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Introduction

Let G be an Abelian metrizable group. A probability measure p on G is said to
be product-decomposable if there exist nondegenerate measures u1, o, Borel subgroups
G1,Gs of G and an element x in G such that

(i) = p1 * po * Og;3
(ii) pi(G;) =1fori=1,2;
(lll) GiNGy = {O}

Otherwise, u is said to be product-indecomposable. The measures p1 and ps in (i) are said
to be the product-factors of the measure p. This notion of product-decomposability is a
particular case of the classical convolution decomposability of measures. However, the
results are essentially different and obtained by new methods. In the paper we introduce
the notion of a Borel decomposability semigroup of a probability measure that generalizes
the Urbanik decomposability semigroup (see [23] and [24]). It allows us to present measure
problems on Abelian metrizable groups (no characteristic functions!) in terms of algebraic
and topological properties.

The thesis consists of six chapters. In Chapter I, we quote basic definitions and the-
orems from topology, theory of groups and functional analysis, used later on. Chapter II
contains some basic facts about measures. The most crucial part is Section 3 devoted
to Radon measures on Abelian metrizable groups. In particular, we investigate measures
with nontrivial idempotent factors and so-called infinitely divisible measures.

In Chapter IIT we define the fundamental notion of a Borel decomposability semigroup
consisting of additive measurable operators on the group. It forms a metrizable right semi-
group. Furthermore, we study properties of the additive projectors from the decomposable
semigroup. The main result of this chapter (Theorem 3.4.11) shows that the set of all
those projectors in the Borel decomposability semigroup of a probability measure without
an idempotent factor forms a complete lattice with respect to the natural order. This is
the key that enables us to find a complete description of the product-decomposability of
measures without idempotent factors.

The main part of the whole thesis is Chapter IV. Here we first observe that there is
a close connection between the existence of nontrivial additive projectors (in the Borel
decomposability semigroup of a probability measure) and the product-decomposability
of the measure in question. Then, we introduce new notions of purely product-atomic
measures, product-atomless measures and Gaussian measures in the sense of Gnedenko.
For the sake of completeness of our Introduction we quote all of them below.
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A Radon probability measure pu on an Abelian metrizable group is said to be purely
product-atomic if every product-factor of u has a product-indecomposable product-factor.
If every product-factor of u is product-decomposable, then g is said to be product-
atomless. A Radon probability measure y on G is said to be a Gaussian measure in
the sense of Gnedenko (G-Gaussian) if there exist a Radon probability measure v on G,
Radon probability measures A1, A2 on G x G, Borel subgroups Fi, F» of G X G and an
element z in G such that

(1) (4% 0z) @v = A1 Ag;
(if) F1 N Fy = {0};
(ili) (G x {0} U {0} x G)N(F1 U Fy) ={0};
(iv) i(F)=1fori=1,2.
Our terminology is patterned on Gnedenko’s results (see [8]) who proved that charac-

terization for Gaussian measures on R2. Chapter IV ends with the following main result
of the thesis:

THEOREM. Let G be an Abelian metrizable group and p be a Radon probability measure
on G without an idempotent factor. Then there exist Radon probability measures o, i1, fh2
on G, Borel subgroups Gy, G1,G2 of G and an element x¢ in G such that

(1) p = po * pa * pig * Oz
(ii) po is a Gaussian measure in the sense of Gnedenko;

(iv) pe is a purely product-atomic measure without a G-Gaussian product-factor;

(v) ni(Gy) =1 fori=0,1,2;

(Vl) GoNGr = {0} and (Go + Gl) NGy = {0}
Moreover, the measures g, 1 and po are uniquely determined up to degenerate convo-
lution factors.

)
)
(iii) w1 is a product-atomless measure without a G-Gaussian product-factor;
)
) w

This is an analogue of the classical Khinchin factorization theorem (see [14]).

In Chapter V we consider the product-decomposability on locally convex metrizable
spaces. In particular, we prove that a measure is G-Gaussian iff it is Gaussian and that
every product-atomless measure is a generalized Poisson measure.

Chapter VI specializes the notion of product-decomposability to measures on LCA
metrizable groups. Again, we investigate properties of purely product-atomic measures,
product-atomless measures and G-Gaussian measures.

I. Preliminaries

In this chapter we present the necessary results from topology, group theory and
functional analysis. Our intention is to fix the terminology and notation (to avoid possible
confusions) and to list the facts most often used in the farther chapters.
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1.1. Semigroups. A semigroup is a nonempty set S together with an associative
binary operation from S x S into S, called multiplication. If S is a semigroup, then for
each t € S the maps g; : S — S, 0:(s) = st, and A\ : S — S, \(s) = ts are called,
respectively, right and left multiplication maps (by t).

A nonempty subset T of a semigroup S is called a subsemigroup of S if TT C T.
Given a subset F of S, we denote by Sem(F') the subsemigroup of S generated by F'.

An element s € S is called an idempotent if s> = s, an identity if st = ts = t for all
te S, orazeroif st=ts=sforalltes.

Let S be a semigroup with a Hausdorff topology. S is said to be right (left) topological
semigroup if for each s € S the mapping o5 (As) is continuous. If S is both left and right
topological then S is called semitopological. Thus S is semitopological iff multiplication
is separately continuous. If this mapping is (jointly) continuous then S is said to be
topological.

1.2. Algebraic groups. In this section, we establish the terminology and notation
concerning algebraic groups that will be used throughout the work.

Let G be an algebraic group. The order of the group G is the cardinal number G of
the set of its elements. If G is finite (countable) cardinal, G is called a finite (countable)
group. If A is a subset of G, the symbol (A) will denote the subgroup of G generated by
A. Moreover, if (A) = G, A is said to be a generating system of G; the elements of A are
generators of G. The order of a group (a) (a € G) is also called the order of the element
a, in notation o(a).

If every element of G is of finite order, G is called a torsion or periodic group, while
G is torsion-free if all its elements, except 0, are of infinite order. A primary group or
p-group is defined to be a group the orders of whose elements are powers of a prime p.
A group G is said to be an elementary p-group if every element of G is of order p. For a
possibly infinite collection of subgroups F; of GG, the subgroup F' they generate consists of
all finite sums b;, +...+b;, with b;; # 0 belong to same F;;. We shall write F' = Ziel F;.
Let F; (i € I) be a family of subgroups of G, subject to the following two conditions:

(i) Y. F; = G (i.e. the F; together generate G);
(i) for every i € I, I N (30, Fy) = {0}.

Then G is said to be the direct sum of its subgroups F;, in symbols G = @, ; F; or
G=F1®..®F, ifI={1...,n} Again, every a € G can be written in a unique
form a = by, + ...+ b;, with b;; # 0 belonging to different components Fj, (j = 1,...,k,
where k& > 0). Since every element of Y F; is contained in a subgroup generated by a
finite number of the F;, condition (ii) can replaced by the apparently weaker postulate

Eﬂ(Fil-l—...-f—Fik):{O}

where i; # i and k is a positive integer.

A subset A of an Abelian groups G is said to be independent (respectively, p-indepen-
dent for some prime p) if whenever z1,...,z, are distinct elements of A and mq,...,m,
are positive integers (respectively, mq,...,my € Z;), the equality miz1+...+mpz, =0
implies that m; = ... =m, = 0.
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LEMMA 1.2.1. Let p > 2 be a prime. Then
(i) Z, ® Z, = G1 ® Ga, where G1 = {(1,1)), G2 = {((1,p — 1));
(i) ((Zp x {0}) U ({0} x Zp)) N (G1 U G2) = {(0,0)}

1.3. Additive operators in Abelian groups and linear operators in linear
spaces. Let G be an algebraic Abelian group. A mapping A transforming a subgroup
D(A) of G into G is called an algebraic additive operator in G if A(x +vy) = Az + Ay for
all z,y € D(A). The set D(A) is said to be the domain of the operator A.

If A and B are two algebraic additive operators in G, their sum A 4+ B is defined by
(A+ B)x = Az + Bz for all z € D(A) N D(B), and it is an algebraic additive operator
in G with D(A+ B) = D(A) N D(B). It may happen that D(A + B) consists of a single
element z = 0.

The product AB of two algebraic additive operators A, B in G is defined by (AB)z =
A(Bz) for all x € B71(D(A)), and it is again an algebraic additive operator in G' with
D(AB) = B7Y(D(A)). It is possible that D(AB) consists of a single element 0.

Let G be an algebraic Abelian group. A subgroup F of G is said to be:

(i) invariant under an algebraic additive operator A in G (or A-invariant) if F C
D(A) and A(F) C F;

(ii) invariant under a family A of algebraic additive operators in G (or A-invariant)
if F'is A-invariant for each A € A.

An algebraic additive operator P in G is said to be an algebraic additive projection
in G if P2 = P.
We now state some lemmata.

LEMMA 1.3.1. Let G be an algebraic Abelian group and A be an algebraic additive
operator in G. Then

(i) A is an algebraic additive projection iff D(A) = im A @ ker A and Az = x for
each x € im D(A);

(i) a subgroup F of G is A-invariant iff F C D(A) and F = A(F) + (I — A)(F);

(iii) of A is an algebraic additive projection then a subgroup F of G is A-invariant iff
FCD(A) and F = (FNim A) & (F Nker A);

LEMMA 1.3.2. Let G be an algebraic Abelian group, H be a subgroup of G and P be
an additive projection on G to itself. Then P(H) C H iff G/H = wy(im P) @ 7y (ker P),
where wy is the canonical map from G onto the quotient group G/H.

LEMMA 1.3.3. Let G be an algebraic Abelian group and P, @Q be additive projections
on G to itself. Then

(i) PQU — P) = —P(I = Q)(I — P);

(i) for every positive integer n and k =1,...,n,
(PQ)"(I = P) = —(PQ)" "P((I - Q)I - P))* = (PQ)" (I - P)((I - Q)(I — P))*;
(iii) for every positive integer n and k =1,...,n,

(I = P)QP)" =~((I - P)(I-Q)*P(QP)" " = (I - P)I - Q)*(I - P)(@QP)"".
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Let G be an algebraic Abelian group and @ be an additive operator on G to itself.

Set
o [Q if i = 0,
@ _{I—Q ifi=1.
Let P and @ be additive projections on G to itself and k,, € {0,1}". Put
p _ [ pkIQk2)  plen-1)Q(kn) if n is odd;
(PQ)x, =\ pl Qe | plla-2) k1) pia) if 1 5 even.
Let v,u € {0,1} and n € N. We will denote by wv,, the sequence (z1,...,zy) such
that
T — {u if k is odd,
F v if k is even.

LEMMA 1.3.4. Let G be an algebraic Abelian group and P, Q be additive projections
on G to itself. Then for every n € N,

(i) (PQuo,,, = P(QP)wo,;
(i) (PQ)u ., = PVQP)y,
(i) (PQ).,, = PV QP
(i) (PQloy . = PQP)yo,
Set J, = {0,1}™\ {00,,,11,,,01,,10, }. The next result will be used below.

THEOREM 1.3.5. Let G be an algebraic Abelian group and P, Q be additive projections
on G to itself. Suppose that (k,) is a sequence such that k,, € J, for each n € N. Then
lim sup card{i,, € J, : (PQ)Z»” = (PQ)En} = 0.

Proof. Set l(k,) = card{k; : 1 < i < mn,k;—1 # kit+1}. We now consider two cases:

(@) supl(k,) = o

(b) supl(k,,) < oc.

The first case follows by Lemma 1.3.3(1). For the second case it suffices to apply
Lemma 1.3.3(ii), (iii). =

Let E be an algebraic linear space. A linear mapping A transforming a subspace

D;(A) of E into F is called an algebraic linear operator in E. The set D;(A) is said to
be the linear domain of the operator A.

COROLLARY 1.3.6. The algebraic linear operators in E form a subclass of the algebraic
additive operators in E.

COROLLARY 1.3.7. Let E be a linear space and A, B be algebraic linear operators in
E. Then A+ B and AB are algebraic linear operators in E.

Let F be a linear space and A be a linear operator in E. A subspace F' of F is said
to be:

(1) invariant under an algebraic linear operator A in E (or A-invariant) if ' C D(A)
and A(F) C F;

(ii) invariant under a family A of algebraic linear operators in G (or A-invariant) if
F is A-invariant for each A € A.
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An algebraic linear operator P in F is called an algebraic linear projection in E if
P2 =P.

1.4. Abelian metrizable groups. An Abelian topological group G is said to be
metrizable if there exists a metric ¢ on G such that the original topology coincides with
the topology defined by the metric p. An Abelian T topological group G is metrizable
iff there is a countable basis at zero. In this case, the metric can be taken to be invariant.

A component of an Abelian metrizable group G is the connected component of zero,
which is always a closed subgroup of G.

By a closed neighborhood we shall mean the closure of a nonempty open set.

LEMMA 1.4.1. Let G be an Abelian metrizable group and G1, Go be o-compact sub-
groups of G with G1 NGy = {0}. Then

(i) Go = G1 + G2 is a o-compact subgroup of G;

ii) the mapping P of Gy into itself define x = x1, where x = x1+2x9 and z; € G;

ii) th ing P of Gy into itself d d by P h d G
ori=1,2, is an algebraic additive Borel-measurable projection.

1 =1,2, 1 lgebraic additive Borel bl jecti

Proof. (i) is obvious.

(ii) Let ¢ be the mapping from G; x Go into Gy defined by ¢(x1,x2) = x1 + x2. Since
¢ is continuous, Corollary 1.3.3 of [16] implies that ¢! is Borel-measurable. Hence, P is
Borel-measurable. m

LEMMA 1.4.2. Let G be an Abelian metrizable complete nondiscrete group containing
only elements of finite order. There there exist a neighborhood U of 0 in G and some
positive integer ko such that for every x € U \ {0}, o(z) < k.

Proof. We denote Dy, = {z € G : o(x) < k} U{0}. Thus G = |J;2; Dy. Let (z,,) be
a sequence in Dj. We assume that z,, — = for some z € G. It is easy to see that there
exist a positive integer I with [ < k and a subsequence (n,,) of positive integers with
o(xn,,) = 1. Since 0 = lx,,, — lx as m — oo, we conclude that o(x) <[ and thus Dy,
is closed. By the Baire theorem Int Dj # () for some positive integer k. But this implies
that 0 € Int Dy, — Int D, C Int Dy2. =

THEOREM 1.4.3. Let G be an Abelian metrizable complete nondiscrete group such that
there exists a neighborhood of 0 in G containing only elements of finite order. Then G
contains a nondiscrete closed primary p-group H for some prime p.

Proof. Let U be a neighborhood of 0 in GG containing only elements of finite order and
let Gg be the group generated algebraically by U. Then (g is an open-closed nondiscrete
subgroup of GG containing only elements of finite order.

Let IT be the set of all primes. For every p € IT we define

Gp = {z € Gy : o(z) = p" for some k € N}.

Hence, G,, is a subgroup of Gy. Moreover, Theorem 8.4 of 7] implies that

(1) G=PaG,.

pell
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We claim that G, is closed. Let (x,) be a sequence in G, such that z,, — x for some
x € Gy. Since o(x) = m for some positive integers m we obtain mx, — 0 as n — oo.
Hence, by Lemma 1.4.2 the set {o(xy,) : n € N} is bounded. But this implies that there
exist a subsequence (n,,) of positive integers and ko € N such that o (z,,,) = p*°. Since
0 = prox,, — p*ox as m — oo, we obtain o(z) < p*o and thus o(x) = p' for some [ € N.
That proves that G is closed. Hence (1) together with the Baire theorem yields that
there exists po € II such that G, is nondiscrete.

For n € Nlet Gp,n = {z € Gp, : o(x) < pg}. Thus G, is a closed subgroup of
Gy, and Gpy = U, Gpy,n. From the Baire theorem we conclude that for some ng € N,
Int Gp, n, # 0, which implies that Gy, ,, is nondiscrete.

Let f be the mapping from Gy, ,, into itself defined by f(z) = p™~'x for z € Gp, n,-
Since f is continuous and f~(Gpy.no \ {0}) C Gpy,1 we conclude that f=(Gp,.ne \ {0})
is open, which implies Int Gy, 1 # 0 and thus G, 1 is nondiscrete. m

An Abelian metrizable group G is said to be an I-group if every neighborhood of 0 in
G contains an element of infinite order.

LEMMA 1.4.4. Let G be an Abelian metrizable complete nondiscrete group and mq, . ..
...,my be integers with [mq| 4+ ... 4+ |myk| > 0. Set Q = {(x1,...,2x) € G : Ele miT;
= 0}. Suppose that either

(i) G is an I-group, or

(i) G is a primary p-group for some prime p and ma, ..., my € Zy.

Then Q is a dense open subset of GF.
The proof is similar to the proof of Lemma 1 of [17] and will be omitted.

THEOREM 1.4.5. Let G be an Abelian metrizable complete nondiscrete group and U be
a neighborhood of 0 in G. Then

(i) if G is an I-group then U contains an independent set homeomorphic to Cantor’s
ternary set;

(i) if some neighborhood of 0 in G contains only elements of finite order, then there
exists some prime p such that U contains a p-independent set homeomorphic to Cantor’s
ternary set.

Proof. Application of Theorem 1.4.3 shows that it will be sufficient to prove the
theorem in the case where either G is an I-group, or G is a primary p-group for some
prime p. Define

p if G is a primary p-group,

7. 7  if p* = oo,
P" 7 1 Z, if p* is a prime.

. {oo if G is an I-group,

Let £ be a closed neighborhood in U.
We claim that there exists a sequence (E(™) of closed subsets of G' such that
(a) E®™ c EO);

(b) B = U,eqo.1yn B
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(c) ™) for s € {0,1}", are disjoint closed neighborhoods with diam( §")) < 1/n;

@) EW UE™ ¢ B8V for s € {0,137

(e) if zs € EM™, m, € Zp+, |ms| < min(p*,n) and 3 g1y [ms| > 0 then
256{0,1}" mszs 7 0.

Suppose EW) | j kzll, ..., k, have been constructed. Let Q1 be the set of all points
(x1,...,Tor41) € G? ™ such that the conditions: N1, ..., Nok+1 € Z, |n;| < min(k+ 1, p*)
fori=1,...,28 1 and |ni|+. ..+ |noes1| > 0imply nix1 4. . .+ nors129x41 # 0. Applying
Lemma 1.4.4, we see that Q41 is a dense open subset of G2, Thus the set

(B x BEQ) x B x B x o x B < B0 Qe

where {0,1}" = {s1, $2,..., Sor }, contains an open set
‘/;170 X V91;1 X ‘/82,0 X ‘/5271 XX V92k+170 X Vv82k+171'

Moreover, there are disjoint closed neighborhoods EFTY ¢ V; for all s € {0,1}*! whose
diameters are less than 1/(k + 1). Put E*+1) = Usego,13r+1 E%™ . That proves that
the sequence (E(™) exists.

Consequently, if x;,...,2; are disjoint elements of E®) for some k € N, if no two
of these elements lie in the same set Eék), if nq,...,n; € Zp~, |n;] < min(p*, k) for i =
1,...,jand |ni|+...+|n;| > 0, then nyx1 +...+n,z; # 0. Putting £ = (2, EM™, we
obtain £ = J 1o 1y (Npz1 Et(f,)m,tw where s = (t1,12,...), and card((,—, Et(f)tk) =1.
Moreover, if p* = oo then E is an independent compact set and if p* is a prime then F
is a p-independent compact set.

Consider the mapping f from E into {0, 1}°° defined by the formula f(x) = (t1,t2,...)
= . Then f is a homeomorphism. m

THEOREM 1.4.6. Let Gy, Ga, be Abelian metrizable groups and D; be a compact subset
of G; fori=1,2. Assume that D1 and Dy are homeomorphic and either D1 and Dy are
independent, or Dy and Do are p-independent for some prime p. Let F; be a subgroup of
G; generated algebraically by D; for i =1,2. Then

(i) F1 and F» are o-compact;
(i) if ¢ is a homeomorphism from Fy onto Fy then the mapping ® from Fy into Fy
defined by

¢(§mkxk) = émkdﬂ?k%

where x1,...,Tn € D1 and mq,...,my, € Z, is a Borel isomorphism.

Proof. For every positive integer n and ¢ = 1,2 we define
n
Fi(n) = { kaxk PX, .. X € Dy my| < n}
k=1

Thus Fl(") and FQ(") are compact and @(Fln)) = 2(n). Moreover, @|p) is a homeomor-
phism. Since F; =~ Fi(n) for i = 1.2, @ is a Borel isomorphism. m
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1.5. Locally compact Abelian groups. A character on a locally compact Abelian
(LCA) group G is a continuous complex-valued function & on G satisfying |{(x)| = 1 for
each x € G and {(z +y) = &(x)é(x) for all z,y € G.

The set G’ of all the characters on G is clearly an Abelian group under pointwise
multiplication. We write the group operation of G’ as addition and replace £(x) by (z, &).

G’ equipped with the topology of uniform convergence on compact subsets of G is a
LCA group. We call it the dual group of G.

For each = € G, the mapping £ — (x,&) defines a character on G’. The Pontryagin
duality theorem states that every character on G’ has this form and that the topology
of uniform convergence on compact subsets of G’ coincides with the original topology on
G. In other words, if G’ is the dual group of GG, then G is the dual group of G'.

Let G; and G2 be LCA groups with dual groups G} and G%, respectively. To every
continuous homomorphism ¢ from G4 into G there corresponds the adjoint mapping ¢'
from GY into G defined by (¢(z),~) = (z, ¢’ (7)) for € Gy and v € Gj.

It is easy to see that ¢’ is a continuous homomorphism from G, into G}. We now list
without proofs some additional properties of adjoint homomorphisms.

(a) If ¢ is an open continuous homomorphism from G into Ga then ¢ is an open
homomorphism from G into G.

(b) (¢') = o

(c) ¢ is injective iff ¢(G1) is dense in Gj.

(d) ¢’ is a topological isomorphism from G5 onto G iff ¢ is a topological isomorphism
from G4 onto Gs.

THEOREM 1.5.1. Let G be a LCA metrizable group and {Pi(") ci=1,...,ky; n €N}
be a family of additive continuous projections from G into itself such that for everyn € N,
(i) PP = PP =0 fori # j;
(i) 3oz, P = T
(ili) for every positive integer j € {1,...,k,} there exist m1,...,my € {1,... kny1}
such that

P
(n) _ n+1
P =" plnth),
i=1

Assume that either

(a) G has a nontrivial component, or

(b) G is a compactly generated nondiscrete group.

Then
e’} kn
N (U imPi(")) £ {0},
n=1 =1

The proof of this theorem is prepared by two lemmata.

LEMMA 1.5.2. Let G be a nontrivial compact metrizable group and {Pl-(") D=
1,...,kn; n € N} be a family of additive continuous projections from G into itself satis-
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fying the conditions (i)—(iii) of Theorem 1.5.1. Then

ﬁ (@impf")) #{0}.

n=1 =1

Proof. We assume on the contrary that ﬂzo:l(ul 1 1mP(" ) = {0}. Let v be a
nonconstant continuous character. Set U = {exp(it) : |t| < 1/13} and V = 4~ 1(U).
Since N2 (UZ 1 (im P; () \V)) = (Z) we conclude that there exists no € N such that

im C which implies ~(im P C U, and thus ~(im =
o i P("“) V, which implies J{"$ v(im P{"®)) C U, and thus |J\"9 v(im P")
{1}. But this implies that G = im Pl(no) @...6im P,E:;’) C kery # G. The contradiction
proves the lemma. m

LEMMA 1.5.3. Let {Pi(n) ci=1,...,kn; n € N} be a family of additive continuous
projections from RP into itself satisfying the conditions (i)—(iii) of Theorem 1.5.1. Then

N (fjimPf")) # {0}.

Proof. Since {Pl-(") :i=1,...,kp; n € N} is a family of linear projections there is
ng € N such that for every n > ny, {Pl(m’) } = {P(" .,P,g:)}. The rest of
the proof is clear. m

k(n )

Proof of Theorem 1.5.1. Assume on the contrary that ﬂflo:l(UiZl imPl-(")) =
{0}. Let Go be the nontrivial component of G. It is easy to see that for every positive
integersn and ¢ € {1,...,kn}, Pi(n)(Go) C Gy. Without loss of generality we may assume
that there exist an Abelian compact connected metrizable group K and a nonnegative
integer p such that Gop = K x RP.

Let n be some positive integer and i € {1,...,k,}. Since Pi(n)(K x {0}) is a compact
subgroup of Gy we conclude that Pl-(") (K x{0}) C K x {0}. Application of Lemma 1.5.2
now implies that K = {0} and finally that G = RP. Hence, by Lemma 1.5.3, Go = {0}
and thus G is totally disconnected. This contradicts the assumption G has the nontrivial
component.

Let G be a compactly generated nondiscrete group. Without loss of generality we
may assume that G has the trivial component. The Pontryagin theorem now implies
G = K x D, where K is a compact nontrivial group and D is discrete group. Since
Pi(n)(K x {0}) is a compact subgroup of G we conclude that Pl-(") (K x {0}) C K x {0}.
Application of Lemma 1.5.2 now implies that K = {0}. This contradicts the assumption
that K is nontrivial. m

On every LCA group G there exists a nonnegative regular measure w¢, the so-called
Haar measure on GG, which is not identically 0 and which is translation-invariant. Haar
measure is unique, up to a multiplicative positive constant. If G is compact, it is custo-
mary to normalize wg so that we(G) = 1. If G is discrete, any set consisting of a single
point is assigned the measure 1. These requirements are of course a restriction if G is a
finite group, but this causes no difficulty.
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The characteristic function of a Radon probability measure p on G is defined by the
formula
) = S<ZC,€> p(dx)  for each € € G'.
G
The Bochner theorem states that a complex-valued function ¢ on G’ is the character-
istic function on G iff it is continuous, positive definite and ¢(0) = 1.

