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Introduction*

This paper is a continuation of a survey paper [78] by the first author
in which he discussed some aspects of continuous mappings of centinua. In
this paper we survey some other aspects of mappings of continua. We have
attempted to gather a large number of results scattered throughout the
literature and to present them in a systematic way. We have provided proofs
and strengthenings of many results in the literature. We have proved some
new propositions that answer questions in the literature. We have also listed
some problems from the literature as well as some new problems.

The paper begins with a study of the general notion of aposyndesis and
its application to Jones’ decompositions of homogeneous continua.

The greatest part of this paper is concerned with monotone decompo-
sitions of continua: information which we can obtain by studying decompo-
sitions of continua in general, irreducible continua, general homogeneous
continua, homogeneous atriodic continua, homogeneous multicoherent con-
tinua and homogeneous continua which embed in 2-manifolds.

We extend Bellamy’s result by showing the existence of weakly confluent
mappings from hereditarily indecomposable continua onto an arbitrary
continuum ; we indicate how one can use a result of this type in studying for
example the hyperspace of an arbitrary continuum,

By a modification of an unpublished proof of Bellamy that
Waraszkiewicz's spirals do not have a common model we obtain short and
not so technical proofs of Russo’s results from [104]. The last part of this
paper is exactly a review of known results and open questions concerning the
existence of common models, universal continua, common image and incom-
parable families.

The reader may refer to [47] and [78] for terms that are not defined
here.

* The research was supported in part by NSERC grant A 5616 and by a grant from the
University of Saskatchewan.



6 Continuous mappings on continua II

1. General notion of aposyndesis

All the spaces we consider are Hausdorff and compact. The collection of
all closed nonempty sets of X we denote by 2* and the collection of all
subcontinua of X we denote by C(X).

Let A be a subset of a space X. Then A° A and bd(4) denote the
interior, the closure and the boundary of 4 in X, respectively. Sometimes we
will wrote cl(A) instead of A. If # is a collection of subsets of X, then #*
=()!B: Be#) and #° = |B°: Be#}.

Let T be a fixed collection of closed subsets of a space such that XeT.
If Ac X, then we define

T(A) = (V. V is open, A c ¥, there is a finite collection
# c T such that bd(V) < #° and #* N A =@},

T'(d)=T(A) and T'(A)=T(T"*(4) for n>1.

If A= T(A), then we say that 4 is T-closed. We say that X is T
aposyndetic at A with respect to B if there is KeT such that
A< K® < K c X \B. The space is called T-aposyndetic if it is T-aposyndetic
at each point with respect to each other point. If T is fixed and T = C(X),
then we will drop the letter T and simply write aposyndetic for T-
aposyndetic.

(1.1) A <=T(A) and T(A) is closed.
(12) If A< B, then T(A) < T(B).
(13) If xeT(A)nB° and BeT, then BN A # Q.

(14) If U is open, T(A)c U, then there are an open set V and a finite
collection .# = T such that bd(V) c #°, #*"A=Q and T(A)cV < U.

Let G be open and such that T(4d) c G = G = U. By the definition of
T(A) and compactness of X there are open sets ¥; and finite families #4, = T
such that Ac ¥V, bd(V)c B, B¥*nA=Q and T(A) < ¥ for i=1,...,n
and ¥, n...n¥, = G. Since for each Be#H; we have BN A =, we infer
B°nT(A) =0 by (1.3). Thus T(4) < ¥, for each i=1,...,n. Therefore,

TAcVin..nV,cG, thus TA) <V, n..nV,cGcU.Let A= | 4,.

i=1
Since bd (Vi n...nV)ebd(V))n...nbd(V,) = #° and #* N A = Q, the set
V satisfies all required conditions.

(L3)  If T(A)=MUN where M and N are separated and nonempty, then
ANM#® and TANM)c M.

_ There are open sets U; and U, such that M< U, N<c U, and
U, nU, =@. It follows from (1.4) that there are an open set ¥ and a finite
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collection # < T such that bd(V)c #° #*nA=Q and TA) <V
cU,uU,. Since bd(VnU)<=bd(V) for i=1,2, we infer @ #A4AnM
cT(AnM)c U; thus TAnM)c M.

(1.6) If U is open, T(A) = U, then there is an open set V such that AcV
and for each Bc V we have T(B) < U.

Since T(A) = U, there are an open set G and a finite collection # <= T
such that T(4) cG<=G = U, bd(G) = #° and #*n 4 =@ by (1.4). Let V
=GN (X\#*). Then A =V and Vis open. If B c ¥, then #* "B = Q; thus
T(B) < cl(G) < U.

Condition (1.5) implies

(1.7) if A is connected, then T(A) is a continuum,
Condition (1.6) implies

(1.8)  the mappings A — T"(A) are upper semi-continuous.
Condition (1.5) implies

(19) if A is closed and B is a component of T(A), then BN A # @ and
T(An B) < B.

As in [9] we obtain

(1.10) A~ T(A) is additive (i.e. if # < 2X and B* is closed, then T(4*)
= {T(B): Be®)) iff for each A, Be2*X we have T(A U B) = T(4)u T(B).

Suppose x¢C = | {T(B): Be#}. Then for each Be# there is Fpe2*¥
such that B = F§ and x¢ T(Fy) by (1.6). Since #8* is compact there is a finite
subcollection 4 = & such that #* < ) {Fz: Be%). Hence, by (1.2), hy-
pothesis and induction T(#*) < T( {Fg: Be%}) =) {T(Fg): Be%}. Since
for all Be%, x¢ T(Fy), it follows that x¢ T(#*). Thus T(#*) = C. The
converse inclusion is obvious by (1.2).

(1.11)  If X is T-aposyndetic, then T(x) = {x} for each xeX.

The converse of (1.11) is not true in general.

(1.12) ExampLe. Let X =[0,1], T={4eC(X): A< X\{}}or 4 =X}
Then T(x) = {x} for each xeX and X is not T-aposyndetic at 4.

(1.13)  If X is T-aposyndetic and A — T(A) is additive, then each closed set is
T-closed. Moreover, T(A) = A for each A < X.

In fact, T(x) = {x} for each xeX by (1.11). Therefore, ilf A = A4, then
T(A) = A. In particular, T(T(A4)) = T(4) by (1.1). Hence, A - T(A) is the
Kuratowski’s closure operation which gives the same family of closed sets as
the original closure operation on X. Thus A = T(A) for each 4 = X,
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(1.14)  ExampLE. Let A(x, y) denote the closed interval joining points x
and y in the Euclidean plane R?. Put

Xo = A(0, 1), (1, ) U A (L, 0), (—1, 0)) U A((0, 1), (=1, O)),
X, = A0, 1), (1 +1/m>, —1/m) U A((1+1/m?%, —1/n),(—=(1+1/n)%, —1/n)) U
UA((0, 1), (—(1+1/m)2 —1/n))

for n=1, 2,... and

X =Xo0 U (X,04((L, —1/20), (1, = 1/2n+ 1)U
UA((=1, =1/2n+1)), (-1, ~1/2n+2)))).

Let T, =C(X) and T, = {KeC(X): K is arcwise connected}. It is easy
to see that X is T;-aposyndetic but X is not T;-aposyndetic.
Jones’ notion of aposyndesis has a quite big literature (see [36]).

2. Relation T for special families

If T is a family of subcontinua of a continuum X such that
XeTc C(X), then we will consider the following properties:

(ag) if xeB®N...AB?, {B,,...,B,} = T, then there is BeT such that
xeB°cBcB,n..nB,;

(ay) if V is an open set in X, # is a finite subfamily of T such that
bd(V) c #° and #* is connected, then VU #*e T,

(a;) if ¥V is an open set in X, # is a finite subfamily of T such that
bd(¥) = #° then each component of VU %#* belongs to T;

(as) if Vis an open set in X, Ke T, # is a finite family of T such that
bd(V) = #° then each component of (K~ V)u £* belongs to T;

(d) each element of T is closed domain in X (i.e. a connected set which is
the closure of its interior);

(h) if h is a homeomorphism from X onto itself and A& 7, then h(A)e T;

(uy) if Visan opensetin X, A=A < C;eT and C; = C?,, = X\ V for
i=1,2,..., then there is CeT such that C} C,cCcX\V,;

i=1

(u) if ¥V is an open set in X, #c T, A=AcB® for each Be,
#* <« X\V and £* is open then there is Ce T such that #* = C < X\V;
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(uy) if A= A< B°c BeT, Vis an open set in X and B< X \V, then
there is C(4, V)eT such that C(4, Y c X\V, C(4, V)nV#®, and if
AcD°cDeT and Dc X\V, then D < C(4, V).

It is clear that
(2.1)  (az)=>(az)=>(ay),
(22)  (ua) =(uy) =(u,),

(2.3) if X is an arbitrary continuum and T = C(X), then T has properties
(a3), (h) and (uy),

(24) if X is an arbitrary continuum and T is the collection of all connected
closed domains of X, then T has properties (a,), (d), (h) and (u,).

Recall that a continuum X is a fO-continuum (6,continuum) if the
complement of every subcontinuum of X has a finite number of components
(at most n components).

25 If X is a O-continuum and Q,,...,0,€C(X), then the set
X\(Q,v...uQ,) has a finite number of components.

In fact, we will prove this by induction (compare [29]). Let
Q:....,0,+1€C(X). We may assume that Q,,...,0,,, are pairwise disjoint.
Then there is a component C of X\(@; v...uQ,,) such that the closure
of C intersects two different Q;; say CnQ, # @ # C Q,. Then each com-
ponent of X\(Q,v..uQ,,,) different from C is a component of
X\((Q,vCu@)uQyu...uQ,, ) which completes the prool.

From (2.5) immediately follows

(2.6) if X is an arbitrary O-continuum and T = C(X) then T has property (a,).

3. Properties of T

(3.1) If T has property (a,), then
(@) xeT(A)<(xeB° = BeT=ANB # Q).

In fact, suppose that x¢ T(A). Then there are an open set V and a finite
subfamily # of T such that A= Ve V< X\{x}, bd(V) = #° and #* A
= (. Since the set X\ ¥ is open and bd (X \ V) c bd (V), the set (X\ V)u B*
has a finite number of components and x belongs to the interior of one of
them. Therefore, we obtain <= by (a,). The converse also holds by (1.3).
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(32) If T has property (a;) and T(A)=MOUN where M and N are
separated and nonempty, then T(ANn M) =M.

Suppose pe M\ T(4 N M). Since M and N are separated, there are open
sets U, and U, such that McU;, NeU, U, nU,=0. Since
T(A) = U, u U,, there are an open set V and a finite collection £ = T such
that TA) c Ve Ve U,uU,, bd(V)c #° and #* < X\A by (14). Since
pé T(An M), there is Be T such that pe B° = B < X\(4 n M) by (2.1) and
(3.1). The property (a;) implies that there is LeT such that
pelPc Lc(BNU, nV)u#* c X\A; thus p¢ T(A4) by (3.1), a contradic-
tion. The converse inclusion follows from (1.5).

As an immediate consequence of (1.8), (1.9) and (3.2) we obtain

(3.3) If T has property (as), A is closed and B is a component of T(A), then
AnB# @ and T(ANB)=B.

Repeating the proof of Lemma 3 in [2] one can obtain that

(34) If T has property‘ (a,) and A — T(A) is continuous, then T is idempo-
tent, ie. T(T(A)) = T(A).

Theorem 3 in [2] can be reformulated as follows:

(3.5) If T=C(X), X is T-aposyndetic, and A — T(A) is continuous, then
A = T(A) is additive and X is locally connected.

We have the following observation (compare (1.13)):

(3.6) If T has property (a;), X is T-aposyndetic, and A — T(A) is additive,
then T(A) = A for each A<= X and X is locally connected.

Indeed, if xeV and V is open, then T(X\ V) = X\ V. Therefore, there is
BeT (c C(X)) such that xeB° < Bc V by (3.1).

(3.7 If T has properties (ag) and (a;) then A — T(A) is additive.

Let A=A and xe X\ A. It suffices to show that if 4 has the property
that ye A implies T(y) = X\{x}, then T(4) = X\ {x}. For each ye A there is
an open set ¥, and K e T such that yeV, and xe K® < K = X\ V,. Since 4 is
compact, we can find a finite collection {K,,...,K,} =T such that
xeK¢n..nK2cK,n..nK,= X\A. The property (ap) implies that
there is KeT such that xe K°c K c K, n...nK,. From (3.1) we infer
x¢ T(A).

The following proposition has a very simple proof (see [2], p. 587):

(38) If T =C(X) and T,=C(f(X)) where [ is -continuous, then
T, (A) < f T.f~ ' (A) where A = f(X).
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4. T-aposyndesis in homogeneous continua

A topological transformation group (G, X) is a topological group G
together with a topological space X and a continuous map (g, x) - gx of
G x X into X such that (gh)x = g(hx) and if e is the identity of G, then
ex=x for all g, h in G and x in X.

(G, X) is polonais if G and X are polonais, i, they are separable and
metrizable by a complete metric.

For each x in X let G* = {gx: geG} and n,:G — X be such that n_(g)
= gx. The mapping =, is of course continuous. It follows from Theorem (2.1)
in [24] that we have

Errros' THEOREM. Let (G, X) be a polonais transformation group and
xeX. Then n..:G - n,(G) is open if and only if each set G° is of second
category in itself for each ye X if and only if each set G* is Gy in X for each
yeX.

A metric in a given metric space X we will denote by d(, ) and if
A < X and & > 0 then B(A, &) will denote the union of all balls with centre
in A and radius < &. H will always denote the group of all homeomorphisms
from X onto itsell,

Recall that a space X is homogeneous if for each two points x and y in
X there is a homeomorphism h from X onto itself such that h(x)=y. It
easily follows from Effros’ Theorem (compare [107], [41], [55])

(4.1)  (e-push property) If X is a homogeneous metric compact space and
£> 0, then there is 6 >0 such that if d(x, y) <8 then there exists an e-
homeomorphism h from X onto itself (i.e. d(z, h(2)) < ¢ for all z in X) such that
h(x) =y (such number 6 we will call an Effros number for g).

A space X such that for each three different points x, y and z in X there
is a homeomorphism h from X onto itself such that h(x) = x and h(y) =z
will be called r-homogeneous (homogeneous by rotations).

We have

(4.2) (c-push property II) If X is a r-homogeneous metric compact space,
xeX and ¢ > 0, then there is 6 > 0 such that if y, ze X\ B(x, €} and d(y, 2)
< & then there is an e-homeomorphism h from X onto itself such that h(x) = x
and h(y) = z.

It suffices to consider G = {geH: g(x) = x} and apply Effros’ Theorem.

