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Abstract

The aim of this paper is to present an elementary, self-contained introduction into some
important aspects of the theory of global, small, smooth solutions to initial value problems for
nonlinear hyperbolic equations of thermoelasticity theory. This system of equations is a new one
describing thermoelastic solids in the three-dimensional space. It describes the propagation of
thermal perturbations with finite velocity.

The theory is presented using the classical method of continuation of local solutions with
the help of a priori estimates obtained for small data.

The corresponding global existence theorems have been proved using the LP-IY time decay
estimates for the solution of the associated linearized problem. The L’-LLY time decay estimates
were obtained by constructing the matrix of fundamental solutions to the linearized system of
equations of thermoelasticity theory with the help of the Radon transform or by providing the
fundamental solution for the linearized system of the hyperbolic heat equation by the Hérmander
method.

This approach to the LP-IL? time decay estimates based on the Radon transform is new; we
indicate some possibilities of extending it.



1. Introduction

The investigation of existence of global-in-time solutions to initial value problems
under small initial data (in the sense of norms in Sobolev spaces) for nonlinear partial
differential equations has been extensively developed during the years 1980-1990. It was
begun in 1980 by S. Klainerman [73]. He proved the existence of a global-in-time solution
to the following initial value problem for the nonlinear wave equation:

(L) Oy = F(Vy, DVy),
(1.2) y(0,2) = h(z), (Bwy)(0,z) = g(x),
where
y=y(t,z), (t,z)eRy xR, 9 = %,
S 9
_ 52 . 9 B
Oy=0y— Ay, A=Y 0% 8= G

j=1
Dy = (01y,...,0,y) is the spatial gradient,
Vy = (0yy, Dy) = (0vy, 01y, . . ., Ony) is the time-spatial gradient
under the assumption that the initial data are small enough and that in some neigh-
bourhood of the origin,

(1.3) F(U) =0(UJ*)

for the space dimension n > 6. In 1981 F. John [59] proved a theorem on the blow-up
in finite time for the solution to (1.1)—(1.2) in R® under the assumption that F is given
by (1.3)

S. Klainerman and G. Ponce [79] proved the existence of a global-in-time solution to
(1.1)=(1.2) in R™ (where n > 3) under the assumption that

(1.4) F(U) =O(UP).

In 1982 analogous theorems were proved by J. Shatah [122] for the nonlinear heat
equation, nonlinear Schrodinger equation and nonlinear Klein-Gordon equation using a
more general functional analytic setup.

In 1985 S. Klainerman [75] proved the existence of a global-in-time solution to (1.1)—
(1.2) in R?® under the assumption that

(1.5) F(U)=0(|U)

using the techniques of Lorentz invariants and a special assumption about the nonlin-
earity, the so-called null condition, which is sufficient to prove the existence of a glo-
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bal solution for quadratic nonlinearities in R3. F. John [60] proved that there exists an
“almost global solution” to the following initial value problem:

(1.6) Uu = C™ (Du) D, Dsu,
(1.7) u=cf(x), Dou=cg(zx) fort=0xcR>
where

-DO = ata Dm = Om,

(1.8) Oix = 6ix D3 — (c36,50ik + (¢ — ¢3) 8,i0s) Dy Ds, i kyry s =1,2,3.
Here C° are matrices with elements C7’ depending on the space gradient Du and satis-
fying

i (0) =0,  Cj(Du) = Cfi (Du),
where C}f(Du) are of class C> and have bounded derivatives in R? (Du will be restricted
here to a small neighbourhood of the origin), € is a positive constant, the vectors f and ¢
belong to CP(R3), ¢2 = (A+2u)/0, ¢3 = u/o, A, pv are Lamé’s constants, g is the density
and 4, denotes Kronecker’s symbol.

John obtained the following result: There exist positive constants A, B, eq (depending
on f, g, CI?, but not on €) such that a C* solution u(t,z) of (1.6), (1.7) exists for

(1.9) 0<t< Bexp(l/(As)), z€eR3,

provided £ < €.

The slab described by (1.9) (in which u exists) is exponentially large for small €. We
say that u exists almost globally.

R. Racke and G. Ponce [112] proved the existence of a global-in-time solution in R?
(for small data) to the following initial value problem of classical thermoelasticity (the
so-called hyperbolic-parabolic thermoelasticity):

92 u — ((2p + \) grad div —p curl curl)u + grad © = f*(Du, D*u, 6, DO),
0,0 — AO + div Oyu = f*(Du, Ddyu, D*u, 0, DO, D*6),
u(0,2) =u’(z), (Qu)(0,2) =u'(z), O(0,z)=06"x),

where (t,z) € Ry x R3, w=u(t,z) = (ul(t,z), u?(t,z), u3(t,z))* is the displacement
vector of the medium, and © = O(t,z) is the temperature of the medium; we assume
that, near the origin,

FHw)=0(wl),  f*(w) =O0(jul’) + ©46.

The aim of this paper is to prove the existence of a global-in-time solution to initial
value problems for a new nonlinear hyperbolic PDE system describing thermoelastic solids
in the three-dimensional space (the so-called temperature-rate-dependent thermoelastic
solids).

It is known that the classical thermoelasticity theory leads to a parabolic differential
equation for temperature distribution in rigid heat conductors. This implies that thermal
perturbations are felt instantaneously (cf. [99], [5]) in every part of the body. Although,
at first sight, this outcome of the theory seems to contradict the physical intuition, it can
be justified by resorting to the fact that molecular motion, which plays a crucial part
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in transport phenomena, is very rapid except at extremely low temperatures. Hence a
finite velocity of propagation for thermal perturbations is usually nonobservable unless
experiments are performed in some neighbourhood of absolute zero as in the case of liquid
helium. In fact, thermal waves, commonly known as second sound, are detected in some
metals cooled approximately down to 20°K. For a short survey the reader is referred to
the works of Ackerman and Guyer [1], Taylor et al. [140] and Jackson and Walker [50].

Below, we shall describe a theory of thermoelasticity [138] by considering the tempe-
rature rate dependence and assigning an appropriate constitutive function to the entropy
flux. Such a theory leads to a hyperbolic differential equation for thermal perturbations
different from the equation describing propagation of thermal perturbations in classi-
cal thermoelasticity (which is a parabolic equation). One approach is to include the
temperature rate among the constitutive variables, which results in the presence of the
second order time derivative of the temperature field in the energy balance. However,
the Clausius—Dithem inequality, in the form employed up to now, eliminates the tem-
perature rate dependence from all the constitutive functions except for the constitutive
function of heat flux. Hence, in order to obtain a properly posed theory for temperature-
rate-dependent thermoelastic solids we have to resort to an entropy principle in its full
generality presented in [19,98]. Such a theory of thermoelasticity was proposed by Miiller
in [98], who advocated rather special constitutive relations for the entropy supply in rigid
conductors which are simple generalizations of the conventional form. Suhubi [138] exten-
ded his results to thermoelasticity theory and obtained a hyperbolic system of equations
describing temperature-rate-dependent thermoelastic solids.

The aim of our paper is to investigate the (global-in-time) solvability of initial value
problems for the nonlinear hyperbolic PDE system describing thermoelastic solids in
three-dimensional space.

We prove the existence of global-in-time solutions for small data in suitably chosen
Sobolev spaces, for two variants of this system:

1) The coupled nonlinear hyperbolic PDE system describing the temperature-rate-de-
pendent thermoelastic solids under the assumption that the coefficients in the nonlinear
terms are smooth functions of their arguments (which are first order derivatives of the
unknown functions u!, u?, u® and T') and behave near the origin like O(|n|*°) for ko > 2.

2) Nonlinear hyperbolic heat equations describing the propagation of thermal pertur-
bations with finite velocity in a rigid heat conductor (i.e., a material whose deformations
are negligible in the analysis of temperature) under the assumption that the coefficients
in the nonlinear terms are smooth functions of their arguments which are first order de-
rivatives of the unknown function © and behave near the origin like O(|n|*) for ky > 2.

First, using a suitable transformation, we reduce the above initial value problems to
equivalent one for quasilinear first order hyperbolic PDE systems. Applying the local
existence theorems for those systems we get the existence and uniqueness of solutions to
the initial value problems in a finite time interval. Basing on the matrix of fundamental
solutions of the linearized system (in case 1) and the Radon transform, or on the funda-
mental solution (Hérmander’s theorem) of the linearized equation (in case 2) and using
a convolution type representation of the local solutions we prove a priori energy estima-
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tes with constants independent of time. This enables us to extend the local solutions to
global ones. The energy estimates also yield the asymptotic behaviour of the solutions as
t — oo.

1.1. Main Theorem 1.1. We first consider the following initial value problem of
hyperbolic thermoelasticity (cf. [29]):

(1.10)  00*u — pdAu — (A + p) graddivu + Bgrad 0,7 = F(Vu, VT, DVu, DVT),

(1.11) or0?T — kAT + Bdiv dyu = Q(Vu, VT, DVu, DVT),
with the initial conditions

(1.12) uw(+0,2) =u’(z), (Opu)(+0,2) = u'(x),
(1.13) T(+0,2) =Tx), (0:T)(+0,2) = T (z),

where u = (ul(t,z),u?(t,z),u3(t,z))* is the displacement vector and T' = T(t,x) is
the temperature, both depending on ¢t € Ry and x € R3. Here 9y = 9, = 9/,
0; = 0/0z;, A = 23:1 6?, where o, pu, A\, 8, 7, k are positive physical constants,
ul(x),ut(z), TO(z), T*(z) are given functions, the asterisk denotes transposition and
div stands for divergence with respect to x. Moreover, Vu = (9yu, O1u, O2u, d3u)* and
VT = (0;T,01T,0:T,05T)* denote the space-time gradients of v and T', while Du =
(01u, Dau, O3u) and DT = (01T, 0.1, 05T) denote their spatial gradients.
We assume that the nonlinear terms in (1.10), (1.11) have the following form:
3
(1.14) Fj(Vu,VT,DVu,DVT) = > @jkmn(Vt, VT)00pu"

n=1
k,m=0

3
+ ) EGm(Vu, VT)0,0,T,  j=1,2,3,
m=1
3
(1.15) Q(Vu, VT, DVu,DVT) = > @;(Vu, VT)9;0,T

4,k=0
JHk#0

3
+ > EGm(Vu, VT)00m?,  j =1,2,3,

j=1
m=1

where ajkmn, Cim, ;1 are C* functions of n € R'® such that, for some ko > 2,

(1.16) |ajkmn ()] = O(In[*),
(1.17) @i (m)| = O(In|*),
(1.18) Gjm ()] = O(In|™),

for |n| < 1 and satisty the following symmetry conditions:

Ajkmn (7)) = Anmkj (77),
(1.19) aji(n) = ar;(n),
Ejm(n) = Emj(n) for n € RS,
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We shall prove the following main theorem about the existence and asymptotic beha-
viour of global solutions.

THEOREM 1.1. Let s > 10 be an integer and p = (2kg +2)/(2ko + 1) (ko > 2 is given
by (1.16)—(1.18)). Suppose that

(1.20) (u', Du®, T, DT®)* € W*2(R3) N W*P(R3).
Then for a sufficiently small positive constant &, if
[(u', Du®, T, DT®)* ez rey + l(u', Du®, T, DTO)* |gyen sy < 0

then there exists a unique smooth solution (u,T)* to the Cauchy problem (1.10)—(1.13)
under the assumptions (1.19) with the following properties:

Vu € €°((0,00), W (R) N1 €1([0, 00), W H2(RY)),
VT € C°([0, 00), W*2(R3)) N C(]0, 00), W~ 12(R3)).
Moreover,
IV 0(t) e sy = Ot/ o1y,
VT (1) e sy = O(¢ 0/ Kot 1)),
[Vu(t)lpasz@sy = O(tFo/ (ko+1)),
||VT(t)||]L2k+2(R3) = O(t*kO/(koJrl))’

23y = O(1),
VT (t) |2 msy = O(1).

<
s
=

1.2. Main Theorem 1.2. We now consider the following initial value problem for a
nonlinear hyperbolic heat equation (describing the propagation of thermal perturbations
with finite velocity in a rigid heat conductor, i.e., a material whose deformations are
negligible when analysing its temperature) (cf. [16]):

3 3

(121) 970 +2md, 0 —a”A0 = > a;(VO)D;0,0 + 2 a;0(VO);0; 0,
k=1 j=1

(1.22) O(+0,z) = 6%x), (0:0)(+0,z) = O (x),

where (t,z) € Ry x R?, © = O(t, x) is the temperature of the medium,

(1.23) Vo = (0,0, DO)*, DO = (0,0,0,0,050),

m and a are positive physical constants given by 2m = ¢/7 and a? = k/(o7), where o
is the material density, c is the specific heat, k is the conductivity coefficient and 7 is
the relaxation time (cf. [16], [138]). We assume that the coefficients a;, € C>(R*) are
symmetric in j,k =0, 1,2, 3 with a;%(0) = 0 and that there exists v > 0 such that for all
¢ € R? and all VO with |VO|L=~ < Ry we have

3
(1.24) A6+ ) apn(VO)E & > viE,

k=1
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where
(1.25) laji ()| = O(In|*)
for |n| < 1 and some ko > 2.

THEOREM 1.2. Let s be an integer > 10 and p = (2ko + 2)/(2ko + 1), where kg > 2 is
given by (1.25). Suppose that

(1.26) (6, DOY)* € HE(R?) N W*P(R?).
Then for 6 > 0 small enough, if
(1.27) l(e*, De%)|

He=(R3) + ||(91, D@O)*st,p(RS) <4

then there exists a unique smooth solution @ to the initial value problem (1.21)—(1.23)
under the assumption (1.24)—(1.25) with the property

(1.28) Vo € CY(]0, 00), H¥(R?)) N C'([0, 00), H*1(R?)).
Moreover,
IVO (1) [l zs) = Ot/ Glhot 1)),
(1.29) [VO(t)ll2k0+2ma) = O(t—3ko/(2(ko+1)))7
[VO#) L2 rs) = O(1).