1.6. Transformation groups. By a topological transformation group we mean a
triple (F,X,0), where F is a topological group, X is a metrizable space and © is a
continuous mapping from F x X into X such that

(i) ©(f,0(h,z)) = O(fh,z) for all f,h € F and z € X;
(ii) O(e,z) = x for each x € X, where e is the identity of F.

The map O is called an action of F' on X. The space X, together with a given action
© on F, is called an F'-space. When O is understood from the context we shall often use
the notation f(x) or fx for O(f,x) so that (i) and (ii) become f(h(z)) = (fh)(z) and
e(r) =x. For C C Fand A C X weput C(A) = {f(zx): feC, x € A}. For f € F
let ©f be the mapping from X into itself defined by ©(z) = f(x) = O(f,z). Then
@f@h = @fh and @e = Ix, by (1) and (ll) Thus @f@f—l = @rl@f = I for each f S F‘7
which shows that each ©; is a homeomorphism of X.

We shall now give some examples of actions.

ExXAMPLE 1.6.1. Let G be an Abelian metrizable group and F be a compact subgroup
of G. We define the action of F on G by f(z) = f+x for f € F and z € G.

EXAMPLE 1.6.2. Let E be a linear metrizable space and F' be a subgroup of Aut(E).
Then F acts on E \ {0}.

The following theorem will be useful in next chapters.
THEOREM 1.6.1. Let © : F x X — X be an action of a compact group F' on X. Then
(i) © is a closed mapping;

(ii) F(A) is closed for each closed subset A of X;

(iii) if C is a compact subset of X then F(C) is compact.

If X is an F-space and x € X, then the set F(z) = {f(z) : f € F} is called the orbit
of x (under F'). The orbits F(z) and F(y) of any two points z,y € X are either equal or
disjoint.

We will denote by X/F the set of all orbits. Let 7 = np : X — X/F denote the
canonical mapping. Then X/F endowed with the quotient topology is called the orbit

space of X (with respect to F'). Thus 7 is a continuous open mapping.
For actions of compact groups, the orbit space has the following properties.

THEOREM 1.6.2. Let X be an F-space with F' compact. Then

(i) X/F is metrizable;
(i) mp s closed;
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iii) If C is compact subset of X/F then n7 (C) is compact;
(iii) D F 74
(iv) X is compact iff X/F is compact.

For the proof see, for example, [4].

1.7. Locally convex spaces. A topological linear space F is said to be locally convex
if it has a base of neighborhoods of 0 consisting of convex sets. A complete metrizable
locally convex space is called a Fréchet space.

Suppose that E is locally convex and metrizable and that (|| - ||») is a sequence of
seminorms which defines the original topology T on E. Then T is also defined by the
F-norm

-1 ="Y" 27" min(1,|| - [|s).
n=1

The topological product [], E; of locally convex spaces is again locally convex. This
product is complete iff each E; is complete. The topological product of metrizable locally
convex spaces is metrizable iff the product has finitely or countably many factors. The
topological product of countably many Fréchet spaces is again a Fréchet space.

The direct sum E = @,.; E; of the vector spaces E; is defined to be the subspace
of [, E; consisting of those (z;) which have finitely many nonzero x;. We denote the
embedding from E; into E by I;. This mapping sends x; € E; to the element (z;) € E
whose ith coordinate is x;, and other coordinates vanish.

The locally convez direct sum E = @, E; of the locally convex spaces E; is defined
to be the direct sum F of the spaces E; equipped with the finest locally convex topology
T for which each embedding I; from E; into E is continuous. The locally convex direct
sum @@, E; of the locally convex spaces E; is complete iff each E; is complete.

Every locally convex space E is topologically isomorphic to a linear subspace E of
a topological product of Banach spaces. E is complete iff E is closed. If, further, F
is metrizable (separable) then E is a linear subspace of some topological product of
countably many Banach (separable) spaces.

The set of all continuous linear functionals on a locally convex space forms a vector
space. We call it the dual space E’ of E. If E is a locally convex space, then E and its
dual E’ form a dual pair (E, E'), when a bilinear form (-,-) is defined by (z,2’) = 2’/ (x)
forzxe E, 2 € E.

Suppose that a family of locally convex spaces (E;) is given. The dual of the topological
product [ ], E; is algebraically isomorphic to the direct sum @, E; of the duals. The dual
of the locally convex direct sum @, E; is algebraically isomorphic to the product [, E.
In the dual pairs (][, E;, @, E;) and (D, E;, [[; E}) which arise in this way, the bilinear
form is given by ((z;), («})) = >_;(xi, x}); for all (z;),(«]), where z; € F;,2; € E and
(-,-); is a bilinear form on (E;, EI).

A subset T of E' is called total if {x € E: (x,2') =0foralla’ e T} ={0}. f Fis a
metrizable separable locally convex space then E’ has a countable total subset.

If E is a locally convex space, the original topology T is finer than the weak topology
o(E,E") and coarser than the Mackey topology 7(E, E’). Moreover, if E is metrizable
then the original topology T coincides with the Mackey topology.
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We call a locally convex topology T on E; compatible with the dual pair (E, Es)
when the dual space of E; equipped with the topology T7 is Es.

Let (F1, E2) be a dual pair. The topology of uniform convergence on all weakly
bounded subsets of Es is called the strong topology B(FE1,FE2) on Ej. In the general
case the strong topology B(E1, Es) on Ej is not compatible, and has a larger dual space
than Fs. We call the space E’ with the strong topology B(E’, E) the strong dual of E.

A closed absorbent absolutely convex subset of a locally convex space E is called a
barrel. If (Eq, FE5) is a dual pair then the barrels in F; form a base of neighborhoods of 0
for the strong topology B(FE1, E2) on E;. A locally convex space E is said to be barrelled
if the barrels form a base of neighborhoods of 0 for the original topology on E. Thus E
is barrelled iff the original topology on E coincides with the strong topology B(FE1, Es).
Moreover, if F is barrelled then 7(E1, F3) = B(F1, E2). The topological product and the
locally convex direct sum of barrelled spaces are again barrelled. All Fréchet spaces are
barrelled.

Let E be a locally convex space. We call the dual of the strong dual E’ the bidual
space of E and denote it by E”. A locally convex space F is said to be reflexive if E = E”
and if the topology 8(E”, E’) coincides with the original topology on E. If E is reflexive
then the strong dual E’ is also reflexive.

A barrelled space FE is called a Montel space if every bounded subset of E is relatively
compact. Every Montel space is reflexive. The strong dual of a Montel space F is again
a Montel space. The weak and the strong topology coincide on the bounded subset of
a Montel space. The topological product and the locally convex direct sum of Montel
spaces are again both Montel spaces.

A Fréchet space which is also a Montel space is called an FM-space. Every FM-space
is separable.

Let E and F' be locally convex spaces. Suppose that E is the locally convex direct
sum of the locally convex spaces (E;). Then

(i) A linear mapping A from E into F is continuous iff for every finite partial sum
E; of (E;) the restriction of A to Ej is continuous.

(ii) A bilinear mapping B from E x E into F is continuous iff for every finite partial
sum FE; of (F;) the restriction of B to E; x Ej is continuous.

Every continuous linear mapping A from a locally convex space E into a locally convex
space F' is weakly continuous.

Suppose that two dual pairs (E7, Es) and (Fy, F») are given. Then Fy and F» are
linear subspaces of the algebraic dual spaces E} and FY, respectively. To every linear
mapping A from E; into Fj there corresponds the adjoint mapping A’ from Fy into EY,
defined by (Az,y*) = (x, A'y*) for x € E; and y* € Fy. In what follows, A" will always
mean the restriction of A’ to F» C Fy. A linear mapping from FE; into Fj is weakly
continuous iff A’ maps F5 into Fy. A is weakly continuous iff A’ is. If a linear mapping
A from E; into F; is weakly continuous then the mapping (A’) adjoint to A’ is equal to
A, and so maps F; into Fj.

Let E be a Montel space and A a weakly continuous linear mapping from F into itself.
Then A is strongly continuous iff A’ is strongly continuous.
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1.8. The space R*™. The Cartesian power R is a linear space over R if for (z,), (yn
and X € R, addition and multiplication are defined by (z,,) + (yn) = (n + yn), Aan) =
(Axy,).

THEOREM 1.8.1. The space R>® equipped with the product topology is an FM-space. The
product topology coincides with the topology defined by the sequence (p,) of seminorms
such that pr((zx)) = |zn| for all (z;) € R™ and n € N.

We define the length of (zr) € R> by
_ finf{n:zy =0for all m > n} if (zx) #0,
) ={} it (o) 2 0.

Set R = {(zx) € R : {((zx)) < oo}.

THEOREM 1.8.2. The space RE® can be identified with the dual space of R*®, under the
duality ((zx), (yr)) = 32521 Teyk for all (z) € R™, (yi) € RE.

The proof is obvious.

THEOREM 1.8.3. The space RE® equipped with the strong topology B(RF,R>) is a
locally convex direct sum. The strong topology B(RZ,R>°) coincides with the Mackey
topology (R, R*>°). Moreover, R5° is a Montel space.

COROLLARY 1.8.4. (i) If A is a linear mapping from RE® into a locally convex space
E then A is continuous.

(i) If B is a real bilinear form on RS x RE® then B is continuous.

(iil) If A is a linear mapping from RS into itself then the adjoint mapping A’ from
R into itself is continuous.

Let €, be the element of R* whose nth coordinate is equal to 1, and all other coor-

dinates vanish.
We now state some lemmata.

LEMMA 1.8.5. The sequence () is a Schauder basis of R* and a Hamel basis of
R°. Moreover, (en,em) = dp,m for all n,m € N.

LEMMA 1.8.6. Let (e},) and (i;) be Hamel bases of RE°. Then the linear mapping A
from RS° into itself defined by the formula Ael, = i;, for each n € N, is a topological
automorphism of the locally convex space R§°.

LEMMA 1.8.7. If (e},) is a Hamel basis of RS® then there exists exactly one Schauder
basis (e,,) of R>® with (e, eh,) = dn,m for all n,m € N.

—n I’ =m
Proof. By Lemma 1.8.6 there exists a topological automorphism A of RJ® such that
Ael, =g, foralln € N. Let ¢, = A’e,,. Since A’ is a topological automorphism of R>
we conclude that (e,,) is a Schauder basis of R>. Clearly,
(enrem) = (A'en, ) = (en, Arn) = (En Em) = Inum-
The rest of the assertion can be proved in a similar way. m

LEMMA 1.8.8. Let E be a metrizable separable locally convex space. Then there exists
a continuous injective linear mapping T from E into R*>. Moreover, if F' is a o-compact
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subspace of E then T(F) is o-compact and the mapping (T|r)~* from T(F) onto F is
Borel-measurable.

Proof. Let (z]) be a total sequence of continuous linear functionals defined on E.
Thus the mapping T from E into R* defined by T'(x) = ((z, z},) for z € F is continuous
linear injective. m

I1. Basic properties of probability measures

2.1. Probability measures on metrizable spaces. Let X be a metrizable space.
We denote by Bo(X) the smallest o-field of subsets of X which contains all open subsets
of X. Bo(X) is called the Borel o-field of X and elements of Bo(X) are called Borel sets.
By a finite positive measure g on X we shall understand a finite positive measure on
Bo(X). A positive finite measure p on X is said to be Radon if for each € > 0 there exists
a compact subset K of X such that u(X \ K) < e.

The collection of positive finite Radon measures on a metrizable space X will be
abbreviated by MT(X). We will denote by M*(X) the set of all probability Radon
measures on X.

Given two metrizable spaces X and Y, u € M'(X), A € Bo(X) with u(X \ 4) =0
and a Borel-measurable mapping f from A into Y, we denote by f(u) the measure on Y
defined by f(p)(B) = p(f~1(B)) for B € Bo(Y).

LEMMA 2.1.1. Let u be a probability measure on a metrizable space X. If u(Z) =1
for some o-compact subset Z of X then yu € M (X).

We define the support supp(u) of any positive finite measure 1 on a metrizable space X
as the complement of the union of all open subsets U of X with u(U) =0. If p € M (X)
then supp(u) is separable and p(supp(p)) = pu(X).

For any element = of a metrizable space X we denote by ¢, the probability measure
concentrated at x.

We denote by u: = p the weak convergence of a net (u;) of positive finite measures
on a metrizable space X to a positive finite measure p on X.

THEOREM 2.1.2. Let X and Y be metrizable spaces, f a Borel-measurable mapping
from X intoY and p € M*(X). Then f(u) € MT(Y).

Proof. This follows immediately from Proposition 1.1.11 of [26] together with The-
orem 1.1.5 of [20]. m

Let X and Y be two metrizable spaces, p € MT(Y) and f be a Borel-measurable
mapping from X into Y with p*(Y \ f(X)) = 0. A Borel subset A of X is said to be a
u-cross-section for the mapping f if

(i) f(A) is a Borel subset of Y;
(ii) the mapping f|4 from A onto f(A) is a Borel isomorphism;

(iii) u(Y"\ f(A)) = 0.
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2.2. Probability measures on transformation groups

LEMMA 2.2.1. Let X be an F-space with F' compact and let K be a compact subset
of X. Then there exists a Borel subset B of K such that

(i) mp(B) = mp(K);
(i) the mapping wr|p from B onto f(B) is a Borel isomorphism.

Proof. Since X/F is a metrizable spaces and 7p(K) is a compact subset of X/F,
Theorem 1.4.1 of [16] proves the lemma. m

THEOREM 2.2.2. Let X be an F-space with F compact and let p € MY (X/F). Then
there exists a p-cross-section for the canonical mapping 7p.

Proof. An easy computation shows that there exists a sequence (C,,) of compact
subsets of X/F such that C,,NCy = 0 for n # k and pu(J5, Cy) = 1. Put K,, = 7. (Cy,).
By Theorem 1.6.2, K,, is compact for each n € N. Moreover,

(a) K, N K =0 for n #k;

(b) 7"'F(I(n) = Chp;

(c) F(K,) = K,.

Lemma 2.2.1 now implies that for every positive integer n there exists a Borel subset
B, of K, with

(d) Tp(Bn) = Kn;

(e) the mapping 7p|p, from B, onto 7p(K,) is a Borel isomorphism.

Hence, (J,2 | By, is a p-cross-section for the canonical mapping 7p. =

Let X be an F-space with F compact. A measure u€ M (X) is said to be F-invariant

if f(u) = p for each f € F. We denote by ME(X) the set of all Radon probability
F-invariant measures on X.

THEOREM 2.2.3. Let X be an F-space with F' compact and p € ME(X). Let B be a
u-cross-section for the canonical mapping wp. Then

1= (O|lrxB)(wr ® ¢B(1)),

where wp is the Haar measure of F and ¢p is the mapping from F(B) onto B defined
by ¢ = (7r|B) " (7r|F(B)). Moreover, for each A € Bo(X),

u(4) = || § La(6(f, ) wr (df) | o5 () (d2)
B F
- |

| V240 (2l5) 7" 2) wr (df) | mr () ).

TI'F(B) F
Remark. ¢p(u)(A) = u(F(A)) for all A € Bo(B).
Proof of Theorem 2.23. Let A be a Borel subset of F(B). Since for each
x € F(B),

VLa(O(f. 2) wr(df) = | La(O(f, 65 (x))) wr(df)

F F
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we conclude that

wA) = F(p)(A) = w07 (A) wr(df)

Hence, 1 = (OlrxB)(wr ® ¢p(1)). =
The next two corollaries follow immediately from Theorem 2.2.3.
COROLLARY 2.2.4. Let pi1, i € MZE(X) Then pr = po iff mr(u1) = wp(us).

COROLLARY 2.2.5. Let p € M*(X). Then pu € ME(X) iff there exists v € M'(X)
such that

u(A) = S HIA(Q(f, z))wr(df)|v(dx)  for each A € Bo(X).
X F

COROLLARY 2.2.6. Let v € MY (X/F). Then there exists p € MA(X) with mp (1) = v.

Proof. Let B be a u-cross-section for the canonical mapping nr and let u be the
measure defined by

u(A) = | |V La(O(f. (wrl) @) wr(df) [p(de)  for A€ Bo(X),
C F

where C = 7p(B). It is easy to see that p € ML(X). =
THEOREM 2.2.7. Let X be an F-space with F compact and (F,) be a sequence of

compact subgroups of F such that F,, C F,y1 and F C |J,_| F,,. Assume that (p,) is
a sequence in M*(X) with p, € M}, (X) for each n € N. If wp(pun) = v for some

v € MY (X/F) then there exists p € M*(X) such that
(1) pn = p;
(i) (i) = v.
Proof. Theorem A.IIL.8 of [3] implies that the sequence (7 (1)) is uniformly tight.

Hence, by Theorem 1.6.2 the sequence (u,,) is uniformly tight. Let A be a cluster point
of (un). Clearly, A\ € ME(X). Application of Corollary 2.2.4 shows that p,, = \. m

COROLLARY 2.2.8. The mapping M(X) > p — wp(u) € MY (X/F) is a homeomor-
phism.

Let X be an F-space and D be a subset of F. A subset A of X is said to be invariant
under D if D(A) = A.

LEMMA 2.2.9. Let X be a compact F-space with F compact. Suppose that a Borel
subset Y of X is invariant under F. Then wp(Y) is a Borel subset of X/F.
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Proof. By Lemma 2.2.1 there exists Z € Bo(X) such that 7p(Z) = X/F and
wrlz : Z — X/F is a Borel isomorphism. Clearly, 7p(Y)=7p(Y N Z). n

THEOREM 2.2.10. Let X be an F-space with F' compact and H be a compact subgroup
of F. Letv € MY(X/F). Assume that a Borel subset Y of X has the following properties:

(i) Y is invariant under H;
(i) va(mr (V) = 13
(iii) for all y1,y2 €Y, if F(y1) = F(y2) then H(y1) = H(y2).

Then there exists p € M} (X) such that mp(u) = v and p(Y) = 1.

Proof. By assumption there exists a sequence (C,) of compact subsets of 7r(Y)
such that C,, N Cy, = 0 for n # m and v({J,—, C,) = 1.

Let K, = 7' (C,,) and Y,, = K,,NY. Then (K,) and (Y,,) are two sequences of Borel
subsets of X such that

(a) K, is compact;

(b) K\, N Ky, = 0 for n # m;

(¢) Ky, is invariant under F;

(d) Y, C Kp;

(6) mr(Kn) = 7 (Va) = C

(f) Y, is invariant under H.

Let 7, be the canonical mapping from K, onto K, /H. The property (f), together
with Lemma 2.2.9, yields 7, (Y,,) =Y, /H € Bo(K,,/H).

We define the mapping ¢, from Y,,/H onto wr(Y,,) by the formula ¢, (H (y)) = F(y)
for each y € Y. By property (iii), ¢, is bijective. Since ¢, (my |y, ) = 7r|y, we conclude
that ¢, is continuous. Hence, by Lemma 1.3.1(iii) of [16], ¢, ! is Borel-measurable.

Set Yy = J,—, Y,,. Then Yj is invariant under H, Yy C Y and v(7p(Yp)) = 1. Let ¢y
be the mapping from Yy/H onto mr(Yp) such that ¢oly, /z = ¢n, for each n € N. Then ¢
is a Borel isomorphism. Put A\ = (¢ !)(v). It is easy to see that A\ € M (Y/H), Yo/H €
Bo(Y/H) and A\(Yo/H) = 1. According to Corollary 2.2.6 there is u € M} (Y) such that
7w (p) = A Clearly, mp(pu) =v. =

2.3. Probability measures on Abelian metrizable groups. Let G be an Abelian
metrizable group. For any not necessarily bounded Borel measure p on G we denote by
7 the measure defined by fi(A) = p(—A) for A € Bo(G).

Let € MT(G). The measure p® = p * 1z is called the symmetrization of p.

We now state some lemmata.

LEMMA 2.3.1. Let G be an Abelian metrizable group, F a subgroup of G and p €
MY(G) with u.(F) = 1. Then there exists a o-compact subgroup H of F with u(H) = 1.
K g K

LEMMA 2.3.2. Let G be an Abelian metrizable group, u € M*(G) and let (H,) be a
sequence of Borel subgroups of G. Assume that for each n € N there exists x, € G such
that w(H, + x,) = 1. Then

(i) if v € G then p(Hy +x) =1 iff v — 21 € Hy;
(i) Mooy (Hp +2n) =0y Hy + for each x € (2 (Hy + 2n);
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(i) p(Mpzy (Hp +20)) = 1.
The proof is immediate and thus is omitted.

LEMMA 2.3.3. Let G be an Abelian metrizable group and p, p1, po € MY (G) such that
=1 % o, Assume that p(H) =1 for a Borel subgroup H of G. Then

(i) if p1 % 0z(H) = 1 for some x € H then g xd_,(H) =1,
(i) if i (H) = 1 then pa(H) = 1
(iii) there is an © € G such that py * §,(H) = pa x 6_,(H) = 1;
(iv) if pp = v° for some v € MY (G) then p1(H) = po(H) = 1.
Proof. (i) Since p1(H — x) = 1 we conclude that
1=p(H)= S p2(H —y) pa(dy) = p2(H + ).
H—=zx
(ii) is obvious.
(iii) The equality 1 = p(H) = SG p1(H — y)p2(dy) implies

(1) V01— (H = y)] pa(dy) = 0.
G
Since 1 — py(H —y) > 0 for every = € G, (1) shows that p1(H —y) = 1 ps-a.s. Hence,
there is ¢ € G with py (H —x) = 1.
(iv) The statement (iii) implies v(H — z) = 1 for some = € G, hence p;(H) = 1.
Application of (ii) completes the proof of the lemma. m

Let G be an Abelian metrizable group. With every u € M!(G) one associates the
system F,, of all closed subgroups F' of G for which exists an element xr of G with the
property that u(F + xp) = 1. It is easy to verify that

(i) supp(p) C F +
(ii) F € F, iff supp(p®) C F;
(ili) N Fu € Fu-
The closed subgroup () F), is called the reduced group support of the measure . We
write suppg () = () F,. A measure u € M'(G) is called full if suppy(p) = G.
COROLLARY 2.3.4. Let p € MY(G). Then
(i) suppg (1) is separable;
(ii) suppg(p) = supp,(1*) = suppy (it * 0;:) for each x € G.
Let G be an Abelian metrizable group and y € M*(G). We denote by G,, = G(u) the
family of all Borel subgroups F of G with p*(F) = 1.
LEMMA 2.3.5. Let G be an Abelian metrizable group and p € MY (G). Then
(i) there exists a o-compact group F € G,;
(ii) if F € G, then suppy(u) C F;
(iil) if (N Gu = {suppy (1)} then supp, (i) is o-compact;
(iv) if N Gu = {suppg (1)} and supp, () is complete then supp,(u) is a LCA group.
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LEMMA 2.3.6. Let G be an Abelian metrizable group and X be an arbitrary nonempty
subset of G. Let (un) be a sequence in M (G) and p € MY(G). Then the following
conditions are equivalent:

(i) there exists a sequence (x,) in X such that p, * 05, = f1 as n — o0;
(i) every increasing sequence of positive integers contains a subsequence (ny) such
that fin, * 0y, = W as k — oo for some sequence (yy) in X.

THEOREM 2.3.7. Let G be an Abelian metrizable group and (i) and (v,) be two
sequences in M*Y(G) with

(2) Un = fni1 ¥V, for n € NU{0}.
Then the following statements are satisfied:
1. There ezist two sequences (xy,), (yn) in G and \,n € M*(G) such that

(i) fn * Oz, = X as n — o0;
(ii) *p_o vk * 0y, = 1 as n — o0;
(ili) po = A*n;
(iv) @ + yn € I(po).
2. If pn, = X\ for some measure X € M*(G) then there exist a measure n in M'(G)
and a sequence (xy) in I(po) such that

(1) *p_q Vk * 0z, = 1 as n — 00;

(i) po = A% 7.
The proof of the theorem is prepared by two lemmata.

LEMMA 2.3.8. Let (un) be a sequence in MY (G) weakly converging to a probability
measure p on G. Assume that () is shift uniformly tight. Then (u,) is uniformly tight
and p € M'(G).

Proof. Since (¢5) is uniformly tight we conclude that y* € M!(G) and finally
w € MY(G). Hence, by Theorem A.IIL8 of [3], (i) is uniformly tight. m

LEMMA 2.3.9. Let G be an Abelian metrizable group and (j1,,) be a sequence in M*(G).
Then either sup{(*,_, pux)(K + z) : @ € G} — 0 as n — oo for every compact subset
K of G, or there exists a sequence (z,,) in G such that for each positive integer k there
exists a measure N\ in M'(G) such that *_, p; * 85, = A\, as n — oo.