If X is a nonlocally connected metric continuum, then there is a point x
and an open set U such that x does not belong to the interior of the closure
of the component of U containing x. An easy application of (4.2) gives
(compare [107] and see [17] for another types of homogeneity)
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(43) If X is a r-homogeneous metric continuum then it is locally connected.

We have

(44) If X is a metric homogeneous continuum, T has property (h), he H and
xeX, then h(T(x)) = T(h(x)) and the mapping x — T(x) is continuous.

In fact, if ¢>0 and 6 is an Effros number for ¢ and if d(x, y) <o
then there is an e-homeomorphism heH such that h(x) =y. Therefore,
T(y) = h(T(x)) = B(T(x), &) and T(x) = B(h(T(x)), &) = B(T(y), €); thus
dist(T(x), T(y)) <e, ie. x » T(x) is continuous.

(4.5) If X is a metric homogeneous continuum, T has properties (h) and (u,),
then T has property (u3) and for each De T and open nonempty set V such that
Ve X\D and D° # @ the space X is T-aposyndetic at D with respect to V.

Proof. Let A=A<D®=DeT and D = X\U where U is open, let g,
=inf{d(x, y): x€d, yeX\D%, & =inf{d(x,y): xeD and yeU} and ¢
= Jmin {gg, £,}. Then ¢ > 0. Let § be the Effros number for ¢ and put H,
= {heH: d(z, h(z)) < ¢} for all z in X. Consider W= ) {h(D): heH,}. Then

(4.5.1) ’ Ac (h(D))° for each heH,.

In fact, if xe X \(h(D))° N A, then there is ye X\D such that h(y) =x
and d(x, y) <& < gy, a contradiction with the choice of &;.

Moreover the choice of § and ¢ implies '

(4.5.2) B(D,8) c W< B(D, &) = X\U.

Let xeW. Then xehy(D) for some hyeH,. Then, for each zeX,
d(z, ho(2)) < &. Since X is compact, there is n > 0 such that d(z, ho(2)) <1
<eg for each zeX. Let { be the Effros number for e—n and H,
={heH: d(z, h(z)) <e—nfor all ze X} and put W, =) {hho(A4): heH}. If
heH,, then hhoeH,; therefore, W, = W. Since B(ho(A), ¢) = W,, we infer
that xe W°; thus,

4.5.3) W is open.
Conditions (4.5.1), (4.5.2), (4.5.3) and property (u,) imply that
4.54) there is Ce T such that W < C < X\U.

Therefore, if V is a fixed open set, A = A < X\V, then

(455) if AcD°cDeT and D < X\¥, then there is CeT such that
DcClcX\V

Put #={DeT: AcD°cDcX\V}. Then %*c X\V, #* is con-
nected and #* is open by (4.5.5). Therefore, there is C(A, V)e T such that

B*cC (4, V) = X\V by (uy). The choice of # completes the proof of (u,),
ie. (4.5 holds.
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We will now prove, similarly,

(4.6) If X is a metric homogeneous continuum, T has properties (h), (d), (a,)
and (uy), then T has property (u3) and for each De T and open nonempty set V
such that V= X\D the space X is T-aposyndetic at D with respect to V.

Proof. Let A=A<cD°cDc X\U, Vc U, DeT, where U and V are
open. Let g, =infld(x, y): xeA, yeX\D%, ¢, =inf!d(x, y): xeD and
yeU) and ¢ = 4 min !¢, &,}. Then ¢ > 0. Let & be the Effros number for &.
Since T has property (d) for each xeD there is y, e D° such that d(x, y,) <.
Let h,eH be such that h.(y,) =x and d(h,(z), z) <e¢ for all zeX. Then
xe(h,(D))°. Since X is compact, we obtain that there are hy,...,h,e H such
that D < (h(D)°u...u(h,(D)® and d(h(z),z) <e for all zeX and i
=1,...,n. Moreover, if xe X \(I;(D))°n 4, then there is yeX\D such that
h(y) = x and d(x, y) <& < g, a contradiction with the choice of &;. Thus,
A < (h(D))° for each i =1,...,n. Therefore, h;(D)u... U h,(D) is connected.
Hence, hy(D)u...uh,(D)eT by (a;) and (h). The choice of ¢ implies that
hy(D)u...uh,(D) = X\U. This construction gives the following

(4.6.1) if V is a fixed open set, A=A cX\V, AcD°cDeT and
D = X\V, then there is CeT such that D =« C° <« X\ V.

Put #={DeT: AcD®<=D c X\V)}. Then #4* = X \V. It follows from
(4.6.1) that #* = A°. Since X has a countable base there are D, e# such that
.JA* = D1 UDl U...

Observe now that the property (a;) implies
(462 if CGeT AcClcCicX\V for i=1,2, then A c(C,uC,)°

cC,uC,c X\V and C,uC,;eT.

By induction and (4.6.1) and (4.6.2) using D; we can construct B, € T such
that A c B;c B,y c X\Pfori=1,2,. and #* = B, UB, uU... Thercfore,

there is C(A4, V)e T such that #* = C(4, V) € X\V by (u,). The choice of
4 implies that C(4, V) has the properties required in (uj,).

5. Colocal connectedness and T-aposyndesis

The proof of the following is based on the proof of the main results in
[65]:

(5.1) (Krasinkiewicz, Minc) Ler X be a metric continuum and let T have
properties (a,) and (us). If A is a proper subset of X such that AeT and for
each De T such that A = D ¢ X there is xe X such that X is T-aposyndetic at
D with respect to x, then there is a proper open subset G of X such that
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(i) G= U C,, AcCy C,cCl,, C,eT for n=1,2,.

(i) bd (G) is a continuum and G = X,

(iii) if @ # K°c KeT and K nbd(G) # @, then bd(G) = K.

Moreover, if T=C(X), KeT and Knbd(G)# @ #KNG, then
bd(G) = K.

Proof. Let U, U,,... be a base for X and diamU,,—;O. We will

construct a sequence W,, W;,... of open sets in X and a sequence of
continua C,, Cy,... such that for n > 1 we have

611, We1nd=0, CAW,.)=C,ycC), C, €T

5.1.2), diam W, < 1/n,

(5.1.3), C,nU,#0,

(5.14), if xeU, and X is Taposyndetic at C,_, with respect to x, then
W,cU,.

Let W, be an arbitrary open set such that X is T-aposyndetic at 4 with
respect to W, and C, = C(4, W,) by (uy). Assume that sets W,...,W,_ are
constructed. Firstly, assume that there is xe U, such that X is T-aposyndetic
at C,., with respect to x. Then there is a continnum BeT such that
C,-1 = B°c B = X\ (x]. In this case let W, be an open neighbourhood of x
satisfying (5.1.2), and W, = U,\B and C, = C(4, W,), then also (5.1.3), holds.
In the opposite case there is xe X such that X is T-aposyndetic at C,_,; with
respect to x. Let Be T be a continuum such that C,_, = B = B < X\ {x}.
Let W, be an open neighbourhood of x such that W, = X\B and (5.1.2),
holds. It suffices to prove (5.1.3),. We will show that U, = C, = C(4, W,). In
fact, in the opposite case X is T-aposyndetic at C,_, with respect to each
point from U \C by the choice of C,.

Put G = U C,. The set X\ G = bd(G) is nonempty, closed and bound-

a=0

ary. Suppose X G =PuQ where P and Q are closed. nonempty and
disjoint. Let U and V be open neighbourhoods of P and Q such that Un ¥V
= @. There is an integer n such that (X' U)n(X\V)c C?. Let U, be such
that m>n, U, <U\C, and peU,nP. The property (a,) implies that
(X 0O)uC,eT Since X is T-aposyndetic at C,,_, with respect to p, we
obtain W, < U, by (514),. Bu 4<(X'0)uC,)® and (X D)uC(,
cX U,cX W, we obtain (X U)uC,cC(A.W,)=C,, a con-
tradiction.

Now, let @ # K° =« KeT and K ~nbd(G) # @. Then there is an open
set V such that Vc K°m(X\(bd(G))). Moreover, there is C, such that
V< CP. The property (a,) implies that K u C,e T. Suppose pebd(G) K. Let
U, be such that m>n, U,< X\ (KuC,) and pelU,. Since X is T
aposyndetic at C,,_, with respect to p, we obtain W, < U, by (5.1.4),. But
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since Ac(KuCp)® and KuC,cX\U,cX\W, we obtain
KuC,=C(A, W,)=C,, a contradiction.

We say that a continuum X is colocally T-connected (semi-locally T-
connected) at C if for each open set U containing C there is an open set V
such that C < V < U and X\ V is connected and belongs to T (X\V has a
finite number of components and each of them belongs to 7).

(5.2) If T has property (a,), then A = T(A) if and only if X is semi-locally
T-connected at A.

(5.3) If T has property (a,) and # < T is such that if A, Be #, then there is
Ce# such that AUB < C° then X is colocally T-connected at each compo-
nent of X\ #*.

In fact, the set X\ #* is closed. Let K be a component of X'\ #4* and let
U be an open neighbourhood of K in X. Then there is an open set V such
that the set Vn(X\#4*) is closed-open in X\ #4* and K = V< U. Then
bd (V) = .#*. Since bd(V) is compact there is a continuum A e# such that
bd(V) c A°. Since T has property {(a,), we infer (X\V)uAeT Put G
= V\A. Then K =« G = U, X\G is connected and belongs to T.

(5.4) If T hus property (a,) and X is colocally T-connected at A, and at
A,, then X is colocally T-connected at A; N A, provided A, and A, are closed
and A, UA, #X.

In fact, let U be an open neighbourhood of A; n A;. Since A, and A4,
are closed, there are open sets U, and U, such that 4, =« U,, A, = U, and
U;nU,cU. Since X is colocally T-connected at A, and at A, there are
open sets ¥, and V; such that 4, = ¥, < U;, X \V, is connected and X \V,e T
for i=1,2 We may assume that there is an open set G contained in
(X\W)"N(X\1,)° thus (X\V,)U(X\V)eT by (a;). Therefore, A; N A,
cVinV,cU and X\(V,nV,)eT: thus X is colocally T-connected at
AN A,.

(5.5) If T has property (a,) and X is colocally T-connected at A, A is
closed, then there is a continuum K < A such that X is colocally T-connected
at K and K is minimal with respect to this property.

This proposition easily follows as in (5.3).

6. Decompositions and terminal continua

Let T be a collection of closed subsets of a compact Hausdorfl space X.
We say that a continuous mapping f from X onto a Hausdorff space f(X) is
Tradmissible provided f(A) is a point for each Ae T We have (see [94],
compare [30])
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(6.1)  There is a unique function h which is T-admissible and such that for
each T-admissible function [ there is a continuous mapping ¢ from the space
h(X) onto f(X) such that f=goh. Moreover, if T < C(X), then h is
monotone.

In fact, let F = {f: fis T-admissible mapping from X }. Take the product
Y =[] {f(X): feF} and the diagonal mapping h = A f: X — Y. Then h has
. o

the required properties. The decomposition of X into components of point
inverses under h is also T-admissible provided T < C(X); and hence h is
monotone.

This minimal T-admissible mapping h will be called a core T-admissible
mapping of X and the sets h™'(t) for teh(X) will be called T-layers.

If § ={T(x): xeX}, then S-admissible mappings (S-layers), we will call
T (x)-admissible mappings (and T(x)-layers, respectively). We have

(6.2) A core T(x)-admissible mapping is always monotone.
It is known (see [59] for a simple proof)

(6.3) (Dyer) Let X and Y be nondegenerate metric continua and let f+ X - Y
be a monotone open surjection. Then there exists a dense Gzsubset A of Y
having the following property: for each ye A, for each continuum B < f7'(y),
for each x from the interior of B in /'_1()’).and Jor each neighbourhood U of B
in X, there exists a continuum Z < X containing B and a neighbourhood V
of yin Y such that xeZ° (f|2)"'(V) < U and f|lZ: Z - Y is a monotone
surjection.

(64) Letg: X — Y beamapping hetween compact metric spaces. Then [ Ye Y]:
g~1: Y- 2X is continuous at y} is a dense Gg-subset of Y (see [70]).

We reformulate Theorem 1 [rom [102] as follows

(6.5) (Rogers) Let g be a quotient mapping from a homogeneous metric
continuum X onto a space Y (Y is not assumed to be Hausdorff) such that
T =1g"1(y): veY) < C(X) has property (h). Then g is open, each two ele-
ments of T are homeomorphic and homogeneous, and the space Y is a
homogeneous continuum. (In particular, Y is Hausdorff)

The fact that Y is Hausdorff easily follows from Effros’ theorem.
The rest is a simple consequence of (h) and (6.4). In fact if y, y'eY and y
#y, then let ¢=4inf|d(x, x"): xeg~!'(y) and x'eg™!(y)} and let H,
= {(heH: d(h(z), z) < ¢ for all ze X}. Then the images under g of the sets V
= h(g”'(»): heH,) and U = {h(g'(y")): heH,} are open and disjoint.

By a curve we mean a 1-dimensional continuum. Recall that a mapping
f: X - Y from a metric space X onto Y is completely regular if for given
¢>0 and yeY there exists an open set V in Y containing y such that if
y'e€V, then there is a homeomorphism h from f~'(y) to f~*()) such that
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d(x, h(x)) <& for xef~'(y). Each completely regular mapping is open. It is
known (see [83], Th. 3.2, Corollary 3.3)

(6.6) (Mason, Wilson) If f is a completely regular monotone mapping of a
metric curve onto a nondegenerate continuum Y, then dimY =1 and for each
ye¥, f1(y) is tree-like.

(6.7) (Rogers) If we have the same assumptions and notation as in (6.5), then
g is completely regular.

Let y' belong to the open set g(W) where W is open in X and of
diameter less than an Effros number of . Let x’ belong to g~ !(y) n W. Let
h: X - X be an g-homeomorphism such that h(x) = x'. It follows from (h)
that h maps g~ !(y) onto g~ !(y). Therefore, g is completely regular.

Combining (6.6) and (6.7) we obtain (compare [100])

(6.8) (Rogers) If we assume in addition to the conditions in (6.5) that X is a
curve, then we have that for each yeY the set g~ (y) is tree-like and Y is a

curve.
A subcontinuum Q of X is called terminal if KeC(X) and KnQ # @

imply KcQ or Q< K. A subcontinuum Q of a homogeneous metric
continuum X will be called e-strongly terminal if Q is terminal and A(Q) = Q
for each e-homeomorphism h of X onto itself with h(Q)NQ # Q.

(6.9) If Q is an e-strongly terminal subcontinuum of a metric homogeneous
continuum X, then Q is homogeneous.

