
P O L S K A A K A D E MI A N A U K, I N S TY TU T MA TE MA TY CZ N Y

D I S S E R T A T I O N E S
M A T H E M A T I C A E
(ROZPRAWY MATEMATYCZNE)

KOMITET REDAKCYJNY

BOGDAN BOJARSKI redaktor
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Abstract

The aim of this paper is to present an elementary, self-contained introduction into some
important aspects of the theory of global, small, smooth solutions to initial value problems for
nonlinear hyperbolic equations of thermoelasticity theory. This system of equations is a new one
describing thermoelastic solids in the three-dimensional space. It describes the propagation of
thermal perturbations with finite velocity.

The theory is presented using the classical method of continuation of local solutions with
the help of a priori estimates obtained for small data.

The corresponding global existence theorems have been proved using the Lp-Lq time decay
estimates for the solution of the associated linearized problem. The Lp-Lq time decay estimates
were obtained by constructing the matrix of fundamental solutions to the linearized system of
equations of thermoelasticity theory with the help of the Radon transform or by providing the
fundamental solution for the linearized system of the hyperbolic heat equation by the Hörmander
method.

This approach to the Lp-Lq time decay estimates based on the Radon transform is new; we
indicate some possibilities of extending it.



1. Introduction

The investigation of existence of global-in-time solutions to initial value problems
under small initial data (in the sense of norms in Sobolev spaces) for nonlinear partial
differential equations has been extensively developed during the years 1980–1990. It was
begun in 1980 by S. Klainerman [73]. He proved the existence of a global-in-time solution
to the following initial value problem for the nonlinear wave equation:

(1.1) �y = F (∇y,D∇y),

(1.2) y(0, x) = h(x), (∂ty)(0, x) = g(x),

where

y = y(t, x), (t, x) ∈ R+ × Rn, ∂t =
∂

∂t
,

�y = ∂2
t y −∆y, ∆ =

n∑
j=1

∂2
j , ∂j =

∂

∂xj
,

Dy = (∂1y, . . . , ∂ny) is the spatial gradient,

∇y = (∂ty,Dy) = (∂ty, ∂1y, . . . , ∂ny) is the time-spatial gradient
under the assumption that the initial data are small enough and that in some neigh-
bourhood of the origin,

(1.3) F (U) = O(|U |2)

for the space dimension n ≥ 6. In 1981 F. John [59] proved a theorem on the blow-up
in finite time for the solution to (1.1)–(1.2) in R3 under the assumption that F is given
by (1.3)

S. Klainerman and G. Ponce [79] proved the existence of a global-in-time solution to
(1.1)–(1.2) in Rn (where n ≥ 3) under the assumption that

(1.4) F (U) = O(|U |3).

In 1982 analogous theorems were proved by J. Shatah [122] for the nonlinear heat
equation, nonlinear Schrödinger equation and nonlinear Klein–Gordon equation using a
more general functional analytic setup.

In 1985 S. Klainerman [75] proved the existence of a global-in-time solution to (1.1)–
(1.2) in R3 under the assumption that

(1.5) F (U) = O(|U |2)

using the techniques of Lorentz invariants and a special assumption about the nonlin-
earity, the so-called null condition, which is sufficient to prove the existence of a glo-
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bal solution for quadratic nonlinearities in R3. F. John [60] proved that there exists an
“almost global solution” to the following initial value problem:

�u = Crs (Du)DrDsu,(1.6)

u = ε f(x), D0u = ε g(x) for t = 0, x ∈ R3,(1.7)

where

D0 ≡ ∂t, Dm ≡ ∂m,
�ik = δikD

2
0 − (c22δrsδik + (c21 − c22) δriδsk)DrDs, i, k, r, s = 1, 2, 3.(1.8)

Here Crs are matrices with elements Crsik depending on the space gradient Du and satis-
fying

Crsik (0) = 0, Crsik (Du) = Csrki (Du),

where Crsik (Du) are of class C∞ and have bounded derivatives in R9 (Du will be restricted
here to a small neighbourhood of the origin), ε is a positive constant, the vectors f and g
belong to C∞0 (R3), c21 = (λ+ 2µ)/%, c22 = µ/%, λ, µ are Lamé’s constants, % is the density
and δrs denotes Kronecker’s symbol.

John obtained the following result: There exist positive constants A, B, ε0 (depending
on f , g, Crsik , but not on ε) such that a C∞ solution u(t, x) of (1.6), (1.7) exists for

(1.9) 0 ≤ t < B exp(1/(Aε)), x ∈ R3,

provided ε < ε0.
The slab described by (1.9) (in which u exists) is exponentially large for small ε. We

say that u exists almost globally .
R. Racke and G. Ponce [112] proved the existence of a global-in-time solution in R3

(for small data) to the following initial value problem of classical thermoelasticity (the
so-called hyperbolic-parabolic thermoelasticity):

∂2
t u− ((2µ+ λ) grad div−µ curl curl)u+ gradΘ = f1(Du,D2u,Θ,DΘ),

∂tΘ −∆Θ + div ∂tu = f2(Du,D∂tu,D2u,Θ,DΘ,D2Θ),

u(0, x) = u0(x), (∂tu)(0, x) = u1(x), Θ(0, x) = Θ0(x),

where (t, x) ∈ R+ × R3, u = u(t, x) = (u1(t, x), u2(t, x), u3(t, x))∗ is the displacement
vector of the medium, and Θ = Θ(t, x) is the temperature of the medium; we assume
that, near the origin,

f1(w) = O(|w|3), f2(w) = O(|w|3) +Θ∆Θ.

The aim of this paper is to prove the existence of a global-in-time solution to initial
value problems for a new nonlinear hyperbolic PDE system describing thermoelastic solids
in the three-dimensional space (the so-called temperature-rate-dependent thermoelastic
solids).

It is known that the classical thermoelasticity theory leads to a parabolic differential
equation for temperature distribution in rigid heat conductors. This implies that thermal
perturbations are felt instantaneously (cf. [99], [5]) in every part of the body. Although,
at first sight, this outcome of the theory seems to contradict the physical intuition, it can
be justified by resorting to the fact that molecular motion, which plays a crucial part
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in transport phenomena, is very rapid except at extremely low temperatures. Hence a
finite velocity of propagation for thermal perturbations is usually nonobservable unless
experiments are performed in some neighbourhood of absolute zero as in the case of liquid
helium. In fact, thermal waves, commonly known as second sound , are detected in some
metals cooled approximately down to 20◦K. For a short survey the reader is referred to
the works of Ackerman and Guyer [1], Taylor et al . [140] and Jackson and Walker [50].

Below, we shall describe a theory of thermoelasticity [138] by considering the tempe-
rature rate dependence and assigning an appropriate constitutive function to the entropy
flux. Such a theory leads to a hyperbolic differential equation for thermal perturbations
different from the equation describing propagation of thermal perturbations in classi-
cal thermoelasticity (which is a parabolic equation). One approach is to include the
temperature rate among the constitutive variables, which results in the presence of the
second order time derivative of the temperature field in the energy balance. However,
the Clausius–Dühem inequality, in the form employed up to now, eliminates the tem-
perature rate dependence from all the constitutive functions except for the constitutive
function of heat flux. Hence, in order to obtain a properly posed theory for temperature-
rate-dependent thermoelastic solids we have to resort to an entropy principle in its full
generality presented in [19, 98]. Such a theory of thermoelasticity was proposed by Müller
in [98], who advocated rather special constitutive relations for the entropy supply in rigid
conductors which are simple generalizations of the conventional form. Suhubi [138] exten-
ded his results to thermoelasticity theory and obtained a hyperbolic system of equations
describing temperature-rate-dependent thermoelastic solids.

The aim of our paper is to investigate the (global-in-time) solvability of initial value
problems for the nonlinear hyperbolic PDE system describing thermoelastic solids in
three-dimensional space.

We prove the existence of global-in-time solutions for small data in suitably chosen
Sobolev spaces, for two variants of this system:

1) The coupled nonlinear hyperbolic PDE system describing the temperature-rate-de-
pendent thermoelastic solids under the assumption that the coefficients in the nonlinear
terms are smooth functions of their arguments (which are first order derivatives of the
unknown functions u1, u2, u3 and T ) and behave near the origin like O(|η|k0) for k0 ≥ 2.

2) Nonlinear hyperbolic heat equations describing the propagation of thermal pertur-
bations with finite velocity in a rigid heat conductor (i.e., a material whose deformations
are negligible in the analysis of temperature) under the assumption that the coefficients
in the nonlinear terms are smooth functions of their arguments which are first order de-
rivatives of the unknown function Θ and behave near the origin like O(|η|k0) for k0 ≥ 2.

First, using a suitable transformation, we reduce the above initial value problems to
equivalent one for quasilinear first order hyperbolic PDE systems. Applying the local
existence theorems for those systems we get the existence and uniqueness of solutions to
the initial value problems in a finite time interval. Basing on the matrix of fundamental
solutions of the linearized system (in case 1) and the Radon transform, or on the funda-
mental solution (Hörmander’s theorem) of the linearized equation (in case 2) and using
a convolution type representation of the local solutions we prove a priori energy estima-
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tes with constants independent of time. This enables us to extend the local solutions to
global ones. The energy estimates also yield the asymptotic behaviour of the solutions as
t→∞.

1.1. Main Theorem 1.1. We first consider the following initial value problem of
hyperbolic thermoelasticity (cf. [29]):

%∂2
t u− µ∆u− (λ+ µ) grad div u+ β grad ∂tT = F (∇u,∇T,D∇u,D∇T ),(1.10)

%τ∂2
t T − k∆T + β div ∂tu = Q(∇u,∇T,D∇u,D∇T ),(1.11)

with the initial conditions
(1.12)

(1.13)

u(+0, x) = u0(x), (∂tu)(+0, x) = u1(x),

T (+0, x) = T 0(x), (∂tT )(+0, x) = T 1(x),

where u = (u1(t, x), u2(t, x), u3(t, x))∗ is the displacement vector and T = T (t, x) is
the temperature, both depending on t ∈ R+ and x ∈ R3. Here ∂0 = ∂t = ∂/∂t,
∂j = ∂/∂xj , ∆ =

∑3
j=1 ∂

2
j , where %, µ, λ, β, τ , k are positive physical constants,

u0(x), u1(x), T 0(x), T 1(x) are given functions, the asterisk denotes transposition and
div stands for divergence with respect to x. Moreover, ∇u = (∂tu, ∂1u, ∂2u, ∂3u)∗ and
∇T = (∂tT, ∂1T, ∂2T, ∂3T )∗ denote the space-time gradients of u and T , while Du =
(∂1u, ∂2u, ∂3u) and DT = (∂1T, ∂2T, ∂3T ) denote their spatial gradients.

We assume that the nonlinear terms in (1.10), (1.11) have the following form:

Fj(∇u,∇T,D∇u,D∇T ) =
3∑

n=1
k,m=0

ajkmn(∇u,∇T )∂k∂mun(1.14)

+
3∑

m=1

c̃jm(∇u,∇T )∂m∂tT, j = 1, 2, 3,

Q(∇u,∇T,D∇u,D∇T ) =
3∑

j,k=0
j+k 6=0

ãjk(∇u,∇T )∂j∂kT(1.15)

+
3∑
j=1
m=1

c̃jm(∇u,∇T )∂t∂muj , j = 1, 2, 3,

where ajkmn, c̃jm, ãjk are C∞ functions of η ∈ R16 such that, for some k0 ≥ 2,

|ajkmn(η)| = O(|η|k0),(1.16)

|ãjk(η)| = O(|η|k0),(1.17)

|c̃jm(η)| = O(|η|k0),(1.18)

for |η| < 1 and satisfy the following symmetry conditions:

(1.19)

ajkmn(η) = anmkj(η),

ãjk(η) = ãkj(η),

c̃jm(η) = c̃mj(η) for η ∈ R16.
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We shall prove the following main theorem about the existence and asymptotic beha-
viour of global solutions.

Theorem 1.1. Let s ≥ 10 be an integer and p = (2k0 + 2)/(2k0 + 1) (k0 ≥ 2 is given
by (1.16)–(1.18)). Suppose that

(1.20) (u1, Du0, T 1, DT 0)∗ ∈Ws,2(R3) ∩Ws,p(R3).

Then for a sufficiently small positive constant δ, if

‖(u1, Du0, T 1, DT 0)∗‖Ws,2(R3) + ‖(u1, Du0, T 1, DT 0)∗‖Ws,p(R3) < δ

then there exists a unique smooth solution (u, T )∗ to the Cauchy problem (1.10)–(1.13)
under the assumptions (1.19) with the following properties:

∇u ∈ C0([0,∞), Ws,2(R3)) ∩ C1([0,∞), Ws−1,2(R3)),

∇T ∈ C0([0,∞), Ws,2(R3)) ∩ C1([0,∞), Ws−1,2(R3)).

Moreover ,

‖∇u(t)‖L∞(R3) = O(t−k0/(k0+1)),

‖∇T (t)‖L∞(R3) = O(t−k0/(k0+1)),

‖∇u(t)‖L2k+2(R3) = O(t−k0/(k0+1)),

‖∇T (t)‖L2k+2(R3) = O(t−k0/(k0+1)),

‖∇u(t)‖L2(R3) = O(1),

‖∇T (t)‖L2(R3) = O(1).

1.2. Main Theorem 1.2. We now consider the following initial value problem for a
nonlinear hyperbolic heat equation (describing the propagation of thermal perturbations
with finite velocity in a rigid heat conductor, i.e., a material whose deformations are
negligible when analysing its temperature) (cf. [16]):

∂2
t Θ + 2m∂tΘ − a2∆Θ =

3∑
j,k=1

ajk(∇Θ)∂j∂k Θ + 2
3∑
j=1

aj0(∇Θ)∂j∂tΘ,(1.21)

Θ(+0, x) = Θ0(x), (∂tΘ)(+0, x) = Θ1(x),(1.22)

where (t, x) ∈ R+ × R3, Θ = Θ(t, x) is the temperature of the medium,

(1.23) ∇Θ = (∂tΘ, DΘ)∗, DΘ = (∂1Θ, ∂2Θ, ∂3Θ),

m and a are positive physical constants given by 2m = c/τ and a2 = k/(%τ), where %
is the material density, c is the specific heat, k is the conductivity coefficient and τ is
the relaxation time (cf. [16], [138]). We assume that the coefficients ajk ∈ C∞(R4) are
symmetric in j, k = 0, 1, 2, 3 with ajk(0) = 0 and that there exists ν > 0 such that for all
ξ ∈ R3 and all ∇Θ with |∇Θ|L∞ < R0 we have

(1.24) a2|ξ|2 +
3∑

j,k=1

ajk(∇Θ)ξjξk ≥ ν|ξ|2,
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where

(1.25) |ajk(η)| = O(|η|k0)

for |η| < 1 and some k0 ≥ 2.

Theorem 1.2. Let s be an integer ≥ 10 and p = (2k0 + 2)/(2k0 + 1), where k0 ≥ 2 is
given by (1.25). Suppose that

(1.26) (Θ1, DΘ0)∗ ∈ Hs(R3) ∩Ws,p(R3).

Then for δ > 0 small enough, if

(1.27) ‖(Θ1, DΘ0)∗‖Hs(R3) + ‖(Θ1, DΘ0)∗‖Ws,p(R3) < δ

then there exists a unique smooth solution Θ to the initial value problem (1.21)–(1.23)
under the assumption (1.24)–(1.25) with the property

(1.28) ∇Θ ∈ C0([0,∞), Hs(R3)) ∩ C1([0,∞), Hs−1(R3)).

Moreover ,

(1.29)

‖∇Θ(t)‖L∞(R3) = O(t−3k0/(2(k0+1))),

‖∇Θ(t)‖L2k0+2(R3) = O(t−3k0/(2(k0+1))),

‖∇Θ(t)‖L2(R3) = O(1).

The paper is organized as follows.
In Section 2 we describe the Radon transform and its application to the construction of

fundamental solutions of hyperbolic homogeneous differential operators of order m having
characteristic polynomials with multiple zeros. Each zero is assumed to be of constant
multiplicity. We also describe the construction of a matrix of fundamental solutions of a
hyperbolic PDE system with constant coefficients.

In the next section we prove Lp-Lq time decay estimates. Section 4 presents the local
existence theorems for solutions to the initial value problems. Section 5 is devoted to the
proof of energy estimates. Finally, in Section 6 the proofs of the main Theorems 1.1, 1.2
are presented and some applications of the above method and results are indicated.

2. Radon transform

2.1. Definition of the Radon transform

Definition 2.1. The Radon transform of a function f ∈ S(Rn) is defined as follows
(cf. [107], [64], [24], [42]):

(2.1) Sn−1 × R 3 (ω, s)→ (Rf)(ω, s) =
∫

y·ω=s

f(y) dy,

where Sn−1 is the (n − 1)-dimensional sphere with centre at 0 and radius 1, and S(Rn)
is the Schwartz space of test functions.
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Main properties of the Radon transform

Rf(ω, s) =
∫

Rn

f(y)δ(s− yω) dy,(P1)

Rf(−ω,−s) = Rf(ω, s),(P2)

R(∂bf) = ωb∂|b|s Rf,(P3)

Ff(ξ) = (2π)−n/2
∞∫

−∞

e−is|ξ|(Rf)
(
ξ

|ξ|
, s

)
ds,(P4)

where ∂s = d/ds, b = (b1, . . . , bn) is a multiindex, ωb = ωb11 . . . ωbn
n , F is the Fourier

transform, and f ∈ S(Rn).
Now, we present the fundamental theorem about the connection of the Radon and

Fourier transforms.

