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Abstract. A characterization of bounded sets and a boundary value representations in D’zs
and 8’* are given. A decomposition of an ultradistribution, with appropriate assumptions on
the corresponding singular spectra, is easily proved.

Introduction. In [9] Komatsu has given the analysis of Sato’s hyperfunctions
([18]) as boundary values of a harmonic functions. This idea has been also used by
several other mathematicians. Hérmander’s monumental monography [6] contains
in Chapter 9 such an approach to the hyperfunction theory; see also Matsuzawa’s
approach [11].

While in [6] the sheaf of distributions was considered, Komatsu [9] have stud-
ied sheafs C* and C,, the microlocalization of spaces of ultradistributions and
ultradifferentiable functions, which correspond to Gevrey classes * = (M) or
* = {M,}. Komatsu’s approach is simple and deep. Recall C* and C, are con-
structed by exact sequences

0—A—D*—mC"—0, 0—-A—-& —-mC,— 0,

where A is the space of real analytic functions and 7 : S*M — M is the canonical
projection, S*M = (T*M \ M)/R, and M is a real analytic manifold. The
analysis of various ultradistributional subsheafs of the sheaf of microfunctions C
is given in [4]; for the theory of ultradistributions spaces we refer to [8], [1], [4]
and [10].

On the other hand, in [2], [3], [7], [12], [14], [15] we have studied subspaces of ul-
tradistribution spaces as well as the convolution and the integral transformations
in them. The most interesting subspaces are D'}, and S’*. Such investigations
may be considered as a study of the structure of C*.
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The investigations of the singular spectrum of an f € D’* based on the theory
of 8" spaces are given in [16] (see also [17]).

In this paper we will present structural characterizations of bounded sets and
boundary value (hyperfunction) representations in D', and S&"*. We will give
both improvements of results from [3] and [15] and some new ones. Also we will
point out some problems which are not solved yet.

Notation and definitions. By M,,, p € N, we denote a sequence of positive
numbers, where Mo = 1. We define additionally M; = M, /p!, m, = M,/M,_1,
my = My /M;_;, p € N. The following conditions will be considered.

(M) My < My My .., peN= (M]1) M}? <Mp,_1Mpy4q, p e N.

(M .2) There exist A > 0 and H > 0 such that

M, < AH°M,M,_,, p€ Ny, 0<qg<p(Ng=NU{0}),
which implies

(M.2)" There exist A > 0 and H > 0 such that

Mp+1 < AHpMp, pE No.
(M.3) There exists A > 0 such that

o
Z Mq—1/My < ApMp,/Mpi1,  p € No,
q=p+1

which implies

(M.3) > M1 /M, < .
p=0
Condition (M.1) will always be assumed.
The associated growth functions are defined by

p* PPp!
M(p)=sup In—, M*(p)= sup In—, p>0.
pENg P peNy M)y
An operator formaly of the form ZaENg a,,0% is said to be of (M),)-class (resp. of

{M,}-class) if for some H > 0 and C' > 0 (resp. for every H > 0 there is C > 0)
laq| < CHI® /M),  «€ Np.
We will use the common symbol * for (M),) and {M)}.

Recall that DAK/{’}L, K cc R", h > 0, is the space of smooth functions on R"
supported by K such that

|64 ()]
Ollkn = sup o < 00.
” HK h 2EK,aEND hla‘M\od

For the definitions of the spaces Dj,, D* and £* we refer to [§].
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The spaces D'; .. Let s € [1,00]. Recall that
(0%

Dﬁ/_{p’h = {qb € C*(R"™): sup

<oop, h>0,
aeNg hlelM, }

DM = proj lim DY " DM = ind lim D"

h—0 h—o0

and B* is the completion of D* in D} .

The strong dual of Dj. for s € [1,00) is D'}, where t = s/(s — 1), and
( B*)/ — D/z L

The next theorem is proved in [15]. We recall its formulation with the im-
provements concerning the use of conditions on M,,.