Proof. See [21]. m

Proof of Theorem 2.3.7. Since po = fin41 * *,_o vk for each positive integer,
we conclude that the sequence (%)_, vy) is shift uniformly tight. Hence, by Lemma 2.3.9
there exist a measure 7 in M*'(G) and a sequence (y,,) in G such that ;. _, vy * 6,, =7
as n — oo. Clearly, (un *d_,, ) is uniformly tight.

We now show 1. Put u), = up, *0_,,. Let Ay and A2 be cluster points of (u,). It is
easy to see that there exist two increasing sequences (ny) and (my) of positive integers
such that mg_1 < ngp < my, g, = A1 and p;, = Ao.
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By (2) there are g1,00 € M'(G) with A\; = Ay % 01 and Ay = A; * go. Hence, by
Theorem 3.5.2 of [16], Ay = A2 * §, for some = € I(up). Application of Lemma 2.3.6
proves 1.

2. Lemma 2.3.8 implies that (u,) is uniformly tight. By Theorem 3.2.1 of [16], (y,)
is conditionally compact. Let yo be a cluster point of (y,). An easy computation shows
that there exists a sequence (z,) in I(ug) such that lim, oo (yn — 25) = 0. The rest of
the proof is clear. m

LEMMA 2.3.10. Let G be an Abelian metrizable group, F a compact subgroup of G and
w € MYG). Assume that A is a subset of G such that

(i) A+ F = A;
(i) ju.(4) = 1.
Then there exists a p-cross-section B for the canonical mapping mp such that B C A.

Proof. Since u.(A) = 1 we conclude that there exists a Borel subset X of G such that
X+ F =X and pu(X) = 1. Thus the compact group F acts on X through translation.
Hence, by Theorem 2.2.2 there is a p-cross-section B for mp such that BC A. =

Let G be an Abelian metrizable group. A measure p€ M (G) is called weakly infinitely
divisible if for every positive integers n there exist a measure pu, € M(G) and z,, € G
such that g = " %6, . The set of all weakly infinitely divisible measures in M*(G) will
be denoted by Io(G). Obviously, Ip(G) is a closed subsemigroup of M(G).

A measure u € M(G) is called infinitely divisible if for every positive integer n there
exists a measure p, € M'(G) such that u = ™. The collection of all infinitely divisible
measures in M (G) will be denoted by I(G). Of course, I(G) is a subsemigroup of Io(G).

Let G be an Abelian metrizable group. If N is any bounded nonnegative Radon
measure on GG, the measure e(N) is defined as follows:

(V) = exp(~N(G)) Y N,
k=0

where N*0 = §y. Clearly, e(N) € M*(G). The measure e(N) is called a Poisson measure.

Let M be a not necessarily bounded Borel measure on G vanishing at 0. If there exists
a representation M = sup M,,, where (M,,) is a sequence of bounded Radon measures
and the sequence (e(M,)) of the associated Poisson measures is shift uniformly tight,
then each cluster point of the sequence (e(M,,) * d5,) (zn € G) is called a generalized
Poisson measure and denoted by ¢(M). Clearly, ¢(M) € M'(G) and ¢(M) is uniquely
determined up to translation, i.e. for any two cluster points, say pq and po of (e(M,)*0,,,)
and (e(M],) 4y, ) respectively, we have p; = pg * 0, for some x € G ([22], p. 313). In the
sequel, the measure M will be called a Lévy measure.

LEMMA 2.3.11. Let G be an Abelian metrizable group and u € M*(G) be a generalized
Poisson measure. Then p € In(G).

LEMMA 2.3.12. Let G be an Abelian metrizable group and e(M) be a generalized Po-

isson measure on G. Suppose that F be a Borel subgroup of G such that e(M)*(F) = 1.
Then M(G\ F) =0.
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Proof. Putting N = M + M, we obtain é(M)% = &(N). Let (U,) be the decreasing
sequence of open neighborhoods of 0 in G with (,—_, U, = {0}. Set M, (A) = N(ANU,)
and N,(A) = N(AN (G\U,)) for n € N and A € Bo(G). Since e(N,)(F) = 1 we
conclude that N,(G) = N, (F), which implies N((G\ F)N (G \ Uy,)) = 0, and finally
(M+M)(G\F)=0. =

Let G be an Abelian metrizable group. A measure p € M*(G) is called a Gaussian
measure in the sense of Parthasarathy (P-Gaussian) if

(i) p € Io(G);

(ii) for any factorization of u of the form u = e(M) * A with M € M™(G) and

X € Iy(G) one has M = cdy for some ¢ € Ry.

The class of all P-Gaussian measures in M (G) will be abbreviated by I'p(G).

Let G be an Abelian metrizable group and let 1 be the mapping from G x G into itself
defined by n(z,y) = (x +y,z — y) for z,y € G. A measure u € M*(G) is said to be a
Gaussian measure in the sense of Bernstein (B-Gaussian) if n(u® p) = (u*p) ® (p*).
The class of all B-Gaussian measures on G will be denoted by I's(G).

2.4. Invariant subgroups of probability measures. Let G be an Abelian metri-
zable group. For every u € M (G) we define the invariant subgroup

Ip)={zeG:p=pxd,}.
LEMMA 2.4.1. Let G be an Abelian metrizable group and p,v € M*(G). Then
(i) I(p) is compact;
(ii) I(p) = I(p * 05) for every x € G,
(iii) po* v = p iff supp(v) C I();
(iv) if F € G, then I(n) C F.
Proof. (i) See Theorem 1.2.4 of [11].
(iii) See Theorem 1.2.7 of [11].

(iv) Without loss of generality we may assume that p(F) = 1. If o € I(u) then
u(F —z) = 1. Lemma 2.3.2(ii) now implies that z € F. m

LEMMA 2.4.2. Let G be an Abelian metrizable group and p, p1, po € MY (G) such that

=1 * 2. Then
(i) I(pa) € I(p);

(ii) if there exist Borel subgroups G1 and G2 of G with G1 NGy = {0} and u;(G;) =1
fori=1,2 then I(p) = I(u1) & I(u2).

Let G be an Abelian metrizable group. A measure u € M'(G) is said to be a measure
without idempotent factors if I(u) = {0}. The class of all measures without idempotent
factors is denoted by Mg (G).

An Abelian metrizable group G is called aperiodic if the only compact subgroup of G
is {0}.

Remark. We note that every aperiodic Abelian topological group (with a countable
basis) is a subgroup of a (finite-dimensional) topological linear space.
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The following fact is an immediate consequence of the definition of an aperiodic
Abelian group.

COROLLARY 2.4.3. If G is an aperiodic Abelian group then M*(G) = M} (G).
LEMMA 2.4.4. I'p(G) C M} (G).
Proof. See Remark 5.2.2 of [11]. m

LEMMA 2.4.5. Let G be an Abelian metrizable group and (p;)icr be a net in M*(G)
such that

(i) i is symmetric;
(ii) (ui)ier is uniformly tight;
(iii) for all i1,is € I with i1 < iy there exists a symmetric measure N\, i, € M1(G)
such that pi, = iy * Ny in;
(iv) pi € M3 (G) for some i € 1.

Then there exists a symmetric measure p € MY(G) such that pu; = p.

Proof. Let yy and p2 be any two cluster points of (u;)icr. By (iv), (1) = I(p2) =
{0}. From (iii) we conclude that there exist two symmetric measures v1,vs in M*(G)
such that g1 = po * v1 and ps = 1 * vo. Hence, by Lemma 2.4.1(iii), 11 * vy = dp. Since
v1 and v, are symmetric we see that p; = pg. =

LEMMA 2.4.6. Let G be an Abelian metrizable group, p € M(G) and let (v,) be
a sequence in M*(G). Suppose that there exist an increasing sequence (ky) of positive
integers and (x,) C G such that v}*» 6, = . Then v5 = &.

LEMMA 2.4.7. Let G be an Abelian metrizable group, € M*(G) and F be a compact
subgroup of I(u). Then

(i) F acts on G through the translation 6 : F' x G — G defined by 6(f,z) = 0¢(z) =
f+x for feF and x € G,
(i) p is Of-invariant for each f € F;
(i) mp(1(4)) = I(mp(n).

Proof. We only prove (iii). Let z€I(p). Since pr = p1 %6, we conclude that mp(p) =
TE(p* 0z) = Tp(p) * 0xp(2). Hence, mp(x) € I(mp(p)).

Let y € I(mp(p)). This implies that there exists € G such that mp(z) = y. Since
mr(p) = mr(p) * 6y = mrp(p * d5), Corollary 2.2.4 implies that p = 1% d,. m

THEOREM 2.4.8. Let G be an Abelian metrizable group, p € M*(G) and F be a compact
subgroup of I(u). Assume that B is a p-cross-section for the canonical mapping wp. Then

(i) p = wp * v, where v is the probability measure defined by
v(A) = ((np|p)"'7r)(W)(ANB)  for A € Bo(G);
(ii) if F = I(p) then v € M} (G).
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Proof. (i) follows by Theorem 2.2.3.

(i) Let € I(v). Since v(B) = v(B — z), we conclude that BN (B — z) # (), which
implies that there is z € B such that z —x € B. Clearly, z+ () = (2 — 3:) + I(p). Since
z,z—x € BN (z+ I(u)), we obtain z = z + z. In particular, I(v) = {0}. =

THEOREM 2.4.9. Let G be an Abelian metrizable group, F' be a compact subgroup of
G and v € MY(G/F). Assume that there exists a Borel subgroup Go of G such that

(i) Go N F is compact;

(ii) vu(mp(Go)) = 1.
Then there exists p € M*(G) such that

(a) mr(p) =

(b) (Go)—l

(c) GoNF C I(p) C Go N (I(w));

(d) if v € M3 (G/F) then I(pn) = GoN F.

Proof. By Theorem 2.2.10, there exists u € M'(G) satisfying (a) and (b). Lemma
2.4.7(iii) implies 7 (I(1)) = I(v). Hence, I(u) C mn* (I(v)). Clearly, I(u) C Go. =

THEOREM 2.4.10. Let G be an Abelian metrizable group and p € M'(G). Let (vy)
be a sequence in M*(G/I(p)) such that mr (k) = *,oq V. Assume that there exists a
sequence (Go) of Borel subgroups of G such that

(i) G, NG is compact;
(ii) (Vn)*(wl(#)(Gn)) =1
(i) 7(1) = Uy 1 AT - G TG0
Then there exists a sequence (i) in M*(G) such that

() ( )_Vn;
(b) ( n) =1;
(c) I(pn) = Gn NI (1);

)
( ) = *n 1 Hn-
Proof. By Theorem 2.4.9, for each n € N there exists u,, € M1(G) such that
(1) TI(p) (Mn) = Un;

(2) Mn(Gn) =1
(3) Gn N I(p) C I(ptn)-

Since G1 NI () + ...+ GpNI(p) C I(*py pu) and mp(, (kpeq pik) = m() (1), Theorem
2.2.7 implies that g = %, | pu,. We observe that I(u,) C I(p) NGy, and hence I(uy,) =
I(pW)NG. =

COROLLARY 2.4.11. Let G be an Abelian metrizable group and p € M*(G). Then

(i) p € 1o(G) iff w10 (1) € Lo(G/1(1));
(i) p € I(G) iff mreu(p) € I(G/I(1)).
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IT1. Borel decomposability semigroups of probability measures

3.1. Additive measurable operators in Abelian metrizable groups. Let G
be an Abelian metrizable group and p € M(G). An algebraic additive operator A in G
is called an additive measurable operator in G (or simply a measurable operator) if
(i) D(A) € Bo(G);
(ii) A is Borel-measurable;
(ili) w(D(A) 4+ x0) = 1 for some zy € G.

We denote by Add(G; i) the set of all additive measurable operators in G.
COROLLARY 3.1.1. A(u*d_,,) € M} (G).

The proof is a direct application of Theorem 2.1.2.
We now state some lemmata.

LEMMA 3.1.2. Let G be an Abelian metrizable group, p € M*(G) and A € Add(G; ).
Let xy be an element G with u(D(G) 4+ x9) = 1. Then p(D(G) +y) =1 for somey € G
iﬁxo -y E D(A)

LEMMA 3.1.3. Let G be an Abelian metrizable group, u € M*(G) and A,B €
Add(G; ). Then

(i) A+ B € Add(G; p);
(ii) —A € Add(G; p);
(iii) AB € Add(G;p) iff u*(B~1(D(A))) = 1.
LEMMA 3.1.4. Let G be an Abelian metrizable group, p € MY (G) and A € Add(G; ).
Then

(i) I(u) € D(A);
(ii) A(I(w)) C I(A(p * 6—z,)) for all xy € G with uw(D(A) + xg) = 1;
(iii) A7y is continuous.
Proof. (i) follows from Lemma 2.4.1(iv).
(ii) Let p € A(I(p)). Clearly, there exists z € I(p) with Az = y. Since p* d_g, =
pox O_gy % 05, we see that A(p* 0_z) = A(p* 0_z,) * 0y, and thus y € T(A(p*6_5,)). =

Let G be an Abelian metrizable group and p € M*(G). A Borel subgroup F of G
is said to be a subdomain of an operator A € Add(G; p) if FF C D(A) and there exists
x € G such that u(F + z) = 1.

COROLLARY 3.1.5. A Borel subgroup F of G with F C D(A) is a subdomain of A iff
p(F) = 1.
COROLLARY 3.1.6. If A € Add(G; 1) and F is a subdomain of A then A|lp € Add(G; p).

A Borel subgroup F of G is said to be a common subdomain of a family A in Add(G; p)
if F' is the subdomain of A for each A € A.

COROLLARY 3.1.7. If A is a countable family in Add(G;u) then A has a common
subdomain.
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THEOREM 3.1.8. Let G be an Abelian metrizable group, u be a measure in M*(G) and
A, B € Add(G; ). Then the following conditions are equivalent:

(i) there is an element xo in G such that A= B p* 0_z,-a.5.;
(ii) A= B p*-a.s.;
(iii) there exists a common subdomain F of A and B such that Ax = Bz for each
x e F.

Proof. (i)=(ii) and (iii)=(i) are evident.

(i)=-(iii). By assumption, there is X € Bo(G) such that p*d_,,(X) =1 and Az = Bz
for all z € X. An easy computation shows that there exists a common subdomain F' of
A and B such that A|p = B|p. =

COROLLARY 3.1.9. Let A, B € Add(G;p) such that A = B p* §_y,-a.s. for some
2o € G. Then A(u*d_z,) = Bl * 5_z,).

COROLLARY 3.1.10. The relation “A = B p®-a.s. for A, B € Add(G; p)” is an equiva-
lence relation in Add(G; p).

Remark. Add(G; p) denotes the set of all additive Borel-measurable operators in G.
At the same time the elements of Add(G; u) are understood as equivalence classes of the
relation “equality p®-a.s.”, but this should not lead to any confusion.

LEMMA 3.1.11. Let G be an Abelian metrizable group with a metric o and p € M*(G).
Define
o(Az, Bz)

d(A,B) = S m p*(d)
D(A)ND(B)

for A, B € Add(G; ). Then d is a metric in Add(G; p).

THEOREM 3.1.12. Let G be an Abelian metrizable group and u € M*(G;p). Assume
that A € Add(G; i) and (Ay) is a sequence in Add(G; ). Then the following conditions
are equivalent:

(i) A, — A in d;

(ii) 4, — A in ps;

(iii) for every increasing sequence (n.,) of positive integers there exist a subsequence
(nk) of (nm) and a common subdomain F of A and (A,,) such that A, x — Ax for each
rel.

Proof. (i)<(ii) follows immediately.

(if)=-(iii). Let (n,,) be an increasing sequence of positive integers. Then there exists
a subsequence (ny) of (n,,) such that A,, — A pS-a.s. Hence, there exists a common
subdomain F' of (A, ) and A such that A, x — Az as k — oo, for all x € F.

(ili)=-(ii) is obvious. m

Let G be an Abelian metrizable group and pu € M (G). A Borel subgroup F of G is
said to be

(i) an invariant subdomain of an operator A € Add(G; p) if F is a subdomain of A
and A(F) C F;
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(ii) an invariant common subdomain of a family A in Add(G; p) if F is the invariant
subdomain of A for each A € A.

THEOREM 3.1.13. Let G be an Abelian metrizable group, p € M'(G) and (Ay) be a
sequence in Add(G; p). Then the following conditions are equivalent:

(i) there exists an invariant common subdomain F of the sequence (Ay);
(ii) Sem((An)) C Add(G; ).
Proof. (i)=(ii) is evident.

(il)=(i). Set

F"Y = AT EM) 0D, BT = AL (R 0 EED.
Then {Fkn) :k=1,...,n; n € N} is a family of Borel subgroups of G such that F,Ei)l C
F,En) forallk=1,...,n—1,n=2,3,... and Fl(n+l) c F{™ for n € N. Since for every
n € Nand k = 1,...,n there exist a positive integer m and By, ..., B, € Sem((4,))
such that F,g") =%, D(B;) we conclude that

(1) p(F) = 1.
Let F =, Nr_, F\". By (1), u*(F) = 1. We have

F(n ﬂ Al Fln ﬂ F(n 1)

<

DX
D:

Al(F) C

b
Il

n 1

Let m > 1. Then

ﬁ (n] (F{™) ﬁ (F{M) ﬁ FoV=F

This completes the proof of the theorem. m
COROLLARY 3.1.14. Let A € Add(G; ). Then A™ € Add(G; ) forn=1,2,... iff A

has an invariant subdomain.

Let G be an Abelian metrizable group and p € M'(G). An operator P € Add(G; i)
is called an additive measurable projection (or simply a projection) if there exists a sub-
domain F' of P such that P|p is an algebraic additive projection.

THEOREM 3.1.15. Let G be an Abelian metrizable group, p € MY (G) and P €
Add(G; ). Then the following statements are equivalent:
(i) P is a projection;
(ii) P? € Add(G;p) and P = P? p*-a.s.;
(iii) there exists a o-compact invariant subdomain H of P such that
(a) Pz = Pz for each x € H;
(b) HNim P and H Nker P are o-compact.



32 W. Krakowiak

Proof. (i)=(ii) and (iii)=-(i) are obvious.
(il)=-(iii). By assumption together with Theorem 3.1.8 there exists a common subdo-
main F of P and P? such that

(2) Pz = P?z for each v € F.

In particular, P(F') C D(P). We conclude from (2) that Px = x for each x € P(F), hence
for all n € N and z € P(F), Pz = z, and finally P’z = Pz for alln € N and z € F.
But this implies that (P™) C Add(G;u). By Corollary 3.1.14 there exists an invariant
subdomain Hy of P. Set

(3) H' = {x € Hy: Px = P?x}.
Clearly, P(H') C Hy and p*(H') = 1.

We now show that P(H') C H'. Let x € P(H'). We conclude from (3) that Pz = z,
hence that P2z = Px. But this implies that x € H'.

By assumption, P(u®), (I — P)(u®) € M'(G). Consequently, there exist o-compact
subgroups H; and Hs such that
(4) H,CH'Nn(imP) and Hy C H' N (ker P).
Moreover, P(p*)(Hy) = (I—P)(p®)(Hz2) = 1. We conclude from (4) that (P|g/) " (H1) =
Hi+H'N(ker P) and ((I — P)| ) (Hz) = Ho+H'N(im P). Since p*(Hy + H'N(ker P)) =
w(Hz+ H' N (im P)) = 1 it follows that pS(Hy + He) = 1. Put H = Hy + Hs. It is easy
to see that H has the required properties. m

Let G be an Abelian metrizable group and u € M(G). A Borel subgroup F of G is
said to be a

(i) a proper subdomain of a projection P € Add(G; i) if F is an invariant subdomain
of P with Px = P2z for each « € F;

(ii) a proper common subdomain of a family of projections P in Add(G;p) if F is a
proper subdomain of P for each P € P.

COROLLARY 3.1.16. Let G be an Abelian metrizable group and u € M*(G). Then every
projection P € Add(G; p) has a o-compact proper subdomain F such that F N (im P) and
F N (ker P) are o-compact.

This follows immediately from Theorem 3.1.15.

LEMMA 3.1.17. Let G be an Abelian metrizable group, H be a compact subgroup of G
and p € MY (G). Let Q1,Q2 € Add(G/H ;g (1)) be projections such that
(5) Qi = Qoryg  po-a.s.

Then Q1 = Q2 mg(u®)-a.s.

Proof. From (5) together with Theorem 3.1.8 we conclude that there exists a o-
compact subgroup F of G such that p*(F) = 1 and Qimu(z) = Qaomg(z) for each
x € F, which implies Q1y = Qqy for each y € gy (F). Clearly, 7y (F) € Bo(G/H) and
(m (1) (ru (F)) = 1. m

Let G be an Abelian metrizable group, H be a compact subgroup of G, u € M*(G)
and P € Add(G;p). A projection Q € Add(G/H;mr(p)) is called a quotient projection
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corresponding to P if Qmy = wy P p’-a.s. We infer from Lemma 3.1.17 that @ is uniquely
determined by P; it will be denoted by Py .

THEOREM 3.1.18. Let G be an Abelian metrizable group, p € M*(G), P € Add(G; p)
be a projection and H be a compact subgroup H of D(P) with H = (HNim P)&(HNker P).
Then the quotient projection Py € Add(G/H;mu (1)) corresponding to P exists.

Proof. By assumption, P(H) C H, hence Lemma 3.1.4(iii) implies that P(H) and
(I — P)(H) are compact. Let Fy be a o-compact proper subdomain of P such that FyN
im P and FyNker P are o-compact. Set F' = ((FoNim P)+ (H Nim P)) @ ((Fp Nker P) 4+
(H Nker P)). An easy computation shows that F' is a o-compact proper subdomain of
P such that FFNim P and F Nker P are o-compact. Moreover, H C F'.

Since 7y is continuous we conclude that wg (P(F)) and 7y ((I—P)(F)) are o-compact.
Hence, by Lemma 1.3.2, 7y (P(F)) N7y ((I — P)(F)) ={[0]m}.

Put Fy = g (P(F))+ 7 ((I — P)(F)). Clearly, Fy is o-compact and g (u)(Fp) = 1.
From Lemma 1.4.1 we conclude that there exists a projection Q € Add(G/H;mm(p))
such that D(Q) = Fy, imQ = wy(P(H)) and ker@ = 7y ((I — P)(F)). Moreover,
Qry(x) =7 P(x) for each z € F.

COROLLARY 3.1.19. Let P € Add(G; u) be a projection with P(I(un)) C I(p). Then
the quotient projection Py, € Add(G/I(u); 7 () corresponding to P ewists.

Proof. Let F be a og-compact proper subdomain of P such that F N (im P) and
F N (ker P) are o-compact. By Lemma 2.4.1, I(u) C F. m

LEMMA 3.1.20. Let G be an Abelian metrizable group, u € M (G) and A € Add(G; p).
Then

(1) if p € Ip(G) then A(p*0_y) € In(GQ) for each x € G with u(D(A) + z) = 1;

(ii) if D(A) is a divisible group and p € I(G) such that p(D(A)) =1 then A € I(G).

3.2. Borel decomposability semigroups of probability measures. Let G be an
Abelian metrizable group and u € M*(G). We denote by Dp (1) the subset of Add(G; )
consisting of those operators A for which there exist a measure v4 € M'(G) and an
element x4 € G such that u(D(A) +z4) =1 and

(1) po=A(p*b_g,)*va.
We denote by Sp(p) the subset of Dp () consisting of those operators A for which in
(1) we may take v4 = d, for some y € G.

COROLLARY 3.2.1. (i) 0,1 € Dp(p);
(ii) I € Sp(w).

LEMMA 3.2.2. Let G be an Abelian metrizable group, u € M*(G) and A € Dp(u).
Then for every y € G with n(D(G) +y) = 1 there exists a measure v € M*(G) such that
p=A(u*o_y) *v.

The proof is immediate from Lemma 3.1.2.

LEMMA 3.2.3. Let G be an Abelian metrizable group and p € MY (G). If A € Add(G; i)
and B € Dp(u) then AB € Add(G; ).
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Proof. By assumption, u*(D(A)) = 1 and there exists vp € M'(G) such that p* =
Bu® * v%. From Lemma 2.3.3(iii) we conclude that u*(B~1(D(A))) = Bu*(D(A)) = 1.
Application of Lemma 3.1.3(iii) ends the proof. m

THEOREM 3.2.4. Let G be an Abelian metrizable group and p € M*(G). Then:

(i) Dp(p) with the metric d is a right metrizable semigroup under multiplication of
operators;
(ii) the set Dp(u) is closed in Add(G; ).
Proof. (i) Let A,B € Dp(i). By Lemma 3.2.3, u(D(AB) + zap) = 1 for some
zap € G. Since D(AB) + xap C D(B) + x4p we conclude that u(D(B) + zap) = 1,
which implies that

(2) kO _y, =B *0_p,p) % Vg *0_s,
for some v € M'(G). 1t follows that B(u* 0 ,,)(D(A)) = 1. By Lemma 2.3.3(ii),
3) Vi 60 a(D(A)) = 1.

From (2) together with (3) we conclude that p = AB(u*d_5,,) * A(Vg *d_z,) * va.
This ends the proof of (i).

