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Introduction

In [10] O. Kowalski introduced the concept of a tangentially regular
s-manifold and considered the problem of the existence and uniqueness of
a connection invariant under all symmetries s, on those manifolds. Further,
in [11], O. Kowalski gaveya definition of a generalized affine symmetric
space. '

In the present paper we shall classify simply connected generalized
affine symmetric spaces and present a complete list of these spaces of
dimensions n < 4.

Throughout the present paper we shall make use of the concepts and
theorems published by the author in [17].

We exclude from our classification spaces which are symmetric in the
sense of Cartan, that is, we assume the torsion tensor T # 0.

At the same time, we shall limit ourselves to the primitive generalized
affine symmetric spaces, ie. those which are not products of generalized
affine symmetric spaces [17].

For our purpose, it is indispensable to represent generalized affine
symmetric spaces by certain tangentially regular s-manifolds first. However,
it is not necessary to give a list of all such s-manifolds of a given dimension
to obtain a complete list of generalized affine symmetric spaces of that
dimension. Namely, we.are going to show that the finding of certain
privileged s-manifolds is quite sufficient. '

§ 1. Tangentially regular s-structure

Following O. Kowalski [10], we define a tangentially regular s-structure
on a smooth manifold M as a family {s.}, xeM, of diffeomorphisms
satisfying the following axioms:

(L.1)  s.(x) = x;

(1.2)  the tangent map (s,),,: T,(M) —» T.(M) has no fixed vectors except
the null vector;

(1.3) s,0s, =5.05,, z = s.(y);

(1.4) the map (x, y) b s.(y) i1s smooth.



6 Classification of generalized affine symmetric spaces

The diffeomorphisms s,,. x€ M, are called generalized symmetries of M.
The pair (M, {s,}) is called a tangentially regular s-manifold (or shortly,
an s-manifold).

DEFINITION 1. An s-structure {s,} on M is said to be of order k
(k > 1 being an integer) if (s,)* = id for all xe M, and if k is the least
integer with this property. If such an integer k does not exist, then {s,}
is said to be of infinite order. v

DerFINITION 2. An automorphism of (M, {s.}) onto itself is a diffe-
omorphism &: M — M such that ¢os, = s, 0@ for each xe M.

Let us remark that all symmetries s, of M are automorphisms.

In [10] the following basic theorem was proved:

THEOREM A. Let (M, {s,}) be a connected s-manifold. Denote by S
a tensor field of type (1, 1) given by S, = (s,),4 for all xe M. Then

1) There is a unique connection V on ™M (called the canonical connection)
such that V is invariant under all s, and VS = O: V is complete and has
parallel curvature and parallel torsion.

2) The group Aut(M) of all automorphisms of (M, {s.}) is a transitive
Lie transformation group which is a closed subgroup of the full affine tranform-
ation group A(M) with respect to V. The automorphism of (M, {s,}) are
exactly those affine transformations which leave the tensor field S invariant.

3) Let G denote the component of unity of Aut(M), let o be u fixed
point of M, and let G, be the corresponding isotropy subgroup. Then the
homogeneous space G/G, is reductive in a canonical way and, under the
standard identification G/G, = M, the connection V coincides with the canonical
connection of the second kind of G/G,.

DErFINITION 3, Two s-manifolds (M, {s,}), (M, {s;}) are called isomorphic
if there is a difffomorphism &: M — M’ (called an isomorphism) such that
POs, = 5,y P for each xe M.

They are said to be locally isomorphic if, for every two points pe M,
p €M, there is a diffeomorphism @ of a neighbourhood U3p onto a neigh-
bourhood U’'sp’ (called a local isomorphism) with the following property:
For each xe U there is neighbourhood V, = Uns;!(U) such that dos,
= SpOP holds on V.. .

In [17] we proved the following

THEOREM B. Let (M, {s,}), (M’, {s,}) be two s-manifolds with the canonical
connections V and V' respectively, and let U = M, U = M’ be open sets.
Then a diffeomorphism ®: U — U’ is a local isomorphism of (M, {s.}) into
(M', {s}}) if and only if & is a local affine map of (M,V) into (M, V')
such that & (S“_,) = S’|U"

DEFINITION 4. A connected affine manifold (M, V) is called a genéralized
affine symmetric space (shortly: g.a.s. space) if M admits at least one tangentially
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regular s-structure {s,} such that ¥ is its canonical connection. (An
s-structure with this property is said to be admissible).

DEFINITION 5. A generalized affine symmetric space (M, P) is said to be
of order k if it admits an s-structure of order k and does not admit any
s-structure of order ! < k.

(M, V) is said to be of infinite order if it admits only s-structures of
infinite order.

DEFINITION 6. An infinitesimal s-manifold is a collection (V, Sy, Ty, Ro)(*)
where V is a real vector space and S§,, Ty, R, are tensors of types (1,1),
(1,2), (1,3), respectively, such that the following conditions are satisfied:

(i) Both S, and I,—S, are non-singular linear transformations of V.

(ii) For every X, YeV the endomorphism R, (X, Y) acting as a deri-
vation on the tensor algebra J (V) satisfies Ry(X, Y)S; =0, Ro(X, Y)T,
=0, Re(X,Y) Ry, = 0.

(iii) The tensors T, and R, are invariant by S,:
To(So X, S0 Y) = SO(TE,(X, Y)),

Ro(So X,SoY)SoZ = So(Ro(X, Y)Z).
(ivv To(X,Y)= —Ty(Y,X), Re(X,Y)= —R,(Y,X).
(v) The first Bianchi identity holds:

S(Ro(X, )Z-Ty(Ty(X, ), Z)) = 0.
(vi) The second Bianchi identity holds:

S(Ro(To (X, Y), z)) = 0.

Here S denotes the cyclic sum with respect to X, Y, Z.

DEFINITION 7. Two infinitesimal s-manifolds (V;, S;, T;, R)),i = 1, 2, will
be said to be isomorphic if there is a linear isomorphism f: V|, - V, of
vector spaces such that f(S,) = S,, f(T}) = T,, f(R,) = R,.

We have proved in [17] that for each point xe M of a tangentially
regular s-manifold (M, {s.}) the collection (M, S,, T;, R,) is an infinitesimal
s-manifold and all these infinitesimal s-manifolds are mutually isomorphic
(in a natural sense). ‘

DerINITION 8. The infinitesimal type of an s-manifold (M, {s,}) is the
isomorphism class of infinitesimal s-manifolds (M,, S,, T,, R,), xe M.

We have proved in [17], Theorem 5, that a simply connected tangentially
regular s-manifold (M, {s.}) is locally uniquely determined by its infinitesimal

(!) In [17] the infinitesimal s-manifold was denoted by (V,S,, T,, R;) to emphasize
the relation of T, R to the connection P now the sign “~" will be omitted.
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type. We have also described the comnstruction of a simply connected
tangentially regular s-manifold (M, {s.}) having a given infinitesimal s-mani-
fold (V, S,, Ty, Ry) as its infinitesimal type.

Let us now sum up briefly the construction that we have mentioned.
Let (V, Sy, Ty, Rg) be an infinitesimal s-manifold. Let § be the Lie algebra
of all endomorphisms A4 of V which, as derivations of the tensor algebra
T (V), satisfy A(Sy) = 0, A(T,) = 0, A(Rp) = 0. Particularly, Ro(X, Y)ebh
for every X, YeV. Following a construction of K. Nomizu [16], we define

a Lie algebra g to be the direct sum V4l with the multiplication
given by

[X9 Y] = (_TO(Xv Y)! _RO(X’ Y))a
[4,X] = AX, [X,A] = —AX,
[A,B] = AoB—-BoA, A,Beh, X,YeV.

Conditions (v) and (vi) in Definition 6 imply the Jacobi identities.
Let G be the simply connected Lie group with the Lie algebra g, and
let H be the connected Lie subgroup corresponding to the Lie algebra
h < g. Then H is a closed subgroup of G and M = G/H is a reductive
homogeneous space with respect to the decomposition g = V+}. Denote
by ¥ the canonical connection of the second kind of G/H [16]. Let us
first identify ¢ = V+b with the tangent space G, and then V with the
tangent space (G/H), at the origin of G/H via the projection n: G —» G/H.
. Starting from S,, T;, R,, we can construct (in a unique way) tensor
fields S, T, R on G/H which are G-invariant and also parallel with respect
to 7. Then there is a family {s,} of affine transformations of (G/H, V)
uniquely determined by S. Here (G/H, {s,}) is an s-manifold for which V
is the canonical connection. Also, we can show that R and T are the
curvature tensor field and the torsion tensor field of ¥, respectively. Hence
we deduce that our s-manifold has the prescribed infinitesimal type. The
uniqueness follows from a corollary of Theorem 1 [17].

We have proved ([17], Theorem 6) that our construction has the same
result if we replace the algebra bh by its subalgebra h° — b supposing
only that Rq(X, Y)eh® for any X, YeV.

Remark. If we take the Lie subalgebra h° — b generated by all
curvature transformations R, (X, Y), X, YeV, then the group G’ is locally
isomorphic to the transvection group of (M, ¥) [10]. .

Let (M, {s.}) be a simply connected s-manifold. Then for each xe M
the transformation S, has the same eigenvalues @, ..., ©,, which will thus
be called the eigenvalues of S.

DerFiNITION 9. Let (M, {s.}) be an s-manifold and (V, S,, Ty, Ry) its

infinitesimal type. The symmetries s, are called semi-simple if S, is completely
reducible. on the complexification V¢ of V.
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The eigenvalues of the s-structure {s,} are defined as the eigenvalues
of S,.
In [17] we proved the following

THEOREM C. Let M be a simply connected manifold. Each admissible
s-structure !s,} on the space (M,V) can be replaced by an admissible
s-structure {s,} having the same eigenvalues (including multiplicity) and such
that the symmetries s, are semi-simple.

DrriNiTiON 10, Let ./ be the set of all n-tuples (0;) of complex
numbers such that 6; # 0, 1 for i = 1, ..., n; there is a permutation ¢ of the
indices 1,...,n such that ¢? = identity and 6,, = 6, for i = 1,...,n. The
elements (0;)e &/" will be called systems of eigenvalues.

It is obvious that a family of all eigenvalues of an n-dimensional
s-structure belongs to &/". Such a family will be called a system of
eigenvalues of the s-structure. Thus, a system of eigenvalues of an s-structure
is uniquely determined up to a permutation.

DrriniTion 1. The relations 0; - 0, = 6,, i # j; 0,- 0, = 1; 0, = 0, satis-
fied by the numbers 6,,...,0,, (0,,...,0,)c.o/" are called characteristic
relations. We shall denote by X (6;) the set of all characteristic relations
satisfied by an element (6;) of .&/".

DeriniTION 12, We write (6;) < (6;) if and only if Z(6;,) < X(0;) after
a possible re-numeration of the numbers 0;. Further, write (6;) ~ (8} if and
only if (0;) < (8 and (60;) < (0;). :

In [17] we proved the following

THEOREM D. Let M be a simply connected n-dimensional manifold.
If the space (M, V) admits an s-structure {s,} with a system of eigenvalues
(0,), and if (0) > (0,) in @™ then (M,V) admits an s-structure {s.} with
the system of eigencalues ((%).

DEerFiNITION 13, A system of eigenvalues (0;)e.o/" is called maximal if
for -any (0;)e.o/" the relation (&) > (0;) implies (0)) ~ (0;).

On account of Theorem D each simply connected generalized affine
symmetric space (M, ) admits the s-structure {s,} with a maximal system
of eigenvalues. In particular, if (M, V) is of finite order, than it admits the
s-structure of finite order with a maximal system of eigenvalues.

Finally, let us mention a fact which is very useful for applications.
Let (V. S, Ty, Ro) be an infinitesimal s-manifold, (0,, ..., 0,) the system of
eigenvalues of S,, and X (0,) the set of characteristic relations of (0,).

DrrNITION 14, By a reduced system of characteristic relations for the
system of eigenvalues (0;) we mean the set 27(0;) = X(0;) which arises
by deleting from XZ(6;) all characteristic relations of the from 6;-0; = 0,
where T(U.V)= 0 for all eigenvectors U corresponding to 6; and all
eigenvectors V corresponding to 6;.
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Let (V,S, Ty, R,) be an infinitesimal s-manifold and (8) a system of
eigenvalues. Further, let X27(0;) be a reduced system of characteristic re-
lations of (V, S, Ty, Ro) and X (6;) the system of characteristic relations of
(0;). If Z27(6,) = X(0;), then there exists an infinitesimal s-manifold (V, S;,
To, Ry) such that (6, ...,0,) are eigenvalues of §;. In other words, each
generalized affine symmetric space obtained from the tensors T, and R, can
also be obtained from the system of eigenvalues (6, ..., 0,).

§ 2. The description of a method of classification

According to the previous section, it is possible to represent generalized
affine symmetric spaces by s-manifolds with semi-simple symmetries and with
maximal systems of eigenvalues. Thus we can begin by determining all
maximal ‘systems of eigenvalues for the given dimension n. Next we shall
consider the n-dimensional vector space V and its complexification V°.
Further, for a fixed maximal system (6,,...,0,) there will be constructed
all non-isomorphic infinitesimal s-manifolds (V, S,, Ty, Ry), with the §; of
eigenvalues (6,,...,0,). Let ¢ be a permutation of the natural numbers
{1,...,n} such that ¢* = id, 6,; = 0y and let {U,,..., U,} be a basis of
V¢ such that U, = U;. We define S,: V-V by the relation S, U; = 6, U,
i=1,...,n Next we put

TO(Uh U_’) = Zt:‘JU,‘ for l,j = 1,2,..., n,
k

where t¥; are arbitrary complex numbers. We consider the relations T, (X, Y)
= -Ty(Y, X), So(Tp) = Ty, and then obtain the dependence of T, upon
a number of variables. By a change of the basis {U,,...,U,}, where
U,,..., U,. remain to be complex eigenvectors of S,, we minimize the
number of these variables, reducing them to some “canonical” forms.

Let us consider a certain canonical type (S,, T,). Now we compute
the Lie algebra t of all endomorphisms A4 of the space V such that
A(So) = 0, A(Tp) = 0. Next we put Ry (U;, U) U, = Y rij U,, where rl;; —
are complex variables. First, we express the relation ‘R, (U;, Uj)et for all
U;, U;, and next all the remaining conditions (ii)-(vi) of the definition of
an infinitesimal s-manifold. In general, R, depends upon a number of
variables. If it is possible, we minimize the number of these parameters
by a change of the basis {U,,...,U,} (leaving the form of T, and S,
invariant).

Knowing the form of T, and R,, we determine a subalgebra h° c
generated by all transformations R,(X, Y); X, Ye V. In particular, we may
assume h° = (0) whenever R, = 0.

Let us have an infinitesimal s-manifold (V, S,, Ty, Ry) in the canonical
form (with a maximal system of eigenvalues). Making use of the construction
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of K. Nomizu, we determine the algebra g = V+}. The transformation
So: V= V defines an automorphism S, = S,+id, of the Lie algebra g.
Finally, S, determines an automorphism ¢ of the corresponding simply
connected Lie group G such that (G°)° =« H < G°. (Here H is the closed
connected subgroup of G with the Lie algebra b.)

We shall show how the triplet (G, H, o) determines directly the s-mani-
fold with the infinitesimal type (V, S,, Ty, Ro) and also the corresponding
generalized affine symmetric space. ,

First of all, the automorphism ¢: G- G admits a transformation s,:
G/H — G/H given by the relation s,on = noo, when n: G — G/H. Then the
regular s-structure {s,} on G/H is given by the relation s, = gos,og~'
for any xe G/H and gen~!'(x). Particularly, s, is the symmetry at the
origin.