Theorem 2.1. Let f ∈ S(Rn). Then the equality f = F−1[Ff ] can be written in the
form

(2.2) f = R∗(k(n+q)
q ∗Rf),

where

R∗(k(n+q)
q ∗Rf)(x) =

∫
|ω|=1

(k(n+q)
q ∗Rf)(ω, x) dω,(2.3)

(k(n+q)
q ∗Rf)(ω, x) =

∞∫
−∞

[(∂(n+q)
s kq)(x · ω − s)Rf(ω, s)] ds,(2.4a)

i.e.,

R∗(k(n+q)
q ∗Rf)(x) =

∫
Sn−1

[(∂(n+q)
s kq) ∗Rf)(ω, s) ds] dω(2.4b)

=
∫

Sn−1

[ ∞∫
−∞

(∂(n+q)
s kq)(x · ω − s)Rf(ω, s) ds

]
dω

or

f(·) =
∫

Sn−1

(k(n+q)
q ∗Rf)(ω, ·ω) dω,(2.4c)

where

R 3 s→ kq(s) =


− sq ln |s|
i(2πi)n−1q!

for n even,

sq sgn(s)
4(2πi)n−1q!

for n odd ,
(2.5)

and q is a positive integer of the same parity as n.

Theorem 2.2. For all f ∈ S(Rn),

(2.6) f(x) = ∆(n+q)/2
x

∫
Sn−1

(kq ∗Rf)(ω, xω) dω = ∆(n+q)/2R(kq ∗Rf),

where ∆ =
∑n
j=1 ∂

2
j .
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2.2. R e m a r k. The following formula holds:

(2.7) δ(x) = ∆(n+q)/2
∫

|ω|=1

kq(xω) dω.

Definition 2.2. The linear partial differential operator

(2.8) P (∂, ∂t) =
∑
|b|+l=m

ab∂
b∂lt

with constant coefficients ab is called hyperbolic with respect to t if its characteristic
polynomial P (ξ, τ) has m real zeros in τ for every real ξ.

If the zeros are all different for every real ξ 6= 0, then the operator P (∂, ∂t) is called
strongly hyperbolic with respect to t .

Using the Radon transform one can construct a fundamental solution E of the strongly
hyperbolic differential operator P (∂, ∂t), i.e., a distribution E on Rn × R1 such that

P (∂, ∂t)E(x, t) = δ(x, t).

We recall this construction. The first step is to construct explicitly in the half-space
t > 0 a solution u of the Cauchy problem

(2.9)

P (∂, ∂t)u(x, t) = 0 for t > 0,

∂ltu(x, 0+) = 0 for l = 0, 1, . . . ,m− 2,

∂m−1
t u(x, 0+) = δ(x).

For this purpose we use the Radon transform and the formulae (P1–P4) to reduce to
the auxiliary Cauchy problem

(2.10)

P (ω∂s, ∂t)Ru(ω, s, t) = 0 for t > 0,

∂ltRu(ω, s, 0+) = 0 for l = 0, 1, . . . ,m− 2,

∂m−1
t Ru(ω, s, 0+) = δ(s).

Convolution with kq (cf. (2.5)) gives

kq ∗ P (ω, ∂s, ∂t)Ru(ω, s, t) = 0, t > 0,

k ∗ ∂ltRu(ω, s, 0+) = 0, l = 0, 1, . . . ,m− 2,

k ∗ ∂m−1
t Ru(ω, s, 0+) = kq ∗ δ(s),

because kq ∗ δ(s) = kq(s). Then

(2.11)

P (ω∂s, ∂t)U(ω, s, t) = 0 for t > 0,

∂lt U(ω, s, 0+) = 0 for l = 0, 1, . . . ,m− 2,

∂m−1
t U(ω, s, 0+) = kq(s),

where

U(ω, s, t) = (kq ∗Ru)(ω, s, t) =
∞∫

−∞

kq(s− δ)[Ru(ω, δ, t)] dδ

(compare with (2.4a)).
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Since the operator P (∂, ∂t) is strongly hyperbolic, we can write

P (ω, τ) =
m∏
j=1

(τ − τj(ω)),

where τ1(ω) < . . . < τm(ω) are the zeros of P (ω, τ). Then the first equation of (2.11)
reads

m∏
j=1

(∂t − τj(ω)∂s)U(ω, s, t) = 0 for t > 0

and the general solution is

(2.12) U(ω, s, t) =
m∑
j=1

fk(s+ τk(ω)t),

where fk ∈ Cm(R) are arbitrary.
The construction of the solution of the Cauchy problem (2.11) is based on (2.12) and

on the following well known

Lemma 2.1. If a polynomial P (ω, τ) of degree m has m different zeros in τ (i.e. the
operator P (∂, ∂t) is strongly hyperbolic), then

m∑
j=1

τ lj(ω)
P ′τ (ω, τj(ω))

=
{

0 for l = 0, 1, . . . ,m− 2,
1 for l = m− 1.

This follows from a simple evaluation of the Cauchy integral.

Lemma 2.2. The function

(2.13) U(ω, s, t) =
m∑
j=1

kq+m−1[s+ τj(ω)t]
P ′τ [ω, τj(ω)]

,

with kq+m−1 given by (2.5), is a solution of the Cauchy problem (2.11).

P r o o f. Putting

fj [s+ τj(ω)t] =
kq+m−1[s+ τj(ω)t]

P ′τ [ω, τj(ω)]
,

we see that U satisfies the first equation of (2.11). Now, we check the initial condition:
for l = 0, . . . ,m− 2,

∂ltU(ω, s, 0+) =
m∑
j=1

∂ltkq+m−1[s+ τj(ω)t]
P ′τ [ω, τj(ω)]

∣∣∣∣
t=0

=
m∑
j=1

τ lj(ω)k(l)
q+m−1[s+ τj(ω)t]
P ′τ [ω, τj(ω)]

∣∣∣∣
t=0

=
m∑
j=1

τ lj(ω)k(l)
q+m−1(s)

P ′τ [ω, τj(ω)]

= 0 · k(l)
q+m−1(s) = 0.
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For l = m− 1 we have

∂m−1
t U(ω, s, 0+) = k

(m−1)
q+m−1 · 1 = k

(m−1)
q+m−1(s),

but
k

(m−1)
q+m−1(s) = kq(s).

which follows from the formula for kq(s).

Since U(ω, s, t) = (kq ∗Ru)(ω, s, t), we have the solution of the problem (2.9), in the
form

u = ∆(n+q)/2R(kq ∗Ru) = ∆(n+q)/2
∫

|ω|=1

(kq ∗Ru)(ωx) dω(2.14)

= ∆(n+q)/2
∫

|ω|=1

U(ω, (ωx), t) dω.

Now, the last step consists in demonstrating that the distribution

(2.15) E(x, t) = ε(t)u(x, t),

where u is given by (2.14) and

ε(t) =
{

1 for t > 0,
0 for t < 0,

is a fundamental solution of P (∂, ∂t). The proof is very easy and is left to the reader.
Thus we have the following

Theorem 2.3. If a homogeneous differential operator P (∂, ∂t) of order m is strongly
hyperbolic with respect to t , then it has a fundamental solution E given by (2.15).

Now, we adapt the above construction to a more general case, where the characteristic
polynomial has multiple zeros (in τ). Each zero is assumed to be of constant multiplicity.

In this case we have

P (τ, ω) =
p∏
j=1

(τ − τj(ω))rj ,(2.16)

where
τ1(ω) < . . . < τp(ω), p < m, r1 + . . .+ rp = m.(2.17)

The first step is the same as above. By using the Radon transform and then a suitable
convolution we reduce the Cauchy problem (2.9) for the operator P (∂, ∂t) hyperbolic with
respect to t to the auxiliary Cauchy problem (2.10) and then to the problem (2.11).

Next, by (2.16), the first equation of (2.11) can be replaced by

(2.18)
p∏
j=1

(∂t − τj(ω)∂s)rj U(ω, s, t) = 0.

Lemma 2.3. The solution of the equation (2.18) is given by

(2.19) U(ω, s, t) =
p∑
k=1

rk−1∑
d=0

tdfkd(s+ τk(ω)t),

where fkd are arbitrary differentiable functions on R (cf. (2.12)).
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P r o o f. The proof goes in the same way as that of Lemma 2.2, with

(2.20) fk(s+ τk(ω)t) =
rk−1∑
d=0

td fkd(s+ τk(ω)t), k = 1, . . . , p.

Lemma 2.4. If a polynomial P (ω, τ) of degree m has p different zeros with constant
multiplicities (see (2.16)), then

(2.21)
p∑
k=1

[
zl∏p

j=1,j 6=k(z − τj(ω))rj (rk − 1)!

](rk−1)∣∣∣∣
z=τk(ω)

=
{

0 for l = 0, 1, . . . ,m− 2,
1 for l = m− 1,

where [. . .](rk−1) = drk−1

dzrk−1 [. . .].

The proof goes in the same way as the proof of Lemma 2.1.

Lemma 2.5. If the characteristic polynomial P (ω, τ) of the hyperbolic homogeneous
operator P (∂, ∂t) of order m has p zeros τ1(ω), . . . , τp(ω) with constant multiplicities
r1, . . . , rp for ω 6= 0, then the formula

(2.22) U(ω, s, t) =
p∑
e=1

re−1∑
d=0

td
(
re−1
d

)
(re − 1)!

kq+m−d−1(s+ τe(ω)t)
[
∏p
j=1,j 6=e(z − τj(ω))rj ](re−d−1)|z=τe(ω)

,

where kq+m−d−1 is given by (2.5), gives a solution of the auxiliary Cauchy problem (2.11)
for the hyperbolic operator P (ω∂s, ∂t).

S k e t c h o f p r o o f. It follows from (2.22) that the function U satisfies equation
(2.18) for t > 0. Taking the derivatives of U with respect to t and then letting t → 0+
we see by Lemma 2.4 that U satisfies the initial condition of the Cauchy problem (2.11).
This completes the proof.

Now it is easy to see that under the assumption of Lemma 2.5 the auxiliary Cau-
chy problem (2.11) can be solved by the formulae (2.22). As an immediate corollary
from (2.14) and (2.15) we have the following

Theorem 2.4. If the homogeneous operator P (∂, ∂t) of order m is hyperbolic with re-
spect to t and its characteristic polynomial P (ω, t) has p zeros with constant multiplicities
for ω 6= 0, then the formula

(2.23) E(x, t) = ε(t)∆(n+q)/2
∫

|ω|=1

U(ω, ωx, t) dω,

where U is given by (2.22), gives a fundamental solution for P (∂, ∂t).

In mathematical physics, matrices of fundamental solutions for hyperbolic systems
are more important than fundamental solutions for hyperbolic operators considered in
this section.

Now, we describe the construction of a matrix of fundamental solutions for a hyper-
bolic PDE system with constant coefficients.
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Let Pjl(∂, ∂t)j,l=1,...,N be a system of linear hyperbolic partial differential operators
of the form

(2.24) Pjl(∂, ∂t) =
∑
|b|+l=m

ajl∂b∂lt, j, l = 1, . . . , N,

with constant coefficients ajl. Let

(2.25) P (ξ, τ) = det(Pjl(ξ, τ))

Assume that P (ξ, τ) has p real zeros τ1(ξ), . . . , τp(ξ) with multiplicities r1, . . . , rp, respec-
tively, and r1 + . . .+ rp = mN , when p ≤ Nm.

Definition 2.2. A matrix E(x, t) = (Ejl(x, t))jl is called a matrix of fundamental
solutions for the system (P (∂, ∂t))j,l=1...,N if

(2.26) Pjk(∂, ∂t)Ekl(x, t) = δjlδ(x, t), j, l = 1, . . . , N,

in the sense of distributions, where δjk denotes the Kronecker symbol and δ(x, t) is the
Dirac function.

The construction of the elements Ejl(x, t) is divided into three steps:

I. Using the Radon transform we solve the Cauchy problem

P (∂, ∂t)W (x, t) = 0 for t > 0,(2.27)

∂ltW (x,+0) = 0 for l = 1, . . . ,m− 2; ∂m−1
t W (x, 0+) = δ(x),(2.28)

where P (∂, ∂t) is given by (2.15).
II. The solution W (x, t) of (2.27), (2.28) yields a fundamental solution

(2.29) E(x, t) = ε(t)W (x, t)

of P (∂, ∂t).
III. Acting on E(x, t) by the adjugate matrix P d(∂, ∂t) of (Pjl(∂, ∂t))j,l=1,...,N we get

the desired matrix E(x, t):

(2.30) Ejl(x, t) = P djl(∂, ∂t)E(x, t),

where

(2.31) P djl(ξ, τ) = (−1)j+l det[Pik(ξ, τ)]i 6=j,k 6=l.

2.2. Basic notation and formulae. We shall use the following notations:

Dα
x = Dα1

x1
Dα2
x2
. . . Dαn

xn
for

(
∂

∂x

)α
=

∂|α|

∂α1
x1 ∂

α2
x2 . . . ∂

αn
xn

with α = (α1, . . . , αn) ∈ (N ∪ {0})3.
Lp(Rn), 1 ≤ p <∞, denotes the space of p-integrable functions with the Lp norm.
L∞(Rn) is the space of essentially bounded measurable functions on Rn with the

esssup norm.
Here for 0 < s ≤ ∞, 1 ≤ p ≤ m we denote by Ws,p(Rn) the usual Sobolev space with

the norm ‖ · ‖Ws,p(Rn) (cf. [2], [134]); Ws,p(Rn) = Lp(Rn) with the norm ‖ · ‖Lp(Rn);
Ws,2(Rn) = Hs(Rn). The norm ‖ · ‖Lp

,s(Rn) stands sometimes for the Sobolev norm
‖ · ‖Ws,p(Rn). Instead of Ws,p(Rn) we write Lp,s(Rn).
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Let X be a Banach space and I an interval. The Cl(I,X) (l ≥ 0, an integer) denotes
the space of l times continuously differentiable functions f on I with values in X. We
recall the definition of mollifiers. Let J be a nonnegative real-valued C∞0 (Rn) function
with J(x) = 0 if |x| ≥ 1 and

∫
Rn J(x) dx = 1. For example, we may take

J(x) =
{
C exp

( −1
1−|x|2

)
if |x| < 1,

0 if |x| ≥ 1.

If ε > 0, then the function Jε(x) = ε−nJ(x/ε) is nonnegative, belongs to C∞0 (Rn) and
satisfies Jε(x) = 0 if |x| ≥ ε,

∫
Rn J(x) dx = 1. Jε is called a mollifier and the convolution

(2.32) Jε ∗ u(x) =
∫

Rn

Jε(x− y)u(y)dy,

defined for a function u for which the right side of (2.32) makes sense, is called a mollifier
of u. Below, we give some properties (cf. [90]) of mollification which we use in our paper.
If u ∈ Hs(Rn) then

(2.33) Jε ∗ u ∈ C∞(Rn) ∩Hs(Rn), ‖u− Jε ∗ u‖Hs → 0 as ε→ 0.

If u, v ∈ Hs(Rn), then

(2.34) ‖Jε ∗ (uD1
xv)− u(Jε ∗D1

xv)‖Hs → 0 as ε→ 0.

We use the following Sobolev imbedding theorems (cf. [2], [134]):

Ws,p(Rn) ↪→ Ck(Rn) if s > k + n/p,

(2.35) Ws,p(Rn) ↪→Wt,q(Rn) if

{ 1 < p ≤ q <∞,
s > t,
1/q ≥ 1/p− (s− t)/n.

Lemma 2.6 (Gronwall’s inequality). If y ∈ C1(R) satisfies

(2.36)
dy

dt
+ p(t)y ≤ q(t)

for p, q ∈ C0(R), then

y(t) ≤
[
y(0) +

t∫
0

q(σ) exp
( σ∫

0

p(τ) dτ
)
dσ
]
· exp

(
−

t∫
0

p(τ) dτ
)

for t > 0.

We also use the formula for the partial derivative of order α (α = (α1, α2, α3), |α| = s)
for the composite function a(V (x)) (where V (x) = (V1(x), . . . , Vm(x)) is a vector function
with m components, depends only on x ∈ R3) of the following form:

(2.37) D(α1,α2,α3)a(V (x)) =
∑

D(Λ1,...,Λm)a

× (α1!α2!α3!)(V
(1,0,0)
1 )

k1
(1,0,0) ...(V (bs/2c,0,0)

m )
km
(bs/2c,0,0) ...(V

(ds/2e,0,0)
1 )

k1
(ds/2e,0,0) ...(V (0,0,s)

m )
km
(0,0,s)

(k1
(1,0,0))!...(k

m
(0,0,s))!...(1!0!0!)

k1
(1,0,0) ...(1!0!0!)

km
(1,0,0) ...(0!0!s!)

k1
(0,0,s) ...(0!0!s!)

km
(0,0,s)

,
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where summation is over all Λ1, . . . , Λm satisfying

Λ1 + Λ2 + . . .+ Λm ≤ s,
Λ1 = k1

(1,0,0) + . . .+ k1
(1,1,1) + . . .+ k1

(s,0,0) + . . .+ k1
(0,s,0) + . . .+ k1

(0,0,s),

Λ2 = k2
(1,0,0) + . . .+ k2

(1,1,1) + . . .+ k2
(s,0,0) + . . .+ k2

(0,s,0) + . . .+ k2
(0,0,s),

...

Λm = km(1,0,0) + . . .+ km(1,1,1) + . . .+ km(s,0,0) + . . .+ km(0,s,0) + . . .+ km(0,0,s),

1(k1
(1,0,0) + . . .+ km(1,0,0) + . . .+ k1

(1,0,s−1) + . . .+ km(1,0,s−1))

+ 2(k1
(2,0,0) + . . .+ km(2,0,0) + . . .+ k1

(2,0,s−2) + . . .+ km(2,0,s−2))

+ bs/2c(k1
(bs/2c,0,0) + . . .+ km(bs/2c,0,s−bs/2c))

+ ds/2e(k1
(ds/2e,0,0) + . . .+ km(ds/2e,0,s−ds/2e)) + . . .