(ii) Let (A,) be a sequence in Dp (i) such that A, — A in d for some A € Add(G; p).
Hence, by Theorem 3.1.12 there exist an increasing sequence (ny) of positive integers, a
Borel subgroup H of D(A) Ny~ D(A,,) and zg € G with u(H + ) = 1 such that
4) Ap,x — Az as k — oo,
for each x € H. Moreover, there is a sequence (v) in M(G) with u=A,, (u*5_.,) * V.
From (4) we conclude that Ay, (g% d_p,) = A(u* 6_z,). Clearly, A(u*d_,) € M (G).
Application of Theorem A.IIL.8 of [3] yields the sequence (A, (1t * d_z,)) is uniformly
tight. Theorem 3.2.1 of [16] now implies that the sequence (v ) is uniformly tight. Without
loss of generality we may assume that there exists v € M*(G) such that v = v as k — oo.
But this implies that g = A(u*d_z,) *v. m

COROLLARY 3.2.5. Sp(u) is a closed subgroup of Dp(u).

The semigroup Dp(u) is called the Borel decomposability semigroup of the measure
1, and the subsemigroup Sg(u) is called the Borel symmetry semigroup of p.

LEMMA 3.2.6. Let G be an Abelian metrizable group, u € MY(G) and A € Dp(u).
Then
(i) I(n) € D(A);
(i) A(I(p)) C I(A(p* 6—g,)) C I(p) for each xg € G with u(D(A) + xo) = 1;
(iii) Alzey : I(n) — I(p) is continuous.
Proof. (i) follows from Lemma 2.4.1.

(ii) See Lemma 3.1.4(ii) and Lemma 2.4.2(i).
(iii) follows from Lemma 3.1.4(iii). m

THEOREM 3.2.7. Let G be an Abelian metrizable group, u € M'(G) and (A,) be a
sequence in Dp(u). Assume that F is a Borel subgroup of G with u*(F) = 1. Then there
exists an invariant common subdomain H of (A,) such that H C F.
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Proof. We denote by Ir the additive operator from F' into G defined by Irz = x
for x € F. Clearly, Ir € Dp(u). By Theorem 3.1.13 there exists an invariant common
subdomain H of (A,) and Ir. =

LEMMA 3.2.8. Let G be an Abelian metrizable group, p € M'(G) and (A,) be a
sequence in Dp(u). Let xg be an element of G such that p(D(B) + xo) = 1 for each
B € Sem((Ay,)). Assume that (v,,) is a sequence in MY (G) with = Ap(ux6_sy ) ¥Vp*0y, -
Then

(1) Al e An(,u * 5710) = Al e An+1(,u * 5710) * Al e AnVnJrl;

(11) "= A1 An(,u*é,xo) *Al ...Anfan * ...*All/g * V.

Proof. (i) Since Appq1(p*0_py)(D(A1...Ap)) = p(D(A1... Apt1) +20) = 1 we
conclude that (i) follows from Lemma 2.3.3(i).

(ii) follows at once from (i). m

THEOREM 3.2.9. Let G be an Abelian metrizable group, u € M(G) and (A,) be a
sequence in Dp(u). Then there exist two measures v, \ € M*(G), two sequences (z,), (yn)
i G and an element vg € G such that

(i) ( (Al CAp) +x0) = 1
i) A (M *0—zq) * 0z, = V5
iii) A Z1Up koo AqUg Uy Kk Oy, = A

(iv) p=rv=* )\

(V) 20 + g € 1(12).

Proof. Follows from Lemma 3.2.8 together with Theorem 2.3.7. m

LEMMA 3.2.10. Let G be an Abelian metrizable group and p € M*(G) with G, =
{suppg(1)}. Then for every A € Dp(u),

(i) suppg (1) C D(A);
(i) A(suppg(p)) C suppy(p);
(ili) if suppg(p) is complete then Alsupp, () 15 continuous.

Let G be an Abelian metrizable group and u € M (G). We denote by D(u) the subset
of Dp(u) consisting all continuous operators.
If A € D(u) then without loss of generality we may assume that D(A) = supp,(p).

LEMMA 3.2.11. Let G be an Abelian metrizable group and p € MY (G). Then
(i) 1,0 € D(u);
(i) D(p) is a subsemigroup of Dp(u);
(iii) there exists & € G such that for every A € D(u) there exists v € M1(G) such that
supp(v) C suppg(p) and px 0z = A(p*0—z) *
Set S(u) = Sp(p) ND().

The semigroup D(u) is called the decomposability semigroup of the measure p, and
the subsemigroup S(u) is called the symmetry semigroup of p.

3.3. Additive projections in Borel decomposability semigroups of probabi-
lity measures. Let G be an Abelian metrizable group and p € M1(G). We denote by
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ITp () the subset of Dp(u) consisting of all projections. The study of ITp(u) will be the
central aim of this section.
Let II(p) = Ip(p) N D(p).

LEMMA 3.3.1. Let G be an Abelian metrizable group, p € MY(G) and P € Ip(u).
Then

(i) P(I(p) < I(w);
i) Plru : I(p )—»I( ) is continuous;
(1) PU(1) and (I~ P)(I(1)) are compact;
) 1(p) = P(I( ) & (I = P)(I(1));
(v) P(I(w)) =I(P(p % d_3)) for each x € G with u(D(P) + z) =
Proof. We only prove (v). Let  be an element G with y(D(P)+z) = 1. By Lemma
(im

3.1.4(i), P(I(1)) C I(P(u*5_)). Clearly, I(P(+6_))  I() 1 (im P) = P(I(s2). u
The following result extends Proposition 1.4 of [23].

—
=

P
P
P

ey
<

THEOREM 3.3.2. Let G be an Abelian metrizable group, p € M*(G) and P € I (u).

Assume that x is an element of G such that p(D(P)+z) = 1. Then
(i) if ux6—_p = P(u*6_z) xv for some v € MY (G) then v(I(P(pu*d6_z))+ker P) = 1;

(i) if ux6_p = P(ux0_z)*v for some v € MY(G) and [(P(u*6_5)) € M}(G) then
v=(I—=P)(u*d_q);

(iil) p*d_g=Pluxd_g)* (I — P)(u*d_z).

Proof. (i) Let v € MY(G) such that p*§_, = P(u*d_,) *v. Since P(uxd_,) =
P(p % 0_y) * Pv we see that supp(Pv) C I(P(pu* d_5)). But this implies that

= (PV)(I(P(p+0-3))) = v(I(P(p*6-)) + ker P).
(i) If I(P(p % 0—5)) = {0} then v(ker P) = 1. Hence,
(I —P)(u*xd_y) =T —-P)(Pluxd_p)xv)=I—-Plv=u.

(iii) Corollary 3.1.16 implies that there exists a o-compact proper subdomain F' of
P such that (im P) N F' and (ker P) N F are o-compact. Putting Q@ = P|p we obtain
Q € IIg(p) and P = Q ps-a.s. Hence there exist z € G with u(F+z) = 1and v € M(G)
such that p*xd_, = Q(u=*d_,) *xv. Clearly, (I — Q)(I(u)) = I(u) N (ker Q) is compact.

The statement (i) implies that (mgv)(mg(ker @Q)) = 1, where H = I(p). By Theorem
2.4.9 there exists A € M (F) with A(ker Q) = 1, rg(\) = g (v) and (I-Q)(I(n)) C I(N).
Since I (7 (v)) = {0} one has I(A) = (I—Q)(I(n)). Putting po = Q(p*J_.)*A we obtain
I(uo) = I(p) and mg (pu*0_,) = (o). Application of Corollary 2.2.4 now implies that
wxd_, = pg. An easy computation shows that Q(u+d_,) = A. =

COROLLARY 3.3.3. If P € IIg(p) then I — P € IIg(u).
In the following we extend Theorem 3.2.7 and Corollary 3.1.16.

THEOREM 3.3.4. Let G be an Abelian metrizable group, u € M (G) and Gy be a Borel
subgroup of G with p*(Go) = 1. Assume that (P,) is a sequence in IIg(u). Then there
exists a o-compact proper common subdomain H of (P,) such that
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(i) (im P,) N H and (ker P,) N H are o-compact for n € N;
(il) H C Go.

We prepare the proof of the theorem with the following crucial lemma.
LEMMA 3.3.5. Let (pin.1) and (pn,2) be two sequences in M (G) with
P10 % g = M1 * My for each n € N.

Assume that there exist two sequences (Gyn1) and (Gn,2) of o-compact subgroups of G
such that

(i) Gn,1 N Gr2 = {0} for each n € N;

(ii) 5, ;(Gnj) =1 for j =1,2 and n € N.
Then there exist two sequences (Hp 1) and (Hy,2) of o-compact subgroups of G such that

(a) Hyj C Gy j for j=1,2 and n € N;

(b) 5, ;(Hnj) =1 for j =1,2 and n € N;

(¢) Hi1+ Hi2=Hp1+ Hy 2 for each n € N.

Proof. We define two families {F]ﬁ) :neN; k=1,...,n} and {F]y;) :neN; k=
1,...,n} inductively by

FY) = GLJ for j =1,2;

Fl(?j):F(l) (F1(1)+F1(1)) =Gy ;N (F (2)+F1(2)) for j =1,2;
Fr) — Fa(FEW + B, . B = B (R 4 FY),
Fl(zy) =Gny1; N (F(nﬂ) + F("H)) for j =1,2.
We have
(1) Ff?:;rl) C annz for j =1,2 and n > m;
(2) Fl(Tl) _'_Fl(j;-i-l) C F(n) +F(n) N F(n) +Fl(n)

(3) F,EZ) is o-compact.

Moreover, for all n > m and j = 1,2, ,umJ(F(")) = 1 as is easily seen by induction.
Putting Hy, j =)o F'™ for j = 1,2 and m € N, we obtain Pon i (Hynj) = 1, Hpp 1 N

n=m ~ m,j

Hm)2 = {0} and H111 D H172 = Hm,l ) Hm)2 |
Proof of Theorem 3.3.4. By Theorem 3.2.7 together with Corollary 3.1.16 for
each n € N there exists a g-compact proper subdomain F;, of P, such that
(a) (im P)N F,, and (ker P) N F,, are o-compact;
(b) F, C Gy.
Moreover, Theorem 3.3.2 implies that
Pp*((imP,)NF,) = — Py)p’((ker P,)NF,) =

Application of Lemma 3.3.5 shows that there exist two sequences (Hj, 1) and (H, 2)
of o-compact subgroups of G such that for n € N,
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(¢) Hya C F,N(im P,), Hy 2 C F, N (ker Py);
(d) Pop®(Hp) = (I = Po)p*(Hyp2) = 15
() Hii+ Hi2=Hp1+ Hy 0.
Set H = Hy 1+ Hy 2. It is easy to verify that H has the required properties. m

THEOREM 3.3.6. Let G be an Abelian metrizable group, p € MY (G) and P € Add(G; )
be an projection. Then P € I p(u) iff P(I(n)) C (1) and Py € Hp(mre (1))

Proof. Let P € IIg(p). By Theorem 3.3.2 there is € G such that
pr0_p=Pluxd_p)*x (I — P)(pu*d_z).

Application of Lemma 3.3.1 shows that P(I(x))CI(p). Hence, by Corollary 3.1.19 there
exists a quotient projection Pr¢,) € Add(G/I(u); (. (p)) corresponding to P. Since
Prooymry = TP pf-a.s. we conclude that

1) (1) * Oy (2) = T2y (1 02 )

=y P(p*0_z) % T (I — P)(u*0_y)

= Pr (mr(u) (1) 0y ) * 1) = Prow) (160 (1) * 0—ry 0 @)-
But this implies that Pr,) € Hp(m7( (1))

Let P(I(p)) C I(un) and Py, € I p(mr(uy(p)). By Corollary 3.1.16 there exists a
o-compact proper subdomain F' of P such that F'N(im P) and FN(ker P) are o-compact.
Clearly, I(p) C F and I(p) = I(p) N (im P)N F @ I(u) N (ker P) N F. Moreover, I(u) N
(im P)N F and I(p) N (ker P) N F are compact.

Let # € G be such that u(F' +z) = 1. Since 77, (1)(Tr(u) (F) + Treuy(w)) = 1 we
conclude that

TI(p) (M) * 6771'1(,”(90) = PI(,U.) (FI(,U.) (M) * 6771'1(,”(90)) * (II(,u) - PI(,LL))(T‘—I(;L) (/1') * 67#,@)(1))7
which implies 77(,) (1 * 0—o) = Treu)(P(p % 0_g) * mr(uy(I — P)(p % 0_). Application of
Theorem 2.4.9 now shows that there exist v, A in M*(G) such that

(a) v(F N (im P)) = A(F N (ker P)) = 1;

(b) mr(uy (P(p* 0—2)) = () (v);

(©) oy (I = P)(p % 6—2) = 71y (A);

(d)I(v)=I(p)N{ImP)NF, IA\)=I(u)N(kerP)NF .
Moreover,

(e) I(v*A) = I(p);

(£) mruy (1 * 0—2) = 7 (v * A).
From Corollary 2.2.4 we have u*d_, =v* \. =

COROLLARY 3.3.7. Let € M*(G) and Q € Ip () (p)). Assume that there exists
a o-compact subgroup F of G such that

(i) FNI(p)={0};

(i) (Q7r(yny (1)) (71 (F)) = 1.
Then there exists P € IIg () such that Py, = Q and im P C F.
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LEMMA 3.3.8. Let G be an Abelian metrizable group, p € M (G) and P,Q € I p(u).
Then the following statements are equivalent:
(i) QP = P p*-a.s.
(ii) there exists a common subdomain F of P and Q with im P)N F C (im Q) N F;
(iil) there exists a o-compact proper common subdomain H of P and Q such that
(a) (imP)NH C (imQ) N H;
(b) (im P)N H and (imQ) N H, (ker P) N H and (ker Q) N H are o-compact.

This is a consequence of Theorem 3.3.4.

THEOREM 3.3.9. Let G be an Abelian metrizable group, up € M*(G) and P,Q € Ilp(u).

Assume that QP = P pf-a.s. Then
() P(I(n)) € QU(1));

(ii) P e Hp(Q(p*d_z)) for every x € G with u(D(Q) + x)) = 1;

(iii) there exists P’ € IIg(u) such that PP' = P’ u*-a.s., PP = P p*-a.s. and
QP =P'Q =P p-as;

(iv) if P(I(n)) = {0} then PQ = QP = P p°-a.s.

Proof. By Lemma 3.3.8 there exists a o-compact proper common subdomain F' of
P and @ such that

(a) imP)NF C (imQ) N F;
(b) imP)NF, (imQ)NF, (ker P)NF, (ker Q) N F are o-compact.
Let x € G be such that pu(F + z) = 1. Hence

b = Pl ) (= PY(a#60) = Qu 62) (1 — Q)p 6.

(ii) By assumption

Qux0—g) =P(ux0_g)* QU — P)(1u*06-z)
= PQux0-2)x P(I =Q)(px0-2) * QU — P)(p#62),
which implies P € ITg(Q(u * 0_5)).

(ili) Since P(Q(F)) C P(F) = (imP)NF C (imQ) N F = Q(F) we obtain Q(F) =
P(F) @ (I — P)(Q(F)). We conclude from (ii) that P € IIg(Q(u * 6_)) and hence by
Theorem 3.3.2, Q(p * 0—,) = P(Q(u* 0—z)) x (I — P)(Q(pxd—)). It is easy to see that
P(Q(p+0-2))(P(F)) =1 and (I = P)(Q(u*6-))((I - P)(Q(F))) = 1.

Put F; = P(F) and F» = (I—P)(Q(F))+(I—Q)(F). Thus F; and F; are o-compact.
Set FF = F; @ F». Let P’ be the map from F into itself defined by P’z = x1, where
x =z + 22, 1 € F1, 22 € Fy. Clearly, P’ € Add(G; 1), (imP)NF = (im P') N F and
QP = P'Q =P ps-as. Since pxd_, = PQ(u*xd_)x(I—P)Q(u*0_z)*x(I—Q)(n*0_,),
we conclude that P'(uxd_,) = PQ(pu*0_,) and

(1= P (s 0) = (T P)QUu #6-0) * (T — Q) 50),
which implies P’ € IIp(u). This ends the proof of (iii).
We now prove (iv). Let P(I(p)) = {0}. Hence,

P(p*6-3) = PQ(p*d—g)* P(I = Q)(p*0—z)
= PQUu x5+ (T~ P)(#60) # P(I— Q) 5.)
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= PQP(u#6_4) % PQU — P)(u#6_2) + P(I - Q)(u % 5.)
(a8 0)# PQ — P)(#64) « P(T - Q)(u%6_.)
= P(u6_0) x P(I— QUi 6,) % P(I— Q)16
=P(uxd_z)* (P —PQ)u’.
From Lemma 2.4.1(iii) we conclude that (P — PQ)u® = dg. But this implies that P = PQ
p-a.s., which is the desired assertion. m
COROLLARY 3.3.10. Let P,Q € IIg(u). Assume that QP = PQ p®-a.s. Then P €
Ip(Q(u*0_z)) for every x € G with u(D(Q) + x)) = 1.
THEOREM 3.3.11. Let G be an Abelian metrizable group, p € MY(G) and P,Q €
I (). Then the following conditions are equivalent:
(i) PQ=Q p*d_z-a.s. and QP = P p*d_,-a.s for some v € G with u(D(P) N
D(Q) + ) = 1;
(ii)) PQ = Q p*-a.s. and QP = P p*-a.s.;
(iii) there exists a common subdomain F of P and Q such that (im P)NF = (im Q)N F;
(iv) there exists a o-compact proper common subdomain F of P and Q such that
(a) imP)NF = (imQ) N F;
(b) imP)NF, (imQ)NF, (ker P)NF and (ker Q) N F are o-compact;
(V) P(px0_g) = Q(p*0_g) for some x € G with u(D(P)ND(Q) + x) = 1;
(vi) Pyt = Qu.
Proof. The equivalence (i) of (ii) is obvious.
(i)« (iii) and (iii)<(iv) follow at once from Lemma 3.3.8.
(iv)=(v). Let F be a o-compact proper common subdomain of P and @ such that
imPNF=im@NF. Let x € G be such that u(F + z) = 1. Hence,

pby = Plusd ) s (= PY(uwd ) = QUux60) 5 (I — Q)i #6.).
Since Q(M * 6—;6) = P(N * 5—1) * Q(I - P)(M * 6—;6) and P(M * 6—;6) = Q(N * 5—1) *
P(I — Q)(p*d_y), Theorem 3.5.2 of [16] implies that P(u* d_,) = Q(u * d_z) * J, for
some y € F. Clearly,
(1) y € ilm P)N F.
From Theorem 3.3.9(iv) we conclude that Py, = Q) Tr(u)(p*9_z)-a.s., which implies
T Q@ * 6—2) = Ty P(p*6-3) = mr(uQ@(u * 6-3) * 6_r,, (y) and thus
(2) y € I(n).
By (1) together with (2) we see that y € (im P) N FNI(u) = I(P(u*d_z)). But this
implies that P(p*d_z) = Q1 * d_z).

(v)=(vi) is obvious.

(vi)=-(iii). By Theorem 3.3.4 there exists a o-compact proper common subdomain F'

of P and @ such that (im P)NF, (imQ)NF and (ker P)NF, (ker Q)N F are o-compact.
Since P(p®)((im P) N F) = Q(p®)((im Q) N F) = 1, we conclude that

P(*)((im P) N (im Q) N F) = Q) (im P) N (im Q) N F) = L.
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Set Fi = (imP)N(imQ)NF+ (ker P)NF and Fr = (im P)N(im Q)N F + (ker Q) N F.
Then Fy and Fy are o-compact subgroups of G such that u5(Fy) = p®(Fz) = 1. Putting
H =F,NF, weobtain p*(H) =1 and (imP)NH =(imQ)NH. =

COROLLARY 3.3.12. Let P,Q be projections in IIg(u) such that QP = P u®-a.s. and
PQ =Q p’-a.s. Then

(i) P(I(n)) = QU (1));
(i) o P(I(n)) = {0} (@I (1 )) ={0}) then P = Q p*-a.s.;
(i) Priuy = Qr(uy Tr(w)(1)-a
(iv) ker PN F+ P(I(u)) = kerQ NF+ P(I(u)) for some proper common subdomain
F of P and Q.

Let G be an Abelian metrizable group and p € M1(G). We define the relation < on
1Ip(p) by
P<Q@Q iff PQ=QP=P p*as.
It is easy to verify that < is a partial ordering in I[T5(u). Moreover, I15 (1) has a smallest

element, namely 0, and a largest element, namely 1.
Let M be a nonempty subset of IIp(p). Weset I — M ={I—-P: P e M}.

LEMMA 3.3.13. Let G be an Abelian metrizable group, u € M*(G) and M be a non-
empty subset of IIg(u). Then

(i) sup M exists iff inf(I — M) exists;
(ii) inf M exists iff sup(I — M) exists.

Moreover, sup M = I —inf(I — M) and inf M = I —sup(I — M).

LEMMA 3.3.14. Let G be an Abelian metrizable group, p € M*(G) and (P,) be a
sequence in (). Then

(i) 4f inf,, P, exists then there exists a o-compact proper common subdomain F of
inf,, P, and (P,) such that imQ)NF C (), —,(im P,) N F};

(ii) if there exists Q € Ip(u) such that QP, = P,Q p°-a.s. for each n € N and
(imQ)NF =N,2,(imP,) NF for a Borel subgroup F of G with u*(F) =1 then Q =
inf P,.

3.4. Additive projections in Borel decomposability semigroups of proba-
bility measures without idempotent factors. We now study the properties of the
set of all projections in Borel decomposability semigroups of Radon probability measures
without idempotent factors.

The next result is an immediate consequence of Theorem 3.3.9(iv).

THEOREM 3.4.1. Let G be an Abelian metrizable group, p € M} (G) and P,Q € Hp(u).
Then the following conditions are equivalent:

(i) P <@
(i) QP = P yi*-a.s.
(iii) there exists a proper common subdomain F of P and Q such that (im P)NF C

(im@) N
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COROLLARY 3.4.2. Let G be an Abelian metrizable group, p € M3(G) and P,Q €
I (). Then the following conditions are equivalent:
(i) P=Q (u*d_z)-a.s. for some xz € G with n(D(P)ND(Q) + x) = 1;
(ii) P = Q p*-a.s,;
(iii) there exists a common subdomain F of P and Q such that (im P)NF = (im Q)NF;
(iv) there exists a o-compact proper common subdomain F of P and Q such that
(a) imP)NF = (ImQ) N F;
(b) (imP)NF, imQ)NF, (ker P)NF, (ker Q) N F are o-compact;
(v) P(px0_g) = Q(px0_g) for some x € G with u(D(P)ND(Q) + ) = 1;
(vi) P(p*) = Q(p*).
The proof is a direct application of Theorem 3.3.11 together with Theorem 3.4.1.

THEOREM 3.4.3. Let G be an Abelian metrizable group, p € M} (G) and P,Q € Hp(u).
Then there exists P A Q € IIg(p) such that

(i) there exists a o-compact proper common subdomain F of P, Q and PAQ € IIp(u)
such that
im(PAQ)NF = (im P) N (imQ) N F;
(ii) (PQ)™ — PAQ, (PQ)"P — PAQ, (QP)" — PAQ and (QP)"Q — P AQ
m pd.
We prove two lemmata before proving the theorem.
LEMMA 3.4.4. Let G be an Abelian metrizable group, p € M3 (G) and P,Q € Hp(u).

Let (k,,) be a sequence with k,, € J,, and let © € G be such that pn(D(P)ND(Q)+z) = 1.
Then there exists a sequence (zn) in G such that (PQ)y (@ * 6—z) * 6, = do.

The proof is immediate from Lemma 2.3.13 together with Theorem 1.3.5.

LEMMA 3.4.5. Let G be an Abelian metrizable group, p € M3 (G) and P,Q € Hp(u).
Assume that x is an element of G such that n(D(P)ND(Q)+ x) =1. Then

(i) for every positive integer n

1

prd_g= * (PQ) (nx0—y)* * (PQ)i (u*0_z);
k,€ly i,j=0 "

(ii) {*; ¢ (PQ)g, (1°) :n € N} is shift uniformly tight;
(iii) there exist measures 1, ,uZQ, (i,j = 0,1) in M*(G) and sequences (yn), (ngj))
(1,7 =0,1) in G such that
(a) (PQ)ij (n+0_4) %0, = pi? fori,j=0,1;
(b) *p e, (PQ)k, (*0—z) * by, = n, where y, = — Zij:o 3:51”);
() p*d_y =mx* *ijzo uZQ.
Proof. Statements (i) and (ii) are evident. The proof of (iii) is immediate from
Theorem 3.2.9. m
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Proof of Theorem 3.4.3. By Theorem 3.3.4, there exists a o-compact proper
common subdomain F of P and Q. Let € G be such that u(F + ) = 1. Hence, by
Lemma 3.4.7 there exist upg, pop,n, A € M1(G) and two sequences (z,,), (y») in G such
that

a) p* g = (PQ)oo, (p*0-z) % 0z, ¥ Ay = (QP)go (1% 0—z) * Oy, * N
b) (PQ)oo, (1t * d—z) * 0z, = ppQ as n — o0;

(
(
(c) (QP)mn (f*0_y)*dy, = flop as N — 00;
(d) M, = Aand n, = n;

(

e) /L*(S,z :,LLPQ*/\:,LLQP*’I].
We conclude from (a) that for all n,m € N,

(PQ)oo, (1°) = (PQ)uo, ., (1) * (PQ)ao,, (A7),

n4m
hence for each n € N there exists v, € M'(G) such that (PQ)go (1°) = ppg * vn and
finally that

(1) QW (PQ)oo, (1°) = QW (i) * QM.

