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1. Introduction

In this paper a general model of two-person zero-sum dynamical games
of fixed duration is described. We study the problem of the existence of the
value of these games and discuss the estimation of precision of reaching the
value in a real game (e.g., when the players take decisions at a finite number
of moments only). This model is illustrated by many examples of its
application to more definite games (in the main, we assume that the players
are not ,separated”).

In particular, it appears possible to give a unified treatment of three
fundamental concepts of such differential and dynamical games. As a special
case of our Example 1 we obtain the well-known theorem on the existence of
the value of a differential game of fixed duration presented in Friedman’s
book [3]. Section 5 contains, among other things, the principal ideas of
Varaiya {7], [8] (these concepts together with the concept of ,a small game”
due to Krasovskii have in great measure inspired us to construct our model).
Obviously in this section players have to be ,separated”. Moreover, we have
to eliminate the incompletness in the theory of Varaiya that has been noted
in [6]. Two ways of such completion are considered. The first (Theorem 2) is
based on the assumption of a certain weak condition of approximation and
has already been signalled in [1]. The second rests on the assumption of the
right to ,stop” the player’s trajectories for a certain time (see Theorem 3,
and Example 3, in which the strategies of the player P are defined on
controls and not on trajectories, which means a considerable departure from
Varaiya’s game, but Lemma 3 used in this example is in the Varaiya spirit).
In Section 5 the asymmetry of the model and of the method is particularly
apparent — after the separation of variables not only a regularity of the
dynamical system but also any regularity of the payoff functional is assumed
for one player only (the duality of the theory allows us to choose any player).
However, in Section 6 Krasovskii’s ,differential game with a retention of
information” [4], Chapter XVI, is generalized to the game with dynamical
systems. The relationship between the Krasovskii’s strategy and our
strategies is described (Lemma 6). Afterwards it is proved that if there exists
the value (in the sense of Krasovskii) of this game then the value of our
corresponding game also exists. The sufficient conditions of the existence of
the Krasovskii value are also given (Theorem 4).
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The approximation method used in this paper had previously been
applied 10 study orientor fields in [1]. Now, it is used in a much more
general case. Moreover, in order to obtain an explicit from of the estimations
for the games this method is applied by starting, in a sense, form the other
end” (sce Lemma 2 and Theorem 1 for example).

2. Game

In the whole paper for 4 = [0, T] and a function x defined on [0, T]
we shall denote the restriction of x to the set 4 by x],. Moreover, we fix a
number Te(0, o) and two sets’4 and B. Let X be a nonempty set of functions
(controls or trajectories of player E) x: [0, T] — A, and let Y be a nonempty
set of functions (controls or trajectories of plaver P) y: [0, T] — B.

Let m = {tg, t;, ..., t,}, 0 =1t <, <... <1, = T be the partition of the
interval [0, T].

The function e: Y— X is called a lower strategy associated with the
partition n for player E if for each pair of functions y, ye Y the following
conditions are fulfilled

1° e(Wlo.eys = €Mlou s

2 for each i=0,1,...,n—1 the equality ylqo,, = ¥, implies that
eWMou; 4 1= e(Mo., , -

The set of all such strategies will be denoted by E~ (n).

Analogously, the function p: X —.Y is called a lower strategy associated

with the partition n for player P if for all x, xe X

1° P(x)ho,c,] = P(’—‘)l[o,:lp

for each i=0,1,...,n=1, il x|,y =X,y then p(Xoy,,
= p(Do.; 4 (1
The set of all such strategies will be denoted by P~ (n).

The function e: Y— X is called an upper strategy associated with the
partition n for player E if for all i=0,1,...,n and y, yeY the equality

.VI(O.rﬂ = ﬂ(o,.,-]
implies that

e(Mho.y = eMlio.s-

Similarly, we define an upper strategy associated with the partition n for
player P.

Sets of upper strategies will be denoted by E* (n) and P~ (n).

Any real function yx defined on X x Y is called the payoff functional. In
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order to simplify our considerations we assume that u is bounded, which is
not an important assumption for the methods used below.
Let us note that for any partitions n, # and ecE™ (n), pe P~ (®):

1° there exists a unique pair (x, y)e X x Y, such that
x=e(y) and y=p(x),
x inyf ule®y), y) < sup u(x, p(x)).
ye X€.

Moreover, if ¥ < n then

ET(@McE (m)cE*(n)c E*(R)
and

P (Mc P (n)c P*(n) c P*(®).

Now, let us consider a game G(X, Y, ) in which the aim of the player
E will be to maximize the payoff functional and the aim of the player P will
be to functional minimize it.

The number V is calied the value of the game G(X, Y, y) when the
following condition is satisfied:

for each ¢ >0 there exists a 4 >0 such that for all n: d(n) <9,
#i: 0(7) < & there exist ee E~(n) and pe P~ (7) for which

V-e <inf u(e(y), ), sup p(x, p(x)) < V+e.
yeY xeX

(The symbol oO(n) denotes the diameter of the partition 7, i.e, max
ivi—t;:i=0,1,..., n—1}). Obviously, there exists only one number V.

Our definition of the value of the game is slightly different from the
most frequently used definitions (see, e.g. Friedman [3], Varaiya and Lin
[8]). We are particularly emphasize that players E and P may both take
decisions (in a ,practical” game) at different moments of time.

In most of our paper, assumptions referring to the players are asym-
metric and they are given in some sense from the point of view of player E.
The dual results may be obtained in an identical way when all the conside-
rations are repeated from the point of view of player P.

LemMma 1. If there exists a function xy: (0, dg] = [0, 20), #¢(6) =0 as
0 — 0, having the following property:

for all n: d(n) < 8y, and e* e E* (n) there exists an e~ € E™ (n) such that

inyf ule* (), y)—inyf ule™ (), ¥) < %o (8(n)),

then there exists the value V of the game G(X, Y, p), and for all n: d(n) < &,
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and ®: ¢(R) < & we have

V—xo(d(m) < sup inf u(e(y), y) SV
ek~ (m V¥
< inf  sup u(x, p(x)) < V+xo(0(®).
peP ™ (P xeX

Proof. Obviously, the number V satisfying the above inequalities for
any partitions n, #: d(n), 0(f) < 6o has to be the value of the game. Thus,
we shall show the existence of that number. For any increasing sequence of
partitions 7;, je N, such that é(n;) - 0 as j— oc, the sequences

sup inf u(e* (y), y)
¢+EE+(nj) yeY
and

sup inf p(e” (y), y)

é‘eE'(uj) yeY

tend to the common limit V. The limit does not depend upon the choice of
the sequence 7;, je N. Let us fix any partitions =, 7 and assume that
d(m) < 8y, O() < dp. Using any increasing sequence n;, je N such that n,
=n and d(n))— 0 if j - 2, we obtain

V—xo(d(m) < sup infpule”(y),y)<V
e  eE " (n) YE
< sup inf u(e* (), y) < V4o (0(R).
et cEY(m veY
By employing well-known methods [8), [3] it can be proved that
sup inf u(e*(y), y)= inl sup u(x, p~ (x),
eteEt (M yeY p &P (M) xeX
which ends the proof of Lemma 1.

3. Approximation condition

A continuous function : [0, ) x[0, 0)—[0, c0) is called a
comparative function if w(t, 0) =0, te[0, o), w is nondecreasing with respect
to the second variable and the only solution of the equation v' = w(t, v), v(0)
=0 is the zero solution.

