(r +f>')2

oo

is & bounded operator in L*([0, oo[), it follows that g(r)— f r(r+s)g(s) ds

is also a bounded operator from HY (R) to L([0, oo[). We have, thus,
proved the following result:

THEOREM IV.3.4. Let A > }. If f(s)s* is in H' (R), then the singular
integral

00

() = p.v. [ f(8)8" Ku(r, 5)ds

(1]
ts in L1([0, oo[; 7**dr), where

8 (sin 8)**~!
S, 8) = 0‘5(! (r?+ 82— 2rscos 6)* dﬂ)

In other words: f(s) is in the weighted H' space considered by Mucken-
houpt and Stein in [14].

By taking in particular A = (n—1)/2 for » =2,3,... we get the
generalization of (IV.3.3) to the euclidean space R"™. This is one of the
implications contained in (IV.2.5). That is:

THEOREM IV.3.5. Let n = 2,3, ... If f(s)s"! is in H) (R), then the
radial function in R™ given by F(x) = f(|z|) s in H*(R") and llFllﬂx(gn,
< (const)[|f(s) sn_l"Hl(R)

Notice that in order to prove the converse of (IV.3.4) all we would
need is to make sure that for a function f(s) in the H* space of Mucken-
houpt and Stein corresponding to a certain A, 4,(f(s)s*) (r)and By(f(s)s*)(r)
are in L!([0, oo[). The reason is that, apart from the Hllbert transform
of f(s)s“, the rest of the operators occurring in the decomposmon of

p.v. f (f(.s*)s"“‘)(r”1 Ri(r, 8))ds arc either bounded in L*([0, oo[) (with norms

formmg a converging sum) or depend upon A,(f(s)s*) or B,(f(s)s*).
This is particularly the case for f f(s)s* —;T:—s although we can also
[}

view it as a Hilbert transform. Indeed

(- r o«
1 1 1
- d = f -
ng el (.)fy(S)Hs d8+' 9(s) Hsds
The second operator is bounded in L'([0, oo[) since its kernel is dominated
by that of B,. As for the first one, integration by parts yields:

fg(s

—ds = }4o(9)(n) + f 44(0)6) g
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and h—> f h(s) ds is bounded in L*([0, oo[) since its kernel is

(r + )?
dommated by that of A4,.

The fact that A4,(f(s)s*) is in L*([0, oo[) will be proved for the
cuclidean cases 4 = (r—1)/2, by looking at the system of second order
Riesz transforms. These are the singular integral operators obtained
by convolution with a principal value distribution of the form P (x)/|=|"*?,
where P(x) is a homogeneous harmonic polynomial of degree 2. Since

f f(s)s**ds = 0 we will not need to worry about B,(f(s)s**). We assume
0

n > 2 for definiteness in the calculations but the conclusion holds also
for » = 2, as will be seen in the next section. Let '

P(z—y)

‘n+2

@P@) =pv. [Fo) -

R
We will study the action of # on a radial function F () = f(|#|). Since
P(y)
ly|"**
in the sense of distributions and

PO F) @) =2 {Z e 'y')},

p.v. = (const)P (D) (i)

lmln—z

ly1* ly[*~
we have:
) Py
(WF) ($) (const) f {Z ij( (—sj) }( f \_%_ dyl) s"1ds.

Now if I is any point in the sphere 2,_, and Z?’(y" ) is the zonal spherical
barmonic of degree 2 with pole I:

P Z?) '
f __PW) e pa) _S(y)_2d,_
lrx’ — sy’ "2 . 5 |rd —sy’|"

n=1

We will use the following formula (see [3], p. 47):

—-1l<i<1.