Lemma 3.4.4 shows that

(2) Q(l)(PQ)mn (u%) =69 asn — .

From (1) and (2) we conclude that (I — Q)(upg) = do. This implies that
(3) Hpo((m Q) N F) = 1.

From (a) it follows that P(u®) = (PQ)oo (1°) * PX;,. Hence, there exists A\p € M'(G)
such that Pp® = pipg * Ap. Thus, by Lemma 2.3.3(iv),

(4) g((im P) N F) = 1.
From (3) and (4) we have

(5) o ((im P) 1 (im Q) N F) = 1.
In the same manner we can see that

(6) pipp(m P) 0 (im Q) N F) = 1.

Conditions (5) and (6) imply that
(7) tpq = Prpq = Qupq and pugp = Pugp = Qugp-
We conclude from (f) and (7) that for each n € N,
(@P)oo, (1) = ting * (QP)oo, N and  (PQuo, () = iy * (PQao, 1
hence there exist two symmetric measures X', ' € Mg (G) such that
(8) po = top * Ny pgp = g * 1.
Hence, ppg = pipg * A *n'. By Theorem 1.2.13 of [11], X' x ' = p. Since the measures
N, 7' are symmetric we obtain \" = 5’ = dg. From (8) we have ppy = pgp. The
equality pi° = pipg * A° = pgp * A%, implies that (QP)oo (1°) = ppg * (PQ)oo, A° and

(QP)mn (u®) = Hop * (QP)mn)\s, hence that (QP)@TL)\S = 0o and (PQ)@n)\S = do.
Clearly, (QP)go, — 0in A* and (PQ)go — 0 in A°.
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Let (n,,) be an increasing sequence of positive integers. Then there exists a subse-
quence (ng) of (n,,) such that (QP)@% — 0 M-a.s. and (PQ)mnk — 0 X-as. Put
FF=mP)Nn(ImQ)NF, Fob={zxeF: (QP)mnkx — 0 and (PQ)mnkx — 0}. Then
iy By = {0}, ppo(F1) =1, A*(F2) = 1. Let Hy be a o-compact subgroup of Fy
with uSPQ(Hl) = 1 and let Hy be a o-compact subgroup of F» with A(H2) = 1. By
Lemma 1.4.1, there exists a Borel-measurable projection R from H = H; & Hs into itself
such that im R = H; and ker R = H,. Clearly, R € Add(G;u). Since for each = € H,
(QP)mnkx — Rz as k — oo, and (PQ)mnkx — Rz as k — oo, we conclude from
Theorem 3.1.12 that (QP)e — R in p® and (PQ)go, — R in p°. Hence, by Theorem
3.2.4(ii), R € ITp(u). It is easy to see that R=PAQ. m

COROLLARY 3.4.6. Let p € M}(G) and Pi,...,P, € Ig(u). Then there exists a
projection Py A\ ...\ P, € () such that

im(PLA...AP,)NF=()im(P)NF
1=1

for some a-compact proper common subdomain F of {P1,...,P,} and Py A... A P,.

THEOREM 3.4.7. Let G be an Abelian metrizable group, p € M} (G) and (P,) be a
sequence in I p(un) such that P,y1 < P,. Then there exists inf P,, € IIg(u) such that

(i) P, — inf,, P, in pu;

(ii) im(inf,, P,)NF = )2, im(P,)NF for some o-compact proper common subdomain

F of (P,) and inf,, P,.

Proof. By Theorem 3.3.4, there exists a o-compact proper common subdomain F'
of (P,). Moreover, by Theorem 3.3.2, u* = P,u®* x (I — P,)p®. But this implies that for
1<k <n, Pep® = Pou® x (P, — Py,

We deduce from Theorem 3.2.9 that there exist v, 1 € M (G) and a sequence (\y,)
in M(G) such that P,p® = vo, (I — P)p® = v1 and (P, — Po)p® = M\ as n — oo.
Hence,

(9) ud =y kv,

(10) Py’ = vg * Ag.

Now, by (10) we conclude via Lemma 2.3.3(iv) that vo((im P;) N F) = 1. In particular,
(11) Py = wp.

We conclude from (9) together with (11) that Pyu® = vy * Py, which implies that
Py = 6y as k — oo, and thus P, — 0 in v4.

Let (n,,) be an increasing sequence of positive integers. Then there exists a sub-
sequence (ny) of (ny,) such that P,, — 0 vi-as. Put Fy = () _,(imP,) N F and
Fy={zx € F: P,z — 0} Then F; N Fy, = {0} and v;(F;) = 1 for i = 1,2. Let H;
be a o-compact subgroup of F; with v;(F;) = 1 for ¢ = 1,2. Lemma 1.4.1 now shows
that there exists R € Add(G;u) such that im R = H; and ker R = H,. Since for each
x € HHi®Hy, P,, x — Rx as k — oo, we conclude from Theorem 3.1.12 that P, — R € u°.
Hence, by Theorem 3.2.4, R € IIg(u). It is easy to see that R = inf,, P,. =
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COROLLARY 3.4.8. Let (P,,) be a sequence in IIg(p) such that P, < Pyy1. Then there
exists sup,, P, € IIp(p) such that

(i) Pn — supy Py in p%;
(ii) ker(sup,, P,) N F = (., (ker P,) N F for some o-compact proper common subdo-
main F of (P,) and sup,, P,,.

Proof. Putting @, = I — P,, we obtain Q,, < Q,+1. Hence, by Theorem 3.4.7 there
exists inf,, @Q,, € ITp(u) such that

(1) Qn — infy, Qp in p’;
(ii) im(inf, Q,) N F =, im(Q,) N F for some o-compact proper common subdo-
main of (P,).

Putting P = I — Q we obtain P = sup,, P,,. The rest of the proof is clear. m

THEOREM 3.4.9. Let G be an Abelian metrizable group, p € M} (G) and (P,) be a
sequence in I g(p). Then there exists inf, P, € I p(u) with

im(inf P,) N F = (] im(P,) N F
n=1

for some a-compact proper common subdomain F of (P,) and inf,, P,.

Proof. Putting @, = PAA...A P, we see that @, < @,+1 and there exists a proper
common subdomain Fy of (P,) such that im(Q,,) N Fy = (., im(P,) N Fy. Moreover, by
Theorem 3.4.7 there exists inf,, Q,, € () with im(infy, Qx)NF; = ﬂff:l im(Q,)NF; for
some proper common subdomain F; of (Q,,). Put F = F; N F5. Since im(infx Q) N F =
N2, im(P,) N F we conclude that inf,, @, = inf P,. m

THEOREM 3.4.10. Let G be an Abelian metrizable group, p € M} (G) and (Py)ac.a be a
family in I (). Then there exists inf,c 4 Py € (1) such that inf P, = inf P, p-a.s.
for some countable subfamily (P,,) of (P,).

Proof. We will denote by B the family of all finite subsets of A. We define the relation
< on B by
by < by iff by C bo.
Set Qp = infuep P, for each b € B. Then (Qpp)pes is a net in M (G). Moreover, p° =
Qo x (I — Qp)p® for each b € B. If by, be € B, by < by then Qp, < @y, and finally

Qb 11° = Qo1 * (Qb, — Qo )11°.
Application of Lemma 2.4.5 implies that there exist vg,v1 € M} (G) and a net (\p)pes

in M} (G) such that

(12) Qui® = vy, (I —Qp)p’=mn
and (Q. — Qp)1® = A for each ¢ € B. Hence, u® = vy * v1 and for each ¢ € B we have
(13) Qc1° = Vg * Ac.

By Lemma 2.3.3(iv) together with (13) we now conclude that vo(im@Q.) = 1, so that
Q.(vo) = vy is satisfied for each ¢ € B.
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Now (12) implies, via Theorem A.IIL5 of [3], the existence of an increasing sequence
(bp) in B such that Qp, p° = vo. By Qu,,, < Qp, we conclude via Theorem 3.4.7 that
there exists inf @y, € IIp(u) such that Qp, = inf, Qp, in u°, hence that Qp, u° =
inf,, Qp, (¢°) and finally that vy = (inf, Qs, )(11*). So for each b € B, Qu(inf Qp, (1°)) =
inf Qp,, (11°). Application of Corollary 3.4.2 now yields Qy(inf Qp,, ) = inf,, Qp,, uS-a.s. for
each b € B. Therefore,

(14) inf Qy, < P,

for each a € A.
Let R be a projection in ITg(u) such that R < P, for each a € A. But this implies
that R < @y, for each n € N, and finally

(15) R <infQ,,.
From (14) together with (15) we conclude that inf,, Qp, = infoeca P,. =
We finish the discussion of this section with the formulation of the following theorem.

THEOREM 3.4.11. IIg(p) forms a complete lattice. Moreover,

(i) for every family (Py)aca in IIp(n) there exists a countable subfamily (Py,) of
(P.) such that inf,e o P, = inf,, P, p®*-a.s.;
(i) inf () = 0:
(iii) sup Ip(p) = 1.
Proof. This follows from Theorem 3.4.10. m

IV. Product-decomposability of probability measures

4.1. Basic definitions and results. Let G be an Abelian metrizable group. A
measure g in M1(G) is said to be product-decomposable if there exist two nondegenerate
measures U1, u2 on G, two Borel subgroups G1, G2 of G and an element x in GG such that

(i) = g1 * po * Og;

(ii) pi(G;) =1fori=1,2;

(iii) Gy NGy = {0}.

In the opposite case, p is said to be product-indecomposable.

THEOREM 4.1.1. Let G be an Abelian metrizable group and u € MY(G). Then the
following statements are equivalent:

(i) p is product-decomposable;

(i) ITp(n) # {0, 1}.

A nondegenerate measure v in M*(G) is said to be a product-factor of a measure u
in M'(G) if there exist P € IIp(u) and = € G with u(D(P) + x) = 1 such that

v=Puxd_z).
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LEMMA 4.1.2. Let an Abelian Polish group G have no nontrivial continuous additive
projections from G into itself. Let p be a measure in M*(G) with (G, = {G}. Then p
is product-indecomposable.

The proof is immediate from Lemma 3.2.10.

A projection P € IIg(u) \ {0} is said to be a product-atom if

{Qellp(p):0<Q<P}={0,1}.
We denote by Ag(u) the set of all product-atoms from ITg(p) and let A(p) = II(x) N
Ap(p).

The following facts are immediate consequences of the definition of a product-atom.

COROLLARY 4.1.3. Let G be an Abelian metrizable group, u € MY (G) and P € Hp(u)\
{0}. Then P is a product-atom iff the measure P(p* d_;) is product-indecomposable for
some x € G with w(D(P) + z) = 1.

COROLLARY 4.1.4. Let G be an Abelian metrizable group, u € MY (G) and P,Q €
IIp(p) with PQ = QP p*-a.s. Then

(i) if P € Ag(u) then either P < Q or P <1 —Q;

(ii) if P,Q € Ag(u) then P < I —Q.

LEMMA 4.1.5. Let G be an Abelian metrizable group, p € M*(G) and P € Ap(u).

Assume that Q is a projection in ITg(u) such that im PNF =im QNF for some common
subdomain F of the projections P and Q. Then Q € Ag(u).

Proof. This follows immediately from Theorem 3.3.9. m

COROLLARY 4.1.6. Let P € Ag(p) and Q € Hp(u) with QP = P p*-a.s. Then there
exists P! € Ag(u) such that

(i) PP’ = P’ y*-a.s. and P'P = P p*-a.s.;

(ii) QP = P'Q = P’ p*-a.s.

A measure p in M1(G) is said to be

(i) purely product-atomic if for every P € ITp(u) \ {0} there exists @ € Ap(u) such

that 0 < Q < P;
(ii) product-atomless if it has no product-atoms.

4.2. Gaussian measures in the sense of Gnedenko. We start with the introduc-
tion of the class of Gaussian measures in the sense of Gnedenko.

Let G be an Abelian metrizable group. A measure yin M1(G) is said to be a Gaussian
measure in the sense of Gnedenko (G-Gaussian) if there exist v € M'(G) and P €
ITp(1 ® v) such that

(Gx{0}H) U0} x @) N ((im P) U (ker P))N F = {(0,0)}

for some Borel subgroup F of G x G with the property that (u ® v)*(F) = 1. The class
of all G-Gaussian measures on G will be denoted by I'c(G).

EXAMPLE 4.2.1. Lemma 1.2.1 implies that for every prime p the Haar measure wy,
on Z, is G-Gaussian.
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LEMMA 4.2.1. Let G and F be Abelian metrizable groups. Then

(i) {0z : x € G} C I'c(G);
(ii) if p € IT'c(G) then pu*dy € I'c(G) for each x € G
(ili) if @ is a Borel isomorphism from G onto F and p € I'¢(GQ) then &(u) € I'c(G).

THEOREM 4.2.2. Let G be an Abelian metrizable group and u € M'(G). Then the
following statements are equivalent:

(i) p € I'a(G);

(ii) there exist an Abelian metrizable group F, v € MY (F) and P € IIg(p ® v) such
that

(G x{0H) U {0} x @) N ((im P)U (ker P)) N H = {(0,0)}
for some Borel subgroup H of G x F with the property that (p @ v)*(H) = 1.

Proof. (i)=(ii) is obvious.

(ii)=-(i) Let @ be the mapping from G x F' to itself defined by Q(x,y) = («,0) for
(x,y) € Gx F. Hence, Q € IIg(n®v). Now, by Theorem 3.3.4 there exists a o-compact
proper common subdomain H of projections P and @ such that

((im P) U (ker P)) N ((im Q) U (ker Q)) N H = {(0,0)}.

Moreover, there exist a o-compact subgroup GG; of G and a o-compact subgroup Fj of F
such that

(a) H = Gl X Fl;
(b) imQ) N H =Gy x {0} and (kerQ) N H = {0} x F}.

Set R = (Qlim Pni)(Plker one)- It is easy to see that R is an injective Borel-measur-
able mapping. Since R : {0} x F; — G x {0} we conclude that there exists an injective
Borel-measurable linear mapping Ry : Fi — G; such that R(0,z) = (R1(z),0) for each
x € Fy. Putting G2 = Ry (F1), we find that G5 is a Borel subgroup of G.

Let @ be the mapping from G; x F; onto Gy X Go defined by &(z,y) = (z, R1y)
for (z,y) € G1 x Fy. Clearly, @ is a bijective Borel-measurable linear mapping. Putting
A = R;(v), we obtain &(u®@v) = p@\. We define P; = &(P|g)®~!. An easy computation
shows that P, € IIg(ppt® A) and

((Gy x{0H U ({0} x G2)) N ((im Py) U (ker P1)) = {(0,0)}. =

COROLLARY 4.2.3. Let p € IT'¢(G) and H be a Borel subgroup of G such that u(H) = 1.
Then € I'c(H).

THEOREM 4.2.4. Let G be an Abelian metrizable group, p € M*(G) and P € I (u).
We assume that P(u*d_g), (I—P)(u*d_) € I'c(G) for some x € G with u(D(P)+x) = 1.
Then p € I'a(G).

Proof. We define the mapping R on G x G into itself by R(x,y)=(x,0) for (z,y)€
G xG.

By Theorem 3.3.4 there exist a o-compact proper subdomain F’ of P and x € G such
that u(F +x) = 1. Set p} = P(u*0_z), puh= (I — P)(p*d_;), Gy = (im P) N F’ and
G, = (ker P)N F'.
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Let i = 1,2. Since u; € I'c(G%) we conclude that there exist v) € I'¢(G) and Q; €
ITp (1), @ v}) such that for some o-compact proper common subdomain D; of projections
R|G;Xg; and Q; we have

(im0 Rl ) U (ker Rl ;) 1 ((m @) U (ker @) 1 Ds = {(0,0)}.
Without loss of generality we may assume that (ker Q;)ND;, (im Q;)ND;, (ker R|g:xar)N
D; and (im R|g/x ) N D; are o-compact. Let (u;, v;) be an element of G} x G} such that
i @vi(Di+ (us, v3)) = 1. Put pu; = pix 6y, and v; = vjxd_y,. Since (R|g:xa;)(Di) C D;
we conclude that there exist o-compact subgroups K; and H; of G} such that

(a) Dz = Kl X Hl,

(b) (1m(R|G;X@;) ND; =K, x {0} and (kel‘nggxg;) nND; = {O} X Hy;

(c) pi(Ks) = vi(H;) = 1.

Put A; = Qi(ni ®@vi),mi = (I — Qi) (i ®v3), Fy = (im Qi) N D; and G; = (ker @;) N D;.
Since Q;(D;) C D; we conclude that D; = F; & G; and \;(F;) = n;(G;) = 1. Moreover,
(K x {0}) U ({0} x Hy)) N (Fi U Gi) ={(0,0)}.

Set po = p1* pe, Vo =v1kv2, Ao = A1 x A2, mo = m *12, Ko = K1+ Ko, Hy=Hy +
Hy, Fy = F1+ Fs and Gy = G1 + Gs. 1t is easy to see that /,LQ(KO) = I/Q(HQ) = )\0(F0) =
10(Go) = 1 and Koy x Hy = Fy & Go. By Lemma 1.4.1, there exists Q € ITp(uo ® vp)
such that im Q = Fy and ker Q = Gy. A trivial verification shows that

((im R) U (ker R)) N ((im Q) U (ker Q)) N (Ko x Hy) = {(0,0)}.
Since p = g * 6—, for some z € G, we conclude that u € I'¢(G).
COROLLARY 4.2.5. Let p € MY(G) and Py, ..., P, be projections in II5(u) such that
() PPy = 0 p-a.s. if i # ji

(i) PLV...V P =1,

(iii) Pr(px6_z),..., Pu(puxd_y) € I'c(G) for some x € G with u((;—, D(Pi+z)) = 1.
Then p € I'a(G).

COROLLARY 4.2.6. Let pu be a measure in M*(G). Assume that there exist two projec-
tions P,Q in IIg(p) such that

((im P) U (ker P)) N ((im Q) U (ker Q)) N F = {0}
for some Borel subgroup F of G with pu*(F) =1. Then p € I'¢(G).

THEOREM 4.2.7. Let G be an Abelian metrizable group and p € I'p(G). Assume that
there exists a Borel subgroup Go of G such that

(i) u(Go + ) =1 for some x € G;

(ii) Go has no elements of order 2.

Then p € I'a(G).
This follows at once from Corollary 4.2.5.

4.3. Gaussian measures in the sense of Gnedenko without idempotent fac-
tors. In this section we concentrate on a detailed study of Gaussian measures in the sense
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of Gnedenko without idempotent factors. The class of all G-Gaussian measures without
idempotent factors will be denoted by I'c o(G).

THEOREM 4.3.1. Let G, H be Abelian metrizable groups and p € M*(G), v € M'(H).
Assume that there exists Q € IIg(u @ v) such that
(G x{0p U0} x @) N ((Im@Q) U (ker Q)) N F = {(0,0)}
for some Borel subgroup F of GxH with (u®@v)*(F)=1. Then I(u) = {0} iff I(v)={0}.
Proof. By Lemma 2.4.2(ii) we have I(p @ v) = I(u) ® I(v). Since I(p ®@ v) C D(Q)
and Q(I(u®v)) C I(p ® v) we conclude that
(1) Ipev)=((mQ)NI(pev) & ((ker@)NI(pev)).
Let F be a Borel subgroup of G x H such that (1 ® v)*(F) =1 and
(G x {0} U ({0} x &) N ((im Q) U (ker Q)) N F' = {(0,0)}.
This implies that
((Z(p) x{0}) U ({0} x I(1))) N ((m QN I(p @ v)) U (ker@ N I(n @ v))) = {(0,0)}.
Let I(p) = {0}. Hence,
(2) {(0,0)} = ({0} x I(1)) N ((im QN I(p @ v)) U (ker @ N I (1 @ v)))
— (M QN (@) U (ker Q N I( @ 1)
We now conclude from (1) together with (2) that I(z ® v) = {(0,0)}. =

COROLLARY 4.3.2. Let G be an Abelian metrizable group and i € I'c o(G). Let v be a
measure in M*(G) such that there exists Q € Hp(u® v) with

(G x{0p U0} x &) N ((Im Q) U (ker Q)) N F = {(0,0)}
for some Borel subgroup F of G X G with (u @ v)*(F) =1. Then I(v) = {0}.

THEOREM 4.3.3. Let G be an Abelian metrizable group and p € M} (G). Assume that
there exists a sequence (Ry,) in I g(p) such that

(i) RoRyy = RRy, =0 pf-a.s.;
(ii) sup R, = I p*-a.s.;
(iii) there ewxists a sequence (x,) C G such that for each n € N, u(D(R,) + xy,) = 1
and (Rp(p*d_5,)) C I'c(G).

Then p € I'co(G).

Proof. By Theorem 3.3.4 there exist a o-compact proper common subdomain F’ of
(Ry,) and = € G such that u(F' +x) = 1. Set u), = Rp(u*9d_,) and G, = im R, N F'.
Further, we define the mapping &,, from G! x G! into itself by &, (z,y) = (z,0) for
(x,y) € G, x GI,.

Let n € N. Since u), € I'c(G) we conclude that there exist v/, € M'(G]) and
O,, € IIp(u,, ® v),) such that for some o-compact proper common subdomain D}, of &,
and ©,, we have (im &,,Uker @,,)N(im ©,,Uker ©,,)ND;, = {(0,0)}. Let (un,v,) € G, x G},
be such that u!, @ v/, (D" + (un,v,)) = 1. Put py, = pl, * 6_y, and v, = v, xd_,, . Since
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®,,(D}) C D], we conclude that there exist o-compact subgroups K|, and H}, of G}, such
that

(a) D;, = K, x Hy;

(b) im @, N D!, = K|, x {0} and ker ®,, " D), = {0} x H

() pn(K5,) = va(H},) = 15

(d) (K7 x {0}) U ({0} x Hp,)) N ((im O, N D;,) U (ker €, N D7) = {(0,0)}-

Set F) @ (ker R,NF}) and R, = Ry |p; . Itis easy tosee that R;, € IIp(u), R;, = R, p*-a.s.
and Rl (1% 6y, ) = lin-

Put H' = [[2, H), and v = %, v,. Clearly, v(H') =1 and I(v) = {0}. We now
define the projection p, from H' into H], by p,((zx)) = z, for (z) € H' and the
embedding i, of H/, in H' by i,(z,) = (x), where () is the element of H' whose nth
coordinate is equal to x,, and all other coordinates vanish.

Let r, be the mapping from F, x H' into K/ x H] defined by r,(z, (yn)) =
(Rl z,pn(yx)) for (z,(yn)) € F! x H' and let j, be the mapping from K/ x H/ into
F! x H' defined by j,(z,y) = (x,i,(y)) for (z,y) € K/, x H,.

Putting Q,, = j,Onrn, Q = ju(I — On)rn, P = jn®pryn, P = j,(I — &,)r, and
T,, = jnry one obtains

() Pu, Py, Qn, @y, T € Hp(p @ v);

(f) Pot+ P, =Qn+Q, =T,

(g) PoPm=P.P, = QnQm =Q,Q., =T,T, =0 (p®v)*a.s. for i # j.

Theorem 3.4.9 implies that there exist P, P, Q, Q" € IIg(u®v) such that P = sup P,,
P' =sup P!, Q@ =sup@, and Q' = sup@),. Since supT,, = I (1 ® v)*-a.s. we conclude
that P=1— P (p®v)*as. and Q = I — Q' (1 ® v)*-a.s. Hence, by Theorem 3.3.4

there exists a o-compact proper common subdomain D of (P,), (P)),(@Qn),(Q),) and
{P,P’,Q,Q"} such that P|p = (I — P')|p and Q|p = (I — Q')|p. Moreover,

ker PND = (| kerP,ND, kerP'ND=()kerP,ND,

n=1 n=1

(3) . o
ker@QND = | kerQ,ND, ker@Q ND=[)ker@Q,ND,

n=1 n=1

and P, (D) C D.

Since P(D) C D we conclude that there exist o-compact subgroups: F C (o, F),
HC H and K, C K', such that D = F x H, im PN D = F x {0}, ker PN D = {0} x H
and im P, N D = K,, x {0}. Set H,, = p,(H) and D,, = K,, X H,,. An easy computation
shows that

(h) H =[[;2, Ha;

(i) ker P, N D = {0} x i (Hy);
() @,.(D,,) C D,, and ©,,(D,,) C Dy;
(k) (im@,, Uker @,,) N (im O, Uker ©,,) N D,, = {(0,0)}.
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We now have

) ker@Q,ND =r (ker®,ND,), kerQ,ND=r'(im6,ND,),
ker P, N D =7, (ker®, N D,), kerP.ND=r'(im®,ND,).

