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Abstract

We consider C™ as a normed space equipped with a complex norm F and we investigate
some geometrical problems related with the notion of a conjugate norm F*. A crucial role in our
considerations is played by the classical Shmul’yan theorem on exposed points in dual spaces.
Many applications of this theorem are given for different problems including characterization of
linear (biholomorphic) equivalence for a class of balls in C™, calculation of the group of linear
automorphisms (Section 4) and for problems related to the complex method of interpolation
(Sections 5-7). The main result is an effective formula for interpolating norms for the couple
(R™ @ C,R™ ® C) (Section 5) and, more generally, for the couple (H & C,H & C), where H
is a real Hilbert space. In Section 3 we present connections of conjugate norms with problems
of pluripotential theory and approximation theory. Here a special role is played by a class of
complex norms that are natural complexifications of norms in R™. In Section 2 we consider some
properties of such norms, in particular we prove an essential generalization of a result by Hahn
and Pflug.
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To Anna and Natalia

0. Introduction

(a) Let X = (R™, f) be a normed space with unit ball £ = {z € X : f(z) < 1}.
Then F is a convex symmetric body and its polar E* := {x e R" : -y < 1 Vy € E}
is again a convex symmetric body (and (E*)* = E) which is the unit ball for the norm
[*(z) == supyep |7 - y|. We call this norm conjugate or dual (to f) because (R", f*) is
isometrically isomorphic to the usual dual X*. Since f(x) = sup,cp- |2 - y| for z € R",
we can easily define a norm F(z) = F(f,z) in C™ such that F(z) = f(z) on R™ (here
C™ = R™ +iR"™). Namely, if we put

F(f,z) = sup |z-y|
yeE*

we obtain a complex norm that extends the norm f. We call this norm the natural
complezification of f. If F'is a norm in C" then we define its complex conjugate by

F*(z) :=sup{|z - w| : F(w) < 1}.

This definition coincides with the previous one for R?”: the dual norm of F in C" is
equal to its dual in R?". In this paper we consider some geometrical problems related
to norms and dual norms in C™. We restrict our interest mainly to a class of natural
complexifications of norms in R™. Let us present two interesting examples where this
notion plays an important role.

The classical Markov inequality (an important tool in approximation theory) says
that for any polynomial P,

|P'(2)] < (deg P)?||Pllj—1,y, « € [-1,1].

If [ P[|(—1,1) < 1 and P has real resp. complex coefficients, this is equivalent to saying that
mp’(x) € [-1,1] resp. (deg;PPP’(x) € D, D is the unit disk in C. A far-reaching
generalization for higher dimensions is the following (see also Section 3). Let E be a
convex symmetric body in R™, so F is the unit ball in (R", f). Let P be a polynomial of
n variables with real or complex coefficients such that deg P > 1 and ||P||g < 1. Then
for all x € F,
1 .
ez P grad P(x) € E* if P € R[zy,..., 2]
and
1
(g P)? grad P(z) € {z € C" : F(f*,2) <1} if P e Clry,...,xy]

There is an interesting completion of the above fact. It is well known that a convex

function f is differentiable for almost all x € R™. Let G be the set of all gradients of f
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at points of its differentiability. Then E* is determined by G, namely
E* = conv(G).

This follows by combining two classical results: the Straszewicz and Shmul’yan theorems
(see the second part of introduction and Section 1). Thus we get a relation between the
gradients of polynomials on a ball E and the gradients of the norm f for which F is the
unit ball. The equality E* = conv(G) is very useful if we want to calculate the dual
norm f*. Usually, it is not difficult to show f*(x) < ¢(x), where ¢ is a norm. Much
more difficult is to check that we have equality. However, we have a tool to do this: it
is sufficient to check that ¢(grad f(x)) = 1 at points of differentiability of f. We shall
repeat this many times in the paper, in particular it will play a crucial role in Sections 5
and 6.

A modern approach to polynomial inequalities is based on pluripotential methods
which use some extremal functions. One of the most important extremal functions is the
Siciak extremal function @p associated with compact subsets of C™:

P (z) = sup{|p(2)|"/9°8P . p € C[2], degp > 1, |lp|lp < 1}, =ze€C™

If E is the unit ball for a norm F' in C" we have ®g(z) = max(1, F(z)). If F is the unit
ball for a norm f in R™ the situation is much more complicated. In that case one can
prove the following interesting formula:

glY)E(Z) = h(]:((bv (277’)))
where h(t) =t + /12 —1 for t > 1 and ¢ is a norm in R**1, ¢(x,t) = (f(2)? + t3)V/2.
The reader will find in Section 3 another interesting connection between pluripotential

theory and geometry of normed spaces (R™, f) and their complexifications.

(b) Let now (X, f) be a Banach space over R. Assume the norm f is Gateaux resp.
Fréchet differentiable at xg € X, i.e. there exists dy, f € X* such that

oy /() = lim Jwo + tyt> — f(ao)

resp.
f(xo +h) = f(wo) = duo f(R) +r(R)f(R), 7(h) =0 as f(h) = 0.
Let E={z € X : f(z) <1} and let

E*={z" e X" : f*(z") := sup 2™ (x)| < 1}.
z€E

One can check that d,, f is an extreme point of E*. Indeed, we have the following basic
inequality:
doy f(x — 20) < f(2) — f(20)
for all # € X. This implies |dy, f(2)] < dg, f(z0) + f(z) — f(20). Putting z = x¢, =0
and r = 2zy we get
dyo f(x0) = f(xo) and |dy f(z)] < f(x) forall z € X,
which gives f*(d,,f) = 1. Now, observe that

If ¢ € E* and l(x0) = f(x0), then £ =dy, f.
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This is a consequence of £(x—x0) < f(z)— f(xo), which is equivalent to £(th) < f(xo+
th)— f(zo), which implies £ = d, f. Now, suppose dy, f = (1—a)l1+als, where 0 < o < 1
and (1,0, € E*. Taking x1 = xo/f(x0) we have ¢1(x1),l2(x1) € [-1,1], dpo f(x1) = 1,
which implies ¢1(x1) = ¢3(z1) = 1. By the earlier observation, ¢ = ¢ = d,, f. So, dy, f
is an extreme point of E*. What is more, if f is Gateaux differentiable at zg, then

e E*, L #dy [ = U(xg) < fro) = duy f(x0)-

In other words, if Yo = {z* € X* : 2*(x0) = f(x0)}, then Yo N E* = d,,f. We then say
that dy, f is a w*-exposed point of E* and is w*-exposed by xy (see e.g. [R-9]). If f is
Fréchet differentiable at zg, then we easily check that for each € > 0 there exists § > 0
such that

Ern{a* e X*: 2" (xg) > f(xg) — 0} C{a" € X*: f* (" —dyo f) <€}

and then we say that d,,f is a w*-strongly exposed point of E* and it is w*-strongly
exposed by xo (see also [R-S]). Recapitulating, the Gateaux differential of a norm at
some point is a w*-exposed point of the dual ball and the Fréchet differential (of a norm
at some point) is a w*-strongly exposed point of the dual ball. It is the easy part of the
remarkable Shmul’yan result [SH], who discovered that the reverse statement is also true:
a w*-exposed (resp. w*-strongly exposed) point 2* of the dual ball which is w*-exposed
(w*-strongly exposed) by x¢ is exactly d,,f. In particular, the norm f is (Gateaux or
Fréchet) differentiable at xo. It is interesting that this nontrivial result is less known, even
to many specialists in functional analysis. Better known are some global versions of this
theorem, which are also called the (global) Shmul’yan theorem (see e.g. [DIE], [CI]) and
play an important role in the geometry of Banach spaces: relations between differentiable
properties of a norm in a Banach space and geometrical properties of the unit ball in the
dual space. For example, if (X, f) is a reflexive Banach space then we have

PROPOSITION 0.1 (see [CI]). The following conditions are equivalent:

(1) X is smooth (the norm f is Gateauz differentiable).
(2) X* is strictly convex (the unit ball has the strictly convex boundary).

PROPOSITION 0.2 (see [CI]). The following conditions are equivalent:

(1) X is uniformly smooth (f is uniformly Fréchet differentiable on the unit sphere).
(2) X* is uniformly convex (for each € > 0 there exists 6 > 0 such that if f*(x*) =
f*(y*) =1 and f*(x* —y*) > ¢, then f*(z* +y*) < 2(1-19)).

The last two conditions can be expressed in terms of the modulus of smoothness or
convexity (see e.g. [DI]):

o(1):==3 sup  (flx+7y) + flz —71y) - 2), limgf—(T)zo;
f@)=f(y)=1 0—0 T
Ap-(e) = ginf{2 — f*(z" +y") : f*(2") = f*(y") =1, f* (" —y") > e},
Ap(e) >0 fore € (0,2].

The precise relation between these two notions is given by the Lindenstrauss duality
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formula (see [DI))
or(T) = sup [1e/2 — Ap(e)], T>0.
0<e<2
Ruess and Stegall found very interesting applications of the local Shmul’yan theorem to
characterization of some kind of extreme points in duals of operator spaces (see [R-S];
in this paper we have found information on the local Shmul’yan theorem; we do not

know of any other paper, except Shmul’yan’s original paper, where this result is pro-
ved).

(c) We restrict our attention mainly to the standard finite-dimensional case of Banach
spaces: R™ and C". It seems that the local Shmul’yan theorem is more interesting in that
case and has many applications to different problems. The aim of our paper is to show
how to use the Shmul’yan theorem in some situations where the structure of exposed
points plays a crucial role.

The dual space to (R™, f) is, by the Riesz theorem, isometrically isomorphic to R™
endowed with some norm, which we call the conjugate or dual norm. Analogously we
define the conjugate norm of a complex norm in C” regarded as a real norm in R?". In
Sections 1 and 2 we present basic properties of conjugate norms. If we know the dual
norm, which is possible in many specific cases, applying the Shmul’yan theorem we can
find exposed points in the original space (R™, f). On the other hand, the Shmul’yan
theorem is necessary for calculating the dual norm (see Corollary 1.4); more precisely, for
an estimate from below of the conjugate norm. The Shmul’yan theorem is also useful in
the case where we know the exposed points in (R", f) and we want to find the norm f:
we calculate the conjugate norm f* and next we can obtain a form of f, which is equal to
f**. Such a situation occurs, for example, if exp f = {fzo : £ € G}, where zop € R \ {0}
is a fixed point and G is the group of linear isometries of some space (R", g). Note that G
is isomorphic (see e.g. Proposition 1.10) to a subgroup of the group O(n) of orthogonal
automorphisms of R™ (this can be shown with the help of the notion of dual norm) but
it seems that it is still an open problem which subgroups of O(n) are the groups of linear
isometries of some space (R™,g). (In the complex case the situation is analogous.) In
Sections 1 (real case) and 2 (complex case) we give some basic properties of the group of
linear isometries.

Especially interesting for us is the case of complex finite-dimensional Banach spaces
C™ equipped with a complex norm. Let {2 be a convex bounded domain in C™. If n =1,
then, by the Riemann theorem, {2 is biholomorphically equivalent to the unit disc . In
particular, {2 has a noncompact (transitive) group of biholomorphic automorphisms and
all convex domains on the plane C are biholomorphically equivalent. It is well known
that this is not true for n > 1 (see, e.g., [KR]). It is rather difficult to find a convex
bounded domain with noncompact automorphism group or to show that a given {2 has a
compact automorphism group. Recently Bedford and Pinchuk [B-P] have classified (up
to biholomorphic equivalence) all convex bounded domains which possess a noncompact
automorphism group under the assumption that the boundary is smooth of finite type.
All the canonical domains in [B-P] are circular, and therefore are open balls for some
norms in C". If we have two open balls in C™, then the problem of their biholomorphic
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equivalence is reduced, by the Braun-Kaup—Upmeier theorem (cf. [B-K]), to the question
when such domains are linearly equivalent.

Since exposed points are invariant with respect to linear maps, it may be very helpful
to know exposed points. In Section 4 we give examples related to a natural complexifi-
cation of a given norm f in R™ (see Propositions 4.9 and 4.14). In particular, we find
a form of linear automorphisms of some convex circular domains (see Propositions 4.6
and 4.12). We also give examples of domains with nonsmooth boundary (for which the
Bedford-Pinchuk result does not work) which have a compact group of automorphisms
(see Theorem 4.20). Here the crucial role is also played by the fact that we can find ex-
posed points of the boundary of a given domain. However, the method we adopt for our
purpose, based on Kim’s scaling technique, is very laborious and therefore we consider
only the case n = 2.

The main goal of Section 2 is to investigate the natural complexification F(f, z) of a
norm f in R™ and its dual. The norm F(f, z) is the complex norm in C™ that extends
the norm f and is minimal in some classes of norms which have a similar property. The
problem which motivated our investigations is the characterization of such classes. In
particular, we generalize an earlier result of Hahn and Pflug (cf. [H-P]), who considered
the case of the Euclidean norm in R™. They found an explicit formula for F(| - |, z),
which, in fact, had been discovered by A. Turowicz twenty years earlier (see [D], where
its generalization to the case of real Hilbert spaces is given). This is the reason why we
call this norm the Turowicz norm T,,. Better known is its conjugate norm, which is equal
to the Lie norm L,,. The unit ball with respect to the Lie norm is an example of Cartan’s
homogeneous domain, whence it has a noncompact group of automorphisms. Recently
K. T. Kim [KI2] has shown that the unit ball with respect to the Turowicz norm has a
compact automorphism group. This was the second source of our motivations. The impor-
tance of the norms F(f, z) is shown in Section 3. These norms are, for example, related to
Markov’s inequality for a convex symmetric body E in R™ (see Proposition 3.6) and with
a complex foliation associated with the generalized Green function of the complement
E in C™ (see Proposition 3.1). There are connections between the complex equilibrium
measure Ag asociated with a ball £ and with the dual norms of the norm A, defined
by F(f,:): Az(v) =inf{t > 0: F(f,v + itz) < t}. These norms play a crucial role for
some polynomial inequalities. There is also an application of the equilibrium norm to the
problem of estimating the volume product vol(E) - vol(E*).

In Section 5 we consider some problems relating to the complex method of inter-
polation applied to conjugate norms in C". We give a few applications where the in-
terpolation of C™ equipped with two conjugate norms as a couple of Banach spaces is
essential (see e.g. Proposition 5.4 and the proof of Proposition 2.7(5)). The main result
of this section is Theorem 5.10, where we calculate interpolating norms for the couple
(C", L,) and (C",T,). Equivalently, we interpolate two different tensor products: pro-
jective R” ®r C and injective R™ ®r C. We extend this result in Section 7 to the case
of the complexification of a real Hilbert space. The interpolating norms satisfy Clark-
son’s type inequalities—such inequalities are related to the notion of a uniformly convex
space and by duality (cf. Proposition 0.2) also to the notion of a uniformly smooth space
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and appropriate moduli of convexity or smoothness. We observe a more general fact: if
we interpolate (C™, F') and (C™, F*), then interpolating norms satisfy Clarkson’s type
inequalities (see Theorem 5.18) and one can obtain nontrivial estimates of moduli of
convexity and smoothness (see Corollary 5.22). As an application of the complex method
of interpolation we construct a norm F in C? such that (C2, F) is isometrically isomorphic
to its dual but is not isometrically isomorphic to the Hilbert space C2.

The main result of Section 6 is Theorem 6.10, where we interpolate the injective and
projective tensor products of C™ and CF. This result is also sharp. Let us note here that
if we consider interpolation of the same kind tensor products of complex Banach spaces,
then a more general result of Kouba [KO1], [KO2] can be applied. Generally, it is rather
difficult to calculate the interpolating norms explicitly. In our paper we show how to
apply the Shmul’yan theorem to verify that some norm is the interpolating norm for a
given couple of spaces.

Acknowledgments. A part of this paper was written when the author held a post-
doctoral grant in Centre de Recerca Matematica in Bellaterra in 1993.

1. Conjugate norms in R"

Let E be a convex symmetric body in R™ (i.e. F is convex, compact with nonempty
interior and F = —F). Let E* denote its polar
E'={zeR":2-y<1Vye E}
Here “” denotes the canonical inner product in R™. Define
f(z) :==sup{lz-y|:y € E*} forzeR"
and
[ (x) :=sup{|z-y|:y € E} forzeR™
Then both functions f and f* are norms in R™ and E, E* are the unit balls for f and f*,
respectively. The following assignment gives a canonical isomorphism between the space
R™ and its dual (R™)* := L(R™,R):
C:R">z—{y—z-y}e R")".
Since f* o/~!is a norm in (R™)* induced by the norm f, we can briefly say that f* is
the dual norm in R™ and E* is the dual ball in R™. In other words, £ is a linear isometry
between (R”, f*) and (R", f)*.
From the definition of the dual norm one gets

ProprosITION 1.1. Let f, fx, g be norms in R™. Then

1) f=f.

2) f<giufg <[

(3) If fr — f uniformly on S™1, then fi — f* uniformly on S™~1.

(4) If lisa lmear automorphism of R™ and I* denotes its Fuclidean adjoint operator,
then (f ol)* = f*o (I*)7L.
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(5) The unit balls {f <1} and {g < 1} are linearly homeomorphic iff g = f ol, where
l is a linear automorphism of R™.

(6) If 1 is a linear mapping of {f < 1} onto {g < 1}, then I* is a linear homeomor-
phism between {g* < 1} and {f* < 1}.

(7) (Generalized Holder inequality) |z - y| < f(z)f*(y) for x,y € R™.

Note that the inequality in (7) is always sharp. Of course, it is useful if we can calculate
the dual norm f*. We give many examples where it is possible (mainly in R?" and C").

If E is a convex body in R™, then we denote by extr(E) and exp(E) the sets of all
extreme points of F and of all points of strict convexity (which are also called ezposed
points), respectively. Recall that xg € E is an extreme point iff E'\ {z} is convex, and
xq is an exposed point iff there exists a support hyperplane H of E at the point xg such

The importance of extremal points in the theory of convex sets is well known. Less
known is the analogous result on exposed points. It is interesting that Straszewicz’s
theorem [ST| was proved earlier than the famous Krein—-Milman theorem [K-M]. Both
results for convex bodies are presented in the proposition below.

PROPOSITION 1.2 (see e.g. [L]). If E is a convez body in R™, then

(1) (Krein—Milman’s theorem) E = conv{extr(F)}.
(2) (Straszewicz’s theorem) E = conv{exp(F)}.
(3) exp(F) C extr(E), exp(E) = extr(E). If n =2, then extr(E) is compact.

It is easily seen that extreme and exposed points are invariants of linear homeomor-
phisms of convex bodies.

Since a norm f is a convex function on R", f is Fréchet differentiable at a point xg
iff it is Gateaux differentiable at xg. Let

D(f) :={x € R" : f is differentiable at z}.

It is well known that R™\ D(f) has zero Lebesgue measure. Now we can formulate a very
important property of the dual ball. If f is a norm in R™ and E denotes its unit closed
ball, then we define
exp f := exp(E).
PROPOSITION 1.3 (Shmul’yan’s theorem in R™). If f is a norm in R™, then

exp f* = {grad f(z) : x € D(f)}.

The proof can be found in Shmul’yan’s original paper [SH], where its general version
for Banach spaces is given. A slightly more general result can also be found in [RO]. We
present here another simple proof of the local Shmul’yan theorem in R™, which is sufficient
for our goals. We shall need the infinite-dimensional case of the Shmul’yan theorem only
in the last section.

