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1. Introduction

This paper concerns the existence and uniqueness of solution of the fol-
lowing mixed problem for a hyperbolic system:

(1.1) E(v)u, - f:Aj(v)u,,. —C(wyu=F in 2T =[0,T]x 2,

(1.2) [I_,—S(v)]u =g on 42T =[0,T) x 892,
(1.3) u(0,:) = f(*) in 2,

where 2 = {z € R™ : z; > 0} or 2 is a bounded domain in R™ with
boundary 912 of class C®°; T > 0; G(v) = G(t,z,v) for G = E,A;(j =
1,...,m),C,S; v is either a given n-vector function of class I15(27) N
H*(@027) for k > max(m/2+ 5/2,(m+ 1)/2+4 2n — 1) (1§(27) denotes a
certain Sobolev space defined in Chapter 2, H¥(922T) is the well-known
Sobolev space) or v = u (the nonlinear case); E,A;(j = 1,...,m),C
are n X n-matrix-valued functions; S is an [ X (n — [)-matrix-valued func-
tion (where 1 < I < n); F and f are n-vector-valued functions; ¢ is
an [-vector-valued function. All the above functions are real. Moreover,
E,Aj(j = 1,...,m),C,S € C¥R x 2 x R*) and are constant matrices
outside a compact set K, ., C R X 2 x R™.
We assume that the above problem is noncharacteristic, i.e.

(1.4) V(t,z,v) ERx 02 x R™ detA,(t,z,v)#0,

where A, = =37, Aj-v; and v = (1,...,Vm) is the unit outward vector
normal to the boundary 942.

We first examine the existence and uniqueness of a solution of (1.1)-
(1.3) in the linear case (Theorems 4.1.2, 4.1.3, 4.2.1, 4.2.2). We consider
separately the cases of f # 0 and f = 0. When f # 0 we assume the strict
hyperbolicity of system (1.1), while in the case of the zero initial condition
both the structure and regularity assumptions we impose on the system are
weaker. The strict hyperbolicity is replaced by the condition that the matrix

Alt,z,v,w) = iE71(t,2,0) ) Aj(t,z,v);

i=1



6 Mixed problems for hyperbolic systems

has simple structure on R x £2 x R x R™ \ {0} (see Definition 2.3.1) and
the matrix

m
M, (t,z,v,s,w') = AJ(t, =, v)(E(t, z,v)s — iz A;(t,z, v)w,-)
ij=1

(where s =1+, 17>0,€ €R, w = (wy,...,wn)) is of a certain special
form (see assumption (3.1.24)). Moreover, for f = 0 it is sufficient to assume
that k > m/2 4 5/2 and v € H*(8027) (see Theorem 4.2.2).

In the last chapter we apply the results proved for the linear problem to
obtain the existence and uniqueness of a classical local-in-time solution of
the nonlinear problem (1.1)-(1.3) (see Theorem 6.1 and Remark 6.1).

The noncharacteristic linear problem (1.1)-(1.3) was previously exam-
ined only in the case of smooth coefficients E, A;,C, S independent of v (see
[13], [21]-[23]) and in the case when the coefficients were the sums of smooth
functions and sufficiently small perturbations of class H) (see the definition
in Chapter 2), where k > [(m +1)/2] + 3 (see [16]). More exactly, Li Dening
[16] considers the problem

(1.5)  u - E(Aj(t, z,0) + a;(t, T))us,

i=1
—(C(t,z,0)+ c(t,z))u=F fort>0,z, >0,
(1.6) (P(t,z,0) + p(t,z))tt|]gy=0 =g fort>0,
(1.7) tlt=0=0 forzy; >0,

where P(t,z,v) is an ! X n-matrix-valued function; 4;(j = 1,...,m),C, P
are smooth matrix-valued functions which are constant for |t| + |z| > 2R,
(Ro > 0);a;(j =1,...,m),cand p are functions of class H} satisfying

> llajllknmexa + llellknr, x2 + Ipllknr,xa <& for some e >0

i=1
(Il - l.n.m, x2 denotes the norm in HEX(Ry x £2)). He proves the existence
and uniqueness of a solution u € H* under the assumption that problem
(1.5)-(1.7) with a; = ¢ = p = 0 (the case of smooth coefficients) is well
posed in the sense of Kreiss (see [13]).

The nonlinear noncharacteristic system (1.1) was already considered in
[11], [16], (18], [22], [25], [26]-(32].

T. Kato [11] and A. Majda [18] (Chapter 2) discuss the Cauchy problem
for this system in the case of symmetric equations. Also, one section of
M. Taylor’s book [25] (Section 5 of Chapter IV) is devoted to the Cauchy
problem, however, the author does not assume the symmetry of the system.

The papers of W. M. Zajaczkowski [28]-[32], J. Rauch and F. Massey
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(22] and Li Dening [16] concern nonlinear mixed problems for system (1.1)
(the case when v = u). In [28] and [29] W. M. Zajaczkowski considers a
noncharacteristic mixed problem for a symmetric hyperbolic system (1.1).
He proves the existence and uniqueness of a local-in-time solution of a mixed
problem for system (1.1) assuming that the norms | - ||x,y,v (Where V =
24,0024, 2) of F,Ajfz;(j = 1,...,m),Cf,g and the norms | - [t_1 0,2 (see
the definition in Chapter 2) of the functions F, A;f;,, Cf are sufficiently
small (for k > m/2 +1).

In [30]-[32] W. M. Zajaczkowski proves the existence and uniqueness of
a global-in-time solution of the same problem as in [28] and [29], but under
some additional assumption imposed on C.

In [22] J. Rauch and F. Massey examine the differentiability of a solu-
tion of a mixed problem for a linear hyperbolic system and then apply the
obtained results to the proof of the existence of a local-in-time smooth solu-
tion to the nonlinear problem (1.1)-(1.3). They only consider the case when
g =0, F and f are smooth and satisfy certain compatibility conditions, and
the coefficients in (1.1)-(1.3) are of class C.

Finally, Li Dening [16] considers the nonlinear system (1.1) (where E =
I) together with the conditions

(1.8) P(u)u|lsp =g, where P(u)= P(t,z,u),

and (1.7).

He proves the existence and uniqueness of a local-in-time solution of class
H* of problem (1.1), (1.8), (1.7) under the assumption that F € H*(Ryx ),
g € H*(Ry x 302) (where k > [(m+1)/2]+3 and £ is a bounded domain in
R™),¥0 < j < k—1,8]Flt=o = d{glt=0 =0,and A;(j =1,...,m),C, P are
smooth functions which are constant matrices for t + |z| > 2Ro (Ro > 0).
Li Dening obtains the above result using his theorem for the linear problem
(1.5)-(1.7).

In contrast to [28]-[32] we do not assume the symmetry of system (1.1),
while unlike [22] and [16], we assume that E, A;,C,S € C¥(R x 2 x R")
(where £ > m/2 + 5/2) and we consider general g and f (not only zero).

The main results of this paper are presented in a simplified form in [26]
and [27].

The paper consists of six chapters. Chapter 2 contains the definitions of
the function spaces used in the paper and some relevant lemmas (Section
2.1), details on perturbations of matrix-valued functions of class C¥, (Section
2.2) and some properties of matrices (Section 2.3).

In Chapter 3 the boundary value problem

(1.9) E(v)us — iAj(v)u,,. —C(v)u=F inRx 2,

i=1
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(1.10) [I,-S(v)]u=g on R x 802

(where 2 = {z e R™ :z; > 0}, v € T§(R x 2), k > m/2+ 5/2) is con-
sidered. Section 3.1 contains the conditions which we impose on problem
(1.1)~(1.3). Later in this section we transform system (1.9) into a system of
pseudodifferential operators which is more convenient for further investiga-
tions. So (1.9) turns into

(1.11) e ™u,, = M(v,iD¢+ n,iDz)e " u — A7V (v)C(v)e™"u
— A7V (v)Fe™™,

where n > 0, M(v,iD+1n,iD.) (2’ = (z2,--.,2Zm)) is the pseudodifferential
operator with symbol

(1.12) M(v,s,iw") = Al"(v)(E'(v)s ~iY 4 j(v)wj)
j=2

(s=n+i, ' = (w2,...,wm); Eand w; (1 = 2,...,m) are the dual variables
tot and z;). Lemma 3.1.1 of Section 3.1, concerning the algebraic properties
of the matrix M(t,z,v,s,iw") for (t,z,v,s,w') € R x 2 x R* x C x R™!
with Res > 0, is analogous to [8, Lemma 1], where a noncharacteristic
mixed problem with constant coefficients is considered.

Section 3.2 is devoted to the construction of a so-called symmetrizer for
problem (1.9)-(1.10), i.e. a pseudodifferential operator which we apply in
Section 3.3 to get an estimate of a solution u € C)(R x {2) (see the defini-
tion in Chapter 2) of (1.9)~(1.10) in L2-norm. The idea of the construction
of a matrix-valued function R(t,z,v,s,w’) of class C§ such that the func-
tion R(t,z,s,w') = R(t,z,v(t,z),s,w') is the symbol of the symmetrizer
comes from the paper of Kreiss [13], concerning a noncharacteristic mixed
problem for a strictly hyperbolic system with constant coefficients. Lem-
mas 3.2.1-3.2.7, concerning certain properties of the matrix-valued function
M(t,z,v,s,iw') (of class C*), are modifications of the appropriate lemmas
of [13]. Also Theorem 3.2.1, which yields the construction of R(¢, z, v, s,w’),
is a suitable modification of [13, Theorem 3]. The proofs of Lemmas 3.2.1-
3.2.7 and of Theorem 3.2.1 are given in more detail in comparison with
analogous proofs of [13].

In Section 3.3 we get an estimate of a smooth solution of problem (1.9)-
(1.10) in L2-norm under the assumption that E, A;,C,S € C*, where k >
m/2 4+ 5/2. To obtain this estimate we apply the symmetrizer which is a
pseudodifferential operator with symbol of class T§(R x §2). In the proofs
of all lemmas in this section we use [2, Lemma 1.4]. Moreover, in the proofs
of Lemmas 3.3.3 and 3.3.4 we apply some ideas of Yu. V. Egorov [4] and
P. D. Lax and L. Nirenberg [14].

In Section 3.4 we obtain an estimate of a solution of the formally adjoint
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problem to problem (1.9)-(1.10) using the fact that the formally adjoint
problem is of the same type as (1.9)—(1.10).

In Section 3.5 we prove the existence and uniqueness of a étrong solution
u € L(R x R2) of (1.9)-(1.10) (see Definition 3.5.1) under the assumption
that F € L(R x 2) and g € L2(R x 312) (see Theorem 3.5.1) and next the

existence and uniqueness of a solution u € C("(',“)(R x §2) of the same problem
assuming that F € CH (R x 2),9€ Cio)(R x 842) and additionally that
v € Cip)(R x ) and E, A;,C,S € C®(R x 2 x R") (see Theorem 3.5.2).
To prove Theorems 3.5.1 and 3.5.2 we use the papers of K. O. Friedrichs

and P. D. Lax [5] and D. S. Tartakoff [24]. Furthermore, for the solution
u € CiG)(R x £2) of (1.9)~(1.10) we get the estimate

(1.13)  7llull} 0 rxn + 1l 0 rxo0
< f,(f],52,53)(1%(5,515)87?’ f)TI_IHF”z,n,nxn
+ q,(E,E,E, E’ €, f)||g||2a,r,,nxan) Vo <s< k )

where k > m/245/2;d,b,¢, d, €, f are defined by (3.3.13); £1, £2, £3 are the
constants from Theorem 3.2.1; f, are continuous functions; for 1 < s < k,
P, and g, are polynomials, while pi = Pk + pe-1€2"72, g = i + 162772,
where px and @i are polynomials, T3 > 0 is such that s is constant outside
[Ty, T7); and n > 0 is sufficiently large.

For s = 0 the estimate (1.13) coincides with the result of Section 3.3.
We obtain the estimates for 0 < s < k using the case s = 0 and the proof of
[28, Lemma 3.2]. For the restriction of u to the set J x {2 (where J C R is
an interval) we obtain an inequality analogous to (1.13).

In Section 3.6 we consider the Cauchy problem

(1.14) E(v)u; — ZAj(v)u,,. - C(v)u=F in[0,T]x 2,
i=1
(1.15) u(0,-) = 0 in 2,
where v € Tf(Rx 2); 2 = {z € R™ : z; > 0} or N is a bounded domain

in R™ with smooth boundary. We prove that if u € U 1} is a solution of
(1.14)—(1.15), then for 0 < ¢t < T and 0 < s < k (k> m/2+5/2),

(1.16) nlulls e < p°@ )17 IIFll3 0,0 »
where Up,1y = {u € CH)([0,T] x R™) : v = 0 in (R™ \ 2) U {2, for some
£ > 0}, 2. = {z € R™ : dist(z,3R) < ¢}, p* are polynomials, 7 > ¢(a,b)
(g is a polynomial).

The results of this section (Theorems 3.6.1 and 3.6.2) are used in the
proofs of Remarks 3.5.3, 4.1.4 and Theorems 5.1, 5.4.
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In Chapter 4 we consider the linear mixed problem (1.1)-(1.3), where
2= {z € R™ : z; > 0}. Section 4.1 is concerned with the case of a nonzero
initial condition. In this section we apply the methods of J. Rauch [21] and
the results of Chapter 3. Similarly to [21] we prove that problem (1.1)-
(1.3) (where 2 is a halfspace) has a unique solution u € C)([0,T] x 2)
under the assumption that v € C(‘}?)(R x 2); E,A;,C,S € C(°(')°)(R x 2 xR™);
FeCHRx2)and F=0fort<0;9€CH(Rx2)and g=0fort<0;
f € C§°(R2), and under the remaining assumptions from Section 3.1 (see
Theorem 4.1.1).

Next we find estimates for a solution u of (1.1)-(1.3) in L2- and H}-
norms, where 0 < s < k, k > max(m/2+5/2,(m+1)/2+2n—1). We then
assume additionally that system (1.1) is strictly hyperbolic. Using Lemmas
4.1.1-4.1.7, which are slight modifications of the lemmas from [21], and next

applying [28, Lemma 3.2] we obtain the following estimate for the smooth
solution u of problem (1.1)-(1.3):

(1.17)  u®)3 0,07 + nllull?, 0 + ull3 .00
< fa((Ei)?=lv(5: ?=1)[p,(E,E,E,E,E, fa |”|k,0.oo,K)||F||3,n,n'

+ Qs(ﬁ, 3) E) '_i, E‘l f’ |v|k'o'°.°,K)“g”3.n.3n'

+ T,(E, 59 <, Ev €, fv Ivlkyo,oo.K)"f”Z,ﬂ]

for0 <t <T,0< s <k and 75 sufficiently large. In (1.17), p, and g, are of
the same form as in (1.13), r, are polynomials, K is a compact set outside
of which E, A;, C and S are constant (see assumption (3.1.7)).

Assuming further that F € H¥(2T), g € H*(90T), f € H¥(£2), where
V0<j<k-1,8]Flizo = 8]{glt=0 = 0, and E, A4;,C,S € C¥(R x 2 x R")
(k > max(m/2+5/2,(m+1)/24+2n—1)) we prove (by means of appropriate
smooth approximations of v, E, A;, C, S) the existence of a unique strong
solution u € TF(NRT)NH*(8027) of problem (1.1)-(1.3) (see Definition 4.1.1)
satisfying the estimate (1.17) (see Theorems 4.1.2-4.1.3).

In Section 4.2 we consider separately the case when f = 0.

In Chapter 5 we obtain results analogous to those of Chapters 3 and
4, but in the case of a bounded domain £ with smooth boundary. Appro-
priate existence and uniqueness theorems and estimates of the types (1.13)
and (1.17) are obtained by means of the local straightening of 812, using a
suitable partition of unity and applying the results of Chapters 3 and 4.

Finally, Chapter 6 is devoted to proving the existence and uniqueness of
a local-in-time solution u € IT§(£2¢)N H*(812*) (where { is sufficiently small)
of the nonlinear problem (1.1)—(1.3), where k¥ > max(m/2+5/2,(m+1)/2+
2n—1) (k > m/2 + 5/2if f = 0). This is accomplished by applying the
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method of successive approximations (similarly to W. M. Zajaczkowski [28])
and using the results of Chapters 4 and 5.

I would like to thank Prof. W. M. Zajaczkowski for his helpful advice
during my work on this paper. 1 also thank Prof. B. Ziemian for his remarks.

2. Notations and preliminaries

2.1. Function spaces and spaces of distributions. Let @ C RY
(v > 1) be a domain in R and 2z = (z,...,2,) a point in Q.
Below,V =Qor V = Q.

Let us introduce the following function spaces:

C¥(V) (where k € NU {0}) — the space of functions defined on V which
have continuous derivatives up to order k;

C®(V) — the space of functions defined on V' which have derivatives of
any order; _

C&(V) (CE(V), k € NU {0}) — the space of functions of class C=(V)
(C*(V)) whose supports are compact subsets of V;

CoV) (C('ﬁ))(V), k € N U {0}) — the space of restrictions to V of
functions in C°(R”) (C&(RY));

CF(V) (CE(V), k € NU {0}) — the space of functions of class C*°(V)
(C*(V)) which have bonuded derivatives of any order (up to order k) on V.

Notice that CP(V) = C*®(Q) and C{(V) = CKQ)if V=Q and Qis a
bounded domain.

In C§(V) we introduce the norm

Ivllcy vy = livlley = ) sup|8°v(2)],
B B

lal<k €Y
where a = (ay,...,a,) is a multiindex and 8°v = 9l*lv/3z{1. .. 823+, |a| =
a+...4 a,.
We next introduce Sobolev spaces:
L*(V) — the space of (Lebesgue) measurable functions v which are

square integrable, with the norm |[vllo,v = ( [, |v(2)]? dz)llz;

H¥(V) (where k € NU {0}) — the space of measurable functions v such
that V]a| < k, 8*v € L}(V), with the norm

ol = (X J 197u(2)dz)"”

lal<k V

(where 3%v is the distributional derivative);
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I.I"(V) (where k € N U {0}) — the closure of C§°(V) in the norm of
HY(V);

S(RY) - the space of functions v € C*°(R") such that sup,cg. |2°8%v(z)|
< oo for any multiindices a and G;

S'(RY) — the space of slowly increasing distributions;

H*(R") (where s € R) — the space of distributions v € §(R") such that
Jav 19(O12(1 + |€1*)*d€ < 0o (here ¥ denotes the Fourier transform of v).

The norm in H*(R") is defined by

1/2
ol = (S 1RO+ ePyae)”.
R
In the case when s = kK € NU {0}, the space H*(R") is identical with the
space H*(R") introduced earlier and the norms ||v||x,a- and ||v||} p. are
equivalent.

Next we define the spaces H*(V) (s > 0). To do this introduce first
the space W = W(2,v, H'(V), L}(V)) of measurable functions v : [0,00) —
HY(V)+L?*(V) (where H'(V)+ L?(V) is the vector sum of the spaces H!(V)
and L%(V)) such that t*v € L?(0,00; H}(V)) and t*3' € L2(0, 00; L3(V))
(v' denotes the distributional derivative of 7, v € R).

Denote next by T%%(V) (8 = v + 1/2) the space of functions v = %(0) =
lim,_o+ 9(t), where v € W (the above limit exists by {1, Lemma 7.13]), with
the norm '

llo; T*(V)|
= inf ma.x{(ft"’"i)'(t)”z ar)"” (fﬁ"na'(t)”z a)")
- v";ﬁ.}‘?‘;) . 1,V ’ : o,V .

Take now any s > 0. If s = k € NU {0} then we define H*(V) = H*(V).
If s =k+ o (where 0 < o < 1), then H*(V) is defined to be the space of
those v € H*¥(V) for which the distributional derivatives 8%v € T'~"?(V)
for |a] = k. This is a Banach space with the norm

1/2
o, = {Ibly + 3 Noew T -=2(v)p} .

lal=k
In the case when V = R”, H*(V) is identical with the space H*(R") intro-
duced earlier and the norms || - || and || - || are equivalent ([1, Chap. VII]

and [17]).
Let further 2 C R™ (m > 1) denote a domain in R™, and [0,T] C R
(where T > 0) an arbitrary interval. Set

QT =[0,TIx 2, 42T ={0,T)x a1,
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where 312 is the boundary of 2. Let J denote a finite or infinite interval
(in particular, J may be [0,T]). Denote further by t a point of J and by
z = (zy,...,Zm) a point of £2.

Let now V =J x 2 or V = 2. By H}(V) (where k € NU {0}, n € R)
we denote the completion of C@) (V') in the norm

1/2
(2.1.1) lollms ey = lolleny = (35 [ 18%0Pe72) ™,
la|<k V
where in the sum on the right-hand side, we take the ¢ and z derivatives if
V = J x 2, and the z derivatives if V = {2,

In the case when V = J x 32 or V = J x K (where 2 = {z € R™ :
£y > 0} and K is a subset of 812) the space HX(V) is similarly defined, but
in the sum on the right-hand side, we then take the t and z’' = (z2,...,Zm)
derivatives only. In the case when 2 is a bounded domain with C* boundary
we cover 342 with a finite number of balls Kg, (¢ = 1,...,u) with centres

2% ¢ 2 with the property that there exists Ny < u such that the intersec-
tion of any Np + 1 < p of these balls is empty. Set

2,=Kp NN, I,=KpNan.
Then with z°7 we can associate the coordinates
(2.1.2) % =c?j(z,'—z2") fori=1,...,m
(where [c{.] is an orthogonal matrix), such that I'y is given in (z;) by the
equation

21 = ho(2"), 2 =(22,...,2m),

where h, € CE(2' : |2'| < R,) and the z axis is normal to 812 and points

in the opposite direction to v, the unit outward normal to the boundary at
0q ’
z%9,

Next introduce the coordinates

(2.1.3) n=an-h(d) y==2.
Then from (2.1.2) and (2.1.3) we obtain
(2.14) z = ¥y(y),

where Wq = (qu, ey qu)’

Woi(y) = 23 + il +he(W)+ ) el (G=1,...,m),
=2
and

(2.1.5) y=¥;"(2),
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where
R e A )
5 (2) = cli(z; —zo") (i=2,...,m).

Under the change of variables (2.1.4), £, is the image of the set ¥ = {y:
[1 + Ro(¥"))* + |¥'|* < R2,41 > 0}, while I is the image of or, = {y:
[ + he(¥)) + 1912 < R’,yl = 0}.

With the above covering {KRg },_, of 82 we associate a partition of
unity {t,}s_, satisfying the properties:

(a) ¥q € C°(R™) and supp 9y C KR, V1 < g < ,

(b)0< 4, <1,VI<g<p,

(C) E::l '/’q =1

Let now v be a function defined on J x 812. Define §,v on J x R™1 by

f,v = {('/’q”)(t ¥4(0,¥)) if |y'| < Ry,
otherwise .

The space H(J x 302) is understood to be the set of functions v such that
8,v € HF(J x R™™'), V1 < ¢ < p. The norm in this space is given by

m

1/2
(2'1'6) "v"Hf,(JXBO) = "”"k.n..lxan = { z Iloqv”i,n,JXR""‘l} ’
9=1

where the norms on the right-hand side are given by (2.1.1).

It can be proved ([17]) that the same space with an equivalent norm
results if we carry out this construction for other collections {¥,} and {v,}.

In the same way one can define the space H5(J x K), where K is a
subset of 32, and the space H*(J x 32), where s > 0.

Notice that for n = 0, HX(V) = H¥(V).

Letnow V=02,V=JxRorV=Jxd1f.

We introduce the following spaces:

flf,(V) (where k € NU {0}, 7 > 0) — the closure of C§°(V') in the norm
of HX(V);

HZF(V) (where k € NU {0}, 7 > 0) — the closure of L?(V) in the norm

Ilv”_ky_nyv = Sllp l(‘P’ v)ovvl/"‘p“kvﬂvv ’
0ECE (V)

where (¢, v)o,v denotes the scalar product in L*(V);
H~¥(V) (where k € NU{0},7 > 0) — the closure of L?(V) in the norm

loll-xpe,-nv = sup (0, 0)ovl/lIellkm,v

veCRH(V)
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For all integers s the space ﬁ:,’,(V) is dual to H(V') and similarly H(V)
is dual to fI:,’(V).

Further, denote by L% (J; H¥(£2)) and LX(J; Hi(R2)) (where k € NU{O},
1eNU {0}, 1 £ p < o©) the spaces of functlons u such that

ess sup dt < oo

<oo and f

Bt" “(’) otk "(‘)

v

respectively.
Using the above definitions we also introduce the spaces

k
n§(J x 2) = (| LE(J; H{(2))

=0
with the norm
k
|%|k,0,00,0x2 = EGSSSUP t" - ( )n
i=0
and the space
k
I§,(J x 2) = [ Ly~'(J; H'(%2))
=0

with the norm

k
[ulk0,p0xa = Z

=0

ak—n
o=

1/p
dt) |

Finally, denote by I'¥(§2) (where k € NU {0}) the space of functions v

such that
(2 J1ogtaras) " <o,
la|<k 2

with the norm

/
||"||r;(n) = |ulko,2 = ( Z f lf)f”',,v(t,::)|2 d::,-)1 2.

lal<k 2

Let X be whichever of the function spaces mentioned above. We will say
that a vector-valued function v = (uy,...,%,) or a matrix-valued function
A = [aijli<i,j<o belongs to X if VI < i< v, u; € X, resp. V1 < 4,5 <,
ai; € X.

Now we formulate some lemmas which are useful in our paper.

By induction one can prove
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LEMMA 2.1.1 ([28, Lemma A.1]). Let 8 = 8(z,v) € C¥(R” x R*'), where
k> 1, v,v' 2 1. Then for any v'-vector-valued function v € C*(Q) (where
Q C RY), we have

(21.7) 876 = ) > Ca,s 051720 - (BL0)21 .. (Bv)
1<s<r an+...ta,=r+l—s
art2az+..4sa,=r

— — ! y

+ 2 > s g OT05F170700 - (BL0) .. (B30),
o>1 al+..+al=rtl1-s—o
1<s<r-o aj+2ai+.. tsa)=r-s

where 1 < r < k; aj,a; € NU{0}, V1 < j < s; ca, and ¢, ,, are

some constants; and (03v)® denotes the tensor product of a; vectors div
composed of all derivatives of order j of v.

Using Lemma 2.1.1 one can prove

LEMMA 2.1.2 ([28, Lemma 6.1]). Let 8 = 6(t,z,v) € C(';,)(J x 2 x G),
where 2 CR™, JCR,GCR™ k>m/2+ 1. Ifv(t,z)€ IE(J x ), then
0(t,z) = 6(t,z,v(t,z)) € IE(J x ) and

|5|k,0.oo.an < P(”e“cguxﬁxc)’ Hollk,0,00,7x2) 5
where p is a polynomial.

Similarly, if ve H*(J x 802), then § € H*(J x 2) and

18llk.axa0 < a(ll6llcs (sxmxay Ivllkoxa0) 5

where q is a polynomial.

The next lemma concerns extending functions in T§([Th,T2] x 2) N
H*/2([Ty,T,) x 2) (where T} < Tz, 2 C R™) toR x R™.

LEMMA 2.1.3. Let v € IIf([Ty, T3] x 2) N H*1/2([Ty, T3] x 2), where
Ty < T3, k > 1, and either

1° 2 = {I €ER™: a; <z; < bl" a,-,b; € R) t= 17""m}7 or

2° 2 is a domain in R™ with bounded C* boundary.
Then there ezists ¥ € IIF(R x R™) N H*1/2(R x R™) such that ¥ = v in
[T1, T3] x 2, ¥ = 0 outside a compact set K C R x R™ and
(2.1.8)  ||7|le+1/2,RxRm + |V]K,0,00,RxR™

< e(llvllk+1/2,07. Ta x 2 + |91k,0,00,(T, ol x 2) 5

where ¢ > 0 ts a constant.

Proof. Consider first case 1°. We apply the method of Hestenes (see

[1, Chap. IV] and [3, p. 135]). Assume first that v € C(’;‘)'l([Tl,Tzl x 2) and
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define
(2.1.9)
v(t, z) forT) <t< T,
w(t,2) = { T Mv(—it+ Ty(i+1),2) for s + Ty St < Ty,
0 fort< T‘+T’+T1,
where the numbers A;, i = 1,...,k + 2, fulfil the system of equations
k+2
Y (=iEai=1, p=0,1,.. ,k+1.
i=1

Let Ef denote the operator
(2.1.10) Efv=1}.
Notice that (2.1.9) implies

(2111)  8°Blo= ¥ Bl Via|<k ift# D
hiiel

1,

where Ef,., = 0 for a # v and
(2.1.12)
B“v(t,z) for T1 <t S Tg,
it i (—i) N0 v(—it + Tu(i + 1), z)
E{aaa"v = Tx
for + T1 <t < Tl,

0 fort< +T1

(here 87 = /At dz]* ...0z7 , IYl=10o+ 11 + ...+ 7m).
Next, define
(2.1.13) W(t,2) = p(t)l(t,2),
where ¢ € C(°6°)((-00,T2]) and ¢ = 1 forT} <t < T; and ¢ = 0 for

t< DD 4 Ty 46 (e > 0is such that ol 4 Ty ¢ < ).
Futher, set

vi(t, z) fort <T,
t _ ! N
(2.1.14) vy(t,z) = {zf;‘f Ajv'(=jt + Ta(j + 1),2) fort > Tn.

Denote by E: the operator

(2.1.15) Eivt =},
Then (2.1.14) implies that
(2.1.16) 0°Ejv' = > E,0"v Ve <k,
ll<lal
8y
W

S~
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where Ef, =0 for a # v and

(2.1.17)

Bt 30y = a*vi(t,z) fort > Ty,

20a® U= T (=)0 A;0%08(—jt + To(j + 1),2) fort < T
Now denote by E* the operator given by
(2.1.18) E'v=1}, ie E'= ElpE;.
By (2.1.11)—(2.1.13), (2.1.16) and (2.1.17) we have
(2.1.19) 0°E'v= Y E.L8" V|| <k,
FI<lal

where the E!., are continuous operators from H7 ([T, T;]x 2) into H/(Rx £2)
for j = 0,1. Moreover, E'v = 0 outside a compact set K; C R, and

"Etv"".“xn < c”””r.[Tl.Tg]xn Vo <r< k+ 1, S N7
| E*v]k,0,00,Rx 2 < €|V]k,0,00,[T1,T2]x 2 -

Further, analogously to E! define the operator E®! extending the func-
tion E‘vto Rx R x {z e R™ 1 q; < z; < b;,i = 2,...,m}, and next the
operators E*2,..., E*™_,  Thus we obtain the operator

Ejxgm = E*™ .. .E®'E"
such that

(2.1.20) Egpymmv =0 outside a compact set K CRxR™,
(2.1.21) ||Eaxrmv|lrmxn= < c||v|lrmy,mixe VO<T<k+1, 7€N,
(2.1.22)  |Egxrm9|k,0,00,RxR™ < €[0]k,0,00,[Ty,T5]x 02
(where ¢ > 0 is a constant) and
(2.1.23) 0" Enxamv= Y Eayd™v V|a| <k,
IvI<]el
where the E,., are continuous operators from H¥([T),T2] x {2) into H’(R x
R™),j=0,1.

Now assume that v € II&([Ty, T3] x 2) N H*1/2([T}, T3] x 2). Then
there exists a sequence v; € C®([T1, T3] x 12) (see [3, Section 19.2]) such
that
(2.1.24) vi—ov in (T, T3])x N) V0<r<k+1,TeEN,
(2.1.25) [951k,0,00,(T2, T3]x 2 < €}]k,0,00,[T1 T2] x 52 5

where ¢ > 0 is a constant. Using (2.1.24), (2.1.25) and the fact that v;
satisfies (2.1.20)—(2.1.23) we get

Enxnmvj—)Enxnm‘v in HT([Tl,Tz]XQ) Vo<r<k+1, reN,
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and (2.1.20)—(2.1.23) are satisfied for Epxgrmv.

By (2.1.21) the operator (2.1.20) is a strong (k + 1)-extension opera-
tor for (T1,T2) x 12 ([1, Definition 4.24]). Therefore (2.1.20)-(2.1.23) and
(1, Theorem 7.41] imply that if v € I¥([Ty, Tz] x 2)n HF1/2([T1, Ty x 12),
then the lemma is satisfied with v = Egypmv.

In case 2°, the proof is analogous to that of [1, Theorem 4.26(ii)]. =

Remark 2.1.1. In the same way as Lemma 2.1.3 it can be proved that
if A€ CkH(|Ty,T»)x 2% G) (where k > 1, 2 C R” fulfils one of assumptions
1° or 2°, [T1,T2] C R, G C R™ satisfies assumption 1°), then there exists a
function A € C¥(R x R™ x R™) such that A= A in [T}, T3] x 2x G, A=0
outside a compact set K C R x R™ x R" and

lAllct (mxrm xr=) < €l Allcy (m,m)x 2x6) »

where ¢ > 0 is a constant.
We now formulate a lemma whose proof is in [21, p. 279).

LEMMA 2.1.4. Assume that n > 0, s is a nonnegative integer, J =
(-00,T), 2={z €eR™ : 2y > 0}.

1° Ifp € C®(J x 2) and if
(i) 3¢9 € H*31(J x 9) for |a| < 1,
(ii) $(T) € H2,(R),
(iii) $lz=0 € H2,(J X 392),
then 9 € H2,(J x 2) and

12 0lo,~nxa < €s(072 D0 108ctlla1yo,-n.sxa + BTl 0,0,
|1
+ “'/’”aO,—n,Jxan) )
where ¢, > 0 is a constant independent of 1 and 7).
20 If9 € C°(J x 3N2) and if

(i') 92,8 € 231 (J x 89) for |B] < 1,
(ii') 8(T) € H*.,(89),

then 0 € ﬁ’_n(J x 012) and

[6lls0,-n,sx00 < Cs( > 11622, 8llcs-1y0 ,—n, 00 + 'I'mlla(T)llso,—n.an) :
I8I<1
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2.2. Perturbations of linear operators. Let M = M(z) (where
z = (z1,...,2,) € @ C R") be a matrix-valued function, M : Q@ — c.
Take two unordered n-tuples & = (p1,...,4,) and &' = (pi,...,p’) of
complex numbers and define their distance by

dist(S, 6') = min max |u; — pjl,

where we take the minimum over all permutations of one of the tuples.
Next denote by S(z) the complete set of eigenvalues of M(z), i.e. the set
composed of eigenvalues of M(z) repeated according to their multiplicities.

DEeFINITION 2.2.1 ({10, Chap. II]). We say that the complete set of eigen-

values &(z) of the matrix-valued function M(z) depends continuously on z
in Q if
Vzg € Q@ dist(S(2),65(2)) =0 asz— 2.

DEFINITION 2.2.2 ([10, Chap. II]). The resolvent of M(z) is the matrix-
valued function

R(ﬂ’z) =(M(z) - ﬂI)_ )

where 8 € C and I is the unit matrix. .

Let K, = K,(z), where ¢ = 1,...,r (r < n), be all distinct eigenvalues
of M = M(z). Set

N={(B,2) €CxQ:f#Ko(2), o =1,...,7).
LEMMA 2.2.1. If M € C5(Q) (where k > 1), then all derivatives d7R =
3""R/32°‘ ...02%v (where |a| < k) are defined and continuous on M.

Proof. Take (fo,2) € M. Then fl(ﬂo,zo) is defined. Hence for every
(B,2) €eCxQ,

(2.2.1)  M(2) - BI = [I - (BI - Bol — A(2))R(Bo, 20))[M(20) — Bol],
where A(z) = M(z) — M(z). Define
N, = {(B,z2) eCxQ:|B— Po| +|z— 20| is so small that
18 — Bol + 14(2)| < €| R(Bo, 20)1 7'}

where € < 1 (here | - | denotes any matrix norm such that |[I| = 1). Then
R(B, 2) is defined for any (8, z) € M, and by (2.2.1)

(2.2.2)  R(B,2) = R(Bo, z0)[I — (BI - Bol — A(2))R(Bo, 20)]
=3 (B - BoI — A(2)) R(Bo, 0)]",
n=0

where the above series is uniformly convergent in 91,.
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Consider the function

1n(v(2)) = [v(2)]", where v(z) = (BI - By — A(2))R(Bo, %0) -
Using (2.1.7) we get
M=) D Ca, a0t 0y, (B10)™ .. . (B20)™

1<s<r a1+ Fa,=r+l-s
a1 +2a3+...4sa,=r

where 1 < r < k. Fix 1 < s < r and consider 371'~%y,. We obtain
0 ifn<r+1-—s,
1=y, =< n! ifrn=r+1-s,
(-1 *n...(n—r+s)p" ! ifn>r+1-s.
Therefore
Va>r+1 |809a| < Crn"e™ ™" on A,.
Hence we obtain the uniform convergence of Y o, 87y,, V1 < 7 < k, and

by (2.2.2), R(ﬂ,z) has partial derivatives in zy,..., 2, up to order k, which
are continuous on N, and so in particular at (G, 20). »

Now take any zp = (201,...,20,) € Q. Let k = k(2) be an eigenvalue
of M = M(2) of multiplicity q. Let I" denote a closed positively oriented
circle enclosing k but no other eigenvalues of M(2).

DEFINITION 2.2.3 ([10, Chap. II]). The matrix

(2.2.3) P, (2) = —%f R(B,z)dz
r

is called the total projection matriz of the k-group. Define
05:0={2€Q:|z—2| <8}, &>0.

LEMMA 2.2.2. If M € C*¥(Q) (where k > 1), then there ezists § > 0 such
that P,, € C*(8s,z,)-

Proof. Take 8 € I'. Then (B3,2) € N and using (2.2.2) we obtain
R(B,z) = R(B, 2)[I + A(z)R(ﬂ,zo)] -1, where z € Q. ., = {z: |z - z| is
so small that |A(z)| < emmﬂep|R(ﬂ,zo)l 1}, € < 1. Therefore R(f, z) is
defined in I' X QE'ZO C N and by Lemma 2.2.1 it has partial derivatives up
to order k£ in 2,...,2, continuous on I" X é,'ZO, and hence on I' X 55‘20
provided & > 0 is so small that 85, ,, C @',,ZO. Hence P,, € C*(85,,). »

Now consider a matrix-valued function M € CK(Q) and a sequence
M, € C§(Q) (where k > 1,0 < p < 1) such that

(2.2.4) M,—> M inCEQ) asp—0.
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Set

_ M (z) forO0< pu<1,
Mz (p) = { M(z) forp=0.

(2.2.4) implies the continuity of m,,(u) at g = 0. Assume that m,, :[0,1] —
C™ is continuous in [0,1). Then by [10, Theorem 5.2) there exist n sequences
k4(20) (¢ = 1,...,n, p # 0) which form for every 0 < p < o the set of all
eigenvalues of M,(z) and satisfy the condition

Vi<o<n k4 (z)— ko(20),

where K,(20) (0 = 1,...,n) are the eigenvalues of M(z).

Take now an arbitrary eigenvalue k(z) of M(z), i.e. K(20) = Ko(20)
for some 1 < o < n, and write k#(2z) for k#(z9) (with the above conver-
gence). Further, denote by P% the total projection matrix of the x#(z)-
group, i.e. the matrix given by (2.2.3) (with ﬁ(ﬂ, z) replaced by the resolvent
Ru(B,2) of M,(2)).

LEMMA 2.2.3. If the multiplicity of the eigenvalue K*(zp) of m,(u) is

constant in [0, po), then there ezist 6 > 0 and a subsequence of (P%), still
denoted by (P ), such that

1° Vu, PE € C*(8s,5,);

2° PE — P,, in C*(05,5,) as p — 0.