In fact, let 6 be the Effros number for ¢. Fix two points x and y in Q.
Since Q is a continuum there is a finite sequence xg,...,x, of points of Q
such that xq = x, x, =y and d(x;,_y, x) < d fer i =1,...,n. The choice of §
implies that there are e-homeomorphisms k; from X onto itself such that
hy(x;-,) =x; for i =1,..., n. Since h;(Q)NQ # @, we have h(Q) = Q. Take
h=h,o...oh;. Then h(Q) = Q and h(x) = y. Therefore, Q is homogeneous.

(6.10) If Q is an e-strongly terminal proper subcontinuum of a metric
homogeneous continuum X, then there are a subcontinuum K of X containing Q
and a monotone completely regular mapping ¢ from K onto a nondegenerate
continuum Y such that for each yeY the set ¢~ '(y) is homeomorphic to (.

Proof. Let 6 >0 be the Effros number for ¢/3 and let K be a
component of B(Q, 6/2) containing Q. Since X is a continuum we have that
Q<K +#Q. Let h and g be arbitrary ¢/3-homeomorphisms of X onto itself
such that h(Q)NnK # @ and h(Q)ng(Q) # @. Then

(6.10.1) h(Q)=g(Q) =K.

Since h(Q) is also terminal, we obtain h(Q) = K. Since R g@)nQ #0
and h™'g is an e-homeomorphism,we obtain h™?(g(Q)) = Q; thus g(Q)
= hh™1(9(Q)) = h(Q).

2 — Dissertaliones Mathematicae CCXXV
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Therefore, the images of Q under &/3-homeomorphisms form a decom-
position of K. Let ¢ be the canonical mapping of this decomposition. We
will now prove that

(6.10.2) ¢ is continuous, monotone, open and completely regular.

In fact, let h be an e/3-homeomorphism of X onto itself such that
h(Q) K # @. Therefore there is a number 5> 0 such that d(z, h(z)) <y
<¢gf3 for zeX. Let £>0 be the Effros number for w <¢/3—n and let
xeh(Q) and ye B(x, £) n K. Then there is an w-homeomorphism g from X
onto itself such that g(x)=y. Since gh is an g/3-homeomorphism and
dist (h(Q), gh(Q)) < w, we obtain that ¢ is continuous and open. As in the
proof of (6.7) we see that ¢ is completely regular. The proof is complete.

Combining (6.6) and (6.10) we infer

(6.11) If Q is an e-strongly terminal proper subcontinuum of a metric
homogeneous curve, then Q is tree-like.

Combining (6.3) and (6.10) we infer

(612) If Q is an e-strongly terminal proper subcontinuum of a metric
homogeneous continuum, then Q is indecomposable.

We have

(6.13) If Q is a proper terminal subcontinuum of a metric homogeneous
continuum X, then Q is indecomposable.

Proof. Suppose that Q is the union of two proper subcontinua A and
B and let ac4\B and beB\ A. Put ¢ =4min {d(a, B), d(b, A)}. Let h be an
e-homeomorphism of X onto itself such that h(Q)nQ # @. To obtain a
contradiction it suffices to show that h(Q) = Q by (6.12).

We may assume that h(4) N Q # Q. Since B is not contained in h(A), we
have h(A4) Q. Therefore h(B) intersects Q and similarly we obtain h(B) < Q,
thus h(Q) c Q. Since h™! is an e-homeomorphism and h™1(Q) N Q # @, the
same arguments give us the inclusion h~1(Q) c Q, ie. @ < h(Q).

The above proof is a simplification of our proof given us by
J. Krasinkiewicz.

It follows from Theorem (10.2.2) in [23] that

(6.14)  If fis a mapping from a 1-dimensional continuum X onto a tree-like

continuum Y such that sets f~'(y) are tree-like continua, then X is a tree-like
continuum,

7. Decompositions of homogeneous continua

The following proposition generalizes Jones’s result about decompo-
sition of homogeneous continua (see [52], [53]):

(7.1)  If X is a homogeneous metric continuum, T < C(X), there is
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DeT\{X)} such that D° # @, T has properties (a,) and (h) and either T has
properties (d) and (u,) or T has property (u,), then the core T(x)-admissible
mapping @ has the following properties

(i) @ is continuous, open, and monotone,

(i) for each xeX we have T(x)= @ '¢(x) and X is colocally T
connected at T(x),

(iii) T(x)-layers are homeomorphic, boundary sets in X which are
homogeneous,

(iv f @ #K°cKeT and KnT(x) # @, then T(x) < K for each xe X,

(V) @(X) is a homogeneous metric continuum which is colocally S-
connected at each point where S = {p(4): AeT).

Moreover, if T=C(X), then T(x)-layers are indecomposable terminal
subcontinua of X and if X is a curve, T = C(X), then T(x)-layers are tree-like.

Proof. According to (4.5) and (4.6) we can apply (5.1). Let G be as in
(5.1) and R = bd(G). By (5.3) X is colocally T=connected at R. The properties
of R imply that if xeR, then T(x) = R. If ye R\ T(x) then there is KeT
such that K° "R # @ and K < X\ {x}, because R is a continuum. Therefore
(5.1) (iii) implies that R < K, a contradiction. Hence, for each xe R, we have
R = T(x). :

Now let he H so that h(R)n R # (. Since X is colocally T-<connected at
R and h(R) the property (iii) of (5.1) implies h(R) = R. The remaining
arguments are clear by (1.8), (6.2), (6.4) (compare the proof of (6.5) and (iv)).

Recall that a mapping f from X onto Y is atomic if for each continuum
K < X we have K = f~1f (K) provided f(K) is nondegenerate. It is known
(see [25])

(7.2)  each atomic mapping is monotone.

Observe that by (7.1)

(7.3)  If X is a homogeneous metric decomposable continuum, T = C(X), then
the core T(x)-admissible mapping is atomic.

The following problem remains open

(7.4)  Does it follow that the atomic image of a homogeneous continuum is
homogeneous?

We have

(1.5) If X is a homogeneous metric decomposable continuum, T = C(X), ¢ is
the core T(x)-admissible mapping and f is a monotone mapping from X onto a
Hausdor(f space, then either f~f(x) < @ 'o(x) or ¢ lo(x) < [~ (x) for
each xe X (this follows from the fact that a mapping ¢ of continua is atomic
if and only if each point inverse under ¢ is a terminal continuum in the
domain).

It follows from (6.3)
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(7.6)  If F is an open atomic mapping from a metric continuum X, then there
is a dense Gy set A in f(X) such that f~1(t) is indecomposable for each te A.

From (4.5) and (7.1) we easily conclude

(7.7) If X is a homogeneous merric decomposable continuum, T, = C(X) and
T, = {AeC(X): A is the closure of an open set which is continuum-wise
connected}, then T, (x) = T,(x) for each x€ X.

8. Indecomposable continua and colocal connectedness

Using Bellamy’s mapping approach (see [7], [64], compare [80]) one
can prove the following:

(8.1) (Bellamy, Rogers) Let C, K and X be Hausdorff continua such that
O#KNnC#K, C,KcX and D be the indecomposable Knaster's con-
tinuum. Then either there is a subcontinuum Q of X such that K C is
contained in the interior of QN K in K and QnK # K or there is a
continuous mapping f from X onto D such that f(K) =D and f(C)=(0, 0, ..)).

Sketch of the proof. D is an inverse limit of arcs I, = [0,1] with
bonding maps h,: I,,, —1, given by h,=h and h(t) =2t for t <1/2 and
h{(t) = 2—2¢ for ¢t = 1/2. Suppose, that there is no continuum Q such that
K n C is contained in the interior of Q " K in K and 0 n K # K. Let U and
V be open sets such that Un¥V =@, C< U and VnK # Q. Let f; be an
arbitrary Urysohn function from X onto [0, 1] such that f,(U)=0 and
fi(V) =1. Assume, fi,...,f, are constructed in this way that C < (£, '(0))°,
Kn(fa'(1)° # @ and f,,=hof,-, for m> 1. It suffices to construct f,,,
having such properties. Let C* be the component of X\(f, *(1))° containing
C. Then by assumptions the set (f,"'(0))° K is not contained in C*.
Therefore there is a decomposition M U N of X \(f,;"*(1))° such that the sets
MAKn(,71(0)° and NAK A (f,*(0)° are nonempty. Assume C* ¢ M
and define f,,,(x) =4£,(x) for xeM U f7'(1) and f,,,(x) = 1—-4 f,(x) for
xeN.

It is known (see [64])

(8.2)  (Krasinkiewicz, Minc) A Hausdorff continuum X can be mapped onto
an indecomposable continuum Y if and only if there are two closed and disjoint
sets A and B in X such that each subcontinuum of X irreducible between them
is indecomposable.

Recall that a continuum is d-connected if each pair of its points can be
joined by a hereditarily decomposable continuum.
It follows from (8.1) and (8.2) that
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(8.3) If X is a 6-connected continuum and X # Ke T = C(X), then X can
not be mapped onto an indecomposable continuum and there is a point xe X
such that X is T-aposyndetic at K with respect to x.

Propositions (8.3) and (5.1) imply (compare [65])

(84) (Krasinkiewicz, Minc) If X is a S-connected metric continuum and
X # KeT = C(X) then there is a continuum L < X \K such that I° = @, X is
colocally T-connected at L and L is terminal in X (thus if X is arcwise
connected, then L is degenerate).

In the nonmetric case we have

(8.5) If X is a d-connected continuum and X # Ke T = C(X), then there is
a continuum L < X\K such that I = @, X is colocally T-connected at L and
L is minimal with respect to these properties. Moreover, the intersection of each
two such continua is empty.

Proof. Applying (8.3) we can construct a sequence of proper subcon-
tinua of X such that K< C? <= C, = Cl<=C, c... Then X is colocally T
connected at each component of X\(C, uC,w...) by (53). From (5.5), we
infer that there is a continuum L < X\K such that X is colocally T
connected at L and L is minimal with respect to this property. If the interior
of L is nonempty, then X\ L is a proper subcontinuum of X so we can apply
(8.3) once more to obtain a sequence of proper subcontinua of X such
that X\L<D%<c D, =« D} = D, c... Taking an arbitrary component of
X\(DyuD,u..) we obtain a contradiction by (5.3). Now, if we have two
such continua L, and L,, then L, U L, # X ; thus X is colocally T-connected
at L, n L, by (4). Moreover, X is colocally T-connected at each component
of Ly nL,, a contradiction.

From (8.5) we infer

(8.6) If X is a 6-connected homogeneous continuum and T = C(X), then X
can be covered by a collection of mutually disjoint boundary continua at which
X is colocally T-connected.

Unfortunately, we de not know whether this decomposition is upper
semi-continuous. We conclude only

(8.7) If X is a 8-connected r-homogeneous continuum and T = C(X), then X is
colocally T-connected at each point (because elements of the covering from
(8.6) must be degenerate).

In the metric case we have much more (by (7.1))

(8.8) (Rogers) If X is a 8-connected homogeneous metric continuum and T
= C(X), then X is colocally T-connected at each point.
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9. Closed domains in homogeneous continua

Recall that a set U is continuum-wise connected if each two points of U
can be joined in U by a continvum. Put

R(A) = {Be2*: there is an open set U such that AcUcU =8B
and U is continuum-wise connected}.

(9.1) If BeR(A), then B is a closed connected domain.
Now, we will prove

(9.2) If X is a homogeneous metric continuum and @ # A° c Ae C(X)\ (X},
then R(A)\{X} # @. Moreover, if BeR(A)\ (X}, then there is a continuous
mapping o from [0,1] into C(X) such that a(0)=A, a(l)=B and
a(t)eR(@x() for 0<t<t's 1

Proof. If 6> 0 and @ # A° = AeC(X)\{X}, then we put
R(4, 8 =cl(U{LeC(X): A<= I’ = L<=(B(4, )°}).
It follows from (4.5) that

9.2.1) R(A,e)eR(A) and R(A,e) <B(A,z¢s).

Now, let BeR(A)\{X} and U be an open set suchthat AcUcU =B
and U is continuum-wise connected.

Fix £¢>0 and assume 0 <g¢ <dist(4, B) where dist denotes the
Hausdorff metric in the hyperspace 2*. It suffices to show that there is a
finite collection B, B,,...,B, such that B,,,eR(B) for i=1,2,...,n—1,
B,eR(A) and BeR(B,), dist(A4, B,) <e, dist(B,, B) <e and dist(B;_,, B;)
<gfori=213,...,n.

We may assume that inf {d(x, y): xe A, ye X\U} =2. Let A= By =C,
and by induction we define

Cy+, is the component of B(C,, £/2) n(X\B(X\U, 1/(k+1))) containing
C, and

Besy = R(Cysy, min(e/2, 1/(2(k+1)(k+2)))).

It follows from the construction that
9.2.2) C,cB,cC. cU foreach k=0,1,2,...

9.23) dist(Cy, Ciy)<e for k=0,1,2,...

According to (9.2.2), (9.2.3) we need only prove that there in n such that
dist(C,, B) = dist(C,, U) < . Take a finite set F such that dist(F, U) < &/2
and F < U. Since U is continuum-wise connected, there is a continuum Q
such that AUF < Q < U. There is k such that Q nB(X\U, 1/k) = @. From
the properties of the hyperspace C(X) we conclude that there are continua
A=K, K,,...K,,=0Q such that K,=K;,, and dist(K,, K;,,) <¢&/2
for i=1,...,m—1. Of course,
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K, c B(4, ¢/)n(X\B(X\U, 1/k)) = B(C,, /2 (X\_B(X\ U, 1/k)).
Therefore, K, < C,, . Since
Ky € B(K3,e/2)n(X\B(X\U, 1/k)) = B(Cy 11, &/2) (X\B(X\ U, 1/(k+ 1))),

we obtain Ky < C,.,,. Therefore, K,, = C;,,,—; by an easy induction. The
inclusion F <« Q = K,, gives that dist(B,, .-, B) <& by (9.2.2). In this way
the proof is complete.

The same arguments show
(9.3) If X is a metric continuum, AeC(X) and Be R(A)\ (X}, then there is a
continuous mapping a from [0, 1] into C(X) such that a(0)= A, a(l) =B,
a( ca(t)#a(f) and a() = B° for 0<t <t < 1.

10. Irreducible continua

It is obvious that
(10.1) If X is an irreducible continuum between a and b and aeCe C(X),
then X\ C is connected. Moreover, X is a 0,-continuum.

A composant of a point p in a continuum X is the set of all points which
can be joined with p by a proper subcontinuum of X. It is clear

(10.2) If X is a continuum, C is a composant of X, then C = X.

Now, we have the following even in the nonmetric case (compare [70],
p- 211):
(10.3) If X is an irreducible continuum between a and b, C is the composant

of ain X, then the set X\ C is connected. Moreover, if it is not a boundary set,
then it is an indecomposable connected closed domain.