+ s(k1
(s,0,0) + . . .+ km(s,0,0)) = α1,

1(k1
(0,1,0) + . . .+ km(0,1,0) + . . .+ k1

(0,1,s−1) + . . .+ km(0,1,s−1))

+ 2(k1
(0,2,0) + . . .+ km(0,2,0) + . . .+ k1

(0,2,s−2) + . . .+ km(0,2,s−2))

+ bs/2c(k1
(0,bs/2c,0) + . . .+ km(0,bs/2c,s−bs/2c))

+ ds/2e(k1
(0,ds/2e,0) + . . .+ km(0,ds/2e,s−ds/2e)) + . . .

+ s(k1
(0,s,0) + . . .+ km(0,s,0)) = α2,

1(k1
(0,0,1) + . . .+ km(0,0,1) + . . .+ k1

(0,s−1,1) + . . .+ km(0,s−1,1))

+ 2(k1
(0,0,2) + . . .+ km(0,0,2) + . . .+ k1

(0,s−2,2) + . . .+ km(0,s−2,2))

+ bs/2c(k1
(0,0,bs/2c) + . . .+ km(0,s−bs/2c,bs/2c))

+ ds/2e(k1
(0,0,ds/2e) + . . . km(0,s−ds/2e,ds/2e,0,)) + . . .

+ s(k1
(0,0,s) + . . .+ km(0,0,s)) = α3.

The proof of (2.37) is based on the Taylor formula (cf. [121]).

3. Lp-Lq time decay estimates for the Cauchy problem
for hyperbolic thermoelasticity

3.1. Matrix of fundamental solutions for linear hyperbolic thermoelasticity.
The system describing an isotropic and homogeneous thermoelastic medium in three-di-
mensional Euclidean space (cf. [24], [138]) is

%∂2
t u− µ∆u− (λ+ µ) grad div u+ β grad ∂tT = 0,(3.1)

β div ∂tu+ %τ∂2
t T − k∆T = 0.(3.2)
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The system (3.1), (3.2) can be written in matrix form

(3.3) L(∂, ∂t)U(x, t) = 0,

where L(∂, ∂t) is the 4× 4 matrix with elements

Ljk(∂, ∂t) = [(%∂2
t − µ∆)δjk − (λ+ µ)∂jk(1− δ4j)](1− δk4)

+ β∂j∂t(1− δjk)δk4 + [%τ∂2
t − k∆]δjkδk4 + β∂k∂t(1− δjk)δ4j ,

and U = (u, T )∗ is a four-dimensional vector of displacement u and temperature T .
A matrix H(x, t) of fundamental solutions of (3.3) satisfies in R4 the system

L(∂, ∂t)H(x, t) = δ(x, t)I,

where δ(x, t) is the Dirac function and I is the 4×4 unit matrix. The operator L(∂, ∂t) is
hyperbolic because its symbol, i.e., the symbol of the operator P (∂, ∂t) given by

(3.4) P (∂, ∂t) = detL(∂, ∂t) = %4τ(∂2
t − a2

1∆)(∂2
t − a2

2∆)(∂2
t − b2∆)2,

has eight roots

r1 = −a1, r2 = a1, r3 = −a2, r4 = a2, r5,6 = b, r7,8 = −b

with multiplicities

m1 = 1, m2 = 1, m3 = 1, m4 = 1, m5 = 2, m6 = 2, m7 = 2, m8 = 2,

respectively, where

(3.5)
a2
1 =

k +
β2

%
+ %τa2 −

√
σ

2%τ
, a2

2 =
k +

β2

%
+ %τa2 +

√
σ

2%τ
,

b2 =
µ

%
, a2 =

λ+ 2µ
%

with

σ = (k − %τa2)2 +
(
β2

%

)2

+
2kβ2

%
+ 2β2τa2 > 0.

It follows from (3.5) that

σ =
(
k +

β2

%
+ %τa2

)2

− 4%τa2 > 0,

so
√
σ < k + β2/%+ %τa2. Hence a2

1 > 0 and a2
2 > 0.

In formula (3.5), a is the velocity of propagation of longitudinal waves, b the velocity
of propagation of transversal elastic waves and ϑ =

√
k/(%τ) the velocity of propagation

of thermal waves.
The construction of elements Hjk(x, t) of H(x, t) is divided (cf. (2.27)–(2.31)) into

three steps:

I. Using the Radon transform we solve the Cauchy problem

P (∂, ∂t)W (x, t) = 0 for t > 0,(3.6)

∂ltW (x,+0) = 0 for l = 1, . . . , 6 and ∂7
tW (x,+0) = δ(x),(3.7)

where the operator P (∂, ∂t) is given by (3.4).
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II. From the solution W (x, t) of (3.6), (3.7) we get

E(x, t) =
{
W (x, t) for t > 0,
0 for t < 0.

This is a fundamental solution of (3.6), i.e.,

P (∂, ∂t)E(x, t) = δ(x, t).

III. Acting on E(x, t) by the adjugate matrix Ld(∂, ∂t) of L(∂, ∂t) we get the required
matrix H(x, t).

It is easy to see that the elements Ldjk(∂, ∂t) of the adjugate matrix Ld(∂, ∂t) are

(3.8) Ldjk(∂, ∂t)

= [%3τ∂6
t − (%2k + %2τ(λ+ 3µ) + %β2)∂4

t∆

+ (µ%τ(λ+ 2µ) + %k(λ+ 2µ) + µβ2)∂2
t∆

2 − kµ(λ+ 2µ)∆3]δjk(1− δk4)

+ [(%2τ(λ+ µ)%β2)∂4∂jk − (k%(λ+ µ) + %τµ(λ+ µ) + µβ2)∂2
t∆∂jk

+ µ(λ+ µ)k∆2∂jk]δjj(1− δk4) + [−%2β2∂5
t ∂j + 2µ%β∂3

t∆∂j

+ µ2β∂t∆
2∂j ](1− δjk)δk4 + [%3∂6

t − %3(a2 + 2b2)∂4
t∆+ %3(2a2b2 + b4)∂4

t∆
2

+ %3a2b4∆3]δjkδk4 + [−%2β∂5
t ∂k + 2µ%β∂3

t∆∂k − µ2β∂t∆
2∂k](1− δkj)δ4j .

To use the Radon transform, we reduce the Cauchy problem (3.6), (3.7) to

P (ω∂s, ∂t)RW (ω, s, t) = 0 for t > 0,

∂ltRW (ω, s,+0) = 0 for l = 0, . . . , 6,

∂7
tRW (ω, s,+0) = δ(s).

Then, by convolution of RW with kq (cf. (2.5)), we obtain

(3.9)

P (ω∂s, ∂t)V (ω, s, t) = 0 for t > 0,

∂ltV (ω, s,+0) = 0 for l = 0, . . . , 6,

∂7
t V (ω, s,+0) = kq(s),

where

V (ω, s, t) =
∞∫

−∞

kq(s− σ)[RW (ω, σ, t)] dσ.

Since P (∂, ∂t) is hyperbolic (cf. (3.4)), we may seek the solution of the problem (3.9)
(cf. (2.22)) in the form of plane waves

V (ω, s, t) = ϕ0
1(s+ a1t) + ϕ0

2(s− a1t) + ϕ1(s+ a2t) + ϕ2(s− a2t)(3.10)

+ ϕ3(s+ bt) + ϕ4(s− bt) + tϕ5(s+ bt) + tϕ6(s− bt),

where

(3.11)

ϕ0
1(s+ a1t) =

kq+7(s+ a1t)
∂rP (r)|r=a1

, ϕ0
2(s− a1t) =

kq+7(s− a1t)
∂rP (r)|r=−a1

,

ϕ1(s+ a2t) =
kq+7(s+ a2t)
∂rP (r)|r=a2

, ϕ2(s− a2t) =
kq+7(s− a2t)
∂rP (r)|r=−a2

,
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ϕ3(s+ bt) =
−kq+7(s+ bt)∂rP (r)|r=b

[∂rP (r)|r=b]2
, ϕ4(s− bt) =

−kq+7(s− bt)∂rP (r)|r=−b
[∂rP (r)|r=−b]2

,

(3.11)
[cont.]

ϕ5(s+ bt) =
kq+6(s+ bt)
P1(r)|r=b

, ϕ6(s− bt) =
kq+6(s− bt)
P2(r)|r=−b

with

P1(r) = %4τ(r2 − a2
1)(r2 − a2

2)(r + b)2, P2(r) = %4τ(r2 − a2
1)(r2 − a2

2)(r − b)2.

Without loss of generality we assume that q = 1. Substituting (3.11) into (3.10) and
taking into account (2.5) we obtain

(3.12) V (ω, s, t)

=
1

128π27!%4τ

{
1

a2
1 − a2

2

[
1

(a2
1 − b2)28a1

× [−(s+ a1t)8 sgn(s+ a1t) + (s− a1t)8 sgn(s− a1t)]

+
1

(a2
2 − b2)28a2

[−(s+ a2t)8 sgn(s+ a2t) + (s− a2t)8 sgn(s− a2t)]
]

+
(5b4 − 3b2(a2

1 + a2
2) + a2

1 · a2
2)

4b3(b2 − a2
1)2(b2 − a2

2)2
[(s+ bt)8 sgn(s+ bt)− (s− bt)8 sgn(s− bt)]

− 1
b2(a2

1 − b2)(b2 − a2
2)

[t(s+ bt)7 sgn(s+ bt) + t(s− bt)7 sgn(s− bt)]
}
.

Using (2.2) and (2.6), we get the following solution of (3.6), (3.7):

(3.13) W (x, t) = ∆2
x

∫
|ω|=1

V (ω, s, t)|s=ωx dω.

We illustrate the calculation of the integral (3.13) using the first term in (3.12). We
have

I(x, t) =
∫

|ω|=1

(s+ a1t)8 sgn(s+ a1t)|s=ωx dω(3.14)

=
∫

|ω|=1

(ωx+ a1t)8 sgn(ωx+ a1t)dω.

We change variables in (3.14) by means of xω = |x|p where p ∈ [−1, 1] and dω = 2πdp
to get

(3.15) I(x, t) = 2π
1∫

−1

(|x|p+ a1t)8 sgn(|x|p+ a1t) dp.

After integration we have

I(x, t) =
2

9|x|

{
[(|x|+ a1t)9 − (|x| − a1t)9]

[
ε(t)− ε

(
t− |x|

a1

)]
+ [(|x|+ a1t)9 + (|x| − a1t)9]ε

(
t− |x|

a1

)}
,
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where ε(t) denotes Heaviside’s function.
Integrating the remaining terms in (3.12) in the same way we obtain∫

|ω|=1

V (ω, s, t)|s=ωx dω(3.16)

=
1

32π7!%4τ |x|

{
1

(a2
1 − a2

2)

{
− 1

9a1(a2
1 − b2)2

× (|x| − a1t)9ε
(
t− |x|

a1

)
− 1

9a2(a2
2 − b2)2

ε

(
t− |x|

a2

)}
+

(5b4 − 3b2(a2
1 + a2

2) + a2
1a

2
2)

18b3(b2 − a2
1)2(b2 − a2

2)2
(|x| − bt)9ε

(
t− |x|

b

)

+ t

(|x| − bt)8ε
(
t− |x|

b

)
4b2(a2

1 − b2)(b2 − a2
2)

+ ε(t)
[

1
(a2

1 − a2
2)

[
(|x| − a1t)9 − (|x|+ a1t)9

18(a2
1 − b2)2a1

+
(|x| − a2t)9 − (|x|+ a2t)9

18(a2
2 − b2)2a2

]
+

5b4 − 3b2(a2
1 + a2

2) + a2
1a

2
2

36b3(b2 − a2
1)2(b2 − a2

2)2

× ((|x|+ bt)9 − (|x| − bt)9) + t
(|x|+ bt)8 + (|x| − bt)8

8b2(a2
1 − b2)(b2 − a2

2)

]}
.

Applying the operator ∆2
x to the integral (3.16) we have

W (x, t) =
1

32π7!%4τ |x|

{
1

a2
1 − a2

2

[
− 336
a1(a2

1 − b2)2
(|x| − a1t)5ε

(
t− |x|

a1

)
(3.17)

+
336

a1(a2
1 − b2)2

(|x| − a1t)5ε
(
t− |x|

a2

)]

+
168
[
5b4 − 3b2(a2

1 + a2
2) + a2

1a
2
2

]
b3(b2 − a2

1)2(b2 − a2
2)2

(|x| − bt)5ε
(
t− |x|

b

)
+

1680
2b2(a2

1 − b2)(a2
2 − b2)

t(|x| − bt)4ε
(
t− |x|

b

)}
.

Now, in agreement with the 3rd step in Section 3, we calculate the elements of the
matrix H(x, t). For simplicity, we introduce the following notations:

(3.18)
Ψi(x, t) =

1
|x|

(|x| − ait)5ε
(
t− |x|

ai

)
, i = 1, 2, 3, a3 = b,

Ψ4(x, t) =
t

|x|
(|x| − bt)4ε

(
t− |x|

b

)
.

Acting on the functions (3.18) by the partial differential operators occurring in (3.8)
we get
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∂6
t Ψi = − a5

i 5!
|x|

δ

(
t− |x|

ai

)
,

∆∂4
t Ψi = − a3

i 5!
|x|

δ

(
t− |x|

ai

)
,

∆2∂2
t Ψi = − ai5!

|x|
δ

(
t− |x|

ai

)
,

∆3Ψi = − 5!
ai|x|

δ

(
t− |x|

ai

)
,

∂4
t ∂jkΨi = a5

i 5!t
(
δkj
|x|3
− 3xjxk
|x|5

)
ε

(
t− |x|

ai

)
− a3

i 5!
xkxj
|x|3

δ

(
t− |x|

ai

)
,(3.19)

∂2
t∆∂jkΨi = a3

i 5!t
(
δkj
|x|3
− 3xjxk
|x|5

)
ε

(
t− |x|

ai

)
− ai5!

xjxk
|x|3

δ

(
t− |x|

ai

)
,

∆2∂jkΨi = ai5!t
(
δkj
|x|3
− 3xjxk
|x|5

)
ε

(
t− |x|

ai

)
− 5!
ai

xjxk
|x|3

δ

(
t− |x|

ai

)
,

∂5
t ∂jΨi = a5

i 5!
xj
|x|3

ε

(
t− |x|

ai

)
+ a4

i 5!
xj
|x|2

δ

(
t− |x|

ai

)
,

∂3
t∆∂jΨi = a2

i 5!
xj
|x|2

δ

(
t− |x|

ai

)
+ a3

i 5!
xj
|x|3

ε

(
t− |x|

ai

)
,

∂t∆∂jΨi = 5!
xj
|x|2

δ

(
t− |x|

ai

)
+ ai5!

xj
|x|3

ε

(
t− |x|

ai

)
, i = 1, 2, 3.

In the same way, we have

∂6
t Ψ4 = 144

b4

|x|
δ

(
t− |x|

b

)
+ 24b4

t

|x|
δ′
(
t− |x|

b

)
,

∆∂4
t Ψ4 = 96

b2

|x|
δ

(
t− |x|

b

)
+ 24b2

t

|x|
δ′
(
t− |x|

b

)
,

∆2∂4
t Ψ4 = 48b

t

|x|2
δ

(
t− |x|

b

)
+ 24

t

|x|
δ′
(
t− |x|

b

)
,

∆3Ψ4 = 4!
t

b2|x|
δ′
(
t− |x|

b

)
,

∂4
t ∂jkΨ4 = − 120b4t

(
δkj
|x|3
− 3xjxk
|x|5

)
ε

(
t− |x|

b

)
− 24b3t

(
δkj
|x|2
− 7xjxk
|x|4

)
(3.20)

× δ
(
t− |x|

b

)
+ 24b2t

xjxk
|x|3

δ′
(
t− |x|

b

)
,

∂2
t∆∂jkΨ4 = − 72b2t

(
δkj
|x|3
− 3xjxk
|x|5

)
ε

(
t− |x|

b

)
− 24bt

(
δkj
|x|2
− 5xjxk
|x|4

)
× δ
(
t− |x|

b

)
+ 24t

xjxk
|x|3

δ′
(
t− |x|

b

)
,

∆2∂jkΨ4 = − 4!t
(
δkj
|x|3
− 3xjxk
|x|5

)
ε

(
t− |x|

b

)
− 4!

t

b

(
δkj
|x|2
− 3xjxk
|x|4

)
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× δ
(
t− |x|

b

)
+ 4!

t

b2
xjxk
|x|3

δ′
(
t− |x|

b

)
,(3.20)

[cont.]

∂j∂
5
t Ψ4 = − 120b4

xj
|x|3

ε

(
t− |x|

b

)
− 144b3

xj
|x|2

δ

(
t− |x|

b

)
+ 24b3t

xj
|x|2

δ′
(
t− |x|

b

)
,

∂3
t∆∂jΨ4 = − 72b2

xj
|x|3

ε

(
t− |x|

b

)
− 96b

xj
|x|2

δ

(
t− |x|

b

)
+ 24bt

xj
|x|2

δ′
(
t− |x|

b

)
,

∂j∂t∆
2Ψ4 = − 4!

xj
|x|3

ε

(
t− |x|

b

)
− 48

xj
b|x|2

δ

(
t− |x|

b

)
+ 24t

xj
b|x|2

δ′
(
t− |x|

b

)
.