Proof. From the convergence k#(29) — k(zp) it follows that Ju; > 0
Vi < p, P2 can be defined by P%(z) = —(2ri)~" [, R.(8, 2) df3, where I’
is a circle enclosing x(2g) but no other eigenvalues of M(z). Take 8 € I.
Then (8,2) € M, where N, = {(,2) €eCx Q : f # Kkk(z),0=1,...,7},
k% = k#(z) (o = 1,...,r) are all distinct eigenvalues of M,(z).

Now consider
(2.2.5) My(z) - BI = [I + A(2)R(8, 20)][M(20) - B1),
where A,(z) = M,(z) — M(z). By (2.2.4) there exists puy > 0 such
that for 4 < py and for z sufficiently close to z we have |A,(2)| < ¢
X minger |R(B, 20)| =", where 0 < € < 1. Therefore for (8,2) € I' x Q..
(where Q... = {z : |z — 20| is so small that Vu < pa, |A.(2)] < ¢
X minger |R(8, 20)| 71}, 0 < € < 1), by (2.2.5) we obtain

Ru(B,2) = R(B, )T + Au(2)R(B, 20)] " -
Hence using Lemma 2.2.2 we see that P£(z) (where u < min(py, s12) = po)
is defined for z € 65’20 and P£ € C¥(65,5,), Vit < pio, Where 6 > 0 is so
small that -0-5,,0 C Q’,‘,o.
Now for p < pg we obtain

RI‘(.B’ Z) - ﬁ(ﬂa Z)
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= R(B, 20){[I + Au(2)R(B, 20)] 7! = [I + A(2)R(B, 20)] 7}

= R(B, 0) ) [(~Au(2)" = (~A)"R(B, )"
n=0
for (8,2) € I' X 05,,,. Therefore by (2.2.4), V8 € T, ﬁ"(ﬂ,.) — R(B8,-)in
C*(85,2,) and hence P% — P, in C*(Bs,z,). m

Remark 2.2.1. The n x n-matrix P, (z) is the matrix of a projection of
X = C" onto its subspace which we denote by N(z),ie. P, (2)X = N(2),
Vz € 05, ., ([10, Chap. I, Section 3]).

DEFINITION 2.2.4. 1° ﬁ(zo) is called the algebraic eigenspace of M(z)
corresponding to the eigenvalue x(zp).

2° Each nonzero vector of N (20) is called a generalized eigenvector cor-
responding to k(2o).
3° The number ¢ = dim N(z) is called the algebraic multiplicity of x(zo).

It turns out that dim ]V(z) = dim ﬁ(zo), Vz € -0'6,20, where 55'20 is the
set from Lemma 2.2.2, This results from the following lemma.

LEMMA 2.24. Let X be a finite-dimensional normed space, and Q) a
domain in RY. Let further P(z) for z € Q be a projection operator of X
onto its subspace and assume that P is @ continuous function of z. Then
dim P(z)X is constant.

Proof. By the continuity of P, |P(2') - P(z")] < 1 for 2',2" € Q
sufficiently close to each other. Hence by [10, Chap. II, §4.6] the assertion
follows. =

Assume now, as before, that M € C*(Q) (k > 1) and take z € Q.
Let ko = Ko(20) (where o = 1,...,7,1 < 7 < n) be all distinct eigenval-
ues of M(z). Let I', (¢ = 1,...,7) be closed positively oriented circles
enclosing K,(z) but no other eigenvalues of M(z). Let further P,  ,(z)
(o = 1,...,7) be the total projection matrices given by (2.2.3) with I re-
placed by I,.

Remark 2.2.2. By Lemma 2.2.2,36 >0V1 <0 <1, P, » € C¥(B5,;,).

Remark 2.2.3. It can be proved ([10, Chap. I, §5]) that:

(a') E;:l on,d(z) =1,Vz¢€ pﬁ.zo;
(b) Piy,6(2)Psg,60(2) = 8501 Pyy 00(2), V2 € 85 5, Where §,, is the Kro-
necker symbol;

(€) Py o(2)M(2) = M(2)Py, 0(2), V2 € 85 .
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Remark 2.2.4. (a) Remark 2.2.3(a) yields that X = C" can be written
in the form
X = ﬁzo,l(z)®--'$ﬁzo,r(z) Vze%',o,
where IV,O',, = P, 0(2)X.
(b) Remark 2.2.3(c) implies that the subspaces ]Vzo,,(z) (e=1,...,7)
are invariant with respect to M(z) for every z € 85 ,,.

(c) By Lemma 2.2.4, dim ﬁ,m,(zo) = dim ﬁ,ola(z) for all z € 85,,, and
1<o<r.

2.3. Properties of matrices. We first formulate four lemmas (used
in Chapter 3 in the construction of a symmetrizer); their proofs are found
in [13].

LEMMA 2.3.1. Consider the s X s-malriz

[0 1 0 O 0 0]
0 010 ... 00
(2.3.1) O [
0 0 00 01
(0 000 ... 0 O
The real symmetric matrices
( 0 ......... 0 dy,]
0 0 di, dy,
(2.3.2) . D= | . it
|
L dyy dyg oon..... d,,

are precisely those which symmetrize C, i.e. DC = C*D (C* is the adjoint
matriz to C).

LEMMA 2.3.2. Consider a real symmetric s X s-matriz B of the form
b“ “es bl,a—l 0

Then BC = C*B implies B = 0.

LEMMA 2.3.3. Let E be a general real 3 X s-matriz and consider C +¢E,
where C is given by (2.3.1). Then for sufficiently small0 < € < g and every
matriz D of the form (2.3.2) there ezists a real symmetric matriz B such
that (D +eB)(C +€E) = S is a symmetric matriz, i.e. S = S*. Moreover,
the elements of ¢ B are continuous functions of ¢E.
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LEMMA 2.3.4. Let C be the matriz (2.3.1). Then for every d > 2, there
ezists a real antisymmetric matriz

[0 —-fiz 0 ... 0 0
fl2 0 —f23 S, 0 0
(2.3.3) F= 0 faa 0 0 0
0 0 0 0 —fs-1,
| 0 0 0 for1e 0
such that
(2.3.4) FC + C*F* > diag (-1,14,...,1d) .

The next two lemmas will be used in Chapter 3 to obtain an Lf,-estima.te
for a solution of the boundary value problem.

LEMMA 2.3.5 ([15]). Let A and B be hermitian n X n-matrices such that
forallveC®

|v*Bv| < v*Av
(where v* is the adjoint vector to v, i.e. v* =TT). Then for all v,w € C",
| Re w* Bv| < (v*Av)/?(w* Aw)/? .
In the way analogous to the proof of Lemma 2.3.5 we shall prove

LEMMA 2.3.6. Let A and B be hermitian n X n-matrices for which thcre
ezists a linear function f: C" — C' (n,1 > 1) such that for any v € C",

(2.3.5) [v*Bv| < v*Av+ |f(v)].
Then for all v,w € C™ and for anye > 0,
. w*Aw  |f(w)]> ev*Av  ¢|f(v)|?
3. < .
(2.3.6) | Rew* Bv| < 5 + 0~ 1 3 + =

Proof. For any v,w € C" in view of assumption (2.3.5) we obtain
(v* + w*)(A+ B)(v+w) +|f(v+ w)* > 0,
(v = w*)(4 - B)(v - w) +|f(v - w)|* 2 0.
Adding the above inequalities and using the linearity of f we get
(2.3.7) v*Av + 2Rew*Bv + w"Aw + | f(v)|* + | f(w)[* > 0.
Consider the following cases:

1° Either v*Av+|f(v)|* > 0 or w* Aw+|f(w)|? > 0. Assume for example
that v*Av + | f(v)|? > 0. Replacing in (2.3.7) v by vt gives

(v*Av + | f(v)[*)1? + 2Rew* Bvt + w*Aw + | f(w)|* > 0.
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Hence
A = 4(Rew*Bv)? — 4(v*Av + | f(v)|>)(w* Aw + | f(w)|*) < 0.

So the assertion of the lemma is fulfilled.

2° v*Av + | f(v)|?> = 0 and w*Aw + |f(w)|? = 0. Then

2 Re w* Buts = (v*Av + | f(v)|*)t* + 2Re w” Buts
+ (w*Aw + |f(w)|?)s®> =0 Vs, t €R.

This completes the proof of the lemma. =

Now we introduce the definition of a matrix-valued function of simple

structure and formulate a lemma from [12] which will be used in Section
3.6.

DEFINITION 2.3.1 ([12]). Let A(z) be a matrix-valued function with
entries a;;(z) (1 < 1,5 < n) which are continuous functions defined in an
open set Q@ C R”. We say that A(z) has simple structure if

1) for each z € @, A(z) has n linearly independent eigenvectors;

2) the multiplicities k, of the roots A of the characteristic equation f(\) =
det(A — AT) = [I, (A% + grAbr=' + ... + ¢, )" = 0 (X, rk, = n) are
independent of z.

LEMMA 2.3.7 ([12]). Let A(2) = [aij(2))1<i,j<m be a matriz-valued func-
tion of simple structure and continuous on Q (Q C RY is an open set which
can be written as 1 X Q2, where Q1 C R*, Q, C RY™#). Assume that for
all z = (=n,...,2,) € Q the eigenvalues A of A(z) are such that ReA = 0
and a;; and ¢,, are analytic functions in z;; = (2u41,..-,2,) € Q2 for any
zr = (z1,...,2,) € Q1. Then for any z(lo) € @, there existe > 0 and a
matriz-valued function H(z) defined in My, = {(z1,211) : |21=2% < &,211 €
K C Q2} (where K is a compact subset of Q3), which is hermitian, positive
definite and satisfies

H(2)A(z)+ A*(2)H(2) =0 for all z = (z1,211) € M.

(A*(2) is the adjoint matriz to A(z), i.e. A* = AT). Moreover, the entries
of H(z) are polynomials in a;;, @;; and g,,.

3. A boundary value problem for a linear hyperbolic
system of the first order in a halfspace

In this chapter we shall consider the boundary value problem

3.1 E(v)u, - i Aj(v)uy;, —C(v)Ju=F inRx 2,



(3.2)
where
(3.3)
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[, -S()u=g on RxdR,
G(‘D) = G(t1x7b)7 G= E’AJ(J = 1,...,m),C,S;

R={zeR™:z; >0} (m2>1);
uy = Oufot, uy; = 0ufdz; (j=1,...,m).

In (3.1)-(3.2), v = [u1,...,%,)7 is an unknown function; E,4;(j =
1,...,m),C are given n X n-matrix-valued functions defined for (¢,z,v) €
R x 2 x R™; I is the I x I unit matrix (1 < < n); S is an I x (n —I)-matrix-
valued function defined for (¢, z, v) € Rx 2xR"™; v and F are n-vector-valued
functions defined for (t,z) € R x £2; g is an I-vector-valued function defined
for (t,z) € R x 2.

3.1. Assumptions. Assume the following properties:

(3.1.1)
(3.1.2)

(3.1.3)
(3.1.4)
(3.1.5)

(3.1.6a)
(3.1.6b)
(3.1.7)

all functions given in (3.1)-(3.2) are real;
system (3.1) is hyperbolic,i.e. Yw = (w1, ...,ws) € R™\ {0} and
Y(t,z,v) € R x £2 x R" the equation

m

det (/\E(t,z,v) - zAj(t,z,v)wj) =0

=1

has real roots only;

det E(t,z,v) # 0, V(t,z,v) € R x f2 x R";

det A, (t,z,v) #£ 0, ¥(t,z,v) € R x 2 x R™;

A(t,z,v,w) = tE7(t,z,v) 2;":1 Aj(t,z,v)w; has simple struc-
ture on Rx 2 xR™ x (R™\ {0}), i.e. V(t,z,v,w) € Rx 2 X R"™ x
(R™\{0}) it has n linearly independent eigenvectors and the mul-
tiplicities of the roots of the equation in (3.1.2) are independent
of (t,z,v,w);

E,A;(j=1,...,m),5 € CK(R x 2 x R"), where k > 1;

C € C¥R x 2 x R™), where k > 1;

E,A; (j =1,...,m),C and S are constant outside a compact set
K¢z, CRX 2 x R™, i.e. there exist constant matrices E’, Al
(7=1,...,m),C"and S’ such that E(t,z,v)= E', A;(t,z,v) =
AL(j = 1,...,m), C(t,z,v) = C', §(t,z,v) = §', V(t,z,v) €
Rx 2xR")\ K¢z

In order to examine problem (3.1)—(3.2) and to adopt some additional
assumptions let us multiply both sides of (3.1) and (3.2) by e~ "t (where
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7 > 0) and rewrite this problem as a system of pseudodifferential operators
of the form

(3.1.8) [E(v)(¢D¢+n) —iB(v,Dp)je " u - C(v)e "y — Fe~™

= Ay(v)e "u,, ,
e~ Myl ot
(3.1.9) [I,-S(v)] [e-ﬂ‘u”] =e Mg,

where

' =(22,...,Zm), D,:l,.a_, D:,=l(i_ 9 ),

i Ot i \ Oz " Oz,
iB(v,D) = Z Aj(v)%, S(v) = S(t, ', v(t, 2")),
i=2 ’

ul = [ul,...,ul]T, ull = [uH,],...,u,,]T
Now, transform system (3.1.8) to the form
(3.1.10) e "uy, = M(v,iD;+ 7,iDn)e""u — A7 (v)C(v)e ™ "u
- A7V (v)Fe™ ™,
where
(3.1.11) M(v,iD;+ n,iDn) = M(t,z,v(t,z),iD; + n,iDg)

(analogously to notation (3.3)).
The symbol of the operator M(v,iD; + 1,i1D,) is the matrix-valued
function

(3.1.12) M(v,s,w") = A7 (v) (E'(v)s - iz A(v)wj) ,
i=2

where s = 4+ i€, W' = (ws,...,wy); the variables £ and w; (i = 2,...,m)
are dual to ¢ and z;.

Notice that u € CH)(R x 2) is a solution of (3.1)-(3.2) iff ue™" is a
solution of (3.1.10)—(3.1.9). Therefore we now examine (3.1.10)-(3.1.9). To
do this we consider the properties of the function

(3.1.13) M(t,z,0,s,i') = A,“(t,z,v)[E(t,z,v)s— iZAj(t,z,v)wj]
. o
where (t,z,v,8,0') ERX 2 XR* x {s € C* : Res > 0} x R™"1.

From (3.1.2)-(3.1.3) it results that the matrix E~'(¢,z,v)A(t,z,v)
has nonzero real eigenvalues A\(t,z,v),...,An(¢,z,v) for all (¢,z,v) € R X
2 xR".

Assume the following property:
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(3.1.14)  VY(t,z,v) € R x 2 x R" the matrix E~(t,z,v)A,(¢,z,v) has !
negative and n — [ positive eigenvalues.

LEMMA 3.1.1.¥(t,z,v) € R x 2 x R® and ¥(s,w') € Cx R™"! : Res >
0, the matriz M defined by (3.1.13) has ezactly | eigenvalues k such that
Rex < 0 and n — | eigenvalues k with Rek > 0.

Proof. The proof is analogous to that of [8, Lemma 1]. Take (¢,z,v) €
R x 2 x R™ and consider the equation

(3.1.15)  det(M — xI) = det AT* det (Es — (xAy + f:A,-u,-)) -0,
i=2

where Res > 0. Suppose that k = s, where wy; € R. Then in view of
assumption (3.1.2) the equation det(Es— (iw1 41 +1 )., A;w;)) = 0 yields
that s is purely imaginary, contrary to the assumption that Res > 0. Hence
K is not purely imaginary.

Put now in (3.1.15) s = 1 and w’ = 0. We obtain

(3.1.16)  det(A7'E —&l) = det A; Edet(I — kE™' Ay)

n
= det AT'Edet(I — xF) = det AT'E- [[(1 - 5),) =0,
o=1
where F is the Jordan canonical form of E~!A,. Equation (3.1.16) yields
that k, = 1/A,,Vo = 1,...,n. Hence ¥(¢,z,v) € Rx 2 xR™, M(t,z,v,1,0)
has exactly ! eigenvalues x such that Rex < 0 and n — [ eigenvalues x such
that Rex > 0.
Now take any 1 € ¢ < n and assume that

(3.1.17)  K,(t,z,v,1,0) > 0 for a fixed (¢,z,v) € R x 2 x R™.

M is a linear function of the variables 7, £ and w; (j = 2,...,m) for any
(t,z,v) € Rx 2 xR™. Therefore for all (t,z,v) € Rx f2xR" the eigenvalues
ke (6 = 1,...,n) of M are continuous functions of the variables 7, £ and w;
(7 =2,...,m) ([10, Chap. II]). Consequently, since Re k,(¢,z,v,s,w) # 0,
Vs:Res > 0 and YV’ € R™™! by (3.1.17) we get

Rekq(t,2,v,8,w) >0 Vo' € R™ ! and Vs:Res > 0.
Since o and (¢, z,v) are arbitrary, the assertion of the lemma follows. =

Consider now the system of ordinary differential equations

du ~
(3.1.18) 2L - M(2,0,2',v, 8, i')d,

d.’.l.’l
where % = [1},...,%,]7. Lemma 3.1.1 implies that for Re s > 0 this system
has exactly [ linearly independent solutions which decay exponentially as
Iy — OC.
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Let vector-valued functions ¢1(t, z1,v,s,w'),...,@t, z1,v,s,w’') be a
basis of the set of solutions with the above property, orthonormalized at
z; = 0. Take any n-vector-valued function a € C°(R x {2) and define
(3.1.19) N(t,2',a,v,s,w") =[I,-S(1,0,2',a(t,0,z'))]

X[¢l (t’ Z1, zlv v, 37(‘)’)’ sy (Pl(tv I1, I” v, s7w,)]|31=0 .
Assume
(3.1.20) det N(t,z',a,v,s,w') is a continuous function for Res > 0 and
V(t,z',v) € Rx 82 x R" ¥(s,w’) € C x R™"! : Res > 0,
|s| + |w| # 0,
|det N(t,z',a,v,s,0')| > £*,
where £* > 0 is independent of t,z',v and a.
In the sequel we shall consider M defined by (3.1.13) as a function of

the variables ¢, z,v,7 and { (where { = (§,w’)) and we shall denote it still
by M, i.e.

(3.1.21) M= M(tz,v,7,()
= A;l(t,z,v)[(q +i€)E(t,z,0) =1y A_,-(t,z,v)wj] .
=2

(Notice that M is defined for all » € R.)

Take now any (o = (£,w}) # 0 (where & € R, w) € R™"'), 7 = 0 and
(to, Zo,v0) € R X £2 X R™. Set

(3.1.22) zo = (to, Zo, %0,0, o),
(3123) z= (t’ I,v, 77,() .

Let K, = Ky(20) (where 0 = 1,...,7, 1 < r < n) be all distinct eigen-
values of M(z).

Remark 3.1.1. Assumption (3.1.6) and Lemmas 2.2.1 and 2.2.2 yield
that there exists § > 0 such that in the set 85 ., = {z € Rx 2 xR" x[0, 00) X
R™ : |z2—2) < §} there is defined the family of nxn total projection matrices
of the k,-groups such that P, , € C"(ag,%) fore=1,...,7r(k>1)and
Remarks 2.2.3 and 2.2.4 are valid.

Assume

(3.1.24)  there exists § > 0 such that for z € 85 ;, the eigenvalues of M(z)
in ﬁ,c',(z) (see Remark 2.2.4(a)) either have real parts separated
from zero or all tend to one purely imaginary value as z — z; in
the second case the geometric eigenspace of M(zg) corresponding
to Ko (2p) is one-dimensional.
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3.2. Construction of a symmetrizer. Consider all distinct eigenvalues
ke (0 = 1,...,7) of M(2) (notation (3.1.22)). Assume that p; of these
eigenvalues have real parts less than —¢ (say, Rex, < —e foro =1,...,p1),
P2 have real parts greater than ¢ (say, Rex, > eforo=p1 +1,...,p1+p2),
while the remaining p3 eigenvalues are purely imaginary (Rex, = 0 for
o=pr+p+1,...,;1+p2+ps, where py +p2 + p3 = 7).

LEMMA 3.2.1. For any zy there ezists a matriz Ty such that

M, o ... 0
321)  ToMT = |0 Mo 0 giag(ay,..., M)
0 o0 M,

where the matrices M for j = 1,...,q = 24 p3 have the following properties:

(a) the eigenvalues k of M, and M, satisfy Rex < —¢ and Rex > ¢
respectively; moreover,

M; = diag(J1j(k15)s -+ - Iryi(Kry)) 7=1,2,

where
Kkj 3 nj_, 1 0 0
(3.2.2) ka(nkj) = 0 K"J' 2 nil i 0 ,
0 ....... 0 ......... 0 ...... .. .. .. . Kk:

k=1,...,75,7; 2 pj for j = 1,2 (i.e. the k;; in (3.2.2) can recur);
(b) the eigenvalues k¥ of M; (3 < j < q) have zero real parts and
K i 0 ... 0
(3.2.3) M; = 0 « i ... 0 ,

...................

where k7 # k7' for j # j' (we write here k¥ = Ky, 4pypj-2 for 5 =3,...,9).

Proof. For Ty we can take Vo'l, where Vp is the matrix formed by the
coordinates of suitably chosen generalized eigenvectors of M(z). Assump-
tion (3.1.24) yields that k/ # k7' for j £ j'if 7,5’ > 3. =

Remark 3.2.1. We may assume that the generalized eigenvectors of M
corresponding to the eigenvalues x with Re x = 0 are real.

LEMMA 3.2.2. For any z, there ezists § > 0 and a matriz-valued function
T = T(z) such that T € C§(s,,,) (where k > 1) and

(3.2.4) TMT™ = diag(M,..., M,),
where T(z) = To (To is the matriz from Lemma 3.2.1).
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Proof. Let k, = Ks(20) (¢ = 1,...,7) be all distinct eigenvalues of
M(z), and let P, ,(z) be the total projection matrices of the k,-groups.
By Lemma 3.2.1, k, (¢ = 1,...,p1) are the eigenvalues of M;(z); ks
(¢ = ;1 +1,...,p2) are the eigenvalues of Ma(z); and k7 = Kp, 4p,4j—2
(7 =3,...,q) are the eigenvalues of M;(z).

Next, define

P1 P1+p2
1 _ E : 2 _
on - on.ﬂi on - PZo,ﬂa
o=1 o=p1+1

Pg = zovpl+”2+j"21 j=3,---,Q(q=2+p3).

By Remark 3.1.1, 3§ > 0,P € C*(85,,) (where k > 1, j = 1,...,q).
Further, set ﬁgo(z) = P} (2)C*, j = 1,...,¢. Lemma 2.2.4 implies that
dim ﬁgo(z) = dim ﬁgo(zo) = nj, Vz € 055, while by Remark 2.2.4(a) we
get

q
Cc" = ﬁ:o(zg) ®...0 ﬁ;’o(zo), where Z"i =n.
=1

Choose in each _ﬁzjo(zo) (j=1,...,q) abasis {@ : v =1,...,n,} such that
in the basis {¢J : v =1,...,nj, j = 1,...,q} of C" the matrix M(2) has
the form (3.2.1).

Take now any 1 < j < g. We shall find a basis {$i(z) : v = 1,...,n;}
of ﬁgo(z) such that $i(z) = & and ] € C"(?}’;Jo) (v=1,...,n5;k21),
where 8}, = {2 € 855, : |2 — 2| is so small that |PJ (z) - P (20)| < €},
0 < e < 1. (As in Chapter 2, | -| denotes a matrix norm such that |I| = 1.)
To do this let us apply the method from [10, Chap. II, §4, and Chap. I, §4].

First we shall find a matrix-valued function U; € Ck(ﬁf;_%) (where
k > 1) satisfying the following conditions:

1° U;(z) is invertible for each z € 9-120 (then U € C"(?iz“));
2° Uj(2) P, (20)U; " (2) = Pi,(2), Vz € B 5.
To do this consider Q;(z) = (P (z) — Pi (z0))?, which satisfies
(3.25) P (:)Q:(2) = @5(2)PL,(2).
We set
(3.26)  Uj(2) = Pi(2)Pi,(20) + (I - Pi,(2))(I - Pi(=0)),
(327)  ¥i(2) = Pi(20)Pi,(2) + (I - PL,(20))1 = Pi(2)).
Then
(3.2.8) U;V; = V;U; = 1-Q;,

1
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(3.2.9) U;Q; = Q;U;,
(3:2.10) ViQ; = Q;V;.

Next, define

(B3211)  Ui(z) = Ui()(I - Qi(2)™/? = (I - Q;(2)7*Us(2),
(3212)  Vi(2) = V(I = Q;(a) 7/ = (1= Q;(2) ' *¥i(2).
They are defined and continuous in ?0-(]5",0 which follows from the continuity in
this set of the functions P (z) and (_I—Q,-(z))‘l/2 =30 ("ln/z)(——QJ-(z))"

(this series is uniformly convergent in Ffs'n). Moreover, the right-hand equal-
ities in (3.2.11) and (3.2.12) result from (3.2.9) and (3.2.10).

Now, consider the function

(@) = (") @i
Using (2.1.7) we obtain, for all 1 < p <k,

_ p+1-s 1 s
ag‘)’n = E : E : ca,aaqj In - (asz)cn Tt (6;Qj)a .
1<s<p a1+2az+..+3a,=p
oy t..ta,=p+l—s

Fix 1 < s < p. Then

~1/2
n

0 ifn<p+1-s,
goti=ey n!(_l)"(_yz) ifn=p+1-s
. n = nf{—- n— —
d (1T P)ne(n - p+ 8)(Q ()P
ifn>p+1-s.

Hence forall n > p+ 1,
| T st T (@100 (2205

1<s<p a1+2a34+...+s0,=p
ay+...ta,=p+l1—-8

<ep (_2/2) ne2(®=1-7) in ?,J;'ZO .

The above inequality implies the uniform convergence of } oo, 82v,, V1 <
p < k. Therefore the sum of Y72 (’L/z)(—Qj(z))" has partial derivatives
up to order k with respect to t, z,,...,€n, which are continuous in 5‘;_20.

Hence by (3.2.6)—(3.2.7) and (3.2.11)~(3.2.12) we find that U;,V; € C"(?JJ,ZO)
(where k > 1).

We now check that U; satisfies 1° and 2°. Using (3.2.11), (3.2.12) and
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3.2.8) we get
[4

Us(2)Vi(z) = (I = Qs(2) 2 Us(a)Vi(=)(T - Qi(=) ™/
= (1= Qi(2) (I - Qi(NU - Qs(2)* =11
Similarly V;(z)U;j(z) = I. Therefore V; = UJ-'I,>so 1° is fulfilled.

In order to check 2° notice that ﬁj(z)Pgo(zo) = Pjo(z)Uj(z). Hence
using (3.2.5) and (3.2.11) we obtain

Ui(2)Pi, (20) = (I — @3(2))™/2T(2) P, (z0)
_ £N\=1/2 pj (NFT 1/2 np =
= (I - Qi(2)""* Pi(2)5(2) = E( )( Qi(2)" P, (2)Tx(2)

n=0

1/2 - . e
=B @Y (7)) = LI~ a2
n=0
= PL()Ui(z) Vz€Bi,,
Therefore 2° is fulfilled.
Conditions 1° and 2° imply that U;(z) maps one-to-one ﬁzjo(zo) onto
Nj (2). Hence the vectors

(3'2'13) (;Z’L(Z) = U(Z)‘Z{H v= 17 PRI

are a basis in NJ (2) and & € (8 520) (k > 1). Therefore {pi(z): v =
1,...,nj, ] = 1,...,q} is a basis in C" such that & € C* (050'20) (where

050',0 = 620) and @i(z) = @. Since the subspaces N (2) (1 £
Jj < q) are M(z) invariant (Rema.rk 2.2.4), this clearly finishes the proof.
Moreover, M‘?"i E .l m",,@-j, J=l4..,qv=1..n; M [mis]a
and T-! is formed by the coordinates of the vectors c,o’ (v=1,...,nj5
j=1,...,9). =

Remark 3.2.2. Lemma 3.2.2 yields that M; € C§(85,2,)-

Remark 3.2.3. Let M, € C5(R x 2 x R" x [0,7%) X w) (where [0,7) X w
is a bounded subset of R X R™) be a sequence such that M, — M in
CFR x 2 x R" x [0,7) X w) as g — 0, satisfying the conditions of Lemma
2.2.3 and having the same properties as M. Lemma 2.2.3 and the proof of
Lemma 3.2.2 imply that there exists a subsequence of (M), which we shall
still denote by (M,,), such that for any z (of the form (3.1.22)) there exist
d > 0 and a sequence T, = T,,(z) with the following properties:

1°T, € Cg(eﬁ.zo);
2° T, M, T ! = diag(My, ..., My,);
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3° Tu(20) = Tou, where To, is the matrix transforming M,(2o) to the
canonical form from Lemma 3.2.1; _ 5 _
4° T, — T in C¥(85,z,); moreover, T, = T(M,), T = T(M), where T is
a function of class C'*°.
LEMMA 3.2.3.36 > 0 Vz € 655,
(3.2.14) My(2) + My (2) < ¢,
(3.2.15) M,(z) + M3 (2) > €T,
where € > 0 is a constant, and M and M; are the matrices adjoint to M,
and M, respectively.
Proof. Take any y = [y1,...,¥n]T € C". Then
v (M + M)y =2Remy|nf* +...+ 2Remy , |yn, |*
+(m} + W) TN +...+ (mlln + m%n, Von, 01 + (m}; + 5, )T ¥z
+...+ (m}tﬁ + m%nl )ynlgh +...+ (m}m + m}nl)glyﬂl
+(Miny + ny2)TaUns + -+ (M 21,0, + Ty 10y —1) Ty —1Umy
ny ny
=2) Remjly;" +2 ) (myiojvk + mi;vjui + mike) v}
j=1 j k=1
Tisk
~ miRyi vk + miGyi vl + mi el + mi viuk - milyink)
where we have set
Rem}, =m}i, Imml, =m}{, Rey;=1y}, Imy;=y]
forj,k=1,...,m,j #k.
In view of the continuity of M; (Remark 3.2.2) and the form of M;(z)
(Lemma 3.2.1) and since Reky; < —¢ (kx1 = Kri(20), kK = 1,...,71) we
conclude that 36 > 0 Vz € 65 ,,

1 ¢ g4 & (=
Rem;; < €+2(n+1)3 G=1,...,m),
1 € € .
i =1,... -
|mJ.J+1| < 2(n+ 1)3 + 2(11. + 1)3 (J ’ 1 1) ’

1 € . _
Imjlial < Ant 1) (G=1....,m 1),

1 1 € . . .
|mj'k|s|ijI:|<m (Jk=1,...,n;k#5,7+1).

Using the above inequalities and the Young inequality we get
(M1 + M)y < £yl
Therefore inequality (3.2.14) is satisfied. The proof of (3.2.15) is similar. =
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Remark 3.2.4. o Yuu > po Vz € 65,20, M1,(2) + M7, (2) < —€1 and
M, (2) + M3,(z) > €I, where £ > 0 is a constant.

LEMMA 3.2.4. Foreachj = 3,...,q there exist § > 0 and a matriz-valued
Junction U; € C%(85,.,,) satisfying the following properties:

(2) Uj(20) = 1,

(b) Vz € 85 5, U;(2) is a nonsingular matriz,

(<) Ujf'l(z) is a bounded function in 05 ,, such that

K3 Y1 0 ... 0 0
0 K 2 ... O 0
(3.2.16) UiMGUT = | e

0 0 0 o .. K'il,—l 71’11:'_1
0 0 0 ... 0 K,

where k3 (z) (0 = 1,...,n;) are the eigenvalues of M;(z) ordered so that
those with Re k), < 0 for n > 0 are put at the beginning; v;1,...,Yjn;—1 are
certain functions.

Proof. Fix 3 € j < ¢ and consider the eigenvalue n{(z) of M;(z). Then
Mj(2)pr(2) = &{(2)p1(2)

where ¢; = [p11,- ..,qpln,.]T is an eigenvector corresponding to n{. There-
fore using the form (3.2.3) of M;(zo) we get

(3217)
kI — K] i 0 ... 0
i
T D e (M) - M) = 0.
0 0 0 K — k]

If z > zp, then &4 —n{ — 0 (k¥ = k9(20)). Put 11 = 1 and rewrite (3.2.17)
in the form
(3.2.18) . ) _ ] ]
(87 = &) + itprz = m];(2) = miy(20) + [miz(2) = miy(20)]pr2
+ e + [mi’n,' (Z) - m{n,- (ZO)]SO]n_’- ?
(K9 = K])p12 + tp13 = md,(2) - m3;(20) + [m35(2) — m3,y(20)]e12
ﬁ + ...+ [m;n’_(z) - m%,,j(ZO)]‘Pln,- ’

(K7 = &])prn; = m, 1(2) — M, 1(20) + [l 5(2) — mi 5(20)}n2
\ + st + [mgl.,'n,' (Z) - m{l;ﬂj(zo)]¢lnj °

Drop the last equation of (3.2.18) and consider the system consisting of
the remaining equations. Then W(z) — i™~! # 0 as z — 2, where
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W(z) denotes the principal determinant of the resulting system. Hence
36 > 0Vz € 05, W(2) # 0, and there exist unique solutions @1z,...,P1n;
which are continuous in 5 ;, and ¢ — [1,0,..., 0]T as z — 2. By means of
@1 we construct a matrix-valued function Uj; € C°(8s,;,) such that UJT;1 (2)
is bounded in 85 .., Uj1(20) = I and
-1 _ | kn1 mj

where m/ is an (nj — 1) X 1-matrix-valued function, and M; is an (n; —1) X
(nj — 1)-matrix-valued function (the coordinates of ¢, form the first column
of Uj1). Further, we apply the same process to the matrix Mj; obtaining

a function Uj; and so on. After n; — 1 steps we get a function l~]j of the
form

1 0 0
0 1 0 0
UJ R .. [1 0 } UJ
00 ... 1 0 0 Usn
00 ... 0 Ujnr
satisfying (a), (b), (c) and such that
[ ] u{? p{'3 - ”’{.ﬂ,‘—l ”{n; ;
0 K3 Hiz - Himj-1 Mg
(3.2.19) ~J'MJ' ~j-1 =0 0 K’% oo ”:J’,nj—l #én,-
0 0 0 "’3;,-—1 ”'.1111 —'l,n,-
| 0 0 o ... 0 Kh,

The continuity of M;, 17_,- and (7]-" implies the continuity of p{k in 65 ;,.

Now we shall find functions t{k which satisfy in 65, ., the equation

K By - Bl 18, ... 4,
0 &K ... g, 0 1 ... ¢,
o o Hn;—1.m; 0 0 A
0 0 K. 0 0 1
£
1 t{2 tin,' IC"{ Ti 0
j J
_ 0 1 tgﬂ’_ 0 K3 0
0 0 t 0 0 Yimn; -1
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The above equation can be rewritten in the form of the system
j43 j R i 43 — .
Kitkksr T Bk ks1 = Tik + Kipati kg k=1,...,n; -1,
_ -2
J 43 j J j
Kilk kg1 T El‘k,k+1+utk+1+u,k+1 + Bk k41

v=0

R | 3 ] ]
= Kpgpt-1 b kgi-1 T Fkprli kst
k=1,...,n; =2, 1=2,...,n; - k.

Considering successively the equations of the above system we conclude that
it is fulfilled by the functions:

=0, 71 =p,

J
i i _ M3 e — (4] SAYY j
t3=0, t=-—=" Y= (k3 — K333 + 133,
|31
J i
—H14 Hia
j J 43 ¥ J FAYY
i ; —13q + 13433 pa3 — (K3 — K],
t3,=0, t,= - -
14 y  loq F F ’
B2 Hi3
J j J J J\4d
K3 — Ky M3 — (K3 — k{13,
J J
H12 it
J Jj J J 4
i Ky — Ky —Haq + Haglas
=1 j '
H#12 K3

] J j JN4d
Ky — Ky B3 — (K3 — K3)t3,

t],, =0,
_”{nj Hinj-1
_“én,- +“{.j—1,nj 2,n;~1 "é,nj—-l ("5. -1 "dl,)tjzn -1
t%,,). _ "‘f.,--z,nj +l‘{.,-—1,nj j=2nj-1 l“-';,-jz,n,-x (*n;—1 _"{-,-)‘{s_,—z,nl-l
B2 Klnj-1
R S R

....................................................
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j i J
#ig “113 _“ln,-
j j J J j
F;—"'Zuj Ha3 _“znj+“nj—l,njt;,nj—l
T - +4 t
t-’ _ nj—l ny “nj—2,nj "ilj—l,nj nj—2,nj—l
nj—=ln; — J J J ’
(3t M3 - Ki,nj-1
K;—KLJ #23 “znj—l_(xi'j 1 'CZ‘J)HZ,'IJ 1
0 x;—d'l F!{n,—‘l-(‘:lj—l “-3'1)":”" i—1
0 0 pil,‘-lﬂj-l ("i. —1"‘3!,-)‘{:1‘-21! -1

) — d VI 5]
7]1",' -1 = (nﬂ, -1 Kil,' )tﬂ,' -1,n; + ""ﬂ,‘ -1,n;"°

Thus we have found a function

1 t, tis . t{n,
_ 0 1 t, ... t%ﬂ,
I
000 0 ...t .
0 0 0

with T; € C°(05,z,) and Tj(z0) = I which transforms the matrix on the
right-hand side of (3.2.19) to the form in (3.2.16). Hence U;(z) = T;(2)U;(2)
satisfies the assertion of the lemma. =»

Remark 3.2.5. Let (M,) be a sequence as in Remark 3.2.3. The proof
of Lemma 3.2.4 yields that 36 > 0 3Juy Vp > po and foreach j =3,...,¢
there exists a function U, € C%(8s,,,) satisfying (a)-(c) and (3.2.16) with
M; replaced by M;, and with K%» Vjk—1 (where k = 1,...,n;) replaced by
niu, 7} x—1» Tespectively. Moreover, U;, — U; in C%(85,2,) (7 =3,...,9).

LEMMA 3.2.5. Fiz (t0,Z0,%) €E RX 2 xR™. Then 3K > 0V( = (§,w')
EeERWVER™ I Vp>0VpeR

|(M(to,z0,v0,7,¢) —ipI) 7| < Kn7'|A(t0, 2o, v0)| -

Proof. Consider the system

m
(3.2.20)  E(to,zo,v0)ur + zAj(to,l'o, vo)ug; =0 in [0,T]xR™,

i=1
where T > 0 is a constant. By (3.1.2), (3.1.3) and (3.1.5) the Cauchy
problem for the above system is well posed (see [12]), i.e.

3K >0 |lu(t,z)|lo,jo,rixr= < K|[u(0,2)[o,rm
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for a solution u € CG)([0,T] x R™) of (3.2.20). Therefore the assertion of
the lemma results from [13, Theorem 2.1.1 and Lemma 2.2]. »

Now consider the functions M; (3 < j < ¢q) from Lemma 3.2.2. Fix 3 <
J £ q and apply to M;(t,z,v,7,() the Taylor formula with respect to n €
0 ={n:(t,z,v,9,() € 65} (in a neighbourhood of 7 = 0) with remainder
of the second order, and next to M;(t,z,v,0,() and M;,(t,z,v,0,() (which
appear in the resulting formula) the Taylor formula with respect to (¢, z,v) €
0" = {(t,z,v):(t,2,v,0,() € 5, } (in a neighbourhood of (ty, o, ve)) with
remainder of the first order. Thus we get

(3.2.21) M;(t,z,v,9,() = M;(to, Zo, v,0,() + nL;(to, 2o, 0,0, ()
+0(n*) + O(|t — to]) + O(|z — zo|) + O(|v - vol)
+ O(n|t ~ %) + O(nlz — zo|) + O(nlv - wo]),
where L; = Lj(to, %o, v0,0,() = M, ,(to, Zo, 0,0, ().