PROOF OF PROPOSITION 1.3. Assume xg € D(f). Without loss of generality we may
assume f(xg) = 1. Let yo = grad f(xg). If y € E*, then, by 1.1(7),

y-xo < fH(y)f(wo) = 1.
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Suppose y1 € E*, y1-x9 = 1. Let v € R™, ¢ > 0. Then (20 + tv) - y1 < f(zo + tv) or,
equivalently,
flzo +tv) — f (o)

t 3

vy <

which implies
veoyp <dgy f(v) =v-yo, veER™.

But the last inequality holds if and only if v - y; = v - yo. Therefore, y1 = yo. This shows
that H = {y € R"™ : y - o = 1} is a support hyperplane at yo such that E* N H = {yo}.
This means that yo € exp(E*).

Conversely, suppose yo € exp(E*). Then there exists an zy € R™ such that yo-zo = 1,
y-xo < 1forye E*\ {yo}, and consequently f(zg) = 1.

We show that f is differentiable at xg and grad f(z) = yo. It is enough to prove that
the limit lim;_.q M exists for n linearly independent vectors v. Put vy =x¢ and
let va, ..., v, be an orthogonal basis of {yO}J-. Then vy, ..., v, are linearly independent.
We have

fl@o + tvr) — f(xo)
t

=1

and for fixed j > 2, ¢t > 0,

f(xo £tv;) — f(x0)

n .

F(wottv)—f(wo)
t

0= (dv;) - yo <
It is well known (see e.g. [KU]) that lim; o4 exists for all v € R". Let
t, — 0. There exist y, € E* such that f(zo + tn,v;) = (o + trv;) - Yn, and thus
f(xO + tnvj) — f(xO)
tn

Since E* is compact, we may choose y; € E* and a subsequence {yy,, } such that y,, — y1.

< V5 Yn, nlingowo-ynz L.

This implies xo -y1 = 1 and therefore y; = yo. For this reason, v; -y, — 0 and we obtain
f(wo +tvj) — f(20) f(@o + tn,v5) — f(20)

lim = lim =0.
t—0+ t k—o0 tng
Similarly,
lim fwo —tvy) = flwo) _ 0.
t—0+ t
This means that
_ flwo +tv;) — flxo)
for j =2,...,n. So, f is differentiable at x(, and since v; - grad f(zo) = v; - yo, we obtain

yo = grad f(zo). This completes the proof of the proposition.
We shall often make use of

COROLLARY 1.4. Let f,g be norms in R™ such that g(grad f(x)) < 1 for x € D(f).
Then f* > g.

PROOF. By the Shmul'yan theorem, g(y) <1 for y €exp f*. Hence, by 1.2(2), g(y) <1
for f*(y) <1, which implies f* > g.
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EXAMPLE 1.5. Let f(z) = |z1] + |z|, 2 = (21,22) € R?, where |z| for z € R™ (or
x € C") denotes the standard Euclidean norm. Then D(f) = {x € R? : z; # 0} and, by
Proposition 1.3,
exp f* = {(x1/|x[ + sign(a1), w2 /|x[) - 21 # 0}
Since this set is not compact, we have a proper inclusion
exp(E™) C extr(E™).
REMARK 1.6. If f is a norm in R™ and x € D(f), then

grad f(z) -z = f(z), [f"(grad f(z)) =1.
The second equality follows from Proposition 1.3 while the first is a consequence of
homogeneity of f. These two conditions determine grad f(z): if zg € D(f) and yo - zo =
f(xo), f*(yo) =1, then yo = grad f(zo).
REMARK 1.7 (see [B3, Prop. 1.8]). If f is an arbitrary norm in R™, then there exists
an increasing sequence of norms fj, such that fr  f and f; € C°(R™\ {0}).

PROOF. Let E = {f(x) < 1}. We have

) . 1 o 1/(2k)
o) =suplleulsw e B = fin (i (o do)

and we may put

Denote by I'(f) the group of linear automorphisms (linear isometries) of the Banach
space (R™, f). The basic properties of this group are gathered in

PROPOSITION 1.8. (1) The groups I'(f) and I'(f*) are isomorphic.

(2) If ¢ € I['(f) then |det €] = 1.

(3) If fp(z) = (SE* |z - w|P dw)l/p, then I'(f) C I'(fp) for all 1 < p < co.

(4) L(f) is isomorphic to a subgroup of the orthogonal group O(n).

PROOF. (1) is a straightforward corollary to 1.1(6). Now, let £€ I'(f). Since vol(E)=
vol({(E)) = |det £| vol(E), we have |det ¢| = 1. We also have

1/p 1/p
fpllx) = ( S |x-€*w|p|det€*|dw) = < S | - w? dw) = fp(x),

which implies £ € I'(fp). In particular, £ € I'(f2). Observe that
fa(w) = |T"/?a],

where 7 = [a;;] = [SE w;w; dw] is the matrix of inertia of E* (see [M-P]; the reader can
also find in [M-P] that the unit ball for the norm f5 is the Binet fundamental ellipsoid
of E*). The group I'(| - | 0 Z'/?) is equal to Z='/20(n)Z'/2. Hence, if £ € I'(f), then we
get ZV/207~1/2 = B with some B € O(n). The last statement is obtained by defining the
map

¢:T(f) 30— TY217Y2% € O(n).
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COROLLARY 1.9. If ¢ € I'(f) and ¢TI = T¢ (T is the matriz of inertia of E*), then
e O(n). In particular, I'(f) C O(n) if and only if

(T =10, tel(f)
If (|| - 11) € I'(f), then I'(f) C O(n). (Here ||z||1 = |z1| + - .- + |zn].)

As another application of the norm fs we easily obtain a new version of the classical
Mazur characterization of Euclidean norms.

COROLLARY 1.10 ([MA], see [A]). If I'(f) acts transitively on Sg = {f(x) = 1}, then
for any xzo € R™\ {0},

f(@o) 1/2
= T .
f(,’E) |Il/2(E0| | ‘T|

REMARK 1.11. Let By be the unit ball in the space L(R™) of linear operators in
(R™, f) with the usual operator norm:
By ={L e LIR"):[IL]| <1}, [IL]= f(SL;glf(Lx)-
The following fact is well known (see e.g. [L-P] or [A]):
I'(f) C extr(By).

This inclusion is, in most cases, proper. For example, if D(f) = R™ \ {0} or D(f*) =
R™\ {0}, then (see [A]) the equality I'(f) = extr(By) implies that f is the Euclidean norm
in R™. In Section 6 we shall show, applying the Shmul’yan theorem, the classical result
I'(f) = exp(By) for the Euclidean norm in R™. Note also the following Lindenstrauss—
Perles result (see [L-P]): If f(y) = 1 and = € extr(E), then there exists L € extr(By)
such that y = Lz. This implies the following connection between the norm f and the

operator norm || - ||:

f(@)o(E) = sup{|Lz| : [|L]] <1},
where o(E) = 1diam(E) is the radius of E. In particular, if two norms f and g give the
same operator norm, then they are proportional. Note also the formula

o(E)o(E”) = sup{||Ll2 : || L]| <1},
where || - ||2 is the operator norm induced by the canonical Euclidean norm.
Now we show an interesting application of the notion of the matrix of inertia. We
denote by I''(f) the set of all L’ € L(R™,R™) which commute with every L € I'(f). We

say E has enough symmetries if I''(f) consists only of the scalar multiples of the identity
operator I,.

PROPOSITION 1.12. Let (R™, f) be a space with enough symmetries. Assume J €
GL(R") is a selfadjoint operator, positive definite such that JI'(f)J 1 C O(n). Then
there exists a constant ¢ > 0 such that J = CI};/,?, where T~ is represented by the matriz
of inertia of E*. (If additionally I'(f) C O(n), then g~ = cl,,.) Moreover,

1

Ig - Ip» =w(E)I,, where w(FE)=— S (z - y)? dv dy.
n
EXE*

If we drop the assumption on enough symmetries, then the formula may be false.
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PRrROOF. For all L € I'(f) we have the following equalities:
JLI LT =1, TYPLIZ TP =1,
This directly implies that
J*LJ? =1Ip-LI;" andthus I,'J°L=LIz'J°
Hence, there exists a constant ¢ > 0 such that J2 = ¢?Zg+- and so J = CI};/,?. We have
,/°1(f*)Z,"? € O(n). This gives
1,21 (H)IY? c O(n).

Therefore, there exists a positive constant w such that Zg - Zg+ = wl,,. Now, it is easy to
calculate the value of w.
We now show that the assumption on enough symmetries is essential. Define

f(x) = |z1| 4 |z2| + |21 + 22/2|, E={xcR?: f(x) <1}.
Then
E = conv{£(0,2/3), +(1/2,0), £(1/3, —2/3)},
E* = conv{+(0,3/2), £(2,3/2), (2, —1/2)},

.5(23/2 -6 6 3
Ip=3 [—6 o1 |* TE = |3 376]

It is easily seen that Zg - g+ & Ryls. Here I'(f) = {+1}.

One of the fundamental results in the local theory of Banach spaces is the famous
John theorem.

PROPOSITION 1.13 ([J]; see e.g. [PI2], [T]). If E is a convex symmetric body in R™,

then there exists a unique ellipsoid DR™* of mazimal volume (John’s ellipsoid) contained
in E.

Applying this result and Propositions 1.8 and 1.12 we show the following description
of John’s ellipsoids. This fact seems to be unknown to specialists in the local theory of
Banach spaces.

THEOREM 1.14. Let E be the closed unit ball in the space (R™, f) with enough sym-
metries. Let Tp € GL(R™) be represented by the matriz of inertia of E. Then

D™ = oy *(E) " T (Bn),
vol(DRex) = o(ZT)/*(E*)) " (det Tg) /2 vol(B,,).
If additionally I'(f) C O(n), then
DR = o(E*)'B,,, vol(DB™) = o(E*)""vol(B,,).

PROOF. Let ||z|| = |Jz| be the norm such that D'p** = {x € R™ : ||z|| < 1}. Since the
John ellipsoid is unique, D'p®* is invariant with respect to the group I'(f), i.e., I'(f) C
I(I - 11)- Therefore JI'(f)J ! C O(n) and, by Proposition 1.12, J = cIEl/Q. Now, we
easily calculate the constant ¢, which is the infimum of all « such that f(z) < oz|ZEl/233|
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for x € R™. Hence,
o 7-1/2,
c= supf(IE El—ﬂ) = sup f(Z{*x) = o(Z{*(E")).
z#£0 |IE £L'| |z|=1
This completes the proof.

To end this section we recall the definition of some class of norms in R?. These norms
will be used in Section 2.
Let @ : R — [0,00) be an Orlicz function (i.e. (0) = 0, &(t) — oo as t — oo, P is
even, convex) such that ¢(1) = 1. Define
I@('I) :¢($1)+€p($2)5 .IGRQ,
and two standard norms in the Orlicz space R2:
|z|l¢ = inf{A > 0: Ip(z/A) <1} (Luxemburg’s norm)
lzl|g =sup{|z - y| : Is-(y) <1}  (Orlicz’s norm),
where @* is the Young conjugate of &:
&*(u) = sup{|ujv — P(v)}, ueR.
v>0

It is easily seen that By = {x € R? : &(21)+P(z2) < 1} is the unit ball for the Luxemburg
norm and [|z||5 = ||z]

P
We also recall the following Amemiya formulas for the Orlicz and Luxemburg norms
(see e.g. [R-R]):

o __ 1
M) lallg = inf (1 + T (k)),

!
(2) Izl = inf - max(1, Is(kz)).

2. Conjugate norms in C"

Now we treat R™ as a subset of C" such that C™ = R" 4 {R". This means that
R™ ~ {(l’l,O,JIg,O,...,(En,O) Ty € ]R} c Cc™.

If z = x + iy, then we put Rz := z, Sz :=y and (x,y) := (x1,¥1,. -, Tn,Yn). Bach
norm in C" is a norm in R?". For this reason we can define the conjugate norm of F' in
C" as the conjugate norm of F in R?",

DEFINITION 2.1. Let F' be a norm in C". We set
Fg(z) :=sup{|z1us + 1101 + . .. + Tpn + Ynon| : F(u,v) <1}
and call it the conjugate norm of F in C".
We also define the conjugate norm of F over C as follows:
DEFINITION 2.2.
F&(z) :=sup{|z - w| : F(w) < 1},

where z - w = z1W1 + ...+ 2,W, is the canonical scalar product in the Hilbert space C".
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PROPOSITION 2.3. If F' is a norm in C", then Iy = F¢.

PROOF. Let z =2 +iy and w =u—+iv. Wehave z-w=z-u+y-v+i(y-u—2x-0v).
Observe that

|z -w| =sup|cosB(z-u+y-v)+sinf(y-u—x-v)
0
=sup |z - (cosOu — sinOv) + y - (sin fu + cos Ov)| < Fx(2),
0

since
(cos Qu — sin Ov) + i(sin Qu + cos Ov) =: Z = (cos b + isin O)(u + iv)
and F(z) <1if F(w) < 1. On the other hand,
Fg(z) = sup{|R(z - w)| : F(w) < 1} < F{(2).
This completes the proof.

DEFINITION 2.4. If F'is a norm in C", then we set F* := Fg = F{.

It is obvious that F* is a norm in C". (R?", F*) is isometrically isomorphic to
(R?" F)* but, in general, (C", F'*) is not isometrically isomorphic to (C", F)*. (Note
that the mapping (C", F)* 3 £ — ((e1),...,¢(e,)) € (C™, F*) is not an isometry if F is
not symmetric with respect to R", i.e. F' # F, where F(z) := F(z): (C",F)* ~ (C", F*)
iff F=F.)

An analogue of Proposition 1.1 is the following

PROPOSITION 2.5. Let F, Fy, G be norms in C™. Then

(1) F*(2) = F*(z) and F** = F.

(2) F<Giff G* < F*.

(3) If Fy, — F uniformly on S*"~' then Fy — F* uniformly on S?"~1.

(4) If L is a linear automorphism of C" and L* denotes its Hermitian adjoint operator,
then (F o L)* = F*o (L*)71.

(5) The unit balls {F < 1} and {G < 1} are C-linearly homeomorphic iff G = F o L,
where L is a linear automorphism of C".

(6) If L is a C-linear mapping of {F < 1} onto {G < 1}, then L* is a linear isometric
homeomorphism of {G* < 1} and {F* < 1}.

(7) (Generalized Holder’s inequality) |z - w| < F(z)F*(w) for z,w € C".

REMARK 2.6. One can also easily check the equalities

R(grad F(2) - 2) = F(2), F*(gradF(z)) =1
for 2 € D(F). Here differentiability is understood in R*" and
0 0 0 0 0 0

dF(z)=|—F(2), =—F(2),... =—F(2), =—/—F =2 —F(2),..., —F .

mad Fe) = (Pl o P o P 5o ) ) =2 Pl g FIC))

Denote by I'(F) the group of all complex linear isometries of the Banach space
(C™, F). The basic properties of this group are analogous to those for R™ and are gathered
below.
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PROPOSITION 2.7. Let ' be a norm in C™. Let E denote its unit ball and E* the dual
ball. Then

(1) I(F) =~ I'(F*).

(2) If ¢ € I'(F), then |det£| = 1.

(3) I'(F) is isomorphic to a subgroup of the unitary group O(n). This embedding is
given by

D(F) 30— TV217Y2 € U(n),
where T € GL(C™) is represented (in the canonical basis) by
I= [ S ziEjdz].
B

(4) If t € I'(F) and T = (T, then £ € U(n). In particular, I'(F) C U(n) iff T = (T
for all L € I'(F).

(5) If £,0* € ['(F), then £ € U(n). In particular, I'(F) C U(n) iff ¢* € ['(F) for all
eI (F).

(6) If ¢ € GL(C™), then £ € I'(F) iff |¢|lr = 1 and |det L| = 1, i.e.

I'(F) = {f € extr(Bp) : |det ¢| = 1}.

PROOF. The proof of (1)—(4) goes along the same lines as in the real case. A short

proof of (5) will be given in Section 5. The last property is a simple consequence of a

much more general Carathéodory—Cartan—Kaup—Wu theorem for holomorphic mappings
(see e.g. [KR]).

We are interested in the following question:

When does the equality F*(z) = F(Lz) hold for all z € C", where L is a linear
automorphism of C*? Is it true that F(z) = |Kz| for some K € GL(C")?

If L is fixed, then the answer depends on the properties of L.

PROPOSITION 2.8. Let F' be a norm in C" such that F*(z) = F(Lz) for some L €
GL(C™). Then

(1) If L=L* and L >0, then F(z) = |L™/22|.

(2) If L is a unitary mapping, then F(z) = F(L?z). If additionally I, € {L?*+1}, _, .
then F(z) = |z|.

PRrROOF. Consider the basic case where L = I,,. Then, by the generalized Holder
inequality, we have |z|? = |z - 2| < F(2)F*(2) = F(z)?, which gives |z| < F(z) and, by
2.5(2), F(z) = F*(z) < |z|. Now let L be a selfadjoint, positive definite operator. Then
L'Y? is also a selfadjoint operator. Put G(z) = F((LY?)*z) = F(L'/?%). We now have

G*(2) = F*(L7Y%2) = F(LY?2) = G(2).
This implies G(z) = |z|, and therefore F(z) = |[L™'/2z|.

Now assume L is a unitary operator. Observe that if F*(z) = F(Lz) with some

L € GL(C"), then
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In particular, if L is unitary, then F(z) = F(L?z) and thus F*(z) = F(L?**12), for any
keZ. If I, € {L?*+1}, ;. then F*(z) = F(z), which implies F(z) = |z|. The proof is
complete.

REMARK 2.9. If n > 4 is even, n = 2k and F is an arbitrary norm in C”, then the
norm G defined by

G2ty oy 2n) = (F(21, 0y 26)? + F*(2h1s oy 20)2) Y2
satisfies G*(z) = G(Lz) with L(z) = (2k+1,- -+, Zns 21, - - - , 2k) and the norm
G1(2, 2n11) = (G(2)° + |zn1[))/?
satisfies
Gi(2,2n4+1) = G1(L1(2, 2n41))
with L1(z, zn11) = (L2, 2p41). So, if n > 4, there exist a number of norms g in C™ which
satisfy G*(z) = G(Lz) (for some L) and are not of the form |Kz|. The same is true for

n = 2,3 but the construction of an example for n = 2 is slightly more delicate. It will be
given in Section 5 basing on some interpolation techniques.

Now we define a natural complexification of a given norm in R™.
DEFINITION 2.10. Let f be a norm in R™ and f* its conjugate norm. Define
F(f,2) = F(z) = supflz o] f7(w) < 1},
It can be easily seen that F is a norm in C" such that Fjg» = f and
F(f,z)= meaxf(cos fx — sin Oy)
= max max(f(cos @z — sin By), f(sin 6z + cos Oy))
= meaxmax(f(%(ewz)), f(S(e?2)), z=x+iyeCm
Less obvious is the fact that F7* extends the norm f*:
ProrosITION 2.11. ]—"‘*Rn = f*.
ProOF. We have
F*(z) =sup{|z-w|: F(w) <1} =sup{|z - w| : Jw-w| <1Vf*(w) <1}
Hence,
Fr(@) = sup{lz-yl:y € R, Jy-w| <1V (w) <1}
=supf{lz-y[: fy) <1} = f(2).
On the other hand,
F*(z) = sup{|(z +i0) - w| : F(w) < 1} = sup{|z - u| : F(u,v) < 1}
sup{la - ul : |(u+iv) - W] STV (w) <1}
<sup{|z-ul: [u-w| 1V (w) <1} =sup{lz-u|: f(u) <1} = f*(2).
COROLLARY 2.12. If f(x) = |z|, then F(z) = F*(x) = |z| for all x € R™.