From (3) and (4) we obtain

ker@QND = ﬂ rt(ker©,ND,), imQ@QND = ﬂ r(im©, N D,,),

n=1 n=1

ker PN D = (), (ker g, N D), imPND=()r," (imd,ND,).
n=1 n=1

Thus we get
(imPUker P)N (imQ Uker Q)N D

= ﬁ {ry (im @, N Dy) Ny (im O, N Dy}

n=1

U ﬁ {r'(im®, N D,)Nr, (ker©, N D,)}
n=1

u ﬁ {r,t(ker®, N D,) N7, (imO, N D,)}
n=1

u ﬁ {r Y (ker®, N D,)Nr; (ker®, N D,)}
n=1

= N7 d©.0h = {0.0)}

Application of Theorem 4.2.2 implies that p € I'c o(G). =

LEMMA 4.3.4. Let G be an Abelian metrizable group, € My (G) and Py, Py € IIg(p).
Define Q=1-31 o P{" AP, Then
() Q@ € p(p);
(ii) QPi(J) = Pl-(J)Q p-a.s. fori,j=1,2;
(ii)) QPP AQPM =0 Q(u*)-a.s. for (i, ) # (k.1);
(iv) Q(u*0_y) € I'c0(G) for some x € G with uw(D(Q) + z) = 1.
LEMMA 4.3.5. Let G be an Abelian metrizable group, p € M} (G) and P, R € Hp(u).

Assume that PAR =0 p*-a.s. and PA(I — R) =0 p®-a.s. Then P(u*0_) € I'co(G)
for every x € G with u(D(P) + x) = 1.

Proof. Putting@ =I—(I—P)AR—(I—P)A(I— R) we obtain QP = PQ = P. Let

x € G be such that u(D(Q) + z) = 1. Hence, by Theorem 3.3.9(ii), P € IIg(Q(1*d_z)).
We now conclude from Lemma 4.3.4 that

(a) QR = RQ pS-a.s.;

(b) QR € Hp(Q(u*6-2));

(c) (im PUker P)N (im QRUker QR)NF = {0} for some Borel subgroup F of G with
wW(F)=1. =
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THEOREM 4.3.6. Let G be an Abelian metrizable group, p € I'c,o(G) and P € IIp(u).
Then P(p*d_y) € I'co(G) for every x € G with w(D(P) + z) = 1.

Proof. Let z € G be such that u(D(P)+x) = 1. We define the mapping R on G x G
into itself by R(z,y) = (x,0) for (x,y) € GxG. Since u € I'¢0(G) we see that there exist
ve MYG) and Q € IIp(p ® v) such that (im R Uker R) N (imQ Uker Q) N F = {(0,0)}
for some Borel subgroup F' of G x G with (1 ® v)*(F) = 1.

Let P’ be the mapping on D(P) x G into itself defined by P’(z,y) = (Pz,0) for
(x,y) € D(P) x G. Clearly, P € Ig(u®v), PNQ =0 (p®v)*as. and PN (I - Q)
=0 (u ® v)*-a.s. Moreover, u ® v(D(P’) + (2,0)) = 1. Lemma 4.3.5 now implies that
P(p@v*d_y0) € Ta(G x G). A trivial verification shows that P'(u ® v % 6_(, 0)) =
P(p, * 5_1) ®bp. m

COROLLARY 4.3.7. Let G be an Abelian metrizable group, p € Mg (G) and (P,) be a
sequence in Hp(p). Assume that

(1) Pn < PnJrl;

(ii) for every n € N there exists x,, € G such that f(D(P,)+x,) =1 and P, (uxd_z,) €
I'co(G).

Then (sup P,)(u* 0_z) € I'c,0(G) for every x € G with p(D(sup P,) + z) = 1.

Proof. Without loss of generality we may assume that sup P,, = I p®-a.s. We define
Ry =P and R,,11 = P,(I—P,11) for n € N. Theorem 4.3.6 implies that R, (u*d_,, ) €
I'co(G) for every y, € G with u(D(Ry) + yn) = 1. Therefore, Theorem 4.3.3 yields
e IGo(G). =

THEOREM 4.3.8. Let G be an Abelian metrizable group, u € M} (G) and (Pt)ier be a
family in IIg(p). Assume that for every t € T there exists x; € G such that u(D(P) +
x1) =1 and P(u*0_y,) € I'co(G). Then (sup P,)(u+*0_y) € I'co(G) for every x € G
with w(D(sup P;) + ) = 1.

We prepare the proof of the theorem with the following lemma.

LEMMA 4.3.9. Let u € M3(G) and P, ..., P, € IIg(n). Assume that fork=1,...,n
there exists x € G such that (D(Py) + zx) = 1 and Py(u*0_z,) € I'go(G). Then
(PLV...VP)(uxd6_y) € I'co(G) for every x € G with W(D(Py V...V P,)+z) = 1.

Proof. Without loss of generality we may assume that n = 2. We set

1
Q=1-> PIAPY.
i,j=0
Hence, by Lemma 4.3.4,

(i) Q(u*d_y) € I'co(G) for every z € G with pu(D(Q) + z) = 1;

(i) v P=Q+POAPY + POAPY £ PMAPYO psas,
(iii) @ P(Z P(J) Pl(z) A P2( )Q =0 ps-a.s. for i # j;
(iv) (P“ AP} ))(P““)AP;“) = (PP APOYPD APy =0 ps-as. for (i,5) # (k,1);
(v) P A P(J) POPY A PYY = (PD A PP =0 p-as. fori,j=0,1;
(vi) P¥ P(” POPD APy = (PO APIYPY) =0 ps-as. for i, j =0,1.



54 W. Krakowiak

Conditions (v) and (vi) together with Theorem 4.3.6 yield
(5) PO AP (e 0o0). PV AP (ur 6o0). PV AP (e 6-) € T0(G)
for every x € G with u(ﬂijzo D(Pl(i) A PQ(j)) +z)=1
Conditions (i), (ii) and (5) together with Theorem 4.3.3 imply
(PLV P)(uxd_y) € I'colG)
for each z € G with u(D(PAV Py) +2)=1. m

Proof of Theorem 4.3.8. By Theorem 3.4.10 there exists a sequence (t,) C T
such that sup;cr P, = sup,, P;,, pu*-a.s. Putting Q, = P, V...VF;, weobtain Q, < Qni1
and sup,, @, = sup, P, p*-a.s. By Lemma 4.3.9, Q,(u*d_,,) € I'co(G) for each z, € G
with u(D(Qn) + zn) = 1. Application of Corollary 4.3.7 now implies that

(stzp P)(ux*0_5) € I'co(G)

for each z € G with u(D(sup, P,) +2) = 1. m

LEMMA 4.3.10. Let G be an Abelian metrizable group and p € M} (G). Assume that
the measure u has no G-Gaussian product-factors. Then IIg(u) is a commutative subse-
migroup of Dp(u).

Proof. Let Py, P, € ITg(u). Application of Lemma 4.3.4 yields

(a) I = Z;,j:o Pl(i) A P2(j) ph-a.s.;

() (P APFY(PM A PP) =0 piz-aus. for (i,5) # (kD).
Clearly,

POAPO + PONPD <P POAPY 4+ POAPY <T- P,
POANPRD + PO APD <P, POAPYN + PO AP <1- P,
But this implies that
P = 1(0) A PQ(O) + Pl(o) A P2(1) p-a.s.  and
Py =PO AP 4+ PV APY [pas. w

THEOREM 4.3.11. Let G be an Abelian metrizable group and p € M*(G). Then there

exists Py € IIg(p) such that
(i) Po(p*d—-z) € I'co(G) for each x € G with u(D(Py) + x) = 1;

(ii) for each x € G with n(D(Py) + x) = 1, the measure (I — Py)(p % 6_5) has no
G-Gaussian product-factors;

(iii) for every R € IIg(u), RPy = PoR p*-a.s.;

(iv) {RPy: R e IIg(p)} is a commutative subsemigroup of Dp(u).
Moreover, the projection Py is uniquely determined by conditions (i) and (ii).

Proof. (i) Put

I'={Pellg(p): P(p*0_g,) € I'co(G) for some zp € G with u(D(P) +zp) = 1}.

Set Py = sup{P : P € I'}. Hence, by Theorem 4.3.8, Py(p * d_;) € I'co(G) for each
z € G with u(D(Py) + z) = 1.
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(ii) is obvious. .

(iii) Let R € II5(p). We define @ = I — Y1 .o A\ A RY). Application of Lemma
4.3.4 yields

(a) QR = RQ pS-a.s.;

(b) R=QR+RAPy+RA (I - Py) p-as.;

(¢) Q(ux0_z) € I'go(G) for each z € G with u(D(Q) + z) = 1.
Lemma 4.3.5 now shows that RQ(u*0_5) € I'g,0(G) for some z € G with u(D(Py)+z) =
1, which implies that RQ < P, and finally that
(6) Py =P (RQ) p-as.
Hence, we conclude from (b) together with (6) that PoR = RPy p*-a.s.

(iv) follows immediately from (ii) together with Lemma 4.2.10. m

THEOREM 4.3.12. Let G be an Abelian metrizable group and p € My (G). Assume that
there exist Py, ..., P, € IIg(u) such that

() (im P, Uker Py) N F = {0}
k=1
for some Borel subgroup F of G with u*(F) =1. Then p € I'c o(G).
Proof. By Theorem 4.3.11 there exists Py € IIp(u) such that
(i) Po(p*0_y) € I'c0(G) for every x € G with u(D(P) +z) = 1;
(ii) for every R € IIg(p), RPy = PyR p-as.;
(iii) {RPél) : R e IIp(p)} is a commutative subsemigroup of Dp ().
Hence, by assumption, for each (iy,...,%,) € {0,1}",
PPN PR =0 pas.
Since
V=N PRV PIRY s,
i,€{0,1}"
we conclude that Pél) =0 p%-as. nm
COROLLARY 4.3.13. Let p € M}(G) and P, ..., P, € IIg(pn). Define
Q=1I- Z Pl(il) A AP Sas.
i,€{0,1}"
Then
(i) Q(u*d_z) € I'co(G) for each x € G with u(D(Q) + x) = 1;
(ii) QP = PrQ p*-a.s. fork=1,...,m; _
(ifi) P = QPs+ 3 conyrinmt PV A APY pas.

4.4. Product-atoms in Borel decomposability semigroups of probability
measures without idempotent factors. We now study the properties of product-
atoms in Borel decomposability semigroups of Radon probability measures without idem-
potent factors.
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LEMMA 4.4.1. Let G be an Abelian metrizable group, p € M3(G) and P € Ap(u).
Assume that there exists Q € IIg(p) such that PQ # QP p*-a.s. Then for each x € G
with p(D(P) 4+ x) =1, P(u*0_z) € I'c,o(G).

Proof. By assumption PAQ =0 p*-a.s. and PA (I —Q) = 0 p*-a.s. Application of
Lemma 4.3.5 now implies that P(u*d_;) € I'¢(G) for each x € G with u(D(P)+z) =1. m

THEOREM 4.4.2. Let G be an Abelian metrizable group, p € M}(G) and B be a
commutative family of Ag(w). Then B is at most countable.

Proof. Put R = sup{P : P € B} p*-a.s. Hence, by Theorem 3.4.10 there exists a
sequence (P,) in B such that R = sup,, P, p®-a.s.

Let @ € (BU{0})\ (P,). Since Q A P, =0 p*-a.s. we conclude that for each n € N,
P, <I-—Q p’-a.s., which implies that R < I — Q p®-a.s. Further, R< RVQ =R+Q <
R pf-a.s. and thus Q =0 p*-a.s. m

COROLLARY 4.4.3. If Ap(u) is commutative then Ap(u) is at most countable.

THEOREM 4.4.4. Let G be an Abelian metrizable group and p € Mg (G). Then

(i) if p is purely product-atomic then for every P € Ilg(u) there exists a commutative
at most countable subset Bp of Ap(u) such that sup{Q : Q € Bg} = P us-a.s.;

(i) of ITp(p) is commutative subsemigroup of Dp(u) and there exists a subset B
of Ag(u) such that sup{P : P € B} = I p®-a.s. then B = Ap(p) and p is purely
product-atomic.

Proof. (i) Let P € IIg(p). We denote by C the family of all commutative subsets of
{Q € Ap(n) : Q@ < P}. Further, we define the binary relation < on C by

Bl SBQ iff Bl CBQ.

It is easy to see that < is a partial ordering in C. By the Kuratowski-Zorn lemma there
exists a maximal element By in C. Theorem 4.4.2 implies that By is at most countable.
Put Py = sup{Q@ : Q € Bp}. Clearly, Py < P. Assume that Py < P. Since P — Py # 0
and P — Py € IIg(p) we conclude that there exists Q € Ap(p) such that @ < P — P.
A trivial verification shows that By U {Q} € C and By < By U {Q}. This contradiction
proves (i).

(ii) By Theorem 4.4.2 the set Ap () is at most countable. Since

I<sup{P:PeB}<sup{P:PecAp(u)} <I

we conclude that sup{P : P € Ag(u)} =1 and B = Ap(n).
Let Q € ITp(p) \ {0}. Assume that P < I — @ for each P € Ap(p). But this implies
that I < I —@Q < I and finally that @ = 0 p*-a.s. This contradiction proves (ii). m

COROLLARY 4.4.5. Let u € M}(G) be purely product-atomic. Then there exist a sequ-
ence (P,) C Ag(p) and an element x € G such that for each n € N, u(D(P,) +n) =1
and

w= % Py(u*xd_y)*0,.

n=1
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4.5. Product-atomless probability measures without idempotent factors.
Let G be an Abelian metrizable group and p € M1(G). A triangular system {Pj(") 1] =
1,...,kn; n=1,2,...} of projections in ITg(u) \ {0} is called a triangular infinitesimal
system of projections corresponding to the measure p if

(i) PP = PP = 0 poeas. foriyj e {1, ka}, i # 5

(i) Yok, P™ = ps-as. for each n € N;

(iii) max{P" T : PO < Py = P for each n € N and j € {1,...,ka);

(iv) for each sequence (j,,) in N with j, € {1,..., k,} one has Pj(:)us = Jp as n — oo.

The next two corollaries are immediate from the above definition.

COROLLARY 4.5.1. Let « be an element of G with u(D(Pj(n)) +x)=1 for alln € N

and j =1,...,k,. Then {Pj(")(u x0_p):j=1,...,kn; n € N} is a shift infinitesimal
triangular system in M*(Q).

COROLLARY 4.5.2. Let F be a proper common subdomain of the triangular infinitesi-
mal system of projections {Pj(")} corresponding to the measure . Then

ﬁ { @nnpi(”) mF} - JH,
n=1 =1 el

where I = {i € N*® i, € {1,... .k}, P""D < P} and H; = (2, im P 0 F.
Moreover, if x; € Hij forj=1,...,m, Hz’j # H; fori; # i and Z;ﬂil x; = 0 then
L =...=x, =0.

LEMMA 4.5.3. Let G be an Abelian compact metrizable group and (F,,) be a decreasing
sequence of compact subgroups of G. Let F =(\_, F,,. Then wp, — wp.

Proof. Since (wp,) is uniformly tight, there exist an increasing sequence (ny) of

positive integers and a measure p € M(G) such that wp,, = p. A trivial verification
shows that supp(p) C F'. Hence wr, = wr, *wr = p*wr =wr, and thus g =wr. =

LEMMA 4.5.4. Let G be an Abelian compact metrizable group. Then wg has no a
triangular infinitesimal system of projections.

Proof. We assume on the contrary that there exists a triangular infinitesimal system
of projections {Pi(n) :i=1,...,kn; n €N} corresponding to wg.

It is easy to see that {Pi(n)} is a family of continuous projections from G into itself.
Application of Lemma 1.5.2 implies that

ﬁ ( G imP™) # {0}.

n=1 =1

Let (jn) be a sequence of positive integers such that
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Set H=(),_,im Pj(:) and H, = im Pj(:). Since Pj(:) (wg) = wy, Lemma 4.5.3 implies
that Pj(:)wg = wp # dp. This contradicts (d), and the lemma is proved. m

THEOREM 4.5.5. Let G be an Abelian metrizable group and yu € M*(G). Suppose that
W has a triangular system of projections {Pi(n) ci=1,...,kn; n € N}. Then I(u) = {0}.

Proof. Suppose that I(u) # {0}. Thus p = p*wp, where H = I(u). It is easy to see
that {Pi(n) |} is a triangular system of projections corresponding of wy. This contradicts
Lemma 4.5.4 and the theorem is proved. =m

LEMMA 4.5.6. Let G be an Abelian metrizable group and d be some metric in Ma(G).
Then a measure p in M(G) is product-atomless iff for every P € IIg(p) \ {0},

inf{d(Q(%), o) : 0 < Q < P} = 0.
LEMMA 4.5.7. Let G be an Abelian metrizable group and d be some metric in M3 (G).

Assume that p is a product-atomless measure in Mg (G). Then for every e > 0 there exist
keNand Py,..., P, € Ip(u) \ {0} such that

(i) PiP; =0 p®-a.s. fori# j;
(i) Zle P =1 p*-a.s;
(iii) d(P;(p®),00) < e fori=1,... k.
Proof. Let € > 0 and let D be the family of all subsets P of IIg(u) \ {0} such that

(a) PZPJ =0 ‘U,S—a.S. for Pi,Pj eP, B #PJ,
(b) d(P(1®),60) < € for each P € P.

We define the binary relation < on D by P; < Ps iff P; C Po. It is easy to see that
< is a partial ordering in D. By the Kuratowski—Zorn lemma there exists a maximal
element Py in D. Theorem 3.4.10 now implies that Py is at most countable. Put Py =
{P, : n € N}. It is easy to verify that sup P, = I pS-a.s. Hence, p* = %, P, (11*).
Since *,_, 1 Pu(p®) = &0 as k — oo, it follows that there exists m € N such that
d(xp_ 1 Pu(p®),00) <e. Let Q@ =sup{P, :n=m+1,m+2,...}. It is easy to see that
{P1,..., Pn,Q} has the required properties. m

THEOREM 4.5.8. Let G be an Abelian metrizable group and pu € M*(G). Then

(i) if I(n) = {0} and p is product-atomless then u has a triangular infinitesimal
system of projections;

(ii) if u has a triangular infinitesimal system of projections and I g (1) is commutative
then I(p) = {0} and p is product-atomless.

Proof. (i) is an immediate consequence of Lemma 4.5.7. (ii) is obvious. m

COROLLARY 4.5.9. Let p € MY(G) have no G-Gaussian product-factors. Then the
following conditions are equivalent:

(i) I(n) = {0} and p is product-atomless;
(i) u has a triangular infinitesimal system of projections.

Set
oo
mrp = 5271 * ok

1
X 5(5—2/371 + g /3n ).
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Then my, is a singular measure on R with supp(my) = C, where C is Cantor’s ternary
set (see Theorem 6.11 of [12], [13] and [9], p. 178). The measure my, is said to be the
Cantor—Lebesgue measure on C.

Let G be an Abelian metrizable group and let ¢ be a homeomorphism from C onto
some compact subset K of G. Then the measure My = ¢(my,) is said to be the Cantor-
Lebesgue measure on K.

LEMMA 4.5.10. Let G be an Abelian metrizable group, K be a compact subset of G
homeomorphic to Cantor’s ternary set and let My, be the Cantor—Lebesque measure on K.
Then there exists a family {K,(Cn) ck=1,...,2" n € N} of compact subsets of K such
that

(i) Uk 1K(n) K;
(i) K(" ﬂK(" =0 if k # j;
(iii) M, (K(")—Q"fork—l,...ﬂ’”;
(iv) K" = kgD o g,
LEMMA 4.5.11. Let K be an independent subset of R homeomorphic to Cantor’s

ternary set and let My, be the Cantor-Lebesgue measure on K. Then the measure e(Mr)
is product-atomless.

Proof. By Lemma 4.5.10, there exists a family {K,g") ck=1,...,2" n € N} of
compact subsets of C' such that

() Uin1K(n) K;

(i) K\ N K™ = 0if k # j;

(i) ML(K(")f2 "fork=1,...,27"
)

(iv) K™ = K§FD UK.

We denote by F,g ™ the subgroup of R algebraically generated by K,in) fork=1,...,2"
and n € N. Let F be the subgroup of R algebraically generated by K. It is easy to see that
F= @izl F,g"). Since F,g") are o-compact for all k =1,...,2" and n € N, Lemma 1.4.1

implies that for every ¢ = 1,...,2" and n € N there exists a Borel-measurable projection
Pi(n) from F into itself with im Pi(n) = Fi(n) and ker me = @izl’k# F,g"). A trivial
verification shows that {Pi(") :i=1,...,2" n € N} is a triangular infinitesimal system

of projections corresponding to e(Mp). Moreover, by Theorem 5.1.7 below, ITp(e(ML))
is commutative. Application of Theorem 4.5.8(ii) now ends the proof of the lemma. m

LEMMA 4.5.12. Let K be a p-independent subset of Z,° for some prime p, homeomor-
phic to Cantor’s ternary set, and let My, be the Cantor-Lebesgue measure on K. Then
the measure e(Mp,) is product-atomless and I(e(My)) = {0}.

The proof is similar to that of Lemma 4.5.11 and will be omitted.

THEOREM 4.5.13. Let G be an Abelian metrizable group, K be a subset of G homeo-
morphic to Cantor’s ternary set and let My be the Cantor—Lebesque measure on K.
Suppose that either K is independent, or K is p-independent for some prime p. Then the
measure e(Mr) is product-atomless.
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Proof. We first assume that K is independent. Let K; be an independent subset
of R homeomorphic to Cantor’s ternary set. We will denote by F' the subgroup of G
algebraically generated by K and by F; the subgroup of R generated algebraically by
K. Since K and K, are homeomorphic Theorem 1.4.6 implies that there exists a Borel
isomorphism ¢ from F onto F} such that the restriction of ¢ to K is a homeomorphism
from K onto K;. Further, by Lemma 4.5.11, the measure e(¢(M},)) is product-atomless.
A trivial verification shows that e(M},) is product-atomless. This completes the proof of
the first part of the theorem.

Let K be p-independent for some prime p. The proof of this part of the theorem is
similar to that of the first part and will be omitted. m

THEOREM 4.5.14. Let G be an Abelian metrizable complete nondiscrete group. Then
there exists a nondegenerate product-atomless measure p in M} (G).

Proof. Theorem 1.4.5 implies that there exists a subset K of G homeomorphic to
Cantor’s ternary set such that either K is independent, or K is p-independent for some
prime p. Now, application of Theorem 4.5.13 ends the proof. m

4.6. Canonical product-decomposition of probability measures. We are now
ready to prove an analogue of the classical Khinchin theorem (see [14]).

THEOREM 4.6.1. Let G be an Abelian metrizable group and p € M} (G). Then there
erist measures [io, [, 2 € Mol(G)7 xo € G and Borel subgroups Go,G1,G2 of G such
that

(1) p = po * pa * pig * Oz
(ii) po is a Gaussian measure in the sense of Gnedenko;

(iv) pe is a purely product-atomic measure without G-Gaussian product-factors;

(V ( ')—1f07’l—0,7,

(Vl) GoNGr = {0} and (Go + Gl) NGy = {0}
Moreover, the measures o, i1 and ps are uniquely determined up to degenerate convo-
lution factors.

)
)
(iii) w1 is a product-atomless measure without G-Gaussian product-factors;
)
)

Proof. Theorem 4.3.11 implies that there exist Py € ITg(u) and y € G such that

(a) p(D(Po) +y) = 1;

(b) Po(p0-y) € I'c0(G);

(c) the measure (I — Py)(u * d—,) has no G-Gaussian product-factors;

(d) Ip((I — Py)(u=*d_y)) is commutative.

Set po = Po(p*6—y), Go =im Py, v = (I — Py)(p *0_,) and F' = ker Py. Putting
Q =sup Ap(v),

we deduce from Theorem 4.4.4(ii) that the measure Q(v % 0_,) is purely product-atomic
for every z € F with v{D(Q)+2} =1. Let 1 = (I —Q)(v*I_), po = Q(v*d_,), G1 =
Fnker P and Gy = FNim P. A trivial verification shows that p; is product-atomless. m
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A convolution decomposition of the measure u € M*(G) of the form

= o * p1 * fi2 * O,

where pig, j11, 12 € M1(G) and 2 € G, is called a canonical product-decomposition of y if
the following conditions hold:

(i) po is a Gaussian measure in the sense of Gnedenko;
(ii) p1 is a product-atomless measure without G-Gaussian product-factors;
(iii) peo is a purely product-atomic measure without G-Gaussian product-factors;
(iv) there exist Borel subgroups Gy, G1, G of G such that GoNGy = {0}, (Go+G1)N
G2 ={0} and u;(G;) =1 for i =0,1,2.

COROLLARY 4.6.2. Let G be an Abelian metrizable group and p € M3(G). Then p
has a canonical product-decomposition uniquely determined up to degenerate convolution
factors.

Proof. This follows at once from Theorem 4.6.1. m

COROLLARY 4.6.3. Let p € M'(G). Then there exist measures po, ji1, 2 € M*(G),
xo € G and Borel subgroups Go, Gy, G2 of G such that

(1) 1= po * 1 * pig * Og;

(ii) m7() (o) is a Gaussian measure in the sense of Gnedenko;
(iii) 77y (p1) s a product-atomless measure without G-Gaussian product-factors;
(iv) Tr(uy (p2) is a purely product-atomic measure without G-Gaussian product-factors;
(v) wi(Gi) =1 fori=0,1,2;
(Vi) GoNGy C I(M) and (Go + Gl) NGy C I(/J,)

Moreover, there exists a sequence (A,) C M(G) such that ps = *.-_ A\, and for every
n € N, the measure wr(,) () is product-indecomposable.