On the other hand, the induced automorphism o,: ¢ - g completely
determines a decomposition g = V+bh. Here V is the unique subspace
of g which is complementary to h and invariant with respect to o,.
Hence we have described G/H as a reductive homogeneous space and we
can define the canonical connection. .

For these reasons, we shall represent all spaces of our classification
list in the form (G, H,s). Here it is not essential whether G is simply
connected or not.

In our calculations, we shall usually determine the group G and the
automorphism ¢ in the following way: we represent the algebra g faithfully
as an algebra g* of infinitesimal transformations of a Cartesian space
R* and we obtain the group G as a connected group of transformations
of this space corresponding to the infinitesimal transformations. Further,
we seek a diffeomorphism ¢ of the space R* for which the tangent
transformation ¢, induces the automorphism S, of the algebra g*, (here
g* is identified with g). Then the automorphism ¢ is given by the formula
o: g gogoop ! for geG, which follows from [8] Chapter I

Let us remark that the group G obtained by our geometrical method
is not always simply connected, particularly if we are looking for the
simplest matrix representation.

Remark. We shall make a simplification in our notation, namely we
shall write (V, S, T, R) instead of (V,S,, Ty, Ry) if there is no risk of
confusion.

§'3. Two-dimensional symmetric spaces\

LEMMA 1. Let (M, {s,}) be a tangentially regular s-manifold and (9,, ..., 0,)
the eigenvalues of tensor S. If 0,-0; # 0, for i,j,k=1,....n, i # j, then
the space (M, V) is locally symmetric.
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Proof. Let pe M. In the complexification (M,)* of the tangent space
M, every vector X is a linear combination of eigenvectors corresponding
to the eigenvalues 6,,...,0,.

If U;, U; are the eigenvectors corresponding to the elgenvalues 0, 6;,
i # j, then

(3.1) S(T(U;, U)) = T(SU,,SU,)) = 6,6; T(U;, U,)),.

where tensors T and § denotc linear extensions to the complex space (M ).
The condition 0;0; # 6, implies T(U;, U;) = 0, that is, T = 0. Thus the
space (M, V) is locally symmetric.
Lemma 2. Ler (M, {s,}) be. a tangentially regular s- mamfold and
(6y,...,0,) the eigenvalues of tensor S. If 6,-0;# 1 for i,j=1,
i # j, then the curvature tensor of (M, V) is zero.

" Proof. By the definition of an infinitesimal s-manifold we have for
arbitrary X, Y, ZeV*:

(3.2) S(R(X,Y)Z)= R(SX,SY)SZ

and

(3.3) R(X,Y)(S)=0.

Conditions (3.2) and (3.3) imply the following relations:
" (3.4) R(SX,SY) = R(X, Y).

Let Uy, ..., U, be the eigenvectors in the complexification (M) of M,
corresponding to the eigenvalues 6,,...,0,. Then for i # j

and hence for 0,0; # 1 we obtain R(U;,, U;)) = 0. Thus ‘for 0,0, # 1,
i,j=1,...,n, we have R = 0.

THEOREM 3.1. All generalized. symmetric affine spaces of two dimensions
are locally symmetric.

Proof. Let 0,,60, be the eigenvalues of S, in a two-dimensional
tangentially regular s-manifold (M, {s,}). Since all eigenvalues of S, are
different from 1, their product cannot be an eigenvalue in any case. Hence,
by Lemma 1, T =0 and (M, F), is a locally symmetric space.

§ 4. Three-dnmensnonal generallzed affine symmetric spaces

THEOREM 4.1. The only maximal systems of eigenvalies for dimension
n = 3 (for which at least one relation 0,-0; = 0,, i # j is satisfied) are the
following:

> (i, —i, = 1), (x, —x, —1), (2% o, 1/2), (2% a,a)

where o is a real number, a # 0, +1.
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Proof. Every system of eigenvalues [or dimension n = 3 takes one
of the forms

(4.1) 0,0,y) or (a,B,7),

‘where 6 is a complex number, and «,f,y are real numbers different
from 0 and 1.
In the first case there may hold the following characteristic relations:

60 =y, Oy=20, 00=1.

The first and the second relations as well as the first and the third
cannot hold simultaneously. The second and the third relations imply

0=1i, y= -—1.
Hence in the first case we obtain two maximal systems of eigenvalues,

(4.2) (i,—i.—1) and (4.8, 60,
where 6 is a complex number.

In the second case, where all three numbers «, f,y are real, we have
the following possible characteristic relations:

B=vy, ay=p, Ppr=ua

of=1, a=1 Ppr=1,

a=f a=y, p=y
The maximal systems of eigenvalues in this case have the form
4.3) (a0, —a, —1), (%, a,1/a) and (a?, «, ),

where o is a real number different from 0, +1.
It is easy to see that the system (6,8, 60) is contained in the system
(«, &, a?). Finally, we have obtained four maximal systems. Q.E.D.

We shall now deal with the individual maximal systems and determine
the corresponding generalized affine symmetric spaces.

1. The maximal system (i, —i, —1). Let S: V= V be a linear transform-
ation with eigenvalues (i, -i, —1) and T # O the tensor of type (1,2} anti-
symmetric and invariant under S, i.e. T(X,Y)= —T(Y, X) and S(T)=T.
Let us denote by the same letters the linear extensions of S and T to the
complexification V= V® xC of V. Let UeV® be a complex eigenvector
such that SU = iU and WeV a real eigenvector such that SW= —W.
Then SU = —-iU. The condition S(T) = T means that T(SX, SY)=
S(T(X,Y)) for any X, Ye V"

Thus we have

S(T(,0) = T(SU,SU) = —-i*TW,U) = T, 0) =
S(T(U,W))= TSU,SW)= —iTWU, W)= T(U,W)= s
S(T(U,W))= T(SU.SW) = iT(WU.W) = T(WU,W) = 1U,

=)
<
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where 7 # 0 is a complex variable. Assuming 1 = ge?®, ¢ > 0, and putting
U =e U, W =(l/g)W, we have T(U, W) = U, T(U, W)= U". We
now‘cor_lcludc that for a pair of tensors (S,T) in V there is a basis
(U, U, W) for V¢ (WeV) such that

SU=iU, SU= -iU, SW=-W,

@4 TW,0)=0, TWU,W)=0, T, W)=U.

Thus we have obtained the canonical form of an admissible pair (S, T),
T #0.

Let f denote the Lie algebra of all real endomorphisms A4: V¢ — V*
which, as derivations, satisfy A(S) = A(T) = 0. The relation 4A(S) = 0 means
AoS = S0 A and hence

(4.5) AU = oU, AU =6U, AW =W

(06 — real number).
The relation A(T) = 0 means that A(T(X, Y)) = T(AX, Y)+T(X, AY)
for any X, Ye V°. So we have

A(T(U, W) = (o+0) T(U, W),
A(T(U, W) = (6+¢) T(T, W),

and hence

(4.6) 0=06+9, 0 =0+9.

It follows from (4.6) that ¢ = 0 and o is a real number. Thus
AU =6U, AU =06U and AW =0.

Consequently, algebra f is one-dimensional and generated by endomorphism
B satisfying the conditions

4.7) BU=U, BU=U, BW-=0.

Let (V,S, T,R) be an infinitesimal s-manifold with the tensors S, T
satisfying (4.4). For any X, YeV R(X, Y)el and for any Z,Z’ eV we have
R(Z,Z)et®g C. It follows from R(SX,SY) = R(X,Y) that

] R(SU,SW) = —iR(U, W) = R(U, W) = 0,
(4.8) R(STU,SW) = iR(U,W) = R(U,W) =0,
R(SU,S0)=RWU,0y = R(U,D) = 1B,

where 7 is a complex number.
Now we shall make use of R(U, U)(R) = 0. We have.

R(tBU, U)+R(U,tBU) = 0.
»
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On account of (4.7), 2tR(U, U) = 0, that is,
(4.9) RU,0) = 0.

From (4.8) and (4.9) we obtain R = 0.

The “Nomizu algebra” g is given by the formula [X,Y] = —T(X,Y)
for any X,YeV, since by R=0 we may assume b = (0). Putting
U=X+iY, Z=W, X,Y,ZeV, we have

(4.10) SX =-Y, SY=X, SZ=-2Z.
The multiplication in the Lie algebra g is given by
4.11) [X,Y]=0, [X,Z2]=-X, [YVZ]=Y.

We may give the representation of this algebra by infinitesimal affine
transformation of the plane R?(x, y), namely

0 G, 0 d
(4.12) X=Ec—’ Y=E’ Z= - Fx—+y3y—.
The corresponding Lie group G is the group of all matrices of the form
l e c 0 al
(4.13) \IO e b% .
lo o 1

The underlying manifold of the group G is the Cartesian space R3(a, b, c).
Thus G is the required simply connected Lie grotp with the Lie algebra g.
Diffeomorphism ¢ of the plane R? inducing the automorphism S, of
algebra g is given by the transformation

4.14) X =y, y=-x.

The automorphism ¢ of the group G determining symmetry on R® is
given by the formulas

(4.15) a=-b, b=a =—c.
Since ¢* = id, the order of the s-structure is four.

2. The maximal system (¢, —a, —1). Let S: V — V be a linear transform-
ation with eigenvalues («, —a, —1), a« real number different from 0, +1,
and T # 0 a tensor of type (1,2) antisymmetric and invariant under S.
Let X, Y, Z be eigenvectors of S,

(4.16) SX =aX, SY= -—aX, SZ=-Z.
By the condition S(T) = T we obtain
(4.17) T(X,Y)=0, T(X,Z)=aY, T(Y,Z)=DbX,
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where a,b are real numbers, a’+b% > 0. Let us consider the following
cases:

1) a-b # 0; then, assuming X = aX', Y = ﬁl—rl_ Y, Z = \/|ZF| Z we
have
4.18) TX,Y)=0, TX,Z)=Y, T((Y,Z)=sgn(ab)X'.

2) ab = 0. For instance, let a = 0 and b # 0.

Then, assuming X = (1/b)X’, Y=Y, Z = Z', we have
4.19) TX,Y)=0, TX,Z)=0, T(,Z)=X.

Thus we have obtained three types of canonical forms of tensor T # 0.

TX,Y)=0, TX,Z2)=Y, T(Y,Z2)=X,
(4.20) TX,Y)=0, TX,Z)=Y, T(Y, Zj = —-X,
T(X,Y)=0, TX,Z)=0, T(Y,2)=X.
Now let T denote the Lie algebra of all real endomorphisms A: V-V
which, as derivations, satisfy A(S) = A(T) =0. Let (V,S,T,R) be an
infinitesimal s-manifold with the tensors S, T satisfying (4.16) and (4.20).
Then R(X, Y)etl for any X, YeV. By Lemma 2 we obtain R = 0. In this
case the infinitesimal s-manifold i1s of the form (V. S, T,0). So, as h < ¥,

we may assume h° = (0). We have just obtained three Lie algebras with
multiplications defined as follows:

gl:[va] =‘07 [X’Z]=_Ys [Y,Z:I:_X,
@.21) g [X,¥Y]1=0, [X,Z}=-Y, [V.Z]=X,
gy: [X,Y] =0, [X,Z]=0, [v,Z]1= -X.
We shall prove that these algebras are different from one another.

Algebra g; cannot be isomorphic with algebras g, and g,. For, two-
dimensional subalgebras [g,, a,] and [g,, g;] of the form

[ai,6:] = {a[X, Y]+b[X, Z]+c[Y, 2]} (i=1,2,3),

where a, b and ¢ are real numbers, are non-isomorphic to the [g,,g;]
which is a one-dimensional subalgebra.
Algebra g, is not isomorphic with g,.
To prove this consider the mapping
Ly: [g,9] - [9.9]

defined by L, (U) = [U, V] where
Veg—{la.8l}, Uelg,aql.
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In the case of algebra g, we obtain
Ly(X)= —cY, Ly(Y)= —cX, c¢#0.

The eigenvalues of this transformation are real.
In the case of algebra g, we obtain

Ly(X)= —cY, Ly(Y)=cX, «¢#0.

The eigenvalues of this transformation are imaginary.

Algebra g, is isomorphic with algebra g obtained for the maximal
system (i, —i, —1). If X', Y’, Z’' denote the basis vectors of algebra g, the
isomorphism is given by the assignment

X—X-Y, YeX+Y, Z-Z.

There remain two non-isomorphic Lie algebras g, and g;. The represen-

tations of these algebras can be given by the respective infinitesimal

transformations of Cartesian spaces. The representation of the algebra g,

may be given by an infinitesimal transformation of the space R3(x,y, z)
0 d d d 0

4.22 x=—, y=2, z--, 2 x4 2
(4.22) oy’ ox y6x+x6y+az

The corresponding Lie group G is the group of all matrices of the from

|cosc —sinc 0 a
|sinc cosc 0 b
(429 o o 1 cf
| o 0 0 1|

The underlying manifold G is the Cartesian space R*(a,b,c). G is the
required simply connected Lie group with- the Lie algebra g,. The dif-
feomorphism ¢ of R® inducing the automorphism S, of g, is given by the
transformation

1 1
(4.24) X=—-——x, y=—y, = -z
b

The automorphism ¢ of the group G determining symmetry on R? is given
by formulas

1
(4.25) a=—a, b=—b =—c.
o

This symmetry is of infinite order.
Remark. The algebra g, can also be given by a group of transform-
ations of R?; however, this group/is ot simply connected. We may give
By

2 — Dissertationes Mathematicae CXCIV W
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the representation of this™ algebra by infinitesimal affine transformations
of the plane R?(x, y), namely

o 2 PR
Lov=2, z- 5, 22
3 ox Vox T %y

The corresponding Lie group G is the group of matrices of the form

X =

cosc¢ —sinc a
sin ¢ cosc b

0 0o 1]

For algebra g; we have
5] 0 0
4.26 X=—, Y=y—, Z=—.
(4.26) ox Y ox dy
The corresponding Lie group is the group' of all matrices of the form
1 ¢ a

(4.27) 1o 1 b.

[0 o 1]

Here the underlying manifold G is the Cartesian space R*(a,b,c). The
symmetry S, is of infinite order and is given at the initial point (0,0, 0)
of R® by the rule

(4.28) a=—-—a, b=-b, ¢=—c.

3. The maximal system («?, «,a). Let S: V> V, X, Y, Z be the eigen-
vectors ‘of S, that is,

(4.29) SX = a’X, SY=aY SZ=aZ.
By the condition S(T) = T we obtain
(4.30) T(X,Y)=0, TX,Z)=0, T(Y,Z)=aX,

where a is a real number # 0.

By a suitable change of the basis we may have a = 1. From Lemma 2
R = 0. Therefore the infinitesimal s-manifold is of the form (V, S, T,O0),
where S and T satisfy (4.29) and (4.30). Here h < f, R = 0 and conse-
quently ° = (0). The Lie algebra g is defined by multiplication:

(4.31) [X,Y]=0, [X,Z]=0, [Y,Z]= —X.

It is immediately seen that this algebra is isomorphic to algebra g,
obtained in the case of the maximal system (a, —a, —1).
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4. The maximal system (a2, a,1/x). As in the previous cases, let
S: V=V be the linear transformation with eigenvalues (a?, a, 1/x). Let
X, Y, Z be the eigenvectors of S, ie.