However, a function g: (0, ©)x(0, 0)—=[0, 0) is «called a
complementary function if for arbitrary £, n > 0 there exists a 4 > 0 such that
for any ¢e(0, 6] and 7e[n, «v) we have g(&, i) < e.

Lemma 2. For any complementary function ¢ there exist a number
T*e(0, T} and a nondecreasing function {: (0, T*]— (0, ), {(6)— 0 for
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0 — 0 such that
0(8, ) < {(d)

for all 5€(0, T*], 5€(0, 8] and de[L(5), ).
Proof. For each £€(0, «), let x(c) be the least upper bound of the set
of all 4e(0, T] such that

e(4, i) <e for 8€(0, 8], ie[e, o).

The function x: (0, 0) - (0, T] is nondecreasing, and so there exists an
increasing and continuous function x,: [0, o) — [0, T, x,(0) = 0 such that

71(8) <x() for £>0.

We choose any T*€(0, sup x, ([0, «0))) and define a function {: (0, T*]
— (0, oo) by the following formula

(@) =xr'd), 8e(0, T*].

By definition it is a nonnegative and increasing function. Moreover, {(6) —» 0
for 6 = 0. A
Now, let us fix any d€(0, T*], 6€(0, 8] and iie[{(d), ). Then

0 =11 (£ < x(L(9)),
thus from the definition of the function y we have
e(6, @) < L)

This completes the proof of Lemma 2.

Now we shall present a certain general theorem on the existence of the
function x, from the assumptions of Lemma 1, and thus on the existence of
the value of the game G (X, Y, u). We shall often refer to this theorem and its
proof in a further part of the paper.

Let M be any set. It will perform the role of the phase space of the
game. Assume that a function d: M xM — [0, =) is a pseudometric. Let Z
be a nonempty set of equicontinuous functions z: [0, T] - M such that
d(z(0), z2(0)) =0 for all z,zeZ. It is the set of trajectories of the game.

Let us consider functions: F: X xY— Z, ¢: Z — R and a nondecreasing
function w: [0, ) — [0, o) such that

1° for any te[0, T], (x, y), (x, De X x Y if

Xlgo,1 = Xlpo.q and  Ylo,g = Flio.g

then

F(X, .V)'[O,t] = F(i’ )7)|[0,t]’
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2 wé)-0if -0, and for z, ZeZ we have
lo(2)— ¢ ()] < w(max d(z(), Z2(1))).
t40,T)

Let us assume in addition that
w(x,y)=@(F(x,y), for (x,yeXxY.

THEOREM 1. If there exist a comparative function w and a complementary
SJunction g for which the following is true:

for any te[0, T) and (xy, 1), (X3, 7)€ X X Y, d(F (X, ;) (1), F(X3, 72) (1)
# O there exist xte X, xtlo.q = Xilo.y and vie Y, y3lon = F2lio.y Such that
for all yieY, yilon=¥ilon X26X, Xalog = Xz2ljo,q» and se(t,T] the
inequality
d(F(x}, y1)(5), F(x2, y$)()—d(F (X, §,)(0), F (X3, 72) (1))
< [(D(', d(F(fl: you), F(x,, 72)“)))"'
+o(s—rt, d(F (%, $,)(1), F (%3, 72)(‘)))](5—0

is satisfied, then there exists a function xy by the assumptions of Lemma 1.

Proof. Let us fix r, and hy >0 such that for any re[0, r,] and
he[0, hy] there exists the minimal solution ¢ of the equation

v(s) =w(s, v(s))+h, 0O =r

defined on the whole interval [0,T]. Let us denote this solution by v(r, h).
There exists a nondecreasing function n: (0, o0)— [0, o), n{(d) -0 if 6 -0,
such that

(s, v(r, H(s) = oft, v(r, BH(N)—n(s—1)

for all re[O0, rol, he(0, ho], te[0, T) and se(r, T]. According to Lemma 2,
there exist numbers T;*e(0, T] and nondecreasing functions {,: (0, T;*]
- (0, ), {: (0, ] —-1[0, ), {;(6)—=0if 60, i =1, 2 such that

(8, ) < (,(9)

for all 0 <& < min |T¥, T3}, §€(0, 8] and de[{,(8), o).
Let us choose a positive number §, for which the following inequalities
are fulfilled:

50 < 7;"*, i = 1, 2,
L1 (00)+2wz(00) < rg,  {2(0)+1(d0) < ho,

where w, denotes a nondecreasing common modulus of continuity of trajec-
_ tories from the set Z.
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Let us assume that for d€(0, d,] and te[0, T] we have
218, 1) = (1 (8 + 2w, (8), L2 (8)+n(B)(1)
and
#o(8) = w(%, (8, T)).

Obviously, #¢(6) -0 as 6 - 0.

Let us fix any partition n = (1o, ty, ..., t,), 0=1ts <t, «...<t,=Tof
the interval [0, T] with the diameter d(n) < 6, and an upper strategy
e*teE* (n). '

It is enough to show that there exists a lower strategy ¢ € E™ (n) such
that for each yeY there exists a yeY for which

d(F(e” (), )(), F(e” (3, §)(1) < %, (8(n), T), 1[0, T1.

We shall construct the strategy e” e E™ (n).
For any i=1,2,...,n—1 there exists a function
Q: (X xY)x(XxY)-> X xY

such that:
1° for any (ila yl)a (22) .Vz’ex xY ‘f

(xy Y) = Q‘-((il, yl)’ (RZ, yz)),
then

Xoan = Xihouy  and  Yliosg = Yzhoups

2 il d(F(Xy, ¥)(1), F(X, 52)(t) 2 {, ((m) then Qi((%,, 7)), (X2, ¥3)) is
the pair (x}, y3) which is associated with r =1, (%,,7,) and (%;, 7,)
according to the assumption of Theorem 1,

30 fOl' (il, yl)s (22’ YZ)s (fl’ .‘71) and (&27 .“"Z)EX X Y, lf
X003 = Xjloups Filoug = Filoyr  J=1,2
then

Qi (%1, 71 (%20 72)) = Qi((%4, DSR2, §2)).

Let us fix any xYeX, Ve Y and yeY. We shall define a value of
e~ (y). At the same time we shall construct ye Y such that

d(F(e™ (), )(0). Fe* (). F)(0) < %, (8(m), T), for te[0, T].
Let be
(x0*D, FH1) = 9, ((x, y), (e* 7, §)), for i=1,2,...,n~1.
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Next, let us assume that
e (y)=x" and p=y".
By induction it is easy to check that e” e E™ (n).

Finally, let us assume that for any i=0,1,..., n—1 the following
inequality is fulfilled

d(F(e™ (), Y)(). Fle* 3, 7)(1)) < 1 (8(m), 1,).
We shall prove that in this case we have
d(F(e” (), y)(), Fe* (M, D)) < x,(8(m), 1)  for te[t;, tisy].
If d(F(e™ (), y)(t), F(e* (), )(1)) < ¢, (8(m)) then
d(F(e™ (), y)(0), Fe* (7), IN0) < L, (Blm))+ 2w (B(m)
<x(0(m), 1), telt, tivq].
Thus, let us assume that
d(F(e™ (), y)(t), F(e* (), 7)) = {, (@ (m).
Then
$1(0() < d(F(x, (), Fle* (7), ¥)(t) < %, (8(), 1),
and according to the property 2° of the function @, we have
d(F (e (), y)(0), Fle* (3, 5)(1)
=d(F(x*Y, y)(0), F(e* (3*1), 3+ V)(0)
<d(F(x®, y)(r), Fle* (), y) )+
+o(n, d(F(x, y)), Fle* (3P, y9) @)+
+e(r—1, d(F(X, y)(t), F(e* ), y?) )] ¢ — 1)
<, (0(m), t)+ [ (8, 2y (3(m), 1))+ L2 (8(m)] (1 1)

<, (8(), )+ [[o(s, %, (8(m), s))+n(S(m)+{;(8(n)] ds
=%,(0(n), 1), for te[t;, tisy].