Proof. This follows from Theorem 2.4.9 together with Theorem 4.6.1. m

V. Product-decomposability of probability measures
on locally convex metrizable spaces

5.1. Strong product-decomposability of probability measures on metrizable
linear spaces. The present section contains basic definitions and theorems on strong
product-decomposability of probability measures on metrizable linear spaces. Since many
results of this section are analogous to those of Chapters III and IV we omit the proofs.

LEMMA 5.1.1. Let E be a metrizable linear space and G be a o-compact subgroup of E.
Then lin(G) is a o-compact subspace of E.

LEMMA 5.1.2. Let E be a metrizable linear space. Then M'(E) = MJ(E).

LEMMA 5.1.3. Let E be a metrizable linear space and p € M'(E). Then there exists
a o-compact subspace F' of E such that u(E) = 1.
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Proof. For every n € N there exists a compact C,, of E with u(E \ C,) < 1/n.
Without loss of generality we may assume that C,, C C),41. Since

lin(C,) = [j ( G [~k K]Cp + ... + [—k,k]Cn)
m=1 k=1

m times
we conclude that lin(C,) is o-compact and lin(C,) C lin(Cp41). Putting F =
U~ lin(C,,) one deduces that F is a o-compact linear space with u(F) =1. m

LEMMA 5.1.4. If E is a metrizable linear space then I(E) = Iy(E).

Let E be a metrizable space and u € M*(E). An algebraic linear operator A in E is
called a linear measurable operator in G if

(i) Di(A) € Bo(E);
(ii) A is Borel-measurable;
(iii) w(Dy(A) + x¢) = 1 for certain zo € E.
We denote by Lin(E; u) the set of all linear measurable operators A in F.
COROLLARY 5.1.5. Lin(E; u) C Add(E; p).

Let E be a metrizable space and p € M1(E). A Borel subspace F of E is said to be
a linear subdomain of A € L(E;p) if F C Di(A) and p®(F) = 1.

COROLLARY 5.1.6. If G is a o-compact subdomain of A € Lin(E; p) then lin(G) is a
o-compact linear subdomain of A.

COROLLARY 5.1.7. The relation “A = B pf-a.s.” for A,B € Lin(E;p) is an equiva-
lence relation.

Remark. Lin(F;u) denotes the set of all measurable operators in E. At the same
time the elements of Lin(F;u) are understood as equivalence classes of the relation
“equality p®-a.s.”, but this should not lead to any confusion.

THEOREM 5.1.8. Let E be a metrizable linear space and p € MY (E). Then Lin(E; u)
is a metrizable linear space with the metric d. Moreover, Lin(E; p) is a closed subgroup

of Add(E; ).

Let E be a metrizable linear space and u € M'(E). A linear operator P € Lin(FE; 1)
is called a linear measurable projection if there exists a linear subdomain F' of P such
that P|p is an algebraic linear projection.

Let E be a metrizable linear space and y € M1 (E). A Borel subspace F of E is said
to be

(i) a proper linear subdomain of a projection P € L(FE; u) if F is an invariant linear
subdomain of P with Pz = P2z for each z € F;

(ii) a proper linear common subdomain of a family of projections P in Lin(G; u) if F
is a proper linear subdomain of P for each P € P.

THEOREM 5.1.9. Let E be a metrizable linear space, p € MY (E) and P € Lin(E; ).
Then the following statements are equivalent:
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(i) P is a linear measurable projection;
(ii) P? € Lin(E;p) and P = P? p®-a.s.;
(iii) there exists a o-compact proper linear subdomain H of P such that
(a) Pz = P2z for each x € H;
(b) HNim P, H Nker P are o-compact.

The proof is similar to that of Theorem 3.1.15 and will be omitted.
Let E be a metrizable linear space and u € M1(E). We define

Dsp(p) =Dp(p) N Lin(E;p),  Ssp(p) = Sp(p) N Lin(E; ).
COROLLARY 5.1.10. Let E be a metrizable linear space and y € M (E). Then

(i) Dsp (1) with the metric d is a right metrizable semigroup under multiplication of
operators;
(ii) Dsp(p) is closed in Lin(E; p);
(iii) Ssp(p) is a closed subsemigroup of Dgp(u).

The semigroup Dgp(u) is called the strong Borel decomposability semigroup of the
measure p, and the subsemigroup Sgp(u) is called the strong Borel symmetry semigroup
of p.

We denote by ITsp (i) the subset of Dgp (i) consisting of all linear projections.

THEOREM 5.1.11. IIgp(u) is a complete sublattice of IIp(w).

The proof is similar to that of Theorem 3.4.11.

Let E be a metrizable linear space. A measure p in M1(E) is said to be strongly
product-decomposable if there exist two nondegenerate measures p1, p2, two Borel sub-
space F1, E5 of E and an element x in E such that

(1) = p1 * pig * Og;
(i) pi(E;) =1 for i =1,2;
(iii) E1 N Ey = {0}.
In the opposite case, u is said to be strongly product-indecomposable.

COROLLARY 5.1.12. Every strongly product-decomposable measure y € MY(E) is
product-decomposable.

The following example shows that there exists a product-decomposable measure which
is strongly product-indecomposable.

EXAMPLE 5.1.1. Let v be a Gaussian measure on R? with supp(y) = {(z,7x) : € R}
and let v be a probability measure on R? with supp(v) = Z2. Let u = v xv. It is easy to
see that p is product-decomposable and strongly product-indecomposable.

COROLLARY 5.1.13. Let E be a metrizable linear space and p € MY(E). Then the
following statements are equivalent:

(i) p is strongly product-decomposable;
(i) Isp(p) #{0,1}.
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A nondegenerate measure v in M1(E) is said to be a strong product-factor of a
measure g in M'(E) if there exist P € IIsp(u) and x € E with p(D;(P) + x) = 1 such
that v = P(u*6_,).

A linear projection P € IIgp(u) \ {0} is said to be a strong product-atom if
{Q € sp(p) :0<Q < Pt={0,1}

We denote by Agp(u) the set of all strong product-atoms from IIsp(p) -
A measure p in MY(E) is said to be

(i) strongly product-atomic if for every P € Igp(p) \ {0} there exists @ € Agp(u)
such that 0 < Q < P;

(ii) strongly product-atomless if it has no strong product-atoms.
LEMMA 5.1.14. Let E be a metrizable linear space and u € MY (E). Then

(i) D(p) is a subsemigroup of Dsp(1);
(i) A(p) C Asp(n)-

Let E be a metrizable linear space and p € MY(E). A triangular system {Pj(") :
j=1,...,ky; n=1,2,...} of linear projections in [Igp(p) \ {0} is called a triangular
infinitesimal system of linear projections corresponding to the measure p if

(1) PJ(")})Z(H) — })Z(")PJ(") =0 ‘U,S—a.S. for Z,j c {17 N -;kn}7 Z# j,

(i) Yok, P™ = ys-as. for each n € N;

(iii) max{Pi("H) : Pi(nﬂ) < Pj(")} = Pj(") foreachn e Nand j € {1,...,kn};

(iv) for each sequence (j,,) in N with j,, € {1,...,k,} one has Pj(:)us = Jp as n — 0.

COROLLARY 5.1.15. Let E be a metrizable linear space and let yu € MY (E) be nonde-

generate. Let {Pj(n) cj=1,...kn; n=1,2,...} be a triangular infinitesimal system of
linear projections corresponding to the measure . Then dim E = oo.

THEOREM 5.1.16. Let E be a metrizable linear space and p € MY (E). Then
(i) if p is strongly product-atomless then p has a triangular infinitesimal system of
linear projections;

(i) if p has a triangular infinitesimal system of linear projections and Igp(p) is
commutative then p is strongly product-atomless.

The proof is similar to that of Theorem 4.5.8.
A measure p in M(E) is said to be a strong Gaussian measure in the sense of
Gnedenko (SG-Gaussian) if there exist v € M'(E) and P € IIg(p ® v) such that the
condition
(Ex{0}u{0} x E)N((imP)U (ker P)) N F = {(0,0)}
holds for some Borel subspace F of E x E with the property (1 ® v)*(F)

=1
The class of all SG-Gaussian measures on E will be denoted by I'sg(E).

COROLLARY 5.1.17. I'sq(E) C I'c(E).
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THEOREM 5.1.18. Let E be a metrizable linear space and u € M'(E). Then there
exist measures (g, fi1, fho € Ml(E)7 xo € E and Borel subspaces Ey, Fr, Es of E such
that

(1) 1= po * 1 * pi2 * Og;

(ii) po is a strong Gaussian measure in the sense of Gnedenko;

(iii) w1 is a strongly product-atomless measure without SG-Gaussian strong product-
factors;

(iv) peo is a purely strongly product-atomic measure without SG-Gaussian strong pro-
duct-factors;

(v) wi(E;) =1 fori=0,1,2;

(Vi) EyNE, = {O} and (EQ + El) NEy = {O}
Moreover, the measures g, 1 and ps are uniquely determined up to degenerate convo-
lution factors.

The proof is similar to that of Theorem 4.6.1 and will be omitted.
A convolution decomposition of the measure u € M!(E) of the form

b= o * i1 * fig * O,

where g, i1, 12 € M*(E) and x € E, is called a canonical strong product-decomposition
of p if
(1) po is a strong Gaussian measure in the sense of Gnedenko;

(ii) p1 is a strong product-atomless measure without strong G-Gaussian product-
factors;

(iii) pe is a strong purely product-atomic measure without strong G-Gaussian product-
factors;

(iv) there exist Borel subspaces Ey, E1, Eo of E such that EgNEy = {0}, (Ep+ E1)N
E; ={0} and p;(E;) =1 for i =0,1,2.

COROLLARY 5.1.19. Let E be a metrizable linear space and i € M*(E). Then p has a
canonical strong product-decomposition uniquely determined up to degenerate convolution
factors.

5.2. Infinitely divisible probability measures on locally convex metrizable
spaces. Let E be a locally convex metrizable space. A measure u € M'(E) is said to be
Gaussian if for every ' € E’, the measure z’(u) is a Gaussian measure on R.

The class of all Gaussian measures in M*(E) will be denoted by I'(E).

We now state some lemmata.

LEMMA 5.2.1. Let E be a locally convex metrizable space and p € I(E). Then u has a
unique canonical representation p = oxe(M), where ¢ is a symmetric Gaussian measure
on G and e(M) is a generalized Poisson measure with a Lévy measure M. In particular,
M is uniquely determined.

Proof. See Theorem 1.9 of [5]. m
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LEMMA 5.2.2. Let E be a locally convex metrizable space and u € MY (E). Suppose
that there exists a triangular uniformly infinitesimal system {ul(-") ci=1,...,k,; n €N}
in MY (E) such that

R (n)
* ;0 k0, = [
=1

for some sequence (x,,) in E. Then p € I(E).
Proof. This follows at once from Theorem 1.9 of [5].

THEOREM 5.2.3. Let E be a locally convex metrizable space, p € I(E) and P € IIg(p).
Suppose that ;1 = o x (M) is the canonical representation of w, where o is a symmetric
Gaussian measure on G and €(M) is a generalized Poisson measure with the Lévy measure
M. Then

(i) P € Ip(e);

(ii) P € Ip(e(M)) and M = PM + (I — P)M;

(ili) for every x € E with e(M)(D(P)+x) = 1 there existy,z € E such that P(e(M) x
d_z)=e(P(M))*0_y and (I — P)(e(M)*d_z) =e((I — P)(M)) *d_,.

Proof. Let 2o be some element of F with p(D(P)+x¢) = 1. Putting v = pxd_,, we
obtain v = Pvx(I—P)v. Let F be a o-compact proper subdomain of P such that im PNF
and ker PN F are o-compact. Moreover, P(v)(im PNF) = (I — P)(ker PNF) = 1. Since
Lemma 3.1.20 implies that P(v), (I — P)(v) € I(E) we conclude that P(v) = g1 * e(M;)
and (I — P)(v) = g2 x€(Ma), where g1, g2 are symmetric Gaussian measures on G, e(M7)
and e(My) are generalized Poisson measures on E. The equality

0 * g(M) = 01 * g(Ml) * 09 * g(MQ)
implies that ¢ = g1 %2 and €(M) = é(M;)*e(Mz). Combining Lemma 2.3.3 with Lemma
2.3.12 we deduce that
o1(imPNF)=¢e(M;)(imPNF) = pa(ker PNF) =¢e(My)(ker PN F) =1,

Mi(E\imPNF)=My(E\ker PNF)=0.

Then one easily checks that P € IIg(9) N IIg(e(M)), M1 = PM and My = (I — P)M. m

THEOREM 5.2.4. Let E be a metrizable locally conver space and let p = €(M) be a
generalized Poisson measure on E. Then I p(u) = Hp(u®).

Proof. Let P € IIg(E) and let F be a proper o-compact subdomain of P such that
im PN F and ker PN F' are o-compact. Hence,

ME\(imPNF)U(ker PNF))) < (M+ M)E\ (imPNF)U(ker PN F))) =0.

Writing My = M |im pnr and My = M |ier pnr We conclude that M = My+Ms, My+M; =
PM + PM and My + My = (I — P)M + (I — P)M. Theorem 5.2.3 now implies that
(e(My))® = P(e(M+M)) and (&(Mz))* = (I—P)(e(M+M)). Since (¢(M;))*(im PNF) =
(e(Mz))*(ker PN F) = 1 we deduce that there exist =,y € E such that

e(My)(imPNF +z)=e(Mz)ker PNF +y)=1.

An easy computation shows that P € IIg(p). m
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THEOREM 5.2.5. Let E be a metrizable locally convexr space and let n = €(M) be a
generalized Poisson measure on E. Then ITp(u) is commutative.

Proof. Let F be a o-compact proper common subdomain of projections P and @
such that m PN F, ker PN F, imQ N F', ker @ N F' are o-compact. Theorem 5.2.3 now
implies that M(E\ (lm PNF)U(ker PNF))) = M(E\ (imQ@NF)U (ker@QN F))) = 0.
Hence,

ME\ (ImPNimQNF)U(imPNnkerQ NF)

Ulker PNim QN F)U (ker PNker@ N F))) = 0.

Writing N = M + M, N1 = N|im primonrs N2 = Nlim Prim@nrs N3 = Nlim Prim onF,
Ny = N|imPﬂimQﬂF7 we conclude that p® = g(N), PN = N1+ No, (I—P)N = N3+ Ny,
QN = N7 + N3 and (I — Q)N = N3 + N4. But this implies that

Pp® =¢(PN)=¢(Ny)*e(Na), (I —P)u’>=2e((I—P)N)==¢(N3)xe(Ny),

Qu =e(@N) =e(N1) xe(N3), (I —-Q)>=¢e((I - Q)N)=e(Nz)*e(Ny).
Now, by Lemma 2.3.3,

e(N1)(im PN F)=¢(Nz)(im PNF)=¢(Ns3)ker PN F) =¢(Ny)(ker PN F)
e(N1)(imQ N F) =e(Ny)(ker QN F)
e(N3)(imQNF)=¢(Ny)(kerQN F) = 1.

Since
e(N)(ImPNImQNF)=¢e(N2)(imPNker@Q N F) =¢(N3)(ker PNim QN F)
=e(Ng)(kerPNkerQNF) =1
we conclude that
pPimPNimQNF+imPNkerQNF +ker PNimQNF +kerPNkerQNF) =1.

We set H =im PNim QNF ®im PNker QNF @&ker PNim QN F ®ker PNker QNF. It is
easy to see H is a o-compact proper common subdomain of P and @, and PQz = QPx
foralz € H. =

5.3. Gaussian measures on locally convex metrizable spaces
THEOREM 5.3.1. Let E be a locally convexr metrizable space. Then
I'(E) =I'p(E) = I'p(E) = I'c(E) = I'sc(E).
Proof. It suffices to show that I'¢(E) C I'(E). Let ¢ € I'¢(F). By assumption there
exist P,Q € ITp(p) and a common subdomain G of projections P and @ such that
(im P Uker P) N (im Q Uker Q) N G = {0}.

We set v = |g|>. Hence, by Theorem 3.4.3, (PQ)i; v = d as n — oo for i,j = 0, 1.
As application of Lemma 3.4.4 we find that the ?fliangular system {(PQ)EHV c k, €
Jpn; n € N} is uniformly infinitesimal. Thus, v € I(E). Let v = y*é(M) be the canonical
representation of v, where v is a symmetric Gaussian measure on G and e(M) is a

generalized Poisson measure with the Lévy measure M. Hence, Theorem 5.2.3 together
with Theorem 5.2.5 implies that P,Q € IIp(e(M)) and PQ = QP (e(M))*-a.s. Thus
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(e(M))® = dp and finally v € I'(E). Application of the Cramér theorem then shows
oel(E). m

Let (0n) be a sequence of symmetric Gaussian measures on R with { 2?9, (dz) = 1.
We define gg = ®Z°:1 on. Clearly, gg is a Gaussian symmetric measure on R*°.

THEOREM 5.3.2. Let o € M*(R*®). Then o is a Gaussian measure iff 0 = Ago * 0y,
where x € R* and A is a linear continuous injective mapping from R into itself such
that A(R>) is closed.

The proof is prepared by two lemmata.

LEMMA 5.3.3. Let B be a symmetric nonnegative definite bilinear form on R x R§°.
Then

1. There exists a Hamel basis (e},) of RS such that

() Bl ) = 0 forn £ m;
(i) B(ef,, e,) € {0, 1};
(i) B(z',y') = Z?lozl Blen,, en){en, @) (€n, y'),
where (ey) is the Schauder basis of R™ such that {ex,e),) = dk.n-

2. If (f)) is an arbitrary Hamel basis of RE® with corresponding Schauder basis (fy)

of R then for all 2',y" € RS®,

B(I/a y/) = BO(Ox/a Oy/)v
where Bo(-,-) =Y oo Bleh, €h){(fny ) (fn, ) and C is a topological automorphism of RE®
defined by Cel, = f], forn € N.

Proof. 1. Let E = {a’ € R : B(2/,2') = 0}. Then one easily checks that E is a
linear subspace of R§® and B(z/,y') = 0forallz’ € E, ¢y’ € R5°. Let F be an algebraically
complementary subspace to E. Hence, B(z',2') > 0 for all 2’ € F'\ {0}. By the Schmidt
orthogonalization there exists a Hamel basis (f},) of F such that B(f}, f}.) = dnx. Let
(97,) be a Hamel basis of E. Tt is easy to see that (f},) U (g,,) has the required properties.

2. This is obvious. m

COROLLARY 5.3.4. If B is a symmetric nonnegative bilinear form on RF x RE® such
that
By(2',2") < B(2',2")  for all ' € RF®,
then there exists a sequence (by) C [0, 1] such that

B(z',y") = Z b, B(e,,, e ){en, x') e, y') forall 2,y € RY.
n=1

LEMMA 5.3.5. For any complez-valued function ¢ on RE® the following statements are
equivalent:

(i) there exists a Gaussian measure 9 on R with o = ¢;
(ii) there exist xo € R* and a symmetric nonnegative bilinear form @ on R§® x R
such that
d(z') = exp {i(zo,2') — 3Q(2/,2')}
for all 2’ € RE.
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Proof. See Theorem 2.1.5 of [25]. m

Proof of Theorem 5.3.2. Let g be a Gaussian measure on R*. By Lemma 5.3.5
there exist zp € R* and a symmetric nonnegative bilinear form @ on R x R§® such
that

#(x') = exp {i(azo,x'> — %Q(z',x’)}
for all 2’ € R§°.

Let (e],) be a Hamel basis of R with corresponding Schauder basis (e,,) of R such
that

(1) Q(ely,et,) = 0 for n # m;
(i) Q(ep,, €y,) € {0,1};
(i) Qa', ) = 52201 Qe ) (el ') ey ') for all 2/, ' € REP.
Also, let C’ be the topological automorphism of R defined by C’e!, = ¢, for n € N.
Hence, by Lemma 5.3.5,

(') =exp{ — 1Qo(C'2’,C'2")} =F(C'a’) for all 2’ € R,

where v = 0% 0_z,, Qo(@',y") = 22,7, Q(er,, €1,){en, ') (en, y') for all 2’,y" € RF® and o
is the Gaussian measure on R* such that

Yo(z') = exp{ — 3Qo(z’,2')} for all 2’ € RE.

This implies that v = Cryp, where C is the adjoint mapping to C’.
Clearly, there exists an injective linear continuous mapping B from R into itself
such that B(R*°) is closed and B(gg) = vo. Thus 9 = CB(00) * §z,- =

We now state the following fundamental theorem on Gaussian measures on locally
convex metrizable spaces:

THEOREM 5.3.6. Let E be a metrizable locally convex space and 0 € M (E). Then the
following statements are equivalent:

(i) there exist a o-compact subspace V of R with oo(V) = 1, an injective linear
Borel-measurable mapping S from V into E such that S(V') is separable and x € E such
that 0 = S(00) * 0.

(ii) o is a Gaussian measure on E.

Proof. The implication (i)=-(ii) is obvious.

(ii)=(i). By Lemma5.1.3 there exists a o-compact subspace Ey of E such that o(Ey) =
1. Without loss of generality we may assume that o is symmetric. Since Ej is a metrizable
locally convex separable space by Lemma 1.8.8 there exists an injective linear continuous
mapping T from Fy into R*™®. Let F' = T(Ep). Hence, F is o-compact. It is easy to check
that T'(p) is a Gaussian symmetric measure on R* and T'(9)(F) = 1. By Theorem 5.3.2
there exists an injective linear continuous mapping from R into itself such that A(R>)
is closed and T'(g) = A(gp). Write V = A~Y(F). Thus V is o-compact and go(V) = 1.
Putting S = T71(A]y) we obtain o = Sgg. =
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COROLLARY 5.3.7. Let E be a metrizable locally convex space and p be a Gaussian
measure on E. Then there exists a sequence (P,) C IIg(u) such that

(i) for every n € N, D(P,) is a Borel subspace of E and P, is linear;
(i) dim(im P,) =1 for alln € N;
(i) Py Pp = PP, =0 p*-a.s.;
(iv) sup, > p_y Pe = I p*-a.s.;
(v) p=x,2_,(*0_z) * 6y for some x € E with w(D(P,) +x) =1 for all n € N.

COROLLARY 5.3.8. Let E be a Fréchet space and u € M*(E). Then u is a Gaussian
measure iff there exists a sequence (x) in E such that p = L(3 .7 | Yn@n + ), where
(n) is a sequence of real independent, symmetric Gaussian random variables and x is an
element of E. Moreover, without loss of generality we may assume that for every n € N
there exists a Borel subspace V,, of E such that

(1) zn & Vs
(i) LRzt pn VeTk)(Ve) = 1.

LEMMA 5.3.9. Let ¢ be a nondegenerate Gaussian measure on R and let G be a Borel
subgroup of R with o(G) =1. Then G =R.

THEOREM 5.3.10. Let E be a locally convex metrizable space and o € G(E). Then o
is purely product-atomic.

This follows at once from Corollary 5.3.8 together with Lemma 5.3.9.

THEOREM 5.3.11. Let E be a metrizable locally convex space and 1, 2 be Gaussian
measures on E. Then there exist Gaussian measures vi,vs,y on E, x1,x2 € E and Borel
subspaces E1 and Es of E such that

(i) p = vy kv x 0y, fori=1,2;
(ii) vi(E;) =1 fori=1,2;
(lll) EiNEy = {O}

Proof. Set u = uy*ue. By Theorem 5.3.6, there exist a o-compact subspace V of F,
an element x of E with p+d_,(V) =1 and an injective linear continuous map T from V
into R such that T'(ux0_,) = go. Clearly, there exists y € E such that py*d_,4,(V) =1
and pg x 0_,_y(V) = 1. Putting 01 = T(p1 * 0_54y) and g2 = T'(u2 * 6_,_,) we obtain
00 = 01 * 02. Corollary 5.3.4 implies that there exist sequences (c%l)), (0512)) C [0,1] such
that

(a) e + P =13
(b) 5i(y) = exp{ — 1300 e ()2} for i = (y),) € RE®.

Let ¢,, = c%l) /\cg) and dgf) = cg) —¢y, for i = 1,2. Lemma 5.3.6 now shows that there
exist Gaussian measures A1, A2 and 7 on R* such that for all ¥’ € R°,

~ 1 _ N 1 &
Nily') = exp{ B def)(y;)Q} fori=1,2 and 7(y)= exp{ —52 cn(y;)z}-
n=1 n=1
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Set F; = lin{ey, : de) #0} for i = 1,2. Hence, F} and F» are closed subspaces of R,
FinF, = {0} and X\;(F;) =1 for i = 1,2. Clearly, o; = \; xn for i = 1,2. Putting
E; =T Y F,NT(V)),v; =T 1(\;) fori = 1,2 and v = T~1(n) one obtains £y NEy = {0}
and v;(E;) =1 for i = 1,2. Moreover, fiq * d_gqy =v1 % and po *d_gy_y = Vo *17. m

5.4. Product-atomless probability measures
on locally convex metrizable spaces

THEOREM 5.4.1. Let E be a locally convex metrizable space and p € M*(E). Suppose
that 1 has a triangular infinitesimal system of projections {Pi(n) ci=1,...,kn; n €N}
and let G be a proper common subdomain of {Pi(n)}. Then

(i) p=e(M) for some Lévy measure M;
(i) (E\Uzel i) =0 and M(H;) =0 for all i € I, where I = {i € N™ :i(n) =
in € {1,... kn}, PUD < PO} and H; = ()2, im PV NG,
(iii) ifu is continuous then M is infinite;
(iv) if i has a nondegenerate discrete part then M is finite and pg = e M F)§y, pe =
(1 — e MENS  M*™/nl;
(v) IIp(p) is commutative.