After some calculations we get

Hjk(x, t) = (32π7!%4τ)−1(3.21)

×
{
δjk(1− δk4)

[
A1

a2
1

1
|x|
δ

(
t− |x|

a1

)
− A2

a2
2

1
|x|
δ

(
t− |x|

a2

)
− B

b2
1
|x|
δ

(
t− |x|

b

)]
+ δjkδk4

[
A3

a2
1

1
|x|
δ

(
t− |x|

a1

)
− A4

a2
2

1
|x|
δ

(
t− |x|

a2

)]
+ δjj(1− δk4)

[
A5

a2
1

xjxk
x3

δ

(
t− |x|

a1

)
− A6

a2
2

xjxk
|x|3

δ

(
t− |x|

a2

)
+
B

b2
xjxk
|x|3

δ

(
t− |x|

b

)]
− δjj(1− δk4)

[
A7t

(
δjk
|x|3
− 3xjxk
|x|5

)][
ε

(
t− |x|

a1

)
− ε
(
t− |x|

a2

)]
+A8t

(
δjk
|x|3
− 3xjxk
|x|5

)
×
[
ε

(
t− |x|

b

)
− ε
(
t− |x|

a1

)]
+A9t

(
δjk
|x|3
− 3xjxk
|x|5

)[
ε

(
t− |x|

b

)
− ε
(
t− |x|

a2

)]]
+A10

xj
|x|3

[
ε

(
t− |x|

a1

)
− ε
(
t− |x|

a2

)]
δ4j(1− δkj)

+A10
xj
|x|3

[
δ

(
t− |x|

a1

)
− δ
(
t− |x|

a2

)]
δ4j(1− δkj)

}
, j, k = 1, 2, 3, 4,

where Aj , j = 1, . . . , 10, and B are constants given by

A1 =
κ

(a2
1 − b2)2

[a6
1%

3τ − a4
1(%2k2 + %2τ(λ+ 3µ) + %β2) + a1(µ%τ(λ+ 2µ)

+ %k(λ+ 3µ) + µβ2)− kµ(λ+ 2µ)],

A2 =
κ

(a2
2 − b2)2

[a6
2%

3τ − a4
2(%2k2 + %2τ(λ+ 3µ) + %β2) + a2(µ%τ(λ+ 2µ)

+ %k(λ+ 3µ) + µβ2)− kµ(λ+ 2µ)],(3.22)

A3 =
κ

(a2
1 − b2)2

[a6
1 − a4

1a
2 − 2a4

1b
2 + 2a2

1a
2b2 + a2

1b
4 − a2b4],

A4 =
κ

(a2
2 − b2)2

[a6
2 − a4

2a
2 − 2a4

2b
2 + 2a2

2a
2b2 + a2

2b
4 − a2b4],

A5 =
κ

(a2
1 − b2)2

[a4
1(%2τ(λ+ µ) + %β2)
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− a2
1(k%(λ+ µ) + %τµ(λ+ µ) + µβ2) + µ(λ+ µ)k],

A6 =
κ

(a2
2 − b2)2

[a4
2(%2τ(λ+ µ) + %β2)

− a2
2(k%(λ+ µ) + %τµ(λ+ µ) + µβ2) + µ(λ+ µ)k],

A7 =
κ

(a2
1 − a2

2)(a2
1 − b2)2(a2

2 − b2)2

× [[a4
2a

4
1 − (a2

1 + a2
2)(a2

1a
2
2 − a2

1a
2
2b

2)][%τµ(λ+ µ) + µβ2]

+ [b4 − (a2
1 + a2

2)b2][µ(λ+ µ)k]],(3.22)
[cont.]

A8 =
κ

(a2
1 − a2

2)(a2
1 − b2)2(a2

2 − b2)2

× [[−a4
2a

4
1 + a4

1b
2 + a2

1a
2
2b

2 − a2
1b

4][%τµ(λ+ µ) + µβ2]

+ (a2
1a

2
2b

2 − a2
2b

4 + a4
2b

2 + a4
2a

2
1)[k%(λ+ µ)]],

A9 =
κ

(a2
1 − a2

2)(a2
1 − b2)2(a2

2 − b2)2

× [[a2
1a

4
2 − a4

2b
2 − a2

1a
2
2b

2 + a2
2b

4][%τµ(λ+ µ) + µβ2]

+ (a2
1a

2
2b

2 − a4
1b

2 + a2
1b

4 + a4
1a

2
2)[k%(λ+ µ)]],

A10 = κβ%2,

B =
κ

(a2
1 − b2)(a2

2 − b2)
[%τ(λ+ µ)− k%(λ+ µ) + β2µ],

where κ = 336 · 120.
As already mentioned a =

√
(λ+ 2µ)/% is the velocity of longitudinal elastic waves,

b =
√
µ/% the velocity of transversal elastic waves and ϑ =

√
k/(%τ) the velocity of

thermal waves (cf. [138]).
It follows from (3.5) that the velocity of transversal elastic waves is unperturbed; the

propagation of thermal waves affects the velocity of longitudinal elastic waves. We thus
have three velocities of waves in hyperbolic thermoelasticity: a2

1, a2
2, b2.

3.2. Lp-Lq decay estimates for linear hyperbolic thermoelasticity. We con-
sider the linearized problem associated with the nonlinear problem (1.10)–(1.13):

% ∂2
t u− µ∆u− (λ+ µ) grad div u+ β grad ∂tT = 0,(3.23)

%τ∂2
t T − k∆T + β div ∂tu = 0(3.24)

with the initial conditions

(3.25)

(3.26)

u(+0, x) = u0(x), (∂tu)(+0, x) = u1(x),

T (+0, x) = T 0(x), (∂tT )(+0, x) = T 1(x).

Under the assumption that the Cauchy data u0, u1, T 0, T 1 are smooth enough (cf. [24],
[28]) a solution of the problem (3.23)–(3.26) is given by convolutions:

(3.27) U(t, x) = (u(t, x), T (t, x))∗ = H(t, ·) ∗ g(x) + ∂tH(t, ·) ∗ h̃(x),
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where g(·) = g̃(·) + D(∂)h̃(·), g̃(x) = (u1(x), T 1(x))∗, h̃(x) = (u0(x), T 0(x))∗,

(3.28) D(∂) =


0 0 0 β∂1

0 0 0 β∂2

0 0 0 β∂3

β∂1 β∂2 β∂3 0

 .

The star on the right hand side of (3.27) denotes the convolution in R3 and H(t, x) is the
matrix of fundamental solutions of the system (3.23)–(3.24) given by (3.1), (3.21).

We shall prove the following

Theorem 3.1 (L∞-L1 time decay estimate). Let the Cauchy data u0, u1, T 0, T 1 be
functions vanishing at infinity. Moreover , let

(u1, Du0, T 1, DT 0)
∗ ∈ L1

,3(R3).

Then the solution u0, u1, T 0, T 1 of the problem (3.23)–(3.26) given by (3.27) satisfies the
estimate

(3.29) ‖(∇u(t, ·),∇T (t, ·))‖L∞(R3)

≤ C(1 + t)−1‖(u1, Du0, T 1, DT 0)
∗‖L1

,3(R3) for t ≥ 0,

where C is a constant independent of u0, u1, T 0, T 1 and t.

P r o o f. We write

(3.30) Uj(t, x) =
4∑
k=1

Hjk(t, ·) ∗ gk(x) +
4∑
k=1

∂tHjk(t, ·) ∗ h̃k(x), j = 1, 2, 3, 4,

where Uj(t, x) = uj(t, x), j = 1, 2, 3, U4(t, x) = T (t, x), and differentiate (3.30) with
respect to t and xl (for l = 1, 2, 3) to get

∂tUj(t, x) =
4∑
k=1

∂tHjk(t, ·) ∗ gk(x)(3.31)

+
k=4,l=3∑
k,l=1

[
µ

%
∂lHjk(t, ·) +

λ+ µ

%
∂jHlk(t, ·)

]
∗ h̃kl (x)

−
4∑
k=1

β

%
∂tHjk(t, ·) ∗ h̃kj (x), j = 1, 2, 3,

∂tU4(t, x) =
4∑
k=1

∂tH4k(t, ·) ∗ gk(x) +
k=4,l=3∑
k,l=1

k

%
∂lH4k(t, ·) ∗ h̃kl (x)(3.32)

−
k=4,l=3∑
k,l=1

β

%
∂tHlk(t, ·) ∗ h̃kl (x),

∂lUj(t, x) =
4∑
k=1

∂lHjk(t, ·) ∗ gk(x)(3.33)

+
4∑
k=1

∂tHjk(t, ·) ∗ h̃kl (x), j = 1, 2, 3, 4,
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where

h̃kl = ∂lh̃
k.

We can write (3.30)–(3.33) in vector form as

(3.34) V (t, x) = R(t, ·) ∗ V 0(x),

where

(3.35) V (t, x) = (∇u,∇T )∗, V 0(x) = (u1, Du0, T 1, DT 0)
∗

and R(t, x) is a 16× 16 matrix with elements which are linear combinations of the terms
∂lHjk(t, x) and ∂tHjk(t, x) (cf. (3.30)–(3.33)).

It follows from (3.31)–(3.33) and (3.34) that in order to prove the estimate (3.29) it
is sufficient to prove that

‖∂tHjk(t, ·) ∗ f‖L∞(R3) ≤ C(1 + t)−1‖f‖L1
,3(R3),(3.36)

‖∂lHjk(t, ·) ∗ f‖L∞(R3) ≤ C(1 + t)−1‖f‖L1
,3(R3)(3.37)

for j, k = 1, 2, 3, 4 and any scalar function f(x) ∈ L1
,3(R3) vanishing at infinity. Taking

into account the form of the matrix H(t, x) (cf. (3.21)) we get

Hjk(t, ·) ∗ f(x) = (32π7! %4τ)−1

{
δjk(1− δk4)

[
A1

a1

∫
|z|=a1

t

a1
f(x+ tz) dSz(3.38)

− A2

a2

∫
|z|=a2

t

a2
f(x+ tz) dSz −

B

b

∫
|z|=b

t

b
f(x+ tz) dSz

]

+ δjkδk4

[
A3

a1

∫
|z|=a1

t

a1
f(x+ tz)dSz −

A4

a2

∫
|z|=a2

t

a2
f(x+ tz) dSz

]

+ δjj(1− δk4)
[
A5

a1

∫
|z|=a1

tzjzk
a3
1

f(x+ tz)dSz −
A6

a2

∫
|z|=a2

tzjzk
a3
2

f(x+ tz) dSz

+
B

b

∫
|z|=b

tzjzk
b3

f(x+ tz) dSz

]

− δjj(1− δk4)
[
A7

∫
a1≤|z|≤a2

t

(
δjk
|z|3
− 3zjzk
|z|5

)
f(x+ tz) dz

+A8

∫
b≤|z|≤a1

(
δjk
|z|3
− 3zjzk
|z|5

)
f(x+ tz) dz

+A9

∫
b≤|z|≤a2

t

(
δjk
|z|3
− 3zjzk
|z|5

)
f(x+ tz) dz

]

+ δ4j(1− δkj)A10

∫
a1≤|z|≤a2

zj
|z|3

f(x+ tz) dz

+ δ4j(1− δkj)A10

[ ∫
|z|=a1

zj
a2
1

f(x+ tz) dSz −
∫

|z|=a2

zj
a2
2

f(x+ tz) dSz

]}
,
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where dSz is the area element of the sphere |z| = am, m = 1, 2 or |z| = b, respectively.
For simplicity, we consider two typical integrals occurring on the right hand side of

(3.38) (other integrals in (3.38) are estimated similarly):

I1 =
∫
|y|=b

f(x+ ty) dSy, I2 =
∫

b≤|y|≤a

t
f(x+ ty)
|y|3

dy.

Differentiating the integrals I1 and I2 with respect to t and xl (l = 1, 2, 3) we obtain

I1
t =
∫
|y|=b

f(x+ ty) dSy +
∫
|y|=b

t ∂tf(x+ ty) dSy,

I2
t =
∫

b≤|y|≤a

f(x+ ty)
|y|3

dy +
∫

b≤|y|≤a

t

|y|3
∂tf(x+ ty) dy,

I1
xl

=
∫
|y|=b

t ∂lf(x+ ty) dSy, I2
xl

=
∫

b≤|y|≤a

t

|y|3
∂lf(x+ ty) dy,

where Imt = ∂tI
m and Imxl

= ∂lI
m for l = 1, 2, 3, m = 1, 2.

Following S. Klainerman (cf. [79], [28]) we get

f(x+ ty) = −
∞∫
t

∂sf(x+ sy) ds =
∞∫
t

(s− t)∂2
sf(x+ sy) ds(3.39)

= − 1
2

∞∫
t

(s− t)2∂3
sf(x+ sy)ds,

∂tf(x+ ty) = −
∞∫
t

∂2
sf(x+ sy) ds =

∞∫
t

(s− t)∂3
sf(x+ sy) ds.(3.40)

In view of (3.39) and (3.40) we have

I1
t =
∫
|y|=b

∞∫
t

(s− t)∂2
sf(x+ sy) ds dSy −

∫
|y|=b

t
∞∫
t

∂2
sf(x+ sy) ds dSy(3.41)

= t−1
[ ∫
|y|=b

∞∫
t

t(s− t)∂2
s (x+ sy) ds dSy −

∫
|y|=b

∞∫
t

t2∂2
sf(x+ sy) ds dSy

]
for t > 0.

Since

|∂2
sf(x+ sy)| =

∣∣∣ 3∑
j,k=1

∂2
xjxk

f(x+ sy)yjyk
∣∣∣ ≤ 1

2
b2|D2

xf(x+ sy)|

for |y| = b and t(s− t) ≤ s2, t2 ≤ s2, where 0 ≤ t ≤ s ≤ ∞, we get

|I1
t | ≤ t−1b2

∫
|y|=b

∞∫
t

s2|D2
xf(x+ sy)| ds dSy.

Using spherical coordinates we have

(3.42) |I1
t | ≤ bt−1‖D2

xf‖L1(R3) for t > 0.
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Acting in the same way we get

I1
xl

= −
∫
|y|=b

t
∞∫
t

∂s[∂xl
f(x+ sy)] ds dSy.

Since

|∂s[∂xl
f(x+ sy)]| =

∣∣∣ 3∑
j=1

∂2
xjxj

f(x+ sy)yj
∣∣∣ ≤ b|D2

xf(x+ sy)| for |y| = b,

we have

|I1
xl
| ≤ t−1b

∫
|y|=b

∞∫
t

s2|D2
xf(x+ sy)| ds dSy(3.43)

≤ t−1‖D2
xf‖L1(R3) for t > 0.

Similarly

|I2
t | ≤ b−3

[ ∫
b≤|y|≤a

|f(x+ ty)| dy +
∫

b≤|y|≤a

t|∂tf(x+ ty)| dy
]

(3.44)

≤ b−3
[ ∫
b≤|y|≤a

|f(x+ ty)|dy + a
∫

b≤|y|≤a

t|D1
xf(x+ ty)| dy

]
≤ b−3

∫
b≤|y|≤a

t|D1
xf(x+ ty)| dy.

Changing the variable ty to z in the above integrals we derive

|I2
t | ≤ b−3

[
1
t3

∫
tb≤|y|≤at

f(x+ z) dz +
a

t2

∫
tb≤|y|≤at

|D1
xf(x+ z)| dz

]

≤ b−3

[
1
t3
‖f‖L1(R3) +

a

t2
‖D1

xf‖L1(R3)

]
,

|I2
xl
| ≤ b−3

t2

∫
bt≤|y|≤at

|D1
xf(x+ z)| dz ≤ b−3

t2
‖D1

xf‖L1(R3).

Noting that 1/t3 ≤ 1/t2 ≤ 1/t for t ≥ 1, we get

(3.45) |I2
t |+ |I2

xl
| ≤ Ct−1‖D1

xf‖L1(R3) for t ≥ 1.

From (3.42), (3.43) and (3.45) we obtain

(3.46) ‖∇Hjk(t, ·) ∗ f(·)‖L∞(R3) ≤ Ct−1‖f‖L1
,2(R3)

for t ≥ 1 and j, k = 1, 2, 3, 4.
In order to obtain an estimate analogous to (3.45) for 0 ≤ t ≤ 1 we proceed as above

expressing the integrals in I1
t and I2

t (cf. (3.39), (3.40)) in the following form:

I1
t = − 1

2

∫
|y|=b

∞∫
t

(s− t)2∂3
s +
∫
|y|=b

t
∞∫
t

(s− t)∂3
sf(x+ sy) ds dSy,(3.47)
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I1
xl

=
∫
|y|=b

t
∞∫
t

(s− t)∂2
s [∂xl

f(x+ sy)] ds dSy.(3.48)

After some calculations we get

(3.49) |I1
t |+ |I1

xl
| ≤ C‖f‖L1

,3
(R3) for t ≥ 0.

It is easy to see that for 0 ≤ t ≤ 1 we have∣∣∣∣ ∫
b≤|y|≤a

f(x+ ty)
|y|3

dy

∣∣∣∣ ≤ b−3
∫

b≤|y|≤a

|f(x+ ty)| dy(3.50)

≤ b−3‖f‖L1(R3),∣∣∣∣ ∫
b≤|y|≤a

f(x+ ty)
|y|3

dy

∣∣∣∣ ≤ b−3
∫

b≤|y|≤a

∣∣∣ 3∑
j=1

∂xjf(x+ ty)yj
∣∣∣ dy(3.51)

≤ b−3a‖D1
xf‖L1(R3),∣∣∣∣ ∫

b≤|y|≤a

t

|y|3
∂xl

f(x+ ty) dy
∣∣∣∣ ≤ b−3

∫
b≤|y|≤a

|∂xl
f(x+ ty)| dy(3.52)

≤ b−3‖D1
xf‖L1(R3).

Hence

(3.53) |I2
t |+ |I2

xl
| ≤ C‖f‖L1

,2
(R3) for 0 ≤ t ≤ 1.

We deduce from (3.49) and (3.53) that

(3.54) ‖∇Hjk(t, ·) ∗ f(·)‖L∞(R3) ≤ C‖f‖L1
,3

(R3) for 0 ≤ t ≤ 1.

Now in view of 1 ≤ 2(1 + t)−1 for 0 ≤ t ≤ 1 and t−1 ≤ 2(1 + t)−1 for t ≥ 0 and taking
into account (3.46), (3.51) we conclude that

(3.55) ‖∇Hjk(t, ·) ∗ f(·)‖L∞(R3) ≤ C(1 + t)−1‖f‖L1
,3

(R3) for t ≥ 0.

Now we derive the L2-L2 time decay estimates for solution of the Cauchy problem
(3.23)–(3.26):

Theorem 3.2 (L2-L2 time decay estimates). Let the Cauchy data u0, u1, T 0, T 1 be
functions vanishing at infinity. Moreover , let

(u1, Du0, T 1, DT 0)∗ ∈ L2(R3).