According to the principle of induction, we indeed have

d(F(e™ (1, y)(), Fle* (3, ) < % (3(m), ) < %, (8(m), T),  te[0, T],

which completes the proof of Theorem 1.
Remark 1. The inequality from the assumptions of Theorem 1 may be
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replaced by
d(F(x}, y))(s), F(xz, y3)(8)—d(F (X,, 71)(1), F (X3, §2)(1))
<[l max d(F (%, 1) (), F (%, 72) (@) +

+o(s—t, d(F (%, 7)), F (%2, 52 (0))] (s— 1),

and the theorem is also true.

4. Differential games of Friedman’s type

In this section we shall check that the assumptions of Theorem 1 are
satisfied for two games in which the trajectories of the game are described by
a differential equation. Thus, we shall check that there exist the values of
those games. Moreover, referring to the method of the proof of Theorem 1,
we shall obtain formulas estimating the precision of reaching the value in the
games.

4.1. Game without delay

ExampLE 1. For a, beR", ne N, let {a, b) denote the Euclidean scalar

product of vectors a and b, |la]| = \/ {a, a). Next, by comp(R") we denote the
family of all nonempty and compact subsets of the space R".

Let us fix any n, k, Ie N and ae R", U ecomp(R*), Vecomp(R'). Next, let
us fix continuous functions

L [0, T]xR*xU xV —R",
h: [0, T]xR"xU xV—>R
such that the following formulas are vald
1° there exists a number A > O satisfying the inequality
¢h—a, f(t, b, u,v)> < A(1+|lb—all®)

for any te[0, T], beR", uecU and veV;

2° for each bounded set M < R" there exists a comparative function o
satisfying the inequality

IS (t, b, u, )—f(t, c, u, N2 +(h(t, b, u, V)—h(t, ¢, u, v))’ < W, Ib—c)
for all te[0, T), b, ce M, ueU and veV:
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¥ for any te{0, T}, b, ceR" and reR

max min [ {c, f (¢, b, 4, v)>+r1h(t, b, u, v})]
uel vel

= min max [<c, f(t, b, u, v)>+rh(t, b, u, v)].

veV uel

We assume that for beR" and reR
K(b,r)={ceR" JIb—c|| <r}
and take
R = (T~ 11",
L, = max{|{f(t, b, u, v)||: te[0, T], beK(a, R), ueU and veV},
L, = max {|h(t, b, u, v)|: te[0, T], beK(a, R),ueU and veV},
and
L=(L+13)"Y2

Let M =R"*', d(b,c)=|lb--c|l, b, ce R"*?, and let us denote by Z the set of
all functions of the following form: z=(z,,z,). where z;: (0, T]
—R" z,: [0, T]— R, z,(0)=a, z,(0) =0 and

Ilzl(t)—z,(s)||2+(zz(t)—zz(s))2 € L*(s--0)*  for s, te[0, T].
It is easy to check that the function w, given by
wz(0) = Lo, d¢e[0, )

is the common nondecreasing modulus of continuity of all trajectories from
the set Z.

Next, let X denote the set of all measurable functions x: [0, T]- U
and let Y denote the set of all measurable functions y: [0, T} — V.

For (x, y)e X » Y, let F(x, y) denote the pair of trajectories (z,, z,) given
by the formulas

z ()= a+_ff(S, 21 (s), x(s), .V(S))dS,
0

z5() = _(h(s, 2, (3). x(s), y(s))ds, te[0, T].

[

Obviously, F(x, y)eZ for (x, y)e X x Y. One can easily check that F satisfies
condition 1° previous to Theorem 1.

We denote by Z, the set of all functions z;: [0, T]— R", z,(0)
=d, |lz;()—z, (s < L|t—s|, t,se[0, T]. Let 6: Z;, - R and wy: {0, o0)
— [0, oo) be functions such that w, is nondecreasing. w, () — 0 2s 6 — 0, and
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furthermore
le(z)—aZ) < wl(max lz, (=2, OI), z,.2,€Z;.
te(0.
Now, if
¢((zl*22))=a(zl)+zl(n’ (‘TlazZ)EZ
and

w(d) =w,(0)+d. be[0, %),

the condition 2° preceding Thecrem 1 is also fulfilled.

Let us assume that u(x, y) = @(F(x, ¥)), (x, y)e X x Y. We shall prove
that the approximation condition from the assumptions of Theorem 1 is
satisfied.

Let us associate with M = K{a, R) the comparative function
according to the condition 2° of this example. Let

(r) = max a(t, .
10, T)

The functions f and h are uniformly continuous on [0, T] xK(a, R) xU x ¥,
and so there exists a nondecreasing function n*: [0, o) — [0, ), #*(3) -0
as 4 - 0, such that

I'.f(l9 b’ u, v)—.l.(sv b, u, U)“7+(h(t, b9 u, U)- h(S, b: u, U))z < (r’*)z(ls_t{)

for s,1e[0, T}, beK(a, R), ueU and veV.
Let us suppose that for t, re(0, o)

6L*
0t ) =~ +4[n* )+ Q(L, 7).

Next, let us fix te[0, T) and (X,, ¥,), (X2, 2)€ X x Y such that
d(F(Xy, 7:))(0), F (X3, ¥2)(®)) = [IF (Xy, 71) ()~ F (X5, 72)(1)]] > O.

From assumption 3° follows the existence of u* e U and v* € V which, for any
ue U and vel satisfy the inequality

<F(f2’ yZ)(t)_F(il’ .Vl)(t)’ g(t, Z3} (t)' u, U*)>
S <F(22’ yZ)(t)_F(il’ .Vl)(t)) g(tv 221 (t)9 ”*’ U)>,

where g(s, b, u, v) = (f(s, b, u, v), h(s, b, u, v))e R" xR = R"**, for se[0, T],
beR” ucU and veV, where

221 (5) = a+ [f (T, 221 (1), %2 (1), T2 (@))dr, se[0, T].
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Let us assume

xl(s) for se[0,t],
for se(t, T],

?z( sy for se[0, ],
yils) = for se(t, T],

and fix any x;e X, X;lj0,1 = X2lio.n and y, €Y, Vilo.1 = Vilious-
Let

z¥=F(x1,y) and z¥=F(xy y3).

Obviously, z¥(t) = F(X,, y4)(1) and z3(t) = F(X,, ¥,) ().
Hence, for se(t, T

d(F(x}, y)(s), F (x2, y9) ()= d(F (%1, F)(0), F (%3, 72)(8)
=|l23 (s)— z¥ ()l — llz% (&) — X (o)

Let z3%,: [0, T]—= R" and %,,: [0, T] > R” denote solutions of the
equations

231 (5) = a+ [f (v, 23, (7), x2(v), Y3 (v))dr
0

Z(5) = a+£f(’-', 231 (1), %, (1), 1 (1))dr, se[0, T],
where
Xy (1) = x2(7), J1 (1) = y3() for z€[0,9)
and
X (7)) =u*, § (W) =y, (r) for ze[r, T].