(4.32) . SX=0aX, SY=aY, SZ=(/2)Z.
The condition S(7) = T implies
(4.33) T(X,Y)=0, T(X,Z)=aY, T(Y,Z)=0,

where a is real number not equal to 0.
By a change of the basts we may have a = 1. Now we shall find
the Lie algebra . By the condition A(S) = 0 we have

(4.34) AX = 1X, AY= Y, AZ=o0Z,

where 7,0 and o are real numbers. A(T) = 0 implies ¢ = ¢—71. Conse-
quently, the Lie algebra t is two-dimensional. Let {4, A,} be a basis of f,
where

A1X=X, A1Y=O, AIZ=_Z,

4.35 .
( ) A2X=0, A2Y= Y, AzZ=Z.

From R(SX,SY)= R(X,Y) for all X, YeV we have

R(X,Y)=0, R(X,Z)=0,

4.36
(4.36) R(Y,Z) = 1A, +04,.

The first Bianchi identity gives

S(R(X,Y)Z) = S(T(T(X, Y), Z)),
that is,
R(Y,Z)X = (tA;+0A4) X = 0,
and hence ©=0. Thus R(Y,Z) is determined by endomorphism A,.
Now we shall make use of the condition R(Y, Z)(R) =0, namely
R(gA,Y,Z)+R(Y.04,Z) = 0, and hence R(Y,Z) = 0.

The infinitesimal s-manifold is of the form (V, S, T, 0). The Lie algebra g
is defined by multiplication: :

(4.37) [X,Y]1=0, [X,Z]=-Y, [Y,Z]=0.

This algebra is isomorphic to the algebra g, obtained in the case of the
maximal system (x. —a, —1).
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§ 5. Four-dimensional generalized affine symmetric spaces

THEOREM 5.1. The only maximal systems of eigenvalues for dimension
n = 4 are the following:

1 1
(1) (a,—z, ,az), o — real number # 0, +1,

(N

®) ( ,
i ) 1 1
(9) (aﬂ leZa _z)a
(10) (a’a’aZB a)’
(any  (-l,a, —a, —a),
(12) (=1,a, —a, —a?),
(13)  (a,a,a? o),
(14)  (a, a, a2, a?),
(]ﬁ) (_13_1’_1’_1),
(16) (i, —i, —1, —1),
(17 (6,6%0,6%, 6=,
(18) (9,60%0%6%, 6=¢".

Proof. Every system of eigenvalues for n = 4 takes one of the
following forms:

A) (@, 8,7, 9),
B) (0’ 9! ‘y’ 6),
0) (6,0,1,7),

where «, B, y,d are real and 6, t are complex numbers. Each one of them
is different from 0 and 1.

Ad A) When all the eigenvalues are real, there are two possible cases:
the product of any two eigenvalues is different from any third one — then
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we have the maximal system (—1, —1, —1, —1) satisfying all the remaining
characteristic relations; there are three eigenvalues such that the product
of two of them is equal to the third one then each system is of the form
(a, B,aB,d). In the second case, from the other possible characteristic
relations we obtain the maximal systems (1)-(14).

Ad B) In the -case where two eigenvalues are real and the other two
are complex we have the following possible characteristic relations:

y, 0 =6, y-0=0, 5-0=20,
1 yo =1, y = 9.

6-0
0-0 =
Il y = J, then we have the following possible systems of relations: 00 = 1,
y2=1, y-06 =08 or 6-0 =y. Hence we obtain two maximal systems,
(i, —i, —1, —1) and (0,8, 60, 069), where |0] # 1. If y # 6, then we obtain
the maximal system (0, 8, 68, 1/69), where |6] # 1. It can easily be seen
that the system (0, 8, 00, 60) is contained in the real system (a, a, a?, a2),
and the system (0, 8, 00, 1/66) is contained in (i, —i, —1, —1). Thus in this
case the essential system is (i, —i, — 1, —1). '
Ad C) Now we have the following possible characteristic relations:

br=0, 6r=7, O6r=1, 67=04,
0=1, 6r=1, 06t=1,
0=r, 0 =r, ‘

If 6 # 17 and 0 # 7, then the possible relations are

0tr=0, 6t=1t or =7, Ot=20,
and
=1 or 6r=1 or 6r=1.

Finally we have two possibilities:

0r=0, 0t=1. 00=1
or

r=1, 0t=0, 60=1.
In both cases we obtain the system (0, 6%, 63, 6*), where 6 = &' . If © = 6,
then each of the relations 8t = 0, 67 = 1 leads to a contradiction. There
remain possible system of relations:

bt=6, 6:=7, 60=1
or

0r=08, Or=7, Ot=1.
The first system implies > = 1, the second 6* = 1. Thus in both cases we
obtain the maximal system (8, 6%, 0, 0%) where 8 = &"". Also when t =0
we obtain the same system. Q.E.D.
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We shall now consider the individual maximal systems one by one and
determine the corresponding generalized affine symmetric spaces.

1. The maximal system (o, a,1/x, 1/x?). Let V be a 4-dimensional
vector space, and S: V> V a real linear transformation with eigenvalues
(@2, a, 1/or, 1/2®), a # 0, +1. Further, let T be a tensor of type (1,2)
antisymmetric and invariant under S.

Let {X,, X,, X3, X4} be eigenvectors of transformation §, i.e.

1

1
SX1=d1X1, SX2=GX2, SX3=:X3, SX4=?X4

By the condition S(7) = T we have

T(XI’X2)=03 T(XlaX3)=aX2t T(X13X4)=0,
T(Xz,X3)=0, T(Xz,x4)= bXa,- T(Xs,th):O-
where a, b are real numbers, a*>+b% > 0.
- Let us consider the following cases:

A) a-b # 0; then assuming X, = aX), X, = bX, we obtain T(X], X3)
= XZ’ T(XZoX:t-) = X3'

Thus we conclude that in this case for the pair (S,T) on V there
exists a basis (denoted also by {X,, X,, X3, X,}) such that:

1

1 R
SX,=0’X,, SX,=0aX,, SX3=-—X;, SX,=—5X,,
vd o

(5-1) T(le X2)=0, T(Xl’X3)= Xz, T(X15X4)=Ov
T(X,,X3) =0, T(X;,X4) = X;3. T(X;3.X,)=0.

Let T denote the Lie algebra of all real endomorphisms A: V — V which,
as derivations, satisfy A4(S) = A(T) = 0. The relation 4(S) = 0 means that
AoS = So A and hence

AX‘1=pX1, AX2=qX2, AX3=}’X3, AX4=SX4,
where p, g, r,s are real numbers. On account of A(T) = 0 we obtain
A(T(Xlsxs)) = T(AX,, X3)+T(X,, AX3) = q = p+r,
A(T(X5, X3)) = T(AX,, X))+ T(X,, AXy) = r = q+s.
So algebra t is two-dimensional. Let {A4,, A,} be the basis of this
algebra, and
A X, =X,, AX,=0, Ay Xy =—-X;, A Xy=-X,,
A2X1=0, A2X2=X2, A2X3=X3, A2X4=O.

Let (V,S, T, R) be an infinitesimal s-manifold with the tensors S and
T satisfying (5.1). Then for any X, YeV we have R(X, Y)el. The con-
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ditions S(R) = R and R(X, Y)(S) = 0 imply R(SX,8Y) = R(X,Y). Thus
we have
R(X,X,;) = R(X{,X3) =R(X;,X;) = R(X;5 X;)=0,
R(Xls X4) = 11A1+12A2»
R(X;,X3) =90,4,+0:4,,
where 1;, 0; are real numbers. '
Further, the first Bianchi identity S(R(X, Y)Z) = S(T(T(X, Y), Z))
must hold in V and particularly we have
R(X;,X3)X, =0= ¢, =0,
RXy, X)X, =X, = 1,=1,
. R(XI,X4)X3=—X3=>‘EI=2.
Hence we obtain
R(X,,X4) = 24,+A4,,
R(X;, X3) = 0, 4;.
For Aeh, (AR)(X,Y,Z) =0 for any X, Y,Z €V, that is,
AoR(X,Y)—R(X,Y)oA = R(AX,Y)+R(X, AY).

Since R(X, Y)ebh, we have R(X,Y)(R)=0. In the case of R(X,, X,)
= 0, A, we have

R(g; A2 X5, X3)+R(X,,0, 45 X3) = 0,
and hence
R(Xz,X3) = 0

The algebra )° generated by the curvature endomorphism R(X, Y) is one-
dimensional and is generated by an endomorphism of the form A =
R(XI,X4)=2A1+A2 '

AX, =2X,, AX,=X,, AX,= —X,, AX,= —2X,.

In this case the Lie algebra g = V+bh° formed by means of the “Nomizu
construction” is of the form:

X, X, X, X, A

Xl 0 O _Xz —A —2X1
52) X, 0 0 0 | -X, | —X,

X, X, 0 0 0 X,

X, A X, 0 0 2X,

A 2X, | X, | =X, |-2x,{ o
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We may now give the representation of this algebra by infinitesimal affine
transformations of the plane R?(x, y), namely

0 0 0 0
Xi=y— X;=—— == Xy=-x—,
1= Yoy 27 ox T oy ¢ x dy
0 d
A= —x—+y——.
| *ox oy
The corresponding Lie group G is the group of all matrices of the form [9].
a b e
¢c d f|, where ad—bc = 1.
0 01
The subgroup H is the group of matrices of the form
et 0 U,
0 € 0f.
0 0 1

G/H is a reductive homogeneous space. The diffeomorphism ¢ of the plane
R*(x, y) inducing the automorphism S of algebra g is given by the
transformation

v l
d=4d, e’=;e, f = dof.

This transformation is an automorphism preserving the invariant subgroup H.
B) a # 0, b = 0. In this case we have
T(XI,XZ) = T(Xn, X4) = T(XzaX:a) = T(X;, X,) = T(X;,X,) =0,
T(Xy, X3) = X;.

The algebra t is three-dimensional. Let {Al;Az,Ag} be the basis of this
algebra, and

A1X1=X2a A3X2=0, A1X3= _X3, A1X4=0,
A;X, =0, A X, = X,, 4; X5 = X, A; X, =0,
A3X1=0, A3X2=0, A3X3=0, . A3X4=X4_
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Then
R(XI’XZ).= R(X]a XB)-= R(XZ’ XS) = R(X3, X4) = Os

.3 3
R(X,, X,) = Z, 1;4;,, R(X;,X3) = Z Qi Ai.
i i=1

i=1

On account of the first Bianchi identity, for the triples of basis vectors
X Xay X3y Xy, X2, X4 Xa, X3, X4 and Xy, X3, X, we have ‘

R(X;, X3)X; =0, R(X,, X4) X, =0, R(X3,X3) Xs =0, R(X{, X4) X3 =0,
respectively. Hence
e1=0, =0, ¢g3=0, 1, =0.
Thus we obtain
R(X,, X4) = 1343, R(X3, X3) = 0:4,.

Further, by the condition R(X, Y)(R) = 0 we have

R(t3 43X, X4)+R(X;,13 A3 X4) = 0 = R(X,, X,) =0,

R(024; X5, X3)+R(X;,0, 4, X3) = 0 = R(X3, X;3) = 0,

and hence R = 0.

In this case the infinitesimal s-manifold is of the form (V,S, T, 0),
where § and T satisfy conditions (5.3). Here we may assume §° = 0. The
“Nomizu algebra” g is given by [X,Y] = —T(X,Y) for all X,YeV.
Thus multiplication in algebra g is defined as follows:

X, | X, | Xy | X,
X, 0 0 | -x,] o

(5.4) X, 0 0 0 0
X, | x, 0 0 0
X, 0 0 0 0

We have obtained a decomposable algebra, ie. a reducible infinitesimal
s-manifold. This leads to a decomposable generalized affine symmetric space
(M, P) = (M,,7,)x(M,, 7,) [17].

C)a=0,b#0. In this case we have R = 0 and the algebra g is
decomposable.

2. The maximal system (1/a? l/a, o, a). Let {X,, X,, X3, X,} be the
eigenvectors of transformation S. By the condition S(T) = T we have
T(Xy, X3) = T(X,, X3) = T(X;, X4) = T(X3, X4) = 0,

(5.5)
T(XI,X3)=aX2, T(XI,X4)=bX2,
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where a, b are real numbers and a®>+b* > 0. Let a # 0; then assuming
1= Xy, X5 = X3, X5 =(l/a) X5, X;, = bX;—aX,, we obtain T(X, X3)
= X5, T(X}, X3) = 0. For algebra I we obtain: Ae€f, that is,

AX1=kX1, R AX2=IX2, AX3=pX3+qX4, AX4=r_X'3+SX4,

where k, I, p, q, r, s are real numbers. By condition A(T) = 0 we have

A(T(X,, X3)) = T(AX,, X3)+ T(X,, AX,),
whence
IX, = kX,+pX, = p=1—k,

A(T(X, X,) = T(AX,, X))+ T(X,, AX,),
and thus
0=rX, =r=0.

So algebra t is four-dimensional with the basis {A4,, 4;, A3, A,} where

Ale:Xl’ A1X2=0’ A1X3= —X3’ A1X4=03

A, X, =0, A X, = X,;, A X5 = X;, A X4 =0,
A3X1=0’ A3Xz=0, A3X3=X4, A3X4=0,
A4X1=0, A4X2=0, A4X3=0, A4X4=X4.

Let (V, S, T, R) be the infinitesimal s-manifold with tensors S, T satisfying
(5.5 (@a=1,b =0). Then R(X,Y)ef and from R(SX,SY)= R(X,Y) we
obtain

R(Xy, X3) = R(X,, X3) = R(X,, X4) = R(X3,X,) =0,

4

4
R(X;, X3) = Z 1, 4i, R(X;, X,) = Z @i A;.
i=1

The second Bianchi identity G(R(T(X , Y), Z)) = 0 must hold and particu-
larly we get

R(T(Xy, X3), X4)+R(T(X3, X4), X))+ R(T(X4, X3), X3) = 0,

that is,
R(X,,X,) = 0.

By the first Bianchi identity we have
S(R(X1, X2)X3) = S(T(T(Xy, X3), X3)),

whence
‘R(XZ’XS)XI = 0 = Ty = 0-

S(R(X;, X3)X,) = S(T(T(X;, X3), X))
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and thus

R(Xz, Xa)X“ =0 = Tqg = 0.

Hence

R(X,, X3) = 1, A, +13 A;.

From R(X, Y)(R) = 0 we obtain

R((T2 A2+T3A3)X2, X3)+R(X2, (Tz A2+T3 A3)X3) = 0,
' 21, R(X,, X3) = 0.

Hence

R(X,, X,) = tA;, 1t being an arbitrary real number.

27

For 1 = 0 we obtain a decomposable algebra. When t # 0, we take a new

basis X; = /|t X, i = 2,3,4. Then

T(Xl! ’3)= ’2’ R(XIZ’ X’3) = Sgn T'As,
A3X1=0, A3X’2=0, A3X13=:X;,

A3X’4 = 0.

So algebra h° is one-dimensional and is gcnerated by endomorphism Aj;.

The Lie algebra g = V+bh° is given_ by

X, | X, | X, | X A
X, | o 0 | -x,| o0 0

56 X, 0 0 | —-k4a| o 0
X, | X, | kA 0 0 | -X,
X, 0 0 0 0
A 0 0 X. 0 0

for k = +1. These algebras are isomorphic. If X,, X,, X;, X,, A denote
the basis vector of the algebras for k = —1, the isomorphism is given by

the assignment

X1'—’)_(1, Xz*—’)?z, X:s*—’)?a,

Xo— X,,

A— —A.