Then the solution (u, T ) of the problem (3.23)–(3.26), given by (3.27), satisfies the esti-
mate

(3.56) ‖(∇u(t, ·),∇T (t, ·))‖L2(R3) ≤ C‖(u1, Du0, T 1, DT 0)∗‖L2(R3) for t ≥ 0,

where C is a constant independent of u0, u1, T 0, T 1 and t.

S k e t c h o f p r o o f. Following Yu. V. Egorov (cf. [18]. pp. 320–322, 326–333) we
reduce the Cauchy problem (3.23)–(3.27) to an equivalent one for a linear symmetric
hyperbolic system of the first order. Next, applying the existence and uniqueness theorems
(cf. [18], Theorem 3.2, p. 329) we obtain the estimate (3.56).
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Below, we express the Lp-Lq time decay estimates for the solution of the Cauchy
problem (3.23)–(3.26) in terms of its gradient.

We consider the operator Π∗ defined by

(3.57) Π∗f(x) = R(·) ∗ f(x).

It follows from Theorems 3.1 and 3.2 that
Π0
∗ : L1

,3(R3)→ L∞(R3), ‖Π0
∗‖ ≤ C(1 + t)−1,

Π1
∗ : L2(R3)→ L2(R3), ‖Π1

∗‖ ≤ C.

By interpolation (cf. [122], [79]) we have

ΠΘ
∗ : [L1

,3,L2]Θ → [L∞,L2]Θ, ‖ΠΘ
∗ ‖ = ‖Π0

∗‖1−Θ‖Π1
∗‖Θ with 0 ≤ Θ ≤ 1,

where [X,Y ]Θ, 0 ≤ Θ ≤ 1, denotes the complex interpolation space (cf. [88], [143]).
In order to obtain Lp-Lq time decay estimates for the solution of the Cauchy problem

(3.23)–(3.26) (where q = 2k0+2, p = (2k0+2)/(2k0+1), 1/p+1/q = 1, k0 is a nonnegative
integer) we notice that for Θ = 1/(k0 + 1),

[L1
,3,L2]1/(k0+1) = Lp,s0 ,

where s0 =
⌊

3k0
k0+1

⌋
, and [L∞,L2]1/(k0+1) = L2k0+2. Hence we have

Π
(k0)
∗ : Lp,s0(R3)→ L2k0+2(R3),

(3.58)
‖Π(k0)
∗ ‖ = ‖Π0

∗‖1−1/(k0+1)‖Π1
∗‖1/(k0+1) ≤ C(1 + t)−k0/(k0+1).

This way we have proved the following (cf. [28])

Theorem 3.3 (Lp-Lq time decay estimates). Let the Cauchy data u0, u1, T 0, T 1 be
functions vanishing at infinity. Moreover , let

(u1, Du0, T 1, DT 0)∗ ∈ Lp,s0 (R3) for p =
2k0 + 2
2k0 + 1

, s0 = [3k0/(k0 + 1)],

where k0 comes from (1.16)–(1.18). Then the solution of the problem (3.23)–(3.26) given
by (3.27) satisfies the estimate

(3.59) ‖(∇u(t, ·),∇T (t, ·))‖L2k0+2(R3)

≤ C(1 + t)−k0/(k0+1) × ‖(u1, Du0, T 1, DT 0)∗‖Lp
,s0 (R3) for t ≥ 0,

where C is a constant independent of u0, u1, T 0, T 1 and t.

R e m a r k 3.1. In Section 6 we shall apply Theorem 3.3 to the proof of global-in-time
existence of solutions of the Cauchy problem for a nonlinear hyperbolic PDE system
describing a thermoelastic medium.

3.3. Fundamental solution of the linear hyperbolic heat equation. In this
section, we apply the Hörmander method (cf. [43], Theorem 12.5.3, p. 142) to construct
fundamental solutions of the linear hyperbolic heat equation. This approach based on the
Hörmander theorem is a new one and can be applied to other hyperbolic operators with
constant coefficients.
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Theorem 3.4. The linear hyperbolic heat operator ∂2
t − a2 + 2m∂t has a fundamental

solution of the form of the convergent series

E(t, x) =
∞∑
k=0

e−mtm2k(E0)∗(k+1)(t, x)

or equivalently ,

E(t, x) =
ε(t)

4πa2t
e−mtδ(at− |x|) +me−mtε(at− |x|)

∞∑
k=0

m2k+2(a2t2 − |x|2)k

πk!(k + 1)!(2a)(2k + 3)
,(3.60)

E(t, x) =
ε(t)e−mk

4πa2t
δ(at− |x|)− me−mtε(at− |x|)

4πa2

I1
(
m
a

√
a2t2 − |x|2

)√
a2t2 − |x|2

,(3.61)

where E0 is a fundamental solution of the wave operator �a = ∂2
t − a2∆, I1(·) denotes

the modified Bessel function (cf. [95], [16]),

I1(ξ) = −iJ1(iξ),

and E
∗(k+1)
0 = E0 ∗ E0 ∗ . . . ∗ E0 (k + 1 times), where ∗ is convolution with respect to t

and x.

P r o o f. Set E(t, x) = W (t, x)e−mt. It is not difficult to verify that E(t, x) is a fun-
damental solution of �a + 2m∂t if W (t, x) is a fundamental solution of �a + m2. To
construct the latter we apply the Hörmander theorem, stating that we can take the
convergent series (cf. [43])

(3.62) W (t, x) =
∞∑
k=0

[P2(D)− P (D)]kEk(t, x),

where P (D)=�a−m2, P2(D) = �a and Ek(t, x) is a fundamental solution of (P2(D))k+1,
k = 0, 1, . . .

It is easy to verify that if E0 is a fundamental solution of �a then Ek(t, x) =
(E0)∗(k+1)(t, x) is a fundamental solution of the operator (�a)k+1, k = 0, 1, 2, . . .

Thus the fundamental solution for the operator (�a+m2) is given by following formula
(cf. (3.62)):

(3.63) W (t, x) =
∞∑
k=0

(m2)k(E0)∗(k+1)(t, x).

Lemma 3.1. Let

(3.64) E0(t, x) =
ε(t)

4πa2t
δ(at− |x|), (t, x) ∈ R+ × R3,

a fundamental solution of the wave operator �a. Then

(3.65) (E0)∗n(t, x) =
(a2t2 − |x|2)n−2ε(at− |x|)
π(n− 2)!(n− 1)!(2a)2n−1

for n ≥ 2.

Before proving Lemma 3.1 we prove
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Lemma 3.2. The Fourier transform with respect to x of the function

fn(t, x) = (a2t2 − |x|2)nε(at− |x|), n = 0, 1, 2, . . . ,

is given by

(3.66) Fx→ξfn(t, x) = aπ(−1)n+12n+2n!
(

1
|ξ|

∂

∂|ξ|

)n+1 sin a|ξ|t
a|ξ|

.

P r o o f (by induction on n). For n = 0 we have

(3.67) Fx→ξ ε(at− |x|) =
∫

|x|≤at

e−i(x,ξ) dx.

In local spherical coordinates the integral is

I =
at∫

0

2π∫
0

π∫
0

e−i|ξ|% cos θ%2 sin θ dθ dϕ d%.

Integrating by parts, we get

(3.68) I = −4πa
(
t cos a|ξ|t
|ξ|2

− sin a|ξ|t
a|ξ|3

)
= −4πa

(
1
|ξ|

∂

∂|ξ|

)
sin a|ξ|t
a|ξ|

.

For n = 1, proceeding exactly as above we have

Fx→ξ[(a2t2 − |x|2)ε(at− |ξ|)] =
at∫

0

2π∫
0

π∫
0

e−i|ξ|% cos θ(a2t2 − %2)%2 sin θ dθ dϕ d%

= 4π
at∫

0

(a2t2 − %2)%
sin |ξ|%
|ξ|

d%.

Integrating by parts shows this is

8πa
(
− at2 sin a|ξ|t

|ξ|3
− 3t cos a|ξ|t

|ξ|4
+

3 sin a|ξ|t
|ξ|5

)
= 8πa

(
1
|ξ|

∂

∂|ξ|

)2 sin a|ξ|t
a|ξ|

,

which proves (3.66) for n = 1.
Similarly, we compute

Fx→ξ[(a2t2 − |x|2)kε(at− |ξ|)] = 4π
at∫

0

(a2t2 − %2)k%
sin |ξ|%
|ξ|

d%.

Now, we shall prove that

(3.69) 4π
at∫

0

(a2t2 − %2)k%
sin |ξ|%
|ξ|

d% = aπ(−1)k+12k+2k!
(

1
|ξ|

∂

∂|ξ|

)k+1 sin a|ξ|t
a|ξ|

assuming that

(3.70) 4π
at∫

0

(a2t2 − %2)k−1%
sin |ξ|%
|ξ|

d% = aπ(−1)k2k+1(k − 1)!
(

1
|ξ|

∂

∂|ξ|

)k sin a|ξ|t
a|ξ|

.

Integrating by parts shows that the last integral is
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(3.71) − 8πk
at∫

0

(a2t2 − %2)k−1%

[(
1
|ξ|

∂

∂|ξ|

)
sin |ξ|%
|ξ|

]
d%

= −8π%
(

1
|ξ|

∂

∂|ξ|

)[ at∫
0

(a2t2 − %2)k−1%
sin |ξ|%
|ξ|

d%

]
.

Applying (3.71) and (3.70) we get

4π
at∫

0

(a2t2 − %2)k%
sin |ξ|%
|ξ|

d%

= −2k
(

1
|ξ|

∂

∂|ξ|

)[
aπ(−1)k2k+1(k − 1)!

(
1
|ξ|

∂

∂|ξ|

)k sin a|ξ|t
a|ξ|

]
,

which proves (3.69) and completes the proof of Lemma 3.2.

Now, we prove Lemma 3.1. The formula (3.65) is proved by induction on n (n ≥ 2).
For n = 2

(E0 ∗ E0)(t, x) =
∫

R1

[E0(t− s, ·) ∗3 E0(s, ·)](x) ds,

where ∗3 denotes convolution with respect to x. Applying the Fourier transform with
respect to x, we obtain

Fx→ξ E∗20 (t, x) =
∫

R1

Ê0(t− s, ξ)Ê0(s, ξ) ds =
t∫

0

sin a|ξ|(t− s)
a|ξ|

sin a|ξ|s
a|ξ|

ds

=
−1
2a2

(
1
|ξ|

∂

∂|ξ|

)
sin a|ξ|t
a|ξ|

= Fx→ξ
[
ε(at− |x|)

8πa3

]
.

Applying now the inverse Fourier transform we obtain (3.65) for n = 2.
Now, assume that (3.65) holds for all 2 ≤ n ≤ k. Then by Lemma 3.2 we have

(3.72) Fx→ξ E∗n0 (t, x) =
(−1)n−1

(n− 1)2n−1a2(n−1)

(
1
|ξ|

∂

∂|ξ|

)n−1 sin a|ξ|t
a|ξ|

for 2 ≤ n ≤ k.
We shall prove that

(3.73) E∗k+1
0 (t, x) =

(a2t2 − |x|2)k−1ε(at− |x|)
π(k − 1)!k!(2a)2k+1

.

By Lemma 3.2,

Fx→ξ
[

(a2t2 − |x|2)k−1ε(at− |x|)
π(k − 1)!k!(2a)2k+1

]
=

(−1)k

k!2ka2k

(
1
|ξ|

∂

∂|ξ|

)k sin a|ξ|t
a|ξ|

.

By the hypothesis (3.72) the right hand side equals

− 1
2ka2

(
1
|ξ|

∂

∂|ξ|

)
[Fx→ξE∗k0 (t, x)]

= − 1
2ka2

(
1
|ξ|

∂

∂|ξ|

) t∫
0

Ê0(t− s, ξ) ̂
E
∗(k−1)
0 (s, ξ) ds.
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Using again (3.72) we get(
1
|ξ|

∂

∂|ξ|

)
Ê0(t− s, ξ) = − 2a2Ê∗20 (t− s, ξ),(

1
|ξ|

∂

∂|ξ|

) ̂
E
∗(k−1)
0 (s, ξ) = − 2a2(k − 1)Ê∗k0 (s, ξ).

and finally

Fx→ξ
[

(a2t2 − |x|2)k−1ε(at− |x|)
π(k − 1)!k!(2a)2k+1

]
=

1
k

{ t∫
0

Ê∗20 (t− s, ξ) ̂
E
∗(k−1)
0 (s, ξ) ds

+
t∫

0

Ê0(t− s, ξ)(k − 1)Ê∗k0 (s, ξ) ds
}

=
̂

E
∗(k−1)
0 (t, ξ).

which proves (3.73). This finishes the proof of Lemma 3.1 and Theorem 3.4.

3.4. Lp-Lq time decay estimates for the linear hyperbolic heat equation.
We now consider the linearized problem associated with the nonlinear hyperbolic heat
equation (cf. formulae (1.21), (1.22)) of the form

∂2
tΘ + 2m∂tΘ − a2∆Θ = 0,(3.74)

Θ(+0, x) = Θ0(x), (∂tΘ)(+0, x) = Θ1(x).(3.75)

Under the assumption that the Cauchy data Θ0(x), Θ1(x) are smooth enough a
solution of the problem (3.74), (3.75) is given by (cf. [16])

(3.76) Θ(t, x) = E(t, ·) ∗Θ1(x) + 2mE(t, ·) ∗Θ0(x) + ∂tE(t, ·) ∗Θ0(x),

where E(t, x) is the fundamental solution of (3.74) (cf. [16], given by (3.61) or (3.60).
Using the formulae for E(t, x) we prove

Theorem 3.4 (L∞-L1 time decay estimate). Let the Cauchy data Θ0, Θ1 be functions
vanishing at infinity. Moreover , let

(Θ1, DΘ0)∗ ∈ L1
,3(R3).

Then the solution Θ of the problem (3.74)–(3.75) given by (3.76) satisfies the estimate

(3.77) ‖∇Θ(t, ·)‖L∞(R3) ≤ C(1 + t)−3/2‖(Θ1, DΘ0)∗‖L1
,3(R3) for t ≥ 0,

where C is a constant independent of Θ0, Θ1 and t.

P r o o f. Differentiating (3.76) with respect to t and xl (for l = 1, 2, 3) we get

∂tΘ(t, x) = ∂tE(t, ·) ∗ (Θ1 + 2mΘ0)(x) + ∂2
t E(t, ·) ∗Θ0(x),

∂lΘ(t, x) = ∂lE(t, ·) ∗ (Θ1 + 2mΘ0)(x) + ∂tE(t, ·) ∗ ∂lΘ0(x)

for l = 1, 2, 3. Since E(t, x) is a fundamental solution of (3.74) (cf. (3.60)), we have

∂tΘ(t, x) = ∂tE(t, ·) ∗Θ1(x) + ∂lE(t, ·) ∗ ∂lΘ0(x),(3.78)

∂lΘ(t, x) = ∂lE(t, ·) ∗Θ1(x) + 2mE(t, ·) ∗ ∂lΘ0(x) + ∂lE(t, ·) ∗ ∂lΘ0(x).(3.79)
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The relations (3.78)–(3.79) can be written in vector form as

(3.80) W (t, x) = B(t, x) ∗W 0(x),

where W 0(x) = (Θ1(x), DΘ0(x))∗ and

(3.81) B(t, ·) =


∂tE a2∂1E a2∂2E a2∂3E
∂1E 2mE + ∂tE 0 0
∂2E 0 2mE + ∂tE 0
∂3E 0 0 2mE + ∂tE

 .
From (3.78)–(3.80) it follows that in order to prove (3.77) it is sufficient that

‖E(t, ·) ∗ f‖L∞(R3) ≤ (1 + t)−3/2‖f‖L1
,3(R3),(3.82)

‖∂tE(t, ·) ∗ f‖L∞(R3) ≤ (1 + t)−3/2‖f‖L1
,3(R3),(3.83)

‖∂lE(t, ·) ∗ f‖L∞(R3) ≤ (1 + t)−3/2‖f‖L1
,3(R3).(3.84)

We prove the estimate (3.82).
By (3.60),

E(t, ·) ∗ f(x) =
te−mt

4πa2

∫
|y|=a

f(x+ ty) dSy(3.85)

+
∞∑
k=0

m2k+2t2k+3e−mt

πk!(k + 1)!(2a)2k+3

∫
|y|≤a

(a2 − |y|2)kf(x+ ty) dy.

Since (a2 − |y|2)k ≤ a2k for |y| ≤ a, it is sufficient to consider

J1 =
te−mt

4πa2

∫
|y|=a

f(x+ ty) dSy +
∞∑
k=0

m2k+2t2k+3e−mt

πa3k!(k + 1)!22k+3

∫
|y|≤a

f(x+ ty) dy(3.86)

=
te−mt

4πa2

∫
|y|=a

f(x+ ty) dSy +
mt2e−mt

4πa2
I1(mt)

∫
|y|≤a

f(x+ ty) dy.

Integrating by parts (cf. Section 3.2) gives

(3.87)
∣∣∣ ∫
|y|=a

f(x+ ty) dSy
∣∣∣ ≤


Ct−2‖f‖W1,1(R3),
Ct−1‖f‖W2,1(R3),
C‖f‖W3,1(R3),

for t near 0.
Hence

(3.88)
∣∣∣te−mt ∫

|y|=a

f(x+ ty) dSy
∣∣∣ ≤ {Ct−1e−mt‖f‖W1,1(R3) for t > 1,

C‖f‖W2,1 for 0 ≤ t ≤ 1.

Here and elsewhere, we use C to denote various constants which need not be the same
throughout.

To estimate the second term in (3.86) we use the following properties of Bessel func-
tions (cf. [16]):

(3.89) Iv ≤
{
Cet/

√
2πt for t > 1,

C(t/2)v for 0 ≤ t ≤ 1,
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together with the following estimate obtained by a change of variable (cf. Section 3.2):

(3.90)
∣∣∣ ∫
|y|=a

f(x+ ty) dSy
∣∣∣ ≤ t−3‖f‖L1(R3) for t > 0.