Of course, 2% o = Z21lioy = Zz1|[ou
For almost all se(t, T] such that |z$(s)—z¥(s)}] # O we have:

s (IIZ’z’ () =zt () = <zZ () =21 (5), (z3) () — (1) () x

(I3 )=z () ' = [{B -2, @3 () -

—g(t, 22, (1), u*, ¥, (9) D+ {23 () =z () — (23 () — 22 (),
(23) () =gt 25, (1), u*, y, ()D+ {22 (5)— 2% (s),

g(t, 220 (0), u*, y ()= (9] (123 () -z S)) ™

We shall consider separately each term of the sum in the square
brackets.
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For almost all se(t, T] we have:
(3) () =g (r, 251 (1), u*, y1(s)) = g (5, 251 (5), x2(5), v*)—g(t, 22, (1), u™, ¥, (5))
= g(s, 25, (), x2(5), v*)~g(t, 23, (s), x2(s), v*)
+g(t, 23, (5), x2(5), v*)—g (1, 251 (1), x2(5), v*)
+g(t, 251 (1), x2(5), v*)=g(t, 22, (1), u*, y,(5)).

Using the equality z¥, (1) = Z,, (t) = z,,(t) we obtain
(22 =23 (1), (23) () —g(t, 221 (0), u*, y1 (5)))
<22 =zt O [n* s =0+t 123, () — 2%, O] +
+ @302, g8, 221 (), X205, v*)—g(t, 221 (1), u*, y, ()
< llz2 (=22 @l [7* (s— )+ (L (s~ 1)]+O0.

The second term of this sum will be estimated in the following way:
(5= 2t (9~ (=21, () () =g (t. 22y (1), u*, 31 ()
< (I3 () =22 I+ 1128 (59— zF @) (I3 (o)l +
+lg (e, 220 (1), u*, y, 9))||) < 4L*(s—1), for almost all se(t, T].
Similarly, for
) = a+ [ (5. 20 20,y ()de,  se[0, T]
the third term satisfies the inequalities

(23 (5)—21(9), g(t, 231 (1), u*, y, ()= (7Y ()

< llz3 ()= (M [lg s. 241 (5), u*, ¥ ()~
=g(t 221 (), u*, y Q)| <HzF ) —2F @M [n* (s— 0+
+llg (t, 2t (5), u*, yi(9)—gl(t, 22, (), u*, y, ()| +
+{|g (e, 21 @), u*, y1 () —g(t, 22.(1), u*, y1 )]

<llzf @zt [n* s—n+ofr, izt () — 23 O)ll)+
+lg (e, 28, @, w*, v () =g, 23, @), u*, vy ()]

<llzf () =zt )| [n* (s — )+ Q(L, (s— 1)+
+oft, Izt O =25 O] < 22 -zt O [* -0+
+Q(Ly (s~ )+ ae, |25 (0~ ()]

2 — Dissertationes Mathematicae CCLI @
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Now, if

~ llz3 )=zt @)l
A—(t,t+ 3L ]ﬁ[f,T]

then of course z%(s) # z}(s) for seA. Therefore, employing the above
estimations, we obtain

2 120~ G < @1, 5O~ @) +1* -0+

4L2(s—1)

lz% () =zt I’

llz3 (0) =22 @
I 6=z )

for almost all sed.
We have

+Q(Ly (s—1)+ [n*(s—0+Q(L, (s—1)]+

2L(s—1) < 2||z8 () —z¥(1)lIl/3, seAd.

Consequently, in view of the inequality
Yzg () =23 O < 1Allz3 () —zE (I —2L(s—1)), sed

we have
d
a(IIZE (5) =zt () < o8, lz3 () — 21 (Ol)+-

12L%(s—1)
llz% (1) —zF ()|

+4[n‘(s—t)+Q(L1(5—‘))]+

for almost all se 4. The functions n* and Q are nondecreasing, and so

lIz% () —z¥ ()l —Iz% () — 2T ()]
< ]'{w(t, z2 @)=z OI)+4[n* -0+ 2(L (z—1)]+

1212 (r—1) .
+ﬁz_;(t)__;§m}df < [oft, 23 (@) =z @)l)+

+els—t, 25—zt (O] (s—1), sed.

However, if

SE(HIIZE(I)}—_:"(I)II, Oo>m[t’ T]

then ||z%(r)—z¥ (¢)]] < 3L(s—1). Hence, taking into account the definition of L,
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we obtain
l1z% () =z (M —liz2 () —zF (N < Hlz2 (s)— =2 (I +
6L*(s—1)?
iz5 () =z Nl
< [of, 23 @ -z @) +e(s—t, 22 @ =zt ON)] s~1).

Thus, we have checked all the assumptions of Theorem 1.
Furthermore, let us observe that, in this example, as T;* and {;, i =1, 2,
from the proof of Theorem 1 one can assume

T*=T, i=1,2,

+ilz¥ () =2t (Ol < 2L(s—1) <

{1 (8) = /6,
£2(8) = 6L% /6+4[n* (9)+2(L,8)), (0, ).

Remark 2. Theorem 2.3.1 from Friedman’s book [3], p. 38, is a special
case of the result described in Example 1.

4.2. Game with delay

ExampLe 2. Let us fix n, k, leN, aeR", Uecomp(R*), Vecomp(R'), a
continuous function zg4: (— 0, 0] - R", z4(0) = a and a continuous function
v: [0, TI>R, v(t1) <t for te[0, T]

Next, let us fix any continuous functions

L [0, T}xR"xR*xU xV — R",
h: [0, T} xR"xR"xU xV — R,
such that
1° there exists a constant K > 0 for which
Nf (@, b, c,u,v)—f(t, b, e, u l*+(h, b, c, u, v)—
—h(t, b, €, u, 1)’ < (K max {Jib=bll, lc~2ll})?,
for all 1[0, T); b, b,c,ceR" ueU and veV,
2° for any te[0, T]; b, c,CeR" and reR:

max min [ ¢, f(t, b, ¢, u, v)>+rh(t, b, c, u, v)]
uell  veV

= min max[{, f (t, b, ¢, u, v)>+rh(t, b, c, u, v)].
veV  uel

Let vo=min{v(r): te[0, T]}, and R, = max {||zo(t)—all: te[vo. 0]}.
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From assumption 1° follows the existence of R > R, such that: if x: [0, T]
— U, y: [0, T] - V are measurable and

z(¢) =a+3f(s. 2(s), z(v(9)), x(s), y(s))ds, te[0, T],
1}

z(v(s)) = zo(v(s)) when v(s) <O,
then
lz®)—al <R, tef0, T].
Let us take R fulfilling the above conditions and denote
L, = max{||f(t, b, c, u, v)||: te[0, T); b, ceK(a, R), ueU, veV},
L, = max {lh(t, b, c, u, v)|: te[0, T); b, ceK(a, R), ueU, veV}.

As in the previous example, we define M, d, Z, X and Y. For (x, y)e X x ¥,
let F(x, y) be the pair of trajectories (z,, z5), given by

2y (t) = a+j'f(s, Zl(S), Z) (V(S)), X(S), Y(s))dS,
o .