Proof. (Kuratowski). Suppose X\C =M UN, where M and N are
closed and disjoint and with be M. There is an open set G such that
McGecGcX\N. Then (G\GINn(MUN) =Q. Let K be the component
of the point b in G. Then K n(G\G) # @ and if pe K n(G\G), then peC.
Therefore, there is a continuum P such that a, pe P < C. Thus, KUP is a
continuum containing a and b. Hence, KuP=X. Therefore,
NcKuPcGuUC. Thus NcC and X\Cc(X\N)n(MUN)=M; ie.
X\Cc M and N = Q. This implies that the set X\ C is connected.

Let Q =X\X\C. Suppose that X\C is not boundary. Then Q # X.

Since X\C is a continuum containing b, by (10.1), we obtain that @ is a
continnum and if it is nonempty, then aeQ and Q < C. Therefore,

X\CcX\Q and X\C = X\Q = X\X\X\C < X\C. Thus, X\C = X\Q,
ie. X\C is a closed domain.
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Suppose X\C=MUuUN, where M and N are proper subcontinua of
X\C. I N\C=0, then X\C<= X\ N and X\C<X\C\N <M. Thus,
X\C < M, a contradiction. Therefore, the sets M\C and N\C are
nonempty.

IfQ=0, then X\C =X =MUN. If ae M, then M = X since M ¢ C,
which completes the proof. Assume Q #@ and then aeQ. Since
X =X\X\CuUX\C=QuUMUN, we may assume 0N M # @ by the con-
nectedness of X. But then Q U M = A. Thus, X\Q = M. Since X\Q = X\C,
we obtain W =M, ie. N =@ and the proof is complete.

We say that a set A < X is a set of irreducibility of X if there is a point
ae X such that no proper subcontinuum of X contains {a} U A. It is known
(see [69])

(104) (Kuratowski) A set A is a set of irreducibility of a metric continuum
X if and only if there are no proper subcontinua P and R of X such that X
=PuUR and A< PnR.

As a corollary we obtain (see [105])

(10.5)  (Sorgenfrey) Each nondegenerate unicoherent metric continuum X
which is not a triod is irreducible between two points.

Short proof. Since each indecomposable metric continuum is irreduc-
ible, we may assume that X = H UK where H and K are proper subcon-
tinua of X. Since X is unicoherent, the set H n K is a continuum. If Hn K
is not a set of irreducibility of H, then H= PUR and Hn K < Pn R where
P and R are proper subcontinua of H; PN R = Pn(RuUK) is connected
since X is unicoherent and X = PURU(PNR)UK, but then X = POURUK
is a triod, a contradiction. Therefore, we may assume that H is irreducible
between a and H n K and K is irreducible between b and H N K. Let W be a
proper subcontinuum of X containing @ and b. Then (K\H)u(H\K) c W.
Let C be a component of (W n K)\ H which contains b. Then C U(H N K) is
a continuum which contains b and HNK. Hence CU(HNK)=K. It
follows that WUH=WuUK=WuHnK)=X and X=(KnWu
U(HNnW)u(K N H) is a triod, as above, a contradiction.

Recall that by an n-od we mean a continuum X containing a proper
subcontinuum C such that X\C is a union of n separated nonvoid sets
Ug,..., U, The set C is called a kernel of X and the sets C U U, are the links
of X. The next two propositions were first proved in [63].

(10.6)  (Krasinkiewicz, Minc) If X is a continuum irreducible about a finite
set lay,...,a,} where n> 2 is either of the form n =2k—1 or n = 2k, then X
can be represented as a union of k irreducible subcontinua.

Proof (Krasinkiewicz, Minc). Let n =2k, k > 1. Let M be a subcon-
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tinuum of X irreducible about {a,,...,a,} and let N be a subcontinuum of X
irreducible between a, and a,. Suppose MAN =@ and G=X\(MUN).
Each subcontinuum of X meecting both M and N contains G. Let M, be a
subcontinuum of X irreducible about {a,,...,a,~,} and let N; be a subcon-
tinuum of X irreducible between a4, and a,. Then G = M, nN,. By the
induction assumption (10.6) holds for n.

(10.7)  (Krasinkiewicz, Minc) If X is a unicoherent metric continuum which
cannot be represented as a union of k irreducible subcontinua, then X is
a (2k+1)-od.

Short proof Suppose (10.7) fails. Let n be the maximal natural
number such that X is an n-od but not an m-od for m > n. By (10.5) we have
3<n<2k+1. Let Xy be a subcontinuum of X such that X'\ X, is a union
of n separated nonvoid sets X,,..., X,. By (10.4) X, is an irreducibility set of
each link X;uU X,. Therefore, each subcontinuum of X containing some
a;€X; and meeting X, contains X;. Then X is irreducible about the set
tay,...,a,}. Indeed, if Y is a proper subcontinuum of X irreducible about
{ay,...,a,}, then X\Y < X, and X,\Y # @. By the unicoherence of X the
set Y n X, is connected. It follows that X is an (n+ 1)-od with kernel Y n X,
and links X4, X; U(Y n X,) for j > 1, a contradiction. By (10.6) X is a union
of k irreducible continua. With this contradiction the proof is complete.

11. Decompositions onto locally connected continua

Let us first observe that

(11.1) ExampLE. There is a continuum which has no minimal monotone
decomposition onto a locally connected continuum.

In fact, let
Xo={(x,y,)eR%: 0<x,y<1} and X,={(x, y, I/n): 0<x, y<1}
and =, be the projection from R® onto the ith axis where i=1, 2, 3.
Consider the space X = |J X, and the equivalence relation ~ on X defined

n=0

by: if x,yeX, then x~y if and only if either x =y or =n,(x) ==, (y),
ny(x) = my(y) and {n,(x), 7y (x)} N {0,1} # @. Let Y = X/~ and ¢ be the
canonical mapping from X onto Y. Put g;(f) =me () for teYand i=1, 2.
Then Y is a continuum which is not locally connected; for i=1,2 g, is a
monotone mapping from Y onto [0,1] and the monotone decomposition of
Y, which refines decompositions {g;'(f): te[0, 1]} and {g3*(1): te[0, 1]},
gives the identity mapping on Y.

One can observe that if we consider copies of the Sierpinski universal
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plane curve instead of discs X,, then our constructed example is even one-
dimensional.

Now we have
(11.2) If X is a continuum, T = C(X) has property (ao), then the core T(x)-
admissible mapping @ on X is a mapping which gives the minimal monotone
decomposition onto a locally connected continuum and the T(x)-layers are T-
closed.

Proof. Firstly, from (3.7) we obtain

(11.2.1) T ') =¢ ') for each rep(X).
Now, if T; = C(¢(X)), then we will prove that
(11.2.2) T, has property (a,).

Indeed, let teBYn...nB?, !B,,...,B,} = T,. Since ¢ is monotone,
we have (¢ '(B)),...,9 '(B)} =T Moreover, if xeqp '(r), then
xe(p (B’ n...n (¢~ ' (Bp)°. Since T has property (a,), there is B,eT
such that xeB¢c B, co ™ !(B)n...n@ "(B,). By the compactness of

@~ '(1), we find a finite collection B, ,...,B, such that B],...,B} cover
‘l(t) Then re(p(B,,)v.. u<p(me))°ch(B,l)u u<p(B JcBuU...
...uB,, and the set tp(B,l)u .U @(B,,) is a continuum, ie. (11 2.2) holds.

(11.2.3) ¢(X) is T,-aposyndetic.

In fact, if t, 'e@(X) and r # t', then using (11.2.1) and compactness of
¢ '(r) we can find a finite collection {B,,...,B,) ©T such that
e '(tYcBuU...UB’cB,U...UB,cX\¢ (1) and ¢~ (t') B, # @ for
i=1,2,..nThent'e(p(B))U...up(B))° c p(B)u...u@(B,) € 9(X)\|t}
and @(B))u...ue(B,) is a continuum, i.e., (11.2.3) holds.

Now, applying (3.6), (3.7) and conditions (11.2.2) and (11.2.3) we obtain

(11.24) ¢(X) is 2 locally connected continuum.

It remains to show that if  is a monotone continuous mapping from X
onto a locally connected continuum Y, then ¢ is T(x)-admissible. Take
x, x'eX such that y(x)# y(x). Since Y is locally connected, there is a
continuum B such that y(x)eB°c< B c Y\{¢(x)}. Then x'e(y *(B))°
cy ' (Byc X\{x} and y~'(B) is a continuum, because  is monotone.
Therefore, x'¢ T'(x). Thus, T(x) = ¥~ 'Y (x), ie. Y is T(x)-admissible.

From (11.2) we infer that

(11.3)  If a continuum X is either hereditarily unicoherent or a O-continuum
and T = C(X), then the core T(x)-admissible mapping ¢ on X is a minimal
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monotone mapping onto a locally connected continuum and the T(x)-layers are
T-closed.

In particular (see [70], p. 216)

(114) (Kuratowski) If X is an irreducible continuum, then X has a minimal
monotone decomposition into an arc.

Now, we have

(11.5) ExampLE. There is a continuum X such that if T = C(X) and ¢ is
the core T(x)-admissible mapping on X with T; = C(¢ (X)), then ¢(X) is not
T,-aposyndetic, but the core T?(x)-admissible mapping ¢ maps X onto a
locally connected continuum.

First, let F be the Cantor ternary set lying in [0, 1], # be the Cantor
step-function from F onto [0, 1] and (1) =[t—3| for teR. Let A(x, y)
denote the line segment joining points x and y in the Euclidean space R*.
Put

X, =Ul4(e -1, 2, (7(), 0, 2)): teF, z 20},
X, =UlA((x, —1n, 1/n), (x, =1,0): x=0, n=1,2,...},
X5 =U{A4(0, 0, 0), (1/2, 1/n, 0) UA((1, 0, 0), (1/2, 1/n,0): n =1, 2,...}
and
Xo=(X;nX,)uX;u(X;n{x y0): x, veR]}}
Now, define an equivalence relation on X, by:
(x, ¥, 2) ~(x', ¥, Z)<=(x, y, 2) = (X, y', 2)

Yy(x)=y¢(x) and y=y=-1
Put X = X,/~. It is easily observed that X has all of the required
properties. @(X) is obtained from X, by folding the Ilimit arc
A((0, 0, 0), (1, 0, 0)) in half. £(X) is a bouquet of a null sequence of circles.

(11.6)  If X is a G-continuum, @ # K° c KeC(X) = T and K is indecompos-
able, then K is a closed domain, K° is connected and if xeK, then K c T(x).

or

In fact, the set X\K has a finite number of components; thus, the set
X\(X\K) = K° has a finite number of components by (2.5). Now, if C is a
component of K then C is a subcontinuum of K with nonempty interior ;
thus C = K because K is indecomposable. Therefore, K is a closed domain
and K°=C.

Now, let xeK and yeK°\|x). If y¢ T(x), then there is LeC(X) such
that yel? = L = X\ |x). By property (a,) (see (2.6)) there is M e C(X) such
that yeM® «c M < K n L. But then M is a proper subcontinuum of K with
nonempty interior, a contradiction. Hence, K® c T(x). Thus, K < T(x).
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Propositions (11.3) and (11.6) imply

(11.7)  If f is a monotone mapping from a B-continuum X onto a locally
connected continuum Y such that ({~'(1))° =@ for each yeY, then every
indecomposable continuum in X has an empty interior,

It is clear.that

(11.8)  The monotone image of a f-continuum is a 8-continuum.
It is know that (see [29])

(11.9) (Fitzgerald) A locally connected metric 8-continuum is a finite graph.
Now, we will prove (compare [32])

(11.10)  (Kuratowski, Gordh) If X is an irreducible continuum between a
and b such that each indecomposable subcontinuum of X has an empty interior,
then {T*(x): xe X} is a core T(x)-admissible decomposition of X with bound-
ary T(x)-layers, where T = C(X).

Sketch of proof. Let C, and C, be composants of a and b in X,
respectively. It follows from (10.3) that the sets X\C, and X\C, are
boundary continua. If ceC,nC, and X, and X, . are continua irreducible
between a and c, b and c respectively, then X = X,, v X, and X, and X,
are proper subcontinua of X such that X, < C, and X,, < C,. Continua
X,. and X, can be decomposed, therefore, there is a continuum K such
that ceK°<c K =C,nC,. Hence T(a) = X\C, and T(b) = X\C,. Thus
T(a) = X\C, and T(b) = X\C,. Moreover, if xe X\C,, then T(x) = X\C,.

Now, if C, . is the composant of a in X, and if C, . is the composant of
b in X, then the same arguments show that for each xe X \(C,. v C; ) we
have T?(x) = X \(C,.v C,.); thus also T?(x) = T?(y) or T?>(x)n T%(y) = @
for x, yeX.

The iterations of T also give decompositions for 6,-continua. More
precisely, we have (see [38] for the proof)

(11.11)  (Grace, Vought) Let X be a compact, metric 0,-continuum. Then X
admits a monotone upper semi-continuous decomposition & such that the
elements of 2 have void interior and the quotient space X/% is a finite graph if
and only if [T(H)]° = @ for every subcontinuum H with void interior where T
= C(X). Furthermore, 2 = {T""*N(x): xe X}.

The requirement that X contains no indecomposable subcontinuum with
nonvoid interior in (11.11) is too weak (even for 6, -continua, see [108] for an
example and a discussion of the planar case). Grace in [37] has proved a
version of (11.11) for f-continua. It is clear that

(11.12)  If X is irreducible about {a,,...,a,}, then X is a 6,-continuum.
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The bibliography on upper semi-continuous decompositions of irreduc-
ible continua is rather large begining with [50], [57], [58], [68] and [69].
A more complete study on irreducible continua is contained in [106].
Decompositions of continua irreducible about a finite set were studied in
[103], [109] and [110] (for further remarks see Section 18 here).

12. Locally connected homogeneous continua

We have the following simple observation

(12.1)  If X is a locally connected homogeneous metric continuum which is
not a simple closed curve, then X contains simple closed curves of arbitrarily
small diameters.

In fact, if X does not contain simple closed curves of small diameter,
then it is a local dendrite (see [70] for the definition and properties).
Therefore, it. can be decomposed into a finite union of dendrites having finite
intersections. Since X fails to contain end-points, we obtain X is a finite
graph. Since X is homogeneous and has only a finite set of remification
points, we obtain that X has no remification point. Thus it is a simple closed
curve.

It is known (see [13, [84])

(12.2)  (Anderson, Mazurkiewicz) The simple closed curve and the Menger
universal curve are the only homogeneous, locally connected metric curves.