We also have
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PROPOSITION 2.13. Let f, g be norms in R™ with f < g. Then
PROOF. (1) The first inequality in (1) immediately follows from the definition. We
deduce the second from the first by Propositions 1.1(2) and 2.5(2).
(2) We have
F(f* z) =sup{|z - w| : F(f*,w) <1}
>sup{|z-w|:weR™, F(f*,w) <1} =sup{lz-w|: f*(w) <1} = F(f, 2).
The second inequality is a consequence of the first.

The next result, which gives another point of view on some known facts, plays a
crucial role in the investigations of the norms F(f,-).

PROPOSITION 2.14 (see e.g. [BO], [B-S] or [P1]). If f is a norm in R™, then
Fr ("5 2) = zlles)s

where ||z||o(yy is the crossnorm for f,

lzllecf) := inf { Z |l f(wj) : 2z = Zajwj, w; €R", o € (C}.

It follows from the definition of the crossnorm that it is the largest norm in C™ which
extends f. Geometrically, this means that the open ball {||z|[os) < 1} is the smallest
convex circular domain in C™ whose intersection with R™ is {f(z) < 1}. The fact that
C™ endowed with the norm F*(f*,-) may be interpreted as the projective tensor product
(R™, f) ®r (R%,|-]) has also other important consequences. We consider them later.
Note also that (C™, F(f,-)) may be interpreted as the so-called injective tensor product
R", f) @r (R?, |- |) (see e.g. [P1]). The following inequality holds for every norm f:

lzllecr) < mgin(f(cos Ox — sinfy) + f(sin bz + cosOy)),

where equality holds (for all z € C") if f is the Euclidean norm.

Now we investigate some extremal properties of the norms F(f,-) and their duals.
We need

PROPOSITION 2.15. Let f be a norm in R™. Then

(1) The functions max(f(x), f(y)), f(z)+ f(y) and (f(2)* + f(y)*)*/? of (x,y) are
norms in R*™ and
(max(f(z), f(v)* = f(x)+ f(y), (f(@)+f(y) =max(f"(z), f*(v)),
[(f(@)? + f)®)V2]" = [f(2)® + £ ()],

where * is taken in the sense of R?".
(2) We have

max(f(x), f(y)) < maxmax(f(R(e”2)), f(3(e”2)) = F(f,2)
S(f(w)2+f())”2<f*( ,2)
< min(f(R(e”2)) + F(3(e2))) < f(2) + f(y).
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PRrROOF. The first statement of (1) is obvious. For the second observe that

(max(f(x), f(y)))" = sup{|z - u+y-v|: fu), fv) <1} < f*(2) + f* ().

By Shmul’yan’s theorem, we have

exp(max(f(z), f(y))") = {grad f(z) +i0: v € D(f)} U{0+igrad f(z) : x € D(f)}.

This implies, by 1.4,

(max(f(z), f(y))" = f*(x) + ().
The second equality in (1) immediately follows from the first applied to f*. If we apply
Shmul’yan’s and Straszewicz’s theorems to the norm (f(z)? + f(y)?)'/2, then by 1.4 we
obtain

[(F@)? + F@)*) 2 > [F* () + £ ()"

Now, by the generalized Holder inequality, we have
[(f@@)® + f)*)V2) =sup{lz-uty-ol: f(u)? + f(0)* < 1}

= sup {|z-ul+y- vl : f(u) < (1= f(0)*)/?}

f(v)<1

o (£ @0 = J) Y+ £ @) = @)+ )
This completes the proof of (1). The first two inequalities of (2) easily follow from the
definition of F(f,z). Applying these to f* and using (1) gives the last two inequalities
of (2).

IN

One can also prove the following generalization of Proposition 2.15(1).

PROPOSITION 2.16. Let & : R — [0,00) be an Orlicz function such that (1) = 1.
Then F(x,y) = ||(f(z), f(v)|lo is a norm in R®*™ and

F(z,y) = [(F(2), £ ()]

-
In particular, if p > 1, then
(F@) + F)") 71 = [ @)+ F )7,

where 1/p+1/q=1.

PROOF. It is obvious that F is a norm in R*". We have

F(z,y) = sup{|z - u+y-v|: &(f(u)) + D(f(v)) <1}
<sup{f*(2)f(u) + () f(v) : 2(f () + 2(f(v)) < 1} = [(F*(2), " (9))l]--
Assume that ||-||¢ and f are differentiable on R?\ {0} and R™\ {0}, respectively (we refer
to [G-H] for criteria of differentiability of the Luxemburg norm). Then F is differentiable
on R\ {0} with
grad F'(z,y) = D1l - lo(f(x), f(y)) grad f(z) +iDal| - la(f (x), f(y)) grad £ (y).

By 1.4 we get

F(a,y) = [(f (@), £ () 3--
If || - || o is differentiable and f is an arbitrary norm, then we obtain the same inequality by
approximating f by smooth norms fj (see Remark 1.7). Finally, if || - ||¢ is not smooth,
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we can approximate ||-||¢ by || ||, which are differentiable, $x(1) =1 and ||-]|%

IS
uniformly on S*. This completes the proof.

REMARK 2.17. We also note the following generalization of Proposition 2.15(2):

[(f@)? + o4 flan))) 7] = [ (@) o S ()]
for all (z1,...,21) € (R")*. The proof is analogous to that of Proposition 2.15.

LEMMA 2.18 (Generalized Hahn and Pflug lemma [H-P]). Let ¢ be an Orlicz function
such that &(1) = 1 and P is differentiable at 0. Let f be a norm in R™ and let N be a norm
in C" such that Njgn = f and either N(z) < ||(f(z), f(¥))lle or N(z) < [|(f(x), f(y))]|$-
for z € C™. Then

N(z) = max(f(z), f(y))-
In particular, this is true if N(z) < (f(x)? + f(y)?)Y/? for some fized p > 1.

PRrROOF. We apply the method from [H-P], where this lemma was implicitly formulated
and proved in the case where f(x) = |z| and ®(t) = t2.

If z = 0 or y = 0, then the statement trivially holds. If x # 0 and y # 0, then we define
(&, m) == N(€x/f(x) +iny/f(y)) for (&,m) € R?. Tt is clear that ¢ is a norm in R?. We
have, by our first assumption, 6(¢,1) < (€, )lle and 6(¢,n) = || (€, n)lle = 1 for (€,) =
(£1,0), (0,£1). This implies {||(&,n)|le <1} C {¢(£,n) < 1}. But the Luxemburg norm
I - ||lo is differentiable at points (€,7) = (£,0), (0,¢), € = £1, with tangent lines given by
& = e or i) = ¢, respectively (this is a consequence of the second Amemiya formula). It
is easily seen that such tangent lines must necessarily support the ball {¢(¢,n) < 1} at
the boundary points (£,0) and (0,¢). This implies {¢(¢,n) < 1} C {max(|&], |n|) < 1} or
equivalently ¢(&,n) > max(|¢],|n|). Putting & = f(x), n = f(y) completes the proof of
this case.

Now observe that the assumption @(1) = 1 implies the strict convexity of points
+e; = (£1,0), es = (0,£1) for the norm ||(§,n)||s. Since || £ e;]|$. = 1 and (Fe;) -
(£ei) = || £ e;lla, the points +e; are points of differentiability for ||(£,n)]|$«. For this
reason the next steps of the proof of this case are the same as of the previous one.

We have the following characterization of minimality of the norms F(f, z).

THEOREM 2.19. Let f be a norm in R™ and let N be a norm in C™ such that N(z) =
f(z) for x € R™. Then the following conditions are equivalent.

(1) F(f,z) < N(z) for all z € C".

(2) max(f(a:) f)) < N(2) for all z € C".
(3) N*(2) < f*(x) + f*(y) for all z € C™.
(4) N*(gradf( ) <1 for all x € D(f).
(5) N*(x) = f*(z) for all x € R".

(6) N*(z) < F*(f,2) for all z € C".

PrROOF. The implications (1)=-(2)=-(3) follow easily from Propositions 2.15 and 2.5.
(3) implies (4), by Proposition 1.3. Assume now (4). By Proposition 1.4 we have N*(z) <
f*(x) for x € R™. On the other hand,



Conjugate norms in C" and related geometrical problems 23

N*(z) =sup{|lz-u+0-v|: N(u+iv) <1}
Zsup{|z-u|: N(u) <1} = sup{|z - u| : f(u) <1} = f*(2).
(5)=(6) is obvious and (6)=-(1) is derived from Proposition 2.5. This completes the proof.
COROLLARY 2.20. If f, g are two norms in R™, then
(1) F(f+9,) < F(f,) + Fg,)-
(2) F(max(f,9), ) = max(F(f,-), F(g,"))-
ProoOF. We have F(f,z)+ F(g,z) = f(x)+ g(z) and

F(f,2) + Flg,2) =2 max(f (2), f(y)) + max(g(z), g(y)) > max(f(x) + g(x), f(y) + 9(v));
which gives (1). Similarly, max(F(f,z), F(g,x)) = max(f(x),g(x)) and
)

(f,x
max(F(f, 2), F(g, z)) = max(max(f(z), g(z)), (f(v), 9(¥))),
(F

which gives F(max(f, g), ) < max(F(f,-),F(g,-)). The opposite inequality is a consequ-
ence of Theorem 2.12(1).

From the point of view of the theory of tensor products, Theorem 2.18 gives equivalent
conditions for N to be a so-called reasonable norm for (R", f) ®g C (cf. [L-C]). If a norm
N satisfies these conditions, we briefly say that N is reasonable for f. In particular,
F(f,-) is the smallest reasonable norm for f.

As an application, we obtain the following extension of a result from [H-P].

COROLLARY 2.21. Let f be a norm in R™ and let N be a norm in C™ such that
N(z) = f(z) for & € R" and cither N(z) < [[(F(@), f@))llo or N(=) < l(f(x), F)l3-
with some Orlicz function @ which satisfies the assumptions of Lemma 2.18. Then N is
reasonable for f.

COROLLARY 2.22. Let f be a norm in C". If there exists a smallest norm Ny in C"
that extends the norm f, then necessarily No = F(f, ).

PRrROOF. We have No(z) < F(f,2) < (f(z)*+ f(y)?)'/? for each 2. Thus, by Corollary
2.20, No(z) > F(f, z) and we get equality.

REMARK 2.23. The following natural question arises: when does the smallest norm
Ny extending a norm f exist? We shall return to this question in a moment.

Now consider the special case f(xz) = |z|. The crucial role in the investigation of
complexifications of the Euclidean norm is played by the lemma below. Part (1) is a
special case of the Druzkowski result (see [D]) for real Hilbert spaces. We refer to this
part as to the Druzkowski lemma. The second part has been observed by the author (see
also Section 6).

LEMMA 2.24. If z € C" is an arbitrary vector then

(1) (Druzkowski [D]) There exist ¢ € R and 2’ = 2’ + iy’ € C" such that z = €2/,
'y =0.

(2) Moreover,

min(a’], ly') = M (2) = —=(12* = )2,

N
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max (|2’ |y']) = Az (2) = —=(|=” + %))/,

1
V2
where 22 = 22 + ...+ 22.

As an application we get

COROLLARY 2.25. For all z € C", we have
1
‘7:(| : |7Z) = _2(|Z|2 + |22|)1/27

1 1
Fo( - ],2) = — (|2 = |22)M/2 + —(|2|2 + |22 ) /2.
(ll)ﬁ(ll 7)) ﬁ(ll 7))
The second function is called the Lie norm (see e.g. [D]) and will be denoted by L., (2).
We denote the first one by T, (z) in honour of Professor A. Turowicz who was the first

to obtain this formula (see [D]).

ProOOF. By Lemma 2.24, it is enough to prove the above formulas for z = x + iy
with -y = 0. Then T}, (2) = max(|z|, |y|) and L,(z) = |z| + |y|. We may also assume
that = and y are linearly independent. Let {v; = z/|x|, v2 = y/|y|, vs,...,vn} be an
orthonormal basis in R™. For v € S !, w = aqv1 + ... + anv,, we have

F(|-|2) = sup{((z - w)® + (y-w)*)"/? rue 571}
< sup{(ailal® + a3lyl*)/* : of + af < 1} = max(|a], [y]).
Hence, by 2.14(2), F(|-], 2) =Tw(2). By 2.14(2), we also have F*(|-|, z) <|z|+|y| = Ln(2).
Let u = \%(01—1}2),’0 = %(1}14—’02). Then T, (u+iv) = 1 and |(z+iy)- (u+iv)| = |x|+]yl,
which gives the inequality F*(| - |, z) > L,(z) and so equality holds. This completes the

proof.

It follows from Corollary 2.25 that T, and L,, are conjugate (see [D]). This seems to
be unknown to authors who have recently investigated the norm T, (see [H-P], [KI1]).
Applying Shmul’yan’s theorem we can easily derive:

PROPOSITION 2.26. We have the following formulas:

1 22
grad T, (z) = m{z + Z—2|z} for 22 #0,

1 |22z — 2%z 9 9
wad 10(2) = e+ | for <
exp L, = {e?w:we S"7 9 e R},
expTy, = {x+iy:z,yc S" ' x-y=0},
Sr, ={T.(2) =1} = {?(te +iy): 0 €R, t € [-1,1], z,y € S"7, -y =0}
Now we show that, for some norms f in R™, the smallest norm Ny in C™ that extends
f does not exist. First observe that if N is reasonable for f, then the same is true for N.
In particular, if N is an arbitrary norm in C™ such that N = f on R", then the norm

(N 4 N) is reasonable for f. So, if there exists a norm N such that N = f on R" and
N(zo) < F(f, #z0), then necessarily N is not symmetric. If n = 2, then such a norm was
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constructed (by R. Zeinstra) in [H-P] for the Euclidean norm. In this case (see [H-P]) we
have

To(z1,22) = %|21 —iza| + %|21 + izg].
Consider the equation
(%) N(z)+ N(2) = 2Tu(2), z¢€ C?,
where N is a norm in C2?. Zeinstra’s result is contained in

PROPOSITION 2.27. If N is a norm in C? that satisfies (), then there exists a € (—1,1)

such that

l1-a ) 1+a
|21 —iza| + )

N(z) = N(a,2) = |21 + iza).
If a # 0, then
N(a, (1,sign(a)i)) =1 — |a| < 1 = Ta(1, i).
Moreover, sup,e(—1,1) N(a, z) = La(2).
PROOF. We only prove the first part. Define a := 1 — N(1,4). Then |o| < 1 and
N(1,—i) =1+ «. Since

(21, 20) = 21 — 122(171,) " z21 + 122 (1, i),
2 2
we get
1—«a . 1+« .
N(z) < |21 —iza] + |21 +iz2] = N(q, 2).

2
Similarly, N(z) < N(—a, z). Since N(«,z) + N(—a,z) = 2T(z), we must have N(z) =
N(a, z). This completes the proof.

Now observe that N(«,z) = Ta(z + ia(z2,—21)). This permits us to generalize the
counterexample contained in Proposition 2.27 to higher dimensions. If n > 3, we define

Na(z) = Tn(z + ia(ZQa _Zlv 05 Tt 0))
PROPOSITION 2.28. The norm N, is reasonable for the Fuclidean norm in R™ for no
0<|af <1.
PROOF. It is clear that N, is a norm in C". Since Ty, (x + iy) = max(|z|,|y|) for
x-y =0, we get N,o(z) = |z| for x € R". We also have, by Proposition 2.5(4),

Z1 — lazg 2o + iz
k
Na(z)—Ln< ; yR3y 5”0 |-

1—a? 1—a?
In particular,
B 1
1-a?
if 0 < || < 1. Therefore, the norm N, does not satisfy the condition (5) of Theorem 2.19.
This means that N, is not reasonable for the Euclidean norm.

N*(1,0,0,...) L,(1,0i,0,...) 1

=—>
1= laf

ExXaMPLE 2.29. By using the norms N,, 0 < a < 1, we easily check that the
norms Ng(z) + max(|z1|,...,|zn|) and |z1] + Na(2) are not reasonable for the norms
max(|z1], ..., |xn|) + 2| and |z1| + |z|, respectively.

If f(z) = |z| then, by Lemma 2.24, we can restate Corollary 2.21 as follows.
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PROPOSITION 2.30. Let N be a norm in C™ such that N(x) = |z| on R™. Let @ be an
Orlicz function such that @(1) =1 and @ is differentiable at 0. If
N(z +ay) < |[(lz]. lyDlle  forz-y=0

N(z +iy) < || (], ly])]

3+ forx-y=0,
then N is reasonable for the Euclidean norm.

Now choose an Orlicz function @ that satisfies the above assumptions. Define two sets
of reasonable norms:

Ag ={N : N is anorm in C", N(z) = |z| on R" and
N(z +1iy) < [[(|z], lyDlle for z -y = 0},
By = {N : N isanormin C", N(z) = |z| on R" and
N(z +iy) < |||z, ly]]
Denote by Nmin, Mmin the minimal norms in Ag and Bg and, analogously, let Nyax,
Mpax be the maximal norms in Ag and Bg, respectively. (Observe that such maximal
norms exist.) Then, by Proposition 2.30, Nyin = Mmin = T, for any @. If &(t) = t2 then
Nimax(2) = Mmax(2) = |z|. A nontrivial generalization of this fact is

@« for -y =0}.

THEOREM 2.31. Let & : R — [0,00) be an Orlicz function such that &(1) =1, ~1(0)
= {0} and ®(\/t) is a convex function. Let \1(z), A2(2) be the functions of Lemma 2.24.
Then

o
P -

Nimax(2) = [|(A1(2), A2(2))le; Mimax = Nipax(2) = [[(A1(2), A2(2))]
In particular, if ®(t) = |t|P, p > 2, then
Ninax(2) = A1 (2)P + 2(2)P) P, Minax(2) = (M (2)7 + Xe(2))V9, 1/p+1/g=1.
PROOF. Set Ag(z) = ||[(A1(2), A2(2))|la. To prove that Nyax = Ag it is sufficient to
show that A is a norm in C". This function is homogeneous and vanishes only at the
origin. So, the point is to prove its subadditivity. To do this we show that

(%) A3(2) = [I(J]; [y)lle  for all z € C".

It is known (see e.g. [KU] or [M-O]) that if ¢ : [0, 00) — R is a convex function, continuous
at 0, a,b,c >0, c > a+ b, then

¢(a) + ¢(b+c) = ¢(a+b) + é(c).