The paper is organized as follows.

In Section 2 we describe the Radon transform and its application to the construction of
fundamental solutions of hyperbolic homogeneous differential operators of order m having
characteristic polynomials with multiple zeros. Each zero is assumed to be of constant
multiplicity. We also describe the construction of a matrix of fundamental solutions of a
hyperbolic PDE system with constant coefficients.

In the next section we prove LP-ILY time decay estimates. Section 4 presents the local
existence theorems for solutions to the initial value problems. Section 5 is devoted to the

proof of energy estimates. Finally, in Section 6 the proofs of the main Theorems 1.1, 1.2
are presented and some applications of the above method and results are indicated.

2. Radon transform

2.1. Definition of the Radon transform

DEFINITION 2.1. The Radon transform of a function f € S(R™) is defined as follows
(cf. [107), [64], [24], [42]):

(2.1) S xRS (w,8) = (BRf)(ws) = [ fly)dy,

where S"~! is the (n — 1)-dimensional sphere with centre at 0 and radius 1, and S(R")
is the Schwartz space of test functions.
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Main properties of the Radon transform

(P1) f F©)d(s — yw) dy,

(P2) Rf(_wa _5) - Rf(wv S),

(P3) R(0"f) = w0 RY,

P4 FHE) = (202 [ e—islél(p < £ )

(P4) F(€) = (2m) i e

where 0, = d/ds, b = (by,...,b,) is a multiindex, w® = Wb ... wbr, F is the Fourier

transform, and f € S(R™).
Now, we present the fundamental theorem about the connection of the Radon and

Fourier transforms.

THEOREM 2.1. Let f € S(R™). Then the equality f = FL[Ff] can be written in the
form

(2:2) f =Rk« Rf),
where
(2.3) R (k™D « Rf) (@) = [ (k" % Rf)(w, o) dw,
|w|=1
(2.42) (Ko 5 Rp)w,2) = [ [0 Vkg) (o - — $)RF (o)) ds,
i.e.,
(2.4b) Rk 5 Rf)(2) = [ [0 Dkg) # Rf)(w, 5) ds] dow
Snfl
= f [ jo(a§”+®kq)(x ‘w—35)Rf(w,s) ds} dw
or v
(2.4c) fG) = f (kénﬂ) * Rf)(w, w) dw,
Sn71
where
—Lnnlfll' for n even,
(2.5) RS s — ky(s) = ijgén(s)‘f
m for n odd,

and q is a positive integer of the same parity as n.

THEOREM 2.2. For all f € S(R™),

(2.6) fla) = AP+D2 [ (kg 5 Rf)(w, 0w) dw = A2 Rk  RY),
Sn—l
where A ="

117
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2.2. Remark. The following formula holds:
(2.7) §(z) = An+a)/2 f kq(zw) dw.
|w|=1
DEFINITION 2.2. The linear partial differential operator
(2.8) P,0) = Y a0,
[b]+l=m

with constant coefficients a; is called hyperbolic with respect to t if its characteristic
polynomial P(£,7) has m real zeros in 7 for every real €.

If the zeros are all different for every real £ # 0, then the operator P(9,d;) is called
strongly hyperbolic with respect to t.

Using the Radon transform one can construct a fundamental solution E of the strongly
hyperbolic differential operator P(9,d;), i.e., a distribution E on R™ x R! such that

P(0,0:)E(x,t) = 0(z,t).
We recall this construction. The first step is to construct explicitly in the half-space
t > 0 a solution u of the Cauchy problem
P(9,0)u(x,t) =0 for t > 0,
(2.9) du(z,04) =0 for | =0,1,...,m—2,
O tu(z,04) = ().
For this purpose we use the Radon transform and the formulae (P1-P4) to reduce to
the auxiliary Cauchy problem
P(w0s, 0¢)Ru(w, s,t) =0 for t > 0,
(2.10) O Ru(w, s,04) =0 forl=0,1,...,m—2,
O Ru(w, 5,04) = 6(s).
Convolution with %k, (cf. (2.5)) gives
kq * P(w,0s,0¢) Ru(w, s, t) =0, t>0,
k% 0! Ru(w, s,0+) = 0, 1=0,1,...,m—2,
k% 0" ! Ru(w,s,0+) =k, * 6(s),
because kq * 0(s) = kq(s). Then
P(wds, 0) U(w, s,t) =0 for ¢t > 0,
(2.11) oNU(w,s,04)=0  forl=0,1,...,m — 2,
O U (w,s,04) = ky(s),
where
Uw,s,t) = (kg * Ru)(w, s,t) = jokq(s — 0)[Ru(w, 0,t)] dé
—o0

(compare with (2.4a)).
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Since the operator P(9,d;) is strongly hyperbolic, we can write

m

P(w,m) = [](r = mw)),

j=1

13

where 7 (w) < ... < Typ(w) are the zeros of P(w, 7). Then the first equation of (2.11)

reads
m

110 = 7(w)d.) Uw,s,t) =0 fort>0
j=1
and the general solution is

(2.12) Uw,s,t) =Y fuls + m(w)t),
j=1

where f;, € C™(R) are arbitrary.

The construction of the solution of the Cauchy problem (2.11) is based on (2.12) and

on the following well known

LEMMA 2.1. If a polynomial P(w,T) of degree m has m different zeros in 7 (i.e. the

operator P(0,0;) is strongly hyperbolic), then
iﬂ {o for 1=0,1,...,m—2,
j=1

— Pl(w,mj(w)) |1 forl=m-—1

This follows from a simple evaluation of the Cauchy integral.

LEMMA 2.2. The function

m

(2.13) U(w,s,t) = Z

j=1

ki]+m—1 [S + Tj (W)ﬂ
Pllw,7(w)] 7

with kqim—1 given by (2.5), is a solution of the Cauchy problem (2.11).

Proof. Putting
kgim—1[s + 1j(w)t]

fils w7t = =5 o]

we see that U satisfies the first equation of (2.11). Now, we check the initial condition:

forl=0,...,m—2,

" olk _1[s + 7 (w)i]
! o
0,U(w, s,0+) = Z : qP;[w,Tj(w)j]

j=1 t=0

m l
:E:ﬁWWﬁm4B+WWM

= Plen@l |

:iawwww>
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For I = m — 1 we have
O MU (w,s,04) = k(D 1= KT, (9),
but
Byt 1 () = ko (s).
which follows from the formula for ky(s). m
Since U(w, s,t) = (kq * Ru)(w, s,t), we have the solution of the problem (2.9), in the
form
(2.14) u=AMTD2R(k, « Ru) = An+9)/2 f (kg * Ru)(wz) dw
|w|=1
— Alnta)/ f U(w 1) dw.
|w|=1
Now, the last step consists in demonstrating that the distribution
(2.15) E(x,t) = e(t) u(z,t),
where u is given by (2.14) and
0={5 miZo
is a fundamental solution of P(9,d;). The proof is very easy and is left to the reader.

Thus we have the following

THEOREM 2.3. If a homogeneous differential operator P(9,0;) of order m is strongly
hyperbolic with respect to t, then it has a fundamental solution E given by (2.15).

Now, we adapt the above construction to a more general case, where the characteristic
polynomial has multiple zeros (in 7). Each zero is assumed to be of constant multiplicity.
In this case we have

(2.16) ﬁ (1 — 75w

where
(2.17) nw)<...<7pWw), p<m, r+...+r,=m

The first step is the same as above. By using the Radon transform and then a suitable
convolution we reduce the Cauchy problem (2.9) for the operator P(9, 9;) hyperbolic with
respect to t to the auxiliary Cauchy problem (2.10) and then to the problem (2.11).

Next, by (2.16), the first equation of (2.11) can be replaced by

P
(2.18) [0 = 75(w)2) U(w,s,t) = 0.
=1
LEMMA 2.3. The solution of the equation (2.18) is given by
p rp—1
(2.19) Ulw,s:t) =Y >t frals + me(w)t),
k=1 d=0

where frq are arbitrary differentiable functions on R (cf. (2.12)).
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Proof. The proof goes in the same way as that of Lemma 2.2, with

T —1

(2.20) fe(s + m(w thfkd s+1(w)t), k=1,...,p.
d=0

LEMMA 2.4. If a polynomial P(w,T) of degree m has p different zeros with constant
multiplicities (see (2.16)), then

l

221 Z { I 1)!](%1)

k=1 J 17J75k(

Z=Th(w)
_JO0 forl=0,1,...,m—2,
11 forl=m-—1,

where [...]0=1) = jzrf'k_,ll [..].

The proof goes in the same way as the proof of Lemma 2.1.

LEMMA 2.5. If the characteristic polynomial P(w,T) of the hyperbolic homogeneous

operator P(9,0;) of order m has p zeros 11(w),...,T,(w) with constant multiplicities
T1,...,Tp for w # 0, then the formula
sl ’“e‘1> Bytm-d—1(s + 7e(@)t)

(2.22) Ulw, s,t) Zth d

e=1 d=0 Dt f:l,j;ée(z_Tj(w))rj](”*dfl)|z:Te(w)’

where Kgrm—d—1 is given by (2.5), gives a solution of the auxiliary Cauchy problem (2.11)
for the hyperbolic operator P(wds, Oy).

Sketch of proof. Tt follows from (2.22) that the function U satisfies equation
(2.18) for t > 0. Taking the derivatives of U with respect to ¢ and then letting ¢t — 0+
we see by Lemma 2.4 that U satisfies the initial condition of the Cauchy problem (2.11).
This completes the proof.

Now it is easy to see that under the assumption of Lemma 2.5 the auxiliary Cau-
chy problem (2.11) can be solved by the formulae (2.22). As an immediate corollary
from (2.14) and (2.15) we have the following

THEOREM 2.4. If the homogeneous operator P(9,0;) of order m is hyperbolic with re-
spect to t and its characteristic polynomial P(w,t) has p zeros with constant multiplicities
for w # 0, then the formula

(2.23) E(x,t) = e(t)An+a)/2 f U(w,wz, t) dw,

Jw]=1
where U is given by (2.22), gives a fundamental solution for P(0,0;).

In mathematical physics, matrices of fundamental solutions for hyperbolic systems
are more important than fundamental solutions for hyperbolic operators considered in
this section.

Now, we describe the construction of a matrix of fundamental solutions for a hyper-
bolic PDE system with constant coefficients.
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Let Pj;(0,0%)j=1,..,n be a system of linear hyperbolic partial differential operators
of the form

(2.24) Pu(0,0,) = Y a0, jl=1,...,N,
|b|+1=m

with constant coefficients a7, Let
(2.25) P(§,7) = det(Pu(§,7))

Assume that P(£, 7) has p real zeros 71 (£), . . ., 7,(£) with multiplicities 71, ..., 7, respec-
tively, and 71 4+ ... + 7, = mNN, when p < Nm.

DEFINITION 2.2. A matrix E(z,t) = (Eji(z,t));; is called a matriz of fundamental
solutions for the system (P(0,0;))ji=1...,.n if

(226) ij(a,&g)Ekl(x,t) = j15($7t), j,l: ].7...7N,

in the sense of distributions, where §;, denotes the Kronecker symbol and 6(z,t) is the
Dirac function.

The construction of the elements Ej;(z,t) is divided into three steps:
I. Using the Radon transform we solve the Cauchy problem
(2.27) P(0,0,)W(x,t)=0 fort >0,
(2.28) OW(x,+0) =0 forl=1,....,m—2; 0" 'W(z,0+) = dé(x),
where P(0,0;) is given by (2.15).
IT. The solution W (x,t) of (2.27), (2.28) yields a fundamental solution
(2.29) E(z,t) = e(t)W(x,t)
of P(0,0;).
ITI. Acting on E(x,t) by the adjugate matrix P%(3, ;) of (Pj1(0,0¢))j,1=1,....N We get
the desired matrix E(x,t):

(2.30) Ejl(‘rv t) = del (0,00 E(z, 1),
where
(2.31) Pﬁ(fﬁ) = (=1)7 det[Pig (&, 7)]istj k1

2.2. Basic notation and formulae. We shall use the following notations:
O\“ olel
Dy =Dzl Dg2...Dgr for (Z?x) = m
with @ = (a1, ...,a,) € (NU{0})3.

L?(R™), 1 < p < oo, denotes the space of p-integrable functions with the L, norm.

L>°(R™) is the space of essentially bounded measurable functions on R™ with the
€sssup norm.

Here for 0 < s < 00, 1 < p < m we denote by W#P(R"™) the usual Sobolev space with
the norm || - |lwsp@ny (cf. [2], [134]); W*P(R™) = LP(R™) with the norm || - [|Lr®n);
W#2(R") = H*(R"). The norm || - L7, (rny stands sometimes for the Sobolev norm
| - llws.p(rn)- Instead of W*P(R") we write LE (R").
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Let X be a Banach space and I an interval. The C*(I, X) (I > 0, an integer) denotes
the space of [ times continuously differentiable functions f on I with values in X. We
recall the definition of mollifiers. Let J be a nonnegative real-valued C3°(R™) function
with J(z) = 0 if || > 1 and [, J(x) dz = 1. For example, we may take

1 .
() = {Cexp (W) if |z| < 1,

0 if |z| > 1.