Recall that a continuum X is Suslinian if every collection of nonde-
generate mutually disjoint subcontinua is countable.

(123) If X is a Suslinian homogeneous metric continuum, then X is a simple
closed curve.

Since X is Suslinian it must be a curve which is locally connected by
Theorem 2 in [14]. According to (12.2) X is a simple closed curve.

Each manifold without boundary is homogeneous. The Hilbert cube is
homogeneous with respect to countable closed sets (see [56]). This last
proposition can be generalized (see [31]); namely: if P is the product of a
countably infinite number of manifolds with boundary and U and V are
countable dense subsets of P, then there is a homeomorphism h of P onto
itself such that h(U) = V. Some other propertics (and problems) concerning
homogeneous manifolds one can find in [15].
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It is an open question whether each arcwise connected homogeneous
continuum is locally connected (K. Kuperberg). We know (see [10]) that an
arcwise connected homogeneous metric continuum contains no arc-cut point
or end-point (for locally connected homogen¢ous metric continua this is a
simple observation).

13. Atriodic homogeneous continua

A continuum X is said to be triodic if it contains three continua such
that the common part of all three of them is both a nonvacuous proper
subcontinuum of each of them and the common part of every two of them. A
continuum is atriodic if it contains no triodic continuum. It is clear that

(13.1)  The intersection of any two subcontinua of an atriodic continuum has
at most two components.

(13.2)  Suppose X is an atriodic continuum and K is a proper subcontinuum
of X which is not unicoherent. Then K is terminal in X. In particular, K® = Q.

Proof. Let 4 and B be proper subcontinua of K such that K= 4 UB
and AnB=PuQ where P and Q are disjoint continua (compare (13.1)).
Let A’ be a continuum in A irreducible between P and Q and let B’ be a
continuum in B irreducible between Pn A’ and Q n A’. Then

(1321) PnA and QN A’ are continua and A’'"VPuUQ =4 and B = B.

In fact, the sets P A’ and Q n A’ are continua by (13.1) because A’ N B
=(PnA)u(@n A). Now, let U and V be open neighbourhoods of P and Q
such that Un ¥ =@ and let E and F be components of BAU and BNV
containing P and Q, respectively. If A\(A’'UPUQ)# @, then AUEUF isa
triod, a contradiction.

According to (13.2.1) we may assume that A and B are irreducible
between each point from P and each point from Q. Let K’e C(X) such that
K'\K # @ # K'n K. It suffices to prove K = K'. Just suppose K # K'. By
(13.1) K n K’ has at most two components C, and C,. We must consider
three cases: N

() CsnB=0Q. Let U, U, and U; be open neighbourhoods with
disjoint closures of C,, P and Q, respectively. If D,, D, and D, denote the
components of U; nK', U;n B and U, N B, respectively, containing C,, P
and Q, respectively, then the set (4 U D,)u(4uUD,)u(4uUD,)is a triod, a
contradiction.

(b) CynP#® and C;nQ =@. Let U be an open neighbourhood of
C, u P such that U < X\(C, v Q). If D, D, and D, denote the components
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of UnK, Un(AuC,), Un(BuC,), respectively, and such that
C, UP = D; nD,nD,, then the set D; UD, U Dj is a triod, a contradiction.
() C;nP#®and C; nQ # Q. Since 4 and B are irreducible, we may
assume that A < C,. The assumption and symmetry imply, by cases (a) and
(b) that C, =@ and C, B has exactly two components D, and D,
(containing P and Q, respectively). Let U, and U, be open neighbourhood of
D, and D, with disjoint closures and let K, and K, be components of
BnU,; and BNU, containing D, and D, respectively. Then the set
(C,vK)u(C,vuK,;)uK' is a triod, a contradiction.

(13.3) If Q is an indecomposable subcontinuum of an atriodic homogeneous
metric continuum X, then Q is terminal in X.

Suppose that KeC(X) and K\Q # Q@ #QnK. The set KnQ has
at most two components C, and C,. Let U be an open neighbourhood
of C, such that UnC, =@ and let K, be a component of UnK.
Then Ko\Q # @ # 0\K, and K,nQ is a continuum contained in one
composant of Q. Let aeK,\Q, beQ\K, and x4,eQnK,. Let ¢
= }min{d(a, Q), d(b, Ky)} and let § be an Effros number for ¢. Take points
Xy, X5 € B(xg, 8) such that x,, x,, x, are in different composants of Q@ and let
g and h be e-homeomorphisms of X onto X such that g(xg) = x; and h(x,)
= x,. The choice of ¢ implies that Ky Uh(Kgug(Ky) =Q\ b} and
'a, h(a), g(a)) =« X\Q. If the continua K,, h(K,) and g(K,) are pair-
wise disjoint, then QU KyU h(Kg)uUg(Kg) is a triod, a contradiction.
If Kyouh(Kpug(Ky) is a continuum, then the intersection
(Kouh(Kog) Ug(Kg))nQ has at least three components, a contradiction by
(13.1). Since Q has infinitely many composants and each of these is dense in
Q this completes the proof.

We have (compare with the introduction in [73])

(13.4) If X is a homogeneous, atriodic nondegenerate metric continuum, then
either X is one-dimensional or every nondegenerate subcontinuum of X is
infinite dimensional.

Proof. Suppose that there is a subcontinuum K of X such that dim K
=2 and K is the union of a finite number of closed sets each of diameter
less than 1. At least one of these closed sets has dimension 2 and at least one
of its components has dimension 2. Hence, K has a 2-dimensional subcon-
tinuum K,; of diameter less than 1. Similarly, K, has a 2-dimensional
subcontinuum K, of diameter less than 1/2, K, has a 2-dimensional subcon-

tinuum K; of diameter less than 1/3,... Let {p} = N K,.
n=1

Now, let 0 be an arbitrary nondegenerate subcontinuum of X. Take
three different points x,, x,, x; lying in Q. Since for each point ge X we
have the same property as at the point p, we can find disjoint continua Q,
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such that x;€Q; and dimQ; = 2 for i = 1, 2, 3. Since X is atriodic, we obtain
that one of continua Q,, Q,, Qs is contained in Q; thus dimQ =2,

Therefore, if X is finite dimensional, then it is a curve. Now, assume that
X is infinite dimensional. Since each subcontinuum of X, by the above
arguments, is either one-dimensional or infinite dimensional, as above, we
can find a point peX and a sequence of continua C,, C,,... such that

Cis, =C;, dimC; =0 for i =1,2,... and () C;={p}. Let Q be an arbit-
n=1

rary nondegenerate subcontinuum of X. Take three different points x,, x,,
x; lying in Q. We can find disjoint continua Q; such that x;€Q; and dimQ,
=0 for i =1, 2, 3. Since X is atriodic, we obtain that one of continua Q,,
Q,, Qs is contained in Q. Thus, dimQ = co.

The same arguments can be applied to show

(13.5) If X is a homogeneous, nondegenerate, metric continuum which does
not contain an n-od (in fact an w-od), then either X is one-dimensional or every
nondegenerate subcontinuum of X is infinite dimensional.

We do not know the answers to the following questions (compare [73],
Question 1): Does there exist a homogeneous nondegenerate metric con-
tinuum which is atriodic (resp. hereditarily unicoherent, hereditarily indecom-
posable) and which is not one-dimensional ? (*)

We have the following simple observation (see [52], see also [35])

(13.6) (Jones) If X is a hereditarily unicoherent, homogeneous metric con-
tinuum, then X is indecomposable.

In fact, if X is decomposable and T = C(X), then the image of ¥ under
the core T(x)-admissible mapping ¢ is a homogeneous hereditarily uni-
coherent metric nontrivial continuum, which is colocally T-connected at each
point by Theorem (7.1) where T; = C(¢(X)). If ¢(X) were locally connected
it would be a dendrite and hence a point. Therefore ¢(X) is not locally
connected. Let xe ¢(X) and U be an open neighbourhood of x in ¢(X) such
that x¢C° where C is the component of U containing x. There is an open
neighbourhood V of x such that ¥V = U and ¢(X)\V is a continuum. Let A4
be the unique continuum irreducible between x and ¢(X)\V in C and let
yeA\ {x}. Since ¢(X) is hereditarily unicoherent, we infer that xe T, (y), a
contradiction because ¢(X) is colocally T;-connected.

(13.7)  If f is a monotone open mapping from an atriodic continuum X, then f
is atomic.

(') One answer follows from the recent paper of J. T. Rogers, Jr. Homogeneous, hereditarily
indecomposable continua are tree-like, Huston J. Math. 8 (1982), 421-428.
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It suffices to show that if KeC(X), yef(X) and f~'(y) nK # @, then
either f 7' (¥) = K or K = f~!(y). Suppose that K ¢ f~!(y)and f~'(y) ¢ K.
Then we can find y;,y,ef(K) such that y, y,,y, are different and
K»f y) and K pf '(y;) by the openness of f The -set
Kuf*Ouf'y)usf '(y,) is a triod, a contradiction.

(13.8)  Every proper subcontinuum of an atriodic homogeneous metric con-
tinuum X is unicoherent.

It follows from (13.2) that a proper subcontinuum Q of X which is not
unicoherent is decomposable and terminal. This is a contradiction to (6.13).
It is known (see [89])

(13.9) (Moore) If, in the plane, G is an uncountable set of triodic continua,
there exists an uncountable subset H of G such that every two continua of the
set H have a point in common.

14. Arcs and pseudoarcs in homogeneous continua

In [14], p. 228, R. H. Bing proved that each homogeneous circle-like
(inverse limit of circles) metric continuum that contains an arc is a solenoid.
This result was used by Hagopian in [44] to prove the following

(14.1) A homogeneous metric continuum with only arcs as proper nonde-
generate subcontinua is a solenoid (i.e. it is homeomorphic to an inverse limit of
circles with covering maps as the bonding maps).

Now, we have (see [14] and [102])

(14.2) If A is an arc component of a homogeneonis metric space X, B is an
arc in X such that BNA# Q, then B< A and A is homogeneous.

Let be B\A and aeBn A. Let e =d(b, A) and 6 be an Effros number
for &. Let p be a point of A such that d(a, p) <J and let h be an -
homeomorphism of X onto X such that h(p) = a. Since h(A) is an arc
component of X containing a, we -infer beh(4). Thus d(b, A)<e¢, a
contradiction.

Let p and g be two points of an arc component of X. The sum of all
arcs in X that have p as an endpoint and contain g is called a ray starting at
p and going by q. We will say that X is simple acyclic (resp. simple atriodic) if
X does not contain a simple closed curve (resp. a simple triod, i.c. a union of
three arcs having only one end-point in common).

(14.3) (Rogers) If A is an arc component of a homogeneous metric continuum

3 — Disserlationes Mathematicae CCXXV
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X which is simple acyclic and simple atriodic, and a, be A, then the ray
starting at a and going by b is dense in A.

Proof (Rogers). Firstly observe that
(14.3.1) No arc in A contains an open set of A.

If some arc in 4 contains an open set of A, then the homogeneity of 4
would imply that 4 is a 1-manifold, ie. a simple closed curve.

(143.2) If pis a point of A, and if one of the rays R starting at p has the
property that R = A, then the other ray starting at p also has this property.

Suppose S is the other ray starting at p and g is a point of A\S. Let ¢
=d(q,8) and § be an Effros number for &/2. Let [p, r] be an arc in A
containing ¢ in its interior such that d(p,r)<d. Let h be an g/2-
homeomorphism such that h(p) = r. Since q is not a point of h(S), it follows
that h(S) is the ray starting at r that does not contain g and that g is not a
point of h(S). But A(S) > R\[p, r]. Hence [p, r] contains an open set of 4
containing g. This contradicts (14.3.1).

Now, suppose S is a ray starting at pe A and ge A\S. Let ¢ = d(q, 5)
and 6 be an Effros number for ¢/2. It follows from the proof of (14.3.2) that
no arc [p, r] of A containing ¢ has the property that d(p, ¥) < d. Hence, if T
is the ray starting at ¢ and not containing S, then d(S, T) > é. Hence [p, q]
contains an open set of A. We have the following generalization of Rogers’
theorem (see [102]):

(14.4)  If the atriodic, homogeneous, metric continuum X contains an arc, then
X is a solenoid.

Proof. Firstly, by (13.4) we obtain
(144.1) X is a curve.
Let A be an arc component of X. Then
(144.2) Each proper subcontinuum K of A4 is an arc.

Let pe K. Since, by (14.3), each of the rays starting at p is dense in A,
there is an arc [gy, q,] containing p the endpoints of which are not in K. If
were a point of K\[q,, g,], then there would be an arc [r, s] such that s is
not a point of K. Then K u([qg,, ;] U [r, 5] would contain a triod.

(144.2) and (14.1) imply that A is a solenoid. By (6.8) we conclude 4
=X.

(14.5) If X is a homogeneous metric curve which is simple atriodic, then
eicher X is a simple closed curve or X is simple acyclic.

In fact, if X contains a simple closed curve 4 as a proper subset, then A
is an arc component of X. According to (14.2), homeomorphic copies of 4
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give a decomposition of X. But by (6.8) we obtain that 4 is acyclic, a
contradiction.
Now, we have

(14.6) If X is a homogeneous atriodic metric continuum which is T-
aposyndetic where T = C(X), then X is a simple closed curve.

It suffices to show that X is locally connected by (14.4). According to
(7.1) we have that X is colocally T-connected at each point. Let ye X and U
be an open neighbourhood of y in X. Then there is an open neighbourhood
V' of vy such that V < U and X\ V is a continuum. At most two components
of U intersect V (otherwise we have a triod). Therefore the component of U
containing y contains this point in its interior. Hence X is locally connected.

(14.7) Let X be a homogeneous metric and atriodic decomposable -continuum.
Then there is an open atomic mapping f from X onto a simple closed curve Y
such that the sets f~*(y) are homeomorphic, homogeneous and indecomposable.

Proof. According to (7.1) and (7.3) there is an open atomic mapping f
from X such that sets f ! (y) are homeomorphic and homogeneous and f(X)
is a homogeneous metric continuum which is colocally connected at each
point. It follows from (7.6) that the sets f ~*(y) are indecomposable. Since [ is
monotone, we infer that f(X) is atriodic. By (14.6) we finally obtain that
f(X) is a simple closed curve.

(14.8) Every metric homogeneous atriodic continuum containing a nonde-
generate hereditarily decomposable continuum is a solenoid.

Proof. Let Q be a proper hereditarily decomposable subcontinuum of a
metric homogeneous atriodic continuum X. Since Q is unicoherent (by (13.8))
and it is not a triod, we infer, by (10.5) that Q is irreducible between some
two points ¢ and b. Proposition (11.10) implies that there is a continuous
monotone mapping ¢ from Q onto [0, 1] such that ¢~ (¢) is a boundary set
in Q for each ref0, L].