Now we may give the representation of this algebra by proper infini-

tesimal transformations of R*(x, y, u, v), namely

0 0
Ximge Xamgp %
0 0

X4= —_

—_ A —_—
du ov

= —X

0

e

+
6yv

ou ) o
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The corresponding Lie group G is the group of all matrices of the form

|1

t —42 i a
0 1 —=t 42 b
0 O 1 -t cl.
0 O o 1 d
0 o0 0 o 1
The subgroup H is the group of all matrices of the form
1 0 0 0 O
0O 1 0 0 b
o 0 1 o0 of,
0O 0 0 1 O
0O 0o 0 0 1

G/H is a reductive 'homogeneous space. A symmetry s, is determined by
the transformation

1
t=—t, d=-—a, b =b =0, d=ad.
a« a

3. The maximal system (a?, 1/a,a,a). Let S: V - V be the linear
transformation with the eigenvalues (a2, 1/a,a,2), a # 0, +1 and let

{X1, X2, X3, X4} be the eigenvectors of transformation S. By the condition
S(T) = T we have

T(X.la Xa) = T(Xla X4) = T(Xz, Xg) = T‘XZ, X4) = 0,
T(X11X2)=ax3+bX4, T(Xg,X4)=CX1,
where a, b, ¢ are real numbers and a®>+bh>+¢? > 0.

Let us consider the following cases:
A) a>+b* >0, c # 0. If a # 0, then assuming

1 1
'l = —CXIs ’2= —?XZ’ '3=(1X3+bX4, X,4= ___X4’

we obtain
T(X|, X3) = X5, T(X5 X3)=X).
Thus we conclude that in this case for the pair (S,T) on V there
exists a basis (denoted also by {X,, X,, X3, X4}) such that
1
SX1=a2X1, SX2=?X2, SX3=O£X3, SX4=aX4,

(5.7) T(X,, X3) = T(X, X4) = T(X;, X3) = T(X,, X,) =0,
T(Xy, X2) = X3, T(X3, Xa) = X,.
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Let T denote the Lie algebra of all real endomorphisms A: V - V acting
as derivations satisfying A(S) = 0. Then

AX1=kX1, AXZIIXZ, AX3=pX3+qX4, AX4="X3+SX4.
By the condition A(T) = 0 we have
A(T(X,, X,) = T(AX,, X;)+ T(X,, AX,),
whence
PX3+qXs = (k+) X3 = q=0, p=k+l,

A(T(Xa, X4)) = T(AX3,X4)+T(X3, AX4),
and thus
kX, =(p+s)X, = s=k—p.

So algebra f is three-dimensional. Let {A,, A,, A3} be the basis of this
algebra, and .

A1X1=X1, A1X2=O, A1X3=X3, A1X4=0,
(5.8) AZXI = 0, Az Xz = XZ! A2X3 = X3’ A2X4 - —X4,
A3X1=0, A3X2=O, A3X3=0, A3X4=X3.

Let (V,S, T, R) be an infinitesimal s-manifold with the tensors S and T
satisfying (5.7). Then R(X, Y)ef and from R(SX,SY) = R(X, Y) we obtain

R(X,, X3) = R(X,, X3) = R(Xy, X4) = R(X;, X4) =0,
3 3
R(X2 X5) = ¥ midi, R(X2,X) = ¥ o

=1

The first Bianchi identity must hold in V, and particulary for the triples
of basis vectors X, X,, X3; X,, X,, X, and X,, X,, X, we have

R(Xzaxa)xn =0, R(Xz,x4)X1 =0,
and
R(X,, X3) X4~ R(X;, X4) X3 = X3,

respectively. Hence
7,=0, ¢,=0, 1,=0, 13=2+0,.
Thus we obtain '
R(X3, X3) = (2+¢2) 43,
R(X;, X4) = Ai+e, 42403 4s.
By the condition A(R) = 0 we have g, = —2. Hence
R(X,, X3) =0,

(5.9)
R(X,, X,) = A1 —2A;+0; A,.
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On account of (5.8) and (5.9) we obtain
R(X;, X)X, = X;. R(X5, X)X, = —2X,, R(X5, X)X; = —Xs,
R(X3, X)Xy = 2X,+0: X
We define a new basis by taking

X3 = Xa+303 X5
Then
R(X,;, X)X, = R(X,, Xy) (Xa+303X3) = 2X,.
Hence we ‘conclude that in this case there is a basis (denoted also by
X, X,;, X5, X,)(*) such that
T(X,, X3) = X3, T(X3,X4) = X1, R(X3, Xy =4,
AX1=X1, AX2= *‘2X2, AX3= _Xa, AX4=2X4
So the algebra h° generated by the curvature endomorphism R(X,Y) is

one-dimensional and is generated by endomorphism A. Multiplication in the
algebra g = V+b° is defined as follows:

X, 0 |{—-Xs| 0 0 | —X,

X, | X, | 0 | 0 | -4 | 2x,
(510) X, | 0 o | 0 | —x,| X,

X, | 0 | 4 | x, | 0o |-2x,

A Xl _2X2 —X3 2X4 0

This algebra is isomorphic with the one obtained in the case of the maximal
system (a2, a, 1/a, 1/a?). Let us denote the basis vectors of algebra (5.2) by
{X,,X,, X;,X,, A); the isomorphism is given by the assignment

X’IH—Xz, XzHX3, X3|—">X1, X4|—"X4, A— —A.

B) a2+b* >0, ¢ = 0. Let a # 0; then there exists a basis {X,, X,,
X3, X4} in V such that

1
SX1=azX1, SX2=?X2, SX3=CCX3, SX4=01X4,

T(Xla Xa) = T(Xn X4) = T(Xz. Xa) = T(X29 Xa)
(5.11) = T(X3, Xs) = 0,
T(X,, X,) = X,.

() From now on we shall not change the notation of the basis.
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From the conditions A(S) = A(T) = 0 it follows that in the present case the
algebra T is four-dimensional with a basis {4;, 4, A5, A,} such that

A1X1=X1, A1X2=0, A1X3=X3, A1X4=0,
A; X, =0, A:X; =X,;, A:X5=X;, A;X,=0,
A3X1=0, A3X2 =ﬂ0, A3X3 =.0, A3X4=X3,
A4X1 =0, A4X2=0, A4X3=0, A4X4=X4.
Further, from R(SX,SY) = R(X, Y) we obtain
R(Xth) = R(X,, X3) = R(X{, X,) = R(X;,X4) =0,
_ 4 4 -
R(X,, X3) = 'Z1 A, R(X;, Xy) = izl i A;.
By the first Bianchi identity we have
R(Xz,Xa)X1=0=> 1-'1=0,
R(X;, X)X, =0= g, =0,

R(Xz,Xg)X4—R(X2,X4)X3 =0=1=0, 1=y,
Hence

4
R(X;,X3) =1,42+0; 45, R(X,,X,) = '—Zz e A4;.

From the condition 4(R) = 0 we obtain 7, = g, = g, = 0. Finally we have
R(X;, X3) =0, k‘(Xz, X,) = 05 4.

For g5 = 0 we obtain a decomposable algebra.
For g; # 0 we define a new basis

Xi=\/|93| X;, i=2,3,4.

T(X,, X3) = X5, R(X3, X}) = sgngy- A,
A3X1=0, A3 ’2=0, A3 ’3=0, A3X14=X’3_

The algebra h° is one-dimensional and is generated by endomorphism A,.
Multiplication in the Lie algebra ¢ = V +1° is defined as follows: ‘

Then

X, | X2 | x5 | x, A

X, 0 | -Xx5| o0 0 0

X, | X, 0 0 [ -k4| ©

(5:12) X, 0 0 0 0 0
X, 0 kA 0 o | -x,

A 0 0 0 X, 0
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for k = +1. These algebras are isomorphic. If {X,, X,, X3, X,, A} denote

the basis vectors of the algebra for k = —1, the isomorphism is given by

the assignment X, — —X;, X,— —X,, X3~ X3, X, X, A A4,
Now we may give the representation of this algebra by proper infini-

tesimal transformations of R3(x, y, z), namely

0 0 0
X = -, = —_—, X = —-——,
' oox 2= dy dy
¥ 0 + 0 4 0
= Z — e — = Z —
4 ox | 9z’ dy
The corresponding Lie group G is the group of all matrices of the form
1 b e —c
01 d a+3d?
0 0 1 d '
000 1 I
The subgroup H is the group of all matrices of the form
1 0 ¢ O
0100
0010
o 0 0 1f

G/H is a reductive homogeneous space. The following transformation may
be given as an example of symmetry sq4:

' ’

1 1 i
a=-—a b=ab, =—c, d=—d, e=ec¢.
o o a

C)a=b=0, c# 0. In this case for the pair (S, T) there is a basis
in V such that

1
SX1=a2X1, SX2=7X2, SX3=CX.X3, SX4=aX4,
T(X,X,)=T(X,,X3)=T(X, Xy) = T(X;, X3)
(5.13) = T(X;, X4) =0,
T(X3,X4)= Xl'
From the conditions A(S) = A(T) = 0 it follows that algebra f is five-
dimensional. Denoting its basis by {A4,, A, 43, A4, As} we have
A1X1=X1, A1X2=0, A1X3=0, A1X4=X4,
A2X1=0, A2X2=X2, A2X3=0. A2X4=0,
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A3X1=O, A3X2=0, A3X3=X3, A3X4= _X4,
A4X1 =0, A4X2 =0, A4X3 = X4, A4X4 =0,
A5X1 =0, A5X2=0, A5X3 =0, A5X4= X3.

From the condition R(SX, SY) = R(X, Y) we obtain
R(X,, X;) = R(X, X3) = R(X, Xy) = R(X3, X,) =0,

5 5
R(X,, X3) = _Zl 1 A;, R(X,;,X,) = '-21 0: A;.
By the first Bianchi identity we have
R(X;,X3)X, =0= 1, =0,
R(X;,X)X,=0= 9o, =0,
R(X;, X3)Xs—R(X3, X)) X3 =0 = 03 = 15, 04 = —T5.

So we obtain
h)

R(X,, X3y) = Z 7, A4;,

R(X;, X)) = @2 A2 +15 A3 ~13 A4 +05 As.
From R(X, Y)(R) = 0 we obtain the following relations:

02720273+ T75 =0,
Ty Ts5+T3Ts+ 0574 = O,

(5:14) 241,154+ 1,75 = 0,
3T§+_szs—3TaQs= ) .

02T3—02T3+ 7515 =0,

(5.15) T3T5—Q2Ta+ 0574 = 0,

312 +0,14+31,15 = 0,

T5—0;Ts— 0573 = 0,

34+1,7340,74 = 0,

(5.16) 1,73+ t3+1415 = 0,

1,74 = 0,

ToTs+TaTs+05T74 = 0,

e3—e27s+0s1, = 0,

(5.17) Q2Ts—T5+0s13 = 0,

—02T3+T315+0574 = 0,
0205 = 0.

3 - Dissertationes Mathematicae CXCIV
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Let us observe first that 7, = g, = 0. In fact, if 7, # 0, then the third
equation of (5.16), the third equation of (5.16) and the first equation of (5.16)
lead to a contradiction. Similarly, if g, # O, then the fourth equation of (5.17),
the fourth equation of (5.14) and the first equation of (5.17) give a contra-
diction. Hence

5
R(X,, X,) = Z 7; A;,

(5.18) =3
R(X;, X3) = 15 Ay —13 A4 +05 As.

By the condition
R(R(X2, X3) X5, X3)+R(X;, R(X3, X3)X;3) = 0

we have

(5.19) 73 R(X;, X3)+14 R(X,, X,) = 0.

H 73 = 7, = 0, then from the fourth equation of (5.14) we obtain 15 = 0.
Thus '

(5.20) R(X,,X3) =0, R(X,,X,)=0s54s.

Il (t3)* +(t4)* # 0, then (5.19) may be writen in the form
R(X2,13X3+T4X‘4) = 0.

This means that in subspace V® there is a vector X} = 13 X;+1, X, for
which

(5.21) R(X,, X3) = 0.

We choose X as an arbitrary non-zero vector such that X} and X form
the basis in the subspace V®. Next we choose endomorphisms A’;ef,
i=1,2,3,4,5, such that conditions (5.13), (5.18) and (5.21) are satisfied.
So we have :

5

R(X29X’3) = Z t;A: = 03

i=3

R(X;, Xy) = 15 A3—13 Ay +05 A4s.

Hence

T3 = T4 =15 = 0,
that is,
(5.22) R(X,, X3) = 05 As.

From (5.20) and (5.22) we obtain
R(X;, X3 =0, R(X,, X4 = kAs, k=0,1.
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For k = 0 we obtain the decomposable algebra g = V.

For k = 1 we obtain the Lie algebra ¢ = V+bh°, where h° is a one-
dimensional algebra generated by endomorphism As.

Multiplication in the algebra g = V +h° is defined as follows:

X, | x, | x| xo | 4
X, | o | o 0 o | o
X, | 0 0 o | 4] o

(5-23) X, | 0 0 o | -x,| o
X. | o | 4 | x; | o |-x,
A 0 0 o | X, | o

We shall give the representation of this algebra by proper infinitesimal
transformations of R*(x, y, u, v), namely

d a é
X,=—, X,=—, X3=—,
YT oax 27 oy 7 ou
) ) d d
X4 = —U +v = X

— A .
0x ou ) ov’ ov

The corresponding Lie group G is the group of all matrices of the form:

—t -3 ¥ a
0 1 t —3t2 b
0 0 1 -t cf.
0 0 0 1 d|
lo o o 0 1

The subgroup H is the group of all matrices of the form

jt 0 0 0 0
0 1 0 0 of
0 010 cj.
00010’\
0 000 1

-

G/H 1s a reductive homogeneous space. A symmctry so 1s determined by
the transformation
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4. The maximal system (a, —a, —1, 41). Let S: V — V be the linear
transformation with eigenvalues (a, —a, —1, —1), a # 0, +1 and let
{Xi, X,, X3, X,} be the eigenvectors of S. We have

SX, = aX,, SX,= —aX,, SX3=—X;, SX.= —X,,
(5.24)
T(X,,X;)=0, T(X,, X3) = aX,, T(X,,X,) = bX,,
T(Xz,X3)=CX1, T(XZ’X4)=Xms T(XBaX4)=0a

where a, b, ¢, d are real numbers, a®> +b2 +c2+d? > 0.
For the algebra f we have

AX, = kX,,
AX, = IX,,
AX; = pX3+qX,,
AX, = rX +sX,.

Let us denote by W the eigenspace for the eigenvalue — 1. Conditions (5.24)
may be written in the form

SX,=aX,, SX,=—aX,, SZ=-Z, ZeW,
T(Xn Xz) = T(Xs, X4) =0,
TX,Z2)=f(2)-X,, T(X,,Z)=g(2)-X,,

/

where f(Z) and g(Z) are linear forms defined in W, not all equal to zero.
Let us consider the following two cases:
A) Ker f@Kerg = W,
B) dim (Ker f+Kerg) = 1.
Ad A. We choose X eKerg, X ,eKer f, X, # AX,. Then the tensor T
must satisfy the following conditions:

T(Xn Xz) = 'T(Xla X4) = T(Xz, Xa) = T(X3a X4) = 0,
T(XlaXS)'_-aXZ’ T(X21X4)=Xma

(5.25)

a’+d? > 0.