Zz(t) = gh(s’ ZI(S), Z (V(S)), X(S), Y(S))ds’ tE[O, T]

(21 (v(8)) = 2o(v(s)) for v(s) <O).

In the same way as in Example 1, we define ¢, w, n* and check all the
assumptions of Theorem 1 modified according to Remark 1. Now, the
comparative and the complementary functions assume the following form:

w(t,)=Kr, 1,re[0, o),

Lt

r

o(t,r)= 6 +4[n* @)+ KL, t+ KL, w,(7)], t,re(0, ),

where w, denotes the nondecreasing modulus of continuity of the function v.
Remark 3. If the functions f and h do not depend on ¢ and v(r)
=t—vo. te[0, T] then '

L1

e(t,r)= +8KL,1, 1,re(0, o)

r
and
%y (3, 1) = (/3 +2L5+8L, 5+6L* /6/K)eX —8L, 5—6L2 \/3/K,
4€(0, o).
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5. Varaiya’s differential game with a dynamical system

Now, let us take any set Z and two functions:
dy: ZxZ [0, 0] (=[0, w)u {wo))
and
F: XxY-2Z.

LeEMMA 3. Let us assume that there exist: a function x,: (0, 85} — [0, ).
a bounded function ¢: Z—+ R and a nondecreasing function w: [0, o)
— [0, o) such that %,(6) =0, w(d)—~0 if 6 -0, and:

1° for each partition m = {1y, ty, ..., .}, 0=ty <ty <...<t,= Tof the
interval [0, T with the diameter 0(n) < b,, there exists a function f: X - X
having the following properties:

a) sup supd; (F(f(x), y), F(x, y)) < %, (2(m)),

xeX ye¥
b) for each pair of functions x, Xe X,

S oy =S Flgoury1s
c) for each pair of functions x, Xe X and any i =0, 1, ..., n—1, if x|,
= fl(o"‘.] then
J (x)'(o..H 1] =f (f)l(o.:,+ 1)
2 |p(F(x, y)—@(F(x, Y| < w(dz(F(x, y), F(%, ), for x,%xeX and
yeY for which

dZ(F(xi .V), F(fv ,V)) < ®.

If we assume that u(x,y) = @(F(x, ) (x,y)eX xY, then there exists a
function »q from the assumptions of Lemma 1.

Proof. Let 6, =46, and x4(8) = w(x;(d)) d€(0, o). Let us take any
partition n such that d(n) < d,, and fix any upper strategy e* e E* (n). It is
enough to assume that e~ (y) =f(e* (y)), where f is the function associated
with 7 according to the assumptions. Then

inf u(e* 00, ) <inf[u(r(e” 0 ) +w(de (Fle* 0.9 F (e 0. D))

< inf pe™ (), y)+x0(0(m)).

ye¥

This completes the proof.

Remark 4. Let us observe that in the above lemma the payoff
functional u can depend on yeY in a quite irreguler way.
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5.1. Game with constraints of controls

Now we shall present an example of an immediate application of
Lemma 3 to the study of a game in which the motion of player E is
described by a control system with constraints of controls.

Let us observe that the set Y may be completely unrestricted. For
example, it can consist of controls or trajectories of the player P. This
remark refers also to all examples from Section 5.2.

ExampLE 3. Let us fix any k, ne N and aeR" Let ¢g: [0, T]xR"xU
— R", where Uecomp(R*), be a continuous function such that:

1° there exists a 4 = 0 for which
¢b—a, g(t, b, u)) < A(1+]1b—all?)

for any te[0, T], beR" and ueU;

2 for each bounded set M c R” there exists a comparative function @
satisfying the inequality

llg(t, b, wy—~g(t, c, wll < w(t, Ib—cll)

for all te[0, T], b, ceM and ueU.
Next. let

a = min {||ul|: ue U},

and let f be any fixed number such that g > a2 T.
We assume that A = U and X is the set of all measurable functions x:
[0, T] — U satisfying the inequality

T
Jllx(s)I*ds < B.
o

R =(e#T—1)"?,
L=max{llg(t, b, w)ll: te[0, T}, beK(a, R), ucU},
and let £ be the set of all functions ¢: [0, T] - R", £(0) = a, such that
@ —&s) < Lit—sl, t,se[0, T].

Next, let us assume that Z=Z=xY (we do not impose any additional
restrictions on Y) and

dz((¢.y), €, ) = max [IE()-E @),

t0,T})
for (& 1, C NeZ.
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The function F: X x Y — Z is defined in the following way: for any xe X, let
¢ denote a solution of the equation

EF@W=g(t ¢, x@), (O =a, tef0,T],
and for any yeY we assume
F(x,y)=(, ).
As in Example 1 let us observe that
I€(®)—all <R for te[0, T],

and associate with M = K (a, R) the comparative function » according to
condition 2°. Let

Q(r) = max w(t, r).
10, T)

There exists a nondecreasing function n*: (0, oo) — [0, a0) such that n* ()
-0, 00, and

llg(t, b, uy—g(s, b, wll < n*(jt—si), t, se[0, T], be K(a, R), uel.

Let us take ro > O such that for any re[0, ro] there exists a maximal
solution v of the equation

v'(s) =ofs, v(s)), v(0)=r,

defined on the interval [0, T]. Let us denote this solution by v(r). Now, let
us choose any J,€(0, T] such that

4L5;+ Tn*(8)+Q(Lo2)] < 1o,
and for de(0, ;] assume
#3(0) = v(4L3 + T [n*(3)+ Q(LO))(T).

Let us fix any partition n of the interval [0, T] and assume that
o(m) < 6,.
Let u, be any element of the set U such that |Ju,| = 2 and let

(o re[0, ),
S X)) = {x(t_a(n))’ te(@(m), T},

for xe X.
We shall check condition a) from the assumptions of Lemma 3. In order
to do it, for any fixed xe X, we shall estimate the difference between

£ty = a+ [g(s, £(s), X(s))ds
L]
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and

E* (1) = a+[g(s, E*(5), S (%) (s))ds.

Let us fix any te[0, T]. If t < é(n) then
1€ ()= &* (O] < 2L(m) < %2(d(m)).

However, if te(d(n), T} then after standard calculations we obtain

IO —E* (Ol < 4L3(m)+ T [n* (3(m) + (L ()] + [ (s, € ()= &* ()} ds.
0
Hence

IE@—E* @ <x2(0(m)) for tel0, T].

One can readily prove that x, satisfies the remaining assumptions of Lem-
ma 3.

5.2. Game with control by trajectories

In this section games nearest to those of Varaiya ones [7, 8] will be
considered.

Let us assume that M = AxB, Z= X xY, and d, is any function d,:
A xA— [0, o). Assuming for (x, y), (X, NeZ,

dZ ((x’ .V), (ia 7)) = sup dA (X(t), i(t)),
t0,T}

Fix,D=(x,y), and pu(x,y) = o(x, y),
we obtain:
Lemma 4. If there exist: a function x;: (0,8,]—[0, ) and a

nondecreasing function w: [0, o) — [0, o) for which the following is true:
#2(6)—=0 and w (0)> 0 as 6 -0, and

1° for each partition m = {to, ty, ..., t,}, 0 =1to <t; <...<t,= Tof the
interval [0, T] with the diameter 0(n) < d, there exists a function f: X - X
such that

a) sup sup d,(x(1), f(x)(t)) < %2 (d(m),

xeX td0,T]
b) for each pair x, xe X,
f(x)ho.:l] =f(f)|[o.;1],

c) for each pair x,XeX and i =0,1,...,n-1, if o1 = Xlio,z;) then

S oy 4 1 =S Phos; 4 15
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2 |u(x, y)—p(%, | < w(sup d,(x(0), (), for x, Xe X and ye Y such
10,7T)
that

sup d,(x(1), X(1)) < oo,
140, T}

then there exists a function x, from the assumptions of Lemma 1.