If e > 0, then the function J.(z) = e "J(z/¢) is nonnegative, belongs to C3°(R™) and
satisfies J.(z) = 0 if |z] > ¢, [z (:n = 1. J; is called a mollifier and the convolution
(2.32) Joxu(x) = f Jo(2 = y)u(y)dy,

Bn

defined for a function u for which the right side of (2.32) makes sense, is called a mollifier

of u. Below, we give some properties (cf. [90]) of mollification which we use in our paper.
If u € H*(R™) then

(2.33) Jexu € CPR")NH(R™), |lu— Je *ul

ms — 0 ase— 0.
If u,v € H*(R™), then

(2.34) | Je * (uDLv) — u(J. * Dlv)|

ms — 0 ase—0.
We use the following Sobolev imbedding theorems (cf. [2], [134]):

WeP(R") — CK(R™) if s > k+n/p,
1<p<g<oo
(2.35) WSP(R™) s WHO(R™)  if { s> t,
1/a> 1/p— (s~ )/n.

LEMMA 2.6 (Gronwall’s inequality). If y € CY(R) satisfies

(2.36) Yy < qt)

dt
for p,q € C°(R), then

y(t) { )+ fq eXp(fp dT)dU} eXp(— fp(T)dT) fort > 0.
0

We also use the formula for the partial derivative of order a (o = (a1, g, a3), |a] = )
for the composite function a(V(z)) (where V(z) = (Vi(x),..., Vin(x)) is a vector function
with m components, depends only on x € R3) of the following form:

(2.37)  Dlovozas) g = DWiAnlg

6l o
(al'az'ag,')(v(l 0, 0)) <1 0,0) . (V(Ls/2J ,0, 0)) (L /21,0,0) (V<f s/27, 00)) (r /21,0,0) (V(O 0, s)) (0,0,s)

)

(Kt {10 0)) (k(o 0. ))l .(1!0t0") (1 0,0) ..(1!0!0!) (1 0,0) ...(0!0!s!) (0 0,5)...(0!0!s!) (0 0,s)
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where summation is over all Ay, ..., A, satisfying

A1+A2+...+Am§8,
Al == k'(117070) + P + k%1’171) + P + k(15’070) + .. + k(lo)&o) + P + k(10’075)’

Ay = k(21,0,0) +...F k%l,l’l) +...+ k(2s,0,0) +...+ k?o,s’o) 4.+ k(20,o,s)v

Ay = k(’io’o) + ...+ kzyll,l,l) + ...+ k?;o’o) + ...+ kzg,s’o) + ...+ kzg,o,s)v
Wk{io0) - T kGoo + - +kiosy+- +E{0s 1)
+2(kfa00) + -+ K300 T+ h0e 2t hBos2)
+ [8/2) (k([s72),0,0) F - - T k{Tsj21,0,5— 1s/2)))
+ [8/21(k{rs/a1.00) + -+ + E{Esj21,0,0—1s/21) + - -+
+5(k(s00) + -+ Elo0) = 1,
1(14;(10)1,0) o ko) Tt k(lo,1,s_1) o kG so))
+ 2(k(1072)0) o A kG et k(lo,ls_g) o ko5 9))
+ [8/2)(K{o. s/2).0) T -+ K(0. s /2] - s/2]))
+ [8/21(K(o,15/21,0) + - -+ K(6.1s/27,0-s/27) T -+
+ S(k(lo,s,o) o+ kG0 = a2,
L(k{po1y + - T koo + - +kos 11y +- +EG o 11)
+2(kfo02) + -+ Kooz T+ Koa o2+ ks 22)
+ 18/2)(K(o,0,s/2)) F -+ - T K85 5/2), 15/2)))
+ 5/21(Ko0,15/27) F -+ - KB ,s—s/21,7s/21.09) T -+
+5(k(o.0.5) -+ EGos) = s

The proof of (2.37) is based on the Taylor formula (cf. [121]).

3. LP-LY time decay estimates for the Cauchy problem
for hyperbolic thermoelasticity

3.1. Matrix of fundamental solutions for linear hyperbolic thermoelasticity.
The system describing an isotropic and homogeneous thermoelastic medium in three-di-
mensional Euclidean space (cf. [24], [138]) is

(3.1) 002u — pAu — (A + p) grad divu + Bgrad 8;T = 0,
Bdiv dyu + o10?T — kAT = 0.



Global solutions in nonlinear thermoelasticity 19

The system (3.1), (3.2) can be written in matrix form
(3.3) L(0,0,)U(z,t) =0,
where L(0,0;) is the 4 x 4 matrix with elements
L;n(9,8:) = [(007 — pA)djk — (A + 1)9jk(1 — 847)](1 — dpa)
+ B0;01(1 — 8;1.)0k4 + [070F — kA]8jk0k4 + BOLOL(1 — 6,1)04;,

and U = (u, T)* is a four-dimensional vector of displacement u and temperature 7.
A matrix H(z,t) of fundamental solutions of (3.3) satisfies in R* the system

L(9,0,)H (x,t) = 6(x, 1)1,

where §(z,t) is the Dirac function and I is the 4x4 unit matrix. The operator L(9, d;) is
hyperbolic because its symbol, i.e., the symbol of the operator P(9,9;) given by

(3.4) P(8,0;) = det L(0, 8;) = 0*7(8? — a?A)(8? — a2A)(97 — b?A)?,
has eight roots
rTL=—a1, Te=0a1, T3=—Q2, T4=40a, Ts56=0, T7g=—b
with multiplicities
my=1, mo=1, mg3=1, my=1, ms=2, mg=2, myr=2, mg=2,

respectively, where

2 2
k+—+4ora® — o k+6—+gm2+ﬁ
a2 = 4 a2 = Y
(3.5) ! 201 ’ 2 20T ’
b2 — H a2 _ A + 2:”
o’ 0
with
2\ 2 2
2k
o= (k—ora®)* + (ﬁ> + k67 +26%7a® > 0.
0 0

It follows from (3.5) that
2 2
o= <k: + ? + QT(L2> — 4o1a® > 0,

so /o < k+ (32/o+ ora®. Hence a? > 0 and a3 > 0.

In formula (3.5), a is the velocity of propagation of longitudinal waves, b the velocity
of propagation of transversal elastic waves and ¥ = \/k/(o7) the velocity of propagation
of thermal waves.

The construction of elements Hx(xz,t) of H(z,t) is divided (cf. (2.27)—(2.31)) into
three steps:

I. Using the Radon transform we solve the Cauchy problem
(3.6) P(0,0,)W(x,t)=0 fort >0,
(3.7) oW (x,40) =0 forl=1,...,6 and OfW(x,+0)=d(x),
where the operator P(9,0;) is given by (3.4).
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II. From the solution W (z,t) of (3.6), (3.7) we get
E(z,t) = {W(x,t) for ¢ > 0,

0 for t < 0.

This is a fundamental solution of (3.6), i.e
P(0,0:)E(x,t) = 0(z,t).

II1. Acting on E(x,t) by the adjugate matrix L¢(9, ;) of L(0, ;) we get the required
matrix H(z,t).

It is easy to see that the elements L?k (0,0;) of the adjugate matrix L(9,d;) are

(3.8)

L;{k(av at)
= [0*709 — (0%k + 0*T(\ + 3p) + 05?)0} A

+ (noT (A 4 2) + 0k(A + 2p) + pB%) 07 A% — kp(\ + 21) A°]6;5 (1 — Opa)
+UPT(A + 1)eB%)0* 01, — (ko(X + p) + oTu(A + 1) + 13 Adji

+ (A + p)kA%051]655(1 = Sra) + [0 B2070; + 21000; AD;

+ P BO A0 (1 — 6j)0ka + [0°0F — 0°(a® + 2b°)0} A + 0°(2a°V” + b*)9} A
+0 a2b4A3]6jk5k4 + [~ 0% B0} O + 210B0E ADy, — 112 B0, A?0,] (1 — Okj)04;-
To use the Radon transform, we reduce the Cauchy problem (3.6), (3.7) to

P(wdy, 0)RW (w,5,) =0 for t > 0,

OLRW (w, s,40) =
O] RW (w, s,4+0) = 6(s).
Then, by convolution of RW with k, (

fori=0,...,6,

cf. (2.5)), we obtain

P(wds, 0)V (w,s,t) =0 for t > 0,

(3.9) OV (w,s,4+0) =0 for1=0,...,6,
azv(wa S, +0) = kq(s)a
where
V(ws,t)= [ ky(s = 0)[RW (w,0,1)] do.

Since P(0,d;) is hyperbolic (cf. (3.4)), we may seek the solution of the problem (3.9)

(cf. (2.22)) in the form of plane waves

kqi7(s — aqt)
0 t q+7
) 902( —a ) ) P( )|r:7a17

(3.10) V(w,s,t) = (s 4+ art) + o5 (s — art) + @1(s + azt) + pa(s — ast)
+ p3(s 4 bt) + @a(s — bt) + tps(s + bt) + tps(s — bt),
where
+ at
s+ art) = M
(3.11)

p1(s + agt) =

+7(8 + agt) kq+7(8 — agt)

(
P,
( pals — ant) =
() R (o —
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—kqr7(s + b1)0r P(r)[r=0 —kqi7(s = bt)O P(r)|pe—sp

L 0 oy A 0 (s
(3.11)
[cont.]
with

Pi(r) =o'r(r* —a)(r* —a3)(r +b)*,  Pa(r) = o'r(r* — a})(r* — a3)(r — b)*.
Without loss of generality we assume that ¢ = 1. Substituting (3.11) into (3.10) and
taking into account (2.5) we obtain

(3.12)  V(w,s,t)

1 1 1
1287271047 | a? — a3 | (a2 — b2)28ay
x [—(s + ait)®sgn(s + at) + (s — a1t)® sgn(s — ait)]

+ [—(s 4 ast)® sgn(s + ast) + (s — ast)®sgn(s — agt)]]

(a3 — b2)28ay
(50" — 3b*(af + a3) + af - a3)
43 (b% — a?)?(b? — a3)?

B 1
b*(af — b%)(b* — a3)
Using (2.2) and (2.6), we get the following solution of (3.6), (3.7):

[(s + bt)® sgn(s + bt) — (s — bt)® sgn(s — bt)]

[t(s + bt)" sgn(s + bt) + t(s — bt)" sgn(s — bt)] }

(3.13) Wiz, t) = A2 f V(w, 8,t)|szwe dw.
|w|=1
We illustrate the calculation of the integral (3.13) using the first term in (3.12). We

have
(3.14) I(z,t) = f (5 + art)®sgn(s + ait)]s—we dw
|w|=1
= f (wz + art)® sgn(wz + art)dw.
|w|=1
We change variables in (3.14) by means of zw = |z|p where p € [—1,1] and dw = 2ndp
to get

1
(3.15) I(z,t) =27 [ (J2lp + a1t)* sgn(|z[p + ast) dp.
—1

After integration we have

(o t) = -2 {[(x|+a1t>9—(lx—a1t)9] [6<t)_5<t_x|>]

_% a1

(2] + art)® + (o] - alt)9]5<t _ 'f) }

1
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where £(t) denotes Heaviside’s function.

Integrating the remaining terms in (3.12) in the same way we obtain

(3.16) [ V(w5 )] s dw

|w|=1

1 1 1
32770t || { (a? — a3) {_9a1(a% —b2)?2

% (|| - alt)95(t - |;1|) - W5<t B Z)}

(5b* — 3b%(a? + a) + a2a3) (L] — bty (£ — ||
8P — a?)2(5? — a)? b

(|z| — bt)Be (t - |§|>
t
4b%(a? — b2)(b% — a3)

1 (2| = a1t)® — (Jz| + a1t)®
*“ﬂ@@ﬂ 18(a — b%)as
(|2 — a2t)® — (Ja| + a2t)®] | 5b* — 3b*(a} + a3) + a?a3
18(a2 — b%)2ay 3603 (b2 — a2)2(b% — a2)?

(|lz| + bt)® + (J2| — bt)s} }
S02(af — ) (12 —a3) | f°

_|_

x ((Jz| +bt) = (Jz| — bt)°) + ¢
Applying the operator A2 to the integral (3.16) we have
1 1 336 ||
1 Wz, t) = - —apt)’e(t— =
(3.17) (2,7) 3277 o7 || {a% — a3 [ ai(a? —b?)? (2] - art) 6( a1 )

436 a = anye (e - 12
ai(a? — b2)? ! as

168 [51)4 — 36%(a? + a2) + afag] "
5 2 (|z| — bt)’e(t — ==
b3 (b? — af)?(b? — a3)?

_|_

1680 2|
t(lz] —bt)tet — L) L.
T g ) )5< b>}

Now, in agreement with the 3rd step in Section 3, we calculate the elements of the
matrix H(z,t). For simplicity, we introduce the following notations:

1
Ti(x,t) = —(|z| — at)’e (t - |x|)’ i=1,2,3, a3=h,
a;

|
(3.18)
el —eeyte (e — 12
(1) = ool = b0) €<t . >

Acting on the functions (3.18) by the partial differential operators occurring in (3.8)
we get
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551
8?@2 = — al5'($<t|x|>’

|| a;
351
|93| a;
5l

A22w, = — W05 Y
|z a;

|
ASW,L‘: _ 5 6(t_|x|>7
ailz| a;

(3.19) 6;16ka1 = a55lt< _

O} A0, 0; = a?5!t<5’”' - ijf”k)g(t— *
X

A26'jk% = a,5‘t< —

o0yt = a5 e (1= 2w atsiLis(o - 1),
z a; x a;
x

|z[? a;

0L A0, W; = 5!%6<t - le> —|—ai5!xj5<t - x) i=1,
a

|z[? |z[3

a;

In the same way, we have
4
v, = 144b5<t — m') + 24b4i5’ (t _ |33>’
|| b ||
A0}y = 96ﬁ5 t- Y o Ly (- lal

P b 2] b )

A0}y = 48bt5(t - '“) +21l g (t ~ '”g)
T

|[?