Al ad # 0; then by a suitable change of the basis we obtéin
a=d=1. From A(T) = 0 we obtain

A(T(Xy, X3)) = T(AXy, X3)+ T (X, AX3) = | = k+p,
A(T(X,, X)) = T(AX,, X))+ T(X,, AX,) = r = 0,
A(T(X,, X3)) = T(AX,, X3)+ T(X,, AX3) = q = 0,
A(T(X,, X4)) = T(AX,, X))+ T(X,, AXy) = k = [+s.
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So we have
AX, = kX,, AX,=1X,, AX,=(-kX,, AX,=(k-)X,.

The algebra f is two-dimensional. Let {4, A,} be the basis of this algebra,
and ’

A1X1=X1, A1X2=0, A1X3=—X3, A1X4=X4,
A2X1=0, ’ A2X2=X2, A2X3=X3, A2X4=—X4..

Let (V,S, T, R) be an infinitestmal s-manifold with the tensors § and T
satisfying (5.25), (a=d =1). Then R(X,Y)el and from R(SX,SY)
= R(X,Y) we obtain ' :

‘R(Xn,Xz) = R(X,, X3) = R(X, X3) = R(X;, X3) = R(X3,X,) =0,
R(X3,X4)= ‘L'A1+QA2.
By the first Bianchi identity we have
R(X3,X4)X1=X1=>T=l
R(X;,,X)X, = — X, = ¢=—1.

Hence we obtain
R(Xa, X4) = AI_AZ = A

The algebra h° is one-dimensional and is generated by endomrorphism A,
where

AX, = X,, AX,= —X,, AX;= —2X,, AX,=2X,.
Multiplication in the Lie algebra g = V+1h° is defined as follows:

x, | x, | x, | xa | 4
X, | 0 0o | -x,] 0 | -x,
X, | 0 0 o | -x, | x,

(5.26) X, | X, | 0 0 | -4 | 2x,
X, | 0 | x, | 4 | o [-2x,
A4 | x, | -x,|-2x,| 2x. | 0

This algebra is isomorphic with the one obtained in the case of the
maximal system (a2, «, 1/a, 1/a?).

Let as denote the basis vectors of algebra (5.2) by {X,, X,, X, X, 4};
the isomorphism is given by the assignment:

XIH—XJa XZHXZy X3HX1, X4HX4’ ‘ZH_A'
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AIL a-d=0, a?+d>>0. Let a =0, d # 0; in this case we have
T(Xy, Xy) = T(X;, X3) = T(X,, X,) = T(X3, X3) = T(X5,X,) = 0,
T(X,, X4) = X,y

The algebra  is four-dimensional with a basis {Al,-Az,Aa,A“} where
A X, =X,, A4 X,=0, A, X;=0, A X,= X,
A, X, =0, A, X,=2X,, A, X3=0, A, X,= —X,,
A3 X, =0, Ay X, =0, A3 X3 = X;, A3X, =0,
A; X, =0, Ay X, =0, Ay X3 =0, Ay X4 = X,
Further, from R(X, Y)et, R(SX,SY) = R(X, Y) we obtain
R(X, X,) = RA(XI,XS) = R(Xy, X4) = R(X2, X3) = R(X,, X4) =0,
R(X;, Xy) = Z T; A;.

i=1

By the first Bianchi identity we have

R(X3, X)X, =0=1, =0,
R(X3, X)X, =0=1,=0.
By the condition R(X,, X4)(R) = 0 we obtain 7, = 0. Hence
R(X,y, X,) = 14 As.

So algebra bh° is one-dimensional and is generated by endemorphism A,
For 7, = 0 we obtain a decomposable algebra g = V.

When 1, # 0, we take a new basis X; = /|14 X, i = 1, 3,4, then

T(X;,X3) = X}, R(X5, X)) =sgnt, A,
AaXy =0, AsX;=0, AX3=0, AX,=X;

The Lie algebra g = V+h° is given by

, | x, | x5 | x, | 4

x, | o | o 0 0 0

X, | 0 | o0 o | -x,| o

(527) X, | o0 0 0 | —ka| 0
X, | 0 | x, | ka | 0o | —x,

4 | o 0 o | x5 | o
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for k = +1. Now we may give the representations of these algebras by
proper infinitesimal transformations of R*(x, y, u, v).
For k = 1 we have

0 5, “ 0
Xo= =% Xa=50 XH=7p0
Xooy 0,8 e 8
LR A L A T R

The corresponding Lie group G is the group of all matrices of the form

0 0 a
0 0 b
cost sint cf.

—sint cost d
0 0 1

1
0
10
0
0

SO O =™

The subgroup H is the group of all matrices of the form

1000 0
0100 0

(5.28) 001 0 0,
0001 d

0000 1

G/H is a reductive homogeneous space. The following transformation may
be given as an example of symmetry 5,:

' 1 1
529 t=-t, a=—a, b=-—b, =-¢c, d=d.
a o
For k = -1 we have:
0 i,
X,=—, X;=—, X3=-—,
T ox 27 9y *T 9
X4 = g +v g +u g A= g
TV T e T T w

The corresponding Lie group G is the group of all matrices of the form

0 0

0 0
cos ht sin ht
sin ht cos ht

0 0

OO OO =
OO O ==
— a0 T8
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The subgroup H is the group of all matrices of the form (5.28). Here
transformation (5.29) is an example of symmetry s,.

Alll a # 0, d = 0 resolves itsels into A.IL

Ad B. dim (Ker f+Ker g) = 1. We choose X;eKer f, X, # 4X;. Then
we have for T

T(XI’XZ) = T(XI’X3) = T(szxa) = T(X;,X,,) =0,
T(X,, Xs) = bX,, T(X,,X,) =dX,,
b?+d* > 0.

(5.30)

B.L If bd # 0, then assuming X, = bX}, X, = /lbd X3, X5 = X3,

X, = ./lbd| X, we obtain T(X, X3) = X3, T(X,, X,3) = +X|. From the
conditions A(S) = A(T) = 0 it follows that in the present case the algebra
f is three-dimensional with a basis {4,, A,, A3} such that

A X, = X,, A X,=2X,, A X;=0, A X,=0,

A, X, =0, A, X,=0, A, X3=2X,;, A, X,=0,

A3X, =0,  A3X,=0, A3 X;=0, A3 X,=X,.
Hence

R(Xa, X4) = TAl +QA2 +KA3.
By the first Bianchi identity we have °
R(‘X3, X4)4Yl = 0 = T’= 0.
By the condition R(X,, X,)(R) = 0 we obtain ¢ = 0. Hence
R(X37X4) = J“43'

The algebra bh° is onc-dimensional and is generated by endomorphism A;.
For »x = 0 we obtain a decomposable algebra g = V.
When »x # 0, the Lie algebra g = V+bh° is given by

X, X, X, X, A

X, 0 0 0 ~-X,| 0

X, 0 0 0 kX, 0

(5:31) X, 0 0 0 —xA | 0
X, | X, | —kX,| x4 0 - X,

A 0 0 0 X, 0
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for k = +1. Now we may give the representations of these algebras by
proper infinitesimal transformations of R*(x, y, u, v).
For k = 1 we have

0 0 0
Xl—gx—, Xz—g, Xg—Fu—,

X, = 0 0 6+ d - A_a
«= V% xE Mo TV e o

The corresponding Lie group G is the group of all matrices of the form

cost sint 0 0 a
—sint cost 0 0 b

0 0 cos\/;t —\}jsin\/;t cll,

0 0 — \/;t sin \/x t cos \/; t d
0 0 0 0 1
for ¥ > 0, and the group of all matrices of the form:
cost sint 0 0 a
—sint cost 0 0 b
1 )
0 0 cosh./—xt sinh./—xt cl,
—x
0 0 J—xsinh./—xt cosh.,/—xt d
0 0 0 0 . 1) ¢
for » < 0.
The subgroup H' is the group of all matrices of the form:
1 00 00
01 000
0 01 0 0f.
0 0 0 1 dyf.
00 0 O00O

G/H is a reductive homogeneous space. The following transformation may
by given as an example of symmetry s,:

’

t=—-t, d=—a, b =-—b, =—-¢c, d=d.
o

For k = —1 the algebra g = V+}° is isomorphic with the one obtained
in the case of the maximal system (—i, —i, —1, —1). The isomorphism is
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given by the assignment
Xl—)X1+X2, YH—X|+X2, Vil—-)X4, V2|—>X3, A— A.
BIL b-d=0, b>+d> > 0. Let b # 0, d = 0; in this case we have

T(Xy, X3) = T(X,, X3) = T(X;, X3) = T(X,, X4) = T(X3, Xy) =0,
T(Xla X4)= Xz-

The algebra f is four-dimensional with a basis {A,, 4, A5, 4,} where
A X, = Xy, A X, =0, A X, =0, A1 Xy = —X,,
A2X1=0, A2X2=X2, A2X3=0, A2X4=X4,
A3X1=0, A3X2=0, A3X3=X3, A3X4=0,
A4X1=0, A.4X2=0, A4X3=0, A4X4=X3.

Hence

4

R(X;3, X,) = z T; A;.

i=1

By the first Bianchi identity we have
R(X3, X)X, =0=1,=0,
R(X3,X4)X,=0=1,=0.
By the condition R(X;, X4)(R) = 0 we obtain 7, = 0. Hence
R(X3,X,) = 14A,.
For 7,.= 0 we obtain a décomposable algebra g.

When 1, # 0, we take a new basis X; = /|14 X, i = 2, 3,4.
Then

T(Xl’ :t)= ’2’ R(X’:hX:t)= iA4’
A4Xl=0’ A4X’2=0, A4 13=0, A4X:‘=X’3.

Multiplication in the algebra g = V +1° is defined as follows:

X, | X, | x5 | x. A
X, 0 0 0 | -X,| ©
532 X, 0 0 0 0 0
_ X, 0 0 0 | —ka| o©

X, | x, 0 kA 0 | -x,
A 0 0 0 X, 0




§ 5. Four-dimensional generalized affine symmetric spaces 43

for k = +1. This algebra is isomorphic with the algebra (5.27). Let us
denote the basis vectors of algebra (5.27) by {X,, X,, X3, X,, A}; the isomor-
phism is given by the assignment
XU—’Xz, XZHXla Xs'—’xa, Xu—-n’—(.t, A A
5. The maximal system (x?, 1/a, o, a®). Let {X,X,, X3, X,} be the
eigenvectors of transformation S. By the condition S(T) = T we have
T(X]’XZ)'—__aXBa T(XlaX3)=bX4s T(Xl,xtt):o;
T(X,, X3) =0, T(X2, X4) = cX;, T(X;,X,) =0,
a*+b*+c* > 0.
A) Let a-b-c # 0; then, assuming '
X1=abCX'l, X2=X’, X3=bCX’, X4=abC2X’4,
we obtain ‘
T(X}, X3) = X5, T(Xy,X3) =Xy, T(X3, X3) = X,

Let I denote the Lie algebra of all real endomorphisms A: V — V which,
as derivations, satisfy A(S) = A(T) = 0. By the condition A(S) = 0 we have
AX1=pX1, AX2=qX2, AX3=P‘X3, AX4=5X4.

On account of A(T) = 0 we obtain
p=2r1 q=_r, S=3r.
So algebra t is one-dimensional and is generated by endomorphism B
BXI =2Xl, BX2= —Xz, BX3=X3, BX4=3X4.
Let (V, S, T, R) be an infinitesimal s-manifold. By the condition R(SX, SY)
= R(X, Y) we have
R(XI,XZ) = R(XnXs) = R(Xl’Xtt) = R(XL X4) = R(Xs, X4) = 0,
R(Xz,X3)=TB. -

By the first Bianchi identity we have
S(R(X,, X;)X3) = S(T(T(X,, X,), X5))
R(Xz, Xa)Xn = T(X2a X4),

and

S(R(X2, X3) X,) = &(T(T(X,, X3), X))

R(Xz, X3)X2 = 0,
—1X,=0= 1=0;

so the case abc # 0 leads to a contradiction.
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B) Let ab # 0, ¢ = 0; then, assuming
X, =abX,, X,=2X,, X,=0bX,, X,=abX,,
we obtain
TX,,X,;)=X,, T(X,,Xy)=X,.

In the present case the algebra t is two-dimensional with a basis {4,, 4,}
such that
A1X1=X1, 4, X, = —-X,, AIX3=03 Ax)_(4=)?4,
AZXI'_—O’ A2X’2 XZ’ AZA_,3=X3, A2X4=X,4.
Hence

R(Xz, 1?3) = TAI +QA2.
By the first Bianchi identity we have

R(Xzs)_(s))_(l =0=1=0,
R(Xz,)—fs))-(4 =0=90=0.

In this case the infinitesimal s-manifold is of the form (V, S, T,0). Here
we may assume h° = (0). The “Nomizu algebra” g is given by

[X,Y]=-T(X,Y) forall X,YeV.

Thus multiplication in the algebra g is defined as follows:

X, X, X; X,

X, 0 -X, | -X, 0

(5.33) X, | X, 0 0 0
X, | X, 0 o | o

. X. 0 0 0 0

Now we may give the representation of this algebra by infinitesimal affine
transformations of R3(x, y, z), namely
_ 0 0 _ 0

Xi=x—+y—, X;=—

1= Y 0z 2 0x

_ 0 _
Xy=—, Xy=—.

The corresponding Lie group G is the group of all matrices of the form

3
t
1
0

OO =~
- O8N

i1
0
0
0
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The underlying manifold of the group G is the Cartesian space R*(t, a, b, c).
Thus G is the required simply connected Lie group with the Lie algebra g.
The elements X,, X,, X;, X,€g can be represented by the left-invariant
vector fields .

_ & _ 8 8 1.0
Xo=-9 x-9,,°9, a0
t a’ T a2t e

tl=?t, a’=70, b,=';b, c'=ac,

and it can easily be verified that this is the automorphism of G.
C) Let a:-c # 0, b = 0; then, assuming

X, =acXy, X=X, X;=cX3, X,=ac*X,,
we obtain
T(X7,X%) = X5, T(X3, X3)=X).

In the present case the algebra f is two-dimensional with a basis {4, 4,)
such that _
A1X1=X1, A1X2=0, A1X3=X3, A1X4=X4,
AZXI =0, A2X2=X2, A2X3 X3, A2X4 —X4.
Hence

<

R(X2, X3) = 14, +04,.
By the first Bianchi identity we have
R(Xz,X3)X1 =0= 1= 0,
R(X;, X3)X, =0 = ¢=0.