PROPOSITION 3.2.1. The nj X nj-matriz L; = [l,,] is real for any ¢ €
0"’ = {C . (tO’ -"30,110,0,() € 06,20}-

Proof. Recall that (Lemma 3.2.2)

n;
(3.2.22) M@, =) mi,@, v=1,...,n;.
s=1

Differentiating (3.2.22) with respect to n we get

(3223) M.+ M@, = E(m I +mi@l), v=1,...,n;.
s=1

To simplify notation, set Zg = (o, Zo,v9). Fix the functions occurring in
(3.2.22) at (2,0, () = (to, Zo, v0,0,(). Using (3.2.6) and (3.2.11) we have

6{1(20101 C) = [I - (P,jo(Zo,O, () - Pgo(ZO))zl—l/z[Pgo(;ana C)PJD(ZO)
+ (I = P§(%,0,0))(1 - P, ())&

and
& (3,0,0) = 22( ‘/2)n(—<on(zo,o,c)—Pz,,(zo)f)"-‘
x (P.(30,0,¢) — P, ()P, n(30,0,)
x [P, (30, 0,() P (zo>+(r—Pf(zo,o OXI = Pi(z))]

+ [T = (P4, (20,0,0) = PZ,(20))*] "V /*[2P%, (%0, 0, C) P, (20)
Pgo,n(;()?ov C)]% .
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It can be proved ([13]) that the matrix
P (%,0,¢) = —(27i)™" [ (M(%,0,¢) - B1)™" dB
T;

is real for any { € ", while the matrix
Pgo,n(zm O’C)
= (2ri) ™! [ (M(%,0,0) - BI) ' AT (20) E(Z)(M (30,0,¢) - B1)™" dB
T

is purely imaginary in 8" (we have used here [10, formula (4.28)]). Therefore
the vectors ©}(2o,0,() are real, while the vectors ¢} ,(20,0,() are purely

imaginary. Moreover, the matrix M ,(%,0,() = A7 (%)E(%) is real and
M(%,0,¢) = iATY(Z)[E(Z)E - X, Ai(Zo)w;] is purely imaginary.

We now prove that for any { € 6" the m,(%,0, () are purely imaginary.
The left sides of equations (3.2.22) are purely imaginary. Hence

nj
E Reml,pl =0, v=1,...,n;.
s=1

Therefore in view of the linear independence of @/ (v = 1,...,n;) we obtain
Rem?(%,0,{)=0 fori,l=1,...,n;.

Now consider t,l.le sy'stem (3.2.23). Since the vectors M, @} + Mg —

My Py — oo = M, @ o (v = 1,...,n;) are real, from (3.2.23) it results

that Im m{,m =0fori,l=1,...,n;. Therefore L;(%,0,()isreal V{ € 6. m

Introduce the following notations:

(3.2.24) IC1? = 1P + ' + 2° = [¢* + 77,
(3.2.25) ¢" = ¢/iKha' = n/ldl,

(3.2.26) zZ=(t,z,v),

and, as above,

(3.2.27) Zo = (to,Zo,v0) -

Next let 5., be the set from Lemma 3.2.2 (where z, = (Z,0,(3),
|¢s] = 1) and define

M={zeRx ZxR"x[n,00)xR™:|(|>1/2,(Z,7,{') € 5., },m >0.
Then Lemma 3.2.2 implies the existence of T € Ck(9M) such that
(3.2.28) T(2)M(2)T(z) = diag(M(2), ..., My(2))

for z € M (z is defined by (3.1.23)), where M;(z) = M;(Z,n,{) =
(CMiZ7',¢") G = 1,-..0), T(z) = T(Z0',¢). According to (3.2.21),
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foreach3<j<ygq,
(3.2.29)  M;(2) = |{|(M;(%,0,¢") + 7'Lj(%,0,{") + O(n")
+0(|7 - Zl) + O(7'|Z - Zl)) .
Fix 3 < j < q and consider M;(Z,7',{') for (Z,7',(') belonging to a
certain neighbourhood 8; ., of 2 = (20,0, (3), where |(j| = 1.
LEMMA 3.2.6. Letn; > 2. Then

1° 3¢ > 0 36 > 0 Y(Z,7',{") € 65,2, lIn;1] 2> ¢, where Iy is the lower
left corner entry of Li(Z,7',(') = M; »(Z,7',(");
2° the eigenvalues of M;(Z,7',(y) have the form
(3.2.30) xi(Z:7',G0) = K¥(%0,0,0) + (3™ " nj1')/™ + O(n?/™)
+0(F=B™) + O /B E-Bl™), v=1,..m;

(here (E’ 77,, c{)) € 05,20);
3°36>0V(z,n,{") e {(Z,n', (') € 05, : 7' > 0} there ezist ezactly

In;
2T
(3.231) pi = { L(n; - 1),
(nJ +1)
eigenvalues ki, of M;(Z,7',(") with Res} < 0 according as

n; 1is even
n; is odd andl,;; > 0,
n; s odd andl,;y < 0.

Proof. 1° First we prove that 3¢ > 0 such that |l,;1| > ¢ for (Z,7',({’) =
20 = (2},0,¢}). To do this notice that k¥ = k(Z,0,(}) is an eigenvalue of
M (3,0, G3) Iff 12189 (30,0, () = #3(30,0,C) is an eigenvalue of M;(Z,0,()
(where ¢ = [C|¢, |C5] = 1, |C] > 1/2). Hence using (3.2.29) with ¢’ = ¢} and
(3.2.3) we get

(3'2'32) H |"‘"L(E’ 7 c) - K,j(zo, 0, C)l = | det(Mj(;v 7 C) - Kj(zo’ 0, C))l
v=1

= | det(IZI(MJ(E()’ 0’ CI,)) - Kj(207 01 C{l) + TI'Lj(EO, 0, Cé)
+0(n?) + O(IZ - %) + O(n'|7 - Zol)))|

0 ¢+ 0 ... 0 I I

0 0 : 0 e
det | |C] ' +7 [ ............... ]

0 0 0 0 ln,l lﬂ,ﬂ.,
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+[¢10(n") + [{lO(IZ - Zol) +ICIO('|Z - %)

= 1™ linal + O(n?101™ %)

+ 07 - ZIIE™) + O(nl3 - R 1™ ),

where z = (Z,7,() € M, { = |(|¢;. Using (3.2.28) we obtain
M(Z,n,¢)~K(%,0,0)]
= T7Y(Z,7', () diag(M1(Z,7,¢) = K/(%,0,0)1,...,
My(Z,n,¢) - ¥ (%,0,))T(Z,7', G3) -

Hence

T~ [diag(M1 — &71,..., M, — &3 )]7'T = (M - k7 1)7!
and further
(3.2.33) diag((M1 —&'D)7Y,...,(My— k1)) =T(M - 7 1)7'T1.
Putting now 2 = Z, in the matrices on both sides of (3.2.33), denoting by

(M;(Zo,n,¢) - njl){',}j the upper right corner entry of (M;(Zo,n,{) —&71)~!
and applying Lemma 3.2.5 we get

(3.234)  1(M;(Z0,n,¢) = ¥ DL S ITN(M (Z0,,¢) = &7 )7 |IT
< KITGE 7', TG 7', @) A(Zo)ln ™" < en™

for a constant ¢ > 0 depending on § from Lemma 3.2.2, on Z and on (}.
On the other hand, using (3.2.32) we have

i+ omEm

¢|™ = a1 | + O(n?C|™ —2)
Hence by (3.2.34) 3¢ > 0, |l;1] 2 c. From the continuity of L;(Z,7',(') =
M;(Z,7',¢") in 05 ;, it follows that 3¢ > 0 such that the above inequality is
satisfied in a neighbourhood of z, which for simplicity we shall still denote
by 05'20.

2° The characteristic equation for M;(Z,7,({) (where (Z,7,{) € M, ( =
|€|¢4) has the form

det(M; — k) = det(M; — k¥ — (k — k7)) = (kK — k7)™
+ Wi (M) (k—-k;)% T4+ Wa, 1(M;)(k — ;) + det(M; - k) =0,

where Wi(M;) (k =1,...,n; — 1) are polynomials of degree k with respect
to the entries of M;. This equation is satisfied by x = i (Z, 7', (8)|(|, where

|(M;(Z0,m,¢) - &’ )i, | =
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k3(Z,n',(}) is given by (3.2.30). Hence the (%, 7', (}) given by (3.2.30) are
the eigenvalues of M;(Z, 7', (3).

3° First we prove (3.2.31) for the eigenvalues x3 (%o, 7', (3) of M;(Zo, 7', (})
for 7 sufficiently small.
We consider several cases:

I) nj even: n; = 2r, r € N. Then from (3.2.30) we get
K = &7+ |(7OO(=1) il ] CD + O(7 /7).
a) r odd and l,;; > 0. Then

K =Kki+ l('l"/(z')(il,,,.m)‘/(z") + 0(nl/r|§|—1/r).
We have

k7w kr 7
; 1/(2r) — ar e isin [ oo 4 2
(innim) \/ln,-m[cos( —+ 41_) +zsm( —+ 4T)] ,

where k =0,...,2r - 1.
Suppose that there exists 0 < k < 27 — 1 such that

kr =« T k= 3

r +4r _2p1r+-2— v _1'—+E_2P7r+§7r
for some integer p. From the first equation we then obtain k = 2pr + r/2 —
1/4 = p1 —3/4, and from the second k = 2pr +3r/2-1/4 = p; —9/4 (where
p1 and p; are integers); that is impossible because k is an integer. Hence
none of the n;th roots of il,,1n are purely imaginary. Since n; is even, if
a + bi is such a root, then so is —a — bi. Hence there are exactly p; = n;/2
roots with negative real part.

Now write the eigenvalues of 7 in the form

ki = K3 4 /30 [ll’-(f') (Cos (’“_" 4 1)
4 T 4r

o kT T nj/(r)
+tsin ( . + 41_)) + O(n )
(where v = 1,...,n;), and choose any 0 < k < 2r — 1 with cos(kn/r +
x/(4r)) < 0. Since Rex? = 0, for 7’ sufficiently small we get Rex] < 0.
Therefore in this case there exist p; = n;/2 eigenvalues xJ such that Re s <
0.
The cases: b) 7 odd and I,y < 0; c) 7 even and I,,;; > 0; and d) r even
and l,;1 < 0, can be considered in the analogous way.

II) nj Odd: 'nJ = 21‘ —_ 1, TrE N, and ln,_] > 0' Then
k) = 6+ QT ((=1) 1] T+ O]
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a) r odd. Then
K} = K7 4 {775 (ln1m) =T + O(n77 || 55T).
We have

o VEET = s 2k7 .. 2k« _ 3
(Inj1m) Vnj1?m (cos r—— + ¢sin —1)° k=0,1,...,2r-2.

Suppose that there exists 0 < k < 2r — 2 such that

2kn x 2k~n 3
e el S A e L SR
for some integer p. From the first equation we get k = (2r—1)p+r/2-1/4 =
—3/4, and from the second k = (2r —1)p+3r/2—-3/4 = p — 9/4 (where
p1 and p; are integers); that is impossible because k is an integer. Hence
none of the (2r — 1)th roots of l,;17 are purely imaginary.
Notice that if @ + bi is such a root, then so is a — bi.
We now find the number of roots with positive real part. For k = 0 we
get a real positive root. Since

r—=1 2n  r-—1 T r—1 2r w(r+1)
2 2r—1 2r-1 "2 a"d-( 2 +1)2r—1‘ 7w —1 "2’

there are (r — 1)/2 roots in the first quadrant, and in view of the earlier re-
mark, there are the same number of roots in the fourth quadrant. Therefore,
there are r roots with positive real part and p; = nj—r=r—-1=(n;—1)/2
roots with negative real part. Hence, if 7’ is sufficiently small, then there
exist p; = (n; — 1)/2 eigenvalues J, for which Rex} < 0.

b) r even. Then

Kl = &+ {7 (<l 1m) 5T 4+ O(nTT|(| 7).

Consider

I +1)7r .. (2k+ D7) -
(=ln;1m) v i1 [cos 51 TS|
k=0,1,...,2r-2.

As before it can be proved that no (2r — 1)th root of —l, 17 is purely
imaginary. Moreover, the roots occur in conjugate pairs.
We first find the number of roots with positive real part. For k = 0,

— 2r—1 l T y o1 T
Z0 = ni17 cos21__1+zsm2r_1 .

The angle
T 2r-3
= T
2r—1 2(2r-1)

T
2
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contains (r—2)/2 angles equal to 27 /(2r—1). Therefore in the first quadrant
there are (r — 2)/2 + 1 roots, and, by symmetry, the same number in the
fourth quadrant. Consequently, there exist exactly r roots with positive real
part and p; = r — 1 = (n; — 1)/2 roots with negative real part. Hence for
7’ sufficiently small there exist p; = (n; — 1)/2 eigenvalues &} for which
Rexd < 0.

III) n; odd: nj = 2r—1,r € N, and I,;; < 0. In this case we use a
similar argument to case II.

From the continuity of the eigenvalues J(Z,%',(') with respect to each
variable separately (the continuity with respect to Z follows from (3.2.30))
we conclude that the formulas (3.2.31) hold in a neighbourhood 85 ,, of
29 = (20,0, (}) for points z with ' > 0. =

Let now zo = (to, Zo, %0, T, o) € M = R x ﬁxj" x {(n,¢) € [m,00) x
R™ :|¢| < 1} (where 7, > 0) and set 85 ., = {z € M : |z — 2| < §}.

LEMMA 3.2.7. There ezist a matriz-valued function U = U(z) and é > 0
such that U € C§(8s,;,) and

- Mn 0
3.2.35 UMU™ =
(32.35) AL
where M1 is an ! x!-matriz-valued function whose eigenvalues have negative
real part, and M,; is an (n — ) X (n — l)-matriz-valued function whose
eigenvalues have positive real part. Moreover,

1° My1(20) and M33(z) are formed of blocks of the form (3.2.2) with
k' =en/(2(n+1)%);

2°Vz € 05'20
(3.2.36) M (2)+ My (2) £ —enl,
(3.2.37) My (2) + M3, (2) > enl,

where € > 0 is a constant.

Proof. (3.2.35) and 1° can be proved similarly to Lemmas 3.2.1 and
3.2.2. By Lemma 3.1.1, assumption (3.1.7) and the continuity of the eigen-
values K; ( = 1,...,n) in the sense of Definition 2.2.1 (assumption (3.1.6a),
formula (3.1.21) and [10, Chap. II]) we have

3e>0Vz€M either Rekj(z) < —¢ < —en or Rer;(z) > € > en.
Therefore by the same argument as in Lemma 3.2.3 we get 2°. =

Remark 3.2.6. Let M, € C,’g(ﬁﬁ) be a sequence with M, — M in m
as g — 0, satisfying the conditions of Lemma 2.2.3. By Lemma 2.2.3 and
the proof of Lemma 3.2.7 there exists a subsequence of (M), which we still
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denote by (M,,), such that for any z € 1 there exist § > 0 and a sequence
U, € C§(65,.,) satisfying the conditions of Lemma 3.2.7 with M replaced
by M, and M;,, M;; replaced by My1,, M2z, respectively, and moreover

such that U, = U(M,) » U = U(M) in C4(M) (U is a function of class
Ck).
Now, define

Q=Rx 2xR"x[pm,00)xR™, m >0.

THEOREM 3.2.1. Let assumptions (3.1.1)-(3.1.7), (3.1.14), (3.1.20) and
(3.1.24) be satisfied. Then there ezists a matriz-valued function R =
R(t,z,v,n,() such that:

1° R e C5(Q);

2° VY(t,z,v,m,() € Q, R(t,z,v,7,() is a hermitian matriz;

3° V(t,z,v) € R x 2 x R*, R(t,z,v,-,*) is a homogeneous function of
order zero for |(] > 1;

4° 351 >0 V(t,f‘?,”,fl,o € Q

Re R(t7zrva ﬂ,()M(t,I,",U,C) 2 617)’,
where €1 s a constant which is independent of t, z, v, 1, (, and depends on
m and on the functions E, A; (j=1,...,m), C,
5° Jeg,e3 > 0 V(¢,2',v,7,() ER x 32 x R® x R™

y*R(t,0,2',v,7,0)y > e2y|* — ealg(t, )|

Jor all vectors y satisfying the boundary condition (3.1.9), where €3, €3 are
constants which are independent of t, z, v, 0, (, and depend on 1, and on
the functions E, A; (j=1,...,m),C, S.

Proof. We have Q = Q, U Q;, where @, = {(t,z,v,17,{) € Q: 1€] < 1}
and Q2 = {(t,z,v,7,() € Q : |¢| > 1/2}. Let us first construct a function
R?! satisfying 1°, 2°, 4° and 5° in Q;. To do this take a compact set ]A\;L,'u C
R x R™ x R" such that K¢z, C Int K ;N2 = R, where K5, is the set
from assumption (3.1.7). Take next any zp = (o, Zo, Yo, 0, (o) € ﬁﬁ n{¢:
I€| < 1} and define

(3.2.38) R =U" [‘5’ ?] U,

where ¢ > 0 is a constant to be chosen later, and U is the function from
Lemma 3.2.7. Thus R} € Ck(85,,,) and from (3.2.38) it follows that R{(z)
is a hermitian matrix Vz € 05 ,.
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Further, using (3.2.35) we have

2Ren},M=Rg,M+M-R},=U'['g’ ‘}] [Af)" 0 ]U

M3,

M7 0 ) [=el 0], _ ;e —c(Mn + Mp) 0
+U[0 M'fz][o I]U_U[ 0 Mz + M3, v
Take y = [11,...,¥n]7 € C". By Lemma 3.2.7

. 1 _ o | —c(M1n + Myy) 0
v (2Re MYy = () [~ vy 11z, | U8

2
ny =~
> @0y 2 TG 2 Gl
where £19 > 0 is a constant. Hence 4° is satisfied in 05 ,,.
In order to check 5° assume that 85 ,, N 92 # @, take y satisfying (3.1.9)
and set w = Uy. Then (3.1.9) takes the form

(3.2.39) Siwl + Syrw'f =g in65,,n00,
where
I i Wit
w I_ I
w= [wll] ) w = 3 w = N
wy Wy
(3.2.40) S;=

-1 -1 -1 -1
Un’ = Sulp =Sl — - = Sia-iU,

-1 -1 -1 -1
U12 —521U1'l+1 —SnUl'H_z—...—Sz ﬂ—lU]n

..............................................

-1 -1 -1 -1

U_ - S}l Ul,’+1 522 UITl-lf—z T e ™ Sz'n_[Ul;l

...................................................

Here Si; = Sij(t,2',v(t,2")),and U5 = U5 (t,2',v,1,() denote the entries
of the matrix U~!. Moreover, the vectors

U_ =Us ](ZO) =[U 11(20) Uozl(zo)’ i;](zo)]T i=1,...,1,
are the generalized eigenvectors of M(z) correspondmg to eigenvalues with
negatlve real parts, which results from Lemma 3.2.7. Since the vectors
vi(t,0,z',v,8,W') (1 =1,...,1) from (3.1.19) (where (¢,z',v,s,w') € 85 ,, N
012) span the same subspa.ce of C"* as U1(,0,2',v, 5,w") (i =1,...,1),i.e.
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the negative eigenspace of M(t,0,z’,v,s,iw'), the vectors U ! are linear
combinations of the ;. Therefore by assumption (3.1.20),

(3.2.41) 3e* >0Vze€b05,,n02 |detSy| >e".
Take now any y satisfying (3.1.9) and consider

v Ry =wyr |5 §Joy=wrwm [ 9] [ 2]

= _c|w1|2 + Iwnlz — —2c|w’|2 +c|w1|2 + lwIIIZ .

By (3.2.39), |w'|? < Cil|g|* + C:|w'!|?, where C, and C, are constants
depending on z. Therefore

v Ryy > —2¢Cilg|* — 2¢Ca|w![? + [w!" + c|w'|?.
Assume that ¢ is so small that 1 — 2¢C; > C3 > 0. Then
y*Ryy 2 —Clg|* + C*|w|®

(where C,C* > 0 are constants) and since |y| < |U~!||w| (hence |w| >
(1/1U~D}y]), we have

y*Ryy > —Clg|* + e20ly/?

(where C,e20 > 0 are constants depending on zp).
Thus we have proved that R} fulfils 1°, 2°, 4° and 5° in 85 ,,.

Take next into account the set (R x fZ x R")\ K, ,,) x {¢:|¢] < 1}.
In view of assumption (3.1.7)

V(t,z,0,7,0) € (RX 2 X R\ Ky o0) x {C:|C} < 1}

M(t,2,v,7,0) = M'(n, €)= AT ((i¢ + m)E' - D3 Alw;)

Lemma 3.2.7 yields that ¥ € {C : |¢] < 1} 36 > 0 and 3U' € Ck(8;;,)
such that in (R x 2 x R*)\ K, ) X 05z, (Where Co = (10, Co))

! tyrt=1 __ Mlll 0
where M|, and M}, satisfy properties 1° and 2° from Lemma 3.2.7. Hence

similarly to the case of the neighbourhood 8; ., of the point zg € 27 N {Z
|¢] < 1} it can be checked that the function

(3.2.42) R) =U" [‘gl 1] U’

fulfils 1°, 2°, 4° and 5° in (R x 2 x R™)\ K; ) X 05z,
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Choose now in 2z X {C : ¢l < 1} a finite number of points z (1=
1,...,71) and neighbourhoods 65, -, in such a way that these neighbour-
hoods cover ﬁi? x {C:|C| € 1} and in each of them the function R} defined
by (3.2.38) can be constructed. Associate with the covering {65, 2., }iL1

a partition of unity {1/)(‘.-)}, and with the covering {6 }i2, a parti-

KOR(O)
tion of unity {¥;}. Moreover, take functions ¥, = ¥(t,z,v) and P, =
¥y (t,z,v) of class C*™ in R x 2 x R™ and such that ¥(,z,v) € R x 2 x R™,
El(tazyv) +$2(ta z,v) = 1’ supp$1 - QE: Sllp])-1z;2 c (R X !7)( Rn)\Kt,z,v-
Then the function

(3243) Rl(t’zvvv 7]?() = Jl(t’ z, v)E R:i)(t,x"m 7)1()#’2,‘)(%"“ v, 1, C)
=1

+ Pyt 2, ) Y R (0, Q)% (1,€)
i=1

satisfies 1°, 2°, 4° and 5° in Q.
Now we construct a function R? satisfying 1°-5° in Q,. To do this write

M(t,z,v,7,() as

M(t,a:,v, '7,() = lflM(t,I, vﬂllv C’)

(where ' and (' are defined by (3.2.25)) and construct a function R? =
R%(t,z,v,7',(') satislying the conditions of the theorem in the set Q} =
{t,yz,v,7,¢") : (t,z,v) € Rx 2 xR", /|[('|2+ 72 = 1, 9 > 0}. Take
any zo = (to,0,70,0,(3) € 2 X {(1,¢') : u' = 0, |¢'] = 1} and § > 0
so small that in 65, the assertions of Lemmas 3.2.2-3.2.4 and 3.2.6 hold,
and assume that 85 ., N 392 # 0. Consider the matrix-valued function T in
05,2, N 012 and take any y fulfilling (3.1.9). Set w = Ty. According to the
block form (3.2.4) of M we can write

w)
w =

w('q)

Denote by p; (j = 1,...,q) the number of eigenvalues k of M; such that
Rex < 0 for 7' > 0. We can then write

) (9
-],
Wiy
(7)

where w}’’ consists of the first p; coordinates of w(). Notice further that by
Lemmas 3.2.2 and 3.2.4 the vectors {¢? : j=1,...,q, v=1,...,p;} from
Lemma 3.2.2 (forming columns of V = T~!) span the negative eigenspace
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of M for ' > 0. Therefore the boundary condition (3.1.9) takes the form
(3.2.44) Siwr+ Spwir =g in 85,0002,
where

=1 1 1 >
15} U 511<P1,1+1 — Sty — - S1,n-18in
51 51 51 ‘ 1

S = P12 — 521‘P1,l+1 - 522‘P1,l+2 — o= 52,n-1P1n

............................................

=1 ~1 =1 ~1
fu— Sll‘P],Hq - Sl2‘P|,l+2 Teee T Sl.n—l‘Pln

~q ~q ~q ~
Poel ~ S“‘PP.JH - Snﬁpp..l+2 T S‘v"-“"z.n
=9 _ Q..o G - ~q
\ S"¢p..l+1 Snlpp..l+2 coe = Sn1P)

ST 9 — A9 _ — A9
(qul S“ (’oﬂq Jd+1 Slz ‘PP' WI+2 e Sl'n_l(van

Since the vectors {¢4 :j=1,...,q, ¥ =1,...,p;} span the same subspace
as ¢1,...,¢y from (3.1.19), assumption (3.1.20) implies

(3.2.45) I*>0Vz€85,,n0N |detSy| >e.

Assume now that for each block M; (j = 1,...,q) we have constructed
a matrix-valued function Ef with the following properties:

(3.246) R% € C(65.,);
(3.247) V(t,z,v,v',(") € 05, ﬁf(t,z,v, 7',¢') is a hermitian matrix;
(3.2.48) 31 >0V(t,z,v,9,(') € 85,
Re E?(t,x,v, 7, YM;(t,z,v,7', (") 2 &'l ;
(3.2.49) 3J& > 0V(t,z,v,7',(') € b5,,NIN
W R2(1,0,2, 0,7, (Yl 2 28 (=clwf|? + [0 1?),

where ¢ > 0 is a sufficiently small constant.
Then the function

(3.2.50) ' R} = T*diag(R?,...,R)T

satisfies the assertion of the theorem in 65 ;,. In fact, 1° follows from (3.2.46)
and Lemma 3.2.2, and 2° is obviously also fulfilled. We now check 4°. Using
Lemma 3.2.2 we obtain

2Re RAM = RIM + M*R} = T* diag(2Re R2M,...,2Re R2M,)T.
Hence and by (3.2.48) we get

v*Re R*My = (Ty)* diag(2Re REM;,...,2Re Equ)Ty > en'|y|®
for any y € C™". Therefore 4° holds.
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In order to check 5° take any y satisfying (3.1.9) and consider

R? 0
v*Riy = (Ty)* Ty
0 B
R? 0 w(l)

= [wV*, ..., wl® . :
o (9)
0 RY] |w
= w“"ﬁ%w“) +...+ w(")'ﬁzw(") 2 2?2(—6'101'2 + |w”|2)
(where we have used (3.2.49)). Making the same calculations as in the
construction of R} in a neighbourhood of zy € Q;, we obtain 5°.

Let us now construct fl? forj=1,...,q. Set R? = —¢l and R% = I.
Using Lemma 3.2.3 we find that B2 and R} satisfy (3.2.46)(3.2.49).

Take now j > 3. If n; = 1 (i.e. the block M; is one-dimensional) and
Rex’ > 0 for ' > 0, then we put Ef = —c;I, where ¢; > 0 is sufficiently
small. Consider now the case n; > 2. We use Lemmas 2.3.1-2.3.4. Accord-
ing to (3.2.21) write M;(t,z,v,%,(’) in the form
(3.2.51) M;(Z,7',¢")y= kI +i(C + €E) + 7' Lj(%,0,(") + O(n"?)

+0(17 - Bl) + O(1Z - %)

where (Z,7',(") € 05 ., (we have used here notations (3.2.26) and (3.2.27)
for Z and %), and

e =160 — Gl = /(€' - ) + Ty(w} —why)?,
KT +iC = Mj(EO’Oa C(;) ’
(3.252)  icE = M;(%,0,(' - ()

(C is given by (2.3.1), and F is defined in Lemma 2.3.3). Notice that
the matrices M;(2o,0,(g) and M;(Z,0,{' — (3) are purely imaginary, while
L;(Z,0,¢’) is real by Proposition 3.2.1, and in view of Lemma 3.2.6, for
some ¢ > 0, |ln;1] > ¢ in 65,,.

Choose Ef in the form
(3.2.53) R*=(D+¢eB)-in'F,

where D, B and F are the matrices from Lemmas 2.3.1, 2.3.3 and 2.3.4
respectively, and assume that the entry dy,,; of D is chosen so that

(3254) dln,- ln,.] Z 1 in 95'20 .

(Exact forms of D and. F will be introduced later.) We see that E? is
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hermitian, and so satisfies (3.2.47). Next, using Lemmas 2.3.1-2.3.3 we
obtain

(3.2.55) 2ReR!M; = RIM; + M} R? =[(D +¢B) - in'F]
X [ +i(C +€E)+9'L; + O(n) + O(|Z - %) + O(7'|7 - Z|)]
+ (K71 = i(C* +€E*) + 9'L} + O(n*) + O(|7 - &) + O(7'|Z - %))
X [(D+¢eB) —in'F] =5 (DLj+ L}D + FC + C*F) + O(len’| + n"*)
+0(Z - %) + O(n'|z - Zl) + O(elz - %) + O(en'|7 - %)) .

Let us now calculate DL; and L;D. We obtain

dln,- In,-l e dln,- In,-,n,-—l dlnj ln,-n,-
DLj= 1. iiiiiiiiiiiiiinaaa, SR RET T T T TSR R PP S PSP PRRPT IR
Z?—’q dm, l:] E:';l dm, l: nj—1 27—1 dm, lm,
and
ln,ldln, E:‘;l ltldm,
LiD=1| i
ln, n; &in; :‘;] lm, dnn,

Then for every y € C"

g n;
¥ (DLj + LiD)y = 2pjndin, 47 + ... 42 linydin, 2, + D Air¥itk,
i=1 i k=1
ik

where Aix = Aix(Lj, D) are linear functions of the entries of L; and D. De-
note by W the sum of all components in which y, does not occur. Then W >
~|D|K(|L;]) S,y where K = K(|L;]) is a constant. For components
containing y; except 2l,, 1dy,; 9}, i.e. components of the type i, Ak vk,
we get

[Auely lkly oh [Auklpy?
—EAlkylyk<E L ZT"SK1|D|3/¥+K2|D|E!I£,
k=2 k= k=2 =

where K, and K are positive constants depending only on z5. Choose p
so large that K is small enough that 2l 1din; — K1|D| > 3/2. Then we
obtain

- - 3 I
y(DL; + L;D)y > yl-l\IDlzyk
k=2

o (b 3o 1),
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where K = K + K. By Lemma 2.3.4 we can choose a matrix F such that
(3.2.56) DL;j+ LD+ FC+C*F>251>0

for a constant £; > 0. In fact,

1

3 0
-D N * - - 2
y*(DL; + L;D+ FC+C*F)y >y [0 14— K|D|

so if we take d > 2 so large that }d — K|D| > 2&; > 0 for some constant
g, < 1/4, then (3.2.56) will hold. Thus by (3.2.55) we obtain (3.2.48) for 6
sufficiently small.

We now check (3.2.49). We get

(3.2.57) w* RZwl) = wl* Dwld) + (0(e) + O (7))l w(H)I*-

We shall choose elements of D in such a way that (3.2.49) holds. We consider
several cases:

a) nj even and I,y > 0. By Lemma 3.2.6 there exist then p; = n;f2
eigenvalues of M;(Z,7',(’) with negative real part for ' > 0. Thus

(5) ()

(J) w? 7 w$) =

wy’ = fw) Wy
We have
(3.2.58) w@* D9 = w(’)E(J)dl i+ ur(J)—(J) 1d1n; + ng)'m(,f;)dgn,.

+ w:(’J)mle) din .+ w(])—(J)_ldz + u,(])m(.‘l)ds

[wsl’,_)/2+1 yeons w;-’;_)]’r )

+...+w j_)_l w ’)dl i+t w(J) E(J)dn,.q n;

+ w(J) ’)dl S+ w(]) J)d2 + “’(J)“’a )da o+ |w£{?|2dn,-n,-
= 2(Re wg") Re ws;”_) + Tmw{? Im wﬁ;’j))dm,.

+2(Re wl” Re w(j_)_1 + Im w{’) Im w7 )din,

ny -1
+ 2(Rew(? Re wff)_z + Imwl? Im wS‘J;,)_z )din;

+...4+2(Re ur /2 Re w ; +1m “’sz?/z

6))
/2+ Im “’nJ,- /2+1)d1n,.
+ 2(Re ng) Re wf;’,,) + Im wg") Im wsf;))dg,,,. +...+
+ 2(Re wfl’;,)_l Re "’Sf? +Imw?_ Im "’S{?)dn;—l.n;

ﬂ.,‘ -1
n; /2-1 .
+ Y0 dugakn [0l
k=0
Taking dyn, such that (3.2.54) is satisfied, and the other dyn; (kK = 2,...,7;)
so that di,, (kK = 1,...,n;) is a sufficiently fast increasing sequence of



3. Linear BVP in a halfspace 55

positive numbers, and using Young’s inequality, we get

w(i)-ﬁgw(j) > 2672(—c|w§j)|2 clw(]) ) + |w£;])/2+1|2 +...4 |w£1’;)|2
= 28(—clwf’|’ + |w$’,’|’),

so (3.2.49) holds.

b) n; even and l,;; < 0. This case is analogous to a), but in view of
(3.2.54) we take d,; negative, and the other dyn; (k = 2,...,n;) positive
sufficiently fast increasing.

c) n; odd and In;1 > 0. In this case by Lemma 3.2.6 there exist exactly

pj = (nj—1)/2 eigenvalues of M;(z,7’,¢’) with negative real part for ' > 0.
Hence

(5)

“’1 (J) (5 ]T’

= [uy S Win _1)/2 (4) , ux(j.)]T )

() _
wp = [w(n-+1)/2’ e
and in (3.2.58) there occur summands of the form d,,; 2 n, |wn —kl2 where
k=0,1,...,(n; — 1)/2. Taking, as before, d;,; such that (3. 2. 54) is satis-
fied, and the remaining din, so that the sequence din; (k =1,...,n;) is a

sufficiently fast increasing sequence of positive numbers and using Young’s
inequality we obtain (3.2.49).

d) n; odd and l,,;; < 0. By Lemma 3.2.6 there exist then exactly p; =
(nj 4+ 1)/2 eigenvalues of M;(Z,7n',(’) with negative real part for 7' > 0.
Then

w(

= [w?,. "wff.),-n)/z]T’ wli) = [wfﬁ+3)/2, .. .,w&?]T ,

and in (3.2.58) there occur summands of the form dn; —2k,n; |wn,._k|2, where
k=0,1,...,(n;+1)/2. Taking dy,; in such a way as before, we get (3.2.49).

Moreover, notice that IE? (7=13,...,q) satisfies (3.2.46), because D and
F are constant matrices, while ¢ B is of class C* in the entries of ¢ E.

Therefore we have proved that the function R2 given by (3.2.50) fulfils
the assertion of the theorem in 85 ,,.

Take next zo = (to, Zo, v0,0,(}) € (RX 2 xR\ K¢ 20) X {{' = (0, ¢") :
n' = 0,|¢'| = 1}. In the same way as for (R x 2 x R®)\ K, ,) X {C:
IC] < 1} we can construct (using Lemmas 3.2.2-3.2.4 and 3.2.6) a function
R}’ = R}'(n', (") which satisfies the assertion of the theorem (except 3°) in
(Rx 2xR™)\ K¢z,) % 0 & (where 8, G isa neighbourhood of (0, ¢3)).

Choose now in .Q x {¢": V(P +797? = 1, n' > 0} a finite number
of points z(;) = (t(,),z(,),v( ),1]('),((')) (i = 1,...,73) and neighbourhoods

B5.;y,z;, associated with z(;) such that these nelghbourhoods cover !_2;\: x{C":
V't +1{'|? = 1, 7' > 0} (where we assume that p; of these points z;), say



56 Mixed problems for hyperbolic systems

for i = 1,...,p1, are of the form z; = (tx), (i), ), 0,{)), while the
remaining r3 — py points 2(;), for i = py + 1,...,r3, are of the form z;) =
(t(,-),x(,-),v(,-),n(i),c("-)) with ’If.‘) > 0) and in each of the neighbourhoods
the function RY;) defined by (3.2.50) for i = 1,...,p; and by (3.2.38) for
i=p +1,...,73 can be constructed. Similarly, in {¢’ : Vi 4| =
1, ' > 0} choose a finite number of points (E'.) (i = 1,...,74) (where
(z..) = (0,(('..)) fori = 1,...,p2, and Czi) = (_r)('.),((".)) with nf,-) > 0 for
i = p2 + 1,...,74) such that the sets (R x 2 x R") \ K, ,) X 05('_)'5()
cover (RX 2 X R™)\ K¢ z0) X {¢' : VICPP + 772 = 1, 7' > 0} and in each
of them the function R}’ when i = 1,...,p; and the function R}’ when
i=p3+1,...,r4 can be constructed. With the covering {05('.)',(..)},' 1 we
associate a partition of unity {1/:(2.-)} and with the covering {6 A a

Syl T i=
partition of unity {4 }. Then the function
T3
Rz(t’ z,9,1,¢") = ¥, (t,2,v) z R(2i)(t’ z,v,7, C,)'/’Ei)(t’ z,v,7,(’)
i=1

+ $2(t1 z, ‘U) Z R(2;’) (T"$ C,)¢(2")(77’7 C’)
i=1

satisfies 1°, 2°, 4° and 5° in @, (here ¥, and %, are the functions from
(3.2.43)).

Take further C functions %, = P,(() and ¥, = ¥,(¢) in [m, ) x R™

such that $3+%, = 1,supp P C {(: [¢| < 1} and supp ¥, C {{: ] > 1/2}.
The function

(3.2.59) R(t,z,v,7,(")

= %3(7), C) [al (t’ z, v) E Rzi)(t’ Z,v,1, C)'p(‘i)(ta z,v,mn, C)
i=1
+ alt,2,v) 2 RY (1, )%l (1,0)]

+ %4(m:¢) ['ﬁl(t z, ”)ZR(O (t Y= |"|’ Id)d)(z") (t |Z| |§|)

+Balt,z,0 )Z »(n C)"’"’(n C)]

117 1¢] 11" 1¢]

satisfies the assertion of the theorem. =

Remark 3.2.7. From the construction of R (the proof of Theorem 3.2.1
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and Lemmas 3.2.2, 3.2.7) it follows that the functions R(lt.), R ; R(') and
R(z‘.’) depend on M, i.e. there exist C* functions H{, H{, H} and Hj such
that R can be written as

(3.2.60) R(t,2,v,7,()

= EE(”? C)H{I(Wl(t’z’ v’ 7” C), M"(t)z, v’ n’ C)’ M’(’,?C))

+ 1/)3(7’7 C)H{(Wll(n) C)v M,(na C))

— ¢ n ¢ n (
+1/) 7( Hy |w iz, ,-l,-:),M”(t,I, v, =, ) M,(T'p_:))
‘“’“(’( LR 121" 12] 12 1¢]
— ¢ n ¢
+ P (n, ) HY (w2 i,—:),M'(T,T)),
W O < 2(ch Icl 11’ 1¢]

where ¥1 = (¥, (1/’( )). ¥ — 1, (¢(.)- 1) ¥ = ('/’(lzl) 2o ¥ = (Y
(!b(.)) 21092 — 1 ('/’ 1) !pz ('/’ ); 1 M'(n,¢) = A7 ((n + i€)E' -
135 Alw;), M" (t z v,m,() = M(t z,v,1,() = M'(n,(). Moreover,

(3.261) H(Wi(t,z,v,n,(), M"(t,z,v,n,(), M'(n,{)) =0 (i=1,2)
outside a compact set 2 C R x {2 x R", where (=m0 e{C:|¢<1).