Fix te[0, 1]\ {0, 1} and let W = ¢~ *(t). Take two numbers tg, t; such
that 0 <ty <t<t; <1 and @' is continuous at r, and t,. Then the set
¢~ ![to, t;] is a continuum which is irreducible between each point of
@~ '(ty) and each point of ¢~ !(t,). Let to <ty <t <ty <t;. For 4, Bc X
put

£(A, By=infld(x, y): xeA, yeB}
and

&= min le(p” ' [to, 1,], @' (O)U

ve (). e(e”  (to). @ ' [to, 1]) (0™ ' (r1), @7 [0, 11])).
Let & be an Effros number for ¢, veo™'(ty, 17) " B(W, 8) .and let we W be
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such that d(w, v) < 4. There is an e-homeomorphism h from X onto itself
such that h(w)=v. The choice of ¢ and the atriodicity of X imply that
e (o, ) = h(p™ [te, 1) < Q\(@ ' () U@~ '(1)). Since W is a layer
of ¢~ [ty, 1], we have that h(W) is a layer of h(p~* [to, t,]) and the layer
of Q containing v is a layer of h(p~![t,, t{]). Therefore h(W) is the layer of
v in Q. Thus,

(148.1) there are ane> 0 and s, re[0, 1] suchthat 0<s<t<r <1 and
images of W under e-homeomorphisms give the decomposition of ¢~ ! [s, r]
onto the arc [s, r].

Since @~ ! [s, r] is atriodic, we infer that the sets ¢ ~* (p) for pe[s, r] are
indecomposable continua by (7.6). Therefore, the set ¢~ ![s, r] is an arc,
because Q is hereditarily decomposable. Thus, X is a solenoid by (14.4) and
the proof is complete.

One can observe that (14.8.1) is still valid if we assume only that Q is
decomposable. Using this fact we can construct an indecomposable con-
tinuum in X which has a composant with continuous monotone decompo-
sition onto a line. Unfortunately, we are not able to show anything about the
other composants of this continuum. This approach seemed to us a good
way to solve the following questions:

Let X be a homogeneous metric atriodic (one-dimensional) continuum
which contains a decomposable subcontinuum. Does it follow that there is
an open atomic mapping f from X onto some solenoid Y such that the sets
f~1(y) are homeomorphic, homogeneous, hereditarily indecomposable (tree-
like) continua? Is every indecomposable proper subcontinuum of X her-
editarily indecomposable?

The same approach was used by Jones in [42], where he gave a sketch
of a proof of the following:

(14.9)  (Jones, Hagopian) Every planable homogeneous indecomposable con-
tinuum is hereditarily indecomposable.

The complete proof of (14.9) is in [54], where Hagopian constructed just
such an indecomposable continuum with a nice composant but he then used
the notion of accessibility in the plane which is not available here.

The following solves Bing’s question (see [14], p. 288, compare [45]):

(14.10)  (Hagopian, Rogers) Each homogeneous circle-like continuum other
than a solenoid contains a pseudoarc. Moreover, every circle-like homogeneous
continuum is a pseudo-arc, a solenoid of pseudoarcs or a solenoid.

It follows [rom (6.8) that a solenoid of solenoids cannot exist (Rogers’
remark in [100]). Rogers in [99] has constructed an uncountable collection
of homogeneous continua called solenoids of pseudoarcs (compare [45]).
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It is known (see [101], compare [27], [28] and [97] and Hagopian in
[43] gave an easy proof that the pseudocircle is not homogeneous)

(14.11) (Rogers) Each homogeneous indecomposable plane continuum is a
tree-like continuum; in particular, the pseudocircle is not homogeneous.

Moreover (see [93], Theorem 3.6)

(14.12)  (Oversteegen, Tymchatyn) Each subcontinuum of a homogeneous
indecomposable plane continuum has span zero (see [72] for the definition).

It has been conjectured by Lelek that the class of continua with span
zero coincides with the class of all chainable continua.
Further questions concering homogeneous continua can be found in

[10], [73] and [75].

15. Homogeneous continua in compact 2-manifolds

Now we will follow [14]. Recall the following notations concerning the
abutting of arcs in the plane R? Suppose ab, c¢d and ef are arcs in R? such
that abncd = {c} and ab nef = {e] are interior points of ab. Then c¢d and ef
are said to abut on opposite sides of ab if there is a homeomorphism of R?
onto itself that takes ab onto a horizontal segment and cd, ¢f onto vertical
segments which lie except for their points of contact with ab on opposite
sides of the line containing ab.

A sequence of arcs 4,, A,,... is said to converge homeomorphically to an
arc A, if for each positive number ¢ there is an integer n such that if n </,
there is a homeomorphism of A4; onto A4, that moves no point more than .

Suppose ab, cd, ef are arcs such that cd and ef abut on ab from opposite
sides. A sequence of arcs A;, A4,,... converging homeomorphically to ab is
said to converge homeomorphically from the cd side of ab if none of the arcs
intersects ab and all but possibly a finite number of these arcs intersects cd.
Two sequences of arcs converging homeomorphically to ab are said to
converge homeomorphically from opposite sides if one of the sequence con-
verges from the cd side of ab and the other from the ef side of ab. It is
known (see [14], Theorem 3 and 4)

(15.1) (Bing) If W is an uncountable collection of mutually exclusive arcs in
R2, then there is an element w of W and two sequences of elements of W
converging homeomorphically to w from opposite sides.

(15.2) (Bing) Suppose B, By, B,,... is a sequence of mutually exclusive arcs
in R* such that B,, B,,... and B,, B,,... converge homeomorphically to B from
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opposite sides. If C is a continuum intersecting each B; but neither end of B and
h is a homeomorphims of CUB U B, U B, U ... into R?, then h(B,), h(Bj),...
and h(B,), h(B,),... converge homeomorphically to h(B) from opposite sides.

The following proposition generalizes Theorem 1 from [14] and it gives
the answer to Bing’s question (see [14], p. 228).

(153) (Bing) If X is a 1-dimensional homogeneous continuum that contains
arcs and lies on a compact 2-manifold M, then X is a simple closed curve.

Proof (A modification of Bing's proof). Let A be an arbitrary arc
component of X. Then 4 is 2 homogeneous continuum by (14.2). 4 is not the
Menger universal curve U (because U is not locally planable (see [1])). We
may assume that A is not a simple closed curve, because, otherwise,
homeomorphic copies of A give a decomposition of X with layers which are
not tree-like, which is impossible (compare (6.8)). Therefore, according to
(12.2) we obtain that A4 is not locally connected. It follows from Theorem 2
in [14] that A contains an open set U with uncountably many components.
Of course we may assume that U is planable. If 4 contained a simple triod,
it would follow from the homogeneity of A that each component of U would
contain a simple triod. This would violate the fact that the plane does not
contain uncountably many exclusive triods (compare (13.9)). Therefore A is a
simple atriodic and, by (14.5)

(15.3.1) A is a simple atriodic and simple acyclic.
Moreover,
(153.2) A has uncountably many arc components.

If A had only countably many arc components, it would follow from the
Baire Category Theorem that one of the arcs in A4 contains an open subset of
A. The homogeneity of A would then imply that 4 is a 1-manifold, ie. the
simple closed curve, a contradiction.

(15.3.3) If C is a nondegenerate subcontinuum of 4 that is not an arc, then
C intersects uncountably many arc components of A.

This is true by (153.2) if C =4 so we suppose that C is a proper
subcontinuum of A. Let p be a point of 4\C and B be the arc component of
A containing p. Since each ray ig dénse in A (by (14.3)), there is a sequence of
points py, P—1, P2, P-2,... of ‘B\€ such that B is the union of the arcs DiDi+1
and no two of the p;p;,’s intersect except possibly at an end-point of each.
If one considers the intersections of these arcs p;p,., with C, one finds
that B C is the sum of a countable collection of mutually exclusive closed
sets. Since no continuum is the sum of a countably infinite number of
mutually exclusive closed point sets, C intersects uncountably many arc
components of A,
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(1534) Each nondegenerate proper subcontinuum of A4 is an arc.

Suppose C is a nondegenerate proper subcontinuum of A4 that is not an
arc. Let ab be an arc which is a component of the intersection C N E where
E is an arc component of A (compare (15.3.3)). Since A< M and M is a 2-
manifold, there is an open disk D containing ab in its interior. Take a
neighbourhood V of ab such that ¥ < D and let C' be a component of V" C
containing ab. Then C’ is a nondegenerate proper subcontinuum of A that is
not an arc and that has a neighbourhood V which is planable. It follows
from (15.3.3) and the fact that each ray is dense in A that V contains an
uncountable collection 4 of mutually exclusive arcs each of which intersects
C’ but no one of which has an end on C". It follows from (15.1) that there is
one of these arcs B that has two sequences B;, Bj,... and B,, B,,... of the
arcs from % converging homeomorphically to B from opposite sides.
Considering only small motions of C"UBuU B; UB, U... we are still in the
plane. Applying (15.2) we infer that there is an £ > 0 such that under no e-
homeomorphism h of C"UBUB;UB, U... into V is the image of any
interior point of B accessible from the complement of h(C'UBUB,uU
w B;u...). But such images form an open set in ¥V by Effros’ theorem, a
contradiction.

Proposition (14.1) and condition (15.3.4) imply that A is a solenoid,
which is not a simple closed curve. This is impossible, because no solenoid
which is not a simple closed curve can be embedded into 2-manifold (see
[60], [61], compare [86]).

The proof of (15.3) is complete.

Now, we will generalize Jones’ result from [51].

(154) (Jones) If X is a 1-dimensional homogeneous continuum that lies on a
compact 2-manifold M and that is colocally T-connected where T = C(X), then
X is u simple closed curve.

Proof. According to (15.3) we may assume that X is not locally
connected. It follows from Theorem 2 in [14] that X contains an open set U
with uncountably many components. We may assume that U is planable,
X\U is a continuum and U has uncountably many components each of
which meets U. There is a component C of U which meets U and which is
atriodic. Take a point ¢ belonging to CnU and let V be an open
neighbourhood of ¢ such that X\ V is a continuum and ¥ < U. Denote the
component of ¥ containing ¢ by K. Then K c C and the set K n(X\ V) has
at most two components C, and C, (otherwise C contains a triod; in fact, if
C,, C,, and C; are three different components of K n(X\ V) and V;, ¥, and
V, are open neighbourhoods of C,, C, and C;,, respectively, such that ¥, 7,
V, are pairwise disjoint and ¥, UV, u ¥, = U; then the components of
¥/ C containing C, for i = 1, 2, 3 together with K form a triod). If either C,
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or C, is not a set of irreducibility of K, then using (10.4) in an easy way we
construct a triod in C; thus in each case K is an irreducible continuum.
Moreover, since X is colocally T-connected at each point of K\(C; U C,) we
infer that K is decomposable. We can show that each indecomposable
subcontinuum of K is a boundary set in K. In fact, if Q is an indecompos-
able subcontinuum of K with a nonempty interior in K, then Q is a proper
subcontinuum of K and K\Q is a proper subset of K. It follows from (10.1)
that K\Q is a union of at most two subcontinua, each of which intersects Q
and fails to contain K, but K is terminal (the proof is similar to that one of
(13.3)). Now, if W is a layer of K, then using the colocal connectedness of X,
we easily check that W is degenerate. Therefore, X contains an arc. Thus, by
(15.3), X is a simple closed curve, a contradiction.

It follows from (154), (14.9), (14.11) and (14.12) that the class of
homogeneous plane continua may be classified as follows: (a) a simple closed
curve, (b) a tree-like hereditarily indecomposable continuum with span zero,
(c) a continuum which has a nice decomposition onto a continuum of type
(a) with layers of type (b). The pseudoarc represents a continuum of type (b)
(see [117, [88]) and the so-called circle of pseudoarcs is of type (c) (see [16]).
Moreover, each homogeneous nondegenerate chainable continuum is a
pseudoarc (see [13]).

It is known (see [116], Theorem 11, p. 1159)

(15.5) (Wisner) If a proper subcontinuum X of a 2-manifold M is decompos-
able and homogeneous, then there is an atomic open mapping f from X onto
a simple closed curve Y such that the sets f~1(y) are homeomorphic, homo-
geneous, indecomposable tree-like continua.

Proof. According to (7.1) there is a monotone open mapping f from X
such that f is atomic (compare (7.3)), the sets f ~!(y) are homeomorphic and
homogeneous continua and f(X) is a homogeneous metric continuum which
is colocally T-connected at each point where T =C (f (X)). 1t follows from
(7.6) that the sets f~!(y) are indecomposable. It is obvious that X is a curve
(if not, then it is a 2-manifold ; thus, X = M, a contradiction). Therefore, the
sets f~1(y) are tree-like continua by (6.6). Theorem 1 in [95] implies that the
collection {f~!(y): y = f(X)) together with individual points of M\ X forms
an upper semi-continuous decomposition of M such that the decomposition
space is homeomorphic to M. By (15.4) we infer f(X) is a simple closed
curve. The proof is complete.

The following question (this is a modification of a known question
concerning plane continua) remains open: Let X be an indecomposable
homogeneous subcontinuum of a metric 2-manifold (of a plane). Does it
follow that X is a pseudoarc? (has span zero?) For partial results in the plane
compare (14.12).
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16. Multicoherence and homogeneity

A continuum X is called w-coherent (No-coherent) provided for each
finite collection # of subcontinua of X with nonempty interiors and such
that #* = X the set [){B: Be#} has a finite (countable) number of
components. It is clear that

(16.1)  Every w-coherent continuum is Wo-coherent and every hereditarily
finitely multicoherent continuum is w-coherent (a2 continuum X is hereditarily
finitely multicoherent if the intersection of every two subcontinua of X has
finitely many components). -

Now we will prove

(16.2) If X is a Np-coherent, homogeneous, metric and T-aposyndetic con-
timuwum where T = C(X), then X is a simple closed curve.

Proof. It follows from (7.1) that X is colocally T-connected continuum,
Firstly, we will prove that

(16.2.1) X contains subcontinua with nonempty interiors of arbitrarily
small diameter.