In this case the infinitesimal s-manifold is of the form (V, S, T,0). Here
we may assume bh° = (0). Multiplication in the Lie algebra g is defined
as follows:

X, | X, | x5 | x,
X, 0 | -X,| o 0

(5.34) X, | X, 0 0 | —x,
X, 0 0 0 0
X, X, 0 0
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This algebra is isomorphic with the algebra (5.33). The isomorphism is
given by the assignment -

.Xlr—»)?3, X,— X, Xi—-—-X,, Xis—X,.
D) Let bc # 0, a = 0; then, assuming
X, =bcXy, X,=X5 Xy=bcXy, X,=bc*X,,
we obtain
T(Xy, X3) = Xy,  T(X3, X3) = X,

In the present case the algebra I is two-dimensional with a basis {4, 4,}
such that

A, X, =X,, A X,=0, A X3 =0, A X, = Xy,
A, X, =0, Ay X, = X,, Ay Xs=—X,5, A, X,= —-X,,
Hence
R(X,, X3) = tA,+0A4,.
By the first Bianchi identity we have
R(X;,X3)X, =X, = =1,
R(X,;, X)Xy = — X, = 0=2.
Thus we obtain
R(X;,X3) = A, +24, = A.
AX, = X,, AX,=2X,, AX;= -2X,, AX,= —-X,.
Multiplication in the Lie algebra ¢ = V+§° is defined as follows:

X, | x| x5 | x, A
X, 0 0 | -X.| o0 | -x,
(535) X, | 0 0 -4 | -x, | —2x,
‘X, | X A 0 0 | 2x,
X, 0 X, 0 0 X,
A X, | 2X, | =2X,| —-X, | ©

This algebra is isomorphic with the algebra (5.2). Let us denote basis
vectors of algebra (5.2) by {X,, X,, X3, X4, A}; the isomorphism is given
by the assignment '

X1|—’X’2, le—)XI, X3|—>X4, X4|—>X3, A— A.
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In the cases
E) a#0, b=c=0,
F) b#0, a=c=0,
G)c#0, a=b=0,
we always have R = 0. The algebras g = V +(0) are decomposable.

6. The maximal system (—1,a, —a, 1/2). Let {X,, X,, X3, X,} be the
eigenvectors of transformation S. By the condition S(T) = T we have

T(X,, X,) =aX;, T(X,X;)=bX,, T(X,,X,) =0,
T(X23X3)=0a T(X21X4)=01 T(X33X4)= CXI,
a*+b*>+c? > 0.
A) Let abc # 0; then, assuming

Xl = |ab| ’l’ X2=aX’7 X3= |ab' ’3, X4=CX:4_,
we obtain
(5.36) T(Xi, X3) = X5, T(X},X5)=sgn(ab) X3, T(X3,Xy) = X].

Let (V, S, T, R) be an infinitesimal s-manifold. By the condition R(SX, SY)
= R(X,Y) we have

R(XI’XZ) = R(XI’XS) = R(Xl,X4) = R(Xz, Xs) = R(Xa,X4) = 0.

By the second Bianchi identity we have

S(R(T(X,, X3), X4)) = 0 = R(X,, X,) = 0.
Further, the first Bianchi identity must hold in V and particularly we have
S(R(Xy, X2) X4) = S(T(T(Xy, X2), Xa));

hence 0 = T(X,, X,), and this contradicts (5.36).
B) Let a-b # 0, ¢ = 0; then, assuming
X, = labl X7, X, =aX,, X;= lablX;5, X,= X,
we obtain

T(X, X3) = X5, T(X', X35) = sgn(ab) X5.

By the second Bianchi identity we have

&(R(T(X,, X3), Xs)) = 0 = R(X;, X,) = 0.
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Here we may assume b° = (0). Multiplication in the algebra g = V+b° is
defined as follows:

X, | x, | x5 | x,

X, 0 | —X, | —kX,| 0

(5.37) X, | x, 0. 0 0
X, | kx, | 0 0 0

X, 0 0 0 0

for k = +1. We have obtained a decomposable algebra.
C) Let a-c # 0, b = 0; then, assuming.

X1=X'l7 X2=aX’2’ X3= ,3’ X4-=CXI4:
we obtain _
T(X}, X3) = X5, T(X3, X3) = X
Let t denote the Lie algebra of all real endomorphisms A: V — V which,
as derivations, satisfy 4(S) = A(T) = 0. By the condition A(S) = 0 we have
AX1=pX1, AX2=qX2, AX3=rX3, AX4=SX4.
On account of A(T) = 0 we obtain
r=p+q, s=—q.
So algebra f is two-dimensional with a basis {4,, 4,} such that
A X, =X,, A, X,=0, A, X3=2X;, A X,=0,
A2 X, =0, A X, = X, A2X3=~X3» A X, = —X,.
By the condition R(SX,SY) = R(X,Y) we have
R(X, X;) = R(X,, X3) = R(X,, X,) = R(X;, X3) = R(X3, X,) = 0,
R(Xz, X4) = TA1+QA2-
By the first Bianchi identity we have

R(XZ,X4)X1 = Xl = T = 1,
R(Xz,X4)X3 = _X3 = 0 = -2.

Thus we obtain

R(X,, X,) = A, —24,.
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The algebra bh° is one-dimensional and is generated by endomorphism
A = A,-2A4,. Multiplication in the “Nomizu algebra” ¢ = V+10° is defined
as follows:

hxo b xs boxy x4

X, [ 0 [ —X3| 0 0 | —X,

538) x, | x, | o o | —a | 2x,
Xs | 0 0 0 | =X, X,

X, | o A | x, 0o | —2x,

A X, | =2X, (| =X, | 2X, 0

This algebra is isomorphic with the algebra (5.2). Let us denote the basis
vectors of algebra (5.2) by {X,, X,, X5, X,, A}; the isomorphism is given
by the assignment

XIHXZ, X21—"X4, X3P'—>X3, X4P—->—X_'1, A— A.
D) Let h-¢ # 0, a = 0; then, assuming

1
Xy =X, Xp=—Xs Xa=X;, Xe= X,

we obtain

. T(X5,X3) = X5 T(X5 X3) =X
In the present case the algebra I is two-dimensional with a basis [A4,, AZ}
such that

A1X1=X1, A1X2=0, A1X3=‘X3, A1X4=2X4’
A, X, =0, A,X,=X,, A, X;3=X,, A X, = —X,.

Hence

R(Xz, X4) = TA1+QA2.

By the first Bianchi identity we have

R(X,, X)X, =0 = 7 =0,
R(X,,X)X; =0 = g = 0.
Hence '
R(X,.X,) = 0.

4 — Disseriationes Mathematicae CXCIV
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Here we may assume §° = (0). Multiplication in the algebra ¢ = V +b°
is defined as follows:

X, | X, | X5 | X
X, 0 | -X,| O

(5.39) X, 0 0 0 0
X, | X, 0 o | -x,
X, 0 0 X, 0

This algebra is isomorphic with the .algebra (5.33). The isomorphism is
given by the assignment:

X,— —X3, X,=Xs, Xi—-X,, X4 -—-X,.
In the cases
E) a=0, b=c=0,
F) b#0, a=c¢=0,
G)c#0, a=b=0,
we always have R = 0. The algebras g = V +(0) are decomposable.

7. The maximal system (1/a%, o a, 1/a). Let {X,, X,, X3, X,} be the
eigenvectors of transformation S. By the condition S(T) = T we have

T(Xy, X,) = aX;, T(Xy,X;3)=0bX,, T(X,,Xy=0,

T(X2. X)) =0, T(X;,X)=0, T(X3X)=0;
a’+b% > 0.

A) Let a-b # 0; then, assuming
X, =abX), X,=X3, X;=bX;, X,=abX,,
we obtain
T(Xy, X3) = X5, T(X3, X35) = Xi.
By the condition R(SX,SY) = R(X, Y) we have
R(X;, X3) = R(X,, X;3) = R(X,, X4) = R(X,, X;3) = R(X;, X,) = 0.

By the second Bianchi identity we have.

S(R(T(X1, X3), X4)) =0 = R(X3,X,) = 0.
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Here we may assume b° = (0). Multiplication in. the algebra g = V+b° is
defined as follows: )

X, | X, | x5 | x. ’
X, 0 | -x,|-x,| 0
(5.40) X, X, 0 0 0
X, X, 0 0 0
X, 0 0 0 0

This algebra is isomorphic with algebra (5.33).
In the cases

B)a#0,b=0,
C)a=0,b#0
we have R = 0. The algebras g = V' +(0) are decomposable.

8. The maximal system (x, —1/a, — 1, —1). By the condition S(T) =T
we have

T(Xy, X3) = T(X,, Xy) = T(X,, X;) =_T(X2,X4) = T(X;,X,) =0, ‘
T(XI,X2)=aX3+bX4, az+b2>0.

By a proper change of {X,, X,, X3, X,} we obtain T(X,, X,) = X,, or
T(XlsX2)= X4-
By the condition R(SX,SY) = R(X,Y) we have
R(X]_, Xz) = R(qu X3) = R(Xl,_X4) = R(Xz, X3) = R(Xz, X4) = 0.

.

By the second Bianchi identity we have R(X;, X,) = 0. Hence R = 0 and
b° = (0). The algebra g = V +(0) is decomposable.

9. The maximal system (o, 1/x, 1/0%, 1/a?). Let {X,, X,, X3, X,} be the
eigenvectors of transformations S. By the condition S(T) = T we have

T(X(.X3) = T(X3, X3) = T(Xy, Xo) = T(X;3, X4) = 0,
T(X|,X3)=0X2, T(XI,X4)=bX2, a2+b2>0.
Let a # 0; then, assuming

1
X7 =Xy, 2 = X, '3=7X3’ X4 = bX3-aX,,

we obtain

T(X}, X3) = X3, T(X1,Xy)=0.
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For the algebra ¥ we have
AX, = kX, AX;=pX3+qgX,.
AX, = 1X,, AX,=rX3+s5X,.
From A(T) = (0 we obtain
p=I1-k, r=0.
So algebra { is four-dimensional with a basis {4,, 4,, A3, A,} where

A1X1=Xh A1X2=0, A1X3=—X3, A1X4=0,

Ay X, =0, A, X, = X,, Ay X; = X;, Ay X, =0,
A3X1=0, A3X2=0, A3X3=X4, A3X4=O,
A4X1=O, A4X2=0, A4X3=0, A4X4=X4.

Further, from R(X, Y)et, R(SX.SY) = R(X,Y) we obtain

-R(Xy, X3) = R(X;, X4) = R(X;, X3) = R(X,, X4) = R(X3, X,) = 0/
. 4
R(Xl,Xz) = Z T,‘A,’.
i=1
[
By the first Bianchi identity we have
R(X,X))X3=0=1,=1,,173=0,

R(Xl,Xz)X4=0=T4=O.
Hence
R(XI,X2)=t1Al+t1A2.

From R(X,, X;)(R) =0 we obtain 7, = 0. Hence R = 0. The “Nomizu
algebra” g = V +(0) is decomposabile.

10. The maximal system (o, o, o, a). Let {X,, X,, X,, X,} be the
eigenvectors of transformation S. By the condition S(T) = T we have

T(Xl,Xz) = T(Xlaxs) = T(X1,X4) = 0,
T(Xz,X3)=aX1, T(Xz,X4)=bX1, T(XaaX4)=CX1,
a*+b*+c* > 0.

Let a # 0; then, assuming

'1=X1, X,z= 'Xz, X,3=X3, X:1_=CX2—bX3+aX4,

5,-—-

we obtain

T(X5, X3) =X, T(X5 Xy)=0, T(X5 X3)=0.
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Let b denote the Lie algebra of all real endomorphisms A: V — V which,
as derivations, satisfy A{(S) = A(T) = A(R) = 0. Particularly, we have
R(X, Y)el. By the condition R(SX,SY) = R(X, Y) we have R(X,Y) = 0.
The algebra g = V+(0) is decomposable.

11. The maximal system (-1, «, —a, —a). Let {X,, X,, X, X} be the
eigenvectors of transformation S. By the condition S(T) = T we have

T(X,, X,) = aX;+bX,, T(X;, X3) = X,
T(X,,X4,) =dX,, T(X;,X3)=T(X,,X,)=T(X5,X,) =0,
@ +b*+c*+d* > 0.
Let us consider the following cases:
Al)a# 0, ¢c-d # 0, ac+bd # 0; then, assuming

X7 = lac+bd|"? X,, X5 = aX,+bX,,
X4y = lac+bd|Y* X,, X, = |ac+bd|-d~' Xy,

we obtain

T(X}, X5) = X3, T(X), X3) = sgn(ac+bd) X3, T(Xy, X3) = X5,

By the condition R(SX,SY)= R(X,Y) we have R(X,Y) = 0. Multipli-
cation in the algebra g = V is_defined as follows:

x, | x, | x5 | X,
X, 0 | —-X, | kX, | - X,
(5.41) X, | X, 0 0 0
X, |—kx,| o0 o | o
X, | Xx, 0 0 0

for k = +1. Substituing X, = X,—kX;, we can verify that these algebras
are decomposable.

AlIl) Let a # 0, ¢c-d # 0, ac+bd = 0; then, assuming

ac 1 .
—d—X4i X:t =—X4:

X1=X., X;=X,, X3 =aX;— d

we obtain

T(Xy, X2 = X5, TX;,X3) =0, T(X, X3 =X;.
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The Lie algebra g = V+(0) is given by

X, | x, ! x, | x,
X, 0 | =X, 0 | -x,

(5.42) X, | X, 0 0 0
X, 0 0 0 0
X, | X, 0 0 0

This algebra is isomorphic with algebra (5.33). The isomorphism is given
by the assignment

Xi— X, X,—X;, Xi—Xs Xim X,

In all remaining cases we find that these algebras are decomposable.

12. The maximal system (—1,a, —a, —a®). Let (X, X,, X5, X,} be
the eigenvectors of transformation S. By the condition S(T) = T we have
T(X,,X;) = aX;, T(X,,X;)=0bX,, TX,;,X,)=0,
T(X;, X3) =cX,, T(X,,X,) =0, T(X3, X4) =0,

a*+b*+c¢* > 0.
Let us consider the following cases:
A) a-b-c¢ # 0; then, assuming
X, =|ab|"'"?X,, X)=sgna X,,

I'_’b
L= |—
‘ a

1/2
X4,

1/2
X,;, X4 = sgn(ac)-

\ .
we obtain

T(X7, X)) = X5, T(X),X3) =sgn(ab)X;, T(X3 X3 = Xj.

In virtue of Lemma 2, R = 0. The Lie algebra g = V+(0) is given by

X, box, | X, | ox,

X, | 0 | —X,|-kx,]| 0

(543) X, | X5 | 0 1-x,0 0
X, | kX, | Xo | O 0

X, | 0 | o 0 0
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for k = +1. Now we may give the representations of these algebras by
proper infinitesimal transformations of R3(x, y, z).
For k = | we have

0 ¢ ¢ )
Xi=y—+x—, X, = —+x—,
! y8x+x fy 2 6y+x 0z
0 0 0
X, = X,=2—.
7 ox Ve 4 0z
The corresponding Lie group G is the group of all matrices of the form
cos ht sin ht 0 al
sin ht cos ht 0 b
bcosht—asinht bsinht—acosht 1 c|’
0 0 0 1]
A possible symmetry s, is the transformation
1 1 1
t=—t, d=—a, b=-—b =-—5c
a a
For k = —1 we have
0 0 0 d
X,=yp——x—1, Xy=—4x—0,
'SV T 2= 5y P
0 0 0
Xy=——-y—, Xy=2—.
7 ox ar 4 0z

The corresponding Lie group G is the group of all matrices of the form

cos t sin ¢ 0 a
—sint cost 0 b
bcost+asint bsint—acost 1 ¢’
0 0 0 1
A possible symmetry s, is the transformation
1 1 -. 1
t=-t, ad=—a, b=-—b, =-——vc.

o o o?