Remark 3.2.8. Let (E,), (4;4) ( = 1,...,m), (C,) and (S,) be se-
quences satisfying assumptions (3.1.1)-(3.1.7), (3.1.14), (3.1.20), (3.1.24)
and assume that condition (3.1.7) is fulfilled with the same constant matri-
ces E', AL (j=1,...,m), C" and S’ (independent of p) as for the functions
E, A;, C and S. Moreover, assume that E‘,,,A_,,,,C,‘,S — E,A;,C,S in
CE(R x 2 x R™) as p — 0. Then by (3.2.60), R, — R in C% (Q) as p — 0.

3.3. An estimate of a solution of the boundary value problem
(3.1)~(3.2) in Li-norm. In this chapter let

(3.3.1) z=(t,z'), where z'=(z3,...,2,).
Take any v = v(¢,z) € IT§(R x 2) with k > m/2 + 5/2 and write
(3.3.2) G(z,z1) = G(t,z,v(t,z)) VY(z,z1) € R™ x [0,00),

where G = F, A;,C,5,ie. G=E,A;,C,S;
(3.3.3) J(z,21,9,¢) = J(t, z,v(t,z),7m,()
V(z,21,m,() € R™ X [0,00) X [m,00) x R™,

where J = M, R, ¥,,¥, (R,¥,,V¥; are defined by (3.2.61)),i.e. J = M, R,
¥;,¥,. Notice that in view of assumption (3.1.7) and (3.2.61) the functions
G=FE,A;C,S and J = M, R,¥;,¥, can be written in the form

(3.3.4) G(z,71) = G' + G"(z,21)
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and

(335) J(Z’zh"vC): J'+J”(Z,31,T],C)
respectively. Here the functions E", AY, C", S", M", R", ¥ vanish
outside a compact set Ky, C R x 2 and

(3.3.6)  R'(n,¢) = ¥3(n, ) Hi(¥1(n, O)M'(n, ()

— ¢ n ¢
+%,(n, OH. W —'l,—~),M' (—~,—~)>,
Ym0 ( ’(lq i<l 12

(337) R”(Z, T1,7, C) = ES(U’ C)H{I(W](Z, T1,7, ()’
M"(Zv I1,7, C)’ MI("I C))

— . ¢ " n ( [ n <
+’l/) ,C H!| W zZ,I ,l,?),M (Z,:l? ,—..,‘,_..'),M (T,’T)) .
() ’( ( TN Y MK

Notice further that
(3.3.8) M"(t,z,v,1,{) € Kpn

¥(t,z,0,1,() € Rx 2 x R™ x {(1,() € [m,00) x R™ : || < 1},
(33.9)  M'(n,0)€ Kme ¥(n,0) € {(n,0) € [m,00) x R™ : (] < 1},
where Ky and Kpg are compact subsets of R™. Moreover, define
(3.3.10) (E,(A4;)71,C),
(3.3.11) = (E,(A)%,,C),

(33.12) I"=(E",(AD™,,C), L" = (E",(A!)T,,C") (where G"(t,z)
= G"(z,3,) V(i,z) € Rx 5 G" = £, A", C");

L=
L

(3.3.13) @ = |L"|1.0,00,Rm x[0,00) = }L"|k,0,00,Rx 2 »
b= ||L|lck(nxnxn-)+ ISl L(RxTXR")
c= Z sup Ia Wl Ik,O,oo,R"‘x[O,oo)

laj<2 111
+ Z sup Ia( WZ Ik 0,00,R™ x[0,00)
laj<2 IE1=1

d = ||H{llcrez(io)rr 47242 x K o x K pg1)
+ | HY ller+2(j0,1)m1 47242 X Ky x K 1)
+ 11| crvarx xR x {1 1<1))
+1P2llcrsamx axmsxieiziy) »

- "
€= IS |k,0,oo,|l)(ll"'"x[0,oo) ’
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7 = ”S"”k,rl,llxll""‘ .

COROLLARY 3.3.1.

1° Vlal <2 VZ = (77’() € [771,00) X Rm? agR"(',',U,C) € ”(f(Rm X
[0,0)) and
(3.3.14) |82 R |1.0,00, 8 x(0,00) < P*(&, T, d)(1 + ()71,
where p® is a polynomial;

2° R' € CE([m,o0) x R™) and |32”R’| < (14|71, V]a| < k, where
¢ > 0 is a constant;

3° R" € CHR™ x [0, 50) X [m,00) X R™);

4° V(z,z1,7,¢() € R™ x[0,00) x [m,0) xR™, R(z,z1,7,() is a hermitian
malric;

5° 3eq > 0 ¥(z,21,7,() € R™ x [0,00) X [y, 00) x R™

Re R(z,z1,7,()M(2,21,m,() 2 exnl,

where €1 is independent of z, z1, n and (, while it depends on 1y and E, A;
G=1...,m),C;

6° dey,e3 > 0 ¥(2,7,() € R™ X [n,00) Xx R™

y*R(2,0,7,0)y 2 e2|y|® - ealg(2)[?
Jor all vectors y satisfying the boundary condition (3.1.9) with the functions
S and g(z) = ¢g(1,2'), where €3 and 3 are independent of z,  and (, while
they depend onmy and E, A; (j=1,...,m),C, S.

Proof. 4°-6° follow immediately from Theorem 3.2.1 (2°-5°), 2° [ollows
from the proof of Theorem 3.2.1. By the assumption and the Sobolev lemma
v € CY{(R™ x [0,00)), where 9(z,z,) = v(t,z), ¥(z,7;) € R™ x [0,00).
Therefore Theorem 3.2.1(1°) and (3.3.5)-(3.3.6) imply 3°.

We now check 1°. By (3.3.8) and Lemma 2.1.2

V(Tlv C) € [711 ,m) x R™ lR"('v 7 C)lk,O,oo,ll"‘ x[0,00)

<P(H{ lles, +1HZ llcy,  sup_ [{]k,0,00,Rm x[0,00)
¢=(n.0):KKIL1
+ _ sup. |w2"|k,0,°°.n"‘x[0,oo)a IL"II\',O,oo,R'"x[O,oo))
¢=(n ()¢

< p(a, v, d).
Take |a| = 1. Suppose |¢| < 1/2. Then (3.2.61) implies that
BE'R"(t,::,v, 7"»() = a&:. H{Iag'pl(t,z)vv 77,()

+ B HY'OZM" (1,2, 0,1,) + O H{'DZ M'(n, C).
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Denote further by Fy a linear function such that 8?’12” = F(03 HY, 32'![’1,
oy HY, 33’M", oy HY, 62"M’) and let
Gl(z’ Z1,7, C) = 33, H{’(W](Z, I, 1, C)’ M"(Z, n,n, C)a M'(ﬂ, C)) )
GZ(zv Z1,7, C) = axf" H{,(wl(zy T1,7, ()1 M"(Z, Z1, 1, C)’ M'(‘I], ()) ’
Gs(z,21,7,¢) = O3 H{ (¥1(2, 21,7, (), M"(2,21,9,(), M'(n,()) .
Then by Lemma 2.2.1
|02 R"|k.0,00 R x[0,00)
< a(lFilley » |G1lk,0,00 m x[0,00) |3E'Wf'|k.o,oo,nm x[0,00) 5
|G21k,6,00 8 x[0,00)» | "1 ,0,00,m x[0,00) » |G3]£,0,00,R x[0,00) )
< 0108, Bl 1079 oy 1930 Y e, 1950 Bl I Dl
IW{,Ik,O,oo,II'" x[0,00) 9 lagwlﬂlk,o,o-o,ll"' x[0,00) ILHIk,O,oo,am X[O,oo))
<P @ed <p@ed)(1+ 1K)
For 1/2 < |(] < 1 we take into account in (3.2.61) also a term associated

with HY and we use the same argument as before. Assume now that || > 1.
Then by (3.2.61),

O R" = 9, H 805" + 85y Hy 5 M" 02T,

where (' = (3',¢’'). Hence in the same way as for |(| < 1/2 we get the
estimate

10§ R"|k.,0,00,8 x[0,00) < P*(T, T, d)(1 + [
The proof of (3.3.14) for |a| = 2 is similar. =
Introduce now the following pseudodifferential operators:
(3.3.15) M(z,zy,1,D,)w(z,z;)
= (2m)™™ [ M(z,21,n,Q)#(¢, 1) dC,
(3.3.16) R(z,z1,n,D)w(z,z,)
= (27)™™ [ R(z,21,n,)#((, 21)e* d(

where the symbols M and R are given by (3.3.5) and (3.3.4), @(:, z1) is the
Fourier transform of w(-,z,), n > 0 is a parameter.

The operator R given by (3.3.16) is called the symmetrizer for the bound-
ary value problem (3.1)-(3.2). We shall use the following lemma of [2].

LEMMA 3.3.1. Assume that
Cy =5 [lg((,R)Fd¢ <0, CE= sup JIG(, k)P d < oo.
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For h € L? define
(TR)C) = [ G($,k)9(¢ — K, m)h(x) ds.

Then "Th"L: S CgCG"h"LQ.

LEMMA 3.3.2. Define
(3.3.17) B(z,zy,n, D,)w(z,z,)

= (21'.)—mf R(Zt T1,7, C)M(Z, T1, 7, C)@(C7 31)6‘12( dC'
Then
(3.3.18)  Vw € CG(R™ x [0, 00))
|(RM - B)w(-,z1), w(-,z1))o,am| < p(E,5,3,3)||w(-,z,)H§,a... .

Proof. Let R'(g,D;), R"(z,z1,7,D;), M'(n,D.), M"(z,z1,7,D,),
Bl(’], Dz), By(z,z1,1, D), Bs(Z,-’Bl, 7, Dz) and B4(Z,£1,7], Dz) be the
pseudodifferential operators with the respective symbols R'(7,(), R"(z, z1,

n’C)’ M’(",C)’ M"(Z,:B], n’C)’ Bl = RlM,, B2 = R’M,’a B3 = RI’M':
B, = R"M". Write

(3.3.19) RM -B=(R'M'-B;)+(R'M" - B;)+ (R"M' — B3)
+ (R"M" - B‘).
Take w € CG)(R™ x {0, 00)). Then
(3.3.20) R'M'w(z,21) = (27)™™ [ R'(n, Q) M'w((, 21, m)e' d(
= (2r)™™ [ R'(n, Q)M' (%, Q)(C, z1)e**¢ d(,
(3.321) R'M"w(z,z3) = (2r)™™ [ R'(n,()
X (f ff"(( - K,zl,n,n)ﬂr(n,zl)dn)e"z( d¢,
(3322) R"M'w(zi I]) = (27r)—mf R”(z, T1,7 C)M'(U, C)"T,(C’ zl)eh( dC ’
(3.3.23) R"M"w(z,21) = (2r)™™ [ R"(2,21,7,()
X (f W(C — K, 21,7, K)W(K, Z1) dn)e‘zc dc.
Notice first that
(3324) ((R’M’ - B])'U)(',Il),‘ID(',Zl))o'nm = 0,
(3.3.25)  ((R"M' - Bs)w(-,z1),w(-,z1))o,am
= (R"M" - B3)w)*(-,z1)i(-,21))o am = 0,

for any z; € [0, 00).
Since v € ME(R x 2) (k > m/2+5/2), from Lemma 2.1.2 it follows that
Vk € R™ VTI € [711, W), M"(" 7 K) € ”(f(Rm X [0’ w)) C Hk(Rm X [O’ (X)))
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Therefore using the definition of Sobolev spaces (Chapter 2) and the trace
theorem we get

(3.3.26) [ (14 [CPP) 2| M™((, z1,m,K)[2 dC = [|M"(-, 21,7, K[| 1 /2.

< CIM”('v L)) ")|i,o,oo,nm x[0,00) < [Pl (E)]z(” + I“I)2

for any z, € [0,00), 7 € [m,0) and kK € R™ (p; is a polynomial, and
so are all p; appearing below). Using now the definition of the Fourier
transformation in §'(R™) and the Taylor formula we obtain

(3327) ((R,M" - Bg)ﬂ))A(',Il)

= [ (R'(1,¢) = R'(n,5))- M"(C = &,21,m, K)(k, 21) dx
1

=[[ Y R (Mk+6(-~K)-(C k)

0 |v=1 — N
X M"(( - K,zy,n,K)W(K, ;) d0 dx

1
= [ ([ (41— sy 1407 R (g, k4 6(C — K)) - (¢ — 5)7 d8
0 =1
X (n+ K+ K71+ 1¢ = &P)PTVAMI(C = K, 20,1, )k, 71) di
Let us now estimate 97 R'(n, x + (¢ — k)) in the sets:

= {(8,m,%,0) : 6(¢ - k)| < |%]/2},

(3.3.28) 22 = {(8,71,%,0) : 18(C - 9| > Inl/2}.
In £24,

(3.3.29) T+ &) <1+ 0+ |k +6(¢C - k).
By Corollary 3.3.1(2°) and (3.3.29) we have in 2,
(3.3.30) |07 R'(n, 5+ 0(C — K))| < eay(n + |67
In 2; we have

(3.3.31) Ln+ 1K) < n+1¢ -l

By Corollary 3.3.1(2°) and (3.3.31) we obtain in {2,
(3.3.32) |97 R'(n,x+6(¢

[

~IN S TR e )

< %m |&1)(n + |s]) ™!

< eay(1+ ¢ = &)+ [6])™! fory>1.
Now, (3.3.30) and (3.3.32) yield
(3.3.33) |07 R!(n, 5+ 6(C — &)| < e(1+ ¢ = &D)(n + )7,
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where ¢ > 0 is a constant. Applying (3.3.33) we obtain
(3.3.34) Ch=sup [(1+¢—wl)™**12|¢ - &
¢

1
x [ > 187R (n,x+6(¢ — K))I” db (n + |I)* dx

0 =1
< sup [(1+10-wt) M de < C,

where C > 0 is a constant. Using next (3.3.26) we have
(3:3.35) €7 = sup J (4 18D)72(1 + [P 2 M (G, 21,7, 8) |2 dC
<[m@).
By (3.3.34), (3.3.35) and Lemma 3.3.1 we obtain
I((R'M" = B2)w)*(-, z1)llo.gm < p2(@)|(-, 21)llo,Rm -

The Parseval equality now gives
(3.3.36) [((R'M" - Ba)w(-,z1), w(-,21))o.mm| < pa(@)l|w(:, z1)|I5,am -
Next consider
(33.37)  ((R"M" - By)w)",z1) = [ [ [R¥(¢ - &,21,m,K)

- R\”(C — K, 21,7, P)) M\"(H — P 21,1, p)0(p, 1) dp dk

=fff Za:f"'\"(C—Ka"’l,’l’P‘*'o(N—P))'(K—p)'7d0

0 |yI=1
X W(K - P,l'l,ﬂ,/’)@(/’,-’fl)dl’d"'-

Using Corollary 3.3.1(1°), the definition of Sobolev spaces and the trace
theorem we obtain

(3.3.38) [ (1+ ¢ 201 R (¢, 21,7, )P dC
= |03 R" (s 21, 0y &)=y j2,mm S dOTR" (-3, 1K)} 0,00,Rm x[0,00)
< [pa(@ &, P(1 + 1+ |s))~!

for |y| < 2, 7, € [0,00), 7 € [m,00) and kK € R™ (where we have used the
fact that (37 R")MN(, z1,m,K) = OYR"((,z1,1,K) for |7] £ 2). Next define

F(C?/’) = (1 + I( - pIZ)—k/2+5/4F1 (Cap)

1
= (L+[¢—pl?)y™ 24 [ [ 3" 97RM( - &,71,m,p + (5 — p))

0 |v]=1
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1
= (1 + lK _ p|2)—k/2+5/4ff Z (1 + IC - K|2)—k/2+1/4

0 |v=1
X IR — K, z1,mp+ 8(k — p)) - (x — p)" db(n + |p])
X (1+ |k = p[2)~*/2+5/4(1 4 |k = p|2)/2=5/4(n + |p|) !
X (L4 1¢ = 6)HAVAMIs ~ py 21,0, o)1+ [ = pIP) /275 di,

G(C, k) = (14| = K[2)~*/2H1/4(1 4 |k — p|?)~k/2+1/4
X (1+1¢ = p?)¥ /2314 (n + |p|) =) (1 + |& - pI?),

1
9(¢, k)= (1 +IKD*2-14 [ 3" 8 RA(C,21,m,p + (5 — p))

0 |y=1
x (k= p)7do(n+ o)1+ |k —pl))

(where in the last two formulae we fix p). Let us calculate:

C%t = sgpf |G((,r<)|2 dx
= S\zpf (1 + |< - p|2)k—5/2(1 + I(- _ K,|2)_k+5/2

X (1+ |& = pl>) ™52 (n + |p|) "2 dr < (n+ |pl)~%;
sup [ lg(C, )P d¢ < esup [ (14 ICP)/2(1 + |x - o)

X 3 103R(C 21,m,p 4 6(x = p)P(n + |p)P(1 + |s = o)
[vI=1
<@ )PP (1 + |k~ o) + o)) (1 + 1+ lp + 8(x - p)]) 72
< [ps(@, 5, d))",
where we have used (3.3.38) and the method applied earlier.
Applying Lemma 3.3.1 with h(x) = (1+4|k—p|?)*/2-V/4 M¥(k—p,z,,7, p)
and (3.3.26) we get
(3.3.39) VpeR™ [IA(,p)llom~ < pr(@ e d)v(n+ lol)-2(n + ol)
= p1(a,c,d).
Thus taking into account (3.3.37) we have
(3.3.40)  I((R"M" - Bo)w)"(-,z1)lo,rm

= s |[HO[f (1+1¢ = pl?)HHEMF ()0, 1) d) |

1/ Momm <1
< sup [ (e, z0)|(1+1¢ = pI?) KM R(C, p)IF(O)] dp g

HS)o,mm <1

Cy
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IA

||j|| (fflw(l’,-"l)lzlﬂ((',p)lz d(dp)

. (f JUQOPQ -+ oy acap)
sup_(sup [ IF(C.APL) " o0l

i7lio,mm <1

xsup [ (116 = Y45/ dpl o e

< PS(E,E,E)"{B(’a I])"O,Rm ’
where we have used (3.3.39).

From (3.3.24), (3.3.25), (3.3.27) and (3.3.40) the assertion of the lemma
follows. =

IA

LEMMA 3.3.3. Let B be the operator given by (3.3.17). Then
(3.3.41) Vwe CGH(R™ x [0,00))
Re(Buw(-,z1),w(-,71))omm 2 exnllw(,21)ll am — P(T T d)|w(-, 21)1§ pm
where p is a polynomial and ¢, is the constant from Theorem 3.2.1.

Proof. Define
(3.3.42) Q(z,z1,n,() = ReR(z,z1,m,{)M(2,21,71,() — e1nl,
(3.3.43) Q'(n,¢) = Re R'(n,()M'(n,{) — eanl,

(3.3.44)  Q"(z,71,n,() = Re R'(n, YM" (2, 21,9, ()
+ Re R"(z,z1,7,)M'(n,()
+ Re R"(Z, I, n, C)M”(Z, T1, 7 c)'

Let next Q(z,z1,7, D), Q'(n, D;) and Q"(z,z,,7n, D,) be the pscudodif-
ferential operators with symbols Q(z, z1,7,¢), Q'(n,¢) and Q"(z,zy,7,().
As in the proof of [4 Theorem 5.1] consider the covering of [7)1,00) x R™

by the balls K (€ = (1,¢) € [m,o0) x R™) with centre at { and ra-

dius (1 + |(,‘|2)1/“/4. Choose its locally finite subcovering such that each
point of [7,00) X R™ is covered by no more than ¢(m) balls. Number

these balls as Ky,..., Kj,... and construct functions hj(E) such that h; €
Ciy(lm,0)xR™), h;j > Olhj(Z) = 1for { € K; and hj = 0 outside the ball
K} with the same centre (7 as K; and twice its radius. Moreover, assume
that |3"h,~((‘,:)| <ea(l+ |Z-"|)‘|"’V2 and ¢, is independent of j. Now define

#3(0) = h; (c)[zh )"
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Then 372, ¢3(0) = 1, v; € Ci)([m, 00) x R™) and

(3.3.45) |0%p;] < e (14 (7)) lel/2

where ¢!, is independent of j. Introducing the operator ¢;(7, D;) with sym-
bol ¢;j(n,() we can write

(3346) (Qw, W)o,am = (Q’w, W)o,nm + (Q"w, ‘lD)o'nm
=Re)  [Qyjw-gjwdz+Re ) [[pi(n,D.),Q"w-Frwdz,
J J
where [0}, Q"] = ¢;Q" — Q" ;.
Using next (3.3.26) and (3.3.38) with |y| = 0 and (3.3.44) we obtain

(3.347) [ (L+IPYQ(C 21, m k)P dC
= "Q"('a 31»%")"2—1/2,!!-» < c”Q"(""nvn)”i,nmx[o,oo)
< PI(E,E,E)(ﬂ'*‘ |KI)2

(71 and all p; occurring below are some polynomials). Moreover (see
(4, p. 110)),

(3.3.48) Z(w(n, O - ei(mK)? <aln+Is)(1+I¢ -5,

where ¢; > 0 is a constant.
Consider now

(3.3.49) Rez: [ 1#;,Q"w-Frwdz
= (@)™ ReY_ [ [ (o510~ @s(n: )

X QU(¢ = kyz1, 7, KYB(K, 21 )05, €) B((, 71) dr d
= @) Re)_ [ [(2i(n,0) = oi(mmNQC ~ 5, 21,5)

- Q"(¢ — Ky 2y, (N@(k, 21 )p;(n, O) B(C, 21) d dC
+3@0 " Re Y [ [ (i(n,0) = i(mR)'Q7(¢ — 5,21, 8)

X 'T’(C, :L'])‘IF(K, I])dK d(

The first integral in (3.3.49) can be estimated in the same way as (3.3.27).
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Estimate now

Ta(G 1) = 5 [ S 0iln,0) = 0i(n, V@G 5,21, F)o(K,21) d

- %f 2_(i(m Q) = @s(n, m)*(m’ + 17N + ¢ — wf?)=H241/2

X (041G (U+1¢ = KPPV = K, 21,m, k), 21) di.
Taking

G((,k) = Z:(tpj(n, ¢) - ¢ji(m, K))2(7’J ¥ ICJl)(l +I¢- Klz)-k/2+1/4 ,

9(C,m) = (o + 1D A+ KHAAQIH, 2, 0F),
and using Lemma 3.3.1, (3.3.47), (3.3.48) and the estimate

(3.350)  d(1+n+|s)) S1+|FI <" +n+k]) ()" >0)

we get
(3.3.51) ITD(-, z1)llo,m < P2(a, & d)|w(-,21)l0.am -
By (3.3.51), (3.3.49) and (3.3.46) we obtain

(33.52) (Qw,w)omm 2 Y Re [ Quw-p7wdz — ps(a, e d)||wll3 gm -
j

Now define

(33.53) SJ'(Z, 1,1, Dz) = Q(Z, T1,17, Dz) —_ Q(z’ zq, nj’ (J)
m
+Quu(z 2,7, CNDi = () + Q ez, 21,7, () (n - ),
=1
where Ej = (n?,¢?) is the centre of K;. Write the symbol S;(z,z1,7,() of
SJ'(Z"'«'I,'I, Dz) as
(3.3.54) S;(z,z1,7,() = S;'(z,zl,n,() + S;.(q,() ,

where
m+41

(33.85)  Si(mQ)=Q'MO- Q@)+ Y Q' (ONG-8),
r=1

(3.3.56)  S¥(z,21,1,¢) = Q"(2,21,7,() — Q" (2,71, ()
m+1

- z :,(,(Z’zlazj)(zr - Ev'!)
r=1
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(Z] =1, E,. = (p—q forr =2,...,m + 1). Applying the Taylor formula with
respect to { we can write

m+1
(3357) Q"(Za 1,7, C) = Q"(Z’ zl)Ej) + E Q:Ifr (Z, zl?Cj)(Cf - Cg)
m+1 1 - r—1~ -~ - —_— .
+ 3 [Q% (22,8 +6(C - NG — (G- G) b
k,r=10

We now estimate 0E'Q"(z,:n,17, () for |a] < 2. Taking into account
(3.3.44), Corollary 3.3.1(1°) and the fact that V]a| < 2, 32'M"(-,-,1], () €
I¥(R™ x [0, 00)) for (n,¢) € [m,00) Xx R™ and
(3'3'58) IagMﬂlk,O.oo,ll"'x(O,oo) S Pa(av [ 2)(1 + IZI)—IGHI
we obtain
(33.59) [ (1+1¢P)*="21(05Q"NC, 21,y 6)* d

= MBEQ"(-,Zhﬂ, ")lli-l/z,nm < CZHBF?Q"(" T K)”i,ll"'x[o,oo)
< (@, DP[(1 + [R]) Tl
By (3.3.56), (3.3.57) and (3.3.59) with |a| = 2 we get
(3.3.60) [ (1+ICP)28I(C, 21, m K)P dC
<es Y [+ 2(02Q")NE, 71, ¢ + 6(R — (7))

lar)=2

x (148 - (91*)* ¢

< [pa(@ 5, P+ |7 + 8 - )21+ [R - CPY,
where Ky = 9, Kr = K1, 7=2,...,m+ 1. B
We now estimate (1 + |7+ 0(K — ¢7)])~2(1 + |k — ¢?|?)? for K € supp ¢;.
We consider two cases:
a) [¢?] > 2. Then

K- < Q+1PP) M2 < (1+1¢D/2 < 31T
Hence (7] < |7 4 6(% — (9)] < ZI¢7|. Therefore
(3.3.61) (1417 +0E - )21+ R - TPy <,

where ¢ > 0 is a constant.

b) |¢7] < 2. Then
k-1 < (1+ 1) 272 < V5/2.
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So (3.3.61) is also true.
Hence (3.3.60) yields

(3362) [+ ST mm ) dC < [ps(a, 5,7 D)

for (n, k) € supp ;.
Similarly, by Corollary 3.3.1(2°), (3.3.43), (3.3.55) and the Taylor for-
mula applied to Q'(n, () we have

(3.3.69) ISm Ol < ©
for (7,() € supp ¢; (C > 0 is a constant), which implies
(3.3.64) |Ref Sipijw - P;w dz| < Clipjwli3 gm -

Applying further Lemma 3.3.1 and (3.3.62) we have

(3.3.65) |Re I S;,ww.‘pjwdz| < 11(SYpiw) Mo .am llo;wllo rm
f S;'(( — KT, 7, K’)"Pj(r,’ K,)‘!T)(K., 1:1) dK“o R™ "‘ijno,ll"'
= | f (1410 = RBHERL |- o2y

X S;’(C — K,Ty,1, N)’Pj('h K)’I?)(IC, .‘B]) d"'”O R™ "(ijllo,ll"‘

<

< p6(@,, d)lpw([§ o -

We will now estimate Re [ Q ,(z,z1,7%,(*)(n — n?)pjw - p;wdz and
Re [ Q¢ (2, 21,7, () (Dy = {)pjw - B7wdz (I = 1,...,m). To do this we
use the Taylor formula (3.3.57) with Q" replaced by Q. Put in this formula
EI—E{ = Zz—@ == fr_n—fi_l = Er+1—zf+1 == Em+1-E7J;.+1 =0,

G=C =21+ [P (r=1,...,m+1),

where ¢ > 0 is a constant to be chosen later. Then by (3.3.42) and Corollary
3.3.1(6°) we have

(3366) Q(Z, 31,Zj) + C(l + IEjlz)l/‘Q,f,(z, zlazj)
+2(1+101)'2Q ¢ 7 (2,21, +6(C - 7)) > 0.
Applying Lemma 2.3.5 (in view of (3.3.66) its assumption is satisfied) and

next the Young inequality with ¢ = ¢(1 + |(¥]2)!/4/(m + 1) we obtain for
any wy,w; € C*

(3.3.67) IReQZ (Z J,'],Ej)’wl '_ﬁ)-ﬂ

> 2( + l)[Q(z 1 T1, C )+ Q,('(r(z T, CJ + 0(( CJ))
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xc2(1+ |2, - wy
m+1
2c2(1 + |¢3[2)1/2

[Q(szl’zj) + Q,f,f,(zv 31,Ej + 0(2_ ZJ))
xc2(1+ |71 2wy -, .
Using (3.3.67) with w; = p;w and wy = (D, - (',j)quw we get
(3368) |Re [ Q¢ (,21,0)(Di - ¢ -Frwds]
1 ~.
_— 2 A D
< 2(m + l)f Q(z,z1,{)pjw - pywdz

m+1
23(1 + [3[2)1/2

J Q2,20 ON(D1 - ¢pjw - (D1 - ¢ )77m

— (D1 = ¢}) 2w - F5w] dz

m+1 ~; . .
2c2(1 + |Zj|z)1/2f Q(z,21, C)Di = ()pjw - Piwdz
1 - T ~
T oam+ l)fq"“'(z”’l’fJ +6(C - ) +¢1) P pjw - prw dz
m+ 1

s o] QealsanC+IC- 0N+ ICP)

x (D1 = ¢ Ypjw- (D - ¢ Yp7wdz.

Let us estimate the components on the right-hand side of (3.3.68). Consider
first

(3.3.69) m 11

2¢2(1 + |Zj|2)1/zf Q(z, 21, )I(D: - ¢ )50l

— (D1 = () pjw - B50) dz

_ @n)m(m1)
22(1 + |03 )/2

X (Kl - C:J)‘PJ(U, K)’QT)(K, zl)“’j(n» C)’ 17’((7 171) dx dC .

Re [ [ Q¢ —r,21, 3G = ¢]) - (51 = ¢])]

If in the last integral (call it I) we change variables, we obtain

(33.70)  Re [ [ Q"(k— (21, ()(mi— ¢f) = (G = DG - ¢F)
X @;(n, O)B((, z1)pj(n, k) (K, z1) dr d¢
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= Re [ [ Q"™ (¢— r,21,)(ki — ¢I) = (G = ¢
X (G = ()es(m, QB(C, 21)p;(m, &) Bk, 21) di dC.
Since
Re é\”(c - K, I, Ej)ﬁ("’ .’E]) 1’5((1 31)
= Re 6\".(( - K, Zj)ﬁ;((s z1) ;(K’ z1),

adding the integral on the right-hand side of (3.3.69) to the one on the
right-hand side of (3.3.70) we obtain

(3.3.711) 2l = —Re [ [ Q(C - k21, )G - wi)?
X (1, K)B(K, 21)p;(n, ) W(¢, 21) dr d( .
Applying now Lemma 3.3.1 to the function
Toii(C,21) = L [ Q(C - k,21,0)(G = 1) - s(m, K)ib(x, 1) di
= [ (1+1¢ = wP) -G = k)P(1+ |G = K[P)H/21
X Q"(¢ — K,z1,(7) dk
and taking into account (3.3.59) with |a| = 0, and next (3.3.69) and (3.3.71)
we get
m+ 1

(3.3.72) -
202(1+ [GI) 2

J Q(z,21,)(D:i - ¢ )pjwl?

—(Di - ()Y psw - F7w] dz| < p1(3, %, d)llpswll; g -
From (3.3.59) and the Sobolev lemma it follows that
(33.73)  1Qz ¢ (221,07 +6(C— ) +ICIP) 2| < po(3, %, d)

(where we have used the estimate analogous to (3.3.61) of the form ¢*(1 +
I€7 + 6(¢ ~ ¢HD2(1 + |¢F]*)!/? < € for a constant € > 0). Hence

(3.3.74) lﬁ(ﬂll—-l-l)f Q.(l(l(z) zl,Zj + 0(6— Ej))c2

x(1+ ) 2p;w - g7wdz| < po(, &, d)||pjwlf3 gm

and
m+1

(3.3.75) -
21 + G )2

f Q,(.(.(Z,zl,zj + 0(2_ Ej))c2
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x(1 + |C1)?|(Di - ¢ )pjw|? dz

< p10(@, T, d)mf (G = ¢ 1E7®(¢, 7)1 dC

< (@, 5, d)|le;jw||s g- -

Applying next (3.3.67) with wy = p;w and w; = (7 — 7’)p;w we obtain
(33.76)  |Re [ Qu(z,21,8)(n — v)psw - prwdz]

. rmli-_l)f Q(z,71,{)pjw - Frwdz
m+41

2¢2(1 + |7[2)1/2

+ 2(m1+ l)f Qvﬂz(z’zhzj + 0(2— Ej))c2(1 + IEjI2)1/2¢jw -Wdz
m+1

2¢2(1 + |CF]2)1/2

J Q(z,21,0)n - n')Ppjw - Brwdz

J Qu2(z,21, 87 +6(C = ¢F))e2(1 + |72/

X (n—n)p;w-grwdz.

Similarly to (3.3.74) and (3.3.75) we can prove the estimates

(3310 |3y 1)fQ,,,(z 21, + 0(C - )P + |72/
xp;w - prwdz| < p12(a, T, d)||p;w[| g »
m+1 =i 2 TV .2 Ti12\\1/2

(3.3.78) T Izjlz)l/zfq,nn(Z,IhCJ +0(C - {))er(1 +1E71%)

x(n - 7')pjw - pw dz| < p13(a, T, d)||pjw||5 g -

By (3.3.72), (3.3.74)—(3.3.78) and (3.3.68) we get

(3379) |2 Y Re [(Qal(z2,T)Di- ()

i =1
+ Q.n(Z,zl,Ej)('l - ﬂj)]‘ij -p;wdz

m+1
2¢2(1 4+ |¢7[2)1/2

IN
N —

Y Q(z,21,{)pjw - Frwdz +E
J
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x [ Q(z,21,8)[ Y(Di= ) + (n - w)]esu - prwdz
i=1
+pu(@5,d) ) lleiwlig am -
b

Now inserting (3.3.64), (3.3.65) and (3.3.79) in (3.3.52) we have

(3.3.80) (Qu,w)oqm 2 %2}: [ Q(z,21,8)

y (1 _ (m 4 DD, =GP + (= nfm) (sl dz
(1 + |Gy

- p15(as <, E)”w”(%.ll"' .

Take ¢ = /2(m + 1) and define

. N 1/2
| — mi! l(-(’l’,j-(n—n’)’) for I€ — Cil < (14 IG5 12)1/4
h(n,¢) = ( O R or €= ¢l < A+ 1EFT,

1/2 otherwise.

Then for every (1,() and (n,K)

¢ -
= o

(3.3.81) |~ (77, ¢) = h(n,
We can now rewrite (3.3.80) as
(3.3.82) (Qu,w)omm > %Z J Q(z,21,C)h*(n, D.)pjw - Frwdz
j
- % - fQ(val,Ej)lh(ﬂ, Dz)‘/’iwlz dz
j

1 -~
+3 2,: J Q(z,21,8)|k(n, D2)p;wl* dz

- p16(@, &, d)||w|[} g -

Using Lemma 3.3.1 and (3.3.81) we obtain

(3.3.83) ‘%E [ Q(z,21,0)[h3(n, D.)p;w - 378 — |h(n, D:)esuwl’] dz
j
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= 3| 5 S L @~ w20, D)k, R) ~ hn, ), )
3

x ‘PJ'("’ K)i’(") I )‘PJ'("' C) "T’(Cv zl) dx d(l

< p1r(a, 5, d)l|wll§ om -

From (3.3.82), (3.3.83), (3.3.42) and Corollary 3.3.1(6°) the assertion of
the lemma follows. =

LEMMA 3.34.
(3.3.84)  Vw eC{H(R™ x [0, 00))
Re(Rw(-,0),w(-,0))o,mm |
2 esllw(-, 0)|3 a~ — 77" (1 + €3)P(@, %, d, E)|w(-, 0)|I3
- c353”w’('70) - Sw"(-, O)II(?J,II"' ’

where p is a polynomial, while ¢, and €3 are the constants from Theorem
3.2.1.

Proof. The proof is the same as for (3.3.41). Define

(3.3.85) T(z,1m,¢) = R(2,0,n,() —eal,
(3.3.86) : T'(n,¢)= R'(n,¢) - e21,
(3.3.87) T"(z,1,() = R"(2,0,n,().

Let T(z,n, D,), T'(n, D;) and T"(z,7, D.) be the pseudodifferential oper-
ators with symbols T'(z,7,(), T'(n,¢) and T"(z,7,(). Corollary 3.3.1(7°)
together with (3.3.85) yield

(3.3.88) v*T(z,0,()y > ~ealy’ - Sy

for y € C™.
Take w € CG)(R™ x[0, 00)). Using the partition of unity ¢; (j = 1,2,...)
from Lemma 3.3.3, as in the proof of Lemma 3.3.3 we show that

+ Re Z['Pj(”v Dz)a T”]u’ . Wdz

(where w means w(-,0)).
By (3.3.87) and Corollary 3.3.1(1°) we have

(3.3.90) [ (1+|¢))*1/2|(8g RM)NC, 0, m, k)P dC
= "agT”(" 7 K)”i—l/z,ll"' < C]laE’R"(', 9T K’)lfc,ﬁ,oo,ll"‘ x[0,00)
< [p(@ 5 DRI + R
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for |a] < 2 and every ® = (1, &) € [m,00) x R™. Using (3.3.90) and Lemma
3.3.1 we obtain

(3.3.91) |Rez f [go_,-,T"]w-Wdzl < "“%E’E) [ ti(x, 0)? dx
J

< 17'pa(@, T, )|w(-, 0)|IF m
(71, p2 and all p; occurring below are polynomials). By (3.3.89) and (3.3.91)

(3.3.92) (Tw,w)o,pm 2 RerT‘ij"P:‘w dz
j

- "-lm(iizv‘—i)"w("0)"3,!"‘ .
Set now
(33.93) Ty(zn,D.) = T(2,1,D.) - T(,)
=Y T (2 ONDi= ) + T(2, ) - 7),
j=1

where (7 = (7%,¢%) is the centre of K, as before. Write the symbol
Tj(z’ 7, C) of Tj(zv 7, Dz) as

(3.3.94) TJ'(Z,'I],C) = TJ{'(z, 7, C)+TJ’(1’], ¢),
where
- m+1 _ -
(3.3.95) Ti(n,¢) = T'(n, Q) - T'(¢%) - Y T (& — &),
r=1

m+1 _ -
(3396)  T/(zm ) =T"(zn0)-T"(=,0) - 3. T (& - )

r=1

(here we write G =, E,. = (r—q for r = 2,...,m + 1). Using the Taylor
formula with respect to ( we have

m+1 _ —
(3:3.97) T"(2,7,0)=T"(z,{) + ) T4, (2. )6 - &)
. r=1
m+1 1 . - - _ - _
+ Y [T (20 + 00 - ONGC ~ )G - ) de.
k,r=10

From (3.3.96), (3.3.97) and (3.3.90) with |a| = 2 it follows that

(33.98) [ 1+ VATI(C m R dC
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<e ) [+ KP*2@g RMNC, 0,8 +6(% - &))I?

|a|=2

x (1+[F- )2 d¢

< (@8 P+ IC + 0 - O+ R - GP)?
< [P5(E’ E,Td)]z(l + I"'EI)_2 ’
where K = (7, k) € supp ¢; (here (3.3.61) is used). Similarly

(3.3.99) ITi(n, Q)| < es(1 4+ [¢])"  for (1,) € supp ;.
As in (3.3.65), using Lemma 3.3.1 and (3.3.98) and next (3.3.99) we obtain

(33.100)  |Re) [ Tipjw-prwdz| < n7pe(@,%, D)l[w(-, )l am -
j

To estimate the integrals Re [ T, (2, () (D — (pjw - gwdz (I =
1,...,m) and Re [ T,(z,(?)(n — 7%)p;w - G;w dz let us employ the Tay-
lor formula (3.3.97) with T” replaced by T'. Put in that formula
G-G=G-G=-=6a-Ci=Cu-Ch= =Can1=-Cy =0,

G =G = £e(1+101P)',
where ¢ > 0 will be chosen later. Then we obtain
(33.101)  T(z,m,() = Tz, ) £ (1 +|C) T (2, )
+ (14| T (2,0 + 60 - ).
In view of (3.3.88) and (3.3.101) the assumption of Lemma 2.3.6 is satisfied
for the matrices
B = c(1+|C1) /T (2,0).
A=T(z,0)+ A+ TPV ; (2,84 6(C - ¢F))
(r=1,...,m+1).
Take wy = ¢;w(z,0) and w, = (D; - ('{)cpjw(z, 0) and notice that
(3.3.102)  (p;w)'(2,0) - S(p;w)"(2,0)
= (9;S ~ Sp;)w'l(2,0) + ¢j(w!(z,0) - Sw'l(z,0)),
(3.3.103)  [(Di - ¢))pjw])'(2,0) - S[(Di - ¢ )pjw]"! (2,0)
= [(Di = ¢{)¢;S = S(Di = ()elw'(,0)
+ (D1 = ()es(w'(2,0) - Sw'(2,0)).
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By Lemma 2.3.6 (with £ = (m + 1)/[2¢(1 + |(7]?)!/4]) we have
| Re(pjw)"e(1 + |C1%)!/*T ¢, (2, &) (Dt = ¢ Yosl

m+1 ) . N
2¢(1 + |CI|2)1/4 (D = ¢ )pjw)*[T(2,(%)

+ 62(1 + |Ej|2)]/2T.cuo(Z, Zj + G(E— EJ))][(DI - C{)V’J’w]

~§12Y1/4 ~. ~.
+ G e, T + a4 (G

X T.Cl(l(zv Ej + 0(2_ Zj))]¢.iw

<

(m +1)es vz, CLHIEPA
2c(1+lzjlz)1/4l(Dl ({)‘P:yl + 2(m+1) |‘P_19|
(m + 1)e3

= Dt — )0:S — S(D; — o lw! |2

2c(1+|ci|2)1/4"( 1= G (D1 = ¢ )pjlw™|
4T e o o

+ 2(m+1) (¢S = Se;)w™|",

and
(3.3.104) g=w'-Sw'l,
Hence

(33.005) | Re [ T (2, 8)(Di - ()psw] - prwes|

B Re [ T(z,E)I(Di - (f)osul?