1 n—2 2 Sj)(lﬂﬂl"’)

o—tI[F " et L mt2(-1)

Thus, for s> 7r:

o Z&J) ( ’
1 n— 22 s
rI—sy’ "=t g = n+2(j—1)
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from which:
Z9(y") r
——————dy’ = (const)— for & > 7.
lrI—sy'|*"2 y = )s"
-1

Since
1 1

rI—sy'|"*  |sI—ry'|*?

we have, for s < r:
ZP(y")
= t) — -
f I"’I o I"_ s ay’ (cons )
Let
ZP(y")
[rI—sy'|*?

n-—1

’

SB(T; 3) =

Then, the behavior of (g’f’)(w) will depend on the operators in the line:

00

o [T B, tas ana piap f F1(8)B(r, 8)"ds.

0

f(s)

Apart from the operators due to the singularity, f B(r, s)s""1ds

1

splits into — f f(8)s" 'ds and r? f f(—s-——ds and the same is true for

f f'(8)B(r,8)s""'ds. The contribution of the singularity reduces to the
0

identity operator times a constant. Thus:

(PF)(rz') = (conist)l’(a:’){rnl_1 ! "lds 4

1 .., ~ f(s)s™ !
—{—TT_I-T + r st—(const)f(r)}
=(const)P(m'){rn1_ (Ao (£(5)8" ") (1) + By (f (s)s”“)(r))—(const)f(r)}

Then if F(2) = f(|x]) is in L*(R™) (that is: f(s)s"! is in L*([0, oo[)
and for every P homogeneous harmonic polynomial of degree 2 (2F)(x)
is also in L!(R"), since B, , is bounded in L'([0, oo[), we conclude that
Ao (f(s)8" ") (r)is in L*([0, oo[). This is particularly the case for ¥ € Hyq(R").
We have proved the converse of (IV.3.5) and obtained another proof of
(IV.2.5) which does not use the atomic decomposition in R".
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The fact that the second order Riesz transforms of a radial function
1
F(x) = f(|»]) in R" are essentially given by — A,(f(s)s"77)(r) is exploited

in the next section to show that the second order Riesz transforms do
not characterize H'(R"). We will do that for » = 2, that way completing
our calculations of this section. Similar computations work for the Riesz
transforms of any even order.

4. The kernel 22
For ¥ € Re L'(R?), let

= dz
Fw) =p.v. R!F(z—w)[?, w e R

This is a complex-valued singular integral whose real and imaginary parts
are two independent second order Riesz transforms in the plane. We will
show that this singular integral operator does not characterize H(R?).
In particular we will find a radial function F(2) = f(|z]) in ReL!(R?)
but not in H!(R2), such that F is in L!(R2).
The kernel
e @ LY

T

whose real and imaginary parts give two independent first order Riesz
transforms, characterizes H'(R?). This characterization is actually the
original definition of H!(R?). It comes as a surprise that the kernel
1/23 = ¢7'%/|2|? does not characterize H'(R?), against what C. Fefferman
conjectured (see [7]). The situation is similar for H'(K), where K is
a local field (see [9]).

The key result is the following:

LevmmA IV.4.1. For a radial function F(z) = f(|2]) in ReL‘(Rz):‘

—10

(2 = le]e® = v +1y)

.E:'(re"’) = “2“’{ ff 8)sds — f( r)}

_ —w{ Aa(7(6)5) ) — }
Proof.
Fw) = —2f(1og1w—z1)—p(z)dz
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Using polar coordinates z = se” and w = reé™:

;'(rei“’) = —}e~ f(sf”(s)—f’(s)) (}" e log }r—se""ldﬂ) ds.

Let

2rn

K(r,s) =f e~ Plog |r —se®|d6 = K(s, 7).
0

We can assume 8 < r. Then

2n
) s . T [8)\?
K =f —1201 - 10 = — —|—}.
(7, 8) : e *log |1 Te as 2(r)
For s >1r
wnf{r\?
K(r,s) =K(s,7) = -—E(;).
Thus

r

Pre™) =—Z—e“2*( [ 7)1 @) (%)’ds+ fm (sf"(8)— F(9)) (%)ds)

r

= {2 [ sopdo—si0).