Applying this inequality to the function ¢(t) = &(v/t) and
2 _ |52 2 |p2 2
R P

=kK?
@ 2 2 ’

c = k?*max(|z|%, |y|?), k>0,
we obtain
P(kA1(2)) + P(kAa(2)) = (klz]) + P(K[y]),

which gives, by the first Amemiya formula, the inequality () (with equality if 2 -y = 0).
Now observe that the function ||(|z|,|y|)||¢ is a norm in R?". Fix z = z+iy, w = u+iv €
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C™. By Lemma 2.24, there exists § € R such that ¢?(z +w) = 2’ + 4y’ and 2’ -y = 0.
Since
e (z 4+ w) = cosf(x + u) — sinO(y + v) + i[cos O(y + v) + sin O(x + u)],
we obtain
Ag(z + w) = Aa(e” (2 + w))
= [|(JcosO(z + u) — sinO(y + v)|,|cos O(y + v) + sin O(z + u)|)||s
< |I(|cos Oz — sin Oy, |cos Oy + sin Oz|)||o
+ ||(Jcos Ou — sin Bv, |cos Ov + sin Gu|)||s
< Ag(e2) 4+ Agp(e®w) = Ap(2) + Ag(w).
Now we show that A} = |[(A1(2), A2(2))[|$~. It is enough to consider the case where
z,y#0,z-y=0. By 2.15 we have

Ag(2) < |[(l=]; [yDll3--
Observe that the space (R?, || - ||g) is strictly convex. Assume that ||ze = ||ylle =
[(x +y)/2|]ls = 1. Then ®(x1) + P(x2) = 1, P(y1) + P(y2) = 1 and D((z1 + y1)/2)
+ &((z2 + y2)/2) = 1. The condition that &(v/t) is a convex function implies (see e.g.
[R-R]) that @ satisfies Clarkson’s inequality

@(w;) +¢(f;7) < %(@(t)—i—@(T))-

From this we get @(“;yl ) —|—€P(m2;y2) < 0 and thus 21 = y1, 22 = y2. As a corollary, we
obtain the differentiability of || - ||$. on R? \ {0} and the norm F(z,y) = ||(|z, |y])[|- is
also differentiable if z,y # 0. Let u + iv = grad F(z,y). We have

u =Dl - [|g-(|zl, |y|)| K
w-v=0,|(jul,[v)lle =1 = As(u +iv) and 2 - u+y - v = ||(Jz, [y])[|3., whence
Ag(x +iy) = (], [yDlI3- = [I(A1(2), A2(2)) |-
This completes the proof.
COROLLARY 2.32. The function Ay(z) = (A(2)? + X2(2)P)Y/P (for p > 1) is a norm
in C" such that

(1) 4p(2) = (|27 + [yI") /7 if 2 -y = 0;

(2) 4p(2) = (2P + [y|") /7, 2 € C" for p > 2;
) A
4) A

v = Dal| - [|3-(

Y
l’lvlyl)m,

(3 () (|x|p+|y|p)”pze@"for1§p§2;

We complete Theorem 2.31 by the following

THEOREM 2.33. Let N be a norm in C™ such that N(z)=|z| on R™. Suppose O(n) C
I'(N) and let no = 1/N(e1 +ie2). If no = 1, then N(z) = T,,(2), and if ng = 1,2, then
N(z) = Ln(2). If 1/2 < g < 1 then one can find an Orlicz function ® : R — [0, 00) with
(1) =1 such that

St

N(z) = [[(Ai(2), A2(2)) |-
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PROOF. If z,y € S"~1 with z - y = 0 are fixed, then, since O(n) C I'(N),
N(nz +ify) = N(ney +ifes) for (n,€) € R

The function f(n,&) = N(ney + ifes) is a norm in R? and I'(f) D I'(| - |1). For this
reason we may apply Grzaslewicz’s characterization of the unit ball in an Orlicz space R?
equipped with the Luxemburg norm (see [G]). It follows from Grzaslewicz’s paper that

f(n,8) = Inl+ [l if no = 1/2 and f(n, §) = max(|n], [¢]) for no = 1. If 1/2 <no < 1, then
fn,8) =1(n,€)]|ls, where & may be chosen as follows. For ¢ € [0, 1], let

g(t) =sup{r >0: f(t,7) =1}
and define
ot = {700 0t <
1/24 (t —n0)/(2(1 —ng)) for t > no.
Then f(n,€) = ||(n,€)|ls and therefore N(z) = |[(A1(2), A2(2))]|&, which completes the
proof.

We end this section by giving a few examples where it is possible to calculate the
norm F(f,-) or F*(f*,-) explicitly (in C™ or on a subset of C™).

EXAMPLE 2.34. Let f(z) = max(|z1],...,|2n|) = |2 co- We have
@) =]+ o = [l
F(f,2) = max(|z1], ..., |zn]) = [|2]loo,
F(f*, z) =sup{|zaw1 + ... + zpwp| : wj = £1},
Fr(f,2) = |zl + -+ lzal = Izl

If n = 2, then
FX(f*,2) = %|21 — 29| + %|z1 + 29].
If n > 2, by Shmul’yan’s theorem, we get
exp F*(f*,) = {ePw: 0 € R, w € R", |w;| = 1}.
Moreover,
exp F(f,) =S x...x S, expF*(f,-) ={e",;:0cR, j=1,...,n},
where {ej, ..., ey} is the standard orthonormal basis in R™. Note also that for any z € C",

[2lloe < Tn(z) < [2] < Ln(2) <|l2]1-

Indeed, for x € R™ we have maxi<;<n |z;| < |z| < |z1| + ... + |z,]. Hence by Proposi-
tion 2.13 we obtain the required inequalities.

EXAMPLE 2.35. Let n =2 and f,(z) = ||z||, = (Jo1|P+|22P)'/P. An easy calculation
gives
. max(|x1],|T2]), 2 <p<oo,
Pl tanio) = { T, 12525
where p’ = 2p/(2 — p), (21, 22) € R% Let now Ny(2) := F(fp, (21,i22)), z€C2. If p > 2,
then N, is a reasonable norm for fo. In particular, Ny (z) = [21] + |22 for p > 2 and
x € R?. On the other hand, N (z) = F*(f},(z1,i22)). This implies F*(f;, (x1,ix2)) =
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|z1| + |2a], © € R?, for 1 < p < 2. Thus, we obtain nontrivial examples of reasonable
norms for the norms f., and f;, respectively.

We now give some application of our formulas. Define, for a given norm f in R",
C(f) =mnf{C >0:F*(f*,2) <CF(f,z) V2 € C"}.

It follows from Proposition 2.15 that 1 < C(f) < 2. Moreover, by Proposition 2.5,
C(f)=C(f*) and C(f ol) = C(f) for any I € GL(R™). Note also that

d(R", f) & C,(R", ) ® C) < C(f),

where d(-,-) denotes the Banach-Mazur distance between two Banach spaces (see e.g.
[T]). Moreover,

f(fv (LZ)) f(f*v (LZ)) = d((R2a f)v (R27 | ’ |))
if I'(f) € O(2) has enough symmetries. It is clear that C(f) > F*(f*,(1,4))/F(f, (1,%))
for n = 2. Hence, we obtain

PROPOSITION 2.35. Let f be a norm in R?. Assume that there exists | € GL(R?) such
that foo < fol < fo or fo < fol < fi. Then C(f) = C(f1). If 1< p < oo, then

C(fy) 2 2172,
with equality for p=1,2, co.

We conjecture that equality holds for any 1 < p < oo and that for any norm f, we
have

C(f) = 2d((R?, f), (R, |- )"

3. Extremal properties of norms F(f,-) in pluripotential theory

In this section we present some extremal properties of the norms F(f,-), which were
obtained by the author in [B1-B4]. As was mentioned earlier, those results were partially
a motivation for this paper.

In the constructive theory of functions as well as in pluripotential theory, an important
role is played by some extremal functions. Especially important is the Siciak extremal
function @ (which is also called the polynomial extremal function) associated with a
given compact subset E of C",

@ (2) = sup{|p(z)["/*87 : p € C[2], degp > 1, [|p|le < 1}
for z € C™ (see [SI1]). By the Zakharyuta—Siciak theorem (see [SI2]),
log®g = Vg,
where Vg is the generalized Green function associated with F,
Ve(z) =sup{u(z) :u € L,, u<0on E},

where £,, is the Lelong class of all functions u € PSH(C") of logarithmic growth: u(z) <
const +log™ |z|. For the background of pluripotential theory see e.g. [KL]. If E C R”
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then we may replace complex polynomials in the definition of @5 by polynomials with
real coefficients and moreover (see [B2])

D(2) = sup{|h(p(2))[/9? : p € R[2], degp > 1, [lplle < 1},

where h(¢) = ¢+ +/¢?—1 for ¢ € C\ [-1,1] is the inverse of the Joukowski function
9(¢) = 5(¢+1/¢), I¢|>1, and

RO =n(3l¢ — 1+ 3¢ +1]), CE€C,

where h(t) =t + vt? — 1, t > 1, with the usual arithmetic square root.
In the special case of a convex symmetric body in R™ we have (see [LU1], [B1])

(3.1) Pp(z) =sup {h(3]z-w— 1|+ 3|z - w+1]|) : w € exp(E*)}.
Moreover, we have
PROPOSITION 3.1 ([B2]). Let f be a norm in R™ and let E be its unit ball. The mapping
¢ (C\{lc] < 13) x {F(f.0) =1} 5 (C,e) = 3(Ce+ ¢y e C”
is a surjection onto C™ \ E and Vg(¢(¢,c)) = log|¢].
One can also prove

PROPOSITION 3.2 ([B7]). Let f be a norm in R™ and let E be its unit ball. Define a
norm 7 in R" 1 by

m(z,t) = (f(x)? +t)Y2,  (x,t) e R*
Then for all z € C",
Pp(z) = M(F(m, (2,1)))-
As an application we get a short proof of an interesting formula:
COROLLARY 3.3 ([LU2], [B1]). If E = B,, then
g, (2) = (A(|2[* + |2* = 1]))"/2.
PROOF. In the case f(z) = |z| we have
m(x,t) = (2 + ) = |(z,1)|
and thus X
F(n(z,0) = 7

Applying this formula and Proposition 3.2 together with the simple fact that h(2t2—1) =
h(t)?, t > 1, we obtain the required formula.

(121 + 1¢1 + 122 + 22,

Part (1) of the following proposition was first proved by Siciak (see [SI3]). The second
part improves and generalizes a result from [A-B].

PROPOSITION 3.4. Let f be a norm in R™ and let N be a norm in C" that is reasonable
for f. Put E = {f(x) <1} and B={N(z) <1}.

(1) If p € Clx], then
Ipllz < R(V2)*#?||p| .
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(2) If p € R[], degp = k, then
Ilpllz < Te(V2)|Iplle,
where Ty (() is the Chebyshev polynomial Ty(t) = cos(k arccost), t € [—1,1].

PROOF. (1) Since N is a reasonable norm for f, we have BC {F(f,z) < 1}. It follows
from the definition of the Siciak extremal function that

Iplls < (Slelg Dp(2) P plle < (sup{Pp(2) : F(f,2) < 117 |p .
Moreover, if F(f,z) <1 we have
Bp(z) = h((sup {&(z-w|® + 1) + §|(z- w)? = 1] s w € B*})"?) < h(v2),

which completes the proof of this case.
(2) Now suppose p € R[z] and degp = k > 1 and take ¢(z) =
u(z) = +log |h(q(2))| € £, and ujz < 0 on E. Hence

h(g(2)] < Pr(2)" < h(V2)" = h(g(h(v2)")) = h(Tk(V2))
for z € B. On the other hand,
h(max(1,[q(2)])) < h(3la(z) = 1 + $la(2) +1]) = [h(q(2))] < h(Tr(V2)),

and the proof is complete.

REMARK 3.5. For a norm f in R™, we define
ok(f) := sup{|lplls/llpl = : p € Clz], degp < k}
oy :=sup{or(f) : f is a norm in R"},
for k =1,2,..., where E = {f(z) < 1} and B = {F(f,2) < 1}. Then ox(f) < o) <
h(+/2)k. Moreover, for k = 1,
C(f) <oi(f) < V1+O(f)%

whence 2 < o1 < /5.

In the proof of the next proposition we give an application of Propositions 2.26 and 3.1.
We shall need the definition of the homogeneous polynomial extremal function associated

with a given compact subset E of C™ (see [SI2]). Let Hy be the set of all homogeneous
polynomials in C™ of degree k > 1. Define

Ui(z, B) = sup{|Q(2)['/* : Q € Hy, [|Qllz < 1}
for z € C", and
Ug(z) = sup{¥(z, F) : k € N}.
Let E = {x € R": f(z) < 1} be the unit ball for a norm f. Then we always have
[2ller) < ¥(z, E) < ¥i(2)

with equalities for z = (z, ( € C,z € R™. Indeed, let £ be the unit ball for the crossnorm
Il - llecpy- Then ||lz]lopy = sup{lz-w| : w € £} If Q(2) = z-w and ||Q||g < 1, this is
equivalent to F(f*,w) < 1, which gives w € £* and the required inequality follows.
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PROPOSITION 3.6 ([D], see also [SI2]). We have
U(2,B,) = Lp(2) forzeC", Wy, = L,.

PROOF. It suffices to consider the case where z = $(Cc + ¢7'¢) with |[¢| > 1, ¢ =
a+ibeC” |a|=1,0< b <1, a-b=0. We denote by g the Joukowski function
$(C+¢71) and by g the function 3(¢ — ¢71). Set

Q) =35(e+¢) and  ¢(¢) = g(¢) +3(¢)[b]
for |¢| > 1. If |¢| = 1, then |f(Q)] = |¢(¢)]. Take Q € Hj with |Q]|s, < 1. Then the

function

u(Q) = 3 g |Q(F(O)] ~ log|9(Q)], 1> 1,

is subharmonic. Since u is bounded above and u < 0 on S', by the maximum principle
for subharmonic functions we get © <0 for || > 1. Now, for z = g(¢)a+1ig({)b, we easily
check that

(O] = {Iz* +g(¢P)BIP} 2 and G2 = |2]* = |22
This gives |Q(z)|"/* < L,(z) and the proof is complete.

REMARK 3.7. A shorter (but less elementary) proof of the proposition can be deduced
from the fact that the Shilov boundary of the Lie ball is equal to exp L,, (see [H]). However,
our proof gives a little more. Namely, it follows from our argument that both log ®g, and
log ¥, are harmonic on each leaf ¢(¢) = 3(Cc + ¢'¢) with T;,(c) = 1 and |¢| > 1. In
general, if log [||c(s) is harmonic on {¢¢(¢) : [¢| > 1}, where ¢.(¢) = 3(Cc+ (~'¢) with
F(f,c) =1, then ¥g(z) = ||z][¢s). One can show that this does not hold in the case of
R? with f(z) = ||2]|oc (see [B6]).

Put

(2,0) = F(m, (2,0)) + (F(m, (2,)* = [¢))2, (2,0 e C"T,
where 7(z,t) = (f(x)? + t2)"/2. Observe that v(z,i) = ®g(z). Since the homogeneous

extremal function is homogeneous, by Proposition 3.2 we can obtain the following upper
bound for ¥g.

PROPOSITION 3.8. If f is a norm in R™ with unit ball E then for all z € C",
3.2 v < inf .
(3-2) 5(2) < Inf 7(2,¢)

Hence we obtain the inequalities

lzllery < VE(2) < 2F(f,2), z€C"

For f(z) = |z| we have v(z, +iv/22) = lzl|e(f), whence, by (3.2), we get another proof of
the equality ¥g, (2) = Ly (2).

Let E be the unit ball for a norm f in R™. For a fixed € int(E) we define a norm
Ay in R™ by

1 , v - wl n
Am(’l)) = 51_1)%1_’_ EVE(JI + ZE’U) = we:};}?E*) m, v € R".
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The norm A, can also be defined by
Ay (v) =inf{t > 0: F(f,v+itx) < t}

and thus it is also given by the condition F(f,v + id;(v)x) = Ay(v). In particular, if
f(z) = |z| then

o2 1/2
aotw) = (o + L) veme

For every norm we have the inequalities

F0) € Aa(v) < f0)(1 = f(@)*)72, v eR™

To present the next results, we need the following definition.
Let E be a compact subset of R". Let K =R or K = C. Then we denote by G(;)w =

Gé“’ the following set of gradients of polynomials at a fixed point z € E:

1
611 = { (g adp(o) - p € Klon, o), degp 2 1. [plle <1

PROPOSITION 3.9 (Generalized Markov theorem, [B3]). Let f be a norm in R™ and
let E={f(z) <1}. Then for every x € E,

G(z):{f*(y)ﬁl} if K=R,
* {F(fr2) <1} if K=C.

In the real case we also have, for x € int(E) and 1 < a < 2,
E*C G c(1- f(x)?) /2~

For o =1 we have more precisely

(3.3) G = {v: Au(v) <1} =: E(a).

One can also prove (see [B7]) the following generalization of the classical van der
Corput—Schaake inequality (it is the case m = n =1 of the proposition below).

PRrROPOSITION 3.10 ([B7]). Let Q : (R™, f1) — (R™, f2) be a polynomial mapping. If
fi(z) <1 and f2(Q(x)) < 1 then for all v € R™,

AQ(a)(d2Q(v)) < (deg Q) Az (v)[| Q]
where [|Q = sup{f2(Q(z)) : fi(z) <1}
REMARK 3.11. It has also been shown in [B3-B4] that

AB|peem =M vol(GV) dz = n!vol(E*(x)) dz = \(x) d,

where A is the complex equilibrium measure A\g := (dd°Vg)™, where (dd°-)" is the
complex Monge-Ampere operator. (Here F is the unit ball with respect to a norm f and
Gt corresponds to the case where K =R.) We also have

[ n!vol(conv(Sy(E*))) (see [BT)),
Aw) = {n!vol(conv(Sm(exp(E*)))) (see [B3]),
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for z € int(E), where S, (y) = (1 — (z - y)?)~/2y. Since Ag(E) = Ag(C") = (27)" (see
e.g. [KL)), for every convex body E in R™ we get

1
—(2m)" < const Vvnvol(B,)?.
n!
This implies that there exist constants ¢, such that

K(E) := (vol(E) vol(E*) /vol(B,)*)'/™ < ¢,

vol(E) vol(E*) <

and ¢, — 1 as n — oo. The above result is a slightly weaker version of the known Santal6
inequality (see e.g. [P2])
k(E) <1.

To end this section we prove an interesting property of the equilibrium measure.

THEOREM 3.12. Let f1 and fa be norms in R™ and R"™2, respectively. Let E; be the
unit ball for f;. Then

)\El ><E2 = )\El ® )\EQ'
PROOF. It is known ([SI1]) that
Vi x B, (21, 22) = max(Vg, (21), Ve, (22)), (21, 22) € CF72,
which gives
A(am,wz) (1)1, '02) = max(/lxl (1)1), AI2 (UQ))'
Applying the method from the proof of Proposition 2.15 one can check that
/f(kzl,mz)(vl, 112) = Ail(vl) + AL (Uz)a (Ul, 112) e R™Fm2,
LEMMA 3.13. For all x1 € int(E7) and z2 € int(E»),
7’1,1!7’),2!
(nl =+ ’ng)'
Proor. We have, by Fubini’s theorem,
VOl((El X EQ)*({El,.IQ)) = S VOl({A;2 ('UQ) S 1-— A;l (1)1)}) d’Ul
Ef(z1)

=vol(B3(w2)) | (1= A%, (1)) dus.
Ef(z1)

vol((E1 X E3)*(x1,22)) = vol(E7 (x1)) vol(E3 (x2)).

To finish the proof of the lemma we need the following claim.