THEOREM 1 (see [15]). (i) A set B C D'(LA;[”), t € (1,00], is bounded if and
only if every f € B can be represented in the form

(1) f=Y D%, fa€L', a€N,
a€Ny
and there exist d > 0 and C' > 0 independent of f € B such that
> d My fall e < C.

QENp

(i1) Assume (M.3). A set B C D’(LAI/[”) is bounded if and only if every f € B
is of the form

f=Y D%, fa€M'=C, aeNg,
aENg
and there exist d > 0 and C > 0 such that
> dMg |l fallae < C,
aEND

where Cy is the space of continuous functions which tend to 0 as |x| — oo with

the supremum norm and || ||sq s the dual norm.

(iii) f € D’{L]t\/[p}, t € (1,00), if and only if it is of the form (1) and for every

d > 0 there is Cq > 0 such that
Z dla\MWl”foc”Lt < Cy.

aeNy

iv) Assume (M.3)". Then f € pr i} if and only if f is of the form (2) and
L
for every d > 0 there is Cy > 0 such that

Z dla‘Mlal HfaHMl

aeNy

PROBLEM 1. Characterize bounded sets in D’g\l”}, t €1, 00].
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Let R be the set of all strictly increasing sequences (r,) which tend to oo with
the partial ordering (r,) < (sp) if r, < sp, p € N. Let s € [1,00]|. Then

@),
|
(Hi:l Ti)M\al

520, o< =) o

75£Mp = proj lim YSIEME’E )-
(rp) o

Under assumption (M.3)" we define B1M»} as the completion of D{M»} in ﬁiﬁf”(}ry).

THEOREM 2 (see [15]). (i) ﬁﬂ@} = Dg/[p}, s € [1,00), and the inclusion
mapping DEISMP} — 252247*}, 18 continuous.

(i1) Under (M.3)’, BMe} = BIMp} gnd the inclusion mapping BMr} — B{My}
18 continuous.

PROBLEM 2. Are the spaces 75215\4"}, s € [1,00) and BIM»} quasibarrelled?

Let 7 > 0 (resp. (rp,) € R). We shall use the following operators of class
(Mp) (resp. {Mp}) : P(D) = (1 =A%) [[72,(1 = A%r~?my?), P (D) = (1 -
A2 [[,Z,(1 =A%, ?m?), where n’ > n and A is the Laplacian (cf. [8]).

THEOREM 3. Assume (M.2) and (M.3). Let AC D'

(i) (see [15]) A is a bounded (resp. equicontinuous) subset of D’(L]\f”) (resp.

5’324’3}), t € [1,00] if and only if there exist r > 0 (resp. (rp) € R) and a bounded
subset Ay of Lt such that
As f=P.(D)fi+ fa, fi,f2€ A
(resp. A> f =P, (D)f1+ f2, f1,[2 € A1).

(ii) Let t € [1,00]. Then A is a bounded subset of D/E\/Ip} if and only if there
ezist (rp) € R and a bounded subset Ay of L' such that

AS f=P. (D)fi+ fa, fi,f2€ A1

Proof. (ii) Let  be a bounded open set in R", 23 0, K = Q. Let ¢ € D%’;L
First, we show that, for every f € A, f % ¢ is a continuous linear functional on
DM} endowed with the topology of L*.

The spaces Dgsw”} , s € [1,00) and BIMr} are barrelled, which implies that A
is equicontinuous. This implies that for every h > 0 there exists C' > 0 such that,
for every ) € DIMp},

(3) [(f % &) = [{f, o5 )| < Clld * Y]l Le
< Clgllrnll¢llze < Cifle]

Since DM} is dense in L® (in the completion of DIMr} in L if s = 00), it
follows that {f x ¢ : f € A} is a set of continuous functions bounded in L.