5.2.1. Approximation condition

Let (A4,d,) be a metric space. Furthermore, let us assume that
trajectories from the set X are equicontinuous and x(0) = X(0) for x, Xe X.

THEOREM 2. If there exist a comparative function w and a complementary
Sunction ¢ having the following property:.

_ Jor any te[0, T) and x,, X,€ X, X, (1) # X, () there exists x} € X, x%|jo,)

= Xy|jo,y Such that for all x,€ X, x3lj0,; = X2lo,) and se(t, T) the inequality

d, (xf (s), x; (S))_dA (5‘1 (1), x, (t))
< [oft, do(x, @), x20)+e(s—1, dy (%0 (0, x2(0))] (s —0)

is true, and the payoff functional i is the same as in Lemma 4, then there exists
a function x, from the assumptions of Lemma 1, which results in the existence
of the value of the game G(X, Y, p).

Proof. Let us assume d((a, b), (@, b)) = d,(a, a), a, Ge A, b, be B. Then,
of course, d(z(0), 2(0)) =0 for all z, Ze Z, and the approximation condition
from Theorem 1 is satisfied. Let us define functions x,(d,f) and xo(5)
identically as in the proof of Theorem 1. Next, let us fix any partition n of
the interval [0, T] with the diameter d(n) <, and upper strategy
e* € E* (n). By employing the same methods as in the proof of Theorem 1
one can prove an existence of a strategy e € E™ (n) which satisfies the
condition

d(F(e™ (), )0, F(e* (), y)®) S %, (8(m), T), te[0, T}

(in this case y = y).

In order to construct such a strategy e, we should assume, in the
definition of the function Q;, that Q;((Xy, Jy), (X. §,)) is {for d(F (%,, 7,)(t,),
F(%3, 2)(t)) = {1 (8(m))) the pair (x}, ,), where x? is associated with ; and
x,, X, according to the assumption of Theorem 2.

ExamMpLE 4. Let us fix any aeR". Let G: [0, T] x R" — comp(R") be an
orientor field which is continuous (in the Hausdorff metric) and such that
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1° there exists a 4 > O satisfying the following inequality
¢h—a, uy < Z(1+1h—dll?)

for all beR" 1[0, T} and ueG, b):

2° for each bounded set M < R" there exists a comparative function w
fulfilling the inequality

D(G(t, b). G(t, ¢)) S w1, [Ib—ll)

for all re[0, T], b, ce M (by D we denote the distance in Hausdorff metric).
Let us assume that (A4,d,)=(R"||-l|). Let X be the set of all
trajectories x of the field G defined on [0, T] and satisfying the condition
x(0)=a.
If xe X then ||x(1)—-d| < (e**T—1)"2 =R, te[0, T]. Let

L = max !llull: ueG(t, b), te[0, T]). beK(a, R)!.

Now, let us associate with M = K(a, R) a comparative function w
according to the condition 2°. Let
Q(r) = may w(t, ).
140.T)
There exists a nondecreasing function #*: [0, o) — [0, o¢), n*(d) - 0 for
6 — 0, such that

D(G(t, b), G(s, b)) < n*(s—tl), t,se[0, T), beK(a, R).

Using the appropriate constructions carried out in the proof of the Filippov
theorem [2], one can prove that there exists a nondecreasing function
&: (0, o0) - [0, 20) satisfying the following conditions:

a) lim ¢(r) = 0;

r—0

b) for any te[0, T, be K (a, R) and ue G(t, b) there exists a trajectory
x of the orientor field G, x(r) = b, such that ||x'(s)—ul| < é(s—t) almost
everywhere on (t, T].

Identically as in Example 1 one can check that it is enough to take as
the complementary function

o(t, ) =6L2t/fr+((@)+3[n* 1)+ Q(L7)], 1, re(0, ).

5.22. Altermative way

In a further part of this section (A4, d,) denotes the metric space and
functions from the set X are equicontinuous. Let us fix any ae A and assume
that x(0) = a for xe X.
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For he[0, T) and xe X let

f(a, te[0, h,
x“”_{ﬂFML te(h, T).

TueoreM 3. If x,e X, for any he[0, 6¥] < [0, T) and xe X, then it may
be assumed that

3(2(6) = WX(é)’ 66(0’ T)-
where x, is the function from Lemma 4 and wy denotes the nondecreasing

modulus of continuity of the trajectories from the set X.

Proof. For any 8,€(0, 6*] and the partition n of the interval [0, T]
with the diameter d(n) < é, it is enough to assume

.f(x) = X,-(,n., Xe X.

Examrie §. (Sce also [5]). Let us assume that (A4, d,) is any metric space.
ac A is any fixed point of it and w*: [0, c0) — [0, c©) is a nondecreasing
function such that w*(6) - 0 when 6 - 0. Let X be the set of all functions
x: [0T] - A, x(0) = a, for which

d(x(9), x(1) S w*(s—t), s, te[0, T].
Obviously the assumptions of Theorem 3 are fulfilled.

ExaMpLE 6. Let a natural number n be given. Let us fix any element
aeR" and an orientor field G: R" - comp(R") such that OeG(a). Let us
assume that (A4, d,) =(R" || —|}) and X is the set of all trajectories x of the
field G defined on [0, T] and satisfying the condition x(0) = a. Next, let us
assume that X is nonempty and the trajectories from X are equicontinuous.

To use Theorem 3 it is enough to check that x,eX for all
he(0, 6*] = [0, T], which is obviously true.

ExaMPLE 7. Let us assume in the previous example that n =1, a = 0 and

{-1,0,1}, b=0,
G(b)={{1}, b>0,

(-1}, b <0.

Then according to Theorem 3 the assumptions of Lemma 4 are fulfilled.
However, in this example the approximation condition from Theorem 2
cannot be satisfied.

6. Krasovskii’s differential game with a dynamical system

Let M be a fixed set and let a function d: M xM — [0, o) be the
pseudometric. Let us fix any me M. Let Z be a nonempty set of functions
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z: [0, T]» M and let us assume that for any R > 0 functions zeZ such
that d(z(0), m) < R are equicontinuous. Next, for any te[0, T] let a function
F,: ZxX xY—Z be given. We assume that for z,ze2 and (x, y), (X, ¥
eXxY,

1° F(z, X, Mlio.n = Zlio,5
2° if X0,y = Xljo,y and yljo, = Flo,q then
Folz, x, Ylo.n = Fo(z, X, Mlo.ns
3 if d(z(0), Z(0)) = O then Fo(z, x, y) = Fo(Z, x, ).

For te[0, T}, ze2; x, %X, y, e Y we introduce the following
notation:

x(s), se[0,0),
x(s), se[t, T],

y(s), se[0,1),
¥(s), se[t, T],

(x <t \-\S'](S) = {

Y <H>(s) ={

and assume that
x{>xeX, y{)yel.

