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Introduction

Let G be an Abelian metrizable group. A probability measure µ on G is said to

be product-decomposable if there exist nondegenerate measures µ1, µ2, Borel subgroups

G1, G2 of G and an element x in G such that

(i) µ = µ1 ∗ µ2 ∗ δx;

(ii) µi(Gi) = 1 for i = 1, 2;

(iii) G1 ∩ G2 = {0}.

Otherwise, µ is said to be product-indecomposable. The measures µ1 and µ2 in (i) are said

to be the product-factors of the measure µ. This notion of product-decomposability is a

particular case of the classical convolution decomposability of measures. However, the

results are essentially different and obtained by new methods. In the paper we introduce

the notion of a Borel decomposability semigroup of a probability measure that generalizes

the Urbanik decomposability semigroup (see [23] and [24]). It allows us to present measure

problems on Abelian metrizable groups (no characteristic functions!) in terms of algebraic

and topological properties.

The thesis consists of six chapters. In Chapter I, we quote basic definitions and the-

orems from topology, theory of groups and functional analysis, used later on. Chapter II

contains some basic facts about measures. The most crucial part is Section 3 devoted

to Radon measures on Abelian metrizable groups. In particular, we investigate measures

with nontrivial idempotent factors and so-called infinitely divisible measures.

In Chapter III we define the fundamental notion of a Borel decomposability semigroup

consisting of additive measurable operators on the group. It forms a metrizable right semi-

group. Furthermore, we study properties of the additive projectors from the decomposable

semigroup. The main result of this chapter (Theorem 3.4.11) shows that the set of all

those projectors in the Borel decomposability semigroup of a probability measure without

an idempotent factor forms a complete lattice with respect to the natural order. This is

the key that enables us to find a complete description of the product-decomposability of

measures without idempotent factors.

The main part of the whole thesis is Chapter IV. Here we first observe that there is

a close connection between the existence of nontrivial additive projectors (in the Borel

decomposability semigroup of a probability measure) and the product-decomposability

of the measure in question. Then, we introduce new notions of purely product-atomic

measures, product-atomless measures and Gaussian measures in the sense of Gnedenko.

For the sake of completeness of our Introduction we quote all of them below.
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A Radon probability measure µ on an Abelian metrizable group is said to be purely

product-atomic if every product-factor of µ has a product-indecomposable product-factor.

If every product-factor of µ is product-decomposable, then µ is said to be product-

atomless. A Radon probability measure µ on G is said to be a Gaussian measure in

the sense of Gnedenko (G-Gaussian) if there exist a Radon probability measure ν on G,

Radon probability measures λ1, λ2 on G × G, Borel subgroups F1, F2 of G × G and an

element x in G such that

(i) (µ ∗ δx) ⊗ ν = λ1 ∗ λ2;

(ii) F1 ∩ F2 = {0};

(iii) (G × {0} ∪ {0} × G) ∩ (F1 ∪ F2) = {0};

(iv) λi(F ) = 1 for i = 1, 2.

Our terminology is patterned on Gnedenko’s results (see [8]) who proved that charac-

terization for Gaussian measures on R2. Chapter IV ends with the following main result

of the thesis:

Theorem. Let G be an Abelian metrizable group and µ be a Radon probability measure

on G without an idempotent factor. Then there exist Radon probability measures µ0, µ1, µ2

on G, Borel subgroups G0, G1, G2 of G and an element x0 in G such that

(i) µ = µ0 ∗ µ1 ∗ µ2 ∗ δx;

(ii) µ0 is a Gaussian measure in the sense of Gnedenko;

(iii) µ1 is a product-atomless measure without a G-Gaussian product-factor ;

(iv) µ2 is a purely product-atomic measure without a G-Gaussian product-factor ;

(v) µi(Gi) = 1 for i = 0, 1, 2;

(vi) G0 ∩ G1 = {0} and (G0 + G1) ∩ G2 = {0}.

Moreover , the measures µ0, µ1 and µ2 are uniquely determined up to degenerate convo-

lution factors.

This is an analogue of the classical Khinchin factorization theorem (see [14]).

In Chapter V we consider the product-decomposability on locally convex metrizable

spaces. In particular, we prove that a measure is G-Gaussian iff it is Gaussian and that

every product-atomless measure is a generalized Poisson measure.

Chapter VI specializes the notion of product-decomposability to measures on LCA

metrizable groups. Again, we investigate properties of purely product-atomic measures,

product-atomless measures and G-Gaussian measures.

I. Preliminaries

In this chapter we present the necessary results from topology, group theory and

functional analysis. Our intention is to fix the terminology and notation (to avoid possible

confusions) and to list the facts most often used in the farther chapters.
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1.1. Semigroups. A semigroup is a nonempty set S together with an associative

binary operation from S × S into S, called multiplication. If S is a semigroup, then for

each t ∈ S the maps ̺t : S → S, ̺t(s) = st, and λt : S → S, λt(s) = ts are called,

respectively, right and left multiplication maps (by t).