LS.
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Moreover, (3) implies that for every h > 0 there exists C' > 0 such that

, <C
K mim ¢» Il

for every f € A and ¢ € DMp}, L=« f € A} is
a bounded set in D’ %Mp }and thus equicontinuous. This implies that, for some
(rp) € R and some C > 0,

'< HwH ’¢>' < CH¢||K(TP)7 ¢ S DE(MP}’ f c A7 w c D{Mp}7

where

|60 ()]
(H( Tz)M|a|
Recall that the family of norms || || & (), (rp) € R, determines the topology

of DM (see [8)).
This implies

[(f %, 0)| < Clly]

9l &,(rp) = sup
aEN"

Hllic.ryy, @ EDLT, we DM} fe a,

LS
and
1f*olle < Cllollk, )

Let B; be the unit ball in L® and B be a bounded subset of DEM"}. Then, for
every 1 € By N DM} and ¢ € B,

(f#1,8) = [(f * 0, 0)] < || f * &l el|o]

This implies that the set {f xv¢ : f € A;¢p € B1 N D{MP}} is equicontinuous in
D;Mp}. So there exists a neighbourhood of zero

Ls < [f x¢lle < C < oo

Ve () = {0 € DR < llkcr, <} e>0,
in D;E(Mp} such that
0V, = [(f+9,0)]=(f0,4) <1, ¢eBNDII

{Mp}

Define D{( p})’ = ind limgcco DMe} - Thig implies that for every 6 € D, ()

K(r)
there is C' > 0 such that
[(fx,0) = |(f«0,9)| <C, ¢ eBnDM fea,
and thus
|(f % 0,9)] < b eDM} fe A

This proves that, for every 6 € D{ p} {f x0: f e A} is a bounded set in L.
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By the parametrix method (see [9] or [15]) we have
=Py usf)+yxf, ueDL" peDQ),

and the assertion is proved.

PROBLEM 3. Characterize bounded sets in 25’%\/[’”}, t €1, 00].

The next theorem is an improvement of results from [3]. Namely, in [3] instead
of cones, octants were considered and for ¢ = 1 and ¢t = oo the assertion was proved
with the assumption (M.3). The proof of this theorem is omitted, since it is very
similar to that of Theorem 8, which is given in the next section with all the details.

THEOREM 4. Suppose that T is an open convex cone in R™, s € [1,00] and
M, satisfies (M.1)* and (M.2). Suppose that F(x + \/—1ly) is holomorphic in
U'=R" +/—1T and there are L > 0 and C > 0 (resp. for every L > 0 there is
C > 0) such that
HF( +v _1y)HLt < CeM*(L/lyD7 ’y‘ <7 ¥y € I
Then

lim F(- +r) F(-++/-10).

I'sy—0
The converse assertion is given in the following form:
THEOREM 5 (see [3]). Assume (M.1)*, (M.2) and (M.3)" and let f € Dj,,
€ (1,00). Then there exists a holomorphic function F in
{ze (C\R)": |yi| <7, i=1,...,n}
such that

IF(@+V=Ty)llee < Coxp (YoM (k/ly)s  0#[wil <7 i=1,....m,
i=1
for some k > 0 and some C > 0 (resp. for every k > 0 there is C > 0) and

f(z) = lim (Hel> (1 +e1evV—1,...,2, +epev/—1) in D'},

e—0
e

where e = (e1,...,ep), e, =1 or =1, 1=1,...,n.

PROBLEM 4. Are the assertions of Theorem 5 true for t =1 and ¢t = oc0?

Tempered ultradistributions. We now recall from [12] the definitions and
basic structural properties of tempered ultradistribution spaces. Assume (M.3)’
to hold.

The space of smooth functions ¢ on R™ such that, for all m > 0,

@ 2 1/2
om,2(p ( Z f i da:) < 00,

x))\ﬁ\@(a)(x)
o pers i | Mia |M\m
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where g(x) = (1+|z|?)!/?, equipped with the topology induced by the norm ,, ,
is denoted by Sé\/[ »"™ The strong duals of
SMr) = proj lim 83" and  SMr} = ind lim Syt

are called the spaces of tempered ultradistributions of Beurling and Roumieau
type. If we assume (M.2)" to hold, then for every fixed p € [1, 0], the family of
norms {o,,2 : m > 0} is equivalent to the family of norms {o,, , : m > 0} where
instead of L? norm we put LP norms.

The Fourier transformation is an isomorphism of &* onto S*.