Indeed, let U be an open set with diameter less than e. If U has only one
point in the boundary then U is a continuum of diameter less than 2.
Therefore, we may assume that bd(U) is nondegenerate. Let a, b be two
different points from bd(U) and 0 < < {d(a, b) and B(u, 38) = U for some
ue U. For each point xebd(U) let ¥, be an open neighbourhood of x of
diameter less than ¢ and such that X\ V, is a continuum with nonempty
interior. Since bd(U) is compact, we can choose a finite collection 7~ from
{V,: xebd (U)} which covers bd(U). Let # = {X\V: Ve¥'}. Then & is a
finite family of subcontinua of X with nonempty interiors. Moreover, #*
=X, because if xeVe¥", then there is V'€ 7" such that ¥'n V= Q by the
choice of d; and thus xe X \ V". Since X is Np-coherent we obtain that the set
(\{B: BE#) has a countable number of components. The set B(u, d) is
contained in () {B: Be #} = X\¥™* < X \bd(U); therefore, there is a com-
ponent C of (\{B: Be#} contained in U and which has a nonempty
interior in X by the Baire category theorem, i.e. (16.2.1) holds.

Now, since X is homogeneous and compact, from (16.2.1) we conclude
that each point in X is a limit of continua with nonempty interiors. Using
Effros’ theorem we obtain

(1.6.2.2) X is locally connected.
We have
(16.2.3) X contains no nondegenerate indecomposable continuum.

Suppose, on the contrary, that Q is a nondegenerate indecomposable



42 Continuous mappings on continua [I

subcontinuum of X. Let a and b be two different points of Q. According to
(16.2.2) there are disjoint continua Q, and @, containing a and b in their
interiors. Since X is colocally T-connected at g, there is an open neigh-
bourhood V such that ae ¥V = Qf and X\ V is a continuum with a nonempty
interior. Since X =(X\Vu(Qu@,)u(Q u@,) and X is N¥,-coherent, the set
(XAMN(Qu)In(QuQ,) =(X\V)nQ has a countable number of compo-
nents, a contradiction, because Q is indecomposable and, hence, the comp-
lement of the open set ¥ nQ in Q has uncountably many components.

From (16.2.3) we infer that X is a curve (compare for example [12]).
Therefore, by (16.2.2) and (12.2) X is either a simple closed curve or the
Menger universal curve. Since the universal curve contains indecomposable
continua, we finally obtain that X is a simple closed curve by (16.2.3).

The following proposition generalizes Theorem 12 in [116], p. 1160
(compare (16.1))

(16.3) (Wisner) If X is an Ny-coherent, homogeneous, metric and decompos-
able continuum, then there is an open atomic mapping f from X onto a simple
closed curve Y such that the sets f~'(y) are homeomorphic, homogeneous
indecomposable continua.

Moreover, if X is a curve, then each proper subcontinuum of X is a tree-
like continuum.

This is a simple consequence of (6.6), (6.14), (7.1), (7.3), (7.6) and (16.2).

17. Types of aposyndesis

Recall that a continuum X is mutually aposyndetic (aposyndetic, semi-
aposyndetic) if for each two points ¢ and b of X there are subcontinua
H and K of X containing a and b, respectively, in their interiors and
HNK =@ (H < X\{b} and K < X\{a}; either H < X\[b} or K = X\{a},
respectively). It is obvious that

(17.1)  Every mutually aposyndetic continuum is aposyndetic and every
aposyndetic continuum is semi-aposyndetic.

The following proposition solves Problem 47 from University of
Houston Mathematics Problem Book (UHMPB).

(17.2)  If f is an atomic mapping from a semi-aposyndetic continuum onto a
nondegenerate continuum Y, then f is a homeomorphism.

Proof. Let y be an arbitrary point in Y. Since f is atomic, we infer that
the set f~!(y) is a terminal subcontinuum of X (compare (7.2)) and, hence
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1 =0. 10 a, hef~'(v). then there exists a continnum K such that
ackK’c K = X' {b! (or heK® = K < X" !a) and then arguments are simi-
lar). because X is semi-aposyndetic. Since f~!(y) is terminal, we conclude
K = f~*(v): thus, ae(f ~* (1))° a contradiction. Therefore, the set ! (y) has
only one point, ie. f is a homeomorphism.

Recall that a continuum X is semi-locally connected if for each point
xe X and each open neighbourhood U of x there is an open set V such that
xeVcU and X\V has a finite number of components. It follows im-
mediately from the definitions

(17.3) A continuum X is aposyndetic if and only if it is semi-locally
connected.
The following example solves Problem 48 from UHMPB,

(17.4)  There is a mutually aposyndetic unicoherent continuum Y which is not
locally connected (and which is colocally connected and contractible with
respect to the circle).

We use the notation from Example (11.1). It is obvious that Y is
mutually aposyndetic and colocally connected. According to Theorem 2 in
[70], p. 437 it suffices to show that if /' is an arbitrary mapping from Y onto
the unit circle S, then f ~ 1 (i.e. fis homotopic to a constant mapping). Since
@ (xo) is contractible, we conclude that f]¢(x,) ~ 1. Theorem 9 in [70], p. 408
implies that there is an open set G such that ¢(x,) < G and f]G ~ 1. By the
construction of ¥ we may assume that Y\ G has finitely many components
with disjoint closures and that these components are discs with connected
(homeomorphic to S) boundaries. By induction and Theorem 5 in [70], p.
435 we consequently obtain f ~ 1.

We do not know whether such an example can be one-dimensional, i.e.
whether each unicoherent, mutually aposyndetic one-dimensional continuum
is locally connected. The question of Jones whether a metric homogeneous
one-dimensional aposyndetic continuum is locally connected is still unsolved
even in the following special case: Is it true that a metric, homogeneous,
colocally connected unicoherent (one-dimensional) continuum is locally con-
nected? (the Cartesian product of a circle and a pseudoarc is an example of a
metric homogeneous aposyndetic continuum which is not locally connected).

It is clear that
(17.5)  If C is a connected subset of a continuum X such that for each xeC
there is a subcontinuum K of X with xeK" « K < C, then C is continuum-
wise connected.

A continuum X is said to have property A il for each point xe X and for
each continuum K of X\ {x! there is a continuum in X' K which contains x
in its interior. It follows immediately from the definitions that

(17.6)  Every continuum which has property A is muiually aposyndetic.
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Now, we have

(17.7)  If a continuum X has property A, xe X and X\ {x} is connected, then
X is connected im kleinen at x.

Indeed, let ¥ be an open neighbourhood of x. According to (17.6) there
is a finite collection K,, K,,...,K, of subcontinua of X such that
X\VeK,uK,u...uK, = X\{x}. The set X\{x} is continuum-wise
connected by (17.5); thus there is a continubum K such that
K,uK,u...uK, = K< X\{x}. Since X has property A there is a con-
tinuum H such that xe H* = H < X\ K. But then H < V, i.e. X is connected
im kleinen at x.

The following proposition gives a positive solution to Problem 21 in
UHMPB.

(17.8) A continuum X is locally connected if and only if X has property A.

In fact, let x be a point of X such that X\{x} is not connected.
According to (17.7) it suffices to show that X is connected im kleinen at x,
Let C be a component of X\{x}. Then Cu {x} is a continuum which has
property A. To see this let yeC and let K be a continuum with
yeK < X\{x}. Since X has property A there is a continuum H with
xeH® « H < X\K. But then H n(Cu {x}) is a continuum in C U {x} with x
in its interior relative to C U {x} and not intersecting K. The other half of
the proof that Cu {x} has property A is trivial. Now, let V be an open
neighbourhood of x. Since each component of X\{x} is an open set in X
only finitely many components of X\ {x}, say Ci,...,C, intersect X \ V. Since
the continua X; = C; U {x} have property A and X,u {x} is connected, we
obtain that the X; are connected im kleinen at x, by (17.7). Therefore, for i
=1,...,n there is a continuum K, in (C;u {x})nV containing x in its
interior relative to X;. Put

n .
K={x}u ) Ksucl(U{C: C is a component of X\{x} and C = V}).
i=1

Then K is a continuum containing x in its interior and contained in V;
thus X is connected im kleinen. The proof of (17.8) is complete.

18. More about decompositions

(18.1) If f: X —Y is a monotone surjection from a Hausdorff arc X (i.e.
continuum with exactly two nonseparating points) onto a Hausdorff space Y,
then Y is an arc.
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Proof. Let a and b be the points which do not separate X and let
ye Y\!f(a), f(b)}. The set f~'(y) is a continuum; thus, X\/ " () =U U,
where U and V are open and connected. Therefore, the sets f(U) and f (V)
are connected and f(U)u{y} and f(V)u{y} are closed. Moreover,
fWNnfV)=0 (if zef(U)n f(V), then f~'(z) is not connected), Y\{y}
= f(U)u f(V) and f(U) and f(V) are separated.

(18.2) (Whyburn) If f+ X = Y is a continuous surjection from an arcwise
connected Hausdorff continuum X onto a Hausdor{] space Y, then Y is arcwise
connected.

Proof. Assume that X is a Hausdorff arc with end-points a and b.
Then we can linearly order X. Let ¢, deY be such that aef~'(c) and
bef~'(d). Let A be a minimal closed subset of X with respect to the
property that a, be A and if uv is a component of X \ A with endpoints u and
v then f(u) = f(v). Define a function g from X into Y by f(t) = g(t) for te A
and for each component u» of X\ V, we put g(t) = f (u) whereu <t <wv. It is
easy to verify that g is monotone. Therefore g(X) is an arc in Y joining ¢ and
d by (18.1).

It is known (see [18], [21]) that

(18.3) (Charatonik) If X is an arbitrary continuum and T={CeC(X): C
is a layer of an irreducible continuum in X), and ¢@_is the core T-admissible
mapping from X, then @(X) is hereditarily arcwise connected.

Proof. Let A be an irreducible continuum between a and b in ¢(X),
where a # b. Let xep™!(a), yep~!(b) and let B = ¢~ !(A) be a continuum
irreducible between x and y. Then the layer of B which (in the sense of
Kuratowski) contains x is different from the layer of B which contains y;
thus there exists a mapping ¥ from B onto I =[0, 1] such that the sets
Yy~ 1(r) are layers of B for tel. It is' easy to verify that /= ¢@oy~!: 1
— ¢(X) is well-defined and continuous. Since a, bef(I) = A and f(I) is
arcwise connected, we infer that 4 is an arc (compare (18.2)).

The decomposition described in (18.3) may be trivial even when the
continuum X is nondegenerate and hereditarily decomposable (see [19],
[77]). Every hereditarily arcwise connected continuum is a decomposition
space of a continuous decomposition described in (18.3) (see [58], [82],
Corollary 2). The Charatonik question (see [20], Problem 4) whether for a
given dendroid Y there exists a A-dendroid X which has a continuous
decomposition of the type described in (18.3) onto Y, still remains open.
Decompositions of the type from (18.3) for smooth continua are studied in
[33], [34] and [79].

We do not know the answer to the following question: let Y be an
arbitrary continuum. Do there exists a continuum X and an atomic (and
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open) mapping f from X onto Y such that for each yeY the set f~1(y) is
nondegenerate?

(18.4) If X is an arbitrary continuum, T = [{CeC(X): C is indecomposable}
and ¢ is the core T-admissible mapping from X, then @(X) is hereditarily
decomposable.

Proof. Let B be an indecomposable subcontinuum of ¢(X) and let
A <@ '(B) be a minimal subcontinuum of X which is mapped under ¢
onto B. Then A is an indecomposable continuum; thus, B = ¢(A4) is
degenerate.

(18.5)  If X is an arbitrary continuum, T = {CeC(X): C is discoherent) and
@ is the core T-admissible mapping from X, then @(X) is hereditarily
unicoherent.

Proof. Let B be a discoherent decomposable subcontinuum of ¢(X)
(see [70] for the definition of discoherence; if a continuum is not hereditarily
unicoherent, then it contains a discoherent decomposable subcontinuum).
Then there are two points a, b belonging to B and two continua B,, B,
irreducible between a and b such that B=B, uUB, and a and b are
contained in different components of B, " B,. If 4, and A, are minimal
subcontinua of X which are mapped under ¢ onto B, and B,, respectively,
then the continuum ¢~ '(a) U@~ (b)u A, U A, contains a discoherent con-
tinuum which is mapped onto B under ¢. Thus, B is degenerate.

(18.6) If X is an arbitrary continuum, T = {CeC(X): C is a convergence
subcontimuum of X} and ¢ is the core T-admissible mapping from X, then @ (X)
is hereditarily locally connected.

It is easy to construct continua which do not have a minimal monotone
decomposition onto a hereditarily arcwise connected continuum (hereditarily
decomposable continuum, hereditarily unicoherent continuum, hereditarily
locally connected continnum; compare Example (11.1)). I[ we assume ad-
ditionally that X is hereditarily unicoherent then in each case such a minimal
decomposition exists. If in (18.5) we assume that X is locally connected, then
the decomposition described there is a minimal decomposition of X onto a
continuum which does not contain cyclic elements in the sense of Whyburn.

19. Mappings from hereditarily indecomposable continua

Firstly we shall prove the following:

(19.1)  (Hurewicz) There exists a monotone mapping from some metric curve
onto the Hilbert cube.
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Proof. Let Q=[] I;, I; =[0,1] and C; be the Cantor ternary sets
i=1
lying in I; for i =1, 2,... Let U = {(x,. x5,..)€Q: x;eC; for each i except at
most one!. Then

(19.1.1) U is one-dimensional.

Let 4; = H A} where 4j = C, for i # j and AL =1, for i = j. The sets A4;
j=1
are compact and one-dimensional and U = U A;. Thus, dimU = 1.
i=1

(19.1.2) U is compact.

If x" =(x,, x3,.. )—>(x1, X3,...) and x"e U and x; a‘:‘I,O\C,0 for infinitely
many ny, n,,..., then x;*eC; for i # iy. Therefore, x,eC; for each i # ig.

(19.1:3)  If x =(x;, x3,...)eU, then there is a connected set containing x

and C = [] C; and contained in U.
i=1
We may assume that x;eC,; for i > 1. Put B (x) = {t;, t5,..): 0ty
=1, ; =x; for i >1}. Then xeB;(x) and B,(x) is connected. Take B,(x)
= {(t;, t3,..): ;€C, for i <n, t;=x; for i >n, t,€[0, 1]}. The sets B"(x)

=B, (x)u...uB,(x) are connected. Thus, B(x) is connected where B(x)

= U B"(x). Then {x}u C < B(x).
n=1

From (19.1.3) we obtain
(19.1.4) U is connected.

Now, let h; be the Cantor step function from C; onto I;. Define f: U
= Q by f(xy, x3,..0 =(h; (xy), h3(x3),...). Since C < U and f(C)=Q we
infer that f is onto. It remains to prove that F is monotone.

For a fixed x =(xy, x,,...)€U let a; = b, = x; if x;€C, and it is not an
end-point of a conjugate interval to C; and a;, b; are the endpoints of such
an interval containing x; in the opposite case. We assume x;eC; for i > 1.
Put D =[] {a, b;}, Dy = {(t1, t3,..): @y Sty < by, t; =x; for i > 1]. Then

i=1
xeD,, D, is connected and f(D,) = f(x). Take D, = {(t,, t5....): t;€{a;, b;}
for i<n, t; =x; for i > n and t,€[a,, b,]}. As above Dy =Dy UD,U... is
connected and D < Dy and f (D) = f(x). Thus f is monotone, and the proof
is complete. .