< =
" 22(1+ G2

— (D1 - )i -prwdz]
m+1
2c2(1 + |3]2)1/2
2(m+1) A CRIAE 2e2(1 + |CI[2)1/2
X Re [ Tc,(z, 8 + 0 - )+ [T 2D - ¢ )opjul? dz
1 - - ~.
+ 2(m+1) RefT,(,(,(z, I+ 0(C - )1 + | 2 |pjw)? dz
(m+ 1)53 L rivem . al2 £3 2
(m + 1)ea
263(1 + 92) /2

Re [ T(z,(F)(Di - () p;w - Frwdz

J (D - ¢)e;S - S(Di = ¢ )pslw™|? dz



78 Mixed problems for hyperbolic systems

€3 112
-3 S — Sop; dz.
Using (3.3.90) and the Sobolev lemma we obtain

1 _ o
202(1117:("”2)1/2 Re | T (2,7 +0(¢C - ¢7))e?

X(1+ |FA)2(D1 - ¢ yeswl® dz| < n7'pr (3,7, Dllese(-, 0)13 o »

(13107) |5l Re [ T (5, + 6T - B

X(1+ (1) Plo;ul* dz| < 77" ps(a,E, d)llpsw(:, 0)IIF am -
In the same way as for (3.3.72) we next obtain

m+1 ~ T,
s oy e TEOUD - Desel?

(3.3.106)

(3.3.108)

- (Di - ¢)pjw - p7w) dz| < 97 ps(@, T, )|l w (-, O)|[2 o »

where we have used (3.3.50). Moreover,

£ _(27)""e
(3.3.109) 2(m—“+1)2 J 1eiol* dz = 50— llali
(m+1)e j
(3.3.110) T IEJ’I%"’ ZfI(D:— ¢)eigl dz
(m+1)(21r) mes
2c3(1 + |(3[2)1/2

=% z l05(¢)I* g1 d¢ = Zeallgll§ rm -

3 [ G- Hlei©)1P1el? &
;

From assumption (3.1.6), Lemma 2.1.2 and (3 3.5)-(3.3.6) it follows that
S" € ME(R™ x [0,00)) and

(33.111) [ (14¢*12|87(C,0)2 d¢ = ||S" (2,01} -1 j2,m
< €l5"11,0,00,8m xi0.00) < [Pro(B: )"
Using now (3.3.111) and (3.3.48) we get

L Q@ — Gin NI |2
(3.3.112) 2(m+1)2f|(“’15 Sp;)w' | dz

- g 3 [ ess - Seapuy ik
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2 i
(2(nz+1) Zf|fs"(c-x 0)(1+ [ — s|?)*/21/

x (14 ¢ = 6[2)~*/ 1 (p.(n, ¢) = (0, K))w' (%, 0) dn|2 &«
s ([ P - i)
J

x ([ (L+1¢ = 1) 5172(p5(n, €) = p3(n, K)) |0 (i, 0)[? dr) d(
<espn(b,8) [ [ (1+10=sP)™*2 3 (pi(1,0) - pi(m 8))?
x |w!(x,0))? dr d¢

<eapi(b,8) [ [(1+1¢— &) F2(n+ |8}
X (14 ¢ = &f?)|w!"(x,0)[* dx d¢

<0 7eapia(6,2) [ (f (141¢ = )™/ d) [T (x,0)*
< 17 eapia(b, €)|w(-, 0)Ig -

Estimate next

(3.3.113) CZET:I(;J);S)‘/’ Efu( L= (Yo, S
~ S(D, - ¢})pjlw'' | dz
< (22;)(11(72,]:)11);3 3 J (J157¢ - x,0)lici - xi
x [¢i(m Ol (x,0)| dn)
> [ [157(¢ - %, 0)lli(n,0)

— ¢;(m, %) |[w (%, 0)[* dx d(

< ar g o (J15€ = R0Pa+1c- sy =1 dx)

X ( J (U +1¢ - [?)=5+3/2|,(n, Ol |w(x, 0)2 drc) d¢

T 2 (157w 0P+ 10~y )

x ([ (141 - 43014 Gy
X (m+ &)~ [T (x, 0)[? di) d¢ < 0" espra(B,E)][w(-,0)|3 g

(277)_"‘("1 + 1)53
231+ (G172 4
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where we have used (3.3.48), (3.3.111) and (3.3.108).

Take now w; = pjw(z,0), w2 = (7 — n?)p;w(z,0) and the matrices A
and B with r =1 ((; = n). Notice that

(3.3.114)  [(n— v')p;w)'(2,0) - 5[(’7 - 7°)p;jw]"(z,0) .
= (n— ) (9;iS — Sp;)w'l(2,0)+ (1 - »)p;g.

Applying, as before, Lemma 2.3.6 with ¢ = (m + 1)/[2¢2(1 + |(7]2)1/4] we
get

(33.118) |3 Re [ Tz, 8)(n - w)psw - prwds|
J

m+1 PV
= ;262(14"2’"2)1/2 RefT(Z,C’)(TI "IJ) p;w ¢prdz

1 ~.
+ g 2 T O wrwds

m+1 ~. - -
' XJ: 2c2(1 + |(7[2)1/2 Re [ Ta(z, 0 +6(C- )

x (1 + [T 2|(n = ni)esul? dz
1 e Y
+ Z s Re S Tl + 00 0)

xc2(1+ |Z.1'|2)1/2|%.w|2 dz

(m + 1)es et
+;202(1+|Ej|2)1/2f(" 7 ) lpigl* dz

€3
+ 2m+1) ZJ:I |‘Pjg|2dz
(m + 1)es — i) .S Nap T2
+¥2c2(1+|z’|2)1/2‘[(7’ 7']) I(‘PJS S(PJ)UJ | dz

£a 1|2
+ 2(m+1) ;fl(‘h Spj)w'|*dz

IN

m+ 1 o~ . L
; 2C2(1 + IZjlz)l/g RefT(z, (J)(ﬂ - '71)2<ij ‘W dz

1 - .
* 5m T D) X,: Re [ T(z, 8 )psw - gruwdz
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+ 3||gll§ mm + 17 (€3 + Dpas (b, €)l|w(-, 0)|5 gm -

From (3.3.92), (3.3.93), (3.3.100), (3.3.104)—(3.3.107), (3.3.109), (3.3.110),
(3.3.112), (3.3.113) and (3.3.115) we obtain

(3.3.116) (Tw,w)orm > %XJ: J1(z,¢)

— (12 — ni)2

x {1-= (m+l)[|D2 C~| +(T’ Ui ) ] |99_,~w|2dz
A1+ )2

- 77_1(63 + 1)p|s(5, E,E, Ea E)"w('vo)"g,ﬂ"' - 6153”9“(2)3"‘ .

Taking ¢ = {/2(m + 1) and introducing the function A from the proof of the
previous lemma we get

(3.3.117) (Tw,w)opm

1 ~
2 5 ; f T(Z, CJ)hz(n, Dz)(Pju) . (pju', dZ
1 ~
-3 Z:fT(z,cJ)“l('q, Dz)<Pj'w|2 dz
2

1 ~.
+3 2 [ T O)\h(n, D:)pul dz
J

— 77 (es + 1)pir(a, b, &, d, €)||w(-, 0)]|3 g — c1£3]|9]13 g
— 77 (es + 1)p17(a, b, %, d,8)||w(-, 0|13 g — c163]l9]I3 gm

1 ~
33 [ TG D)hn, Dypjul? dz.
J

v

In order to estimate 3. [ T'(z, ¢H)|h(n, D,)¢;w|? dz notice that h(n, D,)p;w
satisfies

(3.3.118)  [h(n, D.)psul!(2,0) - S[h(n, D.)p;ul'(2,0)
= h(n, D.)p;g + [h(n, D:)p;S — Sh(n, D;)p;lw'",
where ¢ is given by (3.3.104). Therefore by (3.3.88) we have

(3.3.119) Y [ T(z,0)IA(n, D.)psw| dz
J
> -2 [ |h(n, D.)pjgl” dz
3

> —¢€3 E f [[h(n, D.)p;S — Sh(n, D2)99j]w”|2 dz

J
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> —C3€3"g||3'nm - 7]_1531’18(37?)“10('1o)ll(z),ll"‘ .

Taking into account (3.3.117) and (3.3.119) and notation (3.3.104) we
get the assertion of the lemma. =

LEMMA 3.3.5.
(3.3.120) Vwe C(°(§’)(R"‘ x [0, 00))
Re(R.,w(:, 1), w(-,z1))o.rm < p(G,b,€,d,||x,0,00,k)I[w(:, 21|} g »

where p is a polynomial, @, b, ¢, d are given by (3.3.13), and K C R x 2 is
a compact set outside which M", W' and ¥} (given by (3.3.3) and (3.3.5))
vanish.

Proof. We have R;, = R . Suppose |C| < 1/2. Then by (3.3.8) we
obtain

R'z',(z,ﬂ:hm() = 31}, H{’ : ﬁl"z,(zazla‘ﬁ(z» :1:1), 7’,()
+ O} HY - M (2,21,%(2,21), 1, ),

0y, H{' and 0}, H{' denote the vectors of the first derivatives of Hj' with
respect to ¥; and M", and

!‘il"(zv z1,%(z,21),1,() = Wl"(ta z,v(t,z),m,(),
M"(z,21,%(2,21),1,0) = M"(t,z,v(t,z),7,(),
for (z,z1) € R™ x [0, 00).
Denote further by F3 a linear function such that
R}, = F3(9,, HY, 00 Y, ¥}, M)

1z

and let
Gi(z,z1,1,¢) = 0y, H{ (¥1(2,21,9,(), M"(2,24,7,(), M'(n,()),
G1(z,71,m,C) = Ojgw HY (W1 (2,21,9,¢), M"(2,21,1,(), M'(n,()),
Gi(z,21,1,0) = ¥, (2,21,%(z,21), 0, Q)+ ¥]'5(2, 21, %(2, 21), 1, s, (2, 71),
Gy(z,z1,7,() = ﬁ;’l(z, z,%(z,21),7, ()+M,—',’(Z, z1,9(2,21), 1, )0, (2, 21)-
Then Lemma 2.2.1 yields

IR |k—1,0,00,R™ x[0,00)

< q(IFllcr=1,1G11k=1,0,00,R™ x[0,00) s | G2 | k—1,0,00,R™ x[0,00) »
|G3|k=1,0,00,R™ x[0,00) » |G 1| k~1,0,00,R™ x[0,00) )

< p(ﬁ, _b-7 ¢, Ea |v|k.0,00,’\’) .
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A similar estimate holds for 1/2 < |¢] < 1 and |(] > 1. Hence

J U+ ¢ =R (¢, 21, m, )2 dC = || RE, Gy 21,1, 6) 23 2
< CIR:,(" LB K)Ii—l,o,oo'ﬂm x[0,00) < [p(av -E’ c, E$ Ivlk,O,OO,K)P

for z, € [0,00), n € [m,00) and k € R™. Applying the above inequality and
Lemma 3.3.1 we obtain the assertion. =

THEOREM 3.3.1. Let assumptions (3.1.1)-(3.1.5), (3.1.7), (3.1.14),
(3.1.20), (3.1.24) and (3.1.6a)—(3.1.6b) with k > m/2 + 5/2 hold. More-

over, assume
(3.3.121) veE MR x N2).
Then, if u € CR(R x 1) is a solution of problem (3.1)~(3.2), then for g

sufficiently large (namely, for n > fi(e1)P (@, b, E,EJ |1«'|k,o,go,K) + fa(e2,€3)
X Py (@, b, €, d, €), where p; and P, are polynomials, f; and f, are continuous
functions, K C R x 2 is a compact set outside which M", ¥!' and ¥}
vanish),

(3.3.122)  nllully , rxa + 1ullg 5 Rx00
S P(E, E’ c, E).f(el762‘)‘5’3)(77_]”F”g,'n,ll)(.ﬂ + ”9”3,7;,'1)(3:1) )
where p is a polynomial and f is a continuous function.

Proof. Set w = e~"'%, where u(z,z;) = u(t,z), ¥(z,z:) € R™ x [0, 00).
Then w is a solution of the problem

(3.3.123) wy, = M(z,z1,n, D;)w — AT (2,7,)C(z,71)w
- A7! (z,zl)f'(z, zp)e” "
(where F(z,z,) = F(t,z), ¥(z,2;) € R™ x [0, x0)),

(33124) [[’ —S(Z, 0)] [;Ull[((?,%)) = e—ntg(z) .

This follows from (3.1.10)-(3.1.9) and notations (3.3.5). Applying the oper-
ator R(z,z1,7, D;) given by (3.3.16) to both sides of (3.3.123) we get

[ o] 00
(3.3.125) Re [ (Rwy,,w)oam dzy = Re [ (RMw,w)oam dz,
0 0
o0 [o ] -
— Re [ (RA7'Cw,w)om dzy — Re [ (RAT'Fe ™, w)o am dz1 -
0 0

Notice that since the matrix R(z,z,7,() is hermitian (Corollary 3.3.1(4°))
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we have
r 1
Re f (Rwz,,w)o,rm dz1 = 3 Re(R(z,0,7n, D,;)w(z,0), w(z,0))o,gm
0

1 oo
- -2- Re f (R,lw,w)o,gm dzl .
0

Therefore we can rewrite (3.3.125) in the form

[ o] [= o]
(3.3.126) Re f ((RM - B)w,w)o g~ dz1 + Re f (Bw,w)o,gm dz1
0 )
1. F 1
-3 Re f (Rz,w,w)o,mm dzy + 2 Re(R(z,0,7, D,;)w(z,0),w(z,0))o,rm
0

= Re [ (RAT'Cw,w)om~ dz; + Re [ (RAT'Fe™,w)o gm dz, .
0 ]

The integrals on the right-hand side of (3.3.126) can be estimated by using
Lemma 3.3.1 similarly to Re f ((RM — B)w,w)o am dz,. We get
0

(3.3.127) | Re f(RA;‘Cw,w)o,.m da:ll
0

<m (E,i’-v c, 2)”’wlltz),ll"'x[o,o-o) = pi(a, E’E'E)”"”tz),n,nxn )

(3.3.128) I Re f(RAf‘f‘e"",w)o.nm d.r,l
0

S p?(a,zvzaa)(e—lﬂ_l”F"g,n,ﬂxn + E"”“”?J,n,llxn) .
Combining (3.3.127), (3.3.128) and (3.3.18), (3.3.41), (3.3.84), (3.3.120)
with polynomials denoted by ps(a,b,¢,d), p4(a,b,¢,d), p5(a,b,¢,d,€) and
P6(@,b,%, d, |v|k,0,00,k), We obtain from (3.3.126) the inequality
(3.3.129) Elﬂ"“"cz),n,nxn — p4(a, b

-

—n7'(1 + €2)ps(a, b, €

d)""”o,n,nxn + 52||""0,n,nxan

5 Cy
v &y E)lull?  mxan — ca€allgll n rxan
< P6(a@, 5,2, d, [v]k 0,00, 5)|[2lld 5 mx 2 + (P3(T, ], ,d)

+ p1(a,5,%, @) |[ull§ ».rx 2 + €7P7(, 5, %, D)|ullg 7 .x 2

+e7 7 pr(a, 5,5, )| FII3 1 mx2 -
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Take ¢ = ¢, /[4p7(q, b, , d)] and assume that 7 is so large that
(3.3.130) £1m/4 > p4(@, b, %, d) + pe(@, b, ¢, d, [v]£,0,00,k)
+ pa(a,b,%,d) + p1(a,5,5,d),

(3.3.131) €2/2 > (14 €3)ps(a,b,c,d,&)n" .
Inequalities (3.3.130) and (3.3.131) are satisfied if we choose 7 such that
(3.3.132) 1 > 4[ps(a,b,¢,d) + ps(a, b, €, d, ||k 0,00,k) + P3(T, b, T, d)

+ p1(@,b,¢,d)]/e1 + 2(1 + €3)ps(a, b, T, d, €) /2

= fi(1)P1(@, 5,5, 4, |v]k,0,00,k) + fo(€2,€3)P2(T, B,E, d, ).

For such 7 we get from (3.3.129)

8pjer) _
Nlulld o rxa + 1ulld ,axen < {495+ ——=— ) 07 |FII2 ,.rx0
€2

2¢3e 2c3e
+( 3E3 3€3

a3t 2
e + & )||9||o,n,nxan

Hence the theorem follows. m

Remark 3.3.1. From the proofs of Lemmas 3.3.2-3.3.5, Corollary 3.3.1
and Theorem 3.3.1 it follows that it suffices to assume in all those assertions
that v € H¥(R x 22). Then L" € H*(R™ x [0,00)), ¥/ € H¥(R™ x [0, 00))
(i=1,2), S" € H*(R™ x [0, 00)) (the proof of this fact is analogous to the
proof of Lemma 2.1.2) and @, € and € are replaced by

@' = ||L"||k.am x[0,00) »

=Y sup (|02 lkmm x[o,00)

laj<2 $=(n.0):I{1<1

+3 sup 192 lkmmxioo) -
la]<2 $=(m,0):1¢I<1

€' = [IS"]lxmm x[0,00) »

3.4. An estimate of a solution of the problem formally adjoint
to (3.1)—(3.2) in L% -norm. Set

(3.4.1) L = E(v)d - i A;(v)d,, — C(v),
(3.4.2) Le =11, —S(v)]—

(where we use notation (3.3)). Then problem (3.1)-(3.2) can be written in
the form

(3.4.3) Lu=F inRx$,
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(3.4.4) Lpu=g on Rx d02.

Take u, w € C("g’)(R x §2). Applying integration by parts we get
(3.4.5) (Lu, w)oaxn = (v, Lw)o rxa + (A1%, w)o,rx00 ,
where

m m
(346) LY =-E8,+) Aj0:;+) 8:A;-9,E*-C",
j=1 i=1

(34.7)  05,A] = 0-,A7 + ) _ 84, A}0:,vi,

i=1

(34.8) B,E*=8E"+) 8,E*dv;.
=1

Define

P=%kerlLp.
In view of the form of Lg, dim P = n—!in Rx 312. P is called the boundary
space for problem (3.4.3)(3.4.4), while P(*) = (A;[P]) is called the adjoint
boundary space and dim P(*) = [ on R x 902.

If ue Pand we P, then

(3.4.9) Aju-w=wTAju=0 onRxdN.

We now find a boundary operator L(l;') such that P(*) = ker L(,;). We
calculate it from equation (3.4.9). To do this rewrite A, as

_[Al B
Al_[Bg Alll]r

where A, All B, B, are matrices of appropriate dimensions. We then
write (3.4.9) as

3.4.10 Alulw! + ByuTw! + Byufw! 4+ Al T = 0.
(3.4.10) : 1
We look for L(B') in the form

(3.4.11) LY = [-§(v), 1,

where §(*) is an (n — I) x I-matrix, which we calculate putting u/ = Sul’
and w!’ = S w’ into (3.4.10). Then we obtain

Al”Su”wI + Biu'Tw! + BySulTSMw! + A{’u”S(‘)w’ =0
for u € P and w € P(*). Hence
(3.4.12) AlS+ B, + SMT(B,S + Ay = 0.
Assume additionally that
(3.4.13) det(BS+ A]"Y#£0 onRx N
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for every n-vector-valued function v € C®(Rx ) occurring in the coefficients
of problem (3.4.3)-(3.4.4). Under the above assumption equation (3.4.12)

has a unique solution, and so there exists a unique boundary operator L(‘;)
defined by (3.4.11).
The formally adjoint problem to (3.4.3)3.4.4) has the form

(3.4.14) L®Ww=F mnRx2,
(3.4.15) L(I';)w =¢g1 onRxd1n.

From the form (3.4.6) of L(*) and assumption (3.1.2) it follows that system
(3.4.14) is hyperbolic, while by (3.1.1), (3.1.3) and (3.1.4) we have

(3.4.16) det E®(t,z,v) #0 VY(¢,z,v) ERx 2 xR™,
(3.4.17) det Aj(t,z,v)#0 V(t,z,v)eRx 2 xR".

Write now problem (3.4.14)—(3.4.15) (as before (3.4.3)-(3.4.4)) by means
of pseudodifferential operators. Multiplying both sides of (3.4.14) and of
(3.4.15) by e (where n > 0) we get

(3.4.18)  eMw,, = MM(t,z,0(t,z),—iD; + 7,iDp)ew

—A17 (v) [ 2 5.-.;,~ Aj(v) - 5,E"'(v) - C"'(v)] e"w 4+ A7V (v)Fe"w,
i=1

where we have used notations (3.3), (3.4.7) and (3.4.8); moreover,
M) (t,z,v(t,z),—iD+n,iD,) is the pseudodifferential operator with sym-
bol

(3.4.19) MWU)(t,z,0(t,2),8,i") = — A}~ (v) (E"(v)s + iz A;-'(v)wj) ,
i=2

where s = — i, W' = (wa,...,wm)-
Now we shall consider the properties of the matrix-valued function

(3.4.20) MW(t,z,v,8,i") = —A}"! (t,z,v)(E"(t,z,v)s

m
+1 E Aj(t,z, v)w,-)
i=2
for (t,z,v) € Rx 2 x R™.
Since det(E*~1A4}) = det(E~14,), from assumption (3.1.14) it follows
that E*~1A} has [ negative and n — [ positive eigenvalues.

LEMMA 3.4.1.V(t,z,v) ER X 2 x R" and VY(s,w') € CXxR™ :Res > 0
the matriz M(*) defined by (3.4.20) has ezactly | eigenvalues k such that
Rek > 0 and n — | eigenvalues k such that Rek < 0.

The proof of the lemma is analogous to that of Lemma 3.1.1.
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Consider now the system of ordinary differential equations
du ~
(3.4.21) % = MU)(t,0,2",v,s,iw")i,

where % = [y, ...,%,]T. By Lemma 3.4.1 system (3.4.21) has exactly n —{
linearly independent solutions which decay exponentially as z; — oo.

Let vector-valued functions (¢, z1,2',v,8,w'),...,¥n-i(t, 21,2, v,
s,w') be a basis of the set of such solutions, orthonormalized at z; = 0.
Define
(3.4.22) NO(t,z',a,v,s,0") = [-5M(,0,2',a(t,0,2"),I]

'['/’l(t, Z1, z") v, 3)w')1 ey ¢n—l(t’ Z1, .’D,, v, 3,“-")]':1:0 ’
where a € C°(R x f2) is an arbitrary vector-valued function and the entries
of §(*) are solutions of system (3.4.12).

LEMMA 3.4.2.

(3.4.23) det N*)(t,z',a(t,2'),v,8,0') £ 0
V(t,z',v) ER x 02 x R™ V(s,w') : Res > 0, |s| + || #£0.

Proof. Notice first that from assumption (3.1.20) it follows that there is
no nonzero solution of system (3.1.18) which satisfies the boundary condition

(3.4.24) ' =53 onRxon

(where § = S§(¢,0,z',a(t,0,z')) and which belongs to L%(0,00) for all
(t,z',v) € R x 32 x R™ and for all (s,w’) with |s| + |w'| # 0, Res > 0.
In fact, fix (¢,z',v,s,w’). A general solution of system (3.1.18) which be-
longs to L2(0, 00) is of the form

!
(3.4.25) i=Y Cipi,
i=1

where C; are arbitrary constants and ¢; are defined on p.30. Suppose that
u satisfies (3.4.24). Then putting (3.4.25) into (3.4.24) we obtain

Cy
(3'4'26) ([Iv_S][‘plv' "’vl]) ' =0.

Ci
Assumption (3.1.20) implies that the only solution of (3.4.26) is the zero
vector, i.e. C; = 0 for ¢t = 1,...,l. Hence the only solution of system
(3.1.18) belonging to L?(0,00) and satisfying (3.4.24) is % = 0.

Denote by J = J(t,z',v, s,w") the I-dimensional subspace of C" spanned

by the vectors ¢(,0,z',v,s,w'),...,pi(t,0,z',v,8,w") (for Res > 0, J
is equal to the negative generalized eigenspace of M given by (3.1.13)).
Take (t,z,v) € R x 2 x R®. From the above considerations it follows that
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J(t,z',v,8,w")N P = {0} for all (s,w') with |s| + |w'| # 0, Res > 0 (where
P=%kerlg, Lg=[I,-5(t,0,z',a(t,0,2'))]).

Denote next by J(*) = J(*)(t,2’, v, s,w’) the (n—[)-dimensional subspace
of C" spanned by ¥,(¢,0,z',v,8,w"),...,¥n-i(t,0,2',v,8,w') (for Res > 0,
J™) is equal to the negative generalized eigenspace of M{*)). Then by
(8, Lemma 7, p. 333], J(*)(¢t,2’,v,s,w") N P(*) = {0} for all (s,w') with |s| +
|'|#£0, Res > 0 (where P(*)=ker L(g), L(g)z[—S(")(t,0,z',a(t,0,a:’)),1]),
and so problem (3.4.14)-(3.4.15) with coefficients in the boundary condition
(3.4.15) fixed at (¢,z,v) and (¢,0,2',a(t,0,2')) is well posed in L2. Hence
by [13, Chap. 3], (3.4.23) is satisfied. m

THEOREM 3.4.1. Let assumptions (3.1.1)-(3.1.5), (3.1.7), (3.1.14),
(3.1.20), (3.1.24), (3.4.13) and (3.3.121), (3.1.6a)~(3.1.6b) with k > m/2 +
5/2 be satisfied. Ifw € CR)(RX 12) is a solution of problem (3.4.14)—(3.4.15)
formally adjoint to (3.4.3)—(3.4.4), then for 7 suﬂ‘iciently large (namely, for
n > AOERMEEET bleow k) + O, e87)F 9(@,5,5.2),
where p;(*) and "‘2) are polynomials, fi (*) and f,(*) are continuous func-
tions, e(') (t = 1,2,3) are the constants from Theorem 3.2.1, where R is
replaced by an analogous function constructed for problem (3.4. 14) (3.4.15),
and @, b, ¢, d, €, |v|x 0,00, are as in Theorem 3.3.1),

(3.4.27)  nljwll} ,axa + w5 —paxo
< P(-)(Ea E’ c, Ea I”Ik.O,OO.K)f(‘)(E;v5;’53)

X (W_IHF”g,—n,nxn + ||9”(21,—n,axan)a
where p(*) is a polynomial and f(*) is a continuous function.

Proof. Conditions (3.1.1)-(3.1.6a) imply the analogous conditions for
the functions — E*, — A} and $(*) from problem (3.4.14)~(3.4.15). By (3.1.7),
E*(t,z,v) = E'*, Aj(t,z,v) = A} (j = 1,...,m), C*(t,z,v) = C",
S*(t,z,v) = S’* outside a compact set K;.,. In view of Lemma 3.4.2,
(3.1.20) implies (3.4.23).

We now check that (3.1.24) for the matrix M implies the analogous
condition for M(*). To do this take zo = (tg, zo, v9,0, (o), Where (to,To,v0) €
R x 2 x R*, (o € R™. Let &) = n(,,')(zo) (where 0 = 1,...,5,1 < s < n)
be all distinct eigenvalues of M(*)(z). Then by assumption (3.1.6a) and
Lemmas 2.2.1, 2.2.2, there exists § > 0 such that in the set 85, there is
defined the family Pz(,,',)a (¢ = 1,...,5) of n X n total projection matrices
ol' the nf, )-groups satisfying the conditions of Remarks 2.2.3, 2.2.4 with

N (2) = P (2)C™ and P, € C*(B5,,,). Take now any eigenvalue k(z)
of M(z) (where z € 0;,, with § > 0 so small that in 5, both the above
family Pg;,)., and the family P, , of Remark 3.3.1 are defined). We shall
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prove that —&(z) is an eigenvalue of M(*)(z) for z € 65,,. In order to do
this set A7 = Dy, E§ - Y72, Ajw; = D;. Then

det(M — kI) = det(nDyE + iDy D3 — k1)

= det(—D,)det(—pED; — iD; Dy + I)det D!

= det(-I)det((—-nDIE* +iDID3)" + kI)

= det(-T1)det (M(IT 4+ xI) = det(—I)det(M*) + &I).
Therefore « is an eigenvalue of M iff —% is an eigenvalue of M (*). Hence,
if k,(z) is an eigenvalue of M(2) in N, ,(z) with real part separated from
zero then —%,(z) is an eigenvalue of M(*)(2) in N{;),(z) with real part also
separated from zero.

Take now k,(2) such that k,(2) — k,(z) as z — zp, where Rek,(z) =
0. Then k, = ks(20) is an eigenvalue of M(z), but in view of the previous
considerations it is also an eigenvalue of M{(*)(z). Consider the rank of
M®) — kI, where M(*) = M(*)(z), K, = K,(2). We obtain

rank(M*) — k, I} = rank(i D} D} — k,I)
= rank[(—- D}}(—iD} D} + k,1)D; 1)
< min{rank(—D}), rank(—iD; D} + k,I),rank D} "1}
< rank(iD; D] — Kk,) = rank(M - k,1),
where M = M(z). On the other hand,
rank(M - k,I) = rank(—i¢D; D} + K.1I)
< min{rank(—D}),rank(iD} D} — ko I),rank D'}
< rank(iD}d} — k,I) = rank(M™*) — k,1).
By assumption (3.1.24), rank(M —x,I) = n—1. Hence rank(M(*) —k,T) =
n — 1, and so the geometric eigenspace of M(*)(z) corresponding to the
eigenvalue nf,')(zo) = Ko(20) is one-dimensional.

So we have checked that for M(*) assumption (3.1.24) is satisfied. There-
fore by Theorem 3.2.1 there exists a matrix-valued function R®*) = R(*)(¢, z,
v,7,() satisfying conditions 1°-5° of this theorem with M(*) in place of M,
g1 in place of g, and with constants €7,£3,¢5 > 0 in place of €, €3, €3,
depending on M(*) in the same way as ¢;, €3, £3 depend on M.

Using further an argument similar to the one in the proof of Theorem
3.3.1 we obtain the assertion of the theorem. ®

Remark 3.4.1. If instead of (3.1.2), (3.1.5) and (3.1.24) we assume that
system (3.1) is strictly hyperbolic, i.e. Vw = (wq,...,wy,) € R™\ {0} and
V(t,z,v) € Rx 2 XR" the equation det(AE(t,z,v)— Y71, A;(t,z,v)w;) = 0
has n distinct real roots, then system (3.4.14) is also strictly hyperbolic and
the estimates (3.3.122), (3.4.27) are fulfilled.
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3.5. Existence and uniqueness of solution of the boundary value
problem (3.1)—(3.2)

DEFINITION 3.5.1. A function u € L3(R x £2) is called a strong solution

of problem (3.1)-(3.2) if there exist a sequence u, € Cio(R x {2) such that

Lpu, = g on Rx 312 and a function ug € L%(R x 012) satisfying, as p — oo,

(3.5.1) lluy = llo,n,Rx2 = 0,

(3.5.2) |luy — uollo,n,mx8:2 — 0,
(3.5.3) [ Luy — Fllo,pmxa2 — 0,
(3.5.4) Lpug=g onRxadR.

THEOREM 3.5.1. Let assumptions (3.1.1)-(3.1.5), (3.1.7), (3.1.14),
(3.1.20), (3.1.24), (3.4.13) and (3.3.121), (3.1.62)~(3.1.6b) with k > m/2 +
5/2 hold. Then for any F € L}(Rx R2) and g € L}(R x 312) problem (3.1)-
(3.2) has a unique strong solution u € L}(R x £2) for which the estimate
(3.3.122) holds with i such as in Theorem 3.3.1.

Proof. Notice first that u € Cf)(R x ) is a solution of (3.1)-(3.2) iff
1) = e~ "u is a solution of the problem

(3.5.5) Lyuy = (L+nE)u; = Fe™" inRx 2,
(3.5.6) Lpuy = ge™"* onR x d12.

In the sequel we shall consider problem (3.5.5)—(3.5.6). The formally adjoint
problem to (3.5.5)—(3.5.6) is

(3.5.7) LMwy = (L™ + nE*)w; = Fie" inRx 2,
(3.5.8) L(l;)wl = g1e™ onRx 99,

where the operators L™ and L(g) are given by (3.4.6) and (3.4.11). Then
w € C) (R x £2) is a solution of (3.4.14)-(3.4.15) iff w; = e™w is a solution
of (3.5.7)~(3.5.8). Therefore by Theorems 3.3.1 and 3.4.1 we have

(3.5.9)  nllullgrxa + lulldrxon
< p(3, bz, d)(’l—l||Ln"1”c2),axn + ”LBUIHg,nxan)
for all u; € CiH)(R x 2), and

(3.5.10) nllwlllg,nxn + ”wl“?),nxan
< oM@, 5,6 D WL w3 rxa + 1S will3 axon)

for all w, € C("g)(R x §2). In the above two inequalities 7 is sufficiently small
satisfying the inequalities of Theorems 3.3.1 and 3.4.1.
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Set now

(3.5.11) D(L,) = {wm € C(Rx 2): Lpu; =0 onRx 40},
(3.5.12) D(L{M) = {w, € CGR x 2) : L;'w; =0 on Rx 92}
In view of (3.4.9), for all v, € D(L,) and w, € D(L{")

(3.5.13) (Lpur,w1)omxa = (w1, L w1)opxa -

Moreover, L, and Ls,'), being differential operators, are closable in L?(Rx 2)
(see [20, p. 32]). Denote their closures by L, and ZS;). By [5, Theorem 1]
they both map their domains one-to-one onto L?(R x {2). Therefore for any
F € L2(R x 2) there exists a unique u; € D(L,) such that Lyu; = Fe™".
Hence there exists a sequence (u1,) C D(L,) such that
(3.5.14) Uy, — Uy in L}(Rx ),
(3.5.15) Lyu, — Fe™™ in L*(Rx ).
In view of (3.5.9) and (3.5.11) for every g, v
(3.5.16)  nlluiy — ur |l gxn + w1 — vl pxon

< p('ﬁ, 5’ <, z)“Lnulu - L’luIV"(z).llxﬂ .
From (3.5.15) and (3.5.16) it follows that (u4,|z,=0) is a Cauchy sequence in

L?(R x 812), and hence there exists ujo € L*(R x 802) such that uy,|z,=0 —
uyo in LZ(R x 812). Futher, since u;, € D(L,) we have

(3.5.17) Lguipo=0 onRxdN.

Thus we have proved that there exists a unique u; for which there exist a
sequence u;, € D(L,) and a function u;o € L?(R x 82) such that (3.5.1)-
(3.5.3) and (3.5.4) with g = 0 are satisfied and the following inequality is
true:

(3.5.18)  nllulld mxa + llu10ll} gxon < P(@ 5, d)n " ||Fe™™||3 axq -

Hence u; € L?(Rx 2) is the unique strong solution of problem (3.5.5)—(3.5.6)
with g = 0.
Assume now that g € CR)(R x 802). Let g € C{G)(R x 812) be such that

(3.5.19) Lgg=ge™™ onRxanN.
Extend g to a function G € CH(R x 2). Set
(3.5.20) z=u4-G.

From (3.5.5)-(3.5.6) we get

(3.5.21) Lyz=Fe ™ -L,G inRx®,

(3.5.22) Lpz=10 on Rxd1%2.
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By the above considerations there exists a unique z € L%(R x £2) for which
there exist a sequence (z,) C D(Ly,) and a function zp € L?(R x 812) such
that

(3.5.23) lzu — zllo,gx2 — 0,

(3.5.24) |z — zollo,ax02 — 0,

(3.5.25) |Lyz, — Fe~™ — L,Gllogxa — 0,
(3.5.26) Lpzy=0 onRx .

Hence u; = z+ G € L%(R x 02) is the unique strong solution of problem
(3.5.5)—(3.5.6) and satisfies the estimate

(3.5.27)  lluilld rxa + lluolld rxao
< p((—i, Ev <, z)(77_1”Fe"m”(2),Il)(t':)!7 + ||.‘Je_"t||(2),nxan) .
Takenow any g € L2(Rx d12). Since Co)(Rx9R2) is dense in L}2(Rx802)
it follows that there exists a sequence (g,) C C)(R x 942) such that

(3.5.28) 9, —g in L2(Rx80).
Consider the problem

(3.5.29) Lyuy, = Fe™"* in Rx 2,
(3.5.30) Lauy, =g,e ™ onRx0R.

By the previous considerations there is a unique function u, € L*(R x 2)
for which there exist a sequence (u;,,) C C(°0'°)(R x §2) with Lpuy,, = ge "
and a function w19, € L*(R x 82) such that, as p — oo,

(3.5.31) lu1v, — v1ullo,Rx2 = 0,
(3.5.32) |1y, — v100]l0,Rx802 — 0,
(3.5.33) I Lyu1s, — Fe~|lopxa — 0,
(3.5.34) Lpujo, =g, onRx3N.

For the solution u;, —u, of problem (3.5.29)—(3.5.30) with right-hand sides
equal to zero and (g, — g,)e~" respectively, the estimate (3.5.27) has the
form

fur, - uwll%,um + || w100 — "100”3,"39 < p(E,F,E, E)l]g., - 9all%,.,,nxan .
By (8.5.28) and the above inequality there exist unique u; € L%(R x £2) and
uy0 € L2(R x 82) such that

(3.5.35) u, - u; in L*(Rx ),

(3.5.36) 30, — uyo in LE(R x 802).

By (3.5.31)~(3.5.36), u = ;€™ € L2(R x ) is the unique strong solution
of problem (3.1)-(3.2) and satisfies inequality (3.3.122). w
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Remark 3.5.1. Using the above existence theorem one can derive (see
[21]) the following estimate for the restriction of u to J C R:

(3.5.37)  nllullg 4 sx0 + lluolld g sx00
< p(@,b,5,d) (07 IFI5 0,0 + 9115 5, 7x00) -
This estimate will be used later, in particular in Chapter 4.