B) Let a = 0, b-c # 0; then, assuming
Xy =p""*X,, X;=sgnb-p|'X,,
X3 = X,, X, =sgnb-p|"?-cX,,

we obtain

T(X, X53) = X5, T(X5 X3 = X,.
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The Lie algebra ¢ = V' +(0) is given by

X, | x, | x, | x4
X, 0 0 | —-X,| O
(5.44) X, 0 0 | -Xx,| o0
X, | x, | ox, 0 0
X, 0 0 0 0

This algebra is isomorphic with algebra (5.33). The isomorphism is given
by the assignment

Xi— X, X,—>—X5, Xy X, Xi—X,
C) Let b = 0, ac # 0; then, assuming
X)=la "X, Xy=sgna Xs,
X, =la " X,, X,=sgna la Y. cX,,
we obtain
T(X}, X5) = X5, T(X3 X3 = X,.
The Lie algebra q = V +(0) is given by

X, | x, | x5 | x,
X, 0 | —X,| 0 0

(5.45) X, | X, 0 | =X, 0
| X, 0 X, 0 0

X, 0 0 0 0

This algebra is isomorphic with algebra (5.33). The isomorphism is given
by the assignment

XIH_Xz, XzHXl, Xg'l'—PXj, 'X4HX4.

In the cases
D)c¢=0,a-b#.0,
E) a#0,b=c=0,
F) b#0,a=b=0,
G)c#0,a=bb=0
we find that the algebras are decomposable.
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13. The maximal system (x, «, a?, «®). For this systeth we have
T(XI,X2)=aX3, T(XI,X3)=bX4,
T(Xz, X3)= CX4, T(Xz,X4)=o,

a*+b*+c* > 0.

Let us consider the following cases:
A) abc # 0; then, taking a new basis

{ bc—1
’l = "b—X1+

we obtain

X,

'2 = sz,

T(XI’X4) =0,
T(X39X4) = 09
X'3=aX3, X;=abCX4,
T(X3, X3) = Xi.

T(Xy, X3) = X5, T(X), X3) = X,

57

In virtue of Lemma 2, R = 0. The Lie algebra g = V+(0) is given by

X, X, X, X,
X, 0 -X; | X, 0
(5.46) X, | X, 0 | -X,| 0
X3 X, X, 0 0
X, 0 0 0 0
Taking a new basis _
=X+ X)), Xp=X,-X,, Xi=X,,
we see that the algebra is isomorphic with (5.33).
B) a = 0, bc # 0, then, assuming
X, = %x,+ bcc—l X,, Xy =bX,, X=X,
we obtain
T(X;. X3) = X4, T(X3, X3) = Xi.
The Lie algebra g is given by
X, X, X3 X4
X, 0 0 - X4 0
(5.47) X, 0 0 - X, 0
X, X4 X4 0 0
X, 0 0 0 0

X:‘ = X4,

X’4 = bCX4,
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Taking a new basis ,
'1=X1+X2, X'2=X1—X2, X’3=X3, X;=X4,
we see that the algebra is decomposable.
C) ab # 0, ¢ = 0; then, assuming
1

1= 5 X Xy=bXy, Xj=aX, Xi=aX,,

we obtain ,
T(X, X3) = X5, T(X}1, X3) = X;.
The algebra g obtained in this case is isomorphic with (5.33).
D) ac # 0, b = 0; then, assuming
l - .
X ='—C—X,, X =cX;, X3=aX,, X,=ac’X,,

we obtain

~T(XY, X3) = X5, T(X3, X5) = X;.
Multiplication in the algebra g = V is defined as follows:

X, X, X, X,
X, 0 —X; | O 0

(5.48) ' X, X, 0 —X, 0
X, 0 X, 0 0
X, 0 0 0 0

This algebra is isomorphic with algebra (5.33). The isomorphism is given
by the assignment
Xll—’—x?z, XzHXl, X;HX;;, X4l—>z‘_.,4.

In the cases

E) a#0, b=c¢=0,

F) b # 0, a=«¢= 0’

G)ce#0, a=b=0,
we find that the algebras are decomposable.

14. The maximal system (x, a, %, «?). For this system, we have

T(Xl, X2)= aX3+bX4, a2+b2 >0, .
T(X,,X3)=T(X.X,) = T(X;,X3) = T(X,y, X,) = T(X;3,X,) = 0.
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Let a # 0; then, assuming
! ! l‘
1=X1., 2=X2, ,3=GX3+bX4, X'4=7X4,

we obtain T(X',, X3) = X,. In virtue of Lemma 2, R = 0. The Lie algebra
qa = V+(0) is given by '

x, | x, | x5 | xa
X, 0 | -X,| 0 0
(5.49) X, | X5 |. 0 0 0
X, | 0 0 0 0
X, | 0 0 0 0

We have obtained a decomposable algebra.

15. The maximal system (—1, —1, —1, —1). For this system T(X,Y)
= 0, and the spaces obtained are ordinary symmetrical ones.

16. The maximal system (i, —i, —1, —1). Let V be a 4-dimensional
vector space, V° its complexification and S: V¢ — V° a real linear transfor-
mation with the eigenvalues given above. Further, let T be the tensor on V
satisfying the usual conditions, and denote by the same letter its linear
extension to V. We can find a basis {U, U, V;, V,} of eigenvectors of S
such that

SU=iU, SU=-iU, SV,=-V,, SV,=—V,.
By the condition S(T) = T we have

TW,0)=TW,,V,)=0, TWU,V)=alU,
TWO,V)=aU, TU,V,) =80, TWU,V,)=pU.

Here «, f are complex variables, a&+ff > 0. Let a = ge'®, ¢ # 0; then,
assuming U' = ¢ “/2 U, V] = V,/o, we obtain

TWU,V))=U, TU,V)=e U, T(U,V,) = ¢é’pU.
Now applying the previous notation we have
T(U,0)= T(V,,V,) =0, TU,V)=0, TO,V)="U,
T(U,V,) =yU, T(U,V,)=7U.

Let us consider the following cases:
I. y — a real number,
II. y — a complex number # 0.
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Ad I). We define a new basis, taking
V, = V,—yV,; then T(U,V;)= T(U, V) =0.

Hence we conclude that in this case there is a basis (we denote it by
{U,U.V,,V,} again) such that:

T(U,0)= TV, Vy) = T(U, V) = T(U, V) =0,
(5.50)

TWU,v)=U, TWU,V)=U.

Let t denote the Lie algebra of all real endomorphisms A4: V¢ — V¢, which,
as derivations, satisfy A(S) = A(T) = 0.

A(S) = 0 means that AU = AU, AU = iU, AV, = pV,+4qV,, AV,
= rV,+sV,;; p,q,r.s are real numbers.

A(T) = 0 implies particularly A{T(U, V})) = T(AU, V))+ T(U, AV), i = 1.2,
whence 2—A = p, r = 0. Hence p = 0, A = 4. So algebra t is three-dimensio-
nal with a basis {A,, 4,, A3} such that °

A1U=U, AIU=U, A1V1=0, A1V2=0,
A2U = 0, Az U = 0, Az V] = Vz, Az V2.= 0,
A3U=0, ’ A3U=0, A3Vl=0, A3V2=V2.
Let (V,S, T, R) be the infinitesimal s-manifold with tensor S, T satisfying
(5.50). Then R(X, Y)e¥ and from R(SX.SY) = R(X, Y) we obtain
RWU,V)=R(WU,V)=0, k=1,2,

3 3
RWU,0)=1iY 0;4;, R(V;,Vy) =Y w4,
i=1

7 i=1

0;, w; being real numbers.
By the second Bianchi identity we have

RWU,U)V,=0= 9, =0,
R(U,U)Vp=0= g3 =0,
RV, V,))U = 0= w, = 0.
Hence
R(U,U) = ig, A, = B,
RV, V;) = wy A, +w3 Ay = C.
From the condition R(X, Y)(R) = 0 we obtain
R(BU,U)+R(U,BU) = 0= R(U,U) = 0,
R(CV, )+ R(V,CV,) =0 = ;3 = 0.

Fipally we have R(V,.V,;) = %A,, » being real number.
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Let us consider the basis {X, Y, V;, V,} of V given by U = X +jY. Then
SX=-Y, SY=X, SV,=-V,, SV,=—V,,

T(X,Y)=0, TX,V)=X, TX,V)=0,
TY,V)=-Y, T(Y, V) =0, T, V)=0,

R(X,Y)=0, R(X,W)=R(Y,W=0, k=1,2,
R(V,,V,) = xA, x — real number,
AX =0, AY=0, AV, =V,, AV, =0.
Multiplication in the Lie algebra q = V+b° is defined by

X Y v, v y
0 -x | o0
5.5 Y 0 0 Y 0
v, X | =Y | 0 | —xd| -W
v, 0 0 | xA | 0 0
A 0 0 v, 0 0

For » = 0 we obtain a decomposable algebra. .
For » # 0 we may give the representation of this algebra by proper
infinitesimal transformations of the R*(x, y, u, v), namely

I _ 0,8
ax  dy’ - ax oy’
d ? 9 2 d
V, = — - V, = —,
LS Y T e T T e T
i L
T A

The corresponding Lie group G is the group of all matrices of the form

cosht —sin ht 0 0 a
—sin ht ~cos ht 0 0 b
0 0 cosh\/;t \}_sinh\/;t ¢

X
0 0 \/,_t sin h \/; t cos \/; t d
0 0 0 : 0 1
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for % > 0, and the group of all matrices of the form

for ¥ < 0. The subgroup H is the group of all matrices of the form

0

OO O —

1
0
0 .
0

0

SO =O

cosht —sin ht 0 0
—sin ht cos ht 0 0
0 0 cos ./ —xt sin./—xt
. . s
0 0 —/—xsin./—xt cos ./ —xt
0 0 0 0

S - O OO
OO OO

A symmetry s, is determined by the transformation

t' = —t, a = -b,

This symmetry is of order four.
Ad IL. Let y = y,+1iy,,y, # 0. Then, assuming

b=a, =—-¢. d=4d.

1
Vi=—W—1tv,
Y2 V2
we obtain
TWU,Vy) =iU, TU,V5)= —iU.

Now, applying the previous notation, we have

TW,0)=TW,,V,) =0, TWU,V,)=T0,
T(U,V,) = i0, T(T,V,)= —iU.

T(O,V,)=U,

For the algebra t we obtain

A(T(U, V) = T(AU, V)+ T(U, AV))
A—2A = p+gqi,
A(T(U, Vz)) = T(AU, V,)+ T(U, AV,)
i(A—2) = r+si.

Let A = A, +4,i; then we have

p=0,

s=0,

r= —q=2)n

[}

—_ R
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So algebra f is two-dimensional with a basis {4,, 4,} where

A1U=U, AIU=U, A1V1=0, AII/2=0,
AzU = iU, AzU = _iU, AZ Vl = _2V2, Az Vz = 2Vl'
Further,
RWU,VW=RU,WN=0, k=1,2,
R(U, O) = ig, 4, +i0; 4,
R(Vi, V) = w A +w; A;.
By the second Bianchi identity we have
R(U, U)V1 = 0 = Qz = 0,
R(Vl, Vz)U = —21U = ail = 0, w: = _‘2.
From the condition R(X, Y)(R) = 0 we obtain R(U, U) = 0. Let us consider
the basis {X, Y, V;, V3} of V given by U = }(X +iY). Then we have
SX = —Y, SY= X, SVI = _VI’ SVZ = —Vz,
TX,Y)=0, TX,V)=X, TX,V)=1Y,
T(Y,V)=-Y, T,V,)=X, T(V,V)=0,
R(X,Y)=0, RX,VW)=R(Y,W=0, k=1,2,
R(Vlv VZ) = _2‘41
AX = =Y, AY=X, AV, = =2V,, AV, =2V,.

Multiplication in the Lie algebra ¢ = V+h° is defined by

X Y Vi v, A
0 0 X | -Y | Y

5:52) Y 0 0 Y | -x | —-x
v, X Y | 0 24 | 21,

v, Y X | =241 o |-2v
A Y | X |-21n| 2V 0

This algebra is isomorphic with (5.56); the isomorphism is given by the
assignment

XHX], YHYI, V)_HXz, Vzl—)—-Yz, A— A.

17. The maximal system (6, 0 =20%0,0 = 0%, 8 = 2™/, Let us denote
the basis of V¢ by {U,, U,, U,, U,} where

SUI = BUI, SUZ = GUZ’ SU[ = gUl' SUZ = GUZ.
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By the condition S(T) = T we have .
T(U,, U,) = aU, +pU,,
T(U,,U,) = aU,+BU,,
TW,U)=0, ij=12,

If T#0, then ¢> = aa+Bf > 0. Let us replace U,, U, by the new
eigenvectors

7] 1 =
Uy = ?(aul +BU,),

1
U, = Q—z(—ﬂul +al,)

and then write again U,, U, instead of U, U,. We get the following set
of relations: . C

SU, =6U,, SU,=060U,, SU,=00,, SU,=2080,,
(5.53) 1 1 2 2 1 1 2 02

T(Ul, Uz) = Ula T(Ulv UZ) = Ul’ ) T(Ul" UJ) =

Let T be the Lie algebra of all real endomorphisms A of V¢ which, as
derivations, annihilate S and T then

AU] = aU,+bU2,
AU2 = CU1+dU2;

here a, b, ¢, d are complex variables.
A(T) = 0 implies particularly
A(T(U,, U,y) = T(AU,, U)+ T(U,, AU,) = aU,+bU, = (a+d)U,.
Hence
a+d=a, b=0.
Let
a=a+fi, c=1y+0i, d= —-2pi;

then

AU, = (a+ ) Uy,

AU, = (y+ o) U, -2BiU,.

Thus the algebra t is four-dimensional with a basis {4,, 4,, 43, A,} where

Al Ul = Ul’ Al Ul = Uli Al Uz = 0’ Al L_jz = 0,

AZ Ul = iUla AZ UI = —l.Ul, Az Uz = —2iU2, Az 02 = 2”72,
(5.54) - - -

A3U1=0, A3U1=0, A3U2=U1, A3U2=U1,

A4Ul= ’ A4Ul =0, A4Uz=iU1, A4Uz= —iUl.
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Let (V, S, T, R) be an infinitesimal s-manifold with tensors S, T satisfying
(5.53). Then R(X,Y)ef and from R(SX,SY) = R(X,Y) we obtain

R(Ul, Uz) = R(U], UZ) = 0, .

4
R(Ul, Ul) = l Z TkAIU

=1

Lo

R(Uls UZ) =

(ox +ioy) Ay,
k=1

R(UZs Ul) = \

(—ox+ioy) Ay,

™+ IIMb

1

_ 4

R(Uz, Uz) = i Z kak‘
k=1

By the first Bianchi identity we have
R(Uz, U])UI—R(UI, U])UZ = 0.,

hence
0, +0,—174=0, ¢@,—0,+73=0, 1,=0,
and
R(U,,U)U,—R(U,,0,)U, = U,,
hence
0;=0, 0,=0, —-w;—03+04—1=0, w;—0g3—904=0.
Therefore

R(U,,Uy) = i(t; A +13 A3 +74 Ay),
(555)  R(Uy, Uy) = (ta+its) Ay +(@a +i03) Ay +(0s +i04) s,
R(U,,U,) = il(63+0) A1 +(04—03—1) A+ w3 A3+ w4 A,.
From the condition R(X, Y)(R) = 0 we obtain
Ty =T3 =1, =0,
(s +os)@; = (04 —03)w, =0,
30,w0;—3030,+2(0403—0304) - 0,
303 wy+30, 0y —2(0,03—0304) = 0,
030 — Qs = 0,
64wy +03w; =0,
w303+ w03 = 0,

W304+wa04s = 0.