Thus

(3.91)
∣∣∣t2e−mtI1(mt)

∫
|y|≤a

f(x+ ty) dy
∣∣∣ ≤ {Ct−3/2‖f‖L1(R3) for t > 1,

C‖f‖L1(R3) for 0 ≤ t ≤ 1.

Finally,

(3.92) |J1| ≤
{
Ct−3/2‖f‖W1,1(R3) for t > 1,
C‖f‖W2,1(R3) for 0 ≤ t ≤ 1.

or

|J1| ≤ C(1 + t)−3/2‖f‖W2,1(R3) for t ≥ 0.

In order to estimate ∂tE(t, ·) ∗ f(x) we compute the t-derivative of (3.86). Hence

(3.93) J2 =
1

4πa2

{
e−mt
∫
|y|=a

f(x+ ty) dSy −mte−mt
∫
|y|=a

f(x+ ty) dSy

+ te−mt
∫
|y|=a

∂tf(x+ ty) dSy
}

+
m

4πa3

{
2te−mtI1(mt)

∫
|y|=a

f(x+ ty) dy −mt2e−mtI1(mt)
∫
|y|=a

f(x+ ty) dy

+ t2e−mt
I1(mt) + I2(mt)

2

∫
|y|=a

f(x+ ty) dy + t2e−mtI1(mt)
∫
|y|=a

∂tf(x+ ty) dy
}
.

By (3.87) the first three terms in (3.93) can be estimated as follows:

|J2
1 + J2

2 + J2
3 | ≤ Ct−2e−mt‖f‖W1,1(R3)

+ Ct−1e−mt‖f‖W1,1(R3) + Ct−1e−mt‖f‖W2,1(R3)

for t > 1 and

|J2
1 + J2

2 + J2
3 | ≤ C‖f‖W1,1(R3) + C‖f‖W2,1(R3) + C‖f‖W3,1(R3) for 0 ≤ t ≤ 1.

Hence ∣∣∣∣∂t{ te−mt4πa2

∫
|y|=a

f(x+ ty) dSy

}∣∣∣∣ ≤ Ct−1e−mt‖f‖W2,1(R3) for t > 1(3.94)

and ∣∣∣∣∂t{ te−mt4πa2

∫
|y|=a

f(x+ ty) dSy

}∣∣∣∣ ≤ C‖f‖W3,1(R3) for 0 ≤ t ≤ 1.(3.95)

Using (3.89) and acting as in (3.90) we obtain∣∣∣t2e−mt(I1(mt) + I2(mt))
∫
|y|=a

f(x+ ty) dy + t2e−mtI1(mt)
∫
|y|=a

∂tf(x+ ty) dy
∣∣∣

≤ Ct−3/2‖f‖W1,1(R3) for t > 1
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and

(3.96)
∣∣∣t2e−mt(I1(mt) + I2(mt))

∫
|y|=a

f(x+ ty) dy + t2e−mtI1(mt)
∫
|y|=a

∂tf(x+ ty) dy
∣∣∣

≤ C‖f‖W1,1(R3) for 0 ≤ t ≤ 1.

To estimate the remaining terms in (3.93) we use a stronger estimate (3.90) for t
near 0: ∣∣∣ ∫

|y|≤a

f(x+ ty) dy
∣∣∣ ≤ ‖f‖L1(R3) for 0 ≤ t ≤ 1,

to obtain

(3.97)
∣∣∣{te−mtI1(mt) + t2e−mtI2(mt)}

∫
|y|=a

f(x+ ty) dy
∣∣∣
≤ C‖f‖L1(R3) for 0 ≤ t ≤ 1

while for t > 1, using again (3.89) and (3.90), we get

(3.98)
∣∣∣[te−mtI1(mt) + t2e−mtI2(mt)]

∫
|y|=a

f(x+ ty) dy
∣∣∣ ≤ C(t−5/2 + t−3/2)‖f‖L1(R3).

Summarizing (3.94), (3.95), (3.97) and (3.98) we conclude that

‖B(t, ·) ∗ f(·)‖L∞(R3) ≤ C(1 + t)−3/2‖f‖L1
,3(R3).

R e m a r k 3.1. The proof of the estimate (3.84) follows in the same way as that of the
estimate for J1.

Now, we derive the L2-L2 time decay estimate for the solution of the Cauchy problem
(3.74)–(3.75):

Theorem 3.6 (L2-L2 time decay estimate). Let the Cauchy data Θ0, Θ1 be functions
vanishing at infinity. Moreover , let

(3.99) (Θ1, DΘ0)∗ ∈ L1
,3(R3).

Then the solution Θ of the problem (3.74)–(3.75) given by (3.76) satisfies the estimate

(3.100) ‖∇Θ(t, ·)‖L2(R3) ≤ C‖(Θ1, DΘ0)∗‖L2
,3

(R3) for t ≥ 0,

where C is a constant independent of Θ0, Θ1 and t.

S k e t c h o f p r o o f. Introducing the vector V = ∇Θ = (∂tΘ,DΘ)∗ we reduce the
Cauchy problem (3.74)–(3.75) to an equivalent one for some linear symmetric hyperbolic
system of the first order. Next, applying the existence and uniqueness theorem (cf. [18],
Th. 3.2, p. 329) we get the estimate (3.100).

Now, to obtain Lp-Lq estimates we apply interpolation between the cases L2-L2 and
L∞-L1. Set

(3.101) T∗f(x) = B(t, ·) ∗ f(x).

Theorems 3.5 and 3.6 show that T∗ yields operators

(3.102) T 0
∗ : L1

,3(R3)→ L∞(R3) with ‖T 0
∗ ‖ ≤ C(1 + t)−3/2,
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and

(3.103) T 1
∗ : L2(R3)→ L2(R3) with ‖T 1

∗ ‖ ≤ C.

Using interpolation and acting as in Section 3.2 we get

Theorem 3.7 (Lp-Lq time decay estimate). Let the Cauchy data Θ0, Θ1 be functions
vanishing at infinity. Moreover , let

(Θ1, DΘ0)∗ ∈ Lp,s0 (R3),

for p = (2k0 + 2)/(2k0 + 1), s0 = [3k0/(k0 + 1)], where k0 ≥ 2. Then the solution of the
problem (3.74)–(3.75) given by (3.76) satisfies

‖∇Θ(t, ·)‖L2k0+2(R3) ≤ C(1 + t)−3k0/(2(k0+1))‖(Θ1, DΘ0)∗‖Lp
,s0

(R3) for t ≥ 0,

where C is a constant independent of Θ0, Θ1 and t.

We apply Theorem 3.7 in Section 6 to prove the existence of a global-in-time solution
of the Cauchy problem for a nonlinear hyperbolic heat equation.

4. Local existence of solutions

4.1. Local existence of solutions to the initial value problem for nonlinear
hyperbolic thermoelasticity. We can write the nonlinear hyperbolic system of ther-
moelasticity theory (cf. [29]) as follows (cf. (1.10), (1.11)):

∂2
t u

j =
3∑

k,n=1

ckjn(∇u,∇T )∂k∂tun +
3∑

k,m,n=1

cjkmn(∇u,∇T )∂k∂mun(4.1)

+
3∑

m=1

cjm(∇u,∇T )∂m∂tT,

∂2
t T =

3∑
j,k=0
j+k 6=0

ajk(∇u,∇T )∂j∂kT +
3∑

j,m=1

cjm(∇u,∇T )∂m∂tuj ,(4.2)

where

(4.3)

ajk(∇u,∇T ) = ãjk(∇u,∇T ) + kδjk,

ckjn(∇u,∇T ) = ajk0n(∇u,∇T ) + aj0kn(∇u,∇T ),

cjkmn(∇u,∇T ) = µδjnδkm + (λ+ µ)δjkδmn + ajkmn(∇u,∇T ),

cjm(∇u,∇T ) = c̃jm(∇u,∇T )− βδjm,
and for simplicity we assume that τ = 1, % = 1. Introducing the vector

(4.4) U = (∇u,∇T )∗ = (u1
0, u

2
0, u

3
0, u

1
1, u

2
1, u

3
1, u

1
2, u

2
2, u

3
2, u

1
3, u

2
3, u

3
3, T0, T1, T2, T3)∗,

we obtain from (4.1)–(4.3) the first order system

(4.5) ∂0U =
3∑
k=1

Ãk(U)∂kU,
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where Ãk(U) (k = 1, 2, 3) are the 16× 16 matrices

(4.6) Ãk(U) =


(ckjm(U))∗3×3 (ckjmn(U))3×9 (cjk(U))3×1 03×3

(Iδkj)9×3 09×9 09×4

((cjk(U))∗1×3

03×3
04×9 (α̃kij(U))4×4

 ,

(ckjm(U)) are 3 × 3 matrices (j = 1, 2, 3, m = 1, 2, 3), (ckjmn(U)) are 3 × 9 matrices
(j = 1, 2, 3,m, n = 11, 12, 13, 21, 22, 23, 31, 32, 33), Iδkj denote the 9× 9 matrices

Iδkj =


 I3×3

03×3

03×3

 for k = 1,

03×3

I3×3

03×3

 for k = 2,

03×3

03×3

I3×3

 for k = 3

 ,

I3×3 is the 3×3 unit matrix, 0 denotes the null matrices, and (α̃kij(U)) are nonsymmetric
4× 4 matrices with elements

(4.7) α̃kij(U) = δikδ0j + 2δ0iδ0ja0k(U) + δ0i(1− δ0j)(kδkj + akj(U)).

From (4.6) and (4.7) it follows that (4.5) is not a symmetric hyperbolic system. In order
to convert it to a symmetric hyperbolic system we set

(4.8) A(U)

=

 I3×3 03×9 03×4

09×3 (cl1mn(U))∗9×3 (cl2mn(U))∗9×3 (cl3mn(U))∗9×3 09×4

04×3 04×9 (αij(U))4×4

 ,

where αij(U) = δ0iδ0j + (1− δ0i)(1− δ0j)(kδij + aij(U)), i, j = 0, 1, 2, 3, l,m, n = 1, 2, 3.
It is easy to see that A(·) is symmetric and positive definite in some neighbourhood N0

of 0 ∈ R16 (because 〈A(0)ξ, ξ〉 ≥ c|ξ|2, where c is a constant). After some calculations
we see that

A(U)Ãk(U) = Ak(U)(4.9)

=


(ckln(U))3×3 (clkmn(U))3×9 (clk(U))3×1 03×3

(clkmn(U))∗9×3 09×9 09×4

(clk(U))∗1×3

03×3
04×9 (αkij(U))4×4

 ,

where

αkij(U) = 2δ0iδ0ja0k(U) + δ0i(1− δ0j)(kδkj + akj(U))

and Ak(·) are symmetric 16× 16 matrices. Therefore we can write (4.5) as a quasilinear
symmetric hyperbolic system

(4.10) A(U)∂tU =
3∑
k=1

Ak(U)∂kU

under the assumption that U(t, x) ∈ N0 ⊂ R16 for (t, x) ⊂ [0, ϑ]× R3.
Thus, we have converted the initial value problem (1.1)–(1.3), under the conditions

(1.5)–(1.8), to one for a quasilinear symmetric hyperbolic system of the first order. Taking
into account the relations (4.4), (1.12), (1.13) we obtain the following initial conditions
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for U = (∇u,∇T )∗:

(4.11) U(0, x) = (u1, Du0, T 1, DT 0)∗.

Moreover, the initial value problem (1.1)–(1.3), under the conditions (1.5)–(1.8), is
equivalent to (4.10)–(4.11). Now, applying the results of Klainerman and Ponce [79] and
Majda [90] we have the following

Theorem 4.1 (Local existence). Assume that (u1, Du0, T 1, DT 0)∗ ∈ Ws,2(R3) with
an integer s > 3/2 + 1. Then for δ0 > 0 small enough, if

‖(u1, Du0, T 1, DT 0)∗‖Ws,2(R3) < δ0

then there exists a finite time interval [0, ϑ] with ϑ > 1 such that the initial value problem
(4.10)–(4.11) has a unique local smooth solution with

(∇u,∇T ) ∈ C1([0, ϑ]× R3),

(∇u,∇T ) ∈ C1([0, ϑ],Ws−1(R3)) ∩ C([0, ϑ],Ws,2(R3)),

‖(∇u,∇T )(t)‖L∞(R3) < 1 for all t ∈ [0, ϑ].

4.2. Local existence of solutions to the initial value problem for the nonli-
near hyperbolic heat equation. In this section we prove the local-in-time existence
of solution to the initial value problem (1.21)–(1.22). We convert this problem to an
equivalent one for the quasilinear first-order symmetric hyperbolic system

A0(V )∂tV =
3∑
k=1

Ak(V )∂kV +BV,(4.12)

V 0(+0, x) = V 0(x),(4.13)

where

V ≡ V (t, x) = (∇Θ(t, x))∗ = (∂tΘ,DΘ)∗ = (∂tΘ, ∂1Θ, ∂2Θ, ∂3Θ)∗,

V 0(x) = (Θ1(x), ∂1Θ
0(x), ∂2Θ

0(x), ∂3Θ
0(x))∗,

A0(V ), Ak(V ), k = 1, 2, 3, are symmetric 4× 4 matrices and B is a constant 4× 4 matrix
defined as follows:

A0(V ) =


1 0 0 0
0 c11 c12 c13
0 c21 c22 c23
0 c31 c32 c33

 , A1(V ) =


2a10 c11 c12 c13
c11
c21 03×3

c31

 ,

A2(V ) =


2a20 c21 c22 c23
c21
c22 03×3

c23

 , A1(V ) =


2a30 c31 c32 c33
c13
c23 03×3

c33

 ,

B =


−2m 0 0 0

0
0 03×3

0

 ,
where cjk(V ) = ajk(V ) + a2δjk for j, k = 1, 2, 3, and 03×3 is the null matrix of order 3.
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From (1.24) it follows that the matrix A0(V ) is positive definite for ‖V ‖L∞(R3) < R0.
Using the method of [79] and [90] we get the following

Theorem 4.2 (Local existence for N.H.H.E.). Assume that (Θ1, DΘ0)∗ ∈ Ws,2(R3)
with an integer s > 3/2 + 1. Then for δ > 0 small enough, if

‖(Θ1, DΘ0)∗‖Ws,2(R3) < δ,

then there exists a finite time interval [0, ζ] with ζ > 1 such that the initial value problem
(4.12)–(4.13) has a unique smooth solution with

∇Θ ∈ C0([0, ζ],Ws,2(R3)) ∩ C1([0, ζ],Ws−1,2(R3)),

‖∇Θ(t)‖L∞(R3) < R0 for t ∈ [0, ζ].

5. High energy estimates

5.1. High energy estimates for nonlinear hyperbolic thermoelasticity. We
now establish a priori estimates for higher-order derivatives of solutions to (4.10)–(4.11)
using an energy method.

Theorem 5.1. Let s ≥ 4 be an integer and let U(t, x) = (∇u,∇T )∗ be a solution of
the initial value problem (4.10)–(4.11) on some interval [0, ϑ] guaranteed by Theorem 4.1
with

‖(∇u,∇T )(t)‖L∞
,bs/2c(R

3) < 1 for all t ∈ [0, ϑ].(5.1)

Then, for some k0 ≥ 2,

‖(∇u,∇T )(t)‖Hs(R3) ≤ Cs‖(u
1, Du0, T 1, DT 0)∗‖Hs(R3)(5.2)

× exp
(
Cs

t∫
0

‖(∇u,∇T )(τ)‖k0L∞
,ds/2e(R

3) dτ
)

for t ∈ [0, ϑ] and k0 ≥ 2, where the constant Cs depends on s and not on ϑ.

P r o o f. We use the standard energy method with the help of mollification. Let Jε∗
denote the Friedrichs mollifier (cf. [90]). We put Uε = Jε ∗ U . Then Uε ∈ C∞ and it is
not difficult to verify that |Uε(t, x)| < 1 when |U(t, x)| < 1 for (t, x) ∈ [0, ϑ]×R3. Taking
it into account, we get

A(Uε(t))∂tUαε (t)−
3∑
k=1

Ak(Uε(t))∂kUε(t) = A(Uε(t))Dα
xGε(t) +A(Uε(t))H(α)

ε (t),

where

Gε(t) =
3∑
k=1

(Jε ∗ (Ãk(U)∂kU)− Ãk(Uε)∂kUε)(t),

H(α)
ε (t) =

3∑
k=1

(Dα
x (Ãk(Uε)∂kUε)− Ãk(Uε)Dα

x (∂kUαε ))(t);

here Uαε (t) stands for Dα
xUε(t), |α| ≤ s and the matrix Ãk(U) has the form given by (4.6).
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Taking the scalar product (in R16) with Uαε (t), integrating the resulting equality over
x ∈ R3, summing over α (|α| ≤ s) and applying the Cauchy–Schwarz inequality we find
that

1
2
d

dt
‖Uε(t)‖2E,s

≤ 1
2
‖∂tA(Uε(t))‖L∞(R3)‖Uε(t)‖

2
Hs(R3)

+
1
2

3∑
k+1

‖∂kAk(Uε(t))‖L∞(R3)‖Uε(t)‖
2
Hs(R3)

+
∑
|α|≤s

‖A(Uε(t))‖L∞(R3)‖H
(α)
ε (t)‖L2(R3)‖Uε(t)‖Hs(R3)

+
∑
|α|≤s

‖A(Uε(t))‖L∞(R3)‖D
α
xGε(t)‖L2(R3)‖Uε(t)‖Hs(R3),

where ‖ · ‖E,s
denotes the following energy norm:

(5.3) ‖V (t)‖2E,s
=
∑
|α|≤s

∫
R3

〈A(U)Dα
xV (t), Dα

xV (t)〉 dx,

which is equivalent to the norm ‖·‖2Hs . Using Taylor’s formula (cf. [43]) and recalling that
the matrices A, Ak are defined as in (4.8)–(4.9) with the coefficients given by (4.3), we
can represent the coefficients a(Uε) (where for simplicity of a(Uε) stands for ajkmn(Uε),
ajk(Uε) and cjm(Uε), respectively) as follows:

a(Uε) = a1(Uε) + a2(Uε),

where

a1(Uε) =
∑
|α|=k0

Dαa(0)
α!