If (M.2) holds, then D* — S§* — £* and §* — S, where “A — B” means
that A is dense in B and the inclusion mapping is continuous.

S'Mp) and S'{Mr} are (F'S)- and (LS)-spaces, respectively. If (M.2) holds,
they are (F'N)- and (LN )-spaces, respectively.

Note that S{Mr} = proj lim, o cn Sf\i/{ 's; where Sf\f %, is the space of functions
@ from C'*° such that

o [ Jata) "0
Vris; (9) = sup { Mo r(a) M5 5(8)

where 7(a) = Hgl ri, s(B) = Hgﬁzll 5.
The following two theorems give the characterization of bounded sets in S’*.

THEOREM 6 (see [12]). A set B C 8'M») (resp. S'IMr}) is bounded if and only
if every f € B can be represented in the form

Z Da(qlﬂlfa,ﬁ)v

a,BENY

:a,ﬂeN8}<oo,

where fo 3 € L? and for some d > 0 (resp. every d > 0) there exists D > 0
independent of f € B such that
o0
Y M Mgl fasllze < D
a,fENY

THEOREM 7 (see [15]). Assume (M2) and (M3). Let AC D' (M) (resp. AC
D'AMp}). Then A is a bounded subset of S"™») (resp. A is a bounded subset of
S{Me}y if and only if f € A is of the form f = P(D)F, F € Ay, where P is
an operator of class (M,) (resp. of class {M,}) and Ay is a set of continuous
functions on R™ such that for some k > 0 and some C > 0 (resp. for every k > 0
there is C > 0)

|F(z)] < Cexp M(k|z])), F €A, xeR"

Remark. Let Q be an open set in R"™ and §*(Q2) be the space defined by
the families of norms with €2 instead of R”. Then we obtain the corresponding
space §’*(Q) and the presheaf Q — S*(2), @ C R™. The associated sheaf is
Q—D*Q), 2 CR".
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Until the end of the paper we shall assume that conditions (M.1)*, (M.2) and
(M.3)" are satisfied by the sequence M,,.

The proof of the next theorem is based on Hormander’s proof of the cor-
responding assertions in D’ ([6, Theorem 3.1.15]) and on the almost analytic
extension (see [13]).

THEOREM 8. Let I" be an open convez cone in R™ and F' be an analytic function
m
Z={z€C":Imzel, |[Imz| <~}

for some y>0. Moreover, assume that, in (M,)-case, there exist constants a>0,
b>0, C>0, and, in {My}-case, for arbitrary a>0 and b>0 there is a constant
C = Cq, such that

|F (x4 —1y)| < CeMalzD+MT G/l - 0y /1y e Z.
Then
Flz+vV—1y) " F(z +v=10), y—0, yel.
Proof. Let h >0 and ¢ € C* such that

@ hlal
sup
a€Np, zeR™ M|a|

’¢(a)(x)|eM(h\xl) < oo,

Note that the family of norms defined by (4), h > 0, is equivalent to o, 2, m > 0
([12]). As in [13], let £ be a non-negative function which belongs to D*(R) such
that supp s C [~2,2] and &|[_1,1; = 1. Moreover, let
kp(t) = k(4tmy,/h), t,h >0, p € Ny,
where my = m,, /p.
The almost analytic extension of ¢ is defined by

(®) (g
o) = 3 O (), c=etvTIyecn,

!

where

pl=pil...pnl,  (V=1y)? = (V-1y1)"* ... (V=1yn)"",
“p(y) = Kp, (yl) - Rp, (yn)

for p = (p1,...,pn) and y = (y1,...,yn). The function ® is smooth in R?".