A nonempty subset T of a semigroup S is called a subsemigroup of S if TT ⊂ T .

Given a subset F of S, we denote by Sem(F ) the subsemigroup of S generated by F .

An element s ∈ S is called an idempotent if s2 = s, an identity if st = ts = t for all

t ∈ S, or a zero if st = ts = s for all t ∈ S.

Let S be a semigroup with a Hausdorff topology. S is said to be right (left) topological

semigroup if for each s ∈ S the mapping ̺s (λs) is continuous. If S is both left and right

topological then S is called semitopological . Thus S is semitopological iff multiplication

is separately continuous. If this mapping is (jointly) continuous then S is said to be

topological .

1.2. Algebraic groups. In this section, we establish the terminology and notation

concerning algebraic groups that will be used throughout the work.

Let G be an algebraic group. The order of the group G is the cardinal number G of

the set of its elements. If G is finite (countable) cardinal, G is called a finite (countable)

group. If A is a subset of G, the symbol 〈A〉 will denote the subgroup of G generated by

A. Moreover, if 〈A〉 = G, A is said to be a generating system of G; the elements of A are

generators of G. The order of a group 〈a〉 (a ∈ G) is also called the order of the element

a, in notation o(a).

If every element of G is of finite order, G is called a torsion or periodic group, while

G is torsion-free if all its elements, except 0, are of infinite order. A primary group or

p-group is defined to be a group the orders of whose elements are powers of a prime p.

A group G is said to be an elementary p-group if every element of G is of order p. For a

possibly infinite collection of subgroups Fi of G, the subgroup F they generate consists of

all finite sums bi1 + . . .+bik
with bij

6= 0 belong to same Fij
. We shall write F =

∑
i∈I Fi.

Let Fi (i ∈ I) be a family of subgroups of G, subject to the following two conditions:

(i)
∑

Fi = G (i.e. the Fi together generate G);

(ii) for every i ∈ I, Fi ∩ (
∑

i6=j Fj) = {0}.

Then G is said to be the direct sum of its subgroups Fi, in symbols G =
⊕

i∈I Fi or

G = F1 ⊕ . . . ⊕ Fn, if I = {1, . . . , n}. Again, every a ∈ G can be written in a unique

form a = bi1 + . . . + bik
with bij

6= 0 belonging to different components Fij
(j = 1, . . . , k,

where k ≥ 0). Since every element of
∑

Fi is contained in a subgroup generated by a

finite number of the Fi, condition (ii) can replaced by the apparently weaker postulate

Fi ∩ (Fi1 + . . . + Fik
) = {0}

where ij 6= i and k is a positive integer.

A subset A of an Abelian groups G is said to be independent (respectively, p-indepen-

dent for some prime p) if whenever x1, . . . , xn are distinct elements of A and m1, . . . , mn

are positive integers (respectively, m1, . . . , mn ∈ Zp), the equality m1x1 + . . .+mnxn = 0

implies that m1 = . . . = mn = 0.
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Lemma 1.2.1. Let p > 2 be a prime. Then

(i) Zp ⊗ Zp = G1 ⊕ G2, where G1 = 〈(1, 1)〉, G2 = 〈(1, p − 1)〉;

(ii) ((Zp × {0}) ∪ ({0} × Zp)) ∩ (G1 ∪ G2) = {(0, 0)}.

1.3. Additive operators in Abelian groups and linear operators in linear

spaces. Let G be an algebraic Abelian group. A mapping A transforming a subgroup

D(A) of G into G is called an algebraic additive operator in G if A(x + y) = Ax + Ay for

all x, y ∈ D(A). The set D(A) is said to be the domain of the operator A.

If A and B are two algebraic additive operators in G, their sum A + B is defined by

(A + B)x = Ax + Bx for all x ∈ D(A) ∩ D(B), and it is an algebraic additive operator

in G with D(A + B) = D(A) ∩ D(B). It may happen that D(A + B) consists of a single

element x = 0.

The product AB of two algebraic additive operators A, B in G is defined by (AB)x =

A(Bx) for all x ∈ B−1(D(A)), and it is again an algebraic additive operator in G with

D(AB) = B−1(D(A)). It is possible that D(AB) consists of a single element 0.

Let G be an algebraic Abelian group. A subgroup F of G is said to be:

(i) invariant under an algebraic additive operator A in G (or A-invariant) if F ⊂

D(A) and A(F ) ⊂ F ;

(ii) invariant under a family A of algebraic additive operators in G (or A-invariant)

if F is A-invariant for each A ∈ A.