Proposition (19.1) having, as we see, a quite simple prool will be applied
in the next propositions. Wilson, applying more complicated techniques,
obtained in [115] (compare [67]) a very nice general result.

(19.2)  (Anderson, Wilson) Every locally connected metric continuum X is an
image of the Menger universal curve U under a monotone and open mapping f
such that the sets f~'(x) are homeomorphic to U.
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Recall that a mapping f from a continuum X onto Y is weakly confluent
if for each subcontinuum K in Y there exists a continuum C in X such that
f(C) =K. The following proposition generalizes a result from [8]:

(19.3)  Every metric continuum X is a weakly confluent image of some
hereditarily indecomposable metric curve.

Proof. From Theorem 3.5 in [40] we infer that the continuum X can
be embedded in a compactification Y of the half line such that each
continuous mapping from any continuum onto Y is weakly confluent. There
exists an hereditarily indecomposable metric -continuum M with dim M =3
(see [12]) and there exists a weakly confluent mapping f from M onto the
cube I3 (see [46], [91]). By Proposition (19.1) there exists a curve K = I® and
a monotone mapping g from K onto the Hilbert cube Q containing Y. Let N
be a subcontinuum of M such that g~ !(Y) = f(N). Then h=gof|N is
weakly confluent. Let ¥, = X uU[n, 0) and N, continua in N such that
h(N,)=Y,. We may suppose N >N, DN, >... Put Ny=LimN,. Then
h(Nog) = X and since AN, is weakly confluent for each n=1, 2,... we
conclude that h|N, is weakly confluent. In this way the proof is complete,
because every hereditarily indecomposable metric continuum is an image
under a monotone open map of a hereditarily indecomposable metric curve
(see [74]).

We do not know whether every Hausdorff continuum is an image of a
hereditarily indecomposable continuum.

(194) (Kelly, Mazurkiewicz) If X is a metric continuum, then C(X) is an
image of the Cantor fan (= the cone over the Cantor set).

Short proof. By (19.3), we may assume that X is hereditarily inde-
composable. Let u be a Whitney map on C(X) (see [90]) with u(X) = 1 and
f be a mapping from the Cantor set C onto X. The mapping g: C xI
— C(X) is defined by g(c, £) =(f(¢), ™' () " A(c)) where A(c) denotes all
subcontinua of X containing ¢. Then g(C x {1}) = {X].

20. Common model

We shall say that a metric continuum K is a common model for the class
A" of metric continua provided each member of .# is a continuous image of
K. It is well-known from the Hahn-Mazurkiewicz theorem that an arc is a
common model for locally connected metric continua. W. Kuperberg (see
(66]) has shown that the cone over the Cantor sct is a common model for
uniformly pathwise connected continua. Mioduszewski [87], Lelek [71] and



20. Common model 49

Fearnley [26] have shown that the pseudoarc is a common model for arc-
like continua, and Rogers [98] has shown that there is a pseudosolenoid
which is a common mode] for circle-like continua.

On the other hand, in 1934 Waraszkiewicz [112] constructed a collec-
tion of plane continua which has no common model. Based on this result,
Bellamy [5] has shown that there is no common model for indecomposable
continua. Krasinkiewicz and Minc [62] proved that there is no common
hereditarily decomposable model for planar fans. (An easy modification of
their proof gives that there is no hereditarily decomposable common model
for hereditarily decomposable arc-like continua.) Ingram [48], [49] has
constructed an uncountable collection of planar atriodic indecomposable
(hereditarily indecomposable) tree-like continua without a common model. In
1979, R. L. Russo [104] showed that there is no model for: planar tree-like
continua, arcwise connected continua, planar indecomposable continua. He
also proved that if # is a collection of polyhedra such that #-like continua
have a common model, then £ = {arc} or & = {circle} or 2 = {arc, circle}.
Russo’s proofs are based on Waraszkiewicz’s very technical and long proof
from [112]. Several years ago D. P. Bellamy gave a nice short proof of
Waraszkiewicz’s results from [112]. Unfortunately, Bellamy never published
his proof. Now, we will obtain some of Russo’s results by a modification of
Bellamy’s original proof.

Let a, b, ¢ be complex numbers which are cubic roots of 1. Put T
= {rz: ze{a, b, ¢} and re[0, 1]}. We define a mapping h from the set of
real numbers R onto T as follows: h(2k+1) =0, h(6k) =a, h(6k+2)=0b,
h(6k+4) = ¢ and h is linear on the interval [k, k+ 1] for each integer k. Let
I1=[0,3] and n: IxR—IxT be a mapping given by =(t, x) = (r, h(x)).
Denote the projection from I xR onto R by «, the projection from Ix T
onto T by p and the projection from I xR onto I by é.

Observe that

(20.1)  If x, yeRxI and |a(x)—a(y)| =3, then ¢(Bn(x), fr(y)) =1,

where ¢ is the arclength metric on T.

Let o be the metric on I x T defined by o(x, y) = max {g(ﬁ(x), (),
|6(x)—=8(y)|} for x, yeI x T, and let d denote the sup metric on (I x Tj* which
is induced by o for any compact Hausdorff space X. Consider the family &
= {{k;D o2 k; is an integer which can be divided by 6 and 6 <k; < 6*!).
Observe that

(20.2)  If <k;)i=o€ Y, then ko = 6.

Let <g;>=o and {b;>=, be fixed sequences in I such that ay <1, a,,
<bh, <a, for each n=0, 1, 2,... and lima, =limb, =0.

Now for K = (k)Loed define Fg: (0,3] >R by Fg(t)=0 if
1 <t <3, Fgla) =k;, Fg(b) = —k;, Fy is linear on each [a,.,. b;], [h;, a;]

4 ~ Disseriationes Mathematicac CCXXV
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and [ag, 1]. Then define Fy: (0, 3] = I xR by Fy(1) = (t, Fg(1). The image
of Fy is the graph of Fy. Next, define the Waraszkiewicz style spiral Wy
(approximating the triod T) for each Ke% by

Wy =({0} x T)U(mo Fy(0, 3]) c Ix T

Next, suppose K = (k)Zo, L={(}>2o€9 and K# L, and hg: X
- WycIxTand hy: X > W, < IxT are continuous and onto where X is
some fixed Hausdorff continuum. Then

(20.3) d(hg, h) > 1

Suppose that d(hg, hy) < 1. Let n be the smallest integer such that
k,# I, and suppose I, <k,. Then k,—1, = 6.

If Q is a continuum in X such that one of the sets h,(Q) and h,(Q)
intersects mo Fy[2, 3] = noF L [2 3] and both are arcs then we denote the
mapping 7~ 1|k, (Q) by H and 7% is defined by y%(x) = a HZ wmhy(x) for xeQ
and Me{K, L}. The mapping H% is a homeomorphism. Moreover,

(20.3.1) W) —v2(x) <3 .for xeQ.

Indeed, suppose that Iyﬁ(xo)—yg(xo)l =2 3 for some xoeQ. Since Q is
connected and [y2(p)—1%(p)| = 0 for some peQ, we infer that there is x,€Q
such that |y$(x;)—y2(x,)| =3. Then, by (20.1), o(Bhx(xy), Bhy(xy)) = 1.
Therefore, o (hg(x;), hy(x;)) = 1 and, thus, d(hg, hy) > 1, a contradiction,

Choose pe X such that hg(p) = (3, a) and let J denote the component of
hg ' ([a,, 3] x T) containing p. Then hy (J) = no Fy([a,, 3]) which is an arc.
Moreover, h;(J) is also an arc. If moF,(2), noF,(a,.,)eh,(J) there is a
continuum J' contained in J which is mapped by h; onto no Fp([a,+,, 2]).
We know also that hy(J) = mo Fy([a,, 3]). Then, by (20.3.1), we have

% (X)—7yL (x)| <3 for xelJ.

Observe that the maximum value of Fy(¢) for te[a,, 3] is k,. Therefore,
vk (x) <k, for xeJ'. Let weJ' be such that h,(w) =noF(a,,,). Then
92 (W) =1l.,,. Thus, 37 (w)>6"*2 But y4(w)<k,<6"!. Therefore,
lvk W)=y (W) = 6""2—6""! >3, a contradiction, ie. h, (J) is an arc.
Hence by (20.3.1), we obtain

lyx (x)~ e <3 for xel.

Now, by Janiszewski’s boundary- bumpmg theorem there is geJ such
that hy(q) = moFg(a,) and, hence, H xhx (@) = (a,, k).

The minimum value of yx(x) for xeJ is thus Fy(b,_,) = —k,_, (n>2
by (20.2)). Hence, the minimum value of y}(x) for xeJ is not smaller than
~ky—1—3, and since k,_; < 6" we have y}(x) > —6"—3. Since —I, < —6",
we obtain that the projection of the set y{(J) onto the interval I does not
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contain the value b,. Since 8y.(p)>1>b, and J is connected it easily
follows that Hih, (J) < F[b,. 3].

Finally, observe that the maximum value of F, (t) for te[b,, 3] is I, and
I, < k,—6. However, yk(q) =k, and yl(q) <l,. Thus, |[yk(g)—7i(g) =6, a
contradiction. The proof of (20.3) is complete.

Any set {hg}x.s» of maps hy of X onto Wy would be an uncountable
discrete subset of (I x T)* by (20.3). Therefore,

(20.4)  The collection (Wy: Ke %} has no common model.
It is easily seen that every Wy is a planar A-dendroid; so
(20.5)  There is no common model for planar A-dendroids.

Note, also (as in [1047]) that for every Ke.%?, Wi xI is aposyndetic,
Further, Wy xI can be mapped onto Wy by the projection. Thus,

(20.6) There is no common mode! for aposyndetic continua.

It still is an open question, whether there exists a model for planar
aposyndetic continua.

(20.7)  There is an uncountable collection of indecomposable tree-like plane
continua which has no common model.

We can construct as in [104] for every K€% an indecomposable tree-
like continuum I(Wy) in the plane such that Wy is a retract of I(Wy).
Conditions (19.3) and (204) imply

(208) There is no common model for hereditarily indecomposable curves.

Since each W is an image of some Waraszkiewicz spiral we have an
alternative proof that

(20.9) Waraszkiewicz spirals do not have a common model.

It is still an open question whether there are common models for planar
arcwise connected continua, fans and dendroids (see [104], compare [62]),
but we have

(20.10)  Arcwise connected continua do not have a common model.

In fact, consider the planes P, given by x =nz for n =1, 2,... and P, is
the plane z = 0. For n=0, 1, 2,... let F} =(F¢((0, 3])xR)n P,. Let L, be
the semi-circle (x—1.5)242*=15% y=0, z>0; let L, be the semi-ircle
(x=3)2+(z—152=15% y=0, x=3 and for i >2 let [, be the line
segment w1th end-points (a;, k;, a/(i—1)) and (a;, k;, ay/i). Let Wg = {0} x
xRx {0} u U (F% U L,) and define an equivalence relation ~ on Wy by x

n=0
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~yin Wi if and only if x=y or x=(0, x, 0), y=(0, ), 0) and h(x))
= h(y). Let W = Wy/~. Then the collection (W¢)x.s has no common
model by a proof similar to that of (20.3).

21. Final remarks

(a) Common image. We shall say that a continvum K is a common image
for the class ¢ of continua provided each member of J# can be mapped
onto K. We know that: each metric locally connected continuum is a
common image for all nondegenerate continua (this is a trivial consequence
of the Hahn—Mazurkiewicz theorem and Urysohn’s lemma); the cone over
the harmonic sequence is a common image for all nonlocally connected
continua (see [8]), the cone over the Cantor set is a common image for
continua containing an open set with uncountably many components (see
[3]), the Knaster’s indecomposable continuum is a common image for
indecomposable continua (see [7]; compare (8.1) here); the pseudoarc is a
common image for hereditarily indecomposable continua (see [6]).

In the metric case we know much more: if f is a continuous mapping
from a subcontinuum Q of a hereditarily unicoherent metric continuum X
onto the cone over the harmonic sequence (the cone over the Cantor set,
Knaster’s indecomposable continuum) Y, then there is an extension f* of f
from X onto Y; and if f is a continuous mapping from a subcontinuum Q of
a hereditarily indecomposable metric continnum X onto the pseudoarc Y,
then there is an extension f* of f to X (these results were first announced by
D. P. Bellamy; they are proved in [80] and [81]).

There is a A-dendroid, which is not arcwise connected and which can

1
not be mapped onto a sin;-curve (see [63]). It is unknown whether the

sin— -curve is a common image for planar A-dendroids, which are not arcwise
X

connected.

(b) Universal continua. Let A be a class of continua. An element
XeXx is said to be universal for A provided each member of .  can be
imbedded in X.

The following classes of continua have universal continua: plane curves
(see [70], p. 275), n-dimensional metric continua, arc-like continua, tree-like
continua (see [85] where it is proved that #-like continua have a universal
continuum provided # is an amalgamble class of polyhedra), dendrites (see
[113]), completely regular curves (see [47]), smooth dendroids (see [39]).

The following classes of continua do not have universal objects: regular
curves (see [92]), (plane) [ans, (plane) dendroids, (plane) A-dendroids, (plane)
hereditarily decomposable continua, (plane) Suslinian continua, (plane)
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rational continua (see [62]), hereditarily decomposable arc-like continua (an
easy modification of the proofs in [62]; it suffices to construct a suitable
family of hereditarily decomposable arc-like continua instead of the family of
fans which is considered in [62]. Much more is proved in [62]; namely that
such a universal object for the constructed family of fans can not be
hereditarily decomposable); smooth planar dendroids (see [76)).

It is still an open question whether hereditarily indecomposable con-
tinua have a universal continuum (H. Cook).

(c) Incomparable families. A family 4" of continua is called incomparable
if no member of /# is a continuous image of any other member of .

The first uncountable incomparable family of continua was constructed
by Waraszkiewicz in [111]. There exists an uncountable incomparable
collection of circularly chainable (planar circularly chainable, chainable)
continua (see [4], [22], [96]).

We do not know whether there exists an incomparable uncountable
collection of arcwise connected continua (fans, dendroids) (B. Knaster).

Added in the proofl. Recently in the paper “Atriodic homogeneocus continua” Ch.
Hagopian has proved that every atriodic homogeneous metric continuum that is not a solenoid
and has a decomposable subcontinuum admits a continuous decomposition to a solenoid. It
solves some questions from Sections 13 and 14 here.
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