]

A3, = 4]

(3.20) 9,0, = — 120641?(? - 3x;Ik)6(t - xl) - 24b3t(‘5’“-7' -

||
|| 0, TjT ||
S(t— ) poap2e=iks (¢ -
* < b ) T P b )

Tx;Tk
ki

O2ADT, = — 72b2t(5kj - 3xjxk)5<t _ |“"”|) _ 24bt<5kj _ 5%'%)

x> faf?

|| TiTh o ||
><§<t 5 +24t|x|35 t b )

b

|z[?

|[*

Ori  3xixy || t(0n; 3Bz
A0, 0y = — At =L — =2 t— ) -4l =L - =2
IR (|z|3 EE >< b ANEETE

)

23
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(3.20) el Lt e, lal
[cont.] X4 b + 4! b2 | |3 6|t Ak
oyofws = — 120 e (1= 1) - vaan oo (o 51) 2w (1 ),
LA, S I i WYL I P B PV B
Ao = TR ) TR\ T ) TR T )

¥ 2; 1 v of o]
AW——ZU t—— | —4 t— — 24¢ t—— .
0,047 FEs < b)) Bept\U ) Tt U

After some calculations we get
(3.21) Hjg(z,t) = (32770*r)

X{%“ %4{n| )%IP@ e\ T
Ag 1
+5Jk5k4[ () ( 'x')]
G, a 21}
A A B
L o,0 M[ W%(t_z) (t 5) jﬂfga(t_'xb')]
(r-2))
X

a1 z? a2 |~T|3

st-sa(5- 22 -2)-
(=) < (-5 (=)
el )]

+ Ay i'rg{e(t—[il)—s(t |>}54](1—5kj)
L R G e

where A;, j =1,...,10, and B are constants given by

+ Asgt

K
Ay = m[alg 7 —ay(@°k* + 0" (A + 3p1) + 06%) + a1 (por (A + 211)
1
+ 0k(A 4 3p) + %) — k(X + 2u)],
K
A2 = s [030°T — a3(@R + Pr(A 4 3u) + 08”) + aaluer(A + 210
2
(3.22) + 0k(X + 3p) + pB5?) — kp(A +2p)],
Ao = (oo~ afa? — 2008+ 208007+ ' — %)
ajy —
Au = s — e 28 2030 4 1 —
T

As = m[a%@%(}\ + 1) + 06%)
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— af(ko(A+ 1) + oTp(A + ) + p5) + (A + p)k],

_ K 4/ 2 2
A = W[G’Q(Q T(A+ p) + 087)
— az(ko(X + p) + oTp(A + ) + pB?) + p(X + p)kl,
K
Ar =
" (o] a3 (af —%)R(af - )2
x [[agal — (af + a3)(afa3 — afa3b®)]|[oTp(A + p) + B
3.22
(8.22) +[6* — (a? + )W) A + o)A,
K
A =
" (o - ad)(a] — b7 (a3 — 1)
x [[—a5a] + aib® + afa3b® — aib*|[orp(X + 1) + 5’
+ (afa3b® — a3b® + a3b® + asa?)[ko(A + p)]l,
Ay = — 2\( 2 - 2N\2(,2 2N\2
(al _az)(‘h —b?) (a2 —b?)
x [[afay — a3b® — afazb® + a3b*][oT (A + ) + pf?)
+ (afa3b® — afb® + aib* + ata3)[ko(A + p)]l,
AIO — K/BQ27
K
B= - 2
(@ —b2)(aZ — b2) [oT(A+ p) — ko(A + p) + 574,

where k = 336 - 120.

As already mentioned a = /(A + 2u)/p is the velocity of longitudinal elastic waves,
b = \/i1/o the velocity of transversal elastic waves and ¥ = +/k/(or) the velocity of
thermal waves (cf. [138]).

It follows from (3.5) that the velocity of transversal elastic waves is unperturbed; the
propagation of thermal waves affects the velocity of longitudinal elastic waves. We thus
have three velocities of waves in hyperbolic thermoelasticity: a2, a2, b%.

3.2. LP-L? decay estimates for linear hyperbolic thermoelasticity. We con-
sider the linearized problem associated with the nonlinear problem (1.10)—(1.13):

(3.23) 00} u — pAu — (A + p) graddivu + B grad ;T = 0,
(3.24) oT0?T — kAT + Bdivou =0
with the initial conditions

(3.25) u(4+0,2) = u’(z),  (Ou)(+0,2) = u'(z),
(3.26) T(+0,2) = Tx), (0, T)(+0,z) = T'(x).

Under the assumption that the Cauchy data u°, u', 70, T are smooth enough (cf. [24],
[28]) a solution of the problem (3.23)—(3.26) is given by convolutions:

(3.27) Ut,z) = (u(t,z), T(t,x))" = H(t, ) «g(x) + O H(t,-) * 71(1‘),
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where g(-) = §(-) + D(O)h(), §le) = (u! (), T" ()", h(z) = (u"(x), T(x))",
0O 0 0 pa
0 0 0 (38

0 0 0 [0

por o2 Pos 0

The star on the right hand side of (3.27) denotes the convolution in R? and H (¢, x) is the

matrix of fundamental solutions of the system (3.23)—(3.24) given by (3.1), (3.21).

We shall prove the following

(3.28) D(9) =

THEOREM 3.1 (L°°-L! time decay estimate). Let the Cauchy data u®,u*,T°, T be
functions vanishing at infinity. Moreover, let

(u', Du®, T*, DT®)" € LY(R®).
Then the solution u®,u', T°, T* of the problem (3.23)—(3.26) given by (3.27) satisfies the
estimate
(329)  [(Vu(t, ), VI'(t,-))ll e (rs)

<O +t)7Y|(ut, Du®, T, DT°)"|LL(R?)  for t >0,
where C is a constant independent of u®,u', T°, T* and t.

Proof. We write
4 4 N

(3.30)  Uj(t,z) =Y Hiult,) * g (x) + > OiHi(t,-) » h¥(x), j=1,2,3,4,
where U;(t,z) = u;(t,x), j = 1,2,3, Usa(t,z) = T(t,z), and differentiate (3.30) with
respect to t and x; (for I = 1,2,3) to get

4
(B30 aUta) = 3 0Hu(t) + (@)

k=1

k=4,1=3

k,i=1

oy éatﬂjk(t, )« @), =123,
k=1 0

k=4,1=3

4
k ~
(3.32) OUs(t,x) = Y O Hu(t, ) + g (@) + > 581H4k(t,-) « hl(z)
=1 k=1
k=4,l=36 N
- > EatHlk(t,-) x hi(z),

k=1

(3.33) oU;(t,x) = Z@lij(t, Y * gh(x)
k=1

4
+ O H k() * hi(z),  j=1,2,34,
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where
= Oih*.
We can write (3.30)—(3.33) in vector form as
(3.34) V(t,z) = R(t,-) * VO(z),
where
(3.35) V(t,z) = (Vu,VT)", Vz) = (u!, Du°, T, DT?)"

and R(t,z) is a 16 x 16 matrix with elements which are linear combinations of the terms
01 H,i(t, ) and 0, H i (¢, z) (cf. (3.30)-(3.33)).

It follows from (3.31)—(3.33) and (3.34) that in order to prove the estimate (3.29) it
is sufficient to prove that

(3.36) 10 Hk(t, ) * Flloo sy < CO+H) T Flls, goys
(3.37) 101 Hji (¢, ) * Flluoe sy < CAAH T Fll, )

for j,k = 1,2,3,4 and any scalar function f(z) € L
into account the form of the matrix H (¢, z) (cf. (3. 21)
A t
(338) ij(t,-) * f(.’E) = (327‘(7' Q4T)_1{(5jk(1 _§k4)|:a1 f —f(:v—i—tz) dSZ
1

ai
|z|=a1

L (R3) vanishing at infinity. Taking
)

we get

Ay B t
_?2‘ f f( +t2) Sz—z‘ fbf(:c-i-tz)dsz]
A t A t
+5]k5k4{ 13 f a—lf(x—i—tz)dS —i f a2f(x+tz)dsz]
|z|=a1 |z|=a2
As tzjzk Ag tZ]Zk
a0 M{alllfa s, [ St i
f tzjzk 4 t2)
Z
b =b
Sk 3
—5;;(1 = Oa) { <| ZJZk)f(ertz)dz
a1<|z[<as
3zz
+ As f <|Zj|]; k k)f +tz)d
b<|z|<a:
5'k SZ'Zk
+4y [ t<|;|3— |§|5 >f(x+tz)dz]
b<|z|<a2

.
+01;(1 = 0) A ‘Z#f(x +iz)dz

a1<|z|<az

+54j(15kj)A10{ f %f(:v+tz)ds - f ng(ertz)dSH
1 2

[z|=a1 [z|=a2
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where dS, is the area element of the sphere |z| = a,,, m = 1,2 or |z| = b, respectively.
For simplicity, we consider two typical integrals occurring on the right hand side of
(3.38) (other integrals in (3.38) are estimated similarly):

[ f@+tyds, 7= ftwdy.

ly|=b b<|y|<a

Differentiating the integrals I' and I? with respect to t and x; (I = 1,2, 3) we obtain

[ fa+tyyds,+ [ tof(z+ty)ds,

ly|=b lyl=b
+ ty) t
I = fz |3y Y+ f Watf(x—kty)dy,
b<lyl<a b<lyl<a
Jroasarwads, - [ o ‘Salf@c + ty) dy,
ly|=b b<|y|<a
where I7" = 9,I™ and I7 = 9,I™ for | = 1,2,3, m = 1,2.
Following S. Klainerman (cf. [79], [28]) we get
o0 oo
(3.39) flx+ty) = f@s z+sy)d f (s — )0 f(x + sy) ds
t t
1 oo
=3 f f(x + sy)ds,
i

oo

(3.40) th(xthy)f—f@f x+sy)d f (s — )02 f(x + sy) ds.
t

t
In view of (3.39) and (3.40) we have

341 = [ f(s—t)@ﬁf(x—i—sy)dsdsy— [t f&ff(x-l—sy)dsdsy

lyl=b ¢ lyl=b 1

=¢! [ f jot(s —1)0%(x + sy) dsdS, — f jotzaff(x + sy) dsdS,

ly|=b t ly|=b ¢
for ¢t > 0.
Since

02 o+ 50 = | 3 9, f(o + swhugue] < 81D+ s0)
7,k=1

for |y| = b and t(s —t) < s%,t? < s, where 0 <t < s < 00, we get

<t [ [ $*D2f(x+ sy)|dsdS,.
lyl=b t

Using spherical coordinates we have

(3.42) |Itl| < bt_1||D326f||]L1(R3) for t > 0.
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Acting in the same way we get

I =— ft f@s[aa:lf(x—i—sy)] dsdS,.
ly|=b t
Since
|R%ﬂx+wl—‘2:%% S+ sy)y;| <D (@ +sy)| for Jy] = b,
we have
(3.43) 1L <t f f s?|D2 f(x + sy)| ds dS,
ly|=b t
< t_lHDifH]Ll(RS) for t > 0.
Similarly
(3.44) <o [ f@rtldy+ [ U0+ ty)l dy]
b<|y|<a b<|y|<a
<o [ f@rwldy+a [ 4DLf(@+ty)ldy]
b<|y|<a b<lyl<a
<v=* [ tDLf(z+ty)|dy.
b<|y|<a

Changing the variable ty to z in the above integrals we derive

|It2<b_3[t13 f f(:Jc—i—z)dz—i—t% f |Dif(9c+z)|dz]

tb<ly|<at th<|y|<at

a1 a
<073l lhae + F 1D e

b b3
<= [ DM@+ 2)lds < S D o).

bt<|y|<at

Noting that 1/t3 <1/t <1/t for t > 1, we get

(3.45) 1P|+ |I2,| < Ct YDy flliagsy  for t > 1.
From (3.42), (3.43) and (3.45) we obtain
(3.46) IVHi(t,-) % ()=o) < CEH I, es)

fort>1and j,k=1,2,3,4.
In order to obtain an estimate analogous to (3.45) for 0 <t < 1 we proceed as above
expressing the integrals in I} and I? (cf. (3.39), (3.40)) in the following form:

(3.47) f f ORCHE fsfté)?’f(:chsy)dsty,

Iy\ bt lyl=b 1t
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(3.48) = [t f (s — 1)02[0,, f (x + sy)] ds dS,,.

lyl=b 1

After some calculations we get

(3.49) [+ L, | < Cllflls sy for ¢ > 0.
It is easy to see that for 0 <t <1 we have
+ ty)
(3.50) f x‘ B y) ‘ <b® [ @ +ty)ldy
b<|y|<a b<|y|<a
<070 flluags),s
3
flz+ ty _
(3.51) f R y| <b? f (Zaxjf(w +ty)y; | dy
b<ly|<a b<ly|<a =1
< b %al| Dy f L gs),
t
(3.52) 1l Wamf(w +ty) dy‘ <bv? [ |0 f (@ +ty)l dy
b<|y|<a b<|y|<a
-3 pl

< 077Dy fllur (re)-
Hence
(353) |Itgl + |I§l| < C||f||L12(R3) for0<t<1.
We deduce from (3.49) and (3.53) that
(354) HVij(t, ) * f(~)||Lao(R3) S C||f“]1‘}3(]]{3) fOI‘ 0 S t S 1.