5 — Dissertationes Mathematicae CXCIV
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By these relations we obtain from (5.55) the following three possibilities:
A) R(U,, Ul) =0, R(U,, Uz) =0, R(U,, Uz) = —iA,,
B) R(U,,U,) =0, R(U;,U,) = —As, R(U,,U;) = kA, k =0,1.
O R(U,, U:) =0, R(U,, Uz) = —%Aa'*'%i/‘h, R(U,, Uz) = —}id,.
Ad A). Let us consider the basis {X,, Y, X,, Y5} of V given by

U, = ——\}?(X1+i}’,), U, = %(Xz-i-i}’l).
Then
T(Xy, X)) =X,, TX,,Y)=0, T, T)=-Y,
TX,, )=Y,, TX, Y)=0 T,,Y,)=-X,,
R(X;,X;)=0, R(X,,¥})=0, R(X,Y,)=0,
R(X,,Y) =0, R(X,,Y,) =24, R(Y,,Y,) =0,
AX, = -Y,, AX,=12Y,, AY, =1X,, AY, = -2X,.
Multiplication in the Lie algebra ¢ = V+h° is defined by

X, Y, X, Y, A
X, o | o0 -X, | Y Y,
Y 0 0 Y, X, | -X,
(5:56) X, X, | -Y 0 —24 | -2Y,
, | =Y | =X, | 24 0 2X,
A -Y, | X, 2Y, | -2x,| O

Now we may give the representation of this algebra by proper infinitesimal
transformations of the plane R?(x, y), namely

d d o 0
M= BT LTy
ox iyl 4=y,
2= Xy T e —xay Y ox
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The subgroup H is the group of all matrices of the form

cost —sint O
sin ¢ cost O
0 0 1

M = G/H is a reductive homogeneous space. -

A symmetry s, is determined by the transformation

a = ja+}/3b+13c+3d, |
b = —1Ba+ib—3c+1./3d.
¢ = —4/3a—3b+ic+1./3d,
d =3a—1/3b+1/3c+4d,
e = —%e—ﬁ\/gf,

S =4Be-1.

This symmetry is of order three.

Ad B) Assuming U, = ¥(X,+iY)), U, = }(X,+iY,), we obtain

T(Xi, Xa) = X, T(Xy, 1) =0, T(Xy, ) = —Y,,

Tz, Y) =Y,  T(X3,1)=0, T(Y,,Y) = —X,,

R(X,,X,;)= —24, R(X,,Y)=0, R(X,, Y, =0,

R(X,,Y) =0, R(X,,Y,) = —2kA, R(Y,,Y,) = —24,
AX, =0, AX,=X,, AY, =0, AY,=Y,.

Multiplication in the Lie algebra ¢ = V+h° is defined by

X, Y, X, Y, A

X,| o 0 —X,+24| Y, 0

, Y,| O 0 Y, X,+24| 0
(5:57) X, | X,-24| -V, 0 0 [-X,
Y,| -Y, |—-X,-24 0 .0 |-y

Al 0 0 X, Y, 0

for k = 0, and
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X, ¥, X, Y, A
X, 0 -X,+24 Y, 0
Y, 0 Y, X, +24| 0
638 1%, -24| -7, 0 24 | -X,
.| -V |-X,-24 —24 0 -Y
A 0 0 X, Y, 0

for k = 1. These algebras are isomorphic. The isomorphism is given by
the assignment

XIHXI, Yl’_’?lv XzHXz"';_YI, ?zHYz—%Xl, IZHA.

Now we may give the representation of algebra (5.57) by infinitesimal

transformations of R3(x, v, z). namely
Y. = - ¢ ¢ ¥, 0
YT ax oz’ YTy
0 0 0 0 - 0
X,=x—+y——2z—, = x— -,
2= Xt Gy T Xt
) 0
A= ——+2—.
cx + oz
The corresponding Lie group G is the group of all matrices of the form
| ecosht ¢sinhe 0 al
¢!sinht ¢ cosht O b
0 0 e > ¢l
0 0 0 1
The subgroup H is the group of all matrices of the form
|t 0 0 —a
o010 O
0 0 1 2a
0 0:0 1]
A symmetry s, is determined by the transformation
a =3a-4ib—}c,
* b =la-ib+lc,
¢ = —2a-2b,
u =,
v = —(u+v),

where u = s+¢, v = s—t.
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Ad C) In this case the algebra h° is three-dimensional with a basis
{A, B, C} such that

AUl=iU1, BU1=0, CU|=O,

AU, = =-2iU,, BU,=VU,, CU,=iU,.
Assuming
U, = 3(X,+iYy), U, = HX,+iY,),
we obtain |
T(X,, X;) =2X,, T(X,,Y)=0, T(X,,Y)=-2Y,
T(X,, X,) =2Y,, T(X,,Y;)=0, T(Y,,Y,) = -2X,,

R(X,,X,)= =3B, R(X,,Y)=0, R(X,,Y,) = =3C,
R(X,, Xy) = —-3C, R(XZ’ Y;) = 24, R(Yl, Y,) = — 3B,

AX] = _Yl! AX2 = 2Y2, AY] = Xl’ AYZ = _2X2,
BXI = 0, BXZ = Xl’ ' BYl = 0, BY2 = Yl’
CXl'= 0, CX2 = _YI’ CY] =O, CYZ = XI‘

Multiplication in the Lie algebra g = V+h° is defined by
(5.59)

X, Y, X, Y, A B | ¢
X, 0 0 —2X,43B| 2v,43C | v, | 0 | o
Y, 0 0 2Y,-3C | 2x,+3B | -x, [ o | o
X, | 2X,-3B | —2Y,+3C 0 24 | =2Y, |-Xx,| Y,
Y, | —2v,-3c | —2x,-38 24 0 | 2%, |-v|-x,
A Y, | X 2y, ~2X, 0 |3 |-38
B 0 0 X, Y, -3c| o | o
c 0 0 -y, X, 3o | o

Now we may give the representation of this algebra by proper a infinitesimal
transformation of R(x, y.u, )

X'-8 Y, =
l_ax’_l_ ’

0 0 0 0 .
X2 = (—2x+u)w+(2y—v)ﬁ+3x E—l}) a—v,
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0 F F F
Y, =(2y+v)g+(2x+u) 3y +3y £ +3x Pt
A= 6+x6+306+3u6
- TV T T e T e
F 8
B=% ‘=%

18. The maximal system (0,0 = 6% e=037= 6%, 0 =¢"". Let
(V,S,T,R), T # 0, be an infinitesimal s-manifold with the above system

of eigenvelues. Let U,, U, be the eigenvectors corresponding to the
eigenvalues 6 and 1. Then

SU1=6U1, SU2=63U2, SUIZB4Uli S[-j2=6202.
By'the condition S(T) = T we have

TWU,, U, = aUI; (Ul’ 2) BU,,
T(UI’ UZ) = &Uls T(Uls UZ) = ﬁUZs

where o, f are complex numbers, not both equal to zero. If «a # 0, § = 0,
then the reduced set of characteristic relations is 6t = 8, 66 = 1. Completing
this set by a new characteristic relation 8 = 7, we obtain the maximal
system (17). '

Similarly, if « = 0, B # 0, the reduced set of characteristic relations is
67 = t, 66 = 1, which is contained in the maximal system (17).

Let us now suppose that aff # 0 and calculate the Lie algebra b of
all real endomorphisms 4 of V¢ such that A(S) = A(T) = 0.

A(S) = 0 means that

AU, = AU,, AU,

ZUI, AUZ = ﬂUz, U

Ql

A(T) = 0 implies

a(A—A—-p) =0, P(u—A—p) =0.
Hence A = u =0 and b = (0).

This means that R = 0 and the first Bianchi identity &(T(T(X, Y), Z))
= 0 holds. Particularly

&(T(T(U,, Uy), U,)) = BBU,,
S(T(T (U4, Uy), Uy)) = aal,,

and hence a« = f = 0, a contradiction. We cannot obtain new infinitesimal
s-manifolds in this way.
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Classification list

Dimension n = 3. There is only one type (I) of generalized affine
symmetric spaces of order 4 and two types (II and III) of infinite order.
All these spaces are primitive and are represented by the [ollowing matrix
groups and their automorphisms;

e—z

0 x
0 ey
0 0 1

I GI=

A possible symmetry s, is the transformation -

’

X'=-y, y=x, Z=-z

cosz —sinz x ‘
sin z cosz yl.
o 0 1]

11 G =

A possible symmetry s, is the transformation

! ! ’

x'=—-ax, y=ay, 2= -z, a0, +1.

1
III G,” = 0
0

O — N

—_t

A possible symmetry s, is the transformation

’ ’

X'=—-ax, y=-y, Z=a, a#0, 1.

Dimension n = 4. There are exactly three types (I, II and III below)
of generalized affine symmetric spaces of order 3, two types (IV and V)
of order 4 and 11 types (VI-XVI) of infinite order.

All these spaces are primitive and they are represented by the following
regular homogeneous s-manifolds (G, H, o):

A. Generalized affine symmetric spaces of order 3.
I. M, = G,/H,, where

a b e
Gi=|c d f|, ad—bc=1.
0 01
cost —sint O
H, = |sin¢ cost 0O
0 0 1




72 Classification of generalized affine symmetric spaces

An automorphism ¢ is determined by the transformation
a =la+/3b+}3c+id,
b= —4B3a+ib-3c+i /34,
¢ =—-41Ba+ib+ic+}/3d,
d =3a-}/3b-} /3c+ld,
¢ =—te-1./3f,

‘ ff=%J/3e-1%f.
IL M2 = Gz/Hz,
&cosht ée¢sinht O a
G. — esinh t ¢ cosht 0 b
2= 0 0 e |’
-0 0 0 1 |
1 0 0 —a
‘ 01090 0
H, = 0 0 1 2a |\’
0 00 1 |

An automorphism ¢ is determined by the transformation
a =%a-4ib—}ec,
b'=3a-3b+ic,

¢ = —2a-2b,
u =,
v = —u+v,

where ' ='s+t, v = s—1.

III. M; = G3/H;, where the corresponding local regular s-triplet (g3, b3, v)
is defined as follows: g3 is isomorphic to a 7-dimensional Lie algebra of
infinitesimal transformations of the space R*(x, y, u,v) with the basis:

0 0

X, = e X, = oy
Xy = (—2x+u)%+(2y—v)%+3xa—au—3y %,
X, = (2y+v)%+(2x+u)%+3yaiu+3x%,
A= -—ya—i+x%+3v§u——3u%,

B=—", c=-2
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by corresponds to the 3-dimensional subalgebra (4,B,C) and v is an
automorphism of order 3 of g3 induced by the following transformation of R*

x’=%\/5x+§y, y’=—%x+%\/§y, u=u v =uv

B. Generalized affine symmetric spaces of order 4.
IV. M4 = G4/H49
cosht —sinh¢ 0 0

a
—sinh ¢ cosh ¢ 0 0 b
Gy = 0 "0 “coshxt (1/x)sinhst ¢,
0 0 » sinh xt cosh xt d
0 0 0 0 1
for » > 0,
1 0 0 0O
01 0 0O
H,=)0 01 0 0
’ 0 001 4
0 0 0 0 1

An automorphism ¢ is determined by the transformation

V. M5 = Gs/H,,

cosh t —sinh ¢ 0 0

a
—sinh ¢ cosht 0 0 b

Gs = 0 0 cosxt (1/x)sinxt c|,
0 0 — % sin xt cos xt d
0 0 0 0 1

for x > 0. An automorphisms ¢ is determined by the transformation

t=—t, a=-b, b=a =—-, d=4d.

C. Generalized affine symmetric spaces of infinite order.
VI. M 6 — GG’

1 ¢ a
01 ¢ b
Ge=lo 0 1 o
00 0 1
A possible symmetry s is the transformation
1
a=0a%a, b=ab, ¢=—c, t=0a% a#*0, +1
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VII. M7 = G-I,
cosh ¢ sinh ¢ 0 al
G. — sinh ¢ cosh ¢ 0 b
" I bcosht—asinht bsinht—acosht 1 ¢’
0 0 0 1
A possible symmetry s, is the transformation
t'=—t, d=aa, b = —ab, = —a’c, a#0, +1.
VIII Ma = Ga,
I cos ¢t sin t 0 al
H —sin ¢t cos t 0 b
bcost+asmt bsint—acost 1 c|’
0 0 1]
A possible symmetry s, is the transformation
t'=—t, ad=aa, b =-—-ab, =—-atc, a#0, +1.-
IX. Mg = Gg/Hg,
a b el
Go=|c d f||, ad—bc=1,
|0 0 1
e 0 o]
Hy=|0 ¢ 0]
lo o 1]
An automorphism ¢ is determined by the transformation
1 1
@d=a, b=—b =d’c, d=d, €=—e¢, f=qof a#0, +1.
a o
X. Mo = Gyo/H o0,
1 a b c
0 1 d e
Gro=1lo 0 1 4]
0 0 01
1 0 b O
0100
Hio = 0010
0 0 01
An automorphism ¢ is determined by the transformation
1
ad=—a b=b, =0, d=od, e =a’e, a#0, +1.

o



Classification list

XL Mu = Gll/Hlls

1 ¢ 0 0 a
0 1 0 0 b
G,,=1]0 0 cost sint cf,
0 0 —sint cost d
00 0 0 1
10 O 0o o0
01 0 0 O
H,=]0 0 1 0 O0f.
00 0 1 d|
00 0 0 1\

An automorphism ¢ is determined by the transformation

t=—t, a=oaa, b =—-ab, = —-¢c, d=d, a#0, +1.
XIL. M,; = G,,/H,,,
0 0
0 0

Gy, = cosht sinh ¢t
sinh t cosht

. 0 0

OO O =
SO O =
—_ a0 QR

|

An automorphism ¢ is determined by the transformation

’

t=—t, ad=aa, b =—-ab, ¢=—-c, d=d, a#0, +1.

XIII. M,; = G,3/H,,,

cos ¢ sin t 0 0 a |

' —sint cost 0 0 b
Gs=| O 0 cosxt 1/xsinxt c|,
| o0 0 —xsinxt cosxt d|

I 0 0 0 0 1|

for » > 0. An automorphism ¢ is determined by the transformation

’

t'=-t, d=aa, b=—-ab, =-c, d=d, a#0, £l
XIV. M14 = Gl4/H11,

cost sint 0 0

a
—sint cost 0 0 b

G4 = 0 0 coshxt (1/x)sinhxt cf,
0 0 s sinh xt cosh xt d
0 0 0 0 1
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for x > 0. An automorphism ¢ is determined by the transformation

!

t=—t, d=aa, b =—-ab, = —-c, d=4d,

XV. Mls = Gl5/H15a

1t 32 2 a
o 1t -t 42 b
G15=”00 1 -t c|,
o o o 1 d'\
[oo o o 1
|10 0 0 O
10 1 0 0 b
His=|0 0 1 0 0f.
|o 0 0 1 0{\
o 0 00 1]

An automorphism ¢ is determined by the transformation
’ l ’ l 7 ’ ’ 2
t=—t¢t, a=—a, b=>b =a, d=a*d,

a a

XVI M16 = GIG/HIGa

|1 —t =12 i a
o 1 ¢ =i b
G16 = H 0 0 1 -1 C ,
o o 0 1 d |
|0 0 0 0 1|
1 00 0 Of
0100 0f
He=]0 0 1 0 .
0001 Of
0 00 0 1
An automorphism o is determined by the transformation
' =at, a =oa%*a, b =ab, ¢ =c, d’=Ld,

a#0, +1.

a#0, +1.

a#£0, +1.
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