0

The following is an immediate consequence of the previous lemma:

_ ToHEOREM IV.4.2. For a radial function F(2) = f(l2|) in ReL(R?),
F (2) 48 in L1 (R?) if and only if A,(f(3)-8)(r) is in LX[0, oof).

Now we combine (IV.4.2) and (IV.2.5) to get a-radial function
P(z) = f(lz]) in Re.L*(R? but not in H(R?), for which F(z) is in L!(R?).
All we need is to find f(s) living in [0, oo[, such that f(s)s is in L ([0, oo[)
but not in H*(R) and yet A4, (f(s)s)(r) is in L*([0, oo[). It will be sufficient
to take f(s) = g(s)/s, where g is as given in the following

THEOREM IV.4.3. There exists a function g(s) living in [0, oo[, which
belongs to L* ([0, oo[) but not to H*(R) and for which Ay(g)(r) is #n L*([0, oo[).

Proof. We saw that 4, takes H.(R) into L'([0, oo[) by taking
a (1, oo)-atom a(s) supported in an interval I < [0, oo[ and realizing

that Ay(e) lives in I also (because [ a(s)ds = 0), and besides we have
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the estimate

1 r
[Ao(a) (1) < 7of a(s)1ds < -

This is a very rough estimate. We can find a function I also sup-
ported in I, with [I(s)de =0 so that A,(l) lives also in I and for
1

which [|4,(l)(r)] <1/|I| without being {I(s)|<1/|I|. We will get our
function ¢ as a linear combination of functions like I. For k¥ = 1,2,

let lk(r) = Expe s 1) (7)) = (L18) Kpgeyagme e (7)- Smceflk(s)ds =0,4, () (r) =
(1/r) f l.(s)dsis going to be supported in the same mterva,l that l,.; that is, in

[k, 2k +1/k]. Clearly A4,(l,)(r) increases from k to k-+1/k, where it attains
the value 1/(k+1/%) and then decreases to become 0 for r > 2k +1/k. Thus

[ 14T (n)dr < 1. Any g(s) = X A0, with D[] < oo will be in
L([0, oo[) and will have 4,(g) in L*([0, oo[) also. From

"

r—k—1/k

l.(r) = klog og ;———mc

r—5k 1
r—k—1/k| k

it follows that there is a constant > 0 such that for % bigger than some k,

lk(r)[dr (const)logk.

leg‘a_

At this point we are able to conclude the existence of g without
actually constructing it. We just need to consider the inclusion of HY (R)
into the space of functions f in L ([0, co[) for which A4,(f) is also in
LY([0, oo[), with the norm |fl|,+ l[4o(f)ll,. This is a Banach space and
the inclusion is continuous. Were it onto, its inverse would be continuous
too, and the norms |f(l,+ |l4,(f)l, and |fll,+ |Ifil, would be equivalent
by the open mapping theorem. This is in contradiction with the existence
of the 7,’s and, therefore, the existence of g is proved.

Here is an explicit way to construct g as a linear combination of
l,’s. Take a sequence k, of positive integers such that 3%, , > 2k, +1/k,

k ~
for every » and let k, be big enough to have [ |I,(r)|dr > (const)logk for
k

every k> k. Also take a sequence (4,) of positive real numbers such that

}:). < o0 butZﬁ. logk, = oco.Theng(s) = 2}. b, (8) will bein L*([0, oo[)

n=90 n=0
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and ||44(9)lILige,con < Y 4, < co. However,
0

oo k o]
1§l my = f|20'/1 b, r)ldr ngfmjzgz A (r)j ar
—00 fiem m n=
2"

A >
> 5]’* f llk (r)|dr > const);’lmlogkm -

m=0

Thus §¢L'1(R), ie., g¢H1(R). One such -choice of sequences vﬁll be, for
instance: k, = 6"n, with n, large enough and i, = 1/ns.
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