Now in view of 1 < 2(1+¢)"tfor 0 <t <1landt ' <2(1+¢)"! for t >0 and taking
into account (3.46), (3.51) we conclude that

(3.55) IVHi(t,) 5 FO)llieqes) < COA+8) 7 flly sy fort>0. m

Now we derive the LL2-I.2 time decay estimates for solution of the Cauchy problem
(3.23)(3.26):

THEOREM 3.2 (L2-L? time decay estimates). Let the Cauchy data u®,u*,T° T be
functions vanishing at infinity. Moreover, let

(u*, Du®, T', DT)* € L*(R?).

Then the solution (u,T) of the problem (3.23)—(3.26), given by (3.27), satisfies the esti-
mate
(3.56) 1(Vu(t, ), VT(t, ) |lL2@s) < Cll(u', Du®, T, DT®)*||12rs)  fort >0,
where C is a constant independent of u®,u', T, T* and t.

Sketch of proof. Following Yu. V. Egorov (cf. [18]. pp. 320-322, 326-333) we
reduce the Cauchy problem (3.23)—(3.27) to an equivalent one for a linear symmetric
hyperbolic system of the first order. Next, applying the existence and uniqueness theorems
(cf. [18], Theorem 3.2, p. 329) we obtain the estimate (3.56).
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Below, we express the LP-ILY time decay estimates for the solution of the Cauchy
problem (3.23)—(3.26) in terms of its gradient.

We consider the operator IT, defined by
(3.57) IL.f(x) = R(:) * f(x).

It follows from Theorems 3.1 and 3.2 that

I L, (R%) - L¥(R?), || <C+6)7,
1, L*R°) — L*(R%), [I]|<C.
By interpolation (cf. [122], [79]) we have
e : L, L%e — L%, L%e, |1I2] = ||| ° I ||® with0<© <1,
where [X,Y]e, 0 < © < 1, denotes the complex interpolation space (cf. [88], [143]).

In order to obtain ILP-IL? time decay estimates for the solution of the Cauchy problem
(3.23)—(3.26) (where ¢ = 2ko+2, p = (2ko+2)/(2ko+1), 1/p+1/q = 1, ko is a nonnegative
integer) we notice that for © = 1/(ko + 1),

[L,137L2]1/(k0+1) = LZO,

where sg = bf’T}fflJy and [L°°,L2]; (5, +1) = L2**2. Hence we have

) L, (R®) — L*RF2(R?),
(3.58)
o) || — || 770 1—1/(ko+1 11/ (ko+1) < —ko/(ko+1
[T | = (I[P =Y Fot D I EH ot D) < O (1 4 ) o/ thot )
This way we have proved the following (cf. [28])

THEOREM 3.3 (LP-L? time decay estimates). Let the Cauchy data u®,u',T°, T be
functions vanishing at infinity. Moreover, let

2ko + 2
= = 1
2]{30+17$0 [3]{;0/(]{50+ )]7

where ko comes from (1.16)—(1.18). Then the solution of the problem (3.23)—(3.26) given
by (3.27) satisfies the estimate
(359)  [(Vult, ). VT8, ) uamassqes)

< C(1+ )R/ Tt o || (wh, DU’ T, DTO)(|ys, (ms)  fort >0,

(u*, Du®, T', DT")* € ]Lf’sO (R3)  forp

where C is a constant independent of u®,u', T, T* and t.

Remark 3.1. In Section 6 we shall apply Theorem 3.3 to the proof of global-in-time
existence of solutions of the Cauchy problem for a nonlinear hyperbolic PDE system
describing a thermoelastic medium.

3.3. Fundamental solution of the linear hyperbolic heat equation. In this
section, we apply the Hérmander method (cf. [43], Theorem 12.5.3, p. 142) to construct
fundamental solutions of the linear hyperbolic heat equation. This approach based on the
Hormander theorem is a new one and can be applied to other hyperbolic operators with
constant coefficients.
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THEOREM 3.4. The linear hyperbolic heat operator 02 — a® + 2md; has a fundamental
solution of the form of the convergent series

Z e Eo) k41 (¢, z)

or equivalently,
2k+2 2752 |1.|2)k
— mkl(k + 1 2a)(2k + 3)’
e(t)e~mk Sat — [2]) — me~Mte(at — |x|) 1 (m a’t? — |x| )7
drat 4ma? [a2t2 — |22

where Ey is a fundamental solution of the wave operator O, = 02 — a®?A, I,(-) denotes
the modified Bessel function (cf. [95], [16]),

I, (&) = —iJ1(i€),

and ES(kH) =FEo*x Eg*...x Fy (k+1 times), where % is convolution with respect to t
and .

(3.60) E(t,z)=

o0
e~ (at — |z|) + me ™ e(at — |z|) Z

(3.61) E(t,z) =

Proof. Set E(t,z) = W(t,z)e™™ . It is not difficult to verify that E(t,z) is a fun-
damental solution of (1, + 2md; if W (t,z) is a fundamental solution of [J, + m?2. To
construct the latter we apply the Hormander theorem, stating that we can take the
convergent series (cf. [43])

(3.62) W(t,x) =Y [P2(D) — P(D)]*Ex(t, ),

k=0
where P(D)=0,—m?, P»(D) = [, and Ej(t, x) is a fundamental solution of (P (D))¥*1,
k=0.1,...

It is easy to verify that if Ey is a fundamental solution of [, then FEj(t,z) =
(Fo)**+1(t, ) is a fundamental solution of the operator ((J,)**!, k=0,1,2,...

Thus the fundamental solution for the operator (C],+m?) is given by following formula
(cf. (3.62)):

(3.63) i Eo)**+D (¢, z).

k=0
LEMMA 3.1. Let

t
(3.64) Eo(t,z) = ﬁé(at —|z]), (t,z) € Ry x R?,
4dra?t
a fundamental solution of the wave operator L,. Then
(a?t? — |z[*)"%e(at —|z])
m(n —2)(n —1)!1(2a)?n—1

(3.65) (Eo)™"(t,x) = forn > 2.

Before proving Lemma 3.1 we prove
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LEMMA 3.2. The Fourier transform with respect to x of the function

fn(t,fﬂ) = (a2t27|x\2)"5(at7 |‘T|)a n:07132a"'a

is given by
(3.66) Foenlt x)‘-aﬂ(—l)”+12”+2nl( L 9 )”*lﬁncuat
Proof (by induction on n). For n = 0 we have
(3.67) Faooe elat — |z]) = f e U8 gy,
|lz|<at

In local spherical coordinates the integral is

at 2w T

I:fff —ilElecost )2 gin 0 df dy do.

Integrating by parts, we get

tcosalélt sina|§t> < 1 9 )sina§|t
3.68 I=—4 - — dra = .
(3.68) ”( GE al€[? "\ Jeolel) " alel

For n = 1, proceeding exactly as above we have

at 2w

Fuoel(@®*t? — |z*)e(at — |€])] fff —ilélecost (4242 _ 2)p? sin O df dy do

=A4r a’t? — bm|§|QdQ.
f [3

Integrating by parts shows this is
g a( at?sinalélt  3tcosalé|t N 3sina|§|t) 3 a( 1 0 )QSina|§|t
wa| — - =8ma| === )
<17 95 €1° Elogl) algl
which proves (3.66) for n = 1.

Similarly, we compute

K sin€le
do.
€l

Fomella®t® ~[af*)e(at - W—Awfaﬁ o

Now, we shall prove that

at .
(3.69)  4r [ (a% - 92)’“981%"5'9@ _ m(_l)k+12k+zk,<
0

assuming that

(3.70) 4 2 g2yt SN g (Cayab !( L 0 ) sinalélt
”f“t g de=arCUR R D g ) Tak

Integrating by parts shows that the last integral is

1 9 >k+1 sinalé|t
€1 OI¢] al¢|
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at B 1 9 sin|§|9]
' e 2,2 2\k—1 el d
@) —snk [ @ -¢) o| (o) ) e

- (émi)“ (@ = o)

Applying (3.71) and (3.70) we get

A a t2 k Sln|§|g dQ
f 4

Y (1 )Eok+1 (s _ ,<1a>kSina|§t]
2’“(|§|a|s|)[“( D2 k=D tgai) ~ae )

which proves (3.69) and completes the proof of Lemma 3.2.

Now, we prove Lemma 3.1. The formula (3.65) is proved by induction on n (n > 2).
Forn=2
(B Bo)(t,z) = [ [Eo(t—s,") 3 Eo(s,))(x) ds,
Rl
where *3 denotes convolution with respect to x. Applying the Fourier transform with
respect to x, we obtain

b sinal¢|(t — s) sinal]s

Foe B (t, ) f Eo(t - 5,€)Eo(s,€) ds = f alé| alg| *
R! 0
_ —1/1 0 \sinal¢|t _r e(at — |x])
2a2<|s|a|e|>a|£| “Hf[&m?’}

Applying now the inverse Fourier transform we obtain (3.65) for n = 2.
Now, assume that (3.65) holds for all 2 <n < k. Then by Lemma 3.2 we have

n—1 n—1 .
(3.72) Foe B(t ) (-1) (1 0 ) sina€|t

(n —1)2n=La2(=D \ [¢] D[¢] al¢]
for 2 <n <k.
We shall prove that
242 2\k—1
k1 _ (@t — |z[%)" " e(at — |=)
(3.73) B o) = T D zap T
By Lemma 3.2,
£ [ ) oot~ )] (DR (1 0\ Fsinalel
T w(k — 1)K (2a) 2R K12k \ ¢ 0¢] ) ale]

By the hypothesis (3.72) the right hand side equals
1 (1 98 .
(ag) FomcBit .0

~ 2ka? \ [¢] 0]¢]|
. _
S (18> [ Eo(t = 5, B,V (5,€) ds.
0

2ka? \ [¢] D¢
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Using again (3.72) we get

(1 0 )E(t—s,@: 2P ER (- s.6),

€1 9l¢]
1 0 (ke —
(o B 69 = — 2620 DEF6.9)
and finally
242 _ 2\k—1 t— 1 t o
f“[(a m(k |x|1>)!k!<zgcf>a2k+1lx|)} =i BP0 V6.0 ds

0

+ [ Bolt 5,80 = DEG(5,€) ds)
0

=501,
which proves (3.73). This finishes the proof of Lemma 3.1 and Theorem 3.4.

3.4. LP-ILY time decay estimates for the linear hyperbolic heat equation.
We now consider the linearized problem associated with the nonlinear hyperbolic heat
equation (cf. formulae (1.21), (1.22)) of the form

(3.74) 020 + 2md,0 — a> A6 = 0,
(3.75) O(+0,z) = 6%=x), (8;0)(+0,2) = O'(x).

Under the assumption that the Cauchy data ©°(z), ©'(z) are smooth enough a
solution of the problem (3.74), (3.75) is given by (cf. [16])

(3.76) O(t,z) = E(t,-) * O (z) + 2mE(t, ) » 0°(x) + O,E(t,-) * 6°(x),

where E(t, z) is the fundamental solution of (3.74) (cf. [16], given by (3.61) or (3.60).
Using the formulae for E(t, z) we prove

THEOREM 3.4 (L°°-L' time decay estimate). Let the Cauchy data ©°, 01 be functions
vanishing at infinity. Moreover, let

(01, DO")" e L. (R?).
Then the solution © of the problem (3.74)—(3.75) given by (3.76) satisfies the estimate
(3.77) IVO(t, )ioe(zs) < C(L+)"2((O", DE°) ||y, sy for t =0,
where C is a constant independent of O°, 0! and t.
Proof. Differentiating (3.76) with respect to ¢ and z; (for I = 1,2, 3) we get
010(t,x) = OE(t,) x (O +2mO°)(x) + OE(t,-) * O%(x),
010(t, ) = OE(t,-) * (O +2mO°)(z) + OE(t, ) * 9,60°(x)
for I =1,2,3. Since E(t, ) is a fundamental solution of (3.74) (cf. (3.60)), we have
(3.78) 0,0(t,z) = O,E(t,-) * O (z) + O E(t,-) x 9,0°(x),
(3.79)  9,0(t,x) = OE(t,-) * O (x) + 2mE(t, ) * 0,6 (z) + (¢, ) * 0,0°(z).
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The relations (3.78)—(3.79) can be written in vector form as

(3.80) W(t,z) = B(t,z) « W°(z),
where W0(x) = (6'(z), DO%(z))* and
o:E a’0,E a?0F a?05E
(3.81) Be)= o o amEreE 0
osE 0 0 2mE + 0,E
From (3.78)—(3.80) it follows that in order to prove (3.77) it is sufficient that
(3.82) IE(E ) * fllee sy < (14072 flly, o).
(3.83) 10EE, ) * fll ey < (1+D72 Flluy, o)
(3.84) |OE(t, -) * fllLoe sy < (141) 3/2||fH]L13(]R3)
We prove the estimate (3.82).
By (3.60),
o—mt
(3.85) E(t,") f(z) = 4M2 |y[af x + ty) dS,

(o) —
m2k+2t2k+36 mt

* kzzo Tkl(k + 1)!(2a)2++3 f (a® = |y|*)* f(z + ty) dy.

ly|<a

Since (a? — |y|?)* < a?* for |y| < a, it is sufficient to consider
m2k+242k+3 ,—mt

—mt
1_
(386) J'=—o [ flx+ty)ds, +Z PR E T D) [ f@+ty)dy

\yl a ly|<a

t 267mt
= f fx+ty)dSy+ﬁ11(mt) f flz +ty) dy.

lyl=a lyl<a

Integrating by parts (cf. Section 3.2) gives
Ct—2||f||W1=1(]R3)7

(3.87) | [ f+tas,| < { Y flmea),
lyl=a OHfHWSJ(W),
for t near 0.
Hence
— Ctle™ 11psy  fort > 1,
(3.88) ‘te mt ff(x+ty)dsy‘ < {C||f|wz,1 £ b sy for 0 < t< 1.