Uαε

is a homogeneous polynomial of order k0 with respect to Uε and

a2(Uε) =
∑

|α|=k0+1

k0 + 1
α!

1∫
0

(1− z)k0Dαa2(zUε)Uαε dz

is a C∞-function. Taking this into account and assuming ‖Uε(t)‖L∞(R3) ≤ 1 we obtain

‖∂tA(Uε(t))‖L∞(R3) ≤ C‖Uε(t)‖
k0−1
L∞(R3)‖∂tUε(t)‖L∞(R3),(5.4)

‖∂kAk(Uε(t))‖L∞(R3) ≤ C‖Uε(t)‖
k0−1
L∞(R3)‖∂kUε(t)‖L∞(R3).(5.5)

To estimate the term ‖H(α)
ε (t)‖L2(R3) it is enough to consider the following term (here

D1 ≡ ∂k).

‖[Dα(a(Uε)D1(Uε))− a(Uε)DαD1Uε](t)‖L2(R3) ≤ I1(t) + I2(t),

where
I1(t) = ‖[Dα(a1(Uε)D1(Uε))− a1(Uε)DαD1Uε](t)‖L2(R3),

I2(t) = ‖[Dα(a2(Uε)D1(Uε))− a2(Uε)DαD1Uε](t)‖L2(R3).
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In view of the expression for a1(Uε), acting in the same way as in [29], we get

I1(t) ≤ C‖Uε(t)‖k0L∞
,ds/2e(R

3)‖Uε(t)‖Hs(R3).

In order to estimate I2(t) we use Lemma A.1 of [78] to get

I2(t) = ‖[Dα(a2(Uε)D1(Uε))− a2(Uε)DαD1Uε](t)‖L2(R3)

≤ Cs(‖D1a2(Uε(t))‖L∞(R3)‖D
s(Uε(t))‖L2(R3)

+ ‖D1(Uε(t))‖L∞(R3)‖D
sa2(Uε(t))‖L2(R3)).

Using the formula for higher-order derivatives of the composite function a2(Uε(t))
(cf. (2.37)) we conclude that the expression for the derivative Dα

xa2(Uε) (|α| = s) contains
derivatives of order l > bs/2c of Uε(t) with exponent one. Taking this into account and
assuming (5.1) we get

|Dα
xa2(Uε(t))| ≤ C

(∑
|γ|≤s

|Dγ
xUε(t)|

)( ∑
|γ|≤ds/2e

|Dγ
xUε(t)|

)k0
.

Hence we have

I2(t) ≤ C‖Uε(t)‖k0L∞
,ds/2e(R

3)‖Uε(t)‖Hs(R3).

Thus

(5.6) I1(t) + I2(t) ≤ C‖Uε(t)‖k0L∞
,ds/2e(R

3)‖Uε(t)‖Hs(R3).

Therefore, using (5.4)–(5.5) and (5.6), we obtain

1
2
d

dt
‖Uε(t)‖2E,s

≤ C‖Uε(t)‖k0−1
L∞(R3)(‖∂tUε(t)‖L∞(R3)(5.7)

+ ‖Uε(t)‖L∞,1 (R3))‖Uε(t)‖
2
Hs(R3)

+ C‖Uε(t)‖k0L∞
,ds/2e(R

3)‖Uε(t)‖
2
Hs(R3) + CGsε(t)‖Uε(t)‖Hs(R3),

where

Gsε(t) =
∑
|α|≤s

‖DαGε(t)‖L2(R3).

Noting that ‖Uε(t)‖L∞(R3) and ‖Uε(t)‖L∞,1 (R3) can be majorized by ‖Uε(t)‖L∞
,ds/2e(R

3) and

that the energy norm (5.3) is equivalent to ‖ · ‖Hs(R3), we derive from (5.7) the inequality

1
2
‖Uε(t)‖2E,s

≤ C(‖Uε(t)‖k0−1
L∞

,ds/2e(R
3)‖∂tUε(t)‖L∞(R3)

+ ‖Uε(t)‖k0L∞
,ds/2e(R

3))‖Uε(t)‖E,s
+ CGsε(t).

Applying Gronwall’s inequality we find

(5.8) ‖Uε(t)‖Hs(R3) ≤ C‖Uε(0)‖Hs(R3)

× exp
(
C

t∫
0

(‖Uε(τ)‖k0−1
L∞

,ds/2e(R
3)‖∂tUε(τ)‖L∞(R3) + ‖Uε(τ)‖k0L∞

,ds/2e(R
3)) dτ

)
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+ C
t∫

0

Gsε(τ)

× exp
(
C

t∫
τ

(‖Uε(Θ)‖k0−1
L∞

,ds/2e(R
3)‖∂tUε(Θ)‖L∞(R3) + ‖Uε(Θ)‖k0L∞

,ds/2e(R
3)) dΘ

)
dτ.

Note that s ≥ 4, hence there is an imbedding of Hs(R3) in Cds/2e(R3) and ‖·‖L∞
,ds/2e(R

3) ≤
Cs‖·‖Hs(R3). Moreover, Hs−1(R3) is imbedded in C0(R3) and ‖·‖L∞(R3) ≤ Cs‖·‖Hs−1(R3).
Thus, as ε→ 0, we have

‖Uε(t)‖Hs(R3) → ‖U(t)‖Hs(R3)

‖∂tUε(t)‖Hs(R3) → ‖∂tU(t)‖Hs(R3)

for t ∈ [0, ϑ]

(we have used the mollification property, cf. [90]), and

‖Uε(t)‖L∞
,ds/2e(R

3) → ‖U(t)‖L∞
,[s/2](R

3)

‖∂tUε(t)‖L∞(R3) → ‖∂tU(t)‖L∞(R3)

for t ∈ [0, ϑ].

Thus, by taking the limit of both sides of (5.8) as ε→ 0, we observe that

‖Uε(t)‖Hs(R3) → ‖U(t)‖Hs(R3)

‖Uε(0)‖Hs(R3) → ‖U
0‖Hs(R3)

for t ∈ [0, ϑ]

and using Lebesgue’s dominated convergence theorem the terms under the exponent
tend to

C
t∫

0

‖U(τ)‖k0L∞
,ds/2e(R

3) dτ, C
t∫

τ

‖U(η)‖k0L∞
,ds/2e(R

3) dη,

respectively. Therefore, to obtain (5.2) (i.e. the fact that Gsε(t) → ∞) it remains to
consider the term Gsε(t) in (5.8) as ε tends to zero. The proof of this fact follows from
the properties of mollification, the Leibniz formula and Taylor’s theorem. This completes
the proof of Theorem 5.1.

5.2. High energy estimates for the nonlinear hyperbolic heat equation. In
this section we present a priori energy estimates for higher-order derivatives of solutions
of the initial value problem (1.21), (1.22):

Theorem 5.2. Let s ≥ 4 be an integer and let

V (t, x) = (∇Θ(t, x)) = (∂tΘ(t, x), DΘ(t, x))∗

be a solution to the initial value problem (4.12), (4.13) on some interval [0, ζ] guaranteed
by Theorem 4.2 with

‖(∇Θ)(t)‖L∞,bs/2c
(R3) < 1 for all t ∈ [0, ζ].
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Then, for some k0 ≥ 0,

(5.9) ‖(∇Θ)(t)‖Hs(R3)

≤ Cs‖(Θ1, DΘ0)∗‖Hs(R3) exp
(
Cs

t∫
0

‖(∇Θ)∗(τ)‖k0L∞,ds/2e
(R3) dτ

)
for t ∈ [0, ζ], where the constant Cs depends on s and not on ζ.

S k e t c h o f p r o o f. We proceed similarly to the proof of Theorem 5.1 (instead of
Uε we put Vε = Jε ∗ V , where V = (∇Θ)∗).

6. Global solutions in
nonlinear hyperbolic thermoelasticity

6.1. Proof of the main Theorem 1.1. First, we introduce the notation

(6.1) Ms1(ϑ) = sup
t∈[0,ϑ]

(1 + t)k0/(k0+1)‖U(t)‖
L2k0+2

,s1 (R3)
,

where s1 = ds/2e + 1, s≥10 is an integer, and k0≥2 is the integer given by (1.5)–(1.7).
Let U(t, x) be the solution of (4.10)–(4.11) provided by Theorem 4.1 on [0, ϑ], where
s ≥ 10. Then, by the imbedding theorem (cf. (2.35)), U(t, ·) also belongs to Ws1,2k0+2(R3)
for t ∈ [0, ϑ]. In the following theorem we show that for this solution Ms1(ϑ) is bounded
by a constant independent of ϑ provided that a smallness assumption on ‖U0‖Hs(R3) +
‖U0‖Ws,p(R3) is satisfied.

Theorem 6.1. Let U(t, x) = (∇u(t, x),∇T (t, x)) be a solution to the initial value
problem (4.10)–(4.11) on some interval [0, ϑ] and s1 = ds/2e+ 1, s ≥ 10. If

U0 = (u1, Du0, T 1, DT 0)∗ ∈ Hs(R3) ∩Ws,p(R3)

(where p = (2k0 + 2)/(2k0 + 1), k0 ≥ 2 is an integer) and

‖(u1, Du0, T 1, DT 0)∗‖Hs(R3) + ‖(u1, Du0, T 1, DT 0)∗‖Ws,p(R3) < δ

with δ > 0 sufficiently small , then Ms1(ϑ) ≤ M0 < ∞, where the constant M0 is inde-
pendent of ϑ.

P r o o f. We can treat (4.10)–(4.11) as a linear system with nonlinear right hand side
of the form

(6.2) A(0)∂tU −
3∑
k=1

Ak(0)∂kU = F (U,DU)

with

(6.3) U(0, x) = U0(x) = (u1, Du0, T 1, DT 0)∗,

where A(0), Ak(0) (k = 1, 2, 3) are constant matrices given by (4.8)–(4.9) and F =
(F1, F2, F3, 0, 0, 0, 0, 0, 0, 0, 0, 0, Q, 0, 0, 0)∗ with Fj (j = 1, 2, 3) and Q given by (1.4). For
t ∈ [0, ϑ] we express the solution U(t, x) = (∇u(t, x),∇T (t, x)) to the initial value problem
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(6.2)–(6.3) using the matrix of fundamental solutions of the linearized hyperbolic system
of equations derived from (1.10)–(1.11) (cf. (3.21)). Thus (1)

(6.4) U(t, x) = R(t, ·) ∗ U0(x) +
t∫

0

R(t− τ, ·) ∗ F (U,DU)(τ, x) dτ,

where R(t, x) is a 16 × 16 matrix with elements being linear combinations of the terms
∂lHjk(t, x) and ∂tHjk(t, x) (cf. (3.30–3.34)). From (6.4) we have

‖U(t)‖
L2k0+2

,s1 (R3)
≤ ‖R(t, ·) ∗ U0(·)‖

L2k0+2
,s1 (R3)

(6.5)

+
t∫

0

‖R(t− τ, ·) ∗ F (τ, ·)‖
L2k0+2

,s1 (R3)
dτ.

Using Theorem 3.3 we get

‖U(t)‖
L2k0+2

,s1 (R3)
≤ C(1 + t)−k0/(k0+1)‖U0‖Lp

,s1+s0
(R3)(6.6)

+ C
t∫

0

(1 + t− τ)−k0/(k0+1)‖F (τ, ·)‖Lp
,s1+s0

(R3) dτ.

By familiar calculus inequalities (cf. [78, 79, 29]) and our specific assumptions about F ,
we have

(6.7) ‖F (U,DU)(τ)‖Lp
,s1+s0

(R3) ≤ C‖U(τ)‖k0
L2k0+2

,s1 (R3)
‖U(τ)‖Hs(R3).

Inserting (6.7) into (6.6) we obtain

‖U(t)‖
L2k0+2

,s1 (R3)
≤ C(1 + t)−k0/(k0+1)‖U0‖Lp

,s1+s0
(R3)(6.8)

+ C
t∫

0

(1 + t− τ)−k0/(k0+1)‖U(τ)‖
L2k0+2

,s1 (R3)
‖U(τ)‖Hs(R3) dτ.

Using Theorem 5.1 we get

(6.9) ‖U(τ)‖Hs(R3)

≤ Cs‖U0‖Hs(R3) exp
(
Cs

τ∫
0

‖U(Θ)‖k0L∞
,ds/2e(R

3) dΘ
)

for 0 ≤ τ ≤ t ≤ ϑ.

Since s1 = ds/2e+1 > [3/2]+3/(2k0+2) (k0 ≥ 2), there is an imbedding of Ws1,2k0+2(R3)
in Cds/2e(R3) and then

(6.10) ‖U(Θ)‖L∞
,ds/2e(R

3) ≤ Cs‖U(Θ)‖
L2k0+2

,s1 (R3)
for Θ ∈ [0, ϑ].

By the notation (6.1) and taking into account (6.10) we can estimate (6.9) as follows:

(6.11) ‖U(τ)‖Hs(R3) ≤ Cs‖U
0‖Hs(R3) exp

(
CsM

k0
s1 (ϑ)

τ∫
0

(1 +Θ)−k
2
0/(k0+1) dΘ

)
.

Since
∫ τ
0

(1 +Θ)−k
2
0/(k0+1) dΘ ≤ 3 for any τ ≥ 0 and k0 ≥ 2, we obtain

(6.12) ‖U(τ)‖Hs(R3) ≤ Cs‖U
0‖Hs(R3) exp(CsMk0

s1 (ϑ)) for τ ∈ [0, ϑ].

(1) In (6.4)–(6.5) the asterisk denotes convolution with respect to x ∈ R3.
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Inserting (6.12) into (6.8) with ‖U0‖Lp
,s1+s0

(R3)
and ‖U0‖Hs(R3) replaced by δ we obtain

(6.13)

‖U(t)‖
L2k0+2

,s1 (R3)
≤ Csδ(1 + t)−k0/(k0+1) + Csδ exp

(
CsM

k0
s1 (ϑ)

)
×

t∫
0

(1 + t− τ)−k0/(k0+1)‖U(τ)‖k0
L2k0+2

,s1 (R3)
dτ.

Since

‖U(τ)‖k0
L2k0+2

,s1 (R3)
≤Mk0

s1 (ϑ)(1 + τ)−k
2
0/(k0+1)

multiplying both sides of (6.13) by (1 + t)k0/(k0+1) we derive

(6.14) (1 + t)k0/(k0+1)‖U(τ)‖
L2k0+2

,s1 (R3)

≤ Csδ + CsδM
k0
s1 (ϑ) exp(CsMk0

s1 (ϑ))(1 + t)k0/(k0+1)

×
t∫

0

(1 + t− τ)−k0/(k0+1)(1 + τ)−k
2
0/(k0+1) dτ.

It is easy to see that

(1 + t)k0/(k0+1)
t∫

0

(1 + t− τ)−k0/(k0+1)(1 + τ)−k
2
0/(k0+1)dτ ≤ 12

for t ≥ 0 and k0 ≥ 2. Thus from (6.14) we have

(6.15) (1 + t)k0/(k0+1)‖U(τ)‖
L2k0+2

,s1 (R3)
≤ Csδ + CsδM

k0
s1 (ϑ) exp

(
CsM

k0
s1 (ϑ)

)
.

Therefore,

(6.16) Ms1(ϑ) ≤ Csδ + CsδM
k0
s1 (ϑ) exp(CsMk0

s1 (ϑ)),

where Cs is a constant depending only on s and not on ϑ. Now, consider the function

f(x) = Cδ(1 + xk0 expCxk0)− x.

Note that if δ is sufficiently small, then the equation f(x) = 0 has the first positive root
M0 and

M0 > δ > 0, δ =
M

C(1 +Mk0
0 exp(CMk0

0 ))
.

Since f(x) is continuous and f(0) = Cδ > 0, we have

(6.17)
f(x) ≥ 0 for x ∈ [0,M0],

f(x) < 0 for x ∈ (M0,M0 + ε) for some ε > 0.

Moreover, if δ is sufficiently small and δ < M0, then

Ms1(0) = ‖U0‖
L2k0+2

,s1 (R3)
≤ C‖U0‖Hs(R3) ≤ Cδ < M0,

that is,

(6.18) Ms1(0) ∈ [0,M0].

From (6.16)–(6.18) it follows that Ms1(ϑ) ≤M0.
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We now prove a result which guarantees that the local existence theorem can be
re-applied to extend the local solution to a global one.

Theorem 6.2. Let s ≥ 0 be an integer and let

U0 = (u1, Du0, T 1, DT 0)∗ ∈Ws,2(R3) ∩Ws,2(R3)

(where p = (2k0 + 2)/(2k0 + 1), k0 ≥ 2 is given by (1.5)–(1.7)) and let

U(t, x) = (∇u(t, x),∇T (t, x))

be a solution of the problem (4.10)–(4.11) on some interval [0, ϑ]. Then there exists a
constant δ1 > 0 sufficiently small such that if

‖U0‖Ws,2(R3) + ‖U0‖Ws,p(R3) < δ1,

then

‖U(t)‖Ws,2(R3) ≤ Ks,k0‖U0‖Ws,2(R3) for t ∈ [0, ϑ],

where the constant Ks,k0 , depends only on s and k0 and does not depend on ϑ.

P r o o f. It follows from Theorem 4.1 that

‖U(t)‖Hs(R3) ≤ Cs‖U
0‖Hs(R3) exp

(
Cs

t∫
0

‖U(τ)‖L∞
,ds/2e(R

3) dτ
)

for t ∈ [0, ϑ].