Proof. Without loss of generality we may assume that E is a Fréchet space.
(i) Let « be an element of E such that u(G + x) = 1. Hence

=P (s 6_y) = ...*Pé:)(,u*é,x) x0, forallneN.

Lemma 5.2.2 now implies that u € I(E). Let yu = pxe(M) be the canonical representation
of u, where g is a symmetric Gaussian measure on G and €¢(M) is a generalized Poisson
measure with the Lévy measure M. Further, by Theorem 5.2.3 together with Theorem
5.3.10, o = do.

(ii) Theorem 5.2.3 yields for all n € N,

M(E\ @nnpi(”) mG) ~0.

Let i € I. Since H; =2, 1mP( NG, 1mP(nJrl NG Cim P, ") G and P(n)( ) = do
we conclude that M (H;) = 0.

(iii) and (iv) are obvious.

(v) follows from Lemma 4.3.10. m

COROLLARY 5.4.2. Let E be a locally convex metrizable space and p € M*(E). Then
W is product-atomless iff it has a triangular infinitesimal system of projections.

This follows at once from Corollary 4.5.9.

THEOREM 5.4.3. Let E be a locally convex metrizable space and p € M*(E). Suppose

that p has a triangular infinitesimal system of linear projections {P M= 1. kn;

n € N} and let F' be a proper common linear subdomain of {P; n)}. Then
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(i) p=e(M) for some Lévy measure M;
(i) M(E\ U;e; Hi) = 0 and M(H;) = 0 for all i € I, where I = {i € N> :i(n) =
in € {1,... kn}, PUD < PO} and H; = ()2, im P NG,
(iil) if p is continuous then M is infinite;
(iv) if p has a nondegenerate discrete part then M is finite and pg = e~ MF)§y, p. =
(1 e ME) Y2 Al

(v) IIp(p) is commutative.

The proof is similar to that of Theorem 5.4.1 and will be omitted.

5.5. Canonical product-decomposition and canonical strong product-de-
composition of probability measures on locally convex metrizable spaces. The
following theorem is a modified version of Theorem 4.6.1.

THEOREM 5.5.1. Let E be a locally convex metrizable space and pn € M*(E). Then
there exist measures jio, i1, 2 € M*(E), o € E and Borel subgroups Go,G1,Ge of E
such that

(1) 1= po * 1 * pig * Oy
(ii) po is a symmetric Gaussian measure;
(i) 1 = e(M) is a product-atomless generalized Poisson measure with some Léuvy
measure M,
(iv) pe is a purely product-atomic measure without Gaussian product factors;
(v) i (G;) =1 fori=0,1,2;
(Vi) GiNGy = {0} and Gg N (Gl + GQ) = {0}

Moreover, the measures po and M are uniquely determined and po is uniquely determined
up to degenerate convolution factors.

Proof. This follows from Theorem 4.6.1 together with Theorem 5.4.1. m

THEOREM 5.5.2. Let E be a locally convex metrizable space and p € M*(E). Then
there exist measures po, p1, 2 € M*(E), xg € E and Borel subspaces Ey, E1, Eo of E
such that

(1) = po * p1 * po * 63

(ii) po is a symmetric Gaussian measure;

(iii) p1 = e(M) is a strongly product-atomless generalized Poisson measure with some
Lévy measure M,;

(iv) peo is a purely strongly product-atomic measure without strong Gaussian product-
factors;

(v) wa(Es) =1 fori=0,1,2;

(Vi) EiNEy = {0} and Eg N (El + Ez) = {0}

Moreover, the measures po and M are uniquely determined and pe is uniquely determined
up to degenerate convolution factors.

Proof. This follows from Theorem 5.1.18 together with Theorem 5.4.3. m
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Remark. Example 5.1.1 shows that “product-decomposability of Radon probabi-
lity measures” and “strong product-decomposability of Radon probability measures” are
distinct notions.

THEOREM 5.5.3. Let E be a finite-dimensional locally convexr metrizable space and
w € MY(E). Then there exist v, p1,...,ux € MYE), 1o € E and Borel subspaces
Ey, E1,...,E; of E such that

(1) po= 7y p1 * .ok pg * O

(i) v is a symmetric Gaussian measure;

(iil) p1, ..., ux are strongly product-indecomposable measures without Gaussian strong
product-factors;

(iv) v(Eo) =1 and pi(E;) =1 fori=1,... k;

(V) EoNEl = {0}, (E()—I—El)ﬂEQ = {0}, ceey (Eo—l-...Ek,l)ﬂEk = {0}
The measure v is uniquely determined and the measures fi1, ..., g are uniquely deter-
mined up to degenerate convolution factors.

COROLLARY 5.5.4. Let E be a finite-dimensional locally convex metrizable space and
w € MY(E) be full. Then there exist Py € II(p), Py, ..., Py € A(u) such that

i) Ph+...+4 P =1 and P;P; =0 for i # j;
(i1) P(p) is a Gaussian measure and Py(p), ..., Px(n) have no Gaussian strong pro-
duct-factors.

VI. Product decomposability of probability measures on
LCA metrizable groups

6.1. Initial results on probability measures

LEMMA 6.1.1. Let G be a LCA metrizable group and F be a Borel subgroup of G.
Then either

(i) F is an open-closed subgroup of G, or
(ii) we(F) =0.
LEMMA 6.1.2. Let G be a LCA metrizable group and u € M'(G). Then either

(1) NG = {supp,(n)} and supp, (1) is open-closed, or
(ii) there exists H € G,, such that wg(H) = 0.

Proof. Suppose that wp(H N supp,(p)) > 0 for every H € G,. But Lemma 6.1.1
implies that for every H € G, H Nsupp, () is an open-closed subgroup of supp, () and
p*(H Nsuppg(p)) = 1. Hence, supp, (1) C H. m

COROLLARY 6.1.3. Let G be a LCA metrizable group and u € M'(G) be a measure
such that wg(F) > 0 for every F € G,,. Then

(i) suppg(p) is open-closed and ()G, = {suppg(1)};
(ii) for each A € Dp(n), A(suppg(p)) C suppg(p) and Alsupp, () is continuous.
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Proof. This follows at once from Lemma 3.2.10 together with Lemma 6.1.2. m

LEMMA 6.1.4. Let G be a LCA metrizable group and u € M'(G). Suppose that for
some n € N, (u)*™ has the nondegenerate absolutely continuous part with respect to we.

Then supp, (1) is open-closed and ()G, = {suppg (1)}

Proof. Let v be the absolutely continuous part of (u*)*" and H € G,. Since
v(suppy(p) N H) = 1 we conclude that wg(suppg(#) N H) > 0, which implies that
supp, (1) N H is an open-closed subgroup of supp, () and thus supp,(u) C H. =

LEMMA 6.1.5. Let G be a LCA metrizable group and p be a generalized Poisson me-
asure on G with I(p) = {0}. Suppose that there exist Lévy measures My, My on G such
that p = €(My) = €(My). Then My + My = My + M.

Proof. Set N; = M; + M; for i = 1,2. Hence p* = &(N;) = &(N3) and 3(y) =
exp{—2 {(1-R(z,y))Ni(dz)} for i = 1,2 and all y € G’. Thus there exists a one-parameter
convolution semigroup (v4);>0 with v, = o as t — 0 such that

7i(y) = exp { = 2t§(1 = Rz, ) Ni(da) |
for i = 1,2 and all y € G'. Hence, by Theorem 4.10.1 of [16], My + M, = My + M.

THEOREM 6.1.6. Let G be a LCA metrizable group, u € I(G) and P € ITp(p). Suppose
that p = oxe(M) is the canonical representation of u, where o is a symmetric P-Gaussian

measure on G and €(M) is a generalized Poisson measure with a Lévy measure M.
Then

(i) P € Ip(0);

(ii) P e IIg(e(M)) and M = PM + (I — P)M;

(iii) for every x € G with e(M)(D(P)+xz) = 1 there exist y, z € G such that P(e(M)
d_z)=¢(P(M))*6_y and (I — P)(e(M)x0_z) =e((L — P)(M)) xd_..

Proof. Let 2y be some element of G with p(D(P)+xz¢) = 1. Putting v = p*0_g, we
obtain v = Pvx(I—P)v. Let F be a o-compact proper subdomain of P such that im PNF
and ker PNF are o-compact. Moreover, P(v)(im PNF') = (I—P)(v)(ker PNF) = 1. Since
Lemma 3.1.20 implies that P(v), (I — P)(v) € I(G) we conclude that P(v) = g1 * e(M;)
and (I—P)(v) = paxeé(My), where g1, g2 are symmetric P-Gaussian measures on G, €(M;)
and €(Mz) are generalized Poisson measures on G. Since p*xe(M) = p1xe(My)*p2xe(Ma)
we conclude that ¢ = g1 * g2 and (M) = e(M;) x e(Mz). Lemma 2.3.3, together with
Lemma 2.3.12, implies that

o1(imPNF)=¢e(M)imPNF)=gskerPNF)=¢(My)ker PNF)=1
and
M (G\imPNF)=My(G\kerPNF)=0.

It is easy to verify that P € IIg(p) and P € IIg(e(M)). Further, Lemma 6.1.5 implies
M—FM: (Ml —|—M1)—|— (MQ"’MQ) and thus
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M(G\ (imPUker P)NF)
< (M +M)(G\ (imPUker P)NF)
= ((My + My) + (Ma + My))(G \ (im P Uker P) N F)
< (My + M) (G\im PN F) + (M + M)(G\ker PNF) =0. m

THEOREM 6.1.7. Let G be a LCA metrizable group and let = €(M) be a generalized
Poisson measure on G. Then I p(u) = Hp(u®).

Proof. Let P € II5(G) and let F be a o-compact proper subdomain of P such that
im PN F and ker PN F' are o-compact. Hence,

M(G\ (imPNF)U(ker PNF) < (M+M)(G\ ((imPNF)U(ker PNF) =0.
Writing My = M|im pnr and My = M |ker pnr we conclude that M = My + Mo, M +
M, = PM + PM and My + My = (I — P)M + (I — P)M. Theorem 6.1.6 now implies
that (¢(M;))* = P(e(M + M)) and (¢(M3))® = (I — P)(é(M + M)). Since

(e(M))*(imPNF)=(e(M2))*(ker PNF) =1
we see that there exist z,y € G such that
e(M)(imPNF+zx)=¢Mz)(ker PNF +y)=1.
An easy computation shows that P € IIg(p). m

THEOREM 6.1.8. Let G be a LCA metrizable group and let i = €(M) be a generalized
Poisson measure on G. Then Ip(u) is commutative.

Proof. Let F be a o-compact proper common subdomain of projections P and @
such that m PN F, ker PN F, imQ N F', ker @ N F' are o-compact. Theorem 6.1.6 now
implies that M(G\ (lm PNF)U(ker PNF))) = M(G\ ((imQ@NF)U (ker@QN F))) = 0.
Hence,

MG\ (imPNim@QNF)U (imPNker@Q N F)

UkerPNim@Q N F)U (ker PNker@Q N F))) = 0.
Writing N = M + M, N1 = Nlim prim @nFs N2 = Nlim Prker 0nFs N3 = Nker Prim QN F
Ny = Nxer Prker onr We conclude that u* = €(N), PN = N1+ N3, (I — P)N = N3+ Ny,
QN = Ny + N3, (I — Q)N = N3 + Ny. But this implies that

Py =&(PN) = &(N)) #&(Na), (I — Py = &(I — P)N) = &(Ny) + (Ny),
Qut = 2(QN) = &) 2(Ns), (I — Q) = (1 — Q)N) = T(Na)  E(Ny).
Now, by Lemma 2.3.3,
e(N1)(im PN F) =e(Na)(im PN F) =¢(N3)(ker PN F)
e(Ny)(ker PN F) =¢(N1)(imQNF)
e(N2)(kerQNF) =¢(N3)(imQ N F) =e(Ny)(kerQN F) = 1.

Since
e(N)(ImPNImQNF) =e(Nz)(imPNker@N F) =¢(N3)(ker PNimQ N F)
=e(Ny)(kerPNkerQNF) =1
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we conclude that
pPimPNim@QNF+imPNkerQNF
+kerPNim@QNF +kerPNkerQNF)=1.
Put H = (im PNim QN F) @ (im PNker QNF)® (ker PNim QN F) @ (ker PNker QNF). It

is easy to see H is a o-compact proper common subdomain of P and @) and PQzx = QPx
foralz € H. m

6.2. Gaussian measures
THEOREM 6.2.1. Let G be a LCA metrizable group and p€ ' o(G). Then p € I'p(G).

Proof. Let u € I'co(E). By assumption there exist P,Q € IIg(p), a common sub-
domain F of P and @, and = € G such that u(F 4+ z) = 1 and (im P U ker) N (im Q U
ker@Q)N F = {0}. Let i, € {0,1}. Theorem 3.4.3 implies that

PQij (M * 6—55) * 51(1’,1‘) =40y asn— o

for some sequence (:vgf -J )) in G. Application of Lemma 3.4.6 yields that the triangular
system {(PQ)g (4 *6-z) : k, € Jn; n € N} is shift uniformly infinitesimal. Thus,
i € Ip(@). Let p = y+¢&(M) be the canonical representation of 11, where «y is a symmetric
G-Gaussian measure on G and (M) is a generalized Poisson measure with a Lévy measure
M. Hence, by Theorem 6.2.3 below, P,Q € IIg(e(M)), M = P(M) + (I — P)(M) and
M=Q(M)+ (I —-Q)(M). Since e(M)(F) = 1 we conclude that M (G \ F) = 1, which
implies that
MG\ (imPUkerP)NF)=M(G\ (imQUkerQ)NF) =0,

and thus
0=M(G\(imPUkerP)NF)U(G\ (imQUker@Q)NF))
=M(G\ (imPUker P)N(imQ UkerQ)NF) = M(G\ {0}).
Finally, M = §p. But this implies that p € I'p(E). =
LEMMA 6.2.2. Let By be a continuous biadditive symmetric nonnegative form on (R™ x

Z&) x (R™ X Z&°). Then there exists exactly one bilinear symmetric nonnegative form B
on R x R° such that By is the restriction of B to (R™ x ZF) x (R™ x ZF).

Proof If x = (zx) € R" x Z&° then (z1,...,2,) € R" and z,, € Z for all m > n. Set
a;j = Bo(e;, ;) for i,j € N. Hence, (a;;) is an infinite real matrix such that

BO(&, g) = Z Qi TiY; for all z,y € R"™ x ZSO
ij=1

Putting

oo
B(z,y) = Z aijriy; forall z,y € Ry°
i,j=1
we obtain a bilinear symmetric nonnegative definite form on R§® x R§® such that By is
the restriction of B to (R x Z5°) x (R™ x Z5°).
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Let C be a bilinear symmetric nonnegative definite form on RF® x R§® such that
B(z,y) = C(z,y) forallz,y e R" x Zg".
Since for z,y € QF° there exists k € N with kx, ky € Zg® we conclude that
Bla,y) = k™ *B(kz, ky) = kC(kz, ky) = Cla,y).
The continuity of B and C' yields B(z,y) = C(z,y) for all z,y € RF. m

THEOREM 6.2.3. Let G be a LCA metrizable group and Go be the component of G.
Then there exist a closed subgroup H of R* and an additive continuous mapping T
from H onto Gg such that for every symmetric measure i on G there exists exactly one
symmetric Gaussian measure v on R such that

() Ty = s

(i) 7(H) = 1.

Proof. Let u be a symmetric P-Gaussian measure on G. By Corollary 5.2.12 of
[11], #(Go) = 1. Since Gy is connected, Theorem 2.9.14 of [10] together with Theorem
2.2.6 of [18] implies that G is topologically isomorphic to R® x K, where n € N and K
is some closed subgroup of T°°. Hence, without loss of generality we may assume that
Go = R™ x T*. Application of Theorem 5.2.9 of [11] now yields fi(z) = exp{—Bo(z,z)}
for all z € R™ x Zg°, where By is some symmetric, biadditive, nonnegative definite form
on (R™ x Zg) x (R™ x Z&°).

Let T be the mapping from R5° onto R"™ x T defined by Tz = y for = (z,,) € R,
where y; = x; for 1 < j <n and y; = exp(2miz;) for all j > n. It is_easy to see that T is
additive and continuous.

Let v be a P-Gaussian measure on R> such that ¥(z) = exp{—B(z,z)} for all
z € R§°, where B is the symmetric bilinear nonnegative definite form on R§° x R§® such
that By is the restriction of B to (R™ x Zg°) x (R™ x Zg°). A trivial verification shows
that Ty =p. =

COROLLARY 6.2.4. Let 1 and po be symmetric P-Gaussian measures on G. Suppose
that there exist Borel subgroups G1 and Go of G such that G1 NG2 = {0} and p;(G;) =1
fori=1,2. Then there exist Borel subgroups Hy and Hy of R such that Hy N Hs = {0}
and v;(H;) = 1 for i = 1,2, where v1 and v2 are symmetric Gaussian measures on R
such that Tvy; = p; fori=1,2.

Proof. By Theorem 6.2.3 there exist symmetric Gaussian measures y; and 2 on R*
such that T; = u; for i = 1,2. Application of Theorem 5.3.11 shows that there exist
Borel subgroups H; and Hs of R* such that H1NHy = {0} and v;(H;) = 1fori=1,2. m

COROLLARY 6.2.5. Let u be a symmetric P-Gaussian measures on G and 7y be a
symmetric Gaussian measure on R with Ty = u. Then for every P € ITp(u) there
exists exactly one Q € IIg(y) such that TQvy = Pp and T(I — Q)y = (I — P)pu.

COROLLARY 6.2.6. Let u € I'p(G). Then p is purely product-atomic.
This follows at once from Theorem 5.3.11 together with Corollary 6.2.5.

Remark. Some similar results appeared in [6].
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LEMMA 6.2.7. Let P be an additive operator from T? into T? such that P & {0,1}.
Then the following conditions are equivalent:

(i) P is an additive projection;

(ii) the matriz of the adjoint operator of P in the basis {(1,0),(0,1)} of Z* has the
form (a b ), where a,b,c € Z and be = a(l — a).

c l—a

Proof. Let (‘Cl db) be the matrix of the adjoint operator of P. Then

a by _ (a b a b\ _[(a*+bc ab+bd and 1@ b
c d) \c d c d)  \ac+cd bc+d?

d
A trivial verification shows that a +d=1. m

-0

LEMMA 6.2.8. Let o be a Gaussian measure on R? with
0(t1,t2) = exp{ —3(s1t} + 52t3)},  (t1,t2) € R?,

where s1,s2 € Ry, and let P;, i = 1,2, be the projection from R? into itself defined by
Pi(x1,32) = (3(1+(=1)Hay, 3(1+(—1)")x2). Let P be a projection from R? into itself.
Then the following conditions are equivalent:

(l) Pe HB(Q) \ {07[7P17P2};

(i) (a) the matriz of P in the basis {(1,0),(0,1)} of R? has the form (¢ 1_ba),

where 0 < a < 1, b,c € R\ {0}, bc = a(1l — a);
(b) s1b = szc.
Proof. Let v be a Gaussian measure on R? and P be a projection from R? into itself.

An easy computation shows that P € D(v) iff S = P’SP + (I — P)'S(I — P), where S is
the covariance operator of . The rest of the proof is clear. m

THEOREM 6.2.9. I'p(T) = {d, : © € G}.
Proof. This follows from Corollary 6.2.5 and Lemmas 6.2.7 and 6.2.8. m

6.3. Product-atomless probability measures

LEMMA 6.3.1. Let G be a LCA metrizable group and p € MI(G). Suppose that p
has a triangular infinitesimal system of projections {Pi(n) ci=1,...,ky; n € N}. Then
w=-¢e(M) for some Lévy measure M.

Proof. Let z be an element of G such that u(Go+2) = 1. Hence u = Pl(") (*d_y)*
. .*P,g:) (u*d_g)* 0, for all n € N. Theorem 4.5.2 of [16] now implies that p € I(E). Let
1= o*e(M) be the canonical representation of u, where p is a symmetric P-Gaussian
measure on G and €(M) is a generalized Poisson measure with a Lévy measure M.
Further, by Theorem 6.1.6 together with Corollary 6.2.6, ¢ = dp. =

THEOREM 6.3.2. Let pu be a probability measure either on R or on T, such that (u°)*™
has a nondegenerate absolutely continuous part for some n € N. Then p is product-
indecomposable.

This follows at once from Lemma 4.1.2 together with Lemma 6.1.4.
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THEOREM 6.3.3. Let G be an Abelian metrizable group and let i € M3 (G). Suppose
that suppg(u) 18 a discrete subgroup. Then p is a purely product-atomic measure without
G-Gaussian product-factors.

Proof. Let H = suppg(u). Then H is at most countable. In particular, H is a LCA
group. It is easy to see that (G, = {H}. Since {0} is the component of H we conclude
that u is a measure without G-Gaussian product factors.

Assume that p has a triangular infinitesimal system of projections {P(") o=
1,...,kn; n € N}. Lemma 6.3.1 now implies that u = e(M) x §, for some finite Lévy
measure M and some z € G. Let Gy be a proper common subdomain of {Pi(") D=

1,...,kn; n € N}. Further, by Theorem 6.1.6, for all n € N|
kn
M(E\ U im 2" 1 Go) = 0.

Leti € I. Since H; =, 1mP( NGy, 1mP +1)0G0 - nnP )ﬂGO and P( )( 5) = dp
we conclude that M (H;) = 0.

An easy computation shows that the set {i € I : H; # {0}} is at most countable.
Hence, M = 0 and p is degenerate. This contradicts the assumption and the lemma is
proved. m

THEOREM 6.3.4. Let G be a LCA metrizable group and p € Mg (E) be product-
atomless. Suppose that {P ci=1,...,kn; n €N} s a triangular infinitesimal system
of projections corresponding to the measure p. Let Gy be a proper common subdomain of
(P :i=1,... kn; n€N}. Then

(i) p=¢e(M) for some Lévy measure M;

(ii) (E\UlGIH») =0; M(H;) =0 for alli € I, where I = {i € N*® :i(n) =i, €
{1,...,kn}, Pn+1)<P("}andH N 11mP( N Go;

(111) if p is continuous then M is unbounded;

(iv) if p has a nondegenerate discrete part then M is finite and pg = e M F)§y, p. =
(L= e ME) Y2 A

(v) IIp(p) is commutative.

Proof. (i) follows at once from Lemma 6.3.1.
(i) Theorem 6.1.6 implies for all n € N,

(E\UnnP ﬂGo):O.

Leti € I. Since H; = (V2 im P NGy, im PGy < im P{""NGy and P{™ (%) = b
we conclude that M(H;) = 0.

(iii) and (iv) are obvious.

(v) follows from Lemma 4.3.10. u

THEOREM 6.3.5. Let G be a LCA metrizable group and p € M}(E) be product-
atomless. Suppose that either
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(i) suppg(pt) has a nontrivial component or
(ii) suppg(p) is a compactly generated nondiscrete group.

Then there exists H € G,, such that wg(H) = 0.

Proof. We assume on the contrary that for every F' € G,,, wg(F) > 0. Let {Pi(n) ti=
1,...,kn; n € N} be a triangular infinitesimal system of projections of pu. Corollary 6.1.3
now implies that Pi(") (suppg(p)) C suppg(p) and P |hupp (u) is continuous. Moreover,

by Theorem 1.5.1 there exists a sequence (m,,) such that m,, € {1,...,k,}, P,(nztll <plr

and ()2, im P,gm)|suppg(#) # {0}. Tt is easy to see that )
(1) P (1*) = o

Put P = inf, P{”. Theorem 3.4.7 implies that P(supp,(p)) C supp(p), im PNsupp, (1)
=, im P,gm)|suppg(#) # {0} and

(2) P™ P in pf,

From (1) and (2) we conclude that u® = (I — P)u®. Hence, p(ker P) = 1. Since P is
continuous we obtain supp,(p) C ker P and supp,(p) \ ker P # (). This contradiction
proves the theorem. m

COROLLARY 6.3.6. Let 1 € M'(R™) be product-atomless. Then there exists H € G,
such that wg(H) = 0.

6.4. Canonical product-decomposition of probability measures.The following
theorem is a modified version of Theorem 4.6.1.

THEOREM 6.4.1. Let E be a LCA metrizable group and p € M} (G). Then there exist
measures o, fi1, o € Mol(G), an element xg in G and Borel subgroups Go,G1, G2 of G
such that

(1) 1= po * 1 * pig * Og;

(ii) po s a symmetric P-Gaussian measure ;

(iii) p1 is a purely product-atomic measure without P-Gaussian product factors;

(iv) p2 = e(M) 14s a product-atomless generalized Poisson measure for some Léuvy
measure M

(v) wi(Gy) =1 fori=0,1,2;

(Vi) GoNGr = {0} and (Go + Gl) NGy = {0}

Moreover, the measure o is uniquely determined and the measures j11 and jo are uniquely
determined up to degenerate convolution factors.

Proof. This follows from Theorem 4.1.6 together with Theorem 6.3.4. m
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