CLAIM 3.14. Let f be a norm in R™ and let E be the unit ball for f. Let ¢ € L'[0,1].
Then

1
| 6(f(2)) dz = nvol(B) "~ *o(t) dt.
E 0
In particular, for all m > —1,
V(1= f(2))™ dw = nB(n,m + 1) vol(E),
E

where B(a, B) = S(l) t*=1(1 —t)8=1dt is the Buler beta function.
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PROOF. It suffices to consider the case where f is smooth. Let
w(B1,...,0,-1) = (cosby ...cos0,_1,co80;...co86,_osinb, 1,...,sinb;)
for 6; € [0,27] and let
w(f)
=rx(0).
f(w(8))
Then |Jac G(r,0)| = r"~*|Jac x(0)| and we can write

G(r,0)=r

Votr@nae={ | " '6(r)3acx(6)|dodr

E 00,2771
1 1 1
=n\t"toydt\rtar | |Jacx(0)]d0 = n\t" " o(t) dtvol(E).
0 0 [0,27]n—1 0
Now let

) L\ |
fj,k(xj) = <WE‘;) ES*(IJ' . ’LUj) dwj> , Xj € RHJ, ] = 1,2,

and let Ejp = {ijk(xj) < 1}. Then Ejr1 C Ejp, VEM e VEJ-, VEl,kXEz,k e
Vi, xE, and, by the continuity properties of the Monge-Ampere operator, Ag,, —
AE;y AE1pxEs, — AEyxE. and Ap, , ® Ap,, — Ap, ® Ag, in the weak sense. Hence
it suffices to check that Ag, , xE,, = A, ® AE, . The measures Ag, ,, AE, s AE1  xEa
and Ag, , ® Ag, , have no mass on the boundary of Ey x, E2 . and E1 i, X E3 i, respectively,
and therefore

A, = 1yl vol(Ej . (z;)) dxj,
AE, o x By = (1 4+ n2)!vol((E1x X Eax)" (21, 22)) day day.
By Lemma 3.13 we have
(n1 + n2)!vol((Er i X Ea )" (21,22)) doy dag
= n1! vol(EY i (21)) dry @ na! vol(Ej3 i (x2)) dxz,

which gives the desired equality Ag, , xE,, = Ag,, @ Ag,, and the proof is complete.

4. Biholomorphic inequivalence of
some convex circular domains

A domain 2 C C" is called circular if it is invariant with respect to the rotation
group: €2 C 2 for each # € R. In particular, every open ball with respect to a norm
F in C” is circular. Let us recall that two domains (21, {25 C C™ are biholomorphically
equivalent (£ b £25) iff there exists a biholomorphic mapping ¢ : {1 — {25. For circular
domains {21, {25, the problem of biholomorphic equivalence reduces to a linear problem
via the following remarkable result proved by Braun, Kaup and Upmeier:

PROPOSITION 4.1 ([B-K]). Let £21, 25 be two bounded circular domains in C™. Then

2 ", iff there exists L € GL(C") such that L(£21) = £25.
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It follows from the properties of linear mappings and convex sets that in the case
where both circular domains are convex this problem reduces to a simpler one: when
does there exist a linear homeomorphism between exposed points of two given bounded
convex circular domains? However, if we know nothing about the geometry of exposed
points of the closure of both domains the problem is still difficult. In this section we
solve this problem for domains {F(f,z) < 1} and {F(g,z) < 1}, where f and g are two
norms in R™. As we have seen in Section 3 such domains are important for applications
in pluripotential theory and in polynomial approximation. We also saw in Section 2 that
the set exp F(f,-) does not have a simple description and its geometry is, in general,
unknown. But the situation is different for the norm F*(f*,-) or, equivalently, for the
crossnorm || - [|o(5). By the remarkable Ruess and Stegall [R-S] result concerning exposed
points of the tensor product of Banach spaces or by Heinrich’s result [HE], we have

PROPOSITION 4.2 (Heinrich-Ruess—Stegall theorem in C™). Let f be a norm in R™.
Then

exp F (f*,) =exp|l - |lecp) = {eww cweexpf, 0 R}

REMARK 4.3. Note that some special cases of the above result were obtained in Sec-
tion 2 with the aid of Shmul’yan’s theorem. That theorem is, in fact, a basic tool in Ruess
and Stegall’s argument.

COROLLARY 4.4. If f is a norm in R™ (n > 1), then the circular domains {F(f,z) < 1}
and {F*(f,z) < 1} are not biholomorphically equivalent to the unit Euclidean ball in C™.

PrOOF. It follows from Proposition 4.2 that {F*(f,z) < 1} has boundary points
which are not exposed, while the unit Euclidean ball in C™ has strictly convex boundary.
Since |z|* = |z|, Proposition 2.5 implies that {F(f,z) < 1} is not biholomorphically
equivalent to the unit Euclidean ball B,,.

In our next considerations a vital role is played by Proposition 4.2 and by the following
elementary lemma.

LEMMA 4.5. Let A, B be symmetric subsets of R™ and let A contain n linearly inde-
pendent vectors. Assume that there exists L € GL(C™) such that

L{e®%a:ac A, 0cR})={e“b:be B, 6 cR}.
Then there exists L € GL(R™) such that L(A) = B.
PrOOF. Let A = {as,...,a,} C A be a set of linearly independent vectors and let
L(aj) = €®ib;, j=1,...,n.
Then {b1,...,b,} is also a system of linearly independent vectors. Introduce an equiva-
lence relation ~ in A as follows:
ag ~ a; & e =ttt

Fixa € A, a = Zj ajaj. It is easy to check that if ajoy # 0, then a; ~ ag. Let
A= A U...U A be the decomposition of A into ~ equivalence classes and let A; =
[aj]~, 1 =1,...,k. Define

L(a) :=e ®iL(a) ifac A, l=1,...,k
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and extend L on the whole space R™. Then L has the required property. This completes
the proof.

Let Aut(£2) denote the group of biholomorphic automorphisms of a domain 2 C C"
and let Aut,, (£2) = {¢ € Aut($2) : ¢(20) = 20} (see e.g. [J-P]). If £2 is a circular domain
and 0 € int(§2), then by the classical Cartan theorem (see e.g. [KR]) Auto(§2) C GL(C™).
If f is a norm in R™, then put

B ={2€C": F(f,z) <1}, Bj={2€C":F(f,z) <1}
Applying Lemma 4.5 we derive
PROPOSITION 4.6. (1) For any norm f in R™,
ST I(f) C Auto(B}.), S'-I'(f) C Auto(By).

(2) If there exist ai,...,ant1 € exp f such that ai,...,a, are linearly independent
and ap1 = Y7 ajaj with o #0, j =1,...,n, then S' - I'(f) = Auto(B}.).
(3) If a similar condition holds for exp f*, then S* - I'(f) = Auto(By).

PROOF. (1) Let £€ I'(f). For z€exp|| - |lo(s), we have |[e?¢z]| ;) = 1, which gives
[€]|csy = 1. Since |det(e?¢)| = |detf| = 1, by 2.7(6) we have "¢ € Auto(B}.),
and hence S* - I'(f) C Auto(B}.). By this inclusion applied to the norm f* we get
St I(f*) C Auto(B}) and therefore S* - I'(f) C Auto(By).

(2) Let L € Auto(B}.). It follows from the proof of Lemma 4.5 that a; ~ aj for all
1 < j,k <n. Define £ € GL(R™) by

Uaj) =e " L{ay), j=1,...,n.

Then ¢ = e[ € Auto(B}.), which gives f({x) = [[lz]los) = @ller) = f(2), ie
e I'(f).

(3) With our assumptions we have, by (2), St - I'(f*) = Auto(B}), which implies
St I'(f) = Auto(By), and the proof is complete.

In the special case of f(z) = |z|, our argument yields a new simple proof of the
following known property (see [KI2], [J-P]):

COROLLARY 4.7. If f(z) = |z| then Auto(T,) = Auto(L,) = S* - O(n), where T,, =
{T,(2) <1}, L, = {L(2) < 1}.

REMARK 4.8. The example of the norm f(z) = |z1| + ... + |x,| shows that our
assumption on exp f in 4.6(2) is essential. Note also that, as in the complex case, if
£, € I'(f), then £ € O(n). Indeed, we have £ € Auto(By) and £ € Auto(B}), which
implies, by 2.7(5), £ € U(n) and therefore ¢ € O(n).

Now we can formulate the main result of this section related to the problem of biho-
lomorphic inequivalence of the balls By.

THEOREM 4.9. Let f and g be norms in R™. The following conditions are equivalent:

« bih. .
bih.
(2) By ~ Bg;

% bih. 4oy
(3) Bf ~ 897
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(4) By "% By

(5) {f(z) < 1} and {g(x) < 1} are linearly homeomorphic;
(6) {f*(z) < 1} and {g*(x) < 1} are linearly homeomorphic;
(7) exp f and expg are linearly homeomorphic;

(8) exp f* and exp g* are linearly homeomorphic.

PROOF. Observe that by Propositions 1.1, 1.2 and well-known properties of linear
mappings
(7)=(5)=(6)=(8).
Now we prove the basic implication (1)=(7). We may assume that there exists a linear
automorphism L of C™ such that
L(B}.) = B..

Then, by Proposition 4.2 and by Lemma 4.5, there exists a linear automorphism L of R"
such that

L(exp f) = expyg,
and condition (7) is satisfied. Conversely, assume that condition (7) holds. Then (5) holds

as well. Thus, by Proposition 1.1, g = f o /¢, where ¢ is a linear automorphism of R™. Let
L be the natural extension of ¢ onto the whole C™. Then

F(g,2) = F(fol,z) =sup{|z-w|: f(lw) <1}
= sup{|(L") 'z - bw| : f(tw) <1} =sup{|(L*) 'z w]: flw) <1}
= (F(f,1)) o (L) 71)(2)-
Hence F(f, ) = F(g,-)oL* and (2) is satisfied. By Proposition 2.5, (2)=-(3) and, applying
similar arguments to f* and g¢*, we get (3)=-(8) and also (8)=(6)=-(4). Finally, by
Proposition 2.5, (4)=-(1). The proof is complete.
COROLLARY 4.10. For n = 2, the domain By is biholomorphically equivalent to the
unit polydisc if and only if #exp f =4.

REMARK 4.11. A natural question arises: are circular convex domains By and B}.
biholomorphically equivalent? This problem is, in general, difficult. One of the difficulties
is that in most cases Auto(By) = Auto(B}-).

Let f be a fixed norm in R, n > 1. Define G4 (2) := (1 — «)F(f, 2) + aF*(f*, z) for
€ [0,1]. Then G, is a norm in C™ that extends f. We conjecture that the interpolating
domains {G, < 1} and {Gg < 1} are not biholomorphically equivalent if o # 5. We
prove this conjecture for f being the Euclidean norm.
Fix a € [0, 1] and define N, := (1 — @)1}, + oLy, 24 := {N, < 1}.

PROPOSITION 4.12. Fiz n > 2. Then for all « € (0,1),
Autg(£2,) = St - O(n) = Auto(£27).

PROOF. It is enough to prove the second equality. We prove it for n = 2 and n = 3.
For higher dimensions the proof is similar. Since I'(T},) = I'(L,) = S* - O(n), we have
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the inclusions
S'.0(n) C Autg(£2,), S*-O0(n) C Auto(£25).
Next, observe that Autg(£2,), Aute(£2%) C U(n). Since O(n) D I'(|| - ||1), we get
[ S 2% dz} = const -1,
E‘*

where E = §2,, or E = (2%, and thus, by Proposition 2.5, we obtain the required inclusions.
By Shmul’yan’s theorem one can check that

exp N = {e“(z +iay): 0 € R, z,y € "7, z-y=0}.

This implies that S* - O(n) acts transitively on exp N.
Now assume n = 2 and take £ € I'(N}). We now show that there exists ¢ € S1-O(2)
such that ¢/ o £ = I,,. Choose ¢’ € S'-O(2) such that ¢; = ¢’ o £ has the form

0(1,ia) = b1(eq +iaes) = (1,ia),
(1(ia, 1) = £y (eg +iaer) = e ((cos ¢, sin ¢) £ ia(sin ¢, — cos @)).
Since (1,ia) - (ia, 1) = 0, we get cos ¢ = 0 and
(1(ia, 1) = € sin ¢(ic, 1).
If we take sin¢ = 1 then
Ci(1,i0) = (1,i0), Ci(ia,1) = e (ia, 1).
By the assumption N, o ¢; = N,. In particular, N, (¢](cos ¢,sin¢)) = 1 for each ¢ € R.
We have (see Section 2)
1 1
No(z) = —(12[2 + [22)2 + a—(|2[2 — |22])/2.
(2) = (|27 + 7)) 04\/5(|Z| 12°])
Now we calculate
1 .
03 (cos ¢, sin ¢) = E[(COS ¢ —iasin@)(1,ia) + (sin ¢ — ia cos ¢)e " (ia, 1)],
where d = 1 + o?, whence
|05 (cos ¢, sin @) > = 1
and
1
|03 (cos ¢, sin ¢)?| = E|40¢2 + (1 —a?)?cosh
+i[2a(1 — a?) sin 2¢(1 — cosf) + (1 — a?)? cos 2¢sin 0]).

Observe that the function f(t) := (14 t)'/2 4+ a(1 — t)*/? is injective for 0 < ¢t < X and
for A <t <1, where A = (1 —a?)(1+«?)~!. This implies that |¢;(cos ¢, sin ¢)?| is locally
constant and that this forces cosf = 1. It means that ¢; = I, which completes the proof
for n = 2.

Now consider the case where n = 3. Let £ be a linear automorphism of 2%. One can
choose ¢’ € S1 - O(3) such that £; = ¢’ o/ is of the form

li(e1 +ices) = (e1 + iaes), L1(e2 +icer) = ew(x +iay), fi(es) =u+iv.
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Since [; is a unitary map, one can easily check that xo = y1,y1 = +1 or x1, and x3, Y2, y3 =
0. If we put y; = 1 then, by an argument similar to that for the case n = 2, we show that
¢ = 0. Then ¢1(e3) = e™¥e3 and we easily check that ¢y = 0. This means that ¢; = I3,
which completes the proof.

REMARK 4.13. To prove Proposition 4.12 we did not need an effective formula for N.
However, such a formula will be found later (see Lemma 4.18).

PROPOSITION 4.14. If a, f € [0,1] and o # 3, then the unit balls 2, and 23 are not
biholomorphically equivalent.

PROOF. Suppose that 2, and 23 are (linearly) biholomorphically equivalent. Then
the dual balls £2% and Q_E are linearly equivalent. Let L € GL(C") and L(2%) = .Q_Z;
Then

L(exp N}) = exp Nj.
Since I'(N*) = S' - O(n), the mapping
o(0) = LeL™t
is an automorphism of the group S* - O(n). We also have det #(¢) = det £ and
&(0O(n)) = O(n).
Since we know the structure of automorphisms of the orthogonal group (see e.g. [DIE]),
D|0(n) must be of the form
(1) = Lolly'  with £y € O(n).
Let L = Ly 4 iLy. Then, for all £ € O(n), we have
Uo Lyl =00y Ly, Ly Lol = 005" Ly
and since the Euclidean space R™ has enough symmetries,
(5 Ly = al,, (5'Ly=0bl,, L=cly, c=a-+ib.

If 29 € exp N, then T;,(20) = 1. This implies |c[ = 1, exp N = exp Njj and N, = Np,
which is impossible if a # 3. The contradiction completes the proof.

Recently K. T. Kim [KI2] has proved that the Turowicz ball T,, has compact auto-
morphism group and

Aut(T,) = Auto(T,) = S* - O(n).

Motivated by Kim’s result, at the end of this section we prove that the groups Aut((2,),
a € (0,1), are compact for n = 2. Our proof will be also based on Kim’s idea (see [KI1,
2]), which is closely related to his so-called scaling lemma. This method is very helpful

in the situation where we cannot apply the Wong—Rosay theorem. We need the following
version of the scaling lemma.

LEMMA 4.15 (see [KI1]). Let 2 be a bounded convexr domain in C™ and p € exp (2.
Assume that there exist {g;} C Aut(£2) and po € 2 such that g;(po) — p. Then there
is a sequence {A;} C GL(C™) such that ||4;]] — 0 as j — oo and lim;_. Aj_l(Q -p)
=: 0 exists and is biholomorphic to {2. Here the limit is taken in the sense of the local
Hausdorff set convergence.
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REMARK 4.16. If p € exp (2, then p is a local peak point for £2. This property is
essential for the proof of the above lemma (see [KI1]).

PROPOSITION 4.17. The group Aut(£2,), a € (0,1), is compact for n = 2.

PRrROOF. We start with the observation that 0f2, is strictly pseudoconvex at all points
which do not belong to the subsets 0Q1 := {Hﬁew(l, +i) : 0 € R} or 0Qs = {e"w :
0 € R, weR? |w|=1}. At these points 92, is not of class C2. Observe also that

0Q; = {¢(QJ) tp € St 0(2)}7 J=12
ﬁ(l,i) and g2 = (1,0). This means that it suffices to apply the scaling
technique only at ¢; and ¢go. (At points of strong pseudoconvexity we may apply the
Wong-Rosay theorem.) However, we need to know first that qi, ga € exp £2,. To get this
we prove

LEMMA 4.18. N} = max (Tm 1JFLO[LH) forn > 2.

PROOF. Since max (7T}, (2), ﬁLn(z)) = 1 for z € expNZ, it follows that NI >
max (Tn, ﬁLn) Now it suffices to check the opposite inequality for z € C™ such that
x-y=0. Put 2’ = z/|x|, ¥ = y/|y| and take w = u+iv, u-v =0, v’ = u/|ul, v' =v/|v|,

r = max(|2’ - w/], ]y’ - v']), o = max(a’ - '], [y’ - w']). Then

where ¢ =

2wl < [(lzllulz” -’ + lylloly’ - o) + (zlfolz” - o + |yluly’ - u')*]'/?
< [ ful + lyllo)*r® + (z[o] + lyllul)*e*]"/?
< max(|a|ful + [yl[v], [z][v] + |y[[u]),
since 72 4 0% < 1. If N, (w) < 1, then |u|+ alv| < 1, |v] + alu| <1 and we easily deduce

|+ w| < max (|x|, wl, M) ~ max (Tn(z) L"(Z)).

l1+ao 14«

Thus N}(z) < max (T, (2), L{_L‘_(;)), which completes the proof.

Now we have

Tr(g2) > La(g2), La(q1) > Ta(q1)

1+« 1+«

and

Lz) (@) = a-

Thus q1, g2 €exp 2. For simplicity of calculations we transform linearly 2, onto D, :=
0(£24), where £(z1, 22) = (21 —iz2, 21 +i22). Then i = —2=(1,0)=4(q1) and G = (1,1) =

grad T»(q2) = q2, grad (

l1+ao

14+«
¢(g2) are new points for scaling. The domain D, has a simple description:
1-— 1 1 1-—
Do = al+ —Snl <1, Ll + 5l < 1

Assume that there exist py € D, (resp. p2 € Dy ) and {g;} C Aut(D,) such that
Jim g;(p1) =@

(resp. limj_.o0 gj(p2) = G2). Our goal is to show that this gives a contradiction. First
we consider the case of g1. Let A; = (a/¥)r1=12 € GL(C?) be a sequence obtained in
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Lemma 4.15. In particular, afl — 0 as 7 — oo and ﬁa = lim;_. A;l(Da —q) is

biholomorphic to D, and thus it is an unbounded hyperbolic domain (in the sense of
Kobayashi, see e.g. [J-P]). The domain Aj_l(Da — q1) is represented by

1+a\’ 1—a\?
(—> 202 — (—2 ) PR+ 1+ a)RED) + (1 - )] <0,

2
1—al o 2 I+a, (2
\ <1,
> |5 T1ta 14
where zJ(-l) = a}lzl + a]1222, zj(-z) = aflzl + a§222. We may assume that a]lk/|a}l| — alk

and a?k / |a§1| — a?*, k = 1,2. Further, choosing a subsequence if necessary, we may also
assume that either (I) [a}'[/[a3'| — b'* or (IT) [a3'|/|aj'| — b°'. In the first case Dy, has
the following description:

IA)Q © R(cMz 4 ) + [Py + PP <0,
where c'* = b12¢'% and ¢! = a2?* (details are analogous to those of Kim’s proof of his
Proposition 1 in [KI2]). Since D, is a hyperbolic domain, det(c!*) # 0 (see also [KI2]).