F(Fo(z, x, y), X, y t)¥) = Folz, x ()%, y (&> )
and
F(Fo(z, x, ), x ()X, §) = Fo(z, x ) X, y t> 7).

Moreover, let us fix a function ¢: Z — R and assume that for each
R = 0 there exists a nondecrgasing function w: {0,00) — [0, ), w(d)—0
as & =0, such that for -, zeZ if
d(z(0),m)<R and d(z(0),m)<R

then
l¢(2)— @@ < w(max d(z(1), Z(1))).
t0,T) :

Let
Z={zeZ: d(z(0), m) = 0}.
Let us assume that Z is compact in the sense that for each sequence z;e Z,
JjeN there exist a subsequence z;,, ke N, and zeZ for which
max d(z,, (¢), z()) -0 as k- .
t0,T]
(In this order it is enough to assume that the pseudometric space (M, d) is

locally compact in an analogous sense.)
Let q: [0, T] xZ —» X be any function such that q(t, 2} = q(t, 2), for
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any te[0, T] and z; ze Z, 2ljo.y = Zlo.g- Every such a function is said to be
the Krasovskii strategy for the player E.

For any partition n = {tg, t,..., 8.}, 0=ty <ty <...<t,=T of the
interval [0, T] we say that the trajectory ze Z is consistent with the function
g on the partition 7 (which we denote by the symbol = < g) if

z|[l,~,l‘+|]EFll~(Zi q(tia Z), Y)I[ll-,li+1], i= 0’ 19 ey n—1.

For R > 0 we denote by [q, n, R] the set of all trajectories ze Z consistent
with the function ¢ on the partition = which satisfy the inequality

d(z(0), m) < R.

Of course, the set [gq, n, R] is nonempty.

Next, let us denote by [¢] the set of all trajectories ze Z for which there
exist: a sequence x;, je N of partitions of the interval [0, T] with diameters
d(n)) tending to zero, a sequence R;, je N of positive numbers tending to
zero, and a sequence z;e[q, n;, R;], jeN such that

max d(z;(t), z(1)) >0 as j— .
1d0,T]

Obviously, we again have [g] # @, and d(z(0), m) =0 for ze[q])
We shall say that the strategy g secures the player E the result iR if,
for all ze[q],

o(z) = 4.

The least upper bound of a Ae R for which there exists a strategy g
securing player E the result 4 we call the lower value Vg (in Krasovskii’s
sense) of the game Gy (X, Y, ¢). Analogously we define the Krasovskii
strategies for the player P, the security of the result Ae R by these strategy,
and the upper value V¢ (in Krasovskii’s sense) of the game G.(X, Y, ¢).

If Vi, =V, we say that the game G4(X, Y, ¢) has the value ¥V (in
Krasovskii’s sense). Moreover, if there exist strategies securing both players
the value Vi then we say that Gx(X, Y, ¢) has a saddle point.

Finally, let us fix any zoeZ and assume that for (x, y)e X xY

F(x,y) = Fo(zo, x,y) and pu(x,y) = @(F(x, y).

6.1. Correlations between the games G(X, Y, u) and G, (X, Y, ¢)

LeMMA 5. For any ¢ > O there exist 6 > 0 and R* > 0 such that for each
partition n, 0(n) <90, of the interval [0, T}, any Re[0, R*] and each
ze[q, n, R] there exists a Ze[q] for which

max d(z(1), Z()) <e.
10, T}
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Lemma 6. For any Krasouskii strategy q of player E and the partition n
=g, ty, ..., al, 0=ty <t <...<t, =T of the interval [0, T] there exists
a strategy e~ ¢ E~ (n) such that, for any R > 0 and any ye},

F(e™ (»), y)elq, =, R].

Proof. It is enough to show that F(e™ (y), y)e[g, n, 0]. Let us fix any
Krasovskii strategy g and a partition n. Let x® e X denote any fixed element
of the set X. For any yeYand i=0,1,...,n—1 let

XD = xO 45 q(n, F(x9, y),
next, let us assume that
e” (y) = x".

By induction one can easily check that e e E™ (r). Moreover, it should be
proved that F(e™ (y), y)e[q, =, 0], ye Y. Let us fix yeY and assume that
z=F(e™ (), y). Obviously d(z(0), m) = 0. Next, let us take any i =0, 1, ...,
n—1. From the properties of the functions F and q follows

Ziptis = FO, P
= Fo(z0, x® (t:>q(ti, F(X*, y)), y <ti>.}’)|[t,'.tl+1]
= F,.(Fo(zo. X y), g(t;. F(x%. ). _v)l,,'._,,.+ .
=F, (z, q(tis 2, Wi, € Fy 2, a1, 2), Yl s 11

Thus the proof of Lemma 6 has been finished.

CoNcLUSION. If there exists a value Vi of the game Gy (X, Y, @) then
there exists a value V of the game G(X, Y, y) and V = V4.

Proof. Let us take any V;, V;e R such that V| < ¥, < Vg . Let q denote
a Krasovskii strategy which secures player E the result V,. Let £ > 0 be such
that w(z) < V,—V,. From Lemma 5 follows the existence of 4, R* > 0 such
that for the partition n of the interval [0, T], #(n) < 8, and Re[0, R*] if
ze[g, m, R] then there exists a Ze[¢] for which

max d(z(1), (1)) <e.
t0,T)
However, from Lemma 6 follows the existence of a strategy ¢ e E™ (n)

satisfying the condition F(e~ (3), y)e[q, n. R], ye Y. This being so, for each
ye Y there exists a Ze[g] such that

max d(F(e‘ 0, Y0, 2(0) < e.

10, T)
Hence

o(Fle (), y) = D)+ e(Fe™ (). y)—0(d) = Vi-wle) 2 V..

The remaining part of the proof is analogous to the above.
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6.2. Sufficient condition

Now we shall present a theorem which gives the sufficient conditions of
the existence of the value Fy of the game G.(X, Y, ¢). In the same way as
before, one can check the fulfilment of these conditions in the concrete
examples of games.

THEOREM 4. Let us assume that for any te[0, T], zeZ and £ > O there
exists @ 6 > O such that, for all ze Z, ze 2, xe X and ye Y if d(z(s), Z(s)) < 6,
se[0, t] then

d(F (z, x, W), F.(Z, x, () <¢e, selt, T).

Let us also assume that for any R > O there exist a comparative function ¢ and
a complementary function ¢ having the following property:

Jor any te[0, T), z,, z,€Z, d(z,(1), z,(1)) > 0, d(z;(0). m) <R, i=1,2,
there exist x*e X and v*eY such that for all xe X, yeY and se(t, T] the
Jollowing inequality holds

d(F,(zy, x*, Y)(9), F,(z;, x. y*)(5))—d(z, (1), z2(0)
< [oft, diz, @), 22@O) +e(s—t, d(z, (D, z, )] s—1)

is true.
Then there exists a value Vg of the game Gy (X, Y, @).

Proof. It is easy to show that all the assumptions of Theorem 1 are
fulfilied. Thus there exists a value V of the game G(X, Y. p).
Let e;, je N be a sequence of lower strategies such that

uley (), y) = V-1/j, yeY.