Fix Y = (Y1,...,Y,) € I, Y # 0. We assume that Y; # 0 fori = 1,...,n
(if Y; = 0, for some i = 1,...,n, the proof is the same). Applying the following
inequalities:

Zh/mp" <Yit; < §h/mpi’ i=1,...,n, p € Ny,

My /map~t < My /miPi? <. < M3, pe N,
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o {0,

one can show that are constants m, Cy, Dy, Hp > 0 such that

d
— <
dtn(t)‘} <C, teR,

(5)  explM(hlal)+ M*(l/Hh\tD]' 9 gt ﬁm\ < Chomal®)

0z;
and

(6) exp[M (hlz)]|®(z + V=1tY)| < Dpoma2(p)

forallz e R", t € (0,1] and i =1,...,n.
Put Zy = {z = 2+/—1tY : x € R",0 < t < 1}. Suppose that v is an analytic

function and 6, %9, 1 =1,...,n, are continuous functions in a neighbourhood
k2

of Zy. Moreover, assume that @ is integrable in this neighbourhood and that
for every fixed m € {1,...,n},

[(WO)(...,a;, +V=1tY;, ... a;, +V-=1tY; ,...)|—=0 asa—
uniformly in ¢ € [0,1], and z; € R, j # i1,...,%m,

where iy,...,4, € {1,...,n} and |a;,| = a > 0.
Under the above assumptions we have

f O(z1,...,z0)0(21,. .., xpn)dz,. .., dr,
RTL

= [ 0@+ V=1Y)p(x + V=1Y)) dx

R"™

n 1
+ 2@2 Y; Of R[ gji(a: + V1Y ) (@ + V—1tY) dt da.
The proof of this assertion follows from Stokes’ formula on
Zy, ={z=a+vV-1tY :—a<z;<a,i=1,...,n, 0<t <1}
by letting a — oo. There exists a constant C' > 0 such that
t<Cly+tY], yel, t>0
(see [6, p. 66]). Fix y € I'. Then the functions
U(z) = F(z+V-1y), 0(z) =P(2), 2€ Zy,
satisfy the above assumptions. This follows from the assumptions of the theorem

and inequalities (5) and (6). By letting y — 0, y € I', we have

(F(z+V=10),¢(x)) = [ Fz+vV=1Y)®(x + vV=1Y)dz

RTL
n 1

+2V=1) Y | f%@(:ﬁu\/—1tY)F(m+\/—1Yt)dtdm
i=1 0 R" t

for every ¢ € S*.
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Moreover, for some C' > 0 and h > 0 (resp. for every h > 0 there is C' > 0) we
have

[(F(z +V=10),0(2))| < Cona(p), ¢€S*. m
As in [6], put
1(¢) = f e O dw, €eR",
|w|=1

eV=1(=6)
K(z)=(2m)™" [ G

We call K Hormander’s kernel. The boundary value representation of an
element from S&’* is given in the following
THEOREM 9 (see [16]). Let u € §’* and define
U(z) = (ux K)(2) = (u(t), K(z — t + V~1y)),
for z =x ++/—1y € DR". Then U is analytic in DR™ and,

e in (M,)-case: there are some constants a,b,C > 0,
o in {M,}-case: for arbitrary a,b > 0, there exists a constant C = Cqyp > 0,

such that
(1) UG < Cexp[M(alz|) + M*(b/(1 = y]))], z=z+v-1lyec DR"
and
(8) ()= [ (U(+V=1w),¢)dw, ¢eS"
Sn—l
Conversely, if U satisfies (7) then (8) defines an ultradistribution from S'*.

d¢, zeDR"={ze€C":|Imz| <1}

Microlocal analysis. Microlocal analysis given in [16] via Hérmander’s and
Poisson’s kernels is based on Theorems 8 and 9. In this section we will recall only
two assertions from [16] and prove a theorem on the so-called weak suppleness of
the microlocal support of an ultradistribution. Recall that, for an ultradistribution
f € D'*, the point (z,w) € S*Q = Q x S"! is not in S5, f (resp. not in SS*f)
if and only if there exist a neighbourhood U C 2 of z and a conic neighbourhood
I of w of the form I' = {{ # 0 : |£/|¢] — w| < n} such that for every ¢ € D*(U)
the following holds:

e in (M,)-case: for every € > 0 there is C. > 0 such that \Ef({)\ < CeeMelED)
¢ € T (resp. there are k > 0, and C' > 0 such that ]q/bt\f(f)| < CeMElED ¢ 1),

e in {M)}-case: there exist k > 0 and C' > 0 such that \q/b}‘(f)| < CeMUkIED
¢ € I (resp. for every € > 0, there is C. > 0 such that ](E}”(ﬁﬂ < C.eMEED ¢ eT).