THEOREM 3.5.2. Let assumptions (3.1.1)-(3.1.5), (3.1.7), (3.1.14),
(3.1.20), (3.1.24) and (3.4.13) be satisfied. Moreover, assume that

(3.5.38) ve CHR x R),

(3.5.39) E,A;j(j=1,...,m),C,S€ C®(Rx 2 x R"),
(3.5.40) FeCH(Rx D),

(3.5.41) gECHRxXN).

Then problem (3.1)~(3.2) has a unique strong solution v € C@(R X 2)
satisfying

(3.5.42)  nllull? ,.axa + 13, 0xo0
< fa(el’52153)(173(675’3’2’E?T)n_]”F”in,Rxn

+ q,(a,E, Ejjj)”ﬂ“in,nxan) Vi<s<k,

where k > m/2 +5/2; @, b, €, d, € [ are given by (3.3.13); €1, €3, €3
are the constants from Theorem 3.2.1; f, are continuous functions; p, and
g, are polynomials for 1 < s < k, while py = P + pr-1€2"T2 and q =
Qk + qk—1€2"72 | where Py and Gy are polynomials, and Ty > 0 is such that
the function S is constant outside an interval [T}, T,;]; and 7 fulfils

(3'5'43) n> f(ﬁ, 57 <, 37 E, 77 Ivlk.oyOO,K7 €1,€2, 53)
(f is a continuous function, K is the set from Theorem 3.3.1).

Proof. By assumption g € CG)(R x 812). Let (as in Theorem 3.5.1)
g€ C(°§)(R X 012) satisfy (3.5.19), and let G € Co(R x 2) be an extension
of § onto R x 2. By Theorem 3.5.1 there exists a unique strong solution
u € L2(Rx{2) of (3.1)~(3.2), and thus u; = ue™" € L*(Rx £2) is the unique
strong solution of (3.5.5)-(3.5.6). Let u, € CRG)(R x 2) be a sequence
as in Definition 3.5.1. Then 2z, = u, — G satisfies (3.5.23)—(3.5.26) and
z, € D(L,). Therefore by (3.5.13)

(Lnzu, whomxa = (24 L wlomxn  Yw € D(LYY),
and so

(Lyury — LyG,w)orxn = (11, — G, Lg*)w)o,ﬂxﬂ Yw e D(LS,")) ’
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where u;, = u,e~". (3.5.1) and (3.5.3) imply

(3.5.44) (Fe " — L,G,w)o.axn2 = (w1 ~ G, L{Mw)orxe VYw € D(L{Y).
By (3.5.19) and (3.5.43), u; is a weak solution of (3.5.5)—(3.5.6) (see the
definition in [24, p. 1117]). Therefore, the assumptions concerning F' and

g, Remark 3.5.1 and [24, Theorems 1, 3] yield that Vs > 0 37 > 0 such
that « € H)(R x 2) and u = 0 at infinity. Thus by the Sobolev lemma

u € Cip) (R x 2). Repeating now the proof of (28, Lemma 3.2] we get the
estimate (3.5.42). m

Remark 3.5.2. Let F € CG(R x Q) and g € Co)(R x 0£2) and let
J C R be an interval. Using l{ema.rk 3.5.1 and repeating the proof of
[28, Lemma 3.2] we obtain

(3.5.45)  qllull?, sxn + ul?, rxs0
< fa(El762163)(})8(675’5737677)17_]||F||_21!1"an
+ QS(E’B’E’E’Evf)"g"z,n..lxan) Vo S 3 S k ’
where p,, ¢, and f, are as in Theorem 3.5.2.

Remark 3.5.3. Theorems 3.5.1 and 3.5.2 still hold if we replace (3.1.4)
by the following weaker condition:

(3.5.46) det A;(t,z,v) #0 V(t,z,v)€ Rx 32 x R".

o]
0

Proof. As in [21, p. 268], take ¢ € C("g)(D_) with ¥ = 1 in a neigh-
bourhood of 32 and det A(t,z,v) # 0 for z € supp®. A solution u of
(3.1)(3.2) can be written as u = Yu + (1 — ¥)u. Since detA; # 0 on
supp Yu, for n sufficiently large the estimate (3.3.122) for u is satisfied.
Since (1 — 9)u is a solution of the Cauchy problem for the operator L, by
Theorem 3.6.1 of the next section an estimate of type (3.3.122) for (1 — ¢)u
is also fulfilled. Hence Theorem 3.5.1 is true. The estimates in H, (where
1 < s < k) are also satisfied: for yu by Theorem 3.5.2, and for (1 — ¥)u by
Theorem 3.6.1. m

3.6. An estimate of a solution of the Cauchy problem for system
(3.1) in H}-norm. In this section we consider the problem

(3.6.1) E(w)uc =) Aj(v)uz; - C(v)u=F in [0,T]x 2,
j=1
(3.6.2) u(0,-) =0 in 12,
where v € II§(R x £2) and either 2 = {z € R™ : z; > 0} or 12 is a bounded
domain in R™ with a smooth boundary 9f2.
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Theorems 3.6.1 and 3.6.2 given below concern the estimates of a solu-
tion of problem (3.6.1)-(3.6.2) in L2- and H}-norms and help us to prove
Remarks 3.5.3, 4.1.4 and Theorems 5.1, 5.4.

We set

£, = {z € R™ : dist(z,00) < £},
Up,r1 = {u € CH)([0,T] x R™) : u = 0 in (R™ \ 2) U §2, for some ¢ > 0} .
THEOREM 3.6.1. Let assumptions (3.1.1)-(3.1.3), (3.1.5), (3.1.7) and

(3.1.6a)~(3.1.6b) with k > m/2 + 5/2 be satisfied. Then, if u € Up 1} is
a solution of (3.6.1)~(3.6.2), then for 0 <t < T

(3.6.3) lull o2 + 128G 0.0 < 07 2@ DI FIG 5,2
Jor n satisfying
(3.6.4) n > ¢(a,b),

where @ and b are given by (3.3.13), and p, q are continuous functions.

Proof. Using Remark 2.1.1 extend the functions E" = E — E', A =
Aj = AL (j=1,...,m)and C" = C — C' (where in the case when {2 is
a halfspace, E', A, C' are the constant matrices from assumption (3.1.7),
while in the case of bounded 2 they are some constant matrices satisfying
assumptions (5.1)-(5.4), (5.6), (5.7), (5.10) in Chapter 5) to E", Z_’,’, C" e
Cloy(R x R™ x R") such that

IE et (rxmm xm=) < Cl||E"||c;(nxﬁxR-) )
(3.6.5) ATy mxrmxre) < 1ll4fllcemxaxmrny fori=1,...,m,
"C"“C',;(Rxll"‘xll") < CIHC"”C'E(RxﬁxR") ’
where ¢; > 0 is a constant. Then the functions E = E" + E, ZJ- = Z_f,’ +A;,
C = C" + C' are C*-extensions of E, Aj, C to R x R™ x R™ such that

E = E', ZJ- = Al, C = C' outside a compact set l‘\v’t,,,.',, C RxXR™ x R"™.
Similarly, using the Hestenes method extend v to v € IT§(R x R™) such that

(3.6.6) o)k 0,00, RxRm < c2llv]|k,0,00,RX 2

where ¢ > 0 is a constant.
Now instead of (3.6.1)-(3.6.2) we consider the problem

(3.6.7)  E[@)u, - i A;(¥)uz; —C(@)u=F in[0,T]xR™,
i=1
(3.6.8) u(0,-)=0 inR™,

where G(%) = G(t,2,%) (G = E, A;,C).
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Let K be a compact set such that I?,,,,',, C Int K. Take wo = (to, Zo, vo)

€ K. Then in view of assumptions (3.1.5) and (3.1.2) Lemma 2.3.7 implies
that there exists a neighbourhood 8,,, s of we and a matrix-valued function

ﬁo(t,z,v,w) defined in 8y, 5 X {w : [w| = 1} such that:

1° the entries of Ho(t,z,v,w) are polynomials in the entries of A(t,z,v,
w). Hence by (3.1.6a), Hy € C5(8u,,5 X {w : |w| = 1});

2° Y(t,z,v) € K, Ho(t,z,v,") is an analytic function in {w : |w] = 1};

3°36>0V(t,z,v,w) € Oy s N2 X {w: |w| =1}

Ho(t,z,v,w) > 61;
4° V(t,2,0,w) € Oy s N2 X {w: |w]| = 1}
A*(t,z,v,w)Ho(t, z,v,w) + Ho(t,z,v,w)A(t,z,v,0) = 0;

50 V(t,2,v,w) € By, s X {w : |w| = 1}, Ho(t, z,v,w) is a hermitian matrix.

Lemma 2.3.7 also gives the existence of a function H,(t,z,v,w) = H'(w)
satisfying 1°-5° in (Rx R™ x R")\ K}, ,) X {w : |w| = 1}. As in Theorem
3.2.1, applying a partition of unity we obtain a function fig(t,l:_, v,w) satis-
fying 1°,2°,5°in RxR™ xR x{w : |w| =1} and 3°,4° in Rx 2 xR" x {w :
|w] = 1}. Next, the function Hj defined by

ﬁa(t, z,v,w)= ﬁg(t, z,v,w/|w|)

fulfils 1°,2°, 5° in RXR™ X R" x {w : jw| > 1} and 3°, 4° in Rx ﬁxR"x{w :
|w| > 1}. By (3.1.7) and 1°, Hj can be written as Ha(t,z,v,w) = Hj(w) +

Hi(t,z,v,w), where H = 0 outside K, v Using the method of Hestenes
extend Hj(w) to H'(w) € CE(R™) and HY(t,z,v,w) to H"(t,z,v,w) €
CE(R x R™ x R™ x R™) satisfying

A’ llcy mmy < || Hjll o E ({wrlw|21}) »
(3.6.9) |\H' "llct (RxRm xR xRm) < ol Bl E(RXR™ XR® X {w:|w|>1})

and H" = 0 outside K,',,,.,. Then H(t,z,v,w) = H'(w) + H"(t,z,v,w)is an
extension of IZY;_, to R x R™ x R™ x R™ and satisfies 2°, 5° for |w] > 1 and
3%,4°2in Rx N xR" x {w:jw| 2 1}.

Now replace v in H(t,z,v,w) by 7. We then get a function ﬁ(t,z,w) =
Fl(t,z,%'(t,z),w) such that
(3.6.10) H(t,z,w) = H'(w) + H"(t,z,w)

(where H" = 0 outside a compact set K; . C R x R™) and
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1) 82H"(-,-,w) € ME([0,T] x R™), V|a| < 2 Vw € R™, and
(3.6.11) 108 H" |k 0,000,T) xR < P*(@,B)(1 + Jw]) 1!

for |w| > 1, where p* are positive polynomials;

2) |02H'| < ¢(1 + |w])~1°l, Vja| < k ¥]w| > 1, where ¢ > 0 is a constant;

3) 36 >0V(t,z,w) € [0,T] x 2 X {w: |w| > 1}, H(t,z,w) > 6I;

4) V(t,z,w) € [0,T]x 2 x {w: |w| > 1}

A*(t, z,w)H(t, z,w) + H(t, z,w)A(t, z,w) = 0,

where A(t,z,w) = iy, E-1(t,2) Aj(t,z)wj, G(t,2) = G(t,z,%(t,z)),
where G = E,Zj,é, thus G = E,Xj,g;

5) Y(t,z,w) € [0,T] x R™ x {w : |w| > 1}, H(t,z,w) is a hermitian
matrix.

Introduce now the pseudodifferential operator
(3.6.12) H(t,z, Doyu = (2m) ™™ [ H(t, z,w)e" (1, w) dw,
where u € Ujp,1), and for any t € [0,7),%u(t,-) is the Fourier transform of

u(t,-). We shall apply the operator (3.6.12) to obtain the estimate (3.6.3).
To do this write system (3.6.7) as

(3.6.13) ‘Z—'t‘ = A(t,z, D;) + £E71(t,2)C(¢, 2 )u + E7'(t, 2)F(t, z),
where A(t,z,D,) = iy £-1(t,2)A;(t,2) Dy, (D5, = i718/0z;) is the
operator with symbol ;f(t, z,w). After multiplying (3.3.13) by e~ we ob-
tain

(3.6.14) %—1: = A(t,z, D)w + E71(1,2)C(t, z)w + E~1Fe™™ — nu,

where w = ue~". Using (3.6.14) we have
2(ﬁw w) = ﬁa—w w + [ Hw ow + (Hyw, w)
at ) 0,R™ = at Y - ) at o.R™ tWw, o0,R™
= (ﬁzwv w)O,R"‘ + (ﬁW,]w)o,nm + (ﬁtw’ w)O,R"‘
+ (ﬁf‘lgw, ‘w)o'nm + (ﬁw, E_lé’w)oynm + (’ﬁf’l Fe"", ’w)o'nm
+ (’ﬁw,f"Fe"’")o_gm - 2n(ﬁw,w)0'nm .
Hence
~ 9 -~
(3.6.15) 2np(Hw,w)om~ + E('Hw,w)o'um

= ((ﬁ]+ -Z‘ﬁ)W, w)o,am + (ﬁEW, w)o,nm + (ﬁ,w, w)o,am
+ (ﬁf’lgw, w)opm + (’ﬁw, f“Ew)o'nm
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+ (HE Y Fe™™, w)o,Rm + (Hw, £ Fe™")o am ,

where

m

~ cur, OET(, OA;(1,7) =, _
h(t,z):-Z(Aj(t,z) Ba:(,- “”)+ éi,- £ l(t,a:)),

=1

and .Z"(t,i:, D;) is the pseudodifferential operator with symbol A*(t, T,w)=
—iy At z)E 7 (t, z)w;. Just as in Lemma 3.3.3 we can prove that
property 3) implies
(3.6.16) U(ﬁ“’aw)o,nm = (UﬁW,w)o,nm

> nél|w|lf am — P1(@ B)l[w]IF mm »
(3.6.17) (ﬁw’w)o.ll'" 2 5||w||c2),nm - Pz(ﬁj)”w“z—l/z,am )

where p; and p; are polynomials. Using next property 4) and proceeding in
the same way as in Lemma 3.3.2 we get

(3.6.18) [(HA + A*H)w, w)o,am| < p3(@, b)||w]|3 g -
Moreover, we have

(3.6.19)  |(FIKw, w)o,rm| < pa(@, B)[|wll3 g ,

(3.6.20) |(Hew, w)o,am] < ps(@, B)|wlf} o
(3.6.21) |(HE'Cw, w)o,am| < Ps(a, B)||w])2 g
(3.6.22) |(’ﬁw,g‘15W)o,nm| < p(a, B)""’“?),ll"' )

(3.6.23)  [(HE-'Fe™™, w)opn| < e 0 ps(a, B)|| FI|3 g
+ enpo(a, )| w3 o »
(3.6.24)  |(Hw,E'Fe " )omm| < €717 p1o(@, D) FlIZ o
+ enp11 (@, b)|[wlf} g
where p; (¢ = 3,...,11) are polynomials and £ > 0 is a sufficiently small

constant. From (3.6.18)-(3.6.24) and (3.6.15) we obtain

. 9 ~
2n(Hw, w)o g~ + E(HW,W)O,R"‘

< [ 5@ D) + po(@B)en + pus (@, Ben lwll

=3
+ (s(a,b) + pro(@, B)e '~ FIl§ oo -
Hence using (3.6.15) and taking ¢ sufficiently small and 7 large enough we
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get
0 ~ _ _ -
78||wl|3 am + i e wogn <1 'pu (@, B)|[ FIIE jm -

Next applying (3.6.17) we have

78 [ llw(r, g am dr + 8llw(t, g~ < (H(0,2, D2)w(0, ), w(0,-))o
0

t
+ 170 (@,8) [ | F(r, Y am dr,
0

where 0 <t < T. Now using (3.6.2) we obtain (3.6.3). =

THEOREM 3.6.2. Let the assumptions of Theorem 3.6.1 be satisfied. Then,
ifu € Upo, 1 15 a solution of (3.6.1)~(3.6.2), then for0 <t <T and0< s < k

(3'6‘25) T’"u"’»ﬂvn' S n—lps(a’z)llpllz,ﬂ,n'
Jor n satisfying (3.6.4) (p® are polynomials).

Proof. The proof is analogous to that of [28, Lemma 3.2]. Let u € Ujo, 1
be a solution of (3.6.1)~(3.6.2). Then u satisfies the system of problems

(3.6.26) LA%u=0Lu+ (LIu—35Lu) in [0,T] x R™,
(3.6.27) 07uli=0 =0,

where |o] = 8, £ = Eu; — e .X,-u,l. — Cu. In the same way as in [28] one
should first obtain (3.6.25) with s = 1. Thus we first estimate the derivative
0%u (which is the solution of (3.6.26)~(3.6.27)) in L2(£2!)-norm, applying
Theorem 3.6.1. The derivative u, is calculated from (3.6.1) and estimated
in L2(£2')-norm using the earlier estimate of ;u. The estimates for s > 1
are obtained by induction. =

CoROLLARY 3.6.1. If u € Ur,e = {u € CHRXR™): u=0in (R™\
2)U 2.} (where € > 0 is a constant) is a solution of

(3.6.28) E(v)u;— Y Aj(v)uz; - C(v)u=F inRxQ,
—~

then

(3.6.29) lull? ,axa < 2°@8)n Y IFI: , exn

Jor 1 satisfying (3.6.4).

Proof. Since u € Up,, u = 0 outside some interval [t;,%;]. Hence u is
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a solution of the problem

E(v)u, - 2 Aj(v)ug, —C(v)u=F in[t), 1] x 2,
i=1
u(ty,)=0 in 2.
Then (3.6.29) follows from Theorem 3.6.2. m

4. A mixed problem for a system of linear hyperbolic
equations of the first order in a halfspace

4.1. A mixed problem with nonzero initial condition. In this
section we consider the problem

(4.1.1) Lu=F in[0,T]x 02,
(4.1.2) Lgu=g on0,T]x a9,
(4.1.3) w(0)=f in£2,
where 2 = {z € R™ : 2, >0}, T > 0, L and Lp are given by (3.4.1) and
(3.4.2).
Consider first the problem
(4.1.4) Lu=F forz;>0,12>0,
(4.1.5) Lpu=g forz; =0,t2>0,
(4.1.6) w(0)=f forz;>0.

THEOREM 4.1.1. Let assumptions (3.1.1)—(3.1.5), (3.1.7), (3.1.14),
(3.1.20), (3.1.24), (3.4.13), (3.5.38), (3.5.39) be satisfied. Furthermore, as-
sume:

(4.1.7) FeCop(Rx ), F=0 fort<0,
(4.1.8) geECRHRxIZ), g¢g=0 fort<O0,
(4.1.9) feC§E ().

Then there ezists a unique solution u € C)([0,00) x 2) of problem (4.1.4)-
(4.1.6).

Proof. Consider the Cauchy problem
(4.1.10) Lwy=0  in [0,00) X R™,
(4.1.11) w(0)=f inR™.

There exists a unique smooth solution of (4.1.10)-(4.1.11), which for a suf-
ficiently short time interval [0, §] vanishes identically in a neighbourhood
of z; = 0 (see [12], [4, Chap. IX, Section 3], [25, Chap. IV, Section 4]).
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Take x € C§°(—4,6) such that x = 1 in a neighbourhood of t = 0. Then
u = xwy +w; is a smooth solution of (4.1.4)—(4.1.6), where w; is the smooth
solution of (4.1.10)-(4.1.11), and w; is a smooth solution of the problem

_J F—wdx forzy >0, t2>0,
(4.1.12) Lw, = {0 forz; >0, t<0,
(4.1.13) Lpw;, =g forz; =0, —co<t<oo.m

Remark 4.1.1. Theorem 4.1.1 yields the existence of a smooth solution
of problem (4.1.1)~(4.1.3) if the functions F, g and f satisfy respectively
assumptions (4.1.7), (4.1.8) and (4.1.9).

Further we shall find an H-estimate of a smooth solution of (4.1.1)~
(4.1.3) and we shall prove the existence and uniqueness of solution of this
problem in Sobolev spaces. To do this we shall use the paper [21]. We
repeat the proofs of some lemmas of that paper, but keeping track of the
norms on which depend the constants appearing in the estimates obtained
in the lemmas.

Similarly to [21] consider the differential operator

(4.1.14) P(t,2,0,,0:) = ) pap(t,2)0708
lor+BI<n

acting on scalar-valued functions defined in R x 2. Let further

Po(t,2,0:,0:) = Y Ppap(t,2)0708

|a+Bj=n

be the principal part of P and let

Po(t,z,7,6)= D pap(t,z)r*€”

loe+B|=n

be the characteristic polynomial of Py. Assume

(4.1.15)  pap € CH(R x 2) and are constant outside a compact set K C
R x £2;

(4.1.16) P is strictly hyperbolic in the t direction, i.e. p(1,0,...0),(1,0,...,0) #
0 and P has the representation

Po(t,z,7,€) = p1p,...0),10,..0)(4 T) H(T - A;j)
Jj=1
where the numbers A; = A;(t,z,£) (here € = (&1,...,&m)) are
real and distinct for all £ € R™ \ {0} and for all (¢,z) € R x £2.
Set further

(4.1.17) J = (—00,T].
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LEMMA 4.1.1. Let P be the operator defined by (4.1.14) and let assump-
tions (4.1.15), (4.1.16) be satisfied. Then there ezists a constant ¢ > 0
independent of

(4.1.18)  |Plo = ESUB Pap(t, )| + 67" + S“P |P(1 0,..,0),(1,0,...,0 (t z)|
ap b

(where § = mingy;inf, o |cj=1 |Ai(t, z, &) — Ax(t, 7, £)|) such that for all T>0,
all p € H*(J x 12) and all € > 0 sufficiently small,

(4.1.19)  [@(Dlln-1,0 < e(ellPollo,sxn + € lellnct,ixn

n-1
+ E ||a§;1‘P||n—1,Jxan) .

j=0
Proof. Denote by P"(t,z,0;,0:) the differential operator with symbol
(0/0t)Po(t,z,7,€). Then by [7, Section 3, pp. 74-75]

(4.1.20) Re Py Pp = 8,:Q°%p) + ) 0:,Q7(0) + Qo)

j=1
where Q° and {Q7}T., are quadratic forms (with bounded coefficients, con-

stant outside a compact set K C Rx ) in the derivatives of ¢ of order n—1,
while @ is a quadratic form in the derivatives of ¢ of order less than n (with
bounded coefficients, constant outside K'). Moreover, by {7, Lemma 3.1 and
Theorem 3.1]

(4.1.21) f QW) 2t ¥lli-1,0 - ClWla-2,0  ifn>1,

(4.1.22) f Q%) 2E¥li3 o ifn=1,

n

for all ¥ € C('a)l(.Q) andteJ (E',%) 0 are independent of | P|o).

Integrating (4.1.20) over J x 2 we get
f M= [ Q)+ [ RePo-Po— [ Q'yp).
Jx 2 Jx 2 Jxaa2

Applying further to fan Re P7¢ - Py the Young inequality and the fact
that P7 is an operator of order n — 1 (and similarly Q and Q') we get

(4123) [ Qe(T)) < e(IPol s + 2 IelAon i
2

n-1

+ Z "33;,‘P||31-1-j,.1xan)

=0
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for small € > 0.
If n = 1, then using (4.1.22) we obtain (4.1.19).
In order to prove the lemma for n > 1 we apply the inequalities:

(4.1.24) Ve H Y (2)VT >0

JQ%0) > L I6l2_s 0 — 6|2 5,0 — c*
n

n—-2 '
182,8113-1-5-1/2,00
j=0
where ¢* > 0 is a constant;
(4.1.25) Ve H* Y (IxOR)V0O<j<n-2
:;, n-1-j-1/2,00 = € ,, n-1-35,J%x817
182, (D)l < cf|gz, ¥l
where ¢ > 0 is a constant ([9, Theorem 2.5.6));

(4126) Ve e H'UX Q) Ne(T)lln-2,0 < V2ligllao,ixa-

In order to prove (4.1.26) integrate over ¢t from ¢t = —oo to t = T the
identity

d
E”S"(t)”i-z,n: Z (02¢,0:07¢))o,a + Z (8:(97¢), 02¢)0,q -

lal<n-2 lal<n—2

Then we obtain
T

le(TEzo= [ ) (320,0(82¢))0.0

—o Jal<n-2

T
+ [ 3 (0d820),9%0)0.0 < 200l xa

~00  |aj<n—2
which is (4.1.26).

In order to obtain (4.1.24) write 8 as 8 = 6y + 6,, where 8y € I;V“l(ﬂ)
and 0, satisfies

n—2
(4.1.27) [161lln-1,0 < C Y 1102,6lln-1-j-1/2,00
=0

(C > 0 is a constant). This representation of 8 follows from [9, Theo-
rem 2.5.7].

Let now Q°(-,-) be the sesquilinear form associated with Q°. Then

(4.1.28) Q°(8) = Q°(6o + 61,60 + 61)
=Q%(00,00) + Q°(61,6,) + Q°(61,80) + Q°(60,6:) .
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By (4.1.21) we have
J Q°(60,0) = [ Qo) 2T |66l2_1, — Ell6oli2_2,0
2 2

while the integrals of all the other terms on the right-hand side of (4.1.28)
can be estimated by C1(al|foll2_, 5 + o I61]]3_, 5) (Where 0 < 0 < 1,
Ci1 > 0 is a constant). Choosing o sufficiently small we have

(4.1.29) f Q°(6) > 1e-16oll2_1.0 — Callbul2_1.0 ~ ENI6I% 2.0 -

Further, since ||6o]12_; 5 > 10113, 5 — 101112, o, using (4.1.27) in (4.1.29)
we get (4.1.24). Comblmng now (4.1.23) with (4 1.24) for 8 = (T), (4.1.25)
for ¥(T) = ¢(T) and (4.1.26), we get (4.1.19). =

LEMMA 4.1.2. Let assumptions (3.1.1), (3.1.3), (3.1.4), (3.1.7), (3.1.14),
(3.1.20), (3.4.13), (3.5.38)—(3.5.41) be satisfied and assume that

(4.1.30) V(t,z,v) ERX2XR" Yw = (wy,...,wn) € R™\{0} the equation
det(AE(t,z,v) — 357, Aj(t,z v)w,) = 0 has ezactly n distinct
real roots (z e. system (3 1) is strictly hyperbolic).

Then the restriction to J x 2 of the solution u of problem (3.1)—(3.2) satisfies
the estimate

(4'1'31) ”u(T)"n—lm.n < 7(51’52753)”(6’—1”3,27?’ f)

X (072|| Flla-1,0,9xa + [l9lln-1,n,7x00) »
where p is a polynomial with coefficients independent of F, g, T and 7; @, b, T,
d, € and f are given by (3.3.13) with k > ma.x(m/2+5/2 (m+1)/24n- 1) ]

is as in Theorem 3.5.2, i.e. 7 satisfies (3.5.43); f is a continuous function;
and €, €2, €3 are the constants from Theorem 3.2.1.

Proof. Consider the operator L given by (3.4.1) as a matrix of differen-
tial operators and denote by L® the matrix of differential operators whose
entries are the corresponding cofactors of L.

Let u € Ci(Rx 12) be the solution of (3.1)~(3.2). Then each component
u; of u satisfies

(4.1.32) (det L)u; = (L*°F); + ((operator of order n — 1)u);
for j =1,...,n (see [21]).
Assumptions (3.1.7), (3.5.38), (3.5.39) and (4.1.30) yield that the scalar

operator det L fulfils the assumptions of Lemma 4.1.1. Therefore by (4.1.32)
we get

(4.1.33)  |luj(T)lln-1,2 < c. (€||(L°°F)j||o,an + p1(h)e ™ |ulln-1,7xn
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n-1
+ 3105, ullac1—iax00)

=0
where ¢, > 0 is a constant, p; is a polynomial, h = "i'"c;"(nxﬁ)’ and L
is given by (3.3.12).
Summing up inequalities (4.1.33) we get

(4.1.34) |le(T)lln-1,0 < p2(h) (€|IF lIn-1,0xa + €7 |ulln-1,0x0

n—1
+ Z "3:'.1;,“"11-1—1',])(89) .
j=0
The identity
(4.1.35) dzu=—A7"(Lu- Edu+ ) A;0;,u+ Cu)
i
yields the estimate
(4.1.36) 0z, ulln-1,0x002 < Pa(R)(I| Flln-2,7x202 + llulln-1,7x00) -
Applying next the Young inequality and the trace theorem we get
(4.1.37) NFlln-2,7x80 < c(el Flln-1,0x2 + € | Flla=2,0x82) -
Further
(4.1.38) HFlln-2,0x2 = | Lulln-2,0x2 < Pa(R)||ulln-1,0x2

By (4.1.36)—(4.1.38) for small € we obtain
(4.1.39) [|0z,ulln-2,0x00

< ps(h)(el Flln-1,0x0 + € ulla-1,0x 2 + llulln-1,7x002) -
Now, for 1 < j < n — 1 using (4.1.35) we get
(4.1.40) 8] u= i1 [—Al" (Lu - Edu+ EA‘a,,u + Cu)]

i>1
= -7 (AT'F) + 83 (A7 Ed,u)
- 07 (A7 Y Ad.,u) - 87 (AT Cw).
i>1

Hence using (4.1.37) and (4.1.38) in (4.1.40) we get
(4.1.41) |10, ulln-1-j1x00

< po(h)(ell Flla-1,0xa + €7 {lulln-1,0x02 + l|ulla-1,0x80) -
Putting (4.1.41) into (4.1.34) and multiplying both sides by e~"* we obtain
(41.42) e u(T)ln-1.0
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< pr(h)e ™" (|| Flln-1,0x2 + € M|elln-1,0x2 + l|©lln-1,9x22)
< po()(Ell Flln-1,9,0xa + € lulla-1,n,0x 2 + lllln-1,0,0x00) -
Taking next € =2~'/2 and using (3.5.42) with s=n—1 we obtain (4.1.31). =

Consider now the problem

(4.1.43) LPw=2¢ in J x {2,
(4.1.44) Lg')w =4 on J x 412,
(4.1.45) w(T,)=¢(-) in 2,

where L(*) and L(B') are the formally adjoint operators to L and Lp given
by (3.4.6) and (3.4.11), and J = (-00, T}, T > 0.

LEMMA 4.1.3. Let assumptions (3.1.1), (3.1.3), (3.1.4), (3.1.7), (3.1.14),
(3.1.20), (3.4.13), (3.5.38), (3.5.39), (4.1.30) be satisfied. Moreover, assume

(4.1.46) ¢ € CH)(Rx ), ®=0fort>T,
(4.1.47) 71€ECHMRXxN), y=0fort>T,
(4.1.48) P € CF(NR).

Then there ezists a unique solution w € C("(’,’)(J x §2) of problem (4.1.43)-
(4.1.45) fulfilling the estimate

(4.1.49) nllzuwllu_n)o._m,]xn + IIW|I(1-n)o,-q,1xan
S f(El 1€2y 63)p(ﬁ,3,3,2,5, f)(n_l/2||¢||(1—")°-"')-Jx n
+ 17l =nyo,—nux82 + Nlell1=n)o,—n2) »

where p is a polynomial; @, b, ¢, d, € and f are given by (3.1.13) with
k > max(m/2+5/2,(m+1)/2+ n — 1); f is a continuous function; €1, €2,
g3 are the constants from Theorem 3.2.1; and 0 satisfies (3.5.43).

Proof. By Theorems 3.4.1,3.5.2 and 4.1.1 there exists a unique solution
w € C)(J x £2) of problem (4.1.43)-(4.1.45). It suffices to prove (4.1.49).

Let u be the smooth solution of (3.1)-(3.2). Then integrating by parts
and taking into account

(4.1.50) w= | 2 1+[°] enuxan
L. = | gl 5
(which follows from the form (3.4.11) of the operator Lg)) we obtain
(4.1.51) (F,w)o,uxa = (—u(T),¢)o,n + (u,Plo,sxn
I
+ (Byu!,7)0,0x00 + (AT"u'T v)0,ux0n + (Al'l, [S(?)w’]) .
0,Jx9%2
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Assume that ¢ = 0. Then u € P = ker Lg in J x 912 and

w! .
[S(‘)w'] € P = (AllP])l-
Hence the last component in (4.1.51) vanishes and we get the estimate

(4.1.52) {F, w)o,axal < w(T)lla-1,m2lell(1-n)e,~n,0

+ [ufln-1,n,7x2l|Pll(1-n)e,—9,7x 0

+ pr(a)||ulln-1,9,x00ll7l0-n)o,~9,0x02 -
Using (3.5.46) with s = n — 1 and (4.1.31) we get

|(F,w)o,sxal < p2(3,8,%,d,%, ) fi(en, €2,3)
X 772 Flln-1,n,9xa(ll@ll1-n)o,~n,0
+ 07 2Bl 1-mye - mx02 + IVl 1-n)o,=n,Tx00)
for n satisfying (3.5.43).
Since F € C(":)(J x f2) is arbitrary, from the definition of the norm
| - l(1=n)o,~n,sx 2 We have

1/2 sup |(F, w)o,uxal

recg (rxi) NFlln-1,.7xa
< p2(3,5,%,4,2, ) falen, €2, 3}l (1=nyo .2

+ 772 #ll(1-nyo,-n,ax2 + 7]l (1-n)o,~n,7x80) -

(4.153)  n'*olla_mye,—naxa =7

Assume next that F =0 and g = LpA]! [¢] , where ¥ € C§°(R x 22).

Since 0
w! L 1| Y
[S(‘)w’] € (A[P))" and Lpg (u—A1 [0]) =0,
we have
(a1 (-2 [3]) [ s85ur]) =0
Hence

I
Au, [ t:) 1]) = ('/’, w’)o,.l -
( SMw 0,Jx02 X

Therefore (4.1.51) takes the form

(4.1.54) (¥, wNo,uxaa = (W(T),¥)o,a — (4,P)o,sxn
— (Bau!, 7)o, 0x00 — (ATTu!T, 7)o, sxa0 -
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Estimating (¢, w')o sxan similarly to (F,w)o,sxn above we get
(¥, w)o,ux0al < (T ln-1,n,2llell1-n)0,-0,2
+ [[ulfn-1,0,0x2l|@ll1-n)e,-n,7x02
+ p4(a)"“"n—1,n,.l)(89"7"(1—n)°,—-n,]x69 .

Using the same argument as before and taking into account that w!/ =
SMw! 4 v, we obtain

(4'1-55) ”w”(l—n)“,—n,lxaﬂ S Ps(ﬁyz,zya,?, 7)]:3(51’52’53)
X([lell1=nyo,—n,2 + 12|l (1=n)o,—n.ax2 + IV ll(1=n)0,—n,0x82) -
Combining (4.1.53) and (4.1.55) we get (4.1.49). m

LEMMA 4.1.4. Let the assumption of Lemma 4.1.3 be satisfied. Then the
solution w € C@)(J x §2) of problem (4.1.43)-(4.1.45) satisfies the estimate

(41.56) VO<r<n-1
12 |wllr,—n,sxa + 1]l -n,sx002
S pr(av—b’E,E, Ea .T) |v|k,0,oo.K)fr(51 y €2, 53)
X (07 V2)|Bllr,—nsx2 + 1Vllr=n,7x00 + 1@llr,-n.2) ,

where p, are polynomials; @, b, €, d, g, [ are given by (3.3.13) with k >
max(m/2 + 5/2,(m + 1)/2 + 2n — 1); f, are continuous functions; €1, €3,
€3 are the constants from Theorem 3.2.1; 7 satisfies an inequality of type
(3.5.43); and K is the compact set from Theorem 3.3.1.

Proof. We first prove by induction that forall 0 < s<n -1,
(4.1.57) | wllag1-n)o,—n,xa + 1@l s41-n)0,—n,Ix00
< p(@,8,2,d,%, F, [0k 0,00, k) f* (€1, €2, €3)
X (eli(s+1-n)0,n2 + 77 21 Bll(s41-m)0,~n,x 2

Hivll(s+1-n)0,~n,7x02) -

For s = 0 this was proved in Lemma 4.1.3. Take s > 1 and notice that
07 »w (where 1 < |o| < n — 1) satisfies

(4.1.58)  LM87 w = 87, L™ w + (L™ w ~ 87, LWw) inJx 2,
(4.1.59)  L$07 0 = 87, L w + (LS00 ow - 87, L w)  on J x 802,
(4.1.60) 87 ywle=1 = ha(98L™,8%0) in 2,

where h, is a linear function in the derivatives 8%¢ (|8| < |o|), with coef-
ficients being products of E™~! and the coordinates of the vector 82 L{*),
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where
L =AW G =1,...,m),G; (j =1,...,m),H,C"),

Gj(2,71) = 0z, A}(2, 21, 5(z,21)) + ), By, A}(2, 21, 5(2,71)) 0z, Bi( 2, 71) ,

i=1
H(z,21) = 0,E*(2,21,%(2,21)) + ) _ 0y, E*(2,21,%(2,21))00i(2, 71), °
i=1
with z = (t,z') (we have used here (3.4.7)-(3.4.8)).

As in Lemma 4.1.3, let u be the smooth solution of problem (3.1)—(3.2).
Then integrating by parts and taking into account (4.1.50) we get

(4.1.61)  (F,07w)o,sxn = —(u(T), he(85L™),880))0,n
+ (u,0¢ . ®)o,yxa + (u, L(‘)fo,w - 07 LM w)o sxn
+ (Bau!,87 7)o, uxsa + (A"u!,07 . 7)0,ux00
+ (B!, L“’a”,,w or ,.L w)o,.lxan
+ (AT 07 0 - 87, LS w)o,x00

t,z!

I
L =01 ) R
S w 0,Jx90

Let |¢| = 1. Then
(4.1.62)  (F,87w)o.0xa = —(w(T), ho(32L™,82¢))o0,0
+ (u, 8;",,,45)0';,(9 + (uaf:,,E‘, w)o'.]xn

- (“iazr”‘;’w’f)o,nn - (u(éaj -H- C‘)’w)o,an

+ (Bau',07 7)o, axaa + (A{Tu!T, 87 7)o, yx00

+ (Bpu'df? ,,'LB ,wo,sxoa + (AJTul! g;:Lg),w)o,Jxan

w!
+ (Aluy [ - l]) .
$®lw 0,Jx892

Assume that ¢ = 0. Then the last term in (4.1.62) vanishes and we
obtain

(4163) I(F 3"3,10)0 anl < (a. b C,d € f I.‘Ikom}()
X (Iu(Dln-102 Y 19Zell1-no,-n,0
181<1

+wlln-1,m0xa D 1072@l-n)e,~nsxa
lel<1
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+ |[ulln-1,nx02 I 1872wll(1-n)e,—n,7x2
lei<1

+ |ulln-1,9,7x02 Y 107z 1=n)o,—n,7x02
lo|<1

+ [ulln-1,m,sx00 101 -nyo,n,5x00 ) -
Using now (3.5.46) with s = n — 1 and (4.1.31) and summing up over all

o with |o| < 1 we obtain for sufficiently large 7 (satisfying (3.5.43)) the
estimate

(4.1.64) 772 )" 107 wlla-nyo,—nuxa < P2(3,5,2,d,7, [, 1]k,0,00,K)
lol<1

x filer,e2,e3)( 3 102l -mpo,~n,a
1811

173 100 Bla-mo,-naxa + D 1972 1ll-mo,-nix0a) -
lo1<1 lol<

the same way we get

(4'1'65) Z ||37,z'w||(1—n)°,—n,1xan < 53(6’-5,?1‘7)2’ ]) Ivlk,o,oo,l\’)
fel<1

x fa(er,e2,€0)( Y 1020lla—nys, -0,

181<1
+ 072 ) 1187 Blla—me,—naxn + Y, 1072 wlla—n)o,~nixn
Je|<1 [o]<1
+ 3 192z -mor-naxon) -
le|<1

Adding (4.1.64) and (4.1.65) and taking 7 satisfying (3.5.43) we obtain
(4166) 1’1/2 Z "azr'w"(l—ﬂ)".—n,.lxﬂ + E ”af,:c'w"(lon)“,—n,Jxan
lel<t lel<1
S 5‘(513127‘—1’E’ fv lvlk.o,oo,K)}:'s(El 1€2, 53)
X ( 102¢lic1-nyo,~n,2 +77* 3 1107 2 Bll1-n)o,-n,sx2
<1

181 le|<t

+ Y 1827l -mo,-n,9x00) -

lel<1
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In order to estimate d;,w in J X 2 we shall use the identity

(4.167) 9w = (A} [Lw+ E*dw - ) Aj0.,w
. i=2

—(EM:G,- - H-C")u|
=t
and the inequality

(4.1.68) I8ll(1-n)e,—n,sxa < Cn7 10eBll1-nyo,—n,sx 2
if ¢(T) = 0 (see [21, p. 279]).