Thus, ﬁabiw}]'{%(zl)—l—kﬂ < 0} and considering the mapping ¢(z1, 22) = (— }J_F—Z, (1_Z§1)2)
bih.

we easily see that Dy ~ {|z1]2 4 |22| < 1} = D’,. Hence, by 4.15, D, bl D’,. But this
is impossible. Indeed, since D, and D! are circular, they are linearly equivalent. In
particular, the sets of points at which 9D, and 9D, are not smooth are also linearly
equivalent. The set of points of nonsmoothness of 9D/, is the circle ST x {0}, while the
set of points of nonsmoothness of 9D, has three disjoint components. Thus we have a
contradiction in this case. We analogously obtain the same contradiction in case (II).

Now we investigate the case of g2, which is a little more laborious. Define

o) = [(152) Gaaf +2ma) - (252 e 2man)|

+2(1-a) [(“Ta)guw o) - (45 a)2<|z1|2 +20()|

— (1= a)*(|z2|* +2R(22)),
1+« 1-—
6(2’1,22) = 5 |Zl+1|+ 5

Then the domain Aj_l(Da — @q2) is represented by the conditions
5(25-1) ZJ(-2)) <1, ga(zj(-l),zj(?)) > 0; 5(,2](-2),2“](-1)) <1, <p(z(-2),zj(-1)) > 0,

J
where zj(l) ,
obtain

«
|22+1|.

2)

b
2 are gi bove. B ] iderati in th £
j glven as above. y ana. ogous consiaerations as 1 e case O q1 we

Do " {R((1 + ea)zr + (1 —ea)z) < 0, e = —1,1} 2 {|¢] < 1)2,

and thus Dy, " {|¢| < 1}2, which is impossible if a € (0, 1). Here also the sets of points of

nonsmoothness on 0D, and on the boundary of the polydisc are topologically different—
this set is equal to the torus S' x S' for the polydisc. We obtain a contradiction, which
completes the proof of Proposition 4.17.
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THEOREM 4.19. Aut(§2,) = S* - O(2) for a € (0,1).

ProoOF. This is a consequence of Propositions 4.14, 4.17 and Kim’s result [KI2,
Prop. 2].

REMARK 4.20. It follows from Propositions 4.12 and 4.14 that

2R Qs a=p
and
Autg(£25) = S'-O(n) for all a € [0,1].

Here the domains {27 are the unit balls with respect to the norms max (Tn, ﬁr—"a) We
can also obtain these domains in the following way. Let G = S - O(n). This group acts

on St, and Sp_, and acts transitively on expT,, and exp L,. Introduce an equivalence
relation on the sphere St, by

z1 ~ 29 iff there exists £ € G with zo = £z;.

Let £2(zo) = int(conv{lzy : £ € G}) be a convex circular domain induced by the orbit of
the point zg. Thus, we have

28 = Qe +ices), acl0,1], 2(z) oL Q(z) T 21~ 29

(e

and Autg(£2(z0)) = G for each zp € St,.

5. The complex method of interpolation and
conjugate norms in C"

In this section we present some results related to complex interpolation in C". Our
goal is to calculate the interpolation norms for the couples (C", L,,) and (C™,T,).

First, we recall some basic facts on the complex method of interpolation. This method
was introduced by A. P. Calderén [CA] and J. L. Lions [LI] in the early sixties. For details
we refer to the monograph [B-L].

Let A = ((Ao, |- |lay)s (A1, - |l4,)) be a couple of complex Banach spaces such that
Ap and A; are subspaces of some complex Hausdorff linear topological space. Define the
intersection A(A) = A(Ap, A1) and the sum X(A) = ¥(Ag, A1) of Ag and A; by

Ao N A;  with the norm ||z]| o = max{||z|| 4,, [|2]| 4, }
and
Ao+ Ay with the norm  ||z|| 5 = inf{||20]| 4, + [|21]|4, : 2 = 20 + 21, 2; € Aj},
respectively. Then A(A) and X'(A) are Banach spaces. Let
S={CeC:0<RC<1}, So={CeC:0<RC<1}
and put

f(AQ,Al) = {f 0S5 — Z(AQ,Al), fe C(S) n LOO(S) N O(So),

JG+it) € Aj, Jim (G +i0lla, =0, § =01},

| =00
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Then F(Ao, A1) is a Banach space with the norm
1fll = max{sup [ £(it)l| a5, sup [|F (1 + it) [ 4, }-

Define also
Ay ={a € Ag+ Ay : f(0) = a for some f € F(Ag, A1)}
and for a € A, 0 <60 <1,

lallig) = inf{[|f]|7 : f € F(Ao, A1), f(0) = a}.

The Banach space (Ajgy, | - [|jg)) is called the interpolation space for the couple A or the
interpolation space for the complex method.

The basic properties of this method were obtained by Calderén [CA]. For the conve-
nience of the reader, we present some important facts. The proofs can be found in [B-L].

THEOREM 5.1. Let A = (Ao, A1) be a couple of complex Banach spaces. Then

(5.1.1) (Ao, Ao)jg) = Ao, (A1, Ao)ig) = (Ao, A1) 1—g),
and A(Ag, Ar) is dense in (Ao, A1)jg), 0 <0 < 1. If 2. € AgN Ay, then
(5.1.2) Izl < 21,2215, -

(Ajg) is an interpolation space of exact exponent 0.) If Ag is reflexive, then so is A, 0 <
0 < 1. Moreover, if A(Ap, A1) is dense in Ay and A1, then we have the duality theorem

(5.1.3) (Ao, A1)y = (A5, AT)jg)-
If A(Ao, Ar) is dense in Ao, A1, A(Ajg,1, Ajg,]), then we have the reiteration theorem
(5.1.4) (A[gl],A[gﬂ){g] = (Ao,Al){g], 0<o<1,0=(1-0)b1+0cbs.

(Interpolation theorem) Let (Ao, A1) and (B, B1) be two couples of complex Banach
spaces and let T; : A; — Bj, j = 0,1, be two continuous linear operators with norms
My and M, respectively. Assume Ty =Ty on Ag N Ay. Then there exists a continuous
linear operator Ty : (Ao, A1)je) — (Bo, B1)[g), To = T on Ao N A1, with norm Mg, which
satisfies the inequality

(5.1.5) My < M}=OM7.
0 1

All these assumptions are satisfied if Ag and A; are equal to C™ equipped with any
norms F' and G. In this special case we also have the following properties, which easily
follow from the definitions or from Theorem 5.1. In particular, (5.2.3) is a consequence
of (5.1.3) and (5.2.2).

PROPOSITION 5.2. Let F, G be norms in C™ and let L be a linear automorphism of

(5.2.1) ((C", FolL),(C"Go L)) = (C", [ H{G] o L),
(5.2.2) ((C", F(2),(C",G(2)p = (C", [|Z]|g)),
(5.2.3) ((C" F), (C",G))jg = (C™ [ - Ifg))-
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If F < G, then F(z) < ||z]|j9) < G(2) for all z € C*, 0 € [0,1]. If (C", F),(C",F*))g =
((Cnv H ’ HEFG])’ then

(5.2.4) 1205y = llzllj—oy-
In particular, ||z[7; o = l|2[l11/2) = |2]-
As an application we prove part (5) of Proposition 2.7.

PROOF OF PROPOSITION 2.7(5). Assume L,L* € I'(F)}. Then L € I'(F*) and, by
5.2.3 and 5.2.4, we have

((Cnv | ) | OL) = (((C",Fo L)? ((CnvF* OL))[1/2] = ((CnvF)v ((CnvF*))[l/Q] = ((Cnv | ) |)
This means that L € U(n), as claimed.

Now we show that there exists a norm F such that the Banach space (C2, F) is
isometrically isomorphic to (C2%, F*) but (C?, F) is not isometrically isomorphic to the
Hilbert space (C2,|-|). The analogous problem in R? is solved by the linear map Q
represented by the matrix

1/vV2 —1/V2
9= [1/\/5 1/v2 }
and the norm f(x1,x2) = 27 Y4(|z1| + |z2|). Here f*(z) = f(Qz) and (R?, f) is not
isometrically isomorphic to the Euclidean space R?. We now show that @ is also “bad” in
C2. In the construction of a counterexample we use the properties of the complex method
of interpolation.
We denote by I (n) the group of isometries of C" equipped with the norm |z]j; =

|z1| + ...+ |20 or ||2]|cc = max(|z1], ..., |2n]). It is well known that I'(n) is a subgroup
of U(n) and each L € I'1(n) is of the form

L(z) = ("2, ...,e"2,),
where (j1,...,J,) is a permutation of (1,...,n).

As shown in Section 2, the condition F*(z) = F(Lz) for some L € U(n) (e.g. L has
odd rank) implies F(z) = |z|. Now we show that some L € U(n) does not have this

property.

PROPOSITION 5.3. Let L € U(n) \ I'1(n) and L? € I'1(n). Define a norm F in C" by
the condition

Then F*(z) = F(Lz) and F(z) is not equal to |z|.
Proo¥F. By the duality theorem,
(CnaF*) = ((Cnv || : ||1)a (Cnv || ' ||00 OL))[l/Q]
= ((C" I lloo o L), (C™ [ 1)) /21-
Hence,
(CnvF* © L*) = ((Cnv || ! HOO)v ((Cna || ' Hl © L*))[I/Q] = (CnvF)v
because | L*z||; = [|[L2L*z||; = || Lz])1-
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Suppose F(z) = |z|. Then |z|> < ||z|co||L2]]1. Let

ai
L=
Qn
The condition L ¢ I'i(n) implies that min(||ai|lec, - - -, [|anllee) < 1. Let, for example,

[la1]loo < 1. Put zg = @;. Then Lzg = ey and thus
1= 2% < |la1]joo - 1 < 1.
This contradiction completes the proof.

Now consider the special case of n = 2. If L € (U(2) \ I'1(2)) N O(2) and L? € I1(2),
then there are only the following possibilities:

_ cos¢ sing B cos¢ —sing . .m
L_i[singb —cosqﬁ} or L_i{singb cosgb} w1th¢—z.

Let

_ |cos¢p —sing T
Q_{singb cosqﬁ]’ (b_z

Then Q ¢ I1(2) and Q? € I'1(2). Let F be the norm in C? given by
(€21 Nlso)s (C2, 1+ M1 0 @))paygg = (C2, F).

THEOREM b5.4. Q is an isometric isomorphism between (C% F*) and (C% F) but
(C%, F) is not isometrically isomorphic to (C2,]-|).

PROOF. By Proposition 5.3, F is not the canonical Hilbertian norm in C2. For this
reason it is enough to prove that if F(z) = |Lz| for some L, then F(z) = |z|. If such an L
exists, then L = LoP, where Lo = Ljj, L > 0 and P € U(2). Without loss of generality
we may assume that

L0:|:((:)Y g:|, a, B> 0.

Then F*(z) = |Ly ' Pz|, and F*(z) = F(Qz) iff
|Ly*Pz| = |LoPQz| or equivalently |Lg'z| = |LoPQP*z| = |LoBz|,
where B = PQP*. This equality gives
max(a, #) = || Lo|| = [|Lg || = max(1/a, 1/8)
and necessarily o - 8 = 1. Suppose o > 1 and let Bz = (B1(z), B2(z)). Then
a”?|a1]? + o[zl = o®|Bi(2)* + a7 Ba(2)|?
and, for |z| =1,
a”*(|z1f? = [Ba(2)*) = @*(|z1]” — | Ba(2)
a”(|z2® = [Bi(2)?) = *(|z2|* — | Bu(2)

Therefore, By(z) = €121, By(z) = €229, so that

0 e
p-[ % ]

%),

|
%)
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Since det Q = 1, we obtain det B = —e*¥1e?2 = 1, and thus,

0 —ei‘g 0 —ew
B— |:e_i0 0 :| and PQ— |:e_i9 0 :|P

ar B
P= .
[ az [ }
Then we get two linear systems of equations

ajcosg+ frsing = —aze”, o [azcosd+ Pasing = are”",
—onsing + B cos ¢ = — e’ —agsing 4 Py cos g = Bre .

These equalities are equivalent to
(a2, B2) = —e Q" (01, B1), (0, 1) = Q" (02, B2).
Since (g, B2) - (a1, 81) = 0, we must have
(o1 cos ¢ + By sin @)@ + (—ay sin ¢ + By cos ¢)B; = 0,
cos ¢ + 2isin ¢ (B1avr) = 0.

Let

But this is possible only if cos ¢ = 0. This contradiction completes the proof.

COROLLARY 5.5. Let F' and @ be the norm and the unitary map from Theorem 5.4,

respectively. Then
(C% F),(C* FoQ))pyay = (C*1-1) = (C* |- ln/2p)
but (C2, || - [|j1/2)) is not isometrically isomorphic to (C?, F).

COROLLARY 5.6. For each n > 2 there exists a Banach space (C", G) which is isomet-
rically isomorphic to (C™,G*) and is not isometrically isomorphic to the Hilbert space
cm.

PROOF. For z € C?, w € C"2 define G(z,w) = (F(2)? + |w|?)'/?, where F is as in
Theorem 5.4. Applying arguments similar to the proof of 2.11 we get

G (z,w) = (F*(2)? + [w*)'/? = (F(Q2)* + [w]*)'? = G(Qz,w) = G(L(z,w)).
(Observe that L € U(n) \ I't(n) and L? € I'j(n).) It is easily seen that (C",G) is not

isometrically isomorphic to (C™, |- |). This completes the proof.

Now we introduce a certain class of norms in C™. The main goal of this section is to
show that these norms can be obtained by applying the complex interpolation method
to C™ equipped with the Turowicz and Lie norms. Fix 1 < p < co. Define a function £,
as follows:

Cp(2) = 27 P{(A1(2) + Aa(2))P + (A1 (2) — Xa(2))P 317
= 27VP[L,(2)P + (2T (2) — Ln(2))*]"/?

for z € C", where

2|2 4 |22 1/2 2|2 |2 1/2
= (EEEEN - ()
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PROPOSITION 5.7. ¢, is a norm in C" such that

(1) £y(z) = || forx e R™, b1 =Ty, oo =Ly, la=1|-|;

(2) p(2) = 272 {(|la] + yl)? + llz] = [ylIP}/P if 2 -y = 0;

(3) €p(2) = (<) 277 {(I2] + lyl)? + llz| = [yl|P}!/P for z € C" and 1 < p < 2 (resp.
2 < p < oo);

(4) £, = Ly, where 1/p+1/q=1;

(5) ((C £p) is an interpolation space between (C™, ls) and (C™, 41) of exact exponent
6=1/p.

PROOF. The proof that ¢, is a norm which satisfies (1)—(4) is similar to the proof of
Theorem 2.31. We may assume 1 < p < oo. It is easy to check that ¢, is a homogeneous
function in C™ which has properties (1), (2). We have

(A1 (2) £ X2(2))* = [l + lyl* £ 2(jaPly]? = (2 - y)*)'/>.

Observe that the function g(t) := (¢+t)"+(c—1t)", 0 <t < ¢, where ¢ > 0 is a constant, is
decreasing if 0 < r < 1 and increasing for > 1. Hence we easily deduce the statement in
(3). Note that the right-hand side of the inequalities in (3), which we denote by f,(x,v),
is a norm in R?". Here the subadditivity is a consequence of the fact that the function
(c+t)P + |c — t|P, with fixed ¢ > 0, is increasing for ¢ > 0. Thus, applying Druzkowski’s
lemma, we easily verify that ¢, is a subadditive function if 1 < p < 2 and we conclude
that £, is a norm for such p. For the proof that £, is also a norm for p > 2, we need the
following:

CLAM 5.8. fr(2,y) = fq(x,y) in R*", where 1/p+1/q = 1.

PROOF. It is easy to check that the norm f,, 1< p< oo, is differentiable on R?"\ {0}
and fy(grad f(x,y))=1. This implies f; > f;. On the other hand, by Proposition 1.1(4),

we have
1

fy G y) <27 sup S (el + (17l (ul + (<17 1ol) 277 fy(u,0) < 1)

j=0
< 279 sup{(|z| + [yt + ||z] = [yll7 : ¢ + 77 <1} = fo(w,y),
which completes the proof.

Now let p € (1,2]. By 1.1(2) and 5.8 we have £;(2) < fy(z). It suffices to prove the
equality in (4) for z # 0 such that z - y = 0. Then grad f,(z + iy) = az + 8y = u + iv,
where o, 8 € R. Thus, u-v = 0. Moreover, £,(u+ iv) = fp(u,v) =land z-u+y v =
fo(z,y) = €4(2). This gives £3(z) > fy(2) and £3(z) = £4(2), which completes the proof
of (4). In particular, ¢, is a norm for ¢ > 2. We can easily verify that property (5) holds.

REMARK 5.9. In the special case p = 4 we have the following simple formula:
Ca(z) = (Ja[* + [y[* + 6|z *[y[* — 4(z - y)*)/*
=274 (el + lyD)* + (=] = fyl)* = 8(z - y)*V™.
If n = 2 we have the simplest formula for ¢, with arbitrary p:

lp(2) = 27YP(|2) — iza|P + |21 + i22|P) /P,
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Hence, by a Braun-Kaup—Upmeier result [B-K], we obtain
Aut({, < 1})=S"-0(2) for1<p<oo, p#2.
THEOREM 5.10.
((C",4o0), (C", 1)) 11/p) = (C", 4y)
forl<p<oo,n>2.

The basic role in the proof is played by the following proposition (we omit its purely
technical proof).

PROPOSITION 5.11. Let ji,(2) = 21/P£,(2). Then £, € C*(R?\ {0}) for 1 < p < o0
and

gradf, = 27 Y2 () "P[(LE "  grad Ly, + (2T, — L,)P~ (2 grad Ty, — grad L,,))).

Note that the singularities of L,(z) and T,,(z) are cancelled in the above formula
by the factor L2~1 — (2T}, — L,,)?~! and (2T}, — L,,)P~!, respectively. As an immediate
consequence of 5.11 we obtain, by the Shmul’yan theorem and by Druzkowski’s lemma,

COROLLARY 5.12.
expl, = {e gradly(z) : 0 €R, z =z +iy, x-y=0}.

Here, for z =x + 1y, x-y =10, we have
2 1a(ug g VES

||

(5.12.1) gradfy(z)=24 279 (pg) (2T — Ly)"" (= + sign(|z| — [y[)2),

max(|z, |y[)
2-1/4 (1)1 [L?fl (i - ii> +(2T0 — Ly)7~! (i—z’iﬂ,
! lz[ -yl E ]
for 22 =0, |22 = [2?] or |z|*> > |22| > 0, respectively.
It is also an important fact that grad ¢,(z) =grad £,(z). Applying formulas for grad L,
and grad T}, one can easily check
PROPOSITION 5.13.
Ly (e grad L, (2) + (2grad T,,(2) — grad L,,(2))) = 2,
T,(e'™ L (2) grad Ly, (2) + (2Tn(2) — Ln(2))%(2 grad Ty, (2) — grad L, (2))) = (4)*
for all T € R and |2|?> > 22| > 0. If 22 = 0, then Ly(grad L,,(2)) = 2T, (grad L,,(z)) = 2
and T, (grad T,,(2)) = L(grad T,,(z)) = 1 in the case |z|* = |2?.