Note that SS(yy,} is equivalent to the Hormander notion of the wave front set
W Fy, (see [6]).
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Let U be an open set in C™. Then a function F is said to be in O*|pr~(U)

(resp. O*|pr~(U)) if F is holomorphic in DR™ NU and, for every compact set
K ccU,

e in (Mp)-case: there are C' > 0 and k > 0,
e in {M,}-case: for every k > 0 there is C' > 0,
such that
k
F(z)| £ Cexp [M*(
P () —

(resp. for every compact set K CC U,

)], z=x+vV-1lye KNDR"

e in (M,)-case: for every ultradifferential operator P(D) of class (M),
e in {M,}-case: for every ultradifferential operator P(D) of class {M,},
P(D)F(z) is bounded in K N DR".)

With the notation of Theorem 9 we have

THEOREM 10 (see [16]). Let uw € §’*. Then

(a) ¢ = (z,w) & SS*u if and only if U is O* in a neighboourhood of v —+/—1w.

(b) ¢ & SS«u if and only if U is O, in a neighbourhood if x — /—1w.

(¢) ¢ & SSu if and only if U is analytic at x —\/—1w (i.e. in a neighbourhood
of this point).

THEOREM 11 (see [16]). Let G; be closed subsets of S"~' such that Uj=1 Gj =
Sl Any u € 8™ (R™) can be written as u = > i1 g, uj € S”(R™) with

(a) SS*u; C SS*uNR" x Gy, j=1,...,1;

(b) SS,u; C SS,unNR™ x Gy, j=1,...,1;

(c) SSu; C SSuNR" x G, j=1,...,r.

Ifue&™ thenuj, j=1,...,r, have compact supports as well.

It is proved in [5] that the sheafs C* and C, are supple, which means if u € C*
(resp. u € Cy) and SSu = Z; U Zy, where Z;, i = 1,2 are closed sets, then there
are u; € C* (resp. C.), i = 1,2, such that u = u; +ug and SSu; C Z;, i = 1,2.
(The same holds with u € C* and SS,u = Z; U Z3.)

In the next assertion we will simply prove the suppleness if Z;, i = 1,2, are of
special form.

Let u € D'*. Put ¥, = mSS,u, sing supp, u = 715Su.

THEOREM 12. (a) Assume ¥, = X1 U Xy where X, 3o are closed sets. Then
there exist uy,us € D'* such that

U = Uy + U2, ﬂ-QSS*Ui CEi, 221,2

(b) Assume sing supp, u = S1 U Sy, where Sy, Sa are closed sets. Then there
exist v1, vy € D'* such that

u=1v1 + vy, singsupp vix CS;, =12
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Proof. (a) By using a partition of unity we may assume that u € £*. Put
S ={€€ S d(€,3) < d(E50)},
By = {651 d(E, D) 2 d(€,B)),
Sy =31\ 8y,  Ng=35)\ s
By Theorem 11,
w=1uy +us +us+ug, SSu; CSS,uNR"xY;, i=1,2,34.

Hence u = w1 + ug, where u; = uy + us, us = Us + Uy, is the decomposition with
the asserted properties.
(b) By [6, Corollary 1.4.11], the exists ¢ € Cg°(R™\ (S1 N S2)) such that

- 0, xESl\(SlﬂSQ),
¢(x) B {1, T € SQ\(Sl ﬂSg),

and for some C > 0 and h > 0,
ChF
(k) <
6@ < o

where d(z) = max{d(z, S), d(z,S2)} and M; < My (see [8]).

By [8] we have u = P(D)v, where P = P, or P = P, (see Theorem 3) and v is
a compactly supported continuous function such that sing supp, v = sing supp,v.
Put vy = P(D)¢v, v1 = P(D)((1 — ¢)v). Since

sing supp,v; C sing supp,un.s;, =12,

M, keNZ,

and u = v1 + vo, the assertion is proved.
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