Thus we find that 7'/2||8;, v]|(1-n)o,—y,7x 2 is also estimated by the right-
hand side of (4.1.65). Hence

(4.1.69) n'/? Z 102, wll(1-n)o,—n,sx2 + z 0% zwll(1-nyo,~n,sx80
lv|<1 le]<1
S 55(5,3,5,(_1,?, f’ l'vlk,o,oo,l\’)f1 (51’52, 53)
X

(3 108 0lici—nyo,n + 7772 3 1072@ll1-mpo =, w2
181<1 lel<1

+ E ||a;’,z'7"(l—n)°,—n,JX39)-

lel<1

Notice further that applying integration by parts, for every ¢ € C("g’)(J x {2)
we obtain

1(0F B, ¥)o,ux 2l = (P, 07 2¥)0,ax 0l < Cl|®|l2=n)o,—n,sx2l|®lln-1,n7x0
for a constant C > 0 and for all & with |o| = 1. Therefore

|(0F P, ¥)o,ax 2l
(4.1.70) (1070 ®ll(1onpo—msxa =  sUP 7 x
vecs, (IxM Nolln—1,7,0x2

< allPllz-n)o,~nuxa
for a constant ¢; > 0. In the same way we can prove
(4.1.71) ”3599“(1—7;)0,-7,,9 < Cz”ﬁP"(z—n)o.—n,n )
(4.1.72) 19F 27 ll(1-nyo,~maxaa < esl|7ll2=n)o,—n,sxa0

for some constants ¢3,¢3 > 0.
Using (4.1.70)—(4.1.72) in (4.1.69) we obtain

(4.1.73) g/ Z 18¢ zwli(1-r)o,~n,0x2 + Z 197 2wl (2 ~nye,~n,ux 82
jvi<1 le]|<1

< p'(@,5,%,4,5, J, [vlk0.00,k ) [ (€1, €2, €3) (|0l 2= )0, —n, 2
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+ 77'1/2||¢||(2—n)°,—n,.1xn + 17ll2=n)0,~n,7x802) -

Assume now that for j = 0,1,...,7r—1 (where r < n—1) we have proved
the estimate

(4.1.74) 771/2 Z “atu.r"’”(l—n)°.—n.1xn + Z ”af,x'w||(1—n)°.—n,Jxan
vigi lol<i
S i’fj(ﬁvT’-vE’Ti,E, fv |v|k,0.co,K)fj(51,52,53)
% (X 1020l-nyoms + T2 3 10808l i

lvI<i lo|<i
+ 3 102l -ms ~nixa)
lo1<i

where the 7’ are polynomials.

We shall prove that the above estimate is true for j = r. To do this
consider problem (4.1.58)-(4.1.60) with |o| = r and let u be the smooth
solution of problem (3.1)-(3.2). Using (4.1.61) we get

(4.1.75)  (F,07 pw)o,uxa = —(w(T), he(92L™),820))0,0

+ (4,87 1 ®)o,ax02 + Z (Z)(ua;i;,“E*,a;fz,(a,uy))o,J,n

u<o
- z (Z) (u E af,;'“A;’a::r'(a‘iw))o Ix0
pu<o i=1 ,
A
u<o i=1 |

+ (Bou!, 87 7)o, uxaa + (AT, 87 7)o, sx00

o _ ‘ _
- Z (ﬂ) (Bzula;”z’# L(B)7 af,:'“"’)O.Jxan

u<eo

g o— *
- E (u) (Al’,urlat,x'“L(B)’ at“,z’u,)ovjxan

u<o

1
+(A1u,[ w ,]) .
Stw 0,Jx80

Assume that ¢ = 0. Then using (4.1.74) with j = r — 1, (3.5.46) with
s = n—1 and (4.1.31), and summing up over all o with || < r we obtain
from (4.1.75) the inequality

(4.1.76) 7'/? Z 107 2 wll(1-nye,-n,ux 0
lel<r
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<m (E,?,E,E,E, .77 Ivlk.U.OO.K)fl (61 1€2, 53)

x (32 1026la-mpo,—na + 772 3 1070 ®lla-nys,-nixa
181<r fol<r

+ 073 18 wll-mo,—naxa + Y 105ell1-nys,—n.ax0a),
lol<r lol<r

where p, is a polynomial and E is a continuous function.
Assuming now that F = 0and g = L A7! ['g] (where ¥ € C§°(Rx 12))
we get
(4.1.77) z 188 s wll(1—n)e,—n,sx 802
lel<r
< pa(@,5,,4,%, F,|]k,0,00,6) f2 (€1, €2, €3)
x (32 102 ¢ll—nye, 0,0+ 172 3 10728l -mpo,=n,x0

18]<r lel<r
+772 ) 107wl —npe,-naxa + Y ||37,='7"<1-")°-""“3")’
loj<r lol<r

Adding (4.1.76) and (4.1.77) for 7 satisfying (3.5.43) we obtain
(4.1.78) 92 )" 107 wlla-no,—noxa + I 187awll-nyp,—nIxs0
lei<r le|<r
= Pa(aj,fj,i, f1 |v|k,0,oo,K)f3(El7€27 53)
x (2 102¢lla-mo,-na + 172 37 107l -npo.-n,sxa
I81<r

lol<r

+ Z Ila:z'7||(l—n)°,—n,.lx8r)) .

lel<r

Notice that

r
Z ”a'uvzw”(l_")ov_nv"xn = Z llaztwll(]—")on-ﬂ;JXQ

W<r p=0
= Z 10 wlla—momaxa + Y 107,88 wlla-nye,—n,sxn
0<g<r-1
g+ <r

(where 0} ,w, O] ., w and 8f, 03w denote the vectors composed of the
derivatives of w of orders p and q + q1 respectively).
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Applying now the formula (see [28})
-1

(4.1.79) 0w = za Ji(A? L('))aql—i—'l¢

-1
+ 3 0Lgi (AT Bt + 2 A4 BN
j=0
(where f;, g; and h; are polynomials with respect to their arguments) we
obtain

(4.1.80) |97 20D W|[(1-n)0,—n,Ix0
n-1 ¢

< c(zo Zollag:’qat a:fi A‘ -1 L(.))aq+ql_' 1¢”(l-'n)'-" -n,Jx 2
i=0 §=

q1 q
+3° 311675707 g, (A Y, TN T wl| (g o, sxa
7=0 §=0

-1 ¢

+ ) Y l68270] hj(AtT, LN)afEn _IWII(I—n)o.—n.an)

=0 =0

.

< 54(6’-5’3’3’5’ .7’ |v|k,0,o-o,K)};(51,52,€3)
X (X 1050®la-me,—nixa+ X 10Fwlla-mo,-nxa) -
lej<r-1 lo|<r
Using now (4.1.68) for 07 ., and (4.1.78), (4.1.80) we get

(4.1.81) 92 > |82 wll1—myo,—naxa + P, 107z wll(1-n)o,—n.sx00
lvi<r lo|<r

S 55(51313’—‘161 .77 Ivlk.ﬂ,oo,K)fS(El 1 €2, 53)

X (32 1028ll1—nyo,n0 + 172 3 110728l =m0 ~n,x
181<r lol<r

+ E "37,::'7"(1—71)0.—7;,.])(39) .
lol<r
Thus we have proved (4.1.74) for 0 < j < n — 1. Using in (4.1.81) the
inequalities
(4.1.82) ”ag.z"p"(l—ﬂ)%-n,-lxﬂ < C‘”¢”(j+l—n)°.—n,JXﬂ )
(4'1'83) ||‘9£S°||(1—n)°,—n,n < C2"¢”(j+1—n)°.—n,n ’
(4.1.84) |37 z7lla-nye,~nuxa < Call¥lli+1-n)0,~n,ux02
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(0<|o]=j <n-1)and Lemma 2.1.4 we obtain

(4.1.85) 7’1/2""’"(1'+1—n)°.—n.-lxﬂ + llwll;+1-n)e,-n,7x82
S pf(ﬁ,_b,z,_d,z, .7! lvlk.O,oo,K)fj(eheheii)
X ([lelli+1-nye,—n,2 + 072Dl 41-m)0 - n,0x 2
+ "7“(_1'+1—n)°,—n,]x8.ﬂ) ’
where 0 < j<n-1.
For j = n — 1 we have the estimate (4.1.56) with r = 0. For 0 < r <

n — 1 we obtain that estimate similarly to (4.1.85), i.e. considering problem
(4.1.58)—(4.1.60) and using (4.1.56) with r = 0. =

Remark 4.1.2. Since problem (4.1.4)—(4.1.6) is formally adjoint to
(4.1.43)—(4.1.45), the smooth solution u of the former with F € C("‘;’)(R x £2),

F=0fort<0,9€C&Rx002),9g=0"Fort<0and f € C§(2) satisfies
the estimate (4.1.56) with some polynomials p,, continuous functions f, and
the constants €7, €3, €3 from Theorem 3.4.1. In particular,
(4.1.86)  7'"|lullo,n 0,002 + llullo,n 0,000 x20

< po(i,;,f,?l,?, f’ Ivlk.ﬂ.oo,K)fO(E;’E;a 8;)

X ([ fllo,n.2 + 77—]/2||F”0,11,[0.oo)xn + lgllo,n,[0,00) x822) -
Using the same argument as in Remark 3.5.1 we find that the restriction of
u to [0, T satisfies
(4'1'87) nllzllullomylo:ﬂxn + ||u”01"ll0|7']x60

S pﬂ(a)—biz'rz’Ea fv |v|k,0,oo,K).70(€;7 5;7 5;)

X (| fllo,n,2 + 17 | Fllo,n o, 11x2 + llgllo.nfo,11x52)
(in (4.1.86) and (4.1.87), n fulfils the inequality from Theorem 3.4.1).

Let now w (as before) be the solution of problem (4.1.43)-(4.1.45). We
shall find an estimate for w(t,-) for t < T. To do this consider once again an
operator P(t,z,8;,0;) given by (4.1.14) and satisfying assumptions (4.1.15)-
(4.1.16).

LEMMA 4.1.5. There ezists a constant ¢ > 0 independent of |Plo (see
(4.1.18)) such that for all T with t < T and for ¢ € H*([t,T] x £2) with
¢ = 0 in a neighbourhood of {(t,z) : t = T, z; = 0} and for sufficiently
smalle > 0,

(4.1.88)  |l@()[ln-1.2 < c(||<p(T)||,._1,n + el Polln-1,e,11x 2
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n—1
+e 7 @l gem1x0 + 3 193, @llnc1-sie71x00 ) -
i=0

Proof. The proof is analogous to that of Lemma 4.1.1. Integrating
(4.1.20) by parts over J x £2 we get

(4189) [ Q°¢(1) < c(lle(T2or,0 + ¥lIPello.sxa
2

n-1

+e lollio1,0x0 + Z ||3£,¢||3.-1—j,1xan)

j=0
for small € > 0.

If n = 1, then (4.1.22) finishes the proof of the lemma. For n > 1,
(4.1.88) follows from (4.1.89), (4.1.24) and the following two inequalities:

(4.1.90) Ve € H*1([t,T] x 22) : ¢ = 0 in a neighbourhood of {(t,z) :
t=T,zy=0}andV0<j<n-2
||31,¢(t)||n-1—j—1/z,n < C||3i,¢||n—1—j.lt,nxan ’

(4.1.91) le(Blln-2.2 < V2lella-111x0 + [(T)lln-2.02-
To prove (4.1.90), set

G = 3l o fort<T, 2y =0,
0 fort>T, z; =0.

Then (4.1.25) with J replaced by [t,00), applied to @, yields (4.1.90).
In order to obtain (4.1.91) integrate the identity

d
GleOh0= Y 020,0(2eoa+ Y, (3/37),02¢)0.0
jal<n—-2 laf<n—2

fromT tot. =

LEMMA 4.1.6. Let assumptions (3.1.1), (3.1.3), (3.1.4), (3.1.7), (3.1.14),
(3.1.20), (3.4.13), (3.5.38), (3.5.39), (4.1.30) and (4.1.48) be satisfied. More-
over, assume

(4.1.92) $=0, 7=0.
Then for the solution w of problem (4.1.43)-(4.1.45) we have
(41.93) Vt<T |lw(®)lln-1,-n0 < Pa,5,%,d,%, f,[v]k0,00,x)
x flersez,€)[[w(T)lln-1,-n2>

where p is a polynomial; f is a continuous function; @, b, €, d, € and f are
given by (3.3.13) with k > max(m/2 + 5/2,(m 4 1)/2 + n); n satisfies an
inequality of type (3.5.43); K is the compact set from Theorem 3.3.1.
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Proof. Consider the operator L(*) as a matrix of differential operators
and let L(*)<° denote the matrix of differential operators whose entries are
the corresponding cofactors of the matrix L(*).

Let w € CG)(R x {2) be the solution of problem (4.1.43)-(4.1.45). Then
each component w; of w satisfies

(4.1.94)  (det LM)w; = (L*)°d);
+((operator of order (n — 1))w); (j=1,...,n).

The operator det L(*) fulfils assumptions (4.1.15)~(4.1.16). Hence applying
Lemma 4.1.5 to w; (j = 1,...,n) and summing up the resulting inequalities
over j we get

(4.1.95)  [lw(®)[ln-1,0 < Px(h“’)(EIIw(T)IIn-l,n + €l[@lln-1,e,11x02
n-—1

+e  wllamrjemixn + 30 105, wllac1—siem1x00 )
=0

where h(*) = "L(')"c;-'(axm-
The identity (4.1.67) yields the estimate
(4.1.96) ||3nw||n—2,[z,71xan
< pa(K)(|®ln=2,t,11x00 + [[@]ln=1,t,T)x50) -
Using the Young inequality and the trace theorem we obtain
4197 N®lla—zemixa = 1Lz, 1100 < P3(R)wllamr i 1ix -
From (4.1.96)—(4.1.97) we get
(4.1.98) 10z, wllnz (e, 11x2 < PAROYENPllnor e 11x 02
+ 5—1 "w”n—l.[t.T]xﬂ + ”w"n—l.[t,T]xaﬂ) .
In the same way we can prove
(4.1.99) |82 wlln-1-jfe.11x80 < Ps(RO)(El®lln1 e 11x0
+ e wlln1 fe1x0 + [Wllno1gemixen) (G =1,...,n).
Using now (4.1.92) and (4.1.99) in (4.1.95) we obtain
(4.1.100)  [lw(®)lln-1,0 < Ps(h)(Ellw(T)|In-1,0
+ e [wlla-1,i6.11x2 + [wlin-1,i5,11x002) -

Multiplying both sides by e", taking ¢ = n~1/2 and applying (4.1.56) with
r =n — 1 we obtain (4.1.93). =

LEMMA 4.1.7. Let assumptions (3.1.1), (3.1.3), (3.1.4), (3.1.7), (3.1.14),
(3.1.20), (3.4.13), (3.5.38), (3.5.39), (4.1.30) and (4.1.7)-(4.1.9) be satisfied.
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Then the solution u € CR)(10,T] x §2) of problem (4.1.1)-(4.1.3) fulfils the
estimate

(4'1 '101) ”u(T)HO.n,ﬂ S p(ﬁ,—b,f,a,-é, 77 lvlk,O,oo,K)f(el 1 €2, 53)

X(1fMlo.n,a + 1072 Fllonjo.m1xa + Ngllonjo.mixan)

where p is a polynomial with coefficients independent of F, g, f, T and n;
f is a continuous function; @, b, €, d, € and f are given by (3.3.13) with
k > max(m/2+ 5/2,(m+ 1)/2 + 2n — 1); €1, €2, €3 are the constants from
Theorem 3.2.1; and 7 satisfies an inequality of type (3.5.43).

Proof. Let u € C)([0,T] x {2) be the solution of problem (4.1.1)-

(4.1.3) and let w € C)(J x £2) be the solution of (4.1.43)~(4.1.45) (the
assumptions of Lemma 4.1.6 are satisfied). Then

(u(T), w(T))o,a = (u(0), w(0))o,2 — (F, wo,jo,rx 2 + (A1, w)o j0,1x002 -
Since u!/ — Sull = g for z; = 0, we have

[+ [i] e

Hence v = [g] (mod P) for z;y = 0. Therefore taking into account that

7 = 0 (see assumption (4.1.92)) we have

Il
(A1, w)o,f0,1x00 = (A1 [ Suu] ) + (Afg,w"oo,rxon
0,[0,T|x802

+ (B29, w0 0. mx80 = (Alg, w o0, 1x80 + (B29, w o j0,11x00 -
By both above identities we have

(w(T), w(T))o,2 = (u(0), w(0))o,2 — (Fyw)o,jo,1x 2

+ (Al!l,w )o,[o Tixa0 + (ng,w )o (0,7]x38%2 -
Usmg now (4.1.93) and (4.1.56) with r = n — 1 we get

(41102) I(U(T), (P)O,ﬂl S Di (a,-5,t, d7-é» f? Ivlk.o,oo,l\’)
X filer,e2,€3)ll@lln-1,-na2(lflla-n)e 0,2

+ 07 2| Flla=nye m,jom1x 2 + l9lla-nyo n,f0,11x00) -
From (4.1.102) and since w(T) = ¢ € C§°(R2) is arbitrary we have

"u(T)“(]—n)",n.ﬂ S pZ(Evzaia_daE’ fa lvlk,o,oo,]\’):f; (51 1€2, 53)

X1 £l =npe m2 + 772N Flia—n)o mfo,1ixe2 + 9ll(1=n)s,n,00,11x822) -
Notice now that f,,u (where 1 < o < n — 1) satisfies

(4.1.103) L8y u = 37, Lu+ (L7 ;ou — 87 s Lu) in [0,T) x 2,
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(4.1.104) Lp0;,u= 07 Lpu+(Lpdf . u—07,Lpu) on[0,T]x 302,

(4.1.105) 97 u|i=0 = ho(3EL,0°f) in 2,
where %, is a linear function in the derivatives of 3%¢ (|8] < |o|) with
coefficients being products of A7! and of components of 3°L. Using the

same argument as in the proof of Lemma 4.1.4 (applying (4.1.103)-(4.1.105))
we can show by induction that

Z Ilat‘l,xu(T)”(l—n)",n,ﬂ S 5,-(5,3,5,(—1,5, 7’ Ivlk,o,w,K)ﬁ(sl?52’E3)
[vI<r

X (1 fllr+1-n)ome2 + 172 Fll(r41-n)0 mo,11x2 + |9ll(r+1-m)0 ,m,f0,T]x52)
for 0 < r < n—1. Hence, using [9, Theorem 2.5.4] we obtain

”u(T)”(1‘+1—n)°.n,ﬂ < pr(ﬁ,z,?,(—i, €, f’ |U|k,0,oo,K)fr(5l’€2a 53)
X (1 flr41-myo,m.2 + 77 21 Flltr41-n)0 m,f0,11x 2
+ “g”(r+1-n)°,n.[0,'1"]x317)
for 0 < r < n — 1. In particular, for r = n — 1 we have the assertion of the

lemma. =

DEFINITION 4.1.1 (see [21]). A function u € L2([0,T] x £2) is called
a strong solution of problem (4.1.1)-(4.1.3) if there exist a sequence u, €
C)([0,T] x £2) such that Lpu, = g on [0,T] x 812 and a function uo €
L*([0,T) x 012) satisfying, as u — oo,

(4.1.106) |y = ullojo,rix2 — 0,
(4.1.107) |y — uollo,o,11x82 — 0,
(4.1.108) |Luy — Fllo,jo,rix2 — 0,
(4.1.109) luu(0,-) = F()llo,2 — O,
(4.1.110) Lpug=g on[0,T]x 8n.

THEOREM 4.1.2. Let assumptions (3.1.1), (3.1.3), (3.14), (3.1.7),
(3.1.14), (3.1.20), (3.4.13), (3.5.38), (3.5.39) and (4.1.30) be satisfied. Fur-
thermore, assume that

(41.111)  Fe H([0,T]x R), g€ H*([0,T]x8%2), fe H (),
where 0 < s < k, k > max(m/2+ 5/2,(m+1)/2+ 2n — 1), and
(4.1.112) VO<j<s—1 8] F|izo=0{gl=o=0.

Then there ezists a unique strong solution u € ITI3([0,T] x 2) N H*([0,T] x
012) of problem (4.1.1)-(4.1.3) satisfying for 0 <t < T the estimate

(4.1.113)  |u(®)3 0,07 + nllull] .00 + Il 4,00
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< fa((e )a—lr(E; ?:1)[?8(‘1—’3’5’2’2’ /s |v|k.0,°0,1\’)”F”3,n,n'
+ q,(i, b,¢, d,?, f’ |v|k,0.oo,K)"g"§'-,,,ant

+ r,(&,?,?,c—i,ﬁ, .?v |”|k.0.w.K)||f||3,n] ’

where 2 = [0,t] x 2, 802 = [0,t] x 62; @, b, T, d, € and [ are given
by (3.3.13); ps, q, and r, are polynomzals for 0 < s < k, while p, = px +
Pr-1€2"T2 | qi = Qi+ qu—1€®"T% and ry = Tk (P, Gk, Tk are polynomwls Ty >

0 is such that the function S is constant outside a compact set [T}, Ty] x
K. C Rx 2); (&:)3., and (¢})3., are the constants from Theorems 3.2.1

and 3.4.1 respectively; f, are continuous functions; K ts the compact set
from Theorem 3.3.1; and 7 satisfies the inequality

(4.1.114) n> f((ei)e“h (g3 ?=1)p(ﬁ,—b,7:,(_i,i, f, |vl%,0,00,%)
(p is a polynomial, f is a continuous function).

Proof. Take sequences (F;), (9-) and (fs) such that F; € CG}(R X 2)
and F, =0fort <0, g, € CH)(Rx 92) and g, = 0 for ¢ <0, fa Co°°(.Q)
and, as g — 0

(4.1.115) F, - F in H}(QT),
(4.1.116) go—g in H*O0T),
(4.1.117) fo=f in H(R).

By Theorem 4.1.1, Remark 4.1.2 and Lemma 4.1.7 there exists a unique
solution u, € C(o)([O T)x §2) of problem (4.1.1)-(4.1.3) with F, g, f replaced
by F,, 9o, fo respectively, satisfying for 0 < t < T the inequality

(4.1.118) luo (D13 1,0 + 2llnall 5, 0¢ + ualld 5 50¢

<f0((€l 1,(5 )3 1)P0(a b [ de fvlvlkOOvoK)

X (1Fell3, 0,00 + lgall§ n00¢ + I1£2113,0) -
Repeating now the proof of (28, Lemma 3.2] we get (4.1.113) with u, F, g
and f replaced by u,, Fy, g, and f,. Therefore by (4.1.115)-(4.1.118) and
inequality (4.1.113) written for the differences u, — uz, F, — F3, go — 95
and f, — f; there exists v € II§(R2T) N H*(8027T) such that u, — u in
3(2TYN H*(8027T). Then u is a strong solution of problem (4.1.1)—(4.1.3),
satisfying (4.1.113). =

THEOREM 4.1.3. Let assumptions (3.1.1), (3.1.3), (3.1.4), (3.1.6a)-
(3.1.6b) with k > max(m/2 + 5/2,(m + 1)/2 + 2n — 1), (3.1.7), (3.1.14),
(3.1.20), (3.4.13), (4.1.30) and (4.1.111), (4.1.112) with s = k be fulfilled.
Moreover, assume

(4.1.119) v e HERT)N HYONT),
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(4.1.120)  there ezist sequences of n X n-matriz-valued functions E,, A;,
(j=1,...,m),C,, S, € C®°(R x 2 x R") such that:
(a) E,, Aju, C,, S, satisfy for any p conditions (3.1.1), (3.1.3),
(3.1.4), (3.1.7), (3.1.14), (3.1.20), (3.4.13), (4.1.30) and E,,, A; .,
CuySu— E,A;,C,S inCERx 2 %xR") as u — 0;
(b) for any z = (o, Zo, V0, M0, o) € R X 2 x R™ x [0, 00) x R™ with
Im0] + [Co| # O the function

_ | M(z) Jorp=0,
ma) = { el T < ac

(where M(zg) is given by (3.1.21) and M ,(2) by the same for-
mula with the subscript u added where appropriate) is continu-
ous in an interval [0, o] (where pg < 1) and the multiplicities
of its eigenvalues in [0, o) are constant.

Then there erists a unique solution u € IIE(NT) N H*(002T) of problem
(4.1.1)-(4.1.3) satisfying for 0 < s < k the estimate
(4.1.121)  Ju() 0,0 +allull}, 00 + lull} g 000
< Pa([lk,0,00,07: 12llk,00m I FIIZ . a¢
+ @5(|vlk,0,00,275 ||V, 397)”9”2,1;,3!7'
+ 75 (1915,0,00,07: 10llk, 0271 113,25

where P, Ps and q, are polynomzals for0 < s <k, and p; = pk + pr_1e277z,
@ = G + qr-1€2"T2 (p and q are polynomials; Ty > 0 is such that the
function S is constant outside a compact set [T}, T3] x K, C R x 2)); 7,
are polynomials for 0 < s < k; and 7 satisfies
(4.1.122) 1 > p|v]k,0,00,07; |V|lx,5027)
(p is a polynomial). '

Proof. We first prove the theorem under the assumption that v €
Ci(R x £2). To do this take sequences E,, Ajy (j = 1,...,m), Cy, Sy
satisfying assumption (4.1.120).

In view of Theorem 4.1.2, for any p < po (where yo < 1 is a constant)
the problem

(4.1.123)  Eu(v)uue— Y Aju(v)tys; — Cu(v)u, = F  in 07,
j=1

(4.1.124) [, =S,(V)]uu =g on 80T,

(4.1.125) u,(0,7) = f(-) in 2
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has a unique solution u, € MF(2T)N H¥(8027T), fulfilling for 0 < t < T and
0 < s < k the estimate

(4.1.126)  |u (V)13 0,07 + nllwull, g0 + Nuull, 0,000
< fa((e'u) =1 (6”‘) =1)[Ps(@,s, b,,,c d »€us fm v x,0,00 K)”FI
+ q-’(al" b“’ ‘_i € 23] fl” |v|k.0v°°;K)”g“a,n,8n'

+ r,(a,,, bu’ c, d em f_m |v|k,0.°°.K)”f”§,9] )

3,7,02

where
(4'1'127) n> f((elu)|_1)(6|‘4 l)p(aﬂvbmc d em.f#vlvlk()oo K)

a, = ILulkO 00, R™ x[0,00)» Oy = ||Lu||c';,(nxnxn-) + ||5u||c';,(nxnxa-), ey =
|S“|k,o_°°'nmx[0,w), fu = ”S“”k'nlnmx{:h:o}, and Lﬁ and L‘, are given
by (3.3.11) and (3.3.12) with E”, A}, C" and E, Aj, C replaced by the
respective operators with subscript u.

Since v € C) (R x 2), in view of (4.1.120)(a) we have

(4.1.128) @b, fu—a,b,e,f aspu—0,
while by the proof of Theorem 3.2.1
(41129) (Eiﬂ)?=1’ (E:p)?=1 - (Ei)?zla (E:)?zl as pu— 0.

By [1, Theorem 2.8]
(4.1.130) 3e>0V1<p<ooVu<p VOLKt<TV0<Ls<k

|ul-l|.2s,0,p,.17‘ < Eluﬂlz,o,oo,ﬂ' :
Therefore using (4.1.128)—(4.1.130) in (4.1.126) and (4.1.127) we obtain

(4.1.131)  coluu(t)3p 072" + 77”“;4”3,7,,0' + luull3 5 00¢
< p:(ﬁ,_b,E,Ti l”lk 0,00 K)“F”s .0
+ q:(a'»E,E d1E, f’ Ivlk 0,00 K)”g”,,,,,an:

+r,(a b <, d 3 f IvlkOO-oK)"f”sﬂ’
(where 0 < s <k, 0<t<T,1<p< oo; pl, q;, ry are functions of the
same type as p;, gy, Ts; o = 1/Cp) and
(4.1.132) 7> p*(a,,%,d,%, f, |v|k,0,00,k)

(where p* is a polynomial).
Hence we can choose a subsequence of (u,), still denoted by (u,), such
that

Vi<p<ooV0<s<k u,— uweaklyin ITp,(2T)n H*(RT)
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and u, — u strongly in C'([0,T] x ]?,) as u4 — 0 for any compact set
K. C {2. Therefore (4.1.120)(a) implies that u satisfies (4.1.1)—(4.1.3).
Moreover, by (4.1.131) and [1, Theorem 2.8] u satisfies
(4.1.133)  colu(t)lzo,ae™®™ + nllulll, a0 + lulll 5,000

< p:(ﬁ’-&?)a’?’ -7’ Ivlk,o.oo,K)”F"in,n'

+ q;‘(ﬁ,"E,'é,Ti,E, 71 |”|k.0.oo.K)||§||§,n.an'

+ T:(G_,E,E,Ti,é, f) Ivlk,o,oo,K)“flli,n )
where 0 <t<T,0<s<k.

(4.1.133) implies additionally the uniqueness of u.

Assume now that v satisfies (4.1.119). Hence v € IT§(2T)NH*+1/2(QT).
Consider the following cases:

1° [0,T] C [T}, T7);

2° [Ty, T3] € [0, T;

3 [T7, T7]n[0,T) = [0, 73] v [T, T3] N [0, T] = [T}, T};

4° [0, TIN [T}, T7)=0.

Consider first case 1°. Define v* = v]jp,rjxk, and using Lemma 2.1.3
extend v* to a function v* € H§([Ty, T3] x K.)n H*H\2([Ty,Ty] x K)
which satisfies
(4.1.134)  [0%x0,00,077 151x K. F 0" k172,75 751 K.

< a1(|v*lk0,00,00,11x K. + V" [lk41/2,0,11x K. )
< e2(|9lk,0,00,07 + Vllk41/2,027)

< e3(|v)k0,00,27 + |Vllk,007) »
where the constants ¢;,cz,¢3 > 0 are independent of v. Applying again
Lemma 2.1.3 extend 7* to a function Egxg~7*€ IIE(RxR™)N H¥+1/2(R x
R™) satisfying
(4.1.135)  |ERxRmv*[k,0,00,Rx 2 T | ERxR™ V" || k41/2,Rx 2
< c4(|v‘|k,0,oo.[Tl‘,T;]xK, + llv'||k+1/2,[T;,T;]xK,),

where Eqxg~ is the extension operator from the proof of Lemma 2.1.3.

Since V1 < p < o0, 3* € IT§ ([T}, T3] x K:) N H*V2([Ty, T3] x K.),
the proof of Lemma 2.1.3 implies that V1 < p < 00, Egxan9* € II§ (R X
R™)n H¥1/2(R x R™).

Take now a nonnegative real function J with the properties:

(a) J € C§°(R X R™),

(b) J(t,z) = 0 if /22 + |z > 1,
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(c) f J(t,z)dtdz = 1,
RxR™

and a function w defined almost everywhere in R x R™. Define operators P;
(t=1,2,...) by

(4.1.136) Piw = Jyyi + (Yiw),
where Jl/i(t’z) = (l/i)_m-iJ(it,iz), ‘l/)'-(t,.’t) = 'b(vtz '*'I:I:I2 -1 ’ 1/’ €
C>(R) and
_J1 ifs<o,
¥(e) = {o ifs>1.
Set
(4.1.137) v; = P;Egyg~?" fort=1,2,...

By [3, Lemma 5.2]) and [1, Lemma 2.18, the proofs of Lemma 3.15, Theo-
rems 7.38 and 7.40], we have v; € C§°(R x R™) and

(4.1.138) w7y 131wk, = V"
in 11§ ([T}, T3] x Kz)n H¥M2((Ty, T x K.)
for any 1 < p < 00 as 1 — oco. Moreover,
(4.1.139)  |vilk 000,072, T51x K. + WVillksr/2,072 151K,
< es([9*|k,0,00,0m7, 131 x K, + W0 [k41/2,117 , T31x K, ) -

In fact, (4.1.135)-(4.1.137) and the proof of [I, Theorem 7.38] and
(3, Lemma 5.2] yield

lvilk 0,4z T1x K.+ WVill k72,012, 7510 K,
< c6(| PiERxR™ V" |k,0,00,T;, T51x K. T+ | PiERxR™ V" |[k41/2,[T; T51x K. )
< e7(|ErxR=V"|k,0,00 RxR™ + || ERxRm V" ||k 41/2,0xR™ )
< es(|v*|k,0,00, 77, T51x K, + 1T llkt1/2 (77, T31xK.)
for any 1 < p < 0o, which implies (4.1.139) by [1, Theorem 2.8).
Now, (4.1.134) and (4.1.139) imply
(4.1.140)  |vilx0,00,(1; T51x K. + Vil k172,115, 751 x K.
< e(|v]x,0,00,07 + lIVllk,007)

where ¢ > 0 is a constant.
Consider now the problem

(4.1.141)  E(v)uic — Y Aj(vi)ui; — C(vi)ui = F  in 07,
J=1

(4.1.142) (I, ~-S(v)Jui=g on 07,
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(4.1.143) 4;(0,-) = f(*) in £2.

By the considerations from the first part of the proof there exists a unique
solution u; € IMf(R2T) N H*(8N2T) of problem (4.1.141)-(4.1.143) and it
satisfies for n > p*(a;, b,¢;, d, &, fi, |vilk,0,00,k) the estimate (4.1.133) with
@, ¢, € and f replaced by

@i = |L{|k,0,00,R™ x[0,00) 1
;= E _sup_ |02y ]k,0,00,R™ x[0,00)
IaISZ (=(7h()~|(|$1
+ E& _sup |32 k,0,00,R™ x[0,00) 5
laf<2 ¢=(nC):I¢I=1
& = |5V k0,00 Rm x[0,00) s i = |15 llk;n,8m x[0,00) »

where L! = (E!, A" (j = 1,...,m),CV), Gi(t,z) = Gi(t,z,vi(t,z)) for
Gi = E;, Aj; (7=1,...,m), C;, S;; thus G; = E;, Aji,C;, S;. Therefore
Lemma 2.1.2, assumption (3.1.7) and (4.1.140), when applied in (4.1.133),
give the estimate
(4.1.144)  coluill 05,067 + nllwill} 5 00 + lluill3 1,000
< Ps(|vlk0,00,075 V|, 00 FII2 5. 020
+ @ (|v1k0,00,275 |9llx,007)l9113 1,00

+ 75l[9lk,0,00,075 10llk, 00T f13, 0
forany 1 < p< 00,0 <t <Tand0 < s < k. Hence we can choose a
subsequence of (u;), still denoted by (u;), such that
VO<s<kVi<p<oo wu;— uweaklyin IF(2T)n H*(ANRT)

and u; — u strongly in C*([0, T] x K ,) for any compact set K, C {2, where u
satisfies (4.1.1)-(4.1.3) and the estimate (4.1.121) holds for u with 7 fulfilling
(4.1.122). Furthermore, u is unique.

In case 2° instead of (4.1.134) we have

(4.1.145)  |v*|k,0,00 1, T51x K. + [0 ktr /2,77 T3 1x K.

< e(|vlk,0,00,07 + ||7llk,007)
for some constant ¢ > 0. In this case v; is given by
(4.1.146) v; = PiEpxrmv®, i=1,2,...

In case 3° we extend the functions v* = v|[0_T2-] and v* = v|[Tl-,7-] respec-
tively to [T}, T;] and we repeat the same argument as in case 1°.

In case 4°, (4.1.1)-(4.1.3) is a problem with constant coefficients, thus
the conclusion is also satisfied. =
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Remark 4.1.3. If E, A;,C,5 € C*(R x 2 x R"), then assumption
(4.1.120) is automatically satisfied. Unfortunately, at present the author is
not able to present any other example.

Remark 4.1.4. Using the same argument as in Remark 3.5.3 we can
replace, in Theorem 4.1.3 and 4.1.4, assumption (3.1.4) by (3.5.47).

4.2. A mixed problem with zero initial condition. Consider
now problem (4.1.1)-(4.1.3) with f = 0. In this case the assumptions of
Theorems 4.1.2-4.1.3 can be weakened. Instead of Theorem 4.1.2 we obtain

THEOREM 4.2.1. Let assumptions (3.1.1)-(3.1.5), (3.1.7), (3.1.14),
(3.1.20), (3.1.24), (3.4.13), (3.5.38), (3.5.39) be satisfied. Moreover, assume

(4.2.1) Fe H'(QT), geH’ANT), f=0,
where 0 < s <k, k>m/2+5/2;
(4.2.2) VO<j<s—1 8 F|—o=0lgl=o=0.

Then there erists a unigue strong solution u € H*(0027T) of problem (4.1.1)-
(4.1.3), satisfying for 0 <t < T and 0 < s < k the estimate

(4.2.3) 7)”“”2,,7,0' + “"”2.11 a0
< ful()ians (€321 )ps (@, e, I 1olle )N FI . 0

b,
+ qs(ﬁlvz’—c-l’z EI ”v”k K)”!I”a,n,an') ’
where b and d are given by (3.3.13);

@' = || "]k x[o,00) = 1€ ]lk.Rx 2
(L" and L" are given by (3.3.12)),

e/= ) sup 1|02 lkmmx(o.c0)
Jaj<2 $=(n):I¢|<1

+Y s 1198 llkmmxfo.c) »
lal<2 ¢=(n): )¢

e = || lkmmxpp,0)s T = 1S" ks mm

p, and q, are polynomials for 0 < s < k, and px = Pk + pr-1€*"T3 and
Gk = @k + qk—1€*"T3 (P and @i are polynomials, T; > 0 is such that S"
vanishes outside a compact set K = [Ty, T;} x K C R x .Q), (ei)3., and

(7)2_, are the constants from Theorems 3.2.1 and 3.4.1; f, are continuous
functions; and 7 satisfies

(4'2°4) n> f((st):_lv (5: ?:1)?(6’:'7’?”3’?" f" "v"k.l\')

is a polynomial, f is a continuous function).
P
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Proof. Assume first that F € C(c’(‘)’)(R x 2), F=0fort <0, and
g € CP(Rx3R),9g =0 fort < 0. Then by Theorem 3.5.2 there exists a
unique solution u € CiH(R X £2) of the boundary value problem (3.1)-(3.2)
such that u = 0 for ¢ < 0. Thus u 17, 7 is the solution of (4.1.1)~(4.1.3)
and in view of Remarks 3.3.1 and 3.5.2 it satisfies the estimate (4.2.3) with
s=0.

Using a similar argument to the proof of [28, Lemma 3.2], we get (4.2.3)
for0 < s<k.