Next, let W denote the set of those ze Z for which there exist sequences j,e N
and y,eY, ke N such that

Fle ). ) 2z as k—cx.
[0.7)

The set Wis closed, and so it is also compact. We shall prove that it is E-
stable, i.e., that for each_te [0, T), ze Wand ye Y there exists a Ze F,(z, X, )
such that ze W, where F,(z, X, y) denotes the closure of the set F,(z, X, y).

Let us fix any te[0, T), ze Wand ye Y. There exist sequences j, € N and
y€ Y, ke N such that

Fle Owsn) 3 2 as k- oo,
(0.7)

Let us note that for each ke N there exists an x,e X such that

e, Dk < y) = €, () <> X
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Thus. we have
F e, (v 0> 9. 1 <> ¥) = Folzo, €5 (0 <D %o Y 8D )
= F,(Fo(zo, €5, (s %i): €, ) <O Xk, )
= F,(F (e, (0, %). €, 0 <t X0, y).

From the compactness of -F, (z, X, y) it follows that there exists a sequence
ki, ie N such that the subsequence F,(z, e (yi,) <t>Xy.)), i€ N of the
sequence F,(z, ¢; i ) <D x, v), keN is umformly convergent on [0, T] to

azeF,(z. X,y Smce

F(e,ii()’k,-), Vi) =z, i-— 00,
[0.7T]

we have

max d(F, (F(e,k (¥i)s Vi), 7 ;) <t %4, ¥)),

selt,T]
F.(z, €, () X, y)) =0, i co.
Furthermore, since
F, (F (e,-;‘_ (Vx,)s .Vk.-)’ e,;i ) <t %, Y)I['o.n =F (‘-’1;'. ) ,Vx,-)l[o.:]
and
F, (Z s ej;‘. (}’h,) 4 >xk,-’ J’)I[o.u = Zl[o.n,
the maximum may be taken for the whole interval [0, T]. This being so,

F(ej_k; (i <O V) W, <>Y) = F, (F("Ji,- i)y Yig): i, U <0 % y)[C;:;Tl &

and thus ze W.

Let us fix any R > 0 and associate with R the comparative function w
and the complementary function ¢ according to the approximation condition.
Let us take roe(0, R] and hy,e(0, ov) such that for any re[O, ro] and
he[O0, hy] there exists a minimal solution v of the equation

vis)=w(s, v(s)+h, v =r

defined on the interval [0, T].

Let us define v(r, h), , T.* and {; (i = 1, 2) identically as in the proof of
Theorem 1, and choose a positive number d, which satisfies the following
inequalities:

60 7;*1 i=

—
-

2,
{1(30)+ 2wr (o) < 19,
{2(30)+n(d¢) < hy,
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where wyp denotes a nondecreasing common modulus of continuity of
trajectories ze Z such that d(z(0), m) < R.
For 0e(0, d5] and te[0, T] let us assume

%, (5, £) = v({1 (3)+2wg (8), {5 (8)+71(8) (1)
and
%o(0) = W("l (3, T)),

where w is the modulus of continuity of the function ¢ associated with R. Of
course, %q(0)— 0 as 6 - 0.

Let us define the function g: [0, T] xZ — X as described below.
Let us fix any te[0, T] and zeZ. Let z,e W be such that

max d(z,(s), z(s)) = min max d(z(s), z(s)).
sef0.1] ZeW s 0.r]

If
d(z(0), m) >R or d(z,(1), z(t)) = 0,

then q(¢, z) is any fixed element from the set X. Conversely, if
d(z(0), <R and d(z,(1),z(t)) >0

then ¢(t, z) 1s any fixed element x* which is associated with t, z; =z and z,
according to the approximation condition.

One can easily check that the function ¢ may be constructed in such a
way that, in addition,

q(t, 2) = q(t, 2),
for any tre[0, T] and z, Ze Z such that
Zlou1 = Zljo.n-

Now, let us fix any partition 7 = tg,t;,...,t,},0=to <t, <...<t,=T
of the interval [0, T] with the diameter d(n) < é,. We shall check that
for each

ze[q, m, £, (8(m)+ 2wg (8(n))]

there exists a Ze W for which

d(z@r), 2(0) < % (0(m), T), te[0, T]. s
Let =¥ be any element from the set W, Then
d(z(0), 29(0)) = d(z(0), m)+0 < {; (8(m))+ 2wg (8(m)) = 3, (d(n), 0).
Let us assume that for any i =0, 1, ..., n—1 there exists a z?e W such that

d(z(1), 29(t) < %, (0(m), 1;), telO, ;].

3 — Dissertationes Mathematicae CCLI
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We shall prove that in this case there exists a z(*Ve W for which

d(z(1), 2" V() <, (0(m), t;44), tel0, ;4]
Let us take that z,e W which has been associated with ¢; and z in the
definition of q(t;, z). From the definition z, we have

d(z(1), z,(0) < d(z(®), 22(0) < %, (8(n), 1),  te[0, ¢].
If d(z,(t), z(t)) <, (8(m)) then we assume
PARELEE
Then, for te[0, t;],
d(z(t), 24 V(1) < %, (0(m), 1) < 3, (0(m), t;4 1),

whereas, for te[t;, t;4 ],

d(z (1), 24" D) = d(z(1), 22(1)) S £, (O(m)+ 2wg (1 — ;) < %1 (0(m), ti4y),
and so

d(Z(t), Z(H-l)(t)) < x, (6(7[), ti+l), tE[O, t|'+l]'

Conversely, if d(z,(t), z(t)) = £, (0(m)) then also d(z,(t), z(t;)) > 0, and
we associate with ¢t =1¢;, z, =z and z,, according to the approximation
condition, such x*e X and y*eY that x* =q(t;, z). The set W is E-stable,

and thus for t =¢;, z =2, and y = y* there exists a Ze F, (z,, X, y*) such
that ze W. Let us assume

20+ = 7,
Then there exist sequences x;e X, zer, jeN such that

i+1 :
2z} = Fy (22, x; y*)w:rnz" ' as jooo.

Let us note that
Fx,~ (22, x; y*)|[o,:,-1 = ZZl[O.x,-]
and thus
20* 1)|[o,:,~1 = Zalto,y5
hence, as before, for te[0, ¢;],

d(z(1), 28T V(1) < %, (0(R), i)

However, if te(t;, t;+,] then we shall take advantage of the fact that z < g,
owing to which there exists a ye Y such that

zl[Ii,li+ 1] = Fl( (Z’ q(tl" z)’ y)'[ll'.l,'+ 1]'
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As in the proof of Theorem 1, on the basis of the approximation condition,
for any je N we obtain

d(z(0), 22 () —d(2(t), 2} ()
= d(Fl‘(z’ q(tb Z), ,V)('), F.‘.(Zz, X’, y‘)(’))—d(z(tl)’ Zz(f,-))
< x, (a(n’, t) < g (3(1!). L+ l)'

Thus we have proved by induction that for each i =0, 1, ..., n there exists a
2" e W such that d(z(1), 2 (1)) < x,(8(n), t;), 1[0, t;]. Now we only have to
assume that- Z = z™,

From the fact proved above it follows that ¢(z) > V—x4(d(n)), for
ze[q, 7, {, (0(W)+2wx(d(m)): In an analogous way one can prove the
existence of the Krasovskii strategy § of player P for which the fact that
ze[d, n, {, (d(n))+2wx (8(m))] implies @(z) < V+x0(d(n)). Thus, there exists
value ¥V of the game G4 (X, Y, ¢). Obviously, the strategies g and § point to
the saddle point of the game.
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