In order to estimate the integral under the exponent we repeat the argument of
(6.10)–(6.12) to obtain

‖U(t)‖Hs(R3) ≤ C‖U
0‖Hs(R3) exp(CsMk0

s1 (ϑ)) for t ∈ [0, ϑ],

provided that ‖U0‖Hs(R3) + ‖U0‖Ws,p(R3) is small enough. Setting

Ks,k0 = Cs exp(CsMk0
0 ),

we have ‖U(t)‖Hs(R3) ≤ Ks,k0‖U0‖Hs(R3) for t ∈ [0, ϑ].

In order to prove the main Theorem 1.1 we proceed as follows.
We take δ = min(δ0, δ1, δ/Ks,k0) with δ0, δ1, δ/Ks,k0 given by Theorems 6.1 and 6.2.

Let the initial data U0 satisfy

U0 ∈ Hs(R3) ∩Ws,p(R3), ‖U0‖Hs(R3) + ‖U0‖Ws,p(R3) < δ.

Then by Theorem 4.1 there is a constant ϑ0 > 1 such that the solution U(t, x) exists
on the interval [0, ϑ0] and satisfies ‖U(t)‖Hs(R3) ≤ Ks,k0‖U0‖Hs(R3) for t ∈ [0, ϑ0], by
Theorem 6.2. Since ‖U(ϑ0)‖Hs(R3) < δ0 we can again apply Theorem 4.1 by taking t = ϑ0

as the new initial time. Then we have a solution U(t, x) on [0, 2ϑ0] and it satisfies the
assumptions of Theorem 6.2. Therefore ‖U(2ϑ0)‖Hs(R3) < δ0, etc. Thus we can extend
the local solution to a global one.

Furthermore, we notice from (6.15) and the conclusion of Theorem 6.1 that the global
solution U(t, x) admits the estimate

(6.19) ‖U(t)‖L2k0+2
,s1 (R3)

≤ C(1 + t)−k0/(k0+1) for all t ≥ 0,

where the constant C is independent of t.
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Next, the asymptotic decay of the global solution in the L∞-norm follows directly
from Sobolev’s imbedding inequality (6.10) and the estimate (6.19):

‖U(t)‖L∞(R3) ≤ C(1 + t)−k0/(k0+1) for all t ≥ 0.

Finally, as an immediate consequence of Theorem 6.2 we have ‖U(t)‖L2(R3) ≤ C for
all t ≥ 0. Therefore, we conclude that the time-asymptotic behaviour of the solution for
large t is described by

‖U(t)‖L∞(R3) = O(t−k0/(k0+1)), ‖U(t)‖L2k0+2(R3) = O(t−k0/(k0+1)),

‖U(t)‖L2k0+2(R3) = O(1).

6.2. Proof of main Theorem 1.2. In order to prove the estimate of a global
solution to the initial value problem for the nonlinear hyperbolic heat equation we act as
in Section 6.1.

First, we introduce the notation

Ms1(ζ) = sup
0≤t≤ζ

(1 + t)3k0/(2(k0+1))‖V (t)‖L2k0+2
,s1 (R3)

,

where s1 = [s/2] + 1, s ≥ 10 is an integer and k0 ≥ 2 is the integer appearing in The-
orem 1.2.

Theorem 6.3. Let V (t, x) = (∇Θ(t, x)) be a solution to the initial value problem
(4.12)–(4.13) on some interval [0, ζ] and s1 = [s/2] + 1, s ≥ 10. If

V 0 = (Θ1, DΘ0)∗ ∈ Hs(R3) ∩Ws,p(R3)

(where p = (2k0 + 2)/(2k0 + 1), k0 ≥ 2 is an integer) and

‖(Θ1, DΘ0)∗‖Hs(R3) + ‖(Θ1, DΘ0)∗‖Ws(R3) < δ

with δ > 0 sufficiently small , then Ms1(ζ) ≤ M0 < ∞, where the constant M0 is
independent of ζ.

P r o o f. For t ∈ [0, ζ] we express the solution V (t) = (∇Θ(t, ·))∗ by the fundamental
solution of the hyperbolic heat equation given by (3.60). Thus

(6.20) V (t, x) = B(t, ·) ∗ V 0(x) +
t∫

0

B(t− τ, ·) ∗ [F (V, dV )](τ, x) dτ,

where B(t, x) is the matrix defined by (3.80). From (6.20) we have

‖V (t)‖L2k0+2
,s1 (R3)

≤ ‖B(t, ·) ∗ V 0(·)‖L2k0+2
s1 (R3)

(6.21)

+
t∫

0

‖B(t− τ, ·) ∗ F (τ, ·)‖L2k0+2
,s1 (R3)

dτ.

Applying Theorem 3.7 we obtain

‖V (t)‖L2k0+2
,s1 (R3)

≤ C(1 + t)−3k0/(2(k0+1))‖V 0‖Lp
s1+s0

(R3)(6.22)

+ C
t∫

0

(1 + t− r)−k0/(2(k0+1))‖F (τ, ·)‖Lp
,s1+s0

(R3),



Global solutions in nonlinear thermoelasticity 51

where

p =
2k0 + 2
2k0 + 1

, s0 =
[

3k0

k0 + 1

]
,

F =
3∑

j,k=1

ajk(∇Θ)∂j∂ku+ 2
3∑
j=1

aj0(∇Θ)∂j∂tu.

By familiar calculus inequalities (cf. [79]) and using the Leibniz formula, the Hölder
inequality and taking into account our specific assumption on F , we have

(6.23) ‖F (V,DV )(τ)‖Lp
,s1+s0

(R3) ≤ C‖V (τ)‖k0L2k0+2(R3)
‖V (τ)‖Hs(R3).

In view of (6.23) and (6.22) we get

(6.24) ‖V (t)‖L2k0+2
,s1 (R3)

≤ C(1 + t)−3k0/(2(k0+1))‖V 0‖Lp
,s1+s0

(R3)

+ C
t∫

0

(1 + t− τ)−3k0/(2(k0+1))‖V (τ, ·)‖k0
L2k0+2

,s1 (R3)
‖V (τ)‖Hs(R3) dτ.

Applying the energy estimate (5.9) and taking into account the fact that

(6.25) ‖V (τ)‖L∞
,ds/2e(R

3) < ‖V (τ)‖L2k0+2
,s1 (R3)

for τ ∈ [0, ζ],

which follows from the imbedding Ws1,2k0+2(R3) ⊆ Cds/2e(R3), we get

(6.26) ‖V (τ)‖Hs(R3) ≤ Cs‖V 0‖Hs(R3) exp{CsMk0
s1 (T )} for 0 ≤ τ ≤ T.

Inserting (6.26) into (6.24) with ‖V 0‖Lp
,s1+s0

(R3) and ‖V 0‖Hs(R3) replaced by δ, we obtain

(6.27) ‖V (t)‖L2k0+2
,s1 (R3)

≤ Csδ(1 + t)−3k0/(2(k0+1))

+ Csδ exp{CsMk0
s1 (T )}

t∫
0

(1 + t− τ)−3k0/(2(k0+1))‖V (τ)‖k0
L2k0+2

,s1 (R3)
dτ.

Using once more the fact that

(6.28) ‖V (τ)‖L∞
,bs/2c(R

3)‖V (τ)‖k0
L2k0+2

,s1 (R3)
≤Mk0

s1 (T )(1 + τ)−3k2
0/(2(k0+1)),

going back to (6.27), multiplying by (1 + t)3k0/(2(k0+1)), after some calculations we get

Ms1(ζ) ≤ Csδ + CsδMk0
s1 (ζ) exp{CsMk0

s1 (ζ)}.

Acting in the same way as in the proof of Theorem 6.1 we have Ms1(ζ) ≤M0.
The last step concludes the a priori estimate in the norm ‖ · ‖Hs(R3).

Theorem 6.4. Let s ≥ 10 be an integer , let

V 0 = (Θ1, DΘ0)∗ ∈ Hs(R3) ∩Ws,p(R3)

(where p = (k0 + 2)/(k0 + 1), k0 ≥ 2) and let V (t, x) = (∇Θ(t, x)) be a solution to the
problem (4.12), (4.13) on some interval [0, ζ]. Then there exists a positive constant δ1 > 0
sufficiently small such that if

‖V 0‖Hs(R3) + ‖V 0‖Ws,p(R3) ≤ δ,
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then

(6.29) ‖V (t)‖Hs(R3) ≤ Ks0,k0‖V 0‖Hs(R3)

for all t ∈ [0, ζ].

S k e t c h o f p r o o f. Applying the energy estimate to the solution V (t, x) of the pro-
blem (4.10), (4.11) and carrying out the same calculations as in the proof of Theorem 6.2
we get (6.29).

Therefore, we have an a priori estimate in the Hs-norm of the solution to the problem
(4.12)–(4.13); thus we can re-apply the local existence theorem to obtain the desired
global solution. From (6.28) and the conclusion of Theorem 6.3 it follows that the global
solution V (t, x) has the estimate

(6.30) ‖V (t)‖L2k0+2
,s1 (R3)

≤ C(1 + t)−3k0/(2(k0+1)) for all t ≥ 0.

From the Sobolev imbedding inequality (6.25) and (6.30) it follows that

‖V (t)‖L∞(R3) ≤ C(1 + t)−3k0/(2(k0+1)) for all t ≥ 0.

Applying Theorem 6.3 we have ‖V (t)‖L2(R3) ≤ C for all t ≥ 0. This completes the proof
of Theorem 6.4.

7. General remarks

In this paper we have proved (assuming a special structure of nonlinearities F ) that the
global solutions to initial value problems of the nonlinear hyperbolic partial differential
equations describing thermoelastic medium exist when the initial data are small enough.
The method which we have used consists in combining the classical local existence the-
orem in L2-norms with a priori estimates in appropriate Lp-norms. Here, interpolations
allow us to obtain decay estimates of solution to the linearized equation (with constant
coefficients) in an appropriate Lp-norm.

These Lp-Lq time decay estimates play a key role in discussing the global existence
of solutions of the corresponding nonlinear equations.

The general scheme consists of the following steps I◦–V◦.

I◦ Reduction of the initial value problem for nonlinear hyperbolic partial differential
equations to an equivalent one for quasilinear symetric hyperbolic system of the first
order:

A(U)∂0U =
3∑
k=1

Ak(U)∂kU,(7.1)

U(0, x) = U0(x)(7.2)

and applying the local existence and uniqueness results.
There is a local solution U of the quasilinear symmetric hyperbolic system of the first

order on some time interval [0, ϑ], ϑ > 1, with the following regularity:

(7.3) U ∈ C0([0, ϑ],Ws,2) ∩ C1([0, ϑ],Ws−1,2),
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where s ∈ N is sufficiently large to guarantee a classical solution. The proof of local
existence theorem is always a problem in itself. Here we have presented one method
of the proof of a corresponding theorem for a nonlinear hyperbolic heat equation and
a nonlinear hyperbolic system of partial differentail equations describing thermoelastic
medium in three-dimensional space.

II◦ High energy estimates. The local solution U satisfies

(7.4) ‖U(t)‖Ws,2(R3) ≤ Cs‖U0‖Ws,2(R3) exp
{
Cs

t∫
0

‖U(τ)‖k0L∞,ds/2e
(R3) dτ

}
, t ∈ [0, ϑ],

where Cs depends only on s but not on ϑ or U0 and k0 ≥ 2.
This inequality is proved by using a general formula for the derivative of order α

(|α| = s) for composite functions (cf. (2.37)).

III◦ Decay of solutions to the linearized problem. A solution U to the associated linear
problem:

A(0)∂tU =
3∑
k=1

Ak(0)∂kU,(7.5)

U(0, x) = U0,(7.6)

satisfies

‖U(t)‖Lq(R3) ≤ c(1 + t)−d‖U0‖Lp
,s0 (R3),(7.7)

where

2 ≤ q ≤ ∞, 1/p+ 1/q = 1, c, d > 0

and s0 ∈ N depend on q and on the space dimension n.
This Lp-Lq time decay estimate was obtained using the matrix of fundamental solu-

tions constructed with the help of the Radon transform (or with the help of fundamental
solutions obtained by the Hörmander method).

IV◦ Weighted a priori estimates. The local solution satisfies

(7.8) sup(1 + t)d1‖U(t)‖Lq
,s1 (R3) ≤M0 <∞,

where M0 is independent of T , s1 is sufficiently large, q = q1(k0) is chosen appropriately
for each problem and d1 = d(q) according to II◦, provided that U0 is sufficiently small
(i.e. the norm of U0 in Sobolev spaces is small enough).

In this step the information obtained in III◦ is exploited with the help of the classical
formula

(7.9) U(t, x) = R(t, ·) ∗ U0(x) +
t∫

0

R(t− τ, ·) ∗ F (U,DU)(τ, x) dτ,

where R(t, x) is a matrix with elements being linear combinations of the terms ∂lHjk(t, x),
∂tHjk(t, x) or (∂tE(t, x)), (∂lE(t, x)), respectively (Hjk(t, x) is the matrix of fundamental
solutions of the linearized hyperbolic system describing thermoelastic medium and E(t, x)
is a fundamental solution of the linearized hyperbolic heat equation) (cf. (3.21)).



54 J. A. Gawinecki

V◦ Final energy estimate. The results in II◦ and IV◦ lead to the following a priori
bound:

(7.10) ‖U(t)‖Ws,2(R3) ≤ K‖U0‖Ws,2(R3), 0 ≤ t ≤ ϑ,

s ∈ N being sufficiently large, U0 being sufficiently small (in the sense of Sobolev norms)
and K being independent of ϑ. Such an a priori estimate allows us to apply now the
standard continuation argument and to continue the local solution obtained in step I◦ to
one defined for all t ∈ [0,∞).

The method presented above gives us some information on the asymptotic behaviour
of the global solution as t→∞ in steps IV◦ and V◦.

As we have shown above the main role in the proof of existence of global-in-time
solutions of the nonlinear systems of partial differential equations is played by the Lp-Lq
time decay estimate for the solution to the initial value problem for the corresponding
linear hyperbolic system of partial differential equations.

We obtained such Lp-Lq time decay estimates constructing the matrix of fundamental
solution with the help of the Radon transform or constructing the fundamental solution
with the help of Hörmander’s theorem.

The Radon transform can be applied to construct matrices of fundamental solutions
to other systems of partial differential equations with constant coefficients, for exam-
ple:

1) a system of partial differential equations describing microelasticity theory,
2) a system of partial differential equations describing elasticity theory,
3) a hyperbolic system of partial differential equations describing the so-called non-

simple thermoelastic mediums.

R e m a r k 7.1. The matrix of fundamental solutions constructed with the help of the
Radon transform can be applied to prove the existence of “almost global solutions” to the
initial value problem for nonlinear hyperbolic thermoelasticity. This is very important in
view of the fact that in this case the nonlinear right hand side F describes the so-called
“geometrical nonlinearity” (cf. [34]).

The method of construction of fundamental solutions basing on Hörmander’s theorem
can be applied to construct fundamental solutions for equations describing mediums in
continuum mechanics. Basing on the constructed fundamental solutions we can get an
Lp-Lq time decay estimate for solutions to the linearized problem associated with the
nonlinear problem.

Many mediums in continuum mechanics are also described by coupled hyperbolic-
parabolic systems of partial differential equations. Such is the case of thermodiffusion
in a solid body (cf. [36], [31], [99], [100]). In order to obtain a matrix of fundamental
solutions of a linear hyperbolic-parabolic system we can apply the Hilbert–Levy method
(cf. [32], [30]).
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[121] —, Analyse mathématique, Hermann, Paris, 1967.
[122] J. Shatah, Global existence of small solutions to nonlinear evolution equations, J. Dif-

ferential Equations 46 (1982), 409–425.
[123] Y. Shibata, On the global existence of classical solutions of mixed problem for some

second order non-linear hyperbolic operators with dissipative term in the interior domain,
Funkcial. Ekvac. 25 (1982), 303–345.

[124] —, On the global existence of classical solutions of second order fully nonlinear hyperbolic
equations with first order dissipation in the exterior domain, Tsukuba J. Math. 7 (1983),
1–68.

[125] —, Neumann problem for one-dimensional nonlinear thermoelasticity , SFB 256 Preprint
145, Universität Bonn, 1990.

[126] —, On a local existence theorem for some quasilinear hyperbolic-parabolic coupled systems
with Neumann type boundary condition, manuscript, 1989.

[127] Y. Shibata and Y. Tsutsumi, Global existence theorem of nonlinear wave equations in
the exterior domain, in: Recent Topics in Nonlinear PDE, M. Mimura and T. Nishida
(eds.), North-Holland Math. Stud. 98; Lecture Notes in Numer. Appl. Anal. 6 (1983),
155–195.

[128] —, —, On a global existence theorem of Neumann problem for some quasi-linear hyper-
bolic equations, in: Recent Topics in Nonlinear PDE II, K. Masuda and M. Mimura (eds.),
North-Holland Math. Stud. 128; Lecture Notes in Numer. Appl. Anal. 8 (1985), 175–228.

[129] —, —, On a global existence theorem of small amplitude solutions for nonlinear wave
equations in an exterior domain, Math. Z. 191 (1986), 165–199.

[130] —, —, Local existence of solution for the initial boundary value problem of fully nonlinear
wave equation, Nonlinear Anal. 11 (1987), 335–365.

[131] T. Shibata and S. Zheng, On some nonlinear hyperbolic systems with damping boundary
conditions, ibid., to appear.

[132] M. Slemrod, Global existence, uniqueness, and asymptotic stability of classical smooth
solutions in one-dimensional non-linear thermoelasticity , Arch. Rational Mech. Anal.
76 (1981), 97–133.

[133] I. N. Sneddon, The propagation of thermal stresses in thin metallic rods, Proc. Roy.
Soc. Edinburgh 65 (1959), 121–142.



Global solutions in nonlinear thermoelasticity 61

[134] S. L. Sobolev, Applications of Functional Analysis in Mathematical Physics, 3rd ed.,
Nauka, Moscow, 1988 (in Russian).

[135] A. Sommerfe ld, Vorlesung über Theoretische Physik, Mechanik der Deformierten Me-
dien, B. II, Leipzig, Geest und Portig, 1949.
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