lyl=a
Here and elsewhere, we use C' to denote various constants which need not be the same
throughout.
To estimate the second term in (3.86) we use the following properties of Bessel func-
tions (cf. [16]):

Ce'/\2mt fort>1
. < ’
(3:89) L < {C(t/2)” for 0 <t <1,
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together with the following estimate obtained by a change of variable (cf. Section 3.2):

(3.90) ( [ £ +1y) dSy‘ <73 fllapsy for t >0,
ly|=a
Thus
_ Ct73/2||f|| 1rsy fort>1
. 2 _—mt < L1 (R3) ’
(3.91) ‘t e Il(mt)l l[ fla+ty) dy‘ < {OU”MW) fr 0 <1< 1
ylsa
Finally,
Ct73/2||f|| 1igsy fort>1
. 1 < WL (R3) )
(3 92) |J | - {C||f|W271(]R3) for 0 <t< 1.
or
[T <O+ )73 fllwearsy  for t > 0.
In order to estimate 0;E(t, ) * f(x) we compute the ¢-derivative of (3.86). Hence
1 —m —m
(3.93) J*= a2 {e t f f(z +ty) dS, — mte™™ f flz +ty)dS,
lyl=a lyl=a
e [ 0 f(x +ty) dSy}
lyl=a
m —mt 2 —mt
47m3{2te I (mt) ff(a:+ty)dy—mt e~ I (mt) ff(m+ty) dy
lyl=a lyl=a
I (mt) + Io(mt)
+t2e*mt(m)# [ fa+ty)ydy+ 2 L (mt) [ 0uf(x+ ty) dy}
lyl=a ly|=a
By (3.87) the first three terms in (3.93) can be estimated as follows:
|JE + J5 + 5] < Ct 2™ fllwr gs)
+ Ct_le_thwal,l(Rs) =+ Ct_le_thf||W2,1(R3)
for ¢t > 1 and
|JE + J5 + 5| < C|lfllwrrgsy + Cll fllwza@sy + Cll fllwsr sy for 0 <t < 1.
Hence
teimt —1_—mt
(394) 8,5 A2 f f(x + ty) dSy < Ct e ||f||W211(R3) fort >1
lyl=a
and
te—mt
(395) at 47ra2 f f r + ty) dS < C”fHWsl(Rs) for 0 <t<1.

lyl=a
Using (3.89) and acting as in (3.90) we obtain
‘t (I (mt) + Io(mt)) ff (z + ty) dy + t2e~™ I (mt) f@t (x +ty)dy
ly|=a ly|=a

< Ct_3/2||f||wl,l(]R3) fort >1
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and

(3.96) ‘ﬁe*mt(h(mt)ﬂz(mw) f Fz + ty) dy + t2e ™ I, (mt) f O f(z +ty) dy
lyl=a lyl=a

SCHfHWl,l(Rs) for0 <t <1.

To estimate the remaining terms in (3.93) we use a stronger estimate (3.90) for ¢
near 0O:

‘ f flz+ty) dy’ < fllrrsy for0<t <1,

ly|<a
to obtain

(3.97) \{te*mth(mt) + 2 L(mt)} [ f(a+ty) dy’
lyl=a
S C”fH]Ll(RS) for 0 S t S 1

while for ¢ > 1, using again (3.89) and (3.90), we get
(3.98) ‘[te*mm(mt) + t2e~™ I (mt)] f f(x +ty) dy‘ <O +7)|| £l sy

lyl=a

Summarizing (3.94), (3.95), (3.97) and (3.98) we conclude that
IB(t, ) * ()l @s) < OO+ )] fllLy, go)-

Remark 3.1. The proof of the estimate (3.84) follows in the same way as that of the
estimate for J1.

Now, we derive the L2-L.2 time decay estimate for the solution of the Cauchy problem
(3.74)-(3.75):

THEOREM 3.6 (L2-IL? time decay estimate). Let the Cauchy data ©°, O be functions
vanishing at infinity. Moreover, let

0y* 1 (3

(3.99) (01, De")" e L. (R?).

Then the solution © of the problem (3.74)—(3.75) given by (3.76) satisfies the estimate
(3.100) IVoOl(t, ')H]LQ(]RL") < C”(@l,D@O)*HL%(RB) fort >0,

where C is a constant independent of ©°, O! and t.

Sketch of proof. Introducing the vector V= V6O = (9,0, DO)* we reduce the
Cauchy problem (3.74)—(3.75) to an equivalent one for some linear symmetric hyperbolic
system of the first order. Next, applying the existence and uniqueness theorem (cf. [18],
Th. 3.2, p. 329) we get the estimate (3.100).

Now, to obtain LP-L9 estimates we apply interpolation between the cases L2-L? and
L>-L!. Set

(3.101) T.f(x) = B(t,") x f(x).
Theorems 3.5 and 3.6 show that T, yields operators
(3.102) TP LY (R%) — L®°(R%) with ||T0]] < C(1+1t)~%/2,
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and
(3.103) T! . L*(R%) — L*(R®) with |T}| <C.
Using interpolation and acting as in Section 3.2 we get

THEOREM 3.7 (LP-LY time decay estimate). Let the Cauchy data ©°, O be functions
vanishing at infinity. Moreover, let

(6',D0")" € L? (BY),

forp = (2ko + 2)/(2ko + 1), so = [3ko/(ko + 1)], where ko > 2. Then the solution of the
problem (3.74)—(3.75) given by (3.76) satisfies

(IVO(t, '>||L2k0+2(R3) <C(+ t)_gko/(z(k°+1))||(@1,D@0)*||]Lp (R3) fort >0,
150
where C is a constant independent of ©°,0' and t.

We apply Theorem 3.7 in Section 6 to prove the existence of a global-in-time solution
of the Cauchy problem for a nonlinear hyperbolic heat equation.
4. Local existence of solutions

4.1.Local existence of solutions to the initial value problem for nonlinear
hyperbolic thermoelasticity. We can write the nonlinear hyperbolic system of ther-
moelasticity theory (cf. [29]) as follows (cf. (1.10), (1.11)):

3 3

(4.1) ot = Y kL (Vu, V)00 + Y Cirmn(Vu, VT)OkOmu”
k,n=1 k,m,n=1
3
+ ) jm(Vu, V)00, T,
m=1
3 3 ]
(4.2) BT = Y ajn(Vu, VI),KT + > cjm(Vtt, VT)0p Oy,
7,k=0 j,m=1
J+k#0
where
ajk(Vu, VT) = 'djk(Vu, VT) + k5jk,
(43) i (Vu, VT) = ajuon(Vu, VT) + ajoen(Vu, VT),

Cikmn (VU VT') = 110 jn0km + (A + 1) 650mn + @jkmn(Vu, VT),
Cim(Vu,VT) = &1 (Vu,VT) — B0m,

and for simplicity we assume that 7 =1, o = 1. Introducing the vector

(4.4) U= (Vu,VT)* = (ug,ud, ud, ui,ui,us, uj, us, us, u3, us, uy, To, Ty, To, T3)*,

we obtain from (4.1)—(4.3) the first order system

3
(4.5) aoU = > AF(U)a,U,
k=1
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where A*(U) (k = 1,2,3) are the 16 x 16 matrices
(G (O)ixs  (ckjmn(U))axo  (cjn(U))sx1 Osxs

(4.6) Ay = | (Oki)oxs 099 094 ’
((Cj/;)(3x1)1><3 04x0 (afj(U))4><4

(ck (U)) are 3 x 3 matrices (j = 1,2,3, m = 1,2,3), (ckjmn(U)) are 3 x 9 matrices

Jgm

(1=1,2,3,m,n=11,12,13,21,22,23,31, 32, 33), Id;; denote the 9 x 9 matrices

I3x3 033 033
I(Skj = 03><3 fOI‘kZl, I3><3 fOI‘:l{1=27 03><3 for k=3 s
033 033 I3y3

I3y 3 is the 3 X 3 unit matrix, 0 denotes the null matrices, and (&Z—(U)) are nonsymmetric
4 x 4 matrices with elements

(4.7) al (U) = 6ixboj + 260:005a06(U) + 0i(1 — S0;) (kb + ar; (U)).

From (4.6) and (4.7) it follows that (4.5) is not a symmetric hyperbolic system. In order
to convert it to a symmetric hyperbolic system we set

48) A®U)
I3xs 03x9 034
= | Ooxs (ctimn(U))5xs  (c2mn(U))sxs  (cizmn(U))5x3 094 )
O4x3 O4x9 (ij(U))axa

where aij(U) = (Soi(soj + (1 — (SOZ')(l — (Soj)(k‘éij + aij(U)), 1,7 =0,1,2,3,l,m,n=1,2,3.
It is easy to see that A(-) is symmetric and positive definite in some neighbourhood Ny
of 0 € RS (because (A(0)&,€) > c|¢|?, where c is a constant). After some calculations
we see that
(4.9)  AU)AFU) = A*(U)

(cf, (U))3xs (cikmn(U))3x9 (cr(U))sx1  03x3

_ (Clkmn(U))sxg 099 O9x4
U)); ’
(Clk(() ))1><3 04)(9 (O[?j(U))4X4
3Ix3

where
OtiCJ(U) = 2501‘50ja0k(U) + 501(1 — 50])(k5k‘j =+ akj(U))

and A*(-) are symmetric 16 x 16 matrices. Therefore we can write (4.5) as a quasilinear
symmetric hyperbolic system

3
(4.10) A)oU =Y ARU)U
k=1

under the assumption that U(t,z) € Ny C R for (¢,z) C [0,9] x R3.

Thus, we have converted the initial value problem (1.1)—(1.3), under the conditions
(1.5)—(1.8), to one for a quasilinear symmetric hyperbolic system of the first order. Taking
into account the relations (4.4), (1.12), (1.13) we obtain the following initial conditions
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for U = (Vu, VT)*:
(4.11) U(0,2) = (u', Du®, T, DT®)*.

Moreover, the initial value problem (1.1)-(1.3), under the conditions (1.5)—(1.8), is
equivalent to (4.10)—(4.11). Now, applying the results of Klainerman and Ponce [79] and
Majda [90] we have the following

THEOREM 4.1 (Local existence). Assume that (ul', Du®, T, DT?)* € W*2(R3) with
an integer s > 3/2+ 1. Then for ég > 0 small enough, if

(!, Du®, T, DTO)*|

Ws.2(R3) < 50

then there exists a finite time interval [0,9] with ¥ > 1 such that the initial value problem
(4.10)—(4.11) has a unique local smooth solution with

(Vu, VT) € C1([0,9] x R?),
(Vu, VT) € C1([0,9], W'~ (R?)) N C([0, 9], W**(R?)),
[(Vu, VT) ()| ray <1 for allt €0,9].
4.2. Local existence of solutions to the initial value problem for the nonli-
near hyperbolic heat equation. In this section we prove the local-in-time existence

of solution to the initial value problem (1.21)—(1.22). We convert this problem to an
equivalent one for the quasilinear first-order symmetric hyperbolic system

3
(4.12) A" V)V = AR(V)oRV + BV,
k=1
(4.13) VO(40,2) = VO(x),
where

V =V(tz) = (VO(t,z))" = (8,0,DO) = (8,0,0,0,0,0,0:0)",
VO(z) = (01(2),9:10°(x), 3,0 (x), 030°(z))*,

A%(V), AF(V), k = 1,2, 3, are symmetric 4 x 4 matrices and B is a constant 4 x 4 matrix
defined as follows:

rl1 0 0 0 [2a10 €11 €12 €137
0 ci1 c2 ci3 1 c11
A°(V) = A =
V) 0 ca1 ca2 cozl|’ V) 21 033
LO c31 c32 33 L c31 i
[2a20 €21 C22  C23 [2a30 €31 €32 €337
A2 _ C21 Al _ C13
V) 22 03,3 ’ V) 23 033
L Co3 L C33 J
—2m 0 0 0
0
B =
0 033
0

where ¢jx (V) = a;x (V) + a3, for j,k =1,2,3, and 0343 is the null matrix of order 3.
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From (1.24) it follows that the matrix A°(V) is positive definite for ||V ||po r2) < Ro.
Using the method of [79] and [90] we get the following

THEOREM 4.2 (Local existence for N.H.H.E.). Assume that (©', DO°)* € W*2(R?)
with an integer s > 3/2 + 1. Then for § > 0 small enough, if

1(6*, DO°)* [lws.2(rs)y < 6,
then there exists a finite time interval [0, (] with ¢ > 1 such that the initial value problem
(4.12)—(4.13) has a unique smooth solution with
Vo € C°([0,¢], W2 (R?)) N C([0, ¢], W12 (R?)),
IVO#) ||l rz)y < Ro  for t € [0,].

5. High energy estimates

5.1. High energy estimates for nonlinear hyperbolic thermoelasticity. We
now establish a priori estimates for higher-order derivatives of solutions to (4.10)—(4.11)
using an energy method.

THEOREM 5.1. Let s > 4 be an integer and let U(t,x) = (Vu, VT)* be a solution of
the initial value problem (4.10)—(4.11) on some interval [0,9] guaranteed by Theorem 4.1
with
(5.1) ||(Vu,VT)(7§)||1L<T/2J ® <1 forallte[0,9]

Then, for some kg > 2,
(5.2) 1(Vu, VT')(t)]

ey < Coll(ut, D, TV, DTO)*|

He (R3)

t
ko
<ep(Co [ 1TuIDE, oy dr)

fort €[0,9] and ko > 2, where the constant Cs depends on s and not on 9.