Assume now that F and g satisfy (4.2.1)—(4.2.2) and take sequences ( F,)
and (g,), 0 < o < 1, such that F, € C(C’;)(R x 2)and F, =0fort <0,
go € CP(R x 312) and g, = 0 for t < 0 and, as 0 — 0,

(4.2.5) F, > Fin H*(27), g, — gin H*(80T).
Applying the same argument as in the proof of Theorem 4.1.2 we obtain the
assertion. =

The theorem given below corresponds to Theorem 4.1.3.

THEOREM 4.2.2. Let assumptions (3.1.1), (3.1.3), (3.1.4),(3.1.6a)—(3.1.6b)
with k > m/2 +5/2, (3.1.7), (3.1.14), (3.1.20), (3.4.13), (4.1.30), (4.1.120)
and (4.2.1) and (4.2.2) with s = k be satisfied. Moreover, assume

(4.2.6) ve HXnT).

Then there ezists a unique solution u € H*(002T) of problem (4.1.1)—(4.1.3),
satisfying for 0 <t < T and 0 < s < k the estimate

(4.2.7)  llulll 00+ ulll 5 800 < Palllollk00r)IFI 5 00
+ B(llvllk,0m)ll9l13 5,000
where p, and q, are polynomials for 0 < s < k, and p; = ;Tk + Pr_1€2773

= a’k N TRTALL ) (;5',‘ and (:i'k are polynomials; Ty is such as in Theo-
rem 4.2.1); and 7 satisfies

(4.2.8) 1> A||vllk,007)
(P is a polynomial).

Proof. The proof is analogous to that of Theorem 4.1.3. m

5. A mixed problem for a system of linear
hyperbolic equations of the first order
in a bounded domain

In this chapter we consider the mixed problem (4.1.1)-(4.1.3) in a
bounded domain 2 C R™ with boundary 812 of class C*°.
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Let us assume the following conditions:

(5.1)  all functions given in (4.1.1)-(4.1.3) are real;

(5.2) system (4.1.1) is strictly hyperbolic, i.e. Vw = (wy,...,wm) € R™\
{0} and V(t,z,v) € R x 2 x R" the equation det(A\E(t,z,v) —
Y1 Aj(t,z,v)w;) = 0 has n distinct real roots;

(5.3) detE(t,z,v)#0,VY(t,z,v) € R x 2 x R";

(5.4) detA,(t,z,v) # 0, V(t,z,v) € R x 82 x R*, where 4, =
-1 Ajvj, v = (v1,...,¥m) is the unit outward vector normal
to the boundary 942;

(6.5) E,A;j(j=1,...,m),C,S € CE(Rx2xR"), where k > max(m/2+
5/2,(m+1)/2+2n-1);

(5.6) V(t,z,v) € Rx 82 xR", E~1(t,z,v)A,(t,z,v) has | negative and
n — [ positive eigenvalues;

(5.7)  det(By,(t,z,a(t,z))S(t, 2,a(t,z)) + All(t,z,a(t,2)) # 0,V (t,z) €
R x 82, where a € C°(R x {2) is an arbitrary n-vector-valued func-

tion and
— AAIJ Blu
AU - [Bzy A‘l,l
(where the entries are matrix-valued functions of appropriate di-
mensions).

Consider now the function

(5.8)  M,(t,z,v,s,iw') = A:l(t,z,v)[E(t,:c,v)s—iZAj(t,a:,v)wj ,
i=2
wheres=n414,97>0,f €R, ' = (ws,...,wn), (t,z,v) E R x 32 X R".

In the same way as in Lemma 3.1.1 we can prove that V(¢,z,v) € R x
002 xR™ and V(s,w') € Cx R™! : Res > 0, M,(t,z,v,s,iw') has exactly
| eigenvalues xk with Rek < 0.

Let vector-valued functions ¢y(t,z,v,s,w'),...,¢i(t,z,v,s,iw') be an
orthonormal basis of the /-dimensional linear space spanned by the general-
ized eigenvectors corresponding to the eigenvalues of M, with negative real
parts. Define

(59) N(t,z,0,v,8,0") =[I,-S(t,z,a(t,z))]

1ty z, v, 8,0, ..., @it 2,0, 8,0")],
where @ € C°(R x ) is arbitrary. Assume
(5.10) det N(t,z,a,v,s,w') is a continuous function for Re s > 0 and

|[det N(t,z,a,v,8,w")| > &*
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V(t,z,v) ERX N XR"V(s,w') € CXxR™ ! : Res > 0, ||+ |w| #
0, where £* > 0 is independent of ¢, z,v and «a.

Assume now that the function v occurring in the coefficients of problem
(4.1.1)-(4.1.3) belongs to IE(2T)NH*(802T). By Lemma 2.1.3 there exists
an extension v* € I§(Rx 2)NH*+1/2(Rx 2) of v to Rx 2 such that v* = 0
outside a compact set K:CRand

(5.11) [v*|k,0,00,8x 2 + [|* lk+1/2,8x 2 < (¥l 0,00,07 + [|Vll5,007)
where ¢ > 0 is a constant.
Consider the boundary value problem

(5.12)  E(v")ui— Y Aj(v")uy; ~C(»*)u=F inRx %,
i=1
(5.13) [,-S(v")u=g on Rx 002.
THEOREM 5.1. Let assumptions (5.1)—(5.7) and (5.10) be satisfied. If
u € CH(R X 2) is a solution of (5.12)~(5.13), then for 0 < s < k,

(5:14)  nllulllqmxo + Nulll prxon < Ps(19]k0,00,07, lI2llk,007,5)
X’I_]"P"Z,r,,nxn + qs(|”|k,o,oo,ma ||”||k,an‘f,b)”ﬂ”i,n.nxan )

where b is given by (3.3.13); p, and ¢, are polynomials for 0 < s < k, and

Pr = Pk + Pe1€®"T and qx = Gk + qe—1€*"T" (Pi and G are polynomials,

T* > 0 is a certain constant); and 7 satisfies

(5'15) n> p(lvlk,o,oo,n'ra ”””k.an'r,?)

(p is a polynomial).

Proof. Cover 2 by two families {Kri} and {Kpz} (¢=1,...,n+ v)
of balls with centres z° € 2 such that V1 < ¢ < u+ v, KR} € KR?’ and
012 is covered by the balls {Kp1} and {Kg2} (¢ = 1,..., ) with radii R}
and R} so small that in R x (Kg; N R2) x R” (i = 1,2) assumptions (5.4),
(5.6) and (5.7) are satisfied, while the remaining balls of both families do
not intersect §f2. Assume moreover that there exists No > p such that the
intersection of any No + 1 < u of the balls covering 842 is empty.

Set next .Q; = KR;F\.Q, I",;' = KRiﬂt'?.Q, i=1,2,g=1,...,u. Associate
with every point z%7 € 812 the coordinates (z;)™, given by (2.1.2), and next
introduce the coordinates (y;)™, by means of (2.1.3). We have
(5.16) z=¥,(y),

(5.17) y=¥71(z),
where z = (2;)2,, y = (%), ¥, and ¥ ! are of class C. The function
¥, maps £2; (i = 1,2) onto T = {y: [t +hy(y))* + l¥']* < Ry, m > 0},
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and I onto ops = {y: (11 + he(¥ )P +1¥'|* < R, 30 = 0}

Now assume additionally that V1 < ¢ < g, R}, is so small in comparison
with R? that there exists P; = {z € R™ : 0 < 2 < by,a; < z; < b;,i =
2,...,m} such that Zr C Py C Zgs.

Define further

(5.18) G(t,y,v) = G(t, 2, 9)|=w () = G(t, ¥g(¥),v)
(where G = E,A;(j=1,...,m),C,S) and
(519) E°=FE, A=A;§i;(i=1,...,m), C°=C, §°=5,
where
~ dyi
Yij= 9z .
I lz=w¥,(y)
From the form of ;! it follows that A9 = —4; = A, and A? = Ajc;; for
i=2,...,m, where U(y) = v(¥,(y)).
Now, with the covering {KR;}:,‘:{/ of 2 associate a partition of unity

{¥q fl‘:{’ satisfying the properties:

() ¥q € C3°(R™), supp ¥y C Kp1, V1< g<ptv;

)oY, <L,VI<qg<pu+vy;

() Thil vy =1,Vze 2
Set
(5.20) o4(t,z) = o(t,z)pe(z), whereo =u,F,g.

Let [T{, T}] be an interval outside which v € C§°(R x £2) vanishes. Then
o4 = 0 outside [T}, T3] x (R u T}).

Since u satisfies (5.12)-(5.13), ug|im To]x(220r2) (where [T{,T;] C
(Th,Tz)) is for any 1 < g < p the solution of the problem

(5.21) Lug = Fy + [L,gJu  in [Ty, T3] .QZ ,
(5.22) Lpug = g4 on [Ty, T3] x qu ,
where

L=E(v)0, - ) Aj(v*)d; — C(v*),

: j=1
Lg =[1,-5(v")],
[L, ¥ ]u = L(qu) — ¥yLu.
Applying the coordinates given by (5.17) we replace (5.21)—(5.22) by
(5.23) Li,= B, + (L, %8 in[Th,T2)x Py,
(5.24) Lpi, = g, on [T}, T3] X p,
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where
Po={2€R™:zy =0,a;<z;<b;,i=2,...,m},

m

L E(a‘)ag 2 Z (A.)a:,yiay.- - a(?’.)

m

= E*(9*)d, - ZA°( - C(v),

Lp=[1,-53")] = [1,-5°@"),

h(t,y) = klir, mix(p2ura)(t, ¥(y))
for h = v*, Fy, g4, ¥g, g, u and

G@") = G(t,y,7%(t,¥))
for G being the restriction to [T}, T3] x (22UT?)x K, of E, A;, C, §,and G
on the right-hand side given by (5.18); K, is a cube such that v*(¢, z) € K.,
V(t,z) € [Th,T2) x (2 U T?).
Take constant matrices Eo’ AY(i=1,...,m), C", S¥ satisfying (5.1)-

(5.4), (5.6), (5.7), (5.10) and consnder the dlﬂ'erences

EOH - EO — EOI AOII AO ADI COII CO COI SOH = SO _ SO,.
Applying Remark 2.1.1 extend E%, A", C®" and S°" defined on [T}, T3] X

(P,Up,)U K, to functions E®, A2 C° §°" ¢ C¥(R x {y: m > 0} x R")
such that

IE|Iz < lE®llx, N4l < cllA2”lix,
IC"ll% < ellC®lix, 15z < ellS*llx,
X = CH([Th, 2] X (P, U pg) x Ky),
X=CHRx {y:y1 20} xR")
(where ¢ > 0 is a constant) and E% = A = C% = §%" = 0 outside a
compact set Ky, C R X {y:y1 > 0} x R®. Then the functions
(5.26) E°® = E0'+E°", Z(') — A?I_*_ZOII co = v 5011’ S0 = SOI+§OII
are C* extensions of E%, A9, C% and S° to R x {y : y1 > 0} x R™ such that
E°=E% A% = AY, C° = C’°' 50 = §% outside Ky -
Applymg Lemma.2 1.3 extend next u(t, y) = u|[7, Taix(azurz) (4, ¥ (¥)) €
Cioy([T1,T2] X (g2 U 0Rz)) to a function @ ie Cioy(Rx {y: »n > 0}), and
v € N§([Th, T2) x PN Hk+]/2([T1,T2] X P,) to a function 9™ such that

(5.25)

(5-27) W*lk,ﬂ.oo.llx{y:yx >0} + ||5.||k+1/2.lix{y=y1 >0}
< e(|9°1k,0,00,1,To)x P, + 107 M k41/2, 10, 1) x P, )
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and 9* = 0 outside a compact set I?t.v CRx {y:y >0}.
Since U, € CG\([T1, T2] X (Zra Uogs)) and 8] g = 8] ,Fy = 3]G, =0
for t € (Ty, )\ [T}, T3), y € Zpa \ Ly and j € NU{0}, the zero extensions

5,, € CR(Rx {y: 3 20}), F, and i’ of ug, f'q and g, satisfy

(5.28) L8, = Fo+(L,9,)8 inRx{y:y >0},
(5.29) Lsd, = 3, on Rx {y:y =0},
where
T~ o~ M~ _—
L=E'G"a - AU5")9, - C°G),

i=1
Ly =[1,-5°(3*),

;];,, is the zero extension of {l;q to Rx {y : y» > 0}. From assumptions
(5.2)~(5.4), (5.6), (5.7) and (5.10) it follows that the functions E°(¢,y,v),
A%(t,y,v),C°(t,y,v) and 5°(t, y, v) satisfy (4.1.30), (3.1.3), (3.1.4), (3.1.14),
(3.4.13) for (t,y,v) € [T1, T2) x (P, Up,) x K, and (3.1.20) for (t,¥',v) €
[T, T2] x pq x K. Hence repeating the proof of Theorem 3.2.1 we find that
there exists a matrix-valued function R = R(t,y, v, 7, () satisfying assertions
1°-3° of that theorem, 4° for (¢, y, v, 9, () € [T1, T2)x (P,Upq) X Kox[n1,00)x
R™ with M replaced by

m

MO(t,9,9,m,0) = A1 (8,9, 0) (7 4 OB, 3,0) — i Y Rty w,0)05)

i=?

and 5° for (t,y’,v,79,() € [Th, T2} X py X I?.,x[m,oo)xR"‘. By Theorem 3.2.1,
R has the form (3.2.61) with M’ and M" replaced by

MO(n,¢) = AV ((n+ B - i) AVw;),

j=2
M°"(t,y,v,1,() = M°(t,y,v,m,() — M*(n,).

Set now z = (t,y’) and take G = E°,Z§?,5‘°,§° in (3.3.2), and J =
M°, R,¥,,¥, in (3.3.3). Moreover, in (3.3.4) we replace E, A;, C, S and
M by E°, A%, etc., and E', A}, C', §', M', E", A", C", S" and M" by
EY, A?', etc.

Additionally, define

(5.30) L = (E*,(AY™,,C), I°=(E°(AYT,,C").
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L°", S MO" and R" vanish outside a compact set K; , C Rx{y: 4 > 0}.
Repeating the argument from the proof of Theorem 3.3.1 and taking into
account that @, = 0 outside [T, T3] x (P, U p,) we obtain the estimate

’l”ﬁqlhz),r,,nx{y:y, >0} T "aqug.n.ﬂx{v:w =0}
< fo(fgl’532»523)[?0(50,30,3,2’50)77_1(“Fq“?),n,llx{y:y; >0}

+ ”[z) 1/)q]a”(2],n,llx{y:y1 >0}) + 7]’0(&0,30,?,2,?0)“3"”gm,nx{y:h =0}] ’

where
2 = |L0"|k,0,oo.lx{v=v1 >0} »
B = [IL°lck (Rx {y:ys 20 x =) + 15°llct (Rx {3:3: 20} xR ™)

(L° = (E°, (A1, C),
e = |Son|k.0.oo,llx{y:y1 >0}
cand d are given by (3.3.13); By and g, are polynomials; €2,, €3, and €J; are

the constants from Theorem 3.2.1(4°, 5°); and f, is a continuous function.

Repeating the proof of [28, Lemma 3.2) for 7 satisfying an inequality
analogous to (3.5.43) and for 0 < s < k we get

nIIQQIIE,n,Rx{y:m >0} + ”aqllg,n,ﬂx{y:yl =0}

< fa(egl,5221523)[@(50,-50,51&?0, fo)n—](”Fq".zv,n,Rx{y:y] >0}

+ ”[La '/’q]alli,n,lix{y:y; >0}) +qs(ao’_bo’3’?iv§01 fo)llaqllz,n,ﬂx{y:w:O}] ’
where
=0 —~
f = "SM"k.n.Rx{y:y\ =0}
and p,, g, have the same form as p,, g, in Theorem 3.5.2.
Using now (5.11), (5.27), (5.25) and [1, Theorem 3.35] we obtain
(531) llugll} nrxn + lugll} nrxon < fo(€51,€02,€53)
X [P5(|x.0,00,07> “v“k,aﬂ”"E)U_l(IIFqllg,n,Rxn + ”[L,'/’q]“qui,n,nxn)
+2,(|vlk,0,00,075 19llk,007, D194l 0 x00]

where 1 < ¢ < p (P, and 7, have analogous forms to p, and ¢, from
Theorem 3.5.2).

The analogous estimate can be derived for p + 1 < ¢ < g + v. Then
Kpi N2 =0 (i = 1,2) and instead of (5.22)~(5.23) we consider the Cauchy

problem using the results of Section 3.6.
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Now, since u = ;‘;" ug, (5.31) gives
(5.32) lullsnmxa + 4} 5 rxon
< Po([0lk,0,00,07s |0llx,007, D)0

v

X (IFIZ 0 mxa + D ML ¥olull? o xn)
g=1

+ @([v]k0,00,075 10l 507, DI93 0 mx0
where p, and ¢, depend on E;‘:I" Z(€21,822,Eg3).
We now prove that forany 1 < ¢ < u+v,
(5.33) VO<s<k (L ¥glulls,nmxsa < P(I0lk0,00,27: B)lltlis,nmxs s
where the p! are polynomials.
Consider first the case when s = 0. Applying Lemma 2.1.2 and (5.11)
we have

ML belullomaxa = | (Bocte - 3 As02,,),
i=

1,RX 2

< Po(|v1k,0,00,075 D)l ello,n Rx 2 -
Assume now that (5.33) holds with s = ¢ — 1, where 0 < ¢ < k. Then

8 (1L, ¥olu) = 8} .| (Edup, - > A )]
i=1

-y (;) iHEO!,(Dbeu)
u=0

=Y 5 (5ot asoton, v

J=1 u=0

Hence

"a:,z([lf’ ¢Q]“)||(2).n,llx 1]

<e[S [ 0B Ot Obgu) e da di

#=0Rx?

+)m:2: [ 185F AYPI0L,(0z; pgu) e da dt]

=1 u=0Rx 22

SC[ZO J (152" E" 12 25, ol (Ou6 )3 2,2
“:
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m
+ E "a:,::”A,’i’"?),Zp,ﬂ"a:‘,x(a:,- ¢q“)|l(2),2p',ﬂ)e—2nt dt] ’

i=1
where 1/p+ 1/p' = 1.
Take p and p’ such that
1 > m-—2(i—p) and 1 > m—2(k—i4+p) ’
2p' 2m 2p 2m
pu=0,...,1,0 < i< k. (This can be done since "";S";—“) +m’2(2’:"+") <1)
By the Sobolev lemma and assumption (5.5) we have
||6 = E"|I§ 20,2 < ¢||a < E"|I- —i+pa S c|E” |ko oo, RX 2
”a'-uAHIIO 2p,82 < c||3 “Aullz—t-{-u,ﬂ < CIAI k,0,00,Rx §2
108:2(0%qu)I3 2pr, 02 < Clla",z(aﬂl’q")ll._,‘,n,
1962 (0z, ¥qu)ll5 251,02 < €llOF 20z, %0u)II}- i 2

Using the above inequalities we get

||3:,:([L,'/’q]")||¢2),n,axn < Pf(|”|k,o,oo,nf13)||“||i.n.llxﬂ .

Together with the inductive assumption, this yields (5.33) with s = 1.
Using now (5.33) in (5.32) and assuming that 7 satisfies (5.15) we obtain

(5.14), where p, and q, depend on Y- 41¢ Fo(e%1,€%,%). =

THEOREM 5.2. Let assumptions (5.1)-(5.4), (5.6), (5.7) and (5.10) be
satisfied. Moreover, assume

(5.34) veCHRx D),
(5.35) E,A;(j=1,...,m),C,5 € CF¥(R x 2 xR"),
(5.36) FeLiRx %), geLi(Rx0o02).

Then problem (5.12)-(5.13) has a unique strong solution u € LE(R x £2) (see
Definition 3.5.1) for which the estimate (5.14) holds with s = 0.

Proof. The proof is the same as that of Theorem 3.5.1 ([5, Theorem 1]
is also true for a bounded domain). =

THEOREM 5.3. Let assumptions (5.1)—(5.4), (5.6), (5.7), (5.10), (5.34),

(5.35) be fulfilled. Furthermore; assume that
5.37) F'GC("S’)(RX.Q) and F=0fort<O0,
(5. gECH(RXxINZ) and g=0 fort<0.

Then problem (5.12)~(5.13) has a unique solution u € C{G) (R x ) for which
the estimate (5.14) is true.



5. Linear mixed problem in a bounded domain 137

Proof. The proof is the same as that of Theorem 3.5.2 ((24, Theorems 1
and 3] are also true for a bounded domain). =

Remark5.1. Let F € CR(Rx 2), g € CH(Rx3N2) and let J CR be
an interval. Using the same argument as in Remarks 3.5.1 and 3.5.2 we can
prove that for 7 satisfying (5.15) the estimates (3.5.37) and (3.5.45) hold.

Now we shall consider problem (4.1.1)-(4.1.3).

THEOREM 5.4. Let assumptions (5.1)-(5.4), (5.6), (5.7), (5.10), (5.34),
(5.35) be fulfilled. Moreover, let

(5.38) FeH'(QT), ge H'(d07), fe H'(n),
where 0 < s < k, k> max(m/2+ 5/2,(m+1)/2+ 2n - 1),
(5.39) V0<j<s—1 8F|i=0=2igle=0=0.

Then there ezists a unique strong solution (in the sense of Definition 4.1.1)
u € MY(NT)N H*(8NT) of (4.1.1)-(4.1.3) satisfying for 0 < t < T the
estimate
(5.40) lu(t)20,0e™ " + 77”"”3,7,,9' + [|ull? ;. 500
< Ps([v]k0,00,0ms 10llk,007 )N FIIA 1 o
+ 4s(|9]k,0,00,27: 10/l 007 B)N9I12 0,020
+ 75(|91x,0,00,07s |Vllk, 007, DI A1 0,25

where 7 satisfies an inequality of type (5.15).

Proof. Assume first that F € CG(R x 2) and F = 0 for ¢ < 0,
g € C'(O)(R x 02) and ¢ = 0 fort < 0 and f € C§°($2). Then, as
in Theorem 4.1.1, we can prove that there exists a unique solutlon u €
C(o)([O T) x 2) of (4.1.1)—(4.1.3).

We now prove that u satisfies (5.40). To do this take the same coverings
{KR},} and {Kpz2} (¢=1,...,p+v) of 2 as in Theorem 5.1 and the same

partition of unity {,}. Since u is the solution of (4.1.1)—(4.1.3), u, is the
solution of the problem

(5.41) Lug= Fy+[L,%Ju in 2] =[0,T}x 22,
(5.42) Lpug = g, on I'T =[0,T] x I'?
(5.43) ug(0,-) = fo(*) in 027,

where

L= E(v)3 Y Aj(v)d;;, —C(v), Lp=I[I,-S(v)].

=1
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and where we use notation (5.20). As in Theorem 5.1, applying the coordi-
nates given by (5.17) we replace (5.41)-(5.43) by the problem

(5.44) Li, = F, +[L, %) in[0,T]x P,,
(5.45) 23'12,, =G, on [0,T] x pg,
(5.46) 7(0,-) = (") in P,,

where

m
L= E®)3 - ) A;j(®)d.,vidy, — C(3)
1,7=1
m
= E°(9)d, - ) _ A}(®)d,, — C°(%),
i=1
Lp=1,-53) =I,-5°()],
h(t,9) = Rlio,Tixazura) (8 ¥o(v))
for h = v, Fy, gq,%q, fq, Uq, 1,
G(9) = Gt 3, %(t,9))
for G being the restriction to R x (RQZUT?)xR" of E, A;, C, S, and G on
the right-hand side given by (5‘..18).

Let now E°, A?, C° ind §° be C* extensions of E°, A?LCO and S°
from [0,T] x (P, Upg) X K, (K, is a cube such that v(t,zle K,,V(t,z) €
[0,T] x (22U T?)) toRx {y: v > 0} x R® such that E°(t,y,v) = E%,
A%(t,y,v) = AY, CO(t,y,v) = C¥, §°(t,y,v) = S° outside a compact set
Kiyo CRx{y:y; >0} xR" (E¥, AY C° and S are constant matrices
satisfying (5.1)—(5.4), (5.6), (5.7), (5.10)) and
IE*"Iz S NE™Ix, A5 < el A"llx ,

IC°" I < ellC®llx, N8Iz < S x,

X = CH([0,T] x (P,Up,) x K,),

X =Ch(Rx {y:y >0} xR"),
where Evon = ED _ EOI, A0n — A0 _ g0 o — O — ¢V gom — :570 - 50
and E®", A" C%" and Sa”, are ‘given‘b,y (5.26). ’

Next, extend @ € Cg([0, T} X (FrzUarz)) to & € C ([0, T x {y: 31 >
0}), and ¥ € CR)(R x (X'rz U 9z)) from [0,T] x (P; U py) to a function
o€ ME[0,T) x {y: 1 > 0}) N H*([0,T) x {y : y1 > 0}) satislying

(5.47)

(5.48)  |9]k,0,00,[0,T) x {v:2 >0} T |[Vllk.j0,7)x {y:31 =0}
< ¢(|]k,0,00,00,1)x P, + IP]lk,[0,T1xp, ) -
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Let further 5q € CH)([0,T] x {y : n > 0}), F, and 5,, be extensions of ug,

f’q and g, such that }?‘q = ]’; = 0 outside L'p; and g, = 0 outside ory. Then
(5.44)—(5.46) yield

(549) L, = F,+[L,g,Ja in[0,T)x {y eR™:y >0},
(5.50)  Lpu, =3, on [0,T} x {y € R™ : g, = 0},
(5.51)  %(0,7) =f,(") in {y eR™:9; >0},
where

m
= E°@a. - ) A(@)d, - C°k),
i=1
Lp =[I,-5°()].
Repeating the argument from Lemmas 4.1.2-4.1.7 and Theorem 4.1.2 and
applying Theorem 5.1 we obtain for 0 < t < T the estimate

=l

(552) [€g(t)}3.0.4y40 5018 2™ + 1llEgll3 1 10,0 x {392 503 F Nall3 10,1 x {y:01 =0}
< 53(I6Ik,0.00,[0,7']x{!l191 >0} Ilallk,[O,Tlx{y:yl =0})
X (“Ftl“.zv,n.lo,t]x{y:yl >0} + “[l’7 1/}q]a”z,n,[o,tl)({y:yl >0})
+ Es(lalk,o.w,lo.ﬂx{y:yn >0} Hauk.[O.’I‘IX{y:yn =0})“§q”.21,n,[0,t|X{y:y,:O}
+ F3(19]k,0,00.00,T1 x {331 >0} 10ll i 0,71 x {32 =0} ML F 12 420y 503 »

where 7,, ¢5 and T, depend on :f:((s 1), (€30)321) (€23 =1 and (97)3,
are the constants from Theorems 3.2.1 a.nd 3.4.1 respectively, f, are continu-
ous functions). Using the same argument as in the proof of Theorem 5.1 a.nd
using (5.48) we get (5.40) with p,, ¢, and 7, depending on E Ak f,((s
(5 { _1)

Take next F € H*(2T), g € H*(0NT) and f € fI’(.Q). Repeating the
argument from the proof of Theorem 4.1.2 we get the assertion with p,, g,
and 7, and the polynomial p from (5.15) depending on the above sum. =

tl’

THEOREM 5.5. Let assumptions (5.1)-(5.4), (5.5) with k > max(m/2 +
5/2,(m+ 1)/2+ 2n — 1), (5.6), (5.7), (5.10) and (5.38), (5.39) with s = k
be fulfilled. Moreover, assume that

(6.53) wve DERT)n H¥8NT);

(5.54)  there ezist sequences of n X n-matriz-valued functions E,, Aj,
(G=1,...,m),C,, S, € C2(R x 2 x R") such that:
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(a) Eu, Aju (3 =1,...,m),C,, S, satisfy for any u conditions (5.1)-
(5.7), (5.10) and E,,, A}, C,, S, — E, A;,C, S in CE(RXx 2 xR™)
as p—0;

(b) there ezists € > 0 such that for each zy = (to,zo,v0,M0,(0) €
R x 2. x R® x [0,00) X R® with |no| + |¢o| # 0 (where 2, =
{z € 12 : dist(z,00) < €}) the function

_ M) forp=0,
mao(K) = { Myu() for0<u<1,

where

Myu(20) = A7 (to, 20,%)((m + i€o) Eulto, 20, v0)

m
- iz Aju(to, Zo, vo)woJ') ,

i=2

is continuous in an interval [0, uo] (po < 1) and the multiplicities
of its eigenvalues are constant in [0, yo).

Then there erists a unique solution u € IME(N2T) N H*(9NT) of (4.1.1)-
(4.1.3) satisfying the estimate (5.40) for 0 <t < T and 0 < s < k, with 7
Julfilling (5.15).

Proof. The proof is analogous to tha.t of Theorem 4.1.3. Notnce only
that we can choose extensions ES, CY and 8¢ of ES, A%, C% and

Sy in such a way that 3° f,((eqm) 1, (€21,)3-1) can be estimated by a
constant independent of u. These extensions can be chosen for example
in the form G = G%¢1 + G%'¢;, where G = E, A;,C,S; ¢1+¢2 = 1 in
[0,T] X Zga x K., ¢1 and ¢; are of class C*, supp ¢; C (Ty,T2) X Zpz X Uy,
supp ¢z C (R\[0, T )x({y: w1 > 0}\23:)X(R"\]?u) ((T1,T,) is an interval
such that [0,T] C (T},T3), and U, is an open set such that K, C U, and
dist(K,,0U,) = § for some constant § > 0). »

Remark 5.2. If f =0, then in Theorems 5.1, 5.4 and 5.5 it suffices to
assume that k > m/2 + 5/2, and in Theorem 5.5 we can replace (5.53) by

v € H*(802T). Furthermore, in Theorem 5.5 we can replace (5.2) by weaker
assumptions, namely by (3.1.2) and by the assumption that the matrices

A(t,z,v,w)=iE71(t,z, v)z A;(tyz,v)w;,

=1

M. (t2,9,7,0) = A7'(t,2,) ((n + i€)E(t, 2,)

—-1 Em: Aj(t, z, v)wj)
j=2

tu’
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satisfy (3.1.5) and (3.1.24) respectively and that the approximating matrices
from Theorem 5.5 (i.e. Au(t,z,v,w) =1 3°72; Aju(t, z,v)wjand M,,(t, 2,0,
7,¢)) also fulfil (3.1.5) and (3.1.24). The nexghbourhood 05,2, from (3.1 24)
is here defined as 85 ,, = {z € R x 2, x R" x [0,00) X R™ : |z — 2] < §}.

Remark5.3. f E,A;,C,5 € CF(Rx 2 xR"), then assumption (5.54)
is automatically satisfied. Again, we know no other example.

6. A mixed problem for a nonlinear system
of hyperbolic equations of the first order

Let 2 = {z € R™ : z; > 0} or let 2 C R™ be a bounded domain with
C* boundary. Consider the nonlinear problem

(6.1) E(u)u, — iA,-(u)u,,,. ~Cuwu=F in2T=[0,T)x 2,

i=1
(6.2) [I,-S(uw)u=g on 80T =[0,T] x 812,
(6.3) u(0,-) = f(*) in 2,

where T > 0; G(u) = G(t,z,v),G=E,A; (j=1,...,m),C,S.
THEOREM 6.1.

1° Let 2 = {x € R™ : z; > 0}. Assume that conditions (3.1.1), (3.1.3),
(3.1.4),(3.1.6a)—(3.1.6b) with k > max(m/2+5/2,(m+1)/2+2n-1), (3.1.7),
(3.1.14), (3.1.20), (3.4.13), (4.1.30) and (4.1.120) are satisfied. Then there
ezists 0 < t* < T such that for all F € H¥(2) and g € H*(002") (where
0 <t < t*) satisfying V0. < j < k=1, 8] Fli=0 = 0} g|t=0 = 0, and for all

fe H"“(.Q) with || f||x,0 sufficiently small, there erists a unique solution
u € IE(24)N H¥(092*) of problem (6.1)-(6.3).

2° Let f2 be a bounded domain in R™ with C*® boundary. Assume that
conditions (5.1)-(5.4), (5.5), (5.53) with k > max(m/2+ 5/2,(m + 1}/2 +
2n-1), (5.6), (5.7), (5.10), (5.38)—(5.39) with s = k and (5.54) are satisfied.
Then there exists 0 < t* < T such that for all F € H¥(22T) and g €
H*(002") (where 0 < t < t*) satisfyingV0 < j < k=1, 3] Fli=0 = 8]g|i=0 =
0, and for all f € H*(Q) with |fllk,2 sufficiently small, there erists a
unique solution u € II5(2*) N H¥(82) of problem (6.1)-(6. 3)

3° Let assumptions of either 1° or 2° be fulfilled. Moreover, if Vz € {2,
f(z) € Q (where Q is an open subset of R™) and t* is sufficiently small,
then V(r,z) € 2%, u(r,z) € Q.

Proof. The proofs of 1° and 2° are analogous. As in [28], consider the
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problem
(6.4) L(up_1)up = E(t,2,up_1)upt — E Aj(t, T, up_1)tps;
i=1
-C(tyz,up-1)up = F in 2¢,
(6.5) Lp(up—1)up = [I,-S(t,z,up_1)jup =g on 32,
(6.6) Uple=o = f in 2,

where p € NU {0}, uo = f.
Introduce the function

(6.7) Vp = Up — [y

which satisfies the problem

(6.8) E(t,z,up_1)vp — E Aj(t,z,up_1)vpz; — C(L,T,up_1)vp

=1

m
=F - ZAJ'(ta:’uP—l)fz,- - C(tvz, up—l)f in ¢ ’

j=1
(6.9) I,-S(t, z,up—1)|vp =g on 902¢,
(6.10) vplt=0 = 0 in 2.

By Theorem 5.5 there exists a unique solution v, € I1§(2¢) N H*(812*)
of problem (6.8)—(6.10) satisfying

(6.11)  llvplllf,e < (e*™ + 1)[pa(lup—llk,o,oo,n‘ye2nt”up—1”k,n,aﬂ'az)

X (IFI 0.0 + 34 Lo, e + 1C SR )
i=1

+ qa(lup—lIk.0.oo,n'v€2"‘||up—1llk,n.an-,E)IIglli,n,am] ,

where |||l ;= 11} 0.c0,2¢ + 11 - Ik 7,20 + I % 5,002» and 7 satisfies
(6.12) 7> q(lup_1|k,o,oo'n',€2"t||up—1||k,n,an',5) ,

where ¢ is a polynomial. From (6.7) we have

(6.13) lupll < llvpll + 1171l Vo,

where |||l = |- 1k,0,00,0¢ || |k,n,02¢5 || - ||5,9,00¢. We can choose 7 sufficiently

large, t* and ¢ sufficiently small (¢ — 0 as * — 0) and f with ||f||x,a so
small that

(6.14) Ve [0, ] VP e NU{0} llvplllx,e <€
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In fact, the above inequality is satisfied for any 7,t*,¢ > 0 if p = 0. Take
now any p € N. Then we can choose 7 sufficiently large and t*, ¢, || f|lx,2
so small that

(615) (¢*™ + D)[ps(e + I lIx,0, 6™, 5)
m
X (I1FIE g0 + D 1452512 0,0 + IC 1)
Jj=1

+ 0ol + | flle.0 €€, B)lglE n 00 <€ VEE0,27],
(6.16) 7> g(e + || fllk,2,e€*™,b).

From (6.13), (6.15), (6.16) and the fact that f|s = 0 it follows that if
vp-1lllk,e < €, Vt € [0,t*], then (6.11) holds. Using next (6.13) we get
Nvplllk,e < €, Vt € [0,1*]. Therefore (6.14) is true.

We now prove the convergence of (u,). To do this consider U, = u, —
up_1, Which is the solution of the problem

L(up_1)Up = =[L(up-1) = L(up—2)Jup-1,
Lp(up-1)Up = —[Lp(up-1) — Lp(up-2)]up-1,
Upli=o=0 forpeN,
Us=0.

Applying the mean value theorem we have
L(up-1) = Dlup-2) = I'(Fpor)(upor — tpos),
Lp(up-1) = Lp(up-2) = Lg(tp-1)(up-1 — Up-2),

where L(v) = (E(v),(4;(v) 1, C(v)) and Up_; € (up-1,up-2). From
(6.17) and (6.18) and Theorem 5.5 we obtain

(6.19)  [[[Upllk=1,e < (€™ + )Pl up—1]k,0,00,20, €™ ltp-1lk,m 00,

[Ep—11x.0,00,205 € [p—1llk,m.000, B)l[[wp-1llIE M| Up-1lllE -1,

(6.17)

(6.18)

where p is a polynomial and 7 satisfies (6.16).
Take t* and € so small that

(6277! + 1)5('“7—1'1:,0,00,.0‘7eznt”up—l”k,'r;,aﬂ'a
Iﬁp—llk.O.OO.ﬂ"‘327”"61'—1”k.n.aﬂ"B)m“p—lmi,t <1.
Consequently, U, — 0 in IF~1(2%)n H*-1(0£2!). Hence by (6.14) and
(6.7) there exists u € T§(2Y) N H¥(02*) such that u, — u in TF~1(N2*) N
H*=1(802%) and u satisfies problem (6.1)-(6.3).
We now prove that u is unique. Suppose that u, and u; are two solutions
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of (6.1)-(6.3). Then U = u; — uy satisfies
L(u2)U = —[L(uy) — L(uz)}uz = —L'(w)uw, U,
(6.20) LB(ug)U = —[LB(‘II,]) - LB(u2)]u2 = —L'B(’E)u1U ,
U|t=0 =0,

where u = 6uy + (1 — @)uy, 0 < 8 < 1. From Theorem 5.5 we obtain the
estimate

(6.21) U100 +0llUNi_10.00 + U -1.0.000
< Po(lu2lk,0,00,0¢ llu2llk, 0000, D) L' (W) w1 U} - 20
+ qo([u2]k,0,00,020, l|u2llk,000, B Lp(@)u1 U} _; , 506

for 7, t, € and || f||x,n satisfying (6.16).
The first part of the proof shows that

(6.22)  lwill <e+|lfll, where[|-[| =]-]x0,00,2% |l - llk,n,2¢
6.23)  |uillenom <& fori=1,2.
Using (6.22) and (6.23) in (6.21) we get
(6.24) U100 +llUlR-1.0¢ + NUNE_1 .00
< Po(lu2lk,0,00,0¢ lualix,000, Tlk.0,00,20 llk 000 D)l llk 0 NUIIE -1 1, 00
+ Go(|u2) k0,00, |u2]lk, 0020, [Tl k,0,00,2¢, |El| k002, b)
X |lua ||i,n.an'”U||i-1,q,an-
< (e + fllk,2)?Pole + 11 fllk, 2 €€*™, 2(e + || fllk,2), 28>, DU I -1 5,00
+ Qe + || fllk,2,e€*™,2(e + ([ fllx,0), 26> DU |1} -1 000 »

where pg and ¢p are polynomials.
Take now t*, ¢ and || f]|«,2 so small that

(€ + | flle.2)Pole + I fllx.2 €™, 2(e + || fll1, ), 26€7™,5) < n/2,
eqo(e + || flle,, €™, 2(e + || fllk,2), 2¢€®™,B) < 1/2.
Then (6.24) turns into

|U(t)|i—1,o,n e 4 %W“U"i-l,n,n' + %”U”i—l,n,aﬂ' <0.
This implies the uniqueness of solution of (6.1)-(6.3).
3° follows from (6.7) and (6.14). m

Remark 6.1. Assume that f = 0. Then the assertion of Theorem
6.1 with « € H¥(812*) holds under weaker assumptions. In the case when
2 = {z € R™ : z; > 0}, the assumptions of Theorem 4.2.2 suffice. In the
case when 2 is a bounded domain with C™ boundary it suffices to take the
assumptions of Remark 5.2.
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