PROOF OF THEOREM 5.10. We apply the main ideas of Thorin’s proof of the Riesz—
Thorin theorem and Calderén’s proof of the interpolation theorem for L, (see [B-L]) with
suitable modifications. Fix p € (1,00). Define hq : S x (C™\ {0}) — C™ by

hq(C,2) = 27" (g (2) " [(Ln(2))™ grad Ln(2)
+ (2T,(2) — Ly (2))% (2 grad Ty, (2) — grad L, (2))]
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for |22 > |2%| > 0 and

(€ 2) = {% k() 96 (Ln(2))9€ grad Ln(2) for 22 =0,
’ 2 (sg () (2T (2) — Ln(2))% grad To(z) for [ = |27,

We have, by 5.13,
(%) Lu(hg(it,2)) =1, Tu(hg(l+it,2)) =1
for any t € R. Now, for fixed z € C™ \ {0} and ¢ > 0, define f: S — C™ as
F(Q) = e hy(C, %),
Then f € F((C" {lx),(C™, ¢1)), f(1/p) = gradly(z) and, by (%), ||fllz < e, which
implies
lwllp/p < Lp(w)  for every w € C".

Now assume ||z||1/p) = 1. Let f € F be such that f(1/p) = z and | fllz < 1+e.
Define F' : S — C by F({) = f(¢) - hp(1 — ¢, Z). It is obvious that F' € O(Sy) N C(S),
IF|ls < oo and, by (%) and 2.5(7),

|F(it)| < 14e, |F(1+it)<1l4e teR.

Hence, by the Hadamard three lines theorem, |F(¢)| < 1+ ¢ for all ¢ € S. In particular,
0,(2) < |2 - grad ()] = [F(1/p)| < 1+,

which implies £,,(w) < |lwl|f/p) for w € C™. The proof is complete.

Applying the reiteration theorem for the complex method we obtain the following
generalization of Theorem 5.10.

THEOREM 5.14. Let 1 < p1,pa < 00 and 0 € [0,1]. Then
(((Cnv fpl)v (Cnv gpz))[ﬂ = (Cnv gp)v
where L :(1—9) —0—91
REMARK 5.15. Note the following interpretation of Theorem 5.10:
(R™]-]) ®r C), (R™,]-|) ®& C))np = (C", 6p).
The complex Banach space (C", || - [|[1/p]) = (C", £p) from Theorem 5.10 is uniformly
smooth and uniformly convex for arbitrary 1 < p < oco. Moreover, [lallf,,,; = llallj1/q

with 1/p+1/q = 1. We show below that this is a special case of a more general situation.
As an application we obtain Clarkson’s type inequalities for the norms ¢,:

(p(z + W) + £p(z — w) )V < 2Y9(£,(2)P + Ly (w)) /P, 1< p<2,
(ép(z +w)? + Kp(z - w)p)l/p < 21/q(€p(z)p + ép(w)p)l/pv 2 <p< oo,
where 1/p+1/q=1.

Let F' be a norm in X = C" and let ((X,F), (X, F*))ig) = (X, | - lljg;). Define the
following norms in X*:

Gp(z1,...,25) = (||zl||f1/p]+ +||ZkH [1/p] )1/177
Hq(zla"wzk):(”21”?1/;,]"‘ -+ [lzll 1/p)
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for 1 <p<oo, 1/p+1/g=1. In particular, we have
Gool(21,. .., 25) = max(F(z1),..., F(zr)), Gi(z1,...,25) = F*(z1) + ... + F*"(2),
Hyo(21,...,2;) = max(F*(z1),..., F*(zx)), Hi(z1,...,2k) = F(z1) + ...+ F(zk).

By the duality theorem we have || - [If,,,; = |l - [l[1/g, Which gives, by the formula from
Remark 2.17,
G,=G,, Hy=H, 1/p+1/q=1

Now we formulate the following interpolation result which may be interpreted as a
special case of Calderén’s theorem on interpolation of vector-valued functions (see [B-L,
Thm. 5.1.2]). We present here a different proof of this version of Calderén’s theorem.
Our method permits one also to prove other interpolation results which are not a special
case of Calderén’s theorem. (For instance, if F is a norm in C", G is a norm in C¥,

(cmr), (CnvF*))[l/p] = (Cnva)v((Cka)v((Cka*))[l/p] = ((Cka;D) and H;D(va) =
(Fp(2)? + Gp(w)P)M? for (z,w) € C" x C* then

((C™ x C*, Hyo), (C™ x CF, Hy))yp) = (C" x CF, Hy).
Theorem 5.16 is (for k = 2) a special case of this result.)
THEOREM 5.16. Let X = C™ and k > 1. Then for all 1 < p < oo we have
(X", Goo), (X*, G = (X5, Gy),
(X", Hoo), (X*, H1))ajp) = (X, Hp).

PROOF. It is enough to prove the first equality; the second follows by changing the
roles of F' and F* and by the duality

(X, F7), (X, F))payp) = (X, F), (XS F7)) 1)
We consider, for simplicity, the case k = 2. Let Ay = (X, F), A1 = (X, F*), By =
(X* Gw), By = (X* G1). First, observe that for 1 < p < oo,
exp Gy = {Golz, ) (I211%57E grad | - 7 (2), ol grad | - () :
(2, w) € D(Gy)},
where D(Gq) = (D(|| - [I1/q) Y{0})?\ {(0,0)}. Fix (z,w) € D(Gy) and let
2o = grad || - |l/q(2) and wo = grad|| - [|j1/q(w).
Then ||20/l1/p) = llwollji/p) = 1. Let f,g € F(Ao, A1) be chosen such that f(1/p) = zo,
9(1/p) = wo, [|fl|7 <1+e, [lgll <1+e. Define

80() = bp(2,,) = Galz,0) (2%, 1(0), Nll%, 1 9())-
Then ¢, € F(By, B1) and ¢,(1/p) = grad G4(z, w). We have
Goo(@p(it)) = max(F(f(it)), F(g(it))),
G1(dp(1 +1t)) = Ga(z,w) (|2l F(f (L +it)) + lwl[fy  F (g(1 + 1)),
which implies

sup [|9p (1)1 3, = max(sup [ £(it)] 4, sup ll9(it) [.10)

< max([| 7, lgllF) <1 +e,
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sup ¢,(1 + 1),
< Gyl w) 21y sup £+ 0L, + el sup (1 +i8) 1)

< Gylesw) 1 (2l1% 1 I + ol gl <1+,
This gives ||¢,||7 < 14 ¢ and therefore
| grad Go(z, w)l|[j1/p <1
Hence, by Corollary 1.4, we get
H(va)”[l/P] < GP(Z7w)7 (z,w) € X2,
Now let (z,w) € X2 and ||(z,w)||j1/p) = 1. Fix grad Gp(z1,w1) € exp Gq. Define
QS(C) = ¢q(217w17 1- C) . h(Z),

where h € F(By, B1), h(1/p) = (z,w), ||h]|7 < 1+4¢e. Then & € C(S) N L>(S)NO(Sy).
We have

B(it)] < G ((—i))Gh (B (21, w1, 1 — it)) < (1+)
|D(1+it)| < Gr(h(1 —it))Goo(dy(21, w1, —it)) < (1 +¢)?,
which gives, by the Hadamard three lines theorem, |®(¢)| < (1 + ¢)?. In particular,
B(1/p)| = |(2,w) - grad Gy (21, w1)]| < (1+ )2,

IN N

and thus
Gp(z,w) = sup{|(z,w) - grad G, (z1,w1)| : (21,w1) € D(G,)} < (1 +¢)?,
which implies Gy (2, w) < ||(z,w)]|[1/,) for all (z,w) € X2 This completes the proof.
Now applying the reiteration theorem we obtain the following:

COROLLARY 5.17.

(1) (X2, Goo), (X%, G2y = (X?,Gp)  for2<p< oo,

(2) (X%, H1), (X% Ha))japp) = (X2, Hy)  for2<p<oo, 1/p+1/g=1,
(3) ((X?,Go), (X27G1))[2/p71] = (X?,Gp) for1<p<2,

4)  ((X? Ha), (X, Heo))ajp-1) = (X*, Hy) for2<p<oo, 1/p+1/qg=1.

THEOREM 5.18 (Clarkson’s type inequalities). With the same assumptions on F we
have the inequalities

) (e 4wl + = wl )7 < 2922, + el )7 for 2<p< o,
@) (= 4wl + Iz = wl )P < 27220+ lwlld ) for 2<p< o,
(3) (llz+wllf ) + 12— wll )7 < 2927, + 0l )P for 1<p<2,
(4) (U2 +wllf ) + 1z = wlld )7 < 27228+ lwllf ) for 1<p<2.

PROOF. Since (2)=(1) and (3)=-(4), it is enough to prove only (2) and (3). The idea
of the proof is based on Maligranda—Persson’s proof of the classical Clarkson-Hausdorff-
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Young inequality (see [M-P1, 2]). Define a linear operator T : X? — X2 as T'(z,w) =
(z+w,z—w). Then T : (X2, Hy) — (X?2,Gs) has norm My = 2'/2 and T': (X? Hy) —
(X2, G ) has norm < 1. Hence, by the interpolation theorem, for 2 < p < o0,

T: ((X27 Hl)a (X2a H2))[2/p] - ((X27 Goo)v (X2a G2))[2/p]7
ie. T :(X? Hy) — (X? Gp) has norm My, < 233 = 21/P which gives the second
inequality.
We also have
Hoo(z +w,z —w) = max(F*(z + w), F*(z —w)) < F*(2) + F*(w) = G1(z,w),
which means that T': (X?2,G) — (X?, Hy) has norm < 1. This implies that for 1 < p < 2
the operator
T: ((X27 G2)7 (X27 Gl))[Q/pfl] - ((X27 H2)7 (X27 HOO))[2/p71]7
Le. T: (X% Gp) — (X2 Hy), has norm My, ; < 23(1=(2/7=1) = 21/4_which gives the
third inequality. The proof is complete.

COROLLARY 5.19. For every 1 < p < oo the Banach space (C", || - |l1/p)) is uniformly
convex, uniformly smooth and the unit ball has strictly convex boundary.

REMARK 5.20. In particular, Theorem 5.18 and Corollary 5.19 hold for every norm
F(f,z). Considering the norm f(z1,...,x,) = max(|z1],...,|z,|) we obtain as a special
case of Theorem 5.18 classical Clarkson’s inequalities in C™. If we put F(z) = |z| then
we obtain the following inequality for the Euclidean norm:

(12 = wl? + [z + wf?) 2 < 2Y/9(]2]9 + o)1/
for z,w € C", p > 2. For n = 1 this inequality reduces to the Clarkson—-Hausdorff-Young
inequality.

We proved in the first section that for every Banach space (R", f) there exists a
sequence of smooth spaces (R™, fi) such that fr — f almost uniformly. Now we prove
that for a complex Banach space (C™, F) there exists a sequence of uniformly smooth
and uniformly convex spaces (C™, F},) such that F}, is almost uniformly convergent to F.
This is a corollary of

ProprosSITION 5.21. Let F' be a norm in C", put
((Cnv Fp) = ((Cnv F)v (Cnv F*))[l/p]
for1 < p < oo and let

= in F(z)
MG PTG

Then for all 1 < p < o0,
BYPF < F, < AYPF.
PROOF. Define G, = F,, 1/p+1/q = 1. Then
E, < Flfl/p(F*)l/p, Gy < (F*)lfl/ppl/p,
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which implies
F, < AYPF, G, < B Yrp*
The second inequality gives F, > BY?F which completes the proof.

COROLLARY 5.22. If F' is a norm in C" then, as p — oo, the interpolating norms F),
and G, are almost uniformly convergent to F' and F*, respectively. The Banach spaces
(C™, Fp) and (C",G,) are uniformly smooth and uniformly convex. Moreover, we have
the following estimates for the modulus of uniform convezity and smoothness for (C™, F},)
and (C™,Gp), p > 2:

Ap,(e)>1—-(1— (e/2)P)M/P, Ag,(e) >1—(1- (e/2)P)V/P, 0<e<2;
or, (1) < (1+ a1, 0c, (1) < (1+ Y11, 7 >0.
PRrROOF. The convergence is a consequence of Proposition 5.21. The first two ine-

qualities follow by Clarkson’s inequalities for F},. The second couple of inequalities is
easily obtained from the Lindenstrauss duality formulas.

6. On tensor products R" @ R* and C" @ C*

Let X =K, Y=KF (n >k, K= R or K= C) be linear spaces with canonical
Euclidean or Hermitian structure. We denote by X ® Y and X ® Y the injective and
projective tensor products, respectively, i.e. X®Y equipped with the smallest and greatest
reasonable crossnorm (see [P1]). Let L(X,Y) be the Banach space of all linear operators
from X into Y with the usual operator norm. The following is a special case of known
facts (see e.g. [L-C], [P2]):

X@Y)*=X®Y, X®Y~LXY) (isometrical isomorphism).
Now observe that L(X,Y) ~ (X*,7;), where

Ti(21,. .- k) = | |a§(|w s P4 w e a]?) Y2
wl=

Let £, = 7;F. Note that 7y(z) = L1(z) = |z| and 7o =T, L, = L for K= R. Thus, we
can write
X&Y~ (XM T, XoY~ X L.
As mentioned earlier, the structure of exposed points of projective tensor products is
known and thus, so is the structure of exp L. Namely, by the Heinrich-Ruess—Stegall
theorem (see [R-S]) we have
exp Ly ={(aqz,...,arz):z€X, |z|=1, a €Y, |a] =1}.
In this section we show that
exp T, = Vi(X)
where
Vi(X) ={(z1,...,2) €XFimy- 2, =6, 4,5 =1,...,k}
is the kth Stiefel manifold in X. To get this we calculate the norms 7; and Ly for
k =1,...,n. The result is well known for k = n (see [G-L], where it is given without
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proof) and in the general case the formulas are analogous. Applying these formulas we
find the interpolating spaces ((X*,7), (X*, L},))[g and thus (C" @ C*, C" @ C*)g;, which
is the main goal of this section.

First, we consider the case K = R.

For aq,...,ar € R™ we define the quadratic form

Qalw) = (w-a1)’>+ ...+ (w-ap)? weR",

where A = (aq,...,a) is the matrix with ay, ..., a as columns. Then
Qa(w) = w'AA"w, max Qa(w) = max A (AAT)

where A\;(AA") are the eigenvalues of AA*. Tt is known that the nonzero eigenvalues of
AA™ and A*A are the same (see e.g. [M-O]). Thus

max Qa(w) = max Ai(A*¥A) = max A\ (G),

lw|=1 <k 1<i<k
where G = G(ay,...,ax) is the Gram matrix. This implies
— . 1/2 _ ) 1/2y .
Ti(a1, ..., ax) Jax Xi(G(a,...,ak)) Jnax Xi(G(ag, ... a5)"?) ax oi(A),

where o;(A) = \;((A*A)Y/?) are called the singular numbers of A (see e.g. [M-O] or
[G-L]). We have, by the Schur theorem (see [M-0O]),

(|CL1|27 ceey |ak|2) =< (/\1(G(CL1, ceey ak)), ey )\k(G(al, ey ak)))
and therefore

max Ni(G(ay, ..., ax)"?) > max(|a1],. .., |ax|),

trG(ay,...,ax)"? < |a1| + ...+ |ax]|.

Here x < y denotes the relation of majorization:

J J k k
oag <Y oy, J=1nk=1 Y @ =y,
i=1 i=1 i=1 i=1
where the vectors (zp, ..., zp) and (ypy, ..., y@x) are permutations of  and y such that

T2 Z T Y] 2 - 2 Yk
Now we show that

k
Li(ar,...,ax) =trG(ay,...,ax)"/? = Z)\i(G(al,...,ak))l/Q.
i=1

If a1,...,ar are orthogonal then it is easy to check that
Li(ar,...,ap) = lai| + ...+ |ap| = tr G(aq, ..., ax)"%
The group O(k) acts on X¥ in the following way. Let M = [a;;] € O(k). Then

k k
(al,...,ak)M: AM = (Zajlaj,...,Zozjkaj) = (bl,...,bk).
j=1 j=1
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Observe the following facts:
(a1, ...,a )M - (21,...,25) = (a1,...,ax) - (x1,...,25)M",
G(b1,...,bx) = M 'G(ay,...,ar)M,
which implies (for all M € O(k))
Ti((a1,...,ax)M) = Ti(aq, . . ., ar),
Ek((a’lv s ,CLk)M) = Ek(ala B aak)v
tr G((a1,...,a)M)Y2 =trG(ay,...,ax)">

This means that the above functions are orthogonally invariant. We need the following
lemma:

LEMMA 6.1. Ifaq,...,ax € R™, then there exists M € O(k) such that (a1, ...,a;)M =
(bl, ceey bk) with bl . bj = 5ij)\i(G(a1, ey CLk)).
PROOF. There exists M € O(k) such that
M*G(ay,...,ax)M =DM (G(aq,...,ak)), ..., \e(G(a1,...,ax))).

(Here D(a, ..., ay) denotes the diagonal matrix with entries aq, ..., ay.)
Since M*G(aq,...,ax)M = M*A*AM = (AM)*AM = G(by,...,b), we obtain
b - b; = 8;;Mi(G(an,...,ar)), which completes the proof.

As a corollary we obtain
Li(a1,...,ax) =trG(ag,... ,ak)1/2.

Indeed, these functions are equal if aq,...,ax are orthogonal. Applying Lemma 6.1 we
conclude

Li(ar,. .. a1) = Lp(br,...,bx) = tr G(by,...,bp) 2 = tr G(ay,...,ax)"/2.
Summarizing, we have proved
PROPOSITION 6.2. For all (ay,...,a;) € X* we have

I];c(a’la .- '7ak) = 112?’<Xk AZ'(G(a’la .- '7ak)1/2)5 Ek(a’lv . '7ak) = trG(alv . 'aak)l/z'

Now we consider the problem of differentiability of the norms L. Since L£;(AM) =
Li(A) and grad L, (AM) = grad £, (A)M for all M € O(k), it suffices to consider the
case where the vectors a; are orthogonal. Then a necessary condition for differentiability
of Ly at Ais a; # 0, j = 1,...,k. For instance, if a; = 0, then Ly (tv,aq,...,ax) =
lt| + |az| + ... + |ak| = [t| + Lk(A), where v € S"~! is orthogonal to as,...,a;. This
implies that Ly is not differentiable at such a point.

Assume a; # 0 for j =1,...,k. Then L, is differentiable at this point and

grad Li(aq,...,ax) = (a1/]a1|, ..., ar/|ax|)-
To show that, it suffices to prove that

Dy, $;(0) = a; - vi/|a;l
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forj=1,...,k i=1,...,n, where ¢;(v) = Lx(a1,...,a; +v,...,a5), and v1,...,v, is
an orthonormal basis in R™ such that v; = a;/]a;| for 1 < j < k. This is a consequence
of the known fact that a convex function f : R™ O {2 — R is differentiable at a point
if and only if there exist partial derivatives at this point or, equivalently, the directional
derivatives for m linearly independent directions. We have

qS(t ) {¢j(0)+|aj+tvi|—|aj|, i1=72k+1,...,n,
i\tv;) = . .
! $;(0) + [(la] + lai)® + 2]V —|aj| = |ail, @ # G, k+1,....m,

which gives D,,¢;(0) = a; -v;/|a;j|. We see that grad Ly, is a surjection of {(a1,...,ax) €
XF:a; #0,a;-a; =0 for i # j} onto Vi (X). It is easy to check that Vi (X)M = Vj(X)
for all M € O(k). So, we have proved

PROPOSITION 6.3.
exp7p = Vi(X), k=1,...,dimX.

In particular, since V,(X) = O(n) is compact in X", by the Krein-Milman theorem
we obtain the following known result:

COROLLARY 6.4. If L is a linear endomorphism of R™ with |L|| < 1, then there
exist My,...,M; € O(n) and a1,...,a; > 0 with a1 + ...+ o; = 1 such that L =
oMy + ...+ a;M;.

Now we consider the case K =C, X = C".