Proof. We use the standard energy method with the help of mollification. Let J.x*
denote the Friedrichs mollifier (cf. [90]). We put U, = J. * U. Then U, € C*° and it is
not difficult to verify that |U.(¢,z)| < 1 when |U(t, )| < 1 for (¢t,z) € [0,9] x R3. Taking
it into account, we get

3
AU-(4)0U2 (1) = 3 AF(U(£)0kU-(t) = A(U-(1)) DSG-(t) + A(U(t)) H (1),
k=1
where
3
Go(t) = > (J  (AF(U)0RU) — AF(UL) 0 UL ) (8),
k=1
3
H () = (D2 (AR (U)o Us) — AR (U.) DS (8UL))(1);

kel

1
here U2 (t) stands for D2U.(t), || < s and the matrix A¥(U) has the form given by (4.6).
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Taking the scalar product (in R16) with U2(t), integrating the resulting equality over
r € R3, summing over « (|a| < s) and applying the Cauchy—Schwarz inequality we find
that

1d 1
§£||Us(t)\\1%,s < §||8t (Ue ()l 2y | Ue (8) [z ey
Z 10k A*(Ue () 1L 225) 1 U= (8) e sy
2im
+ Z | A(U. ||IL,°°(R3)||H ()||L2(R3)||U£(t) 8
la|<s
+ > IAUO) oo o) | D2 Ge ()2 oy 1Ue () s gy
oo <s
where || - || _ denotes the following energy norm:

(5.3) VIR, = > [ (A ), DSV (1)) da,

la|<s g3

which is equivalent to the norm ||-||Z.. Using Taylor’s formula (cf. [43]) and recalling that
the matrices A, A* are defined as in (4.8)—(4.9) with the coefficients given by (4.3), w
can represent the coefficients a(U.) (where for simplicity of a(U.) stands for ajkmn(UE)
a;i(U:) and ¢, (Ue), respectively) as follows:

a(U.) = a1 (Ue) + ax(Ue),

where

)= 3 Daa( )Ua
|a|=Fko ’

is a homogeneous polynomial of order ky with respect to U, and

ko+1
as(Ue) = Z 0 ' f(l—z)k”Daag(te)dez

.
\a|:k0+1 0

is a C**-function. Taking this into account and assuming [|Uz (t)[|; = gs) < 1 we obtain

(5.4) 100AU () ey < CIU O iy 19U (8 e
(5:5) 106 A* (U (£)) o msy < ClUE )12 sy 101U (8) oo (g -
To estimate the term HHga (t)[l2(gs it is enough to consider the following term (here
= 6k)
IID*(a(U:) D*(U:)) — a(Ue) D*D'UE](t) L2 (gs) < 11(8) + La(t),
where

Li(t) = ||[D*(a1(U:) D' (Ue)) = a1(Ue) D* DU (#) |2 gy
Ue)) - a2(Us)DaD1UE](t)||1L2(R3)'
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In view of the expression for a;(U.), acting in the same way as in [29], we get

1) < OIS oy 00l
In order to estimate I(t) we use Lemma A.1 of [78] to get
Iy(t) = [I[D*(a2(U:) D' (Ue)) = az(Ue) D DU (1) | 2 s
< Co(|ID" a (Ue ()l (o) 1 0° (Ue (8)) ]2 gy
1D (U ())llos (s 1 D a2 (U (1) ll2 gy )-

Using the formula for higher-order derivatives of the composite function as(U.(t))
(cf. (2.37)) we conclude that the expression for the derivative DSas(Ue) (|a| = s) contains
derivatives of order [ > |s/2] of U.(t) with exponent one. Taking this into account and
assuming (5.1) we get

D)l < Y @) (Y 1oem)”

lv[<s [vI<[s/2]

Hence we have

B(t) < OV eIV Ol ooy
Thus

(5.6) L)+ () < CIU-Ol% | ) [U=(2)]

Therefore, using (5.4)—(5.5) and (5.6), we obtain

He (R3)*

(5.7) 2dtnU OIIF, < O 15 sy N0U () e (2

+ U= () Iz rsy) 1 U= () I

+ CIUMIE @y U@l s) + CCLONUE D)l s
where

= D ID*Ge(t)lLa ).

jal<s
Noting that [|Ue ()[|y « gs) and ||U (t )||]Loc (rs) can be majorized by [|U.(t )||]Loo 1 (R) and
that the energy norm (5.3) is

«(r#)» We derive from (5.7) the mequahty
5||Us(t)||12g,s < CO(|U(¢ )IIkO ! @) 10Ul (r2)
OO o 100, + OG0

Applying Gronwall’s inequality we find
(5.8)  [IU(t) < C|U(0)

)
t

xexp(c S OUOE oy I (Dl sy + 10 (DI ) )
0 [s/2
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t
ko—1 k
< exp(C J WOME, aolO0O)emcas + IOV, a) 40) dr.

Note that s > 4, hence there is an imbedding of H*(R?) in C[*/21(R?) and || - |, -

(
Te/21
Csl| | 1= (r3)- Moreover, H*~1(R3) is imbedded in C°(R3) and || - ||]L,_,O(R3) < C4|l- ||Hs,1(R3

Thus, as ¢ — 0, we have

||Us(t)||Hs(JR<3) - ”U(t)”HS(]RS)

R3) <

)

for ¢ € [0, 9]
10eUe (8)l|51= sy = 106U (£) [l o g3y
(we have used the mollification property, cf. [90]), and
U@l sy = IU@)IL> @3
e/l e/ for ¢ € [0,9).

[0:Ue(t)llLoo rsy = 10:U ()| oc ()
Thus, by taking the limit of both sides of (5.8) as € — 0, we observe that
1Ue(®) |z sy — 1U(D)]
1T (0) 1= sy — U]

He (RS
) for t € [0,9)]

Hs (R3)

and using Lebesgue’s dominated convergence theorem the terms under the exponent
tend to

t t
k ki
C Of U, @ydr C [ IV | s dn

respectively. Therefore, to obtain (5.2) (i.e. the fact that GZ(t) — o0) it remains to
consider the term GZ2(t) in (5.8) as € tends to zero. The proof of this fact follows from
the properties of mollification, the Leibniz formula and Taylor’s theorem. This completes
the proof of Theorem 5.1.

5.2. High energy estimates for the nonlinear hyperbolic heat equation. In
this section we present a priori energy estimates for higher-order derivatives of solutions
of the initial value problem (1.21), (1.22):

THEOREM 5.2. Let s > 4 be an integer and let
Vt,x) = (VO(t,x)) = (0:0(t,z), DO(t, x))*

be a solution to the initial value problem (4.12), (4.13) on some interval [0, (] guaranteed
by Theorem 4.2 with

I(VO) D)l sy <1 forall t €[0.C)
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Then, for some kg > 0,

(5.9 [(VO)(t)llms ro)

< Cili(e', De°)"|

t
ey exp (Cs [ I(VOY OIS o) dr)
0 s/2

for t € [0,(], where the constant Cs depends on s and not on (.

Sketch of proof. We proceed similarly to the proof of Theorem 5.1 (instead of
U. we put V. = J. %V, where V = (VO)*).

6. Global solutions in
nonlinear hyperbolic thermoelasticity

6.1. Proof of the main Theorem 1.1. First, we introduce the notation

(6.1) Mg, (9) = sup (14 t)k/FHD U (1)
te[0,9]

where s1=[s/2] + 1, s>10 is an integer, and ko > 2 is the integer given by (1.5)—(1.7).

Let U(t,x) be the solution of (4.10)—(4.11) provided by Theorem 4.1 on [0, 9], where

s > 10. Then, by the imbedding theorem (cf. (2.35)), U(t, -) also belongs to Ws1:2ko+2(R3)

for t € [0,9]. In the following theorem we show that for this solution Mj, (9) is bounded

by a constant independent of ¥ provided that a smallness assumption on [|U°||y, ®) T

”IL?QO“(RS)’

[U° st,p(Rg) is satisfied.

THEOREM 6.1. Let U(t,x) = (Vu(t,z), VI(t,x)) be a solution to the initial value
problem (4.10)—(4.11) on some interval [0,9] and s1 = [s/2] +1, s > 10. If

U° = (u!, Du®, T, DT®)* € H*(R3) N W*P(R?)
(where p = (2ko + 2)/(2ko + 1), ko > 2 is an integer) and
[(u', Du®, T, DT®)* ||ggo sy + 1 (", Du®, T, DTO)* |l sy < 6

with 6 > 0 sufficiently small, then Mg, (¢¥) < My < oo, where the constant My is inde-
pendent of 9.

Proof. We can treat (4.10)—(4.11) as a linear system with nonlinear right hand side
of the form

3
(6.2) A0)0,U =Y AM0)oU = F(U,DU)
k=1
with
(6.3) U(0,z) = U%2) = (u*, Du®, T, DT")*,

where A(0), A*(0) (k = 1,2,3) are constant matrices given by (4.8)—(4.9) and F =
(F1, F», F5,0,0,0,0,0,0,0,0,0,Q,0,0,0)* with F; (j =1,2,3) and @ given by (1.4). For
t € [0,9] we express the solution U (t, x) = (Vu(t,z), VIT'(t,x)) to the initial value problem
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(6.2)—(6.3) using the matrix of fundamental solutions of the linearized hyperbolic system
of equations derived from (1.10)—(1.11) (cf. (3.21)). Thus (1)

¢
(6.4) Ult,z) = R(t,) «U°(2) + [ R(t—1,) « F(U,DU)(r,)dr,

0
where R(t,x) is a 16 x 16 matrix with elements being linear combinations of the terms
01 H,i(t, ) and 0, H i (t, x) (cf. (3.30-3.34)). From (6.4) we have
(6.5) U v gy < I1FLE ) * U)o

t
+ Of IR( = 7.« F (7, )l g g -

Using Theorem 3.3 we get
(66) ||U(t)||]L2$k10+2(R3) < C(]_ + t)*ko/(koJrl) HUO”IL?’SlJrSO(]R?’)

t
— ) ~ko/(ko+1) .
+06/’(1+t )R D E (Y, ey

By familiar calculus inequalities (cf. [78, 79, 29]) and our specific assumptions about F,
we have

(6.7) IF@, DU us gy < CIUE) By g 10T

k
‘ﬁfﬁ“(RS)

H* (R3)-
Inserting (6.7) into (6.6) we obtain
(68) U, styv ) < CA+O/EDY

t
+C f(l +t— T)—ko/(ko+1)HU(T)||L?§P+2(R3) ||U(T)||HS(R3) dr.
0
Using Theorem 5.1 we get

(6.9) [[U(7)]

He (R3)

< C|IU°]

w (G [ U@ dd) foro<T<t<o.
0

Since s1 = [s/2]+1 > [3/2]+3/(2ko+2) (ko > 2), there is an imbedding of W#1:2ko+2(R3)
in C1*/21(R?) and then

(6.10) 1T ()L

s/2] (R?) < Cs||U(6)||L?§P+2

®%) for © € [0, 9.

By the notation (6.1) and taking into account (6.10) we can estimate (6.9) as follows:

6.11) U] Hs(Rg)eXp(CsMskf(ﬂ) [ @+ o) oty d@).
0

ey < Cs[|U°)

Since fOT(l + 8)*’“3/(’“0“) dO < 3 for any 7 > 0 and kg > 2, we obtain
(6.12) U (") lgge gy < CsllU° lggo (msy exp(Cs ML (9)) - for 7 € [0,9].

(}) In (6.4)—(6.5) the asterisk denotes convolution with respect to = € R3.
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Inserting (6.12) into (6.8) with [|U°| ., (rsy and ||U0||HS(R3) replaced by & we obtain
,81+s0

1) 2ty 42 gy < CsB(1+ )70/ FotD 1 €5 exp(C,ME (9))

(6.13)

x [ (14t —7)~Fo/ G0t (7)) Ry dr.

2k0+2(R3)

O\JH-

Since

1T ()1 Lht0+2 gy S MEo (9)(1 4 7)~ko/ kot 1)
multiplying both sides of (6.13) by (1 + t)ko/(koJrl) we derive
(6.14) (1 + t)ko/(kﬁl)||U(T)||L,fo+2(u&3)
< Ced + CS(SMS’CIO (9) eXp(CsMsklo (9))(1 + t)ko/(k0+1)

t
x [ (Ut — )R/ kot (1 4 py=Ro/ (ot 1) g
0

It is easy to see that

t
(1+ t)fo/tRot 1) [ (1 g — p)ho/ (oD (1 4 r)=he/ oD g7 < 12

0
for t > 0 and ko > 2. Thus from (6.14) we have
(6.15) (L4 ) AU (T)]| g2,y < Cod + CoOM (9) exp(Ca MY (9)).
Therefore,
(6.16) M, (9) < Cy6 4 Co6 ML (9) exp(Cs ML (9)),

where C is a constant depending only on s and not on . Now, consider the function
f(x) = Co(1 + z* exp Cz™) — .

Note that if § is sufficiently small, then the equation f(z) = 0 has the first positive root
M, and
M

C(1 4 Mo exp(CME))
Since f(z) is continuous and f(0) = C'J > 0, we have

f(z) >0 for x € [0, M),

fl@)<0 forxze (My,My+e) forsomee > 0.

M0>5>0, 6=

(6.17)

Moreover, if § is sufficiently small and § < My, then
M, (0) = ||U0HL2:10+2 <o|u°|

(R3) Hs (R3) < Cé < My,
that is,
(618) MSl (0) € [O7MO}

From (6.16)—(6.18) it follows that M, (¥) < My. =
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We now prove a result which guarantees that the local existence theorem can be
re-applied to extend the local solution to a global one.
THEOREM 6.2. Let s > 0 be an integer and let
U° = (u', Du®, T, DT®)* € W*%(R3) N W*2(R3)
(where p = (2ko +2)/(2ko + 1), ko > 2 is given by (1.5)—(1.7)) and let
U(t,z) = (Vu(t,x), VT (t,z))

be a solution of the problem (4.10)—(4.11) on some interval [0,9]. Then there exists a
constant 61 > 0 sufficiently small such that if

”UO”WS’Q(R?’) + ”UO”WS»P(RB’) <1,
then
HU(t)HWM(RS) < Ks,ko”UOHWM(RS) for t€10,9],

where the constant K 1,, depends only on s and ko and does not depend on V.

Proof. It follows from Theorem 4.1 that

t
10 @l g0y < CllU®le oy exp(Co [N, oy dr)  for t € 0,5,
y |

In order to estimate the integral under the exponent we repeat the argument of
(6.10)—(6.12) to obtain

U0l sy < CIU ||z sy exp(Cs MY (9)) - for ¢ € [0, 9],
provided that ||U°]

ms(r3) T HUOHWS,p(Rs) is small enough. Setting
Ky =Cs exp(C’SMé“O),
we have |U(¢)|lg: gsy < Ks,kOHUOHHS(RS) fort €10,9]. m

In order to prove the main Theorem 1.1 we proceed as follows.
We take ¢ = min(do, §1,0/Ks x,) with do,01,0/K, r, given by Theorems 6.1 and 6.2.
Let the initial data U° satisfy

U° € 'R NWP(R?),  |U°lgge sy + I1U° lypo.n oy < 6

Then by Theorem 4.1 there is a constant ¥ > 1 such that the solution U(¢,x) exists
on the interval [0,7o] and satisfies [|U(?)||g. gs) < K57k0||U0|HS(R3) for t € [0,9], by
Theorem 6.2. Since ||U(90)|| . ®?) < 0o we can again apply Theorem 4.1 by taking t = ¥q
as the new initial time. Then we have a solution U(t,z) on [0, 29,] and it satisfies the
assumptions of Theorem 6.2. Therefore ||U(200) (g (gs) < do, etc. Thus we can extend
the local solution to a global one.

Furthermore, we notice from (6.15) and the conclusion of Theorem 6.1 that the global
solution U (t,z) admits the estimate

(6.19) U @)l 2k0+2 sy < C(L )"/ EFD for all £ > 0,
;81

where the constant C' is independent of .
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Next, the asymptotic decay of the global solution in the LL*°-norm follows directly
from Sobolev’s imbedding inequality (6.10) and the estimate (6.19):

U () || rey < C(1+¢)"Fo/katD) for all ¢ > 0.

Finally, as an immediate consequence of Theorem 6.2 we have ||U(t)||p2gsy < C for
all £ > 0. Therefore, we conclude that the time-asymptotic behaviour of the solution for
large t is described by

U (®)lloe sy = O(t~*e/FotD) U (#)|[aro+2 sy = Ot~/ FetD),
U (@) [L2rot2(msy = O(1). =
6.2. Proof of main Theorem 1.2. In order to prove the estimate of a global
solution to the initial value problem for the nonlinear hyperbolic heat equation we act as

in Section 6.1.
First, we introduce the notation

M, (€)= sup (1+t)*he/ClrDI|y(¢)

” 2k0+2 (p3y s
o<t<c B (B

where s1 = [s/2] + 1,s > 10 is an integer and kg > 2 is the integer appearing in The-

orem 1.2.

THEOREM 6.3. Let V(t,z) = (VO(t,x)) be a solution to the initial value problem
(4.12)—(4.13) on some interval [0,(] and sy = [s/2] +1,s > 10. If

V0= (0',De")" € H°(R®) N W*P(R?)
(where p = (2ko + 2)/(2ko + 1), ko > 2 is an integer) and
18", DO%)*[l= (k2 + (O, DO®)*[lwya(rsy < &

with 6 > 0 sufficiently small, then Ms, () < My < oo, where the constant Mg is
independent of C.

Proof. For ¢ € [0, (] we express the solution V(t) = (VO(t,-))* by the fundamental
solution of the hyperbolic heat equation given by (3.60). Thus

(6.20) V(t,x) = B(t,) « V(z) + f B(t—,°) * [F(V,dV)](r,z) dr,
0

where B(t,z) is the matrix defined by (3.80). From (6.20) we have

(621) ||V(t)||L’2flo+2(R3) < ”B(t’ ) * Vo(')l|]1‘§]f°+2(]R3)

t
+ [ 1B =7, % F (7, )| 2002 g -
0

1

Applying Theorem 3.7 we obtain

(6.22)  [[V(£)ll2k0+2 s, < C(1¢) 730/ Cllot 0
)81

]LSI +s0 (]RS)

¢
—ko/(2(ko+1
+C 6[ (14t — r)~ko/ (ko ))“F(Tv')||]Lf;1+SO(R3)7
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where

_2/€0—‘r2 . 3ko
T 2%k +17 0T k0+1’

3
F=>" a;(V0)d;0hu+ 22%0 V6)0;0su.

7,k=1 j=1
By familiar calculus inequalities (cf. [79]) and using the Leibniz formula, the Holder
inequality and taking into account our specific assumption on F', we have

(6.23) IE(V.DV)(D)llur, ., @) < CIV D)3k 2 sy IV (7) i o).
In view of (6.23) and (6.22) we get
624) [Vl 2002 g
< C(1 1)~ 3ho/Clhot )| y0)) (R3)
51+50
e f 7)~3ho/ o+ ) 7 (7, >||E%§10+2(R3)||V(T)||HS(]R3) dr.

Applying the energy estimate (5.9) and taking into account the fact that

(6.25) Vs, .

which follows from the imbedding Ws1:2k0+2(R3) C Cl*/2I(R?), we get
(6.26) IV (7) [z sy < Csl|VOszs sy exp{CoM2(T)} for 0< 7 < T
Inserting (6.26) into (6.24) with ||V(]||L?31+SO(R3) and ||V
627) IVl st

< C,5(1 + t)~3ko/ (ko +1)

®3) < HV(T)HL??P“(W) for T € [O,C],

) replaced by ¢, we obtain

dr.

2k0+2(]R3)

t
+ Cu8exp{CME(T)} [ (141t — r)Sko/ @lhot |y () 11y
0

Using once more the fact that

a2
(6.28) V(7 )H]LTS/ZJ(D@)HV( )||k2k0+2(R3) _Mko( Y14 7) Sko/(Q(koH))’

going back to (6.27), multiplying by (1 + t)3ko/(2(ko+1)) “after some calculations we get
M, (€) < Cid + Coo MY (C) exp{CME (O}

Acting in the same way as in the proof of Theorem 6.1 we have My, (¢) < M.
The last step concludes the a priori estimate in the norm || -

THEOREM 6.4. Let s > 10 be an integer, let
VY= (6',D8%* € H*(R*) N W*P(R?)
(where p = (ko +2)/(ko + 1), ko > 2) and let V(t,z) = (VO(t,xz)) be a solution to the

problem (4.12), (4.13) on some interval [0,¢]. Then there exists a positive constant §; > 0
sufficiently small such that if

IVOllgs rs)y + IV llwer sy < 6,
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then
(6.29) V()]
for all t € 10,¢].

Hs (R3) < Kso,ko HV0|

He (R3)

Sketch of proof. Applying the energy estimate to the solution V' (¢, ) of the pro-
blem (4.10), (4.11) and carrying out the same calculations as in the proof of Theorem 6.2
we get (6.29).

Therefore, we have an a priori estimate in the H*-norm of the solution to the problem
(4.12)—(4.13); thus we can re-apply the local existence theorem to obtain the desired
global solution. From (6.28) and the conclusion of Theorem 6.3 it follows that the global
solution V (¢, x) has the estimate

(6.30) IV ()l 2042 sy < C(1 )30/ CEADT - for all £ > 0.
;51

From the Sobolev imbedding inequality (6.25) and (6.30) it follows that
[V () ||Lee sy < C(1 + )~ 3ko/@RotD)for all ¢ > 0.

Applying Theorem 6.3 we have ||V (t)||L2rs) < C for all t > 0. This completes the proof
of Theorem 6.4.

7. General remarks

In this paper we have proved (assuming a special structure of nonlinearities F') that the
global solutions to initial value problems of the nonlinear hyperbolic partial differential
equations describing thermoelastic medium exist when the initial data are small enough.
The method which we have used consists in combining the classical local existence the-
orem in L2-norms with a priori estimates in appropriate LP-norms. Here, interpolations
allow us to obtain decay estimates of solution to the linearized equation (with constant
coefficients) in an appropriate LP-norm.

These LP-IL? time decay estimates play a key role in discussing the global existence
of solutions of the corresponding nonlinear equations.

The general scheme consists of the following steps I°—V°.

I° Reduction of the initial value problem for nonlinear hyperbolic partial differential
equations to an equivalent one for quasilinear symetric hyperbolic system of the first

order:
3
(7.1) A)aU =Y AMU)owU,
k=1
(7.2) U(0,z) = U%=x)

and applying the local existence and uniqueness results.
There is a local solution U of the quasilinear symmetric hyperbolic system of the first
order on some time interval [0,9], ¢ > 1, with the following regularity:

(7.3) U e CO([0,9], W*2) n CL(]0, 9], W~ 12),
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where s € N is sufficiently large to guarantee a classical solution. The proof of local
existence theorem is always a problem in itself. Here we have presented one method
of the proof of a corresponding theorem for a nonlinear hyperbolic heat equation and
a nonlinear hyperbolic system of partial differentail equations describing thermoelastic
medium in three-dimensional space.

11° High energy estimates. The local solution U satisfies
¢
(4) U@ eaqeo) < CllV oo exp {Ce [ VOIS goydr}, te 0.0
B s

where C, depends only on s but not on ¥ or U" and kq > 2.
This inequality is proved by using a general formula for the derivative of order «
(la] = s) for composite functions (cf. (2.37)).

ITI° Decay of solutions to the linearized problem. A solution U to the associated linear

problem:
3

(7.5) A0)0U = AH0)okU,

k=1
(7.6) U(0,z) =U",
satisfies
(7.7) U ()l (rs) < e(1+8)U°|Lr, @)
where

2<qg<oo, 1l/p+1l/g=1, ¢d>0

and sp € N depend on ¢ and on the space dimension n.

This LP-IL? time decay estimate was obtained using the matrix of fundamental solu-
tions constructed with the help of the Radon transform (or with the help of fundamental
solutions obtained by the Hérmander method).

IV® Weighted a priori estimates. The local solution satisfies
(7.8) sup(1 + O U () s, gy < Mo < o0,

where M is independent of T, s; is sufficiently large, ¢ = ¢1 (ko) is chosen appropriately
for each problem and d; = d(q) according to II°, provided that U° is sufficiently small
(i.e. the norm of U in Sobolev spaces is small enough).

In this step the information obtained in ITI° is exploited with the help of the classical
formula

¢
(7.9) U(t,2) = R(t,) «U°(x) + [ R(t =)« F(U,DU)(r,x) dr,
0

where R(t, ) is a matrix with elements being linear combinations of the terms 0, Hj(t, x),
Oy H i (t,z) or (O, E(t,x)), (O, E(t,x)), respectively (H,k (¢, z) is the matrix of fundamental
solutions of the linearized hyperbolic system describing thermoelastic medium and E (¢, x)
is a fundamental solution of the linearized hyperbolic heat equation) (cf. (3.21)).



54 J. A. Gawinecki

V*° Final energy estimate. The results in II° and IV® lead to the following a priori
bound:

(7.10) U () lws2@sy < K||U|lwe2@sy, 0<t<9,

s € N being sufficiently large, U® being sufficiently small (in the sense of Sobolev norms)
and K being independent of ¥). Such an a priori estimate allows us to apply now the
standard continuation argument and to continue the local solution obtained in step I° to
one defined for all ¢ € [0, c0).

The method presented above gives us some information on the asymptotic behaviour
of the global solution as t — oo in steps IV® and V°.

As we have shown above the main role in the proof of existence of global-in-time
solutions of the nonlinear systems of partial differential equations is played by the LP-IL?
time decay estimate for the solution to the initial value problem for the corresponding
linear hyperbolic system of partial differential equations.

We obtained such LP-LL? time decay estimates constructing the matrix of fundamental
solution with the help of the Radon transform or constructing the fundamental solution
with the help of Héormander’s theorem.

The Radon transform can be applied to construct matrices of fundamental solutions
to other systems of partial differential equations with constant coefficients, for exam-
ple:

1) a system of partial differential equations describing microelasticity theory,
2) a system of partial differential equations describing elasticity theory,

3) a hyperbolic system of partial differential equations describing the so-called non-
simple thermoelastic mediums.

Remark 7.1. The matrix of fundamental solutions constructed with the help of the
Radon transform can be applied to prove the existence of “almost global solutions” to the
initial value problem for nonlinear hyperbolic thermoelasticity. This is very important in
view of the fact that in this case the nonlinear right hand side F' describes the so-called
“geometrical nonlinearity” (cf. [34]).

The method of construction of fundamental solutions basing on Hérmander’s theorem
can be applied to construct fundamental solutions for equations describing mediums in
continuum mechanics. Basing on the constructed fundamental solutions we can get an
LP-IL¢ time decay estimate for solutions to the linearized problem associated with the
nonlinear problem.

Many mediums in continuum mechanics are also described by coupled hyperbolic-
parabolic systems of partial differential equations. Such is the case of thermodiffusion
in a solid body (cf. [36], [31], [99], [100]). In order to obtain a matrix of fundamental
solutions of a linear hyperbolic-parabolic system we can apply the Hilbert—Levy method
(cf. [32], [30]).
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