For (ay,...,a;) = A € X* define, analogously to the real case,

Qa(w) =|w-a1*+ ...+ |w-ax*, weC™,

G(a1,...,ar) = [ai - ajlij=1,. ks
k k
(a1,..-,flk)M = (Zajlaj,...,Zajkaj> = (bl,...7bk) = AM7
j=1 Jj=1

for M =[] € U(k). Then we may write
Qa(w) =w AA™w, Qam = Qa,
G(@i,...,ax) = A*A, G(by,...,bp) = M 'G(ay,...,ax)M,
(a1,...,a )M (z1,...,2k) = (a1,...,a%) - (X1, ..., 25) M,

which implies

T.(AM) = T;.(A) > max(lai],. .., |ak]),
Co(AM) = Lo(A) < Jar] + .+ Jax),
with equalities if a1, ..., a; are orthogonal. The first case of equality is a consequence of
Ti(al, ... ar) = Top(Ray, Sar), (—Saq, Ray), . . ., Rak, Sa), (—Sag, Rax)),
and (Ray, Sa1), (=Sai, Ra),. .., (Rak, Sag), (—Sag, Ray) are orthogonal in R*™ if aq, . . .

...,ay are orthogonal in C™.



58 M. Baran

Similarly, we have

. 1/2y . 1/2y >
max A (GAM)77) = max A;(G(M)/%) > max(ja], ... |ax]),
tr G(AM)Y? = tr G(A)Y? < |ay| + ... + |ax],
with equalities for orthogonal aq, ..., ak.
Note that the group T'(k) = S* x ... x ST also acts on X*:

i0 i0 i0 i0
(... e ) ar, ... ar) = (e ay, ..., e *ay).
We need a counterpart of Lemma 6.1.

LEMMA 6.5. If a1,...,ar € C", then there exist M € U(k) and N € T'(k) such that
N(al, e ,(Lk)M = (bl, e ,bk) with bl . bj = 5ij/\i(G(a1, N ,(Lk)) and %b] . %b] =0.

PROOF. There exists M € U(k) such that
M*G(ay,...,a,)M =DM (G(ay,...,ax)),. .., (G(@1,...,ax))).
Let (e1,...,c,) = AM. Since
M*G(ay,...,a)M = M*A*AM = (AM)*AM = G(¢4, . ..,c),

we get ¢; - ¢;j = 0;;A;(G(@1, ... ,ak)). Now using the Druzkowski lemma we complete the
proof.

Applying Lemma 6.5 we easily prove
PROPOSITION 6.6. For all (ai,...,ax) € X* we have

Ti(a,...,a;) = 1121?<><k)\i(G(a1,...,ak)l/z), Li(at,...,a5) = trG(al,...,ak)1/2.

In the special case of k = 2 we have

2P+ w? 1
M@ w) = EEEE L e 4 - g w2
[21? + [w> 1
Xa(Glz,w)) = ETIE — (2l + wf?)? ~ 41G =, w))?,
and thus,
22+ w1 1/2
To(erw) = [EEEEE 4 2l 4wy - a6, w)) 2|
Lo(z,w) = [|2* + |w]* + 2|G(z, w)[ /2|2,
Moreover,

To(z,w) =T, (z +iw), Lo(z,w) = La(z+iw) for z,w e R™.
Now we consider the problem of differentiability of the norms L;. We have
grad L, (AM) = grad L ,(A)M  for M € U(k).

Therefore it is enough to consider the case where aq, . .., a; are orthogonal. The condition
a; #0, j=1,...,k, as in the real case, is necessary for differentiability of £ at A. We
now show that it is also sufficient and then

grad Li(A) = (a1/]a1], - - -, ar/|ak])-
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It suffices to prove that
DUm(bj (O) = %(aj ' Um), Dwm¢j (O) = S(a‘j : ’Um),

form=1,...,n, j =1,...,k, where ¢;(v) = Li(a1,...,a; +v,...,a;) and v1,...,v,
is an orthonormal basis in C™ such that v; = a;/|a;|, j = 1,...,k, and w; = tv; —
VlyenryUn, W, ..., Wy, is a basis in R?". We have

S i (0) + [(lay] +lai)* + #2112 —|ag| = |ail, i # G k+1,....m,

and

Q/)_(tw_)_{¢j(0)+|aj+twi|_|aj|v 7{:]:,k+1,...,n,
T (0) + [(lag] + lai))® +2]'/% —Ja;| — laal, i #,k+1,....m,

This easily implies D,,,, ¢;(0) = R(a; - vm) and D, $;(0) = I(a; - vym). Since Vi(X)M =
Vi (X) for all M € U(k), we have proved
ProposiTION 6.7. If K=C, X =C", then
exp7p =Vi(X), k=1,...,n.
In particular, exp7,, = U(n) and thus an analogue of Proposition 6.4 holds.

It is known (see [H]) that V4 (X) is the Shilov boundary of the unit ball with respect to
the norm 7. That ball is a classical Cartan homogeneous domain of type R; (see [H] or
[SG]). Note that the Lie ball is also a Cartan homogeneous domain of type Ry (cf. [H]).

Now we find the interpolation spaces between (X¥,7;) and (X*, L) for the complex
method. For 1 < p < oo define the following U (k)-invariant functions:

1/p

Applay,. .. ax) = (zk: N (Glag, ..., ak)l/Q)p)l/p - (zk: N (Glag,. .., ak))P/Q)

In particular, Ax1 = Ly and Ak = Ti. Since G(a,...,ax) is a positive semidefinite
Hermitian matrix, we have the majorization

(Ja1)?, ..., lax?) < (M (G(a1,...,a)), ..., \(G(ai,...,ax))),
which implies
Applar, ... ap) < (JarP + ... + |ax[P)/P for 1 <p <2,
Applar,...,ax) > (la1|P + ... + |apP)/P for 2 < p < oo,
with equality if a1,...,ar are orthogonal. One can also prove

PROPOSITION 6.8. If (a1,...,a;) € XF and a;-a; =0 for 1 <i<j, j+1<I1<k,
then

Akyp(al, e ak)p = Aj,p(a17 ceey aj)p + Ak,j_,p(aﬂl, Ceey ak)p.
Applying Lemma 6.5 we easily prove that Ay, is a norm in X* for p > 2. If aq, ..., ay
are orthogonal and p > 2, then

A,’Zyp(al, coeag) = (|a1|q +...+ |ak|q)1/q = Ak,q(al, ce,ag),
where 1/p +1/q = 1. Since A} , and Ay 4 are both U(k)-invariant we easily obtain
A;;p =g, 1l/p+1/g=1
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For k = n the above norms were introduced by J. von Neumann [N]. The norms Ay, are
also given by the following

PROPOSITION 6.9. For every A = (a1, ...,ax) € X* we have

min { (i ’ iajiaj
i=1 j=1

max{(i ‘ iajiaj‘p) e : M = [ay4] € U(k)}, 2<p< 0.
i=1 j=1

PROOF. Denote the right-hand side of the above equality by ¢(A). In the space X¥
consider the norms

p\ 1/p
) M=yl eUm)}, 1<p<2,

Agp(A) =

P

1Al = (laaf? + ...+ |axP)V/7.
Then ¢(A) = min{||AM]||, : M € U(k)} for 1 < p < 2 and ¢(A) = max{|AM|, :
M € U(k)} for 2 < p < oo. It follows from the definition of ¢(A) that this function is
U (k)-invariant: ¢(AM) = ¢(A). For this reason it is enough to prove ¢(A) = ||A||, for
ai,...,ay being orthogonal. Consider two cases: 1 < p <2 and 2 < p < co. In the first
case we have ¢(A) < ||lal|,. Since the function Ry > ¢ + tP/2 is concave for 1 < p < 2,
we get the estimates

k k p/2 k k
laMiz =37 (Y lasiPlasl?) " = 30D faillal”
i=1  j=1 i=1 j=1
k k k
=3 (Xl )l = 3 lagl” = 1A,
j=1 i=1 j=1

which imply ¢(A) > [|A]|, and thus ¢(A) = ||A]],.
Analogously, if 2 < p < oo then ¢(A) > ||A|, and applying the convexity of the
function ¢ + tP/2 we obtain ¢(A) < ||A||,.
If p = oo, then we also have ¢(A) > ||A|l and
k k
JAMI? = max (D7 fae[?fas[?) < max D o max o, * = [} A%,
j=1 j=1

which completes the proof.

Now we show that Ay, is differentiable on X* \ {0} for 1 < p < oco. Since Ay,
is U(k)-invariant it suffices to consider the case where ay,...,a; are orthogonal. Let
oj(w) = Ak plar,...,a; +v,...,ax), j=1,...,k, and let v1,...,v, be an orthonormal
basis in C™ such that v; = a;/|a,| if a; # 0. Put w; = iv;, j = 1,...,n. Applying
Proposition 6.8 we can explicitly calculate ¢;(tv;) and ¢;(tw;) and check that

Dvld)J(O) = 5ij/lk7p(a1, ey ak)17p|aj|p71, j = 1, ceey k, 1= 1, s,y
Dy, #5(0) =0 for all 4, 7,
which implies differentiability of Ay, at each A € X*\ {0} and gives

grad Ay (a1, ..., ax) = Agplar,. .. ,ak)lfp(|a1|p72a1, cel, |ak|p72ak)
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for ai,...,ay orthogonal (if 1 < p < 2 and a; = 0 we put |a;[P~%a; := 0). Now observe
that (X¥, Ay ,) is an interpolating space between (X*,7;.) and (X¥, L) of exact exponent
0=1/p:
Ay < 7;1*1/205116/:0'
We are in a position to prove the main result of this section:
THEOREM 6.10. For all 1 <k <n and 1 < p < oo we have
(X5, T0), (X5, L))y = (X, Akp).

PRrROOF. Let A p(ai,...,ax) = Agp(A) = 1. Then there exist M e U(k) and B =
(b1,...,bx) € X¥ such that by,...,bs are orthogonal and

A = Ap o (B)7U(|by |7 2by, . b |TT20)M, 1)+ 1/p=1.
Define f,hy : {0 <RC <1} =5 — X as
he(€) = hg(¢, B, M) = Ay o(B) "% (|b1]% by, ..., |bg |7 br )M,
F(Q) =7 hy Q).

Then f € F((X*,Tp), (X, £1)) and f(1/p) = A. It is easily seen that for all t € R we
have

Ti(he(it)) =1, Lr(hg(l+1it)) =1,

which implies || f||# < e® and therefore

[All/p < Arp(A)  for every A € X<

Now assume [|A||j1/p) = 1. Let f € F be such that f(1/p) = A and || f||z < 1+¢. Let
A = (by,...,b)M, where M € U(k) and by, ..., by are orthogonal. Define F': S — C by
F(Q) = hy(1 = ¢, B,M) - F(Q).

Then F € O(Sy) NC(S) N L>(S) and

[F(it)] < L(hp(1 = it)Tr(f(it)) <1+,

[F(L+it)] < |Tu(hp(—it)) L (f(1 +it)) <1+,

for t € R. Hence, by Hadamard’s three lines theorem, |F/({)| < 1+4¢ for all ( € S. In
particular,

|F(1/p)| = Ak p(B) = Ak p(A) = Ag p(A) < 1+,
and thus Ag,(A) < [|All;1/p for A € X*, which completes the proof.
COROLLARY 6.11.
(C"&Ck,C" & (Ck)[l/p] ~ (XF, A ).
COROLLARY 6.12. For all A,B € X* we have Clarkson’s type inequalities
( »(
(Akp(A+B)P + Ay (A — B)p)l/P < 2l/r Akm(A)q + A p(B)NY T for2 < p < o0,
(Akp(A +B)7 + A p(A = B))VT < 2V ( Ay p(A) + Mg, (B)")'/7 for 1 <p <2,
(App(A+B)? + Aj (A — B)9)/a < 21/r Akp(A)q + Aepy(B))YT for1<p<2.

)
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REMARK 6.13. Applying Corollary 6.12 we deduce that the norms A, introduced
in Section 2 satisfy Clarkson’s type inequalities. These norms are also extremal in the
following sense:

PROPOSITION 6.14. Fiz 1 < p < co. LetZ, be the class of norms N in C" that satisfy:

(1) N(z)=|z[ on R™;
(2) T,<N<L, N<L\Vrrl/P,
2+ w)P 2 — w)P)L/P a(N(z)P w)P)L/P
) (N(z+w)” + N(z —w)")/? <2VU(N(2)P + N(w)?) } for 2 < p < o0,
(N(z 4 w)? + N(z — w)?")/? < 2YP(N(2)? + N(w)9)"/4

(N(z+w)? + N(z —w)?)/7 < 2YIN(2)P + N(w)P)'/?
3") for1 <p <2,
(N (2 + w)? + N(z — w)1)1/1 < 2V/P(N(2)1 4+ N(w)?)"/a
where, as usual, 1/p+1/q=1. Then Ay, Ay € I,, and for every N € I,,
A, <N <A, for2<p<oo,
Ag<N<A, forl<p<2
and (1) + (3') (or (3"))=(2).
PRrROOF. We easily check that A,, A; € Z,. In particular, the second condition in (2)
holds in view of the elementary inequalities
1+09<1+46, 14+ <(1+0)P! forl<p<oo, §e(0,1].
Now, let N € Z,, and let p > 2. By (1) and (3') (applied to z = z, w = iy, z,y € R,
z -y = 0) we have, by the second Clarkson inequality,
N(z) < (jal? + [y, 2y =0.
Analogously, the first Clarkson inequality gives
N(z) = (Jaf” + [yI")'7?, @ y=0.

This implies 4, < N < A,. Applying the second couple of Clarkson’s inequalities we
derive A; < N < A, for 1 < p < 2. The last statement is a consequence of the fact that
the norms A,, A, satisfy condition (2).

7. The complex interpolation of a
complexification of a real Hilbert space

In this section we generalize the main result of Section 6 to the case of the comple-
xification of a real Hilbert space. The proof of the general case is based on the result
in C™.

Let H be a real Hilbert space with a scalar product z -y and norm ||z = Va2, We
c0n51der the complexification H of H obtained in the following way. Let H=HxH.
Then H is a real Hilbert space with the scalar product (z,y) - (u,v) =z -u+y-vand
norm ||(z,y)|| = (22 + y2)'/2. We introduce a complex structure on H by putting

(xvy)+(uvv) = (I+u5y+v)v
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re'? (z,y) = r(cos Oz — sin Oy, sin Oz + cos Oy).

We write z = z + iy instead of z = (z,y) and Z = = — iy if we consider the complex
structure of H, which also shows the meaning of the equality H = H + ¢H. Defining

(x+iy) - (u+iv):=(x-uty-v)+ily-u—2x-v)
we obtain the complex Hilbertian structure on H with the norm ||(z,y)|| = (2% + y2)/2

the same as in H x H. Note also that
(,y) - (u,v) = R((z +iy) - (u + v)).
The group O(2) acts on H x H by
(z,y)[vij] = (anz + a1y, 127 + aa2y).

In particular,

cos sinf |
(lﬂ’y){—sirﬂ cos@} =e"(@,y).

So the multiplication e?(x,y) agrees with the action of O (2) on H x H. We denote by
G(z,y) the Gram matrix of z,y € H:

2

G(z,y) = [xw ) xy.Qy] :

1/2

Let A\i(z,y), A2(z,y) be the eigenvalues of G(x,y)#, explicitly given by

2|12 + |22 1/2 2112 — 122 1/2

where 22 = (2 +iy)? = 2% — y? + 2iz - y. As in the case of C", for x + iy € H there
exists § € R such that e?(z +iy) = 2’ + iy’ and 2’ -y’ = 0. Equivalently, there exists
A € O*(2) such that
* _ )‘1 (LL', y)2 0

A*G(z,y)A = [ 0 /\2(33,y)2 )
which gives

min (||, ly'[]) = min(A1 (2, ), Az (2, 1)),

max([|2’, |y'[]) = max (A1 (2, ), A2 (2, 1))
Define

T(z +iy) = max(Ai(z,y), Aa(z,y)), Lz +iy) = M(z,y) + Aa(2,y).

Since G((z,y)A) = G(z,y) for all A € O(2), the functions 7 and £ are O(2)-invariant.
It is easily seen that this implies their homogeneity. The subadditivity of £ and 7 is a
consequence of the same result in C". To prove this consider T + ¢y and @ + w. Then
T=x1€1+.. . +TmCm, Y =Y1€1+...tYmCm, U = U1€1+.. . FUmCm, UV = V1€1+...+VUm€m,
where e1,...,¢e,, 1 < m <4, is an orthonormal system in H. Then subadditivity of 7°
and L for T + iy and @+ iU is equivalent to the same condition for z + iy and u + iv in
C™. For similar reasons the function

(@ +iy) =272 (M (@, y) + Aa(2,9)) + (M (@, y) = Ao, ) [) P
=27Y2((2® + 4 + 2/G(2, )| 2P + (2% + P = 2|Gx,y) V2P
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is a norm in H for 1 < p < oo which satisfies appropriate Clarkson inequalities. In
particular,
bp(a +iy) =27V ([l + NylD? + Nl = lyll?)/P ifa-y = 0.
For other z the left-hand side and the right-hand side are related as in the case of C™.
Now we are in a position to formulate our interpolating result.
THEOREM 7.1. For every 1 < p < o0,
((Ha L)a (H7 T))[l/p] = (H7 ép)

PRrOOF. First, observe that all norms /,, are equivalent to the Hilbertian norm in H.
In particular, (H,¢,) is reflexive. For every norm F in H (H x H) which is equivalent to
the Hilbertian (Euclidean) norm, we can define the conjugate norm F* by

F*(z) =sup{|z-w|: F(w) <1} (= F*(z,y) =sup{|lz-u+y-v|: Flu,v) <1})

(the seci)nd “=" gign means that for the complex norm, as in C™, both definitions agree).
Then (H, F*) ((H x H,F*)) is also isomorphic to (H,| - ||) ((H x H,|| -||)) and, by the
Riesz theorem, F** = F. The operation * has some properties similar to the case of
C™. The statements (1), (2) and (7) of 2.5 are also true in the general case. This follows
immediately from the definition.

Now we show that

=10y, 1/p+1/g=1, 1<p<oo.
It is enough to prove this equality for z = = + iy with x - y = 0. Then we easily obtain
(as in the case of C"), for 1 < p <2,

05(z) < sup{lz-u+y o 27VP(full + ol + [lul = [lollP)/P) < 13 = £y(2).
Define ¢(z) = u + iv = ax + ay formally as the right-hand side in formula (5.12.1) for
grad£4(z) in C". Then one can easily check that

6p(¢(2) =1, R(e(z2) - 2) = £y(2).
This implies £;(2) = £4(2) for z -y = 0 and, therefore, for all ze H. Since each ly, 1<
q < oo, satisfies Clarkson’s inequalities, (ﬁ ,4q) is uniformly convex and therefore (ﬁ )

is uniformly smooth, i.e. £, is Fréchet differentiable on H \ {0} and by the Shmul’yan
theorem,

expl, = {? gradly(z): z =z +iy € H, z-y=0,0 € R}.
Here grad £,(z) = grad {,(z, y) is a unique vector in H x H which is defined by the Riesz
isometry for d(, ) f:

dz,y) f(u,v) = grady(z,y) - (u,v) = R(grad £y(2) - (u + iv)).
Since grad{,(z) is determined by the conditions
lp(gradfy(z)) =1, R(gradly(z)-z) = Ly(z),

we have grad 4(z) = ¢(z) for = -y = 0. If we define, as in C", the function h,(z, (), the
next steps are analogous to those for C". We complete the proof without any problems.

COROLLARY 7.2.  (H &g C, H &g C)p1 /) = (H, £,).
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