An algebraic additive operator P in G is said to be an algebraic additive projection

in G if P 2 = P .

We now state some lemmata.

Lemma 1.3.1. Let G be an algebraic Abelian group and A be an algebraic additive

operator in G. Then

(i) A is an algebraic additive projection iff D(A) = imA ⊕ kerA and Ax = x for

each x ∈ im D(A);

(ii) a subgroup F of G is A-invariant iff F ⊂ D(A) and F = A(F ) + (I − A)(F );

(iii) if A is an algebraic additive projection then a subgroup F of G is A-invariant iff

F ⊂ D(A) and F = (F ∩ im A) ⊕ (F ∩ kerA);

Lemma 1.3.2. Let G be an algebraic Abelian group, H be a subgroup of G and P be

an additive projection on G to itself. Then P (H) ⊂ H iff G/H = πH(im P )⊕πH(kerP ),

where πH is the canonical map from G onto the quotient group G/H.

Lemma 1.3.3. Let G be an algebraic Abelian group and P , Q be additive projections

on G to itself. Then

(i) PQ(I − P ) = −P (I − Q)(I − P );

(ii) for every positive integer n and k = 1, . . . , n,

(PQ)n(I − P ) = −(PQ)n−kP ((I − Q)(I − P ))k = (PQ)n−k(I − P )((I − Q)(I − P ))k;

(iii) for every positive integer n and k = 1, . . . , n,

(I − P )(QP )n = −((I − P )(I − Q))kP (QP )n−k = ((I − P )(I − Q))k(I − P )(QP )n−k.
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Let G be an algebraic Abelian group and Q be an additive operator on G to itself.

Set

Q(i) =

{
Q if i = 0,
I − Q if i = 1.

Let P and Q be additive projections on G to itself and kn ∈ {0, 1}n. Put

(PQ)k
n

=

{
P (k1)Q(k2) . . . P (kn−1)Q(kn) if n is odd;
P (k1)Q(k2) . . . P (kn−2)Q(kn−1)P (kn) if n is even.

Let v, u ∈ {0, 1} and n ∈ N. We will denote by uvn the sequence (x1, . . . , xn) such

that

xk =
{

u if k is odd,
v if k is even.

Lemma 1.3.4. Let G be an algebraic Abelian group and P, Q be additive projections

on G to itself. Then for every n ∈ N,

(i) (PQ)00
n+1

= P (QP )00
n
;

(ii) (PQ)11
n+1

= P (1)(QP )11
n
;

(iii) (PQ)10
n+1

= P (1)(QP )01
n
;

(iv) (PQ)01
n+1

= P (QP )10
n
.

Set Jn = {0, 1}n \ {00n, 11n, 01n, 10n}. The next result will be used below.

Theorem 1.3.5. Let G be an algebraic Abelian group and P , Q be additive projections

on G to itself. Suppose that (kn) is a sequence such that kn ∈ Jn for each n ∈ N. Then

lim sup
n→∞

card{in ∈ Jn : (PQ)i
n

= (PQ)k
n
} = ∞.

P r o o f. Set l(kn) = card{ki : 1 < i < n, ki−1 6= ki+1}. We now consider two cases:

(a) sup l(kn) = ∞;

(b) sup l(kn) < ∞.

The first case follows by Lemma 1.3.3(i). For the second case it suffices to apply

Lemma 1.3.3(ii), (iii).

Let E be an algebraic linear space. A linear mapping A transforming a subspace

Dl(A) of E into E is called an algebraic linear operator in E. The set Dl(A) is said to

be the linear domain of the operator A.

Corollary 1.3.6. The algebraic linear operators in E form a subclass of the algebraic

additive operators in E.

Corollary 1.3.7. Let E be a linear space and A, B be algebraic linear operators in

E. Then A + B and AB are algebraic linear operators in E.

Let E be a linear space and A be a linear operator in E. A subspace F of E is said

to be:

(i) invariant under an algebraic linear operator A in E (or A-invariant) if F ⊂ D(A)

and A(F ) ⊂ F ;

(ii) invariant under a family A of algebraic linear operators in G (or A-invariant) if

F is A-invariant for each A ∈ A.
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An algebraic linear operator P in E is called an algebraic linear projection in E if

P 2 = P .

1.4. Abelian metrizable groups. An Abelian topological group G is said to be

metrizable if there exists a metric ̺ on G such that the original topology coincides with

the topology defined by the metric ̺. An Abelian T0 topological group G is metrizable

iff there is a countable basis at zero. In this case, the metric can be taken to be invariant.

A component of an Abelian metrizable group G is the connected component of zero,

which is always a closed subgroup of G.

By a closed neighborhood we shall mean the closure of a nonempty open set.

Lemma 1.4.1. Let G be an Abelian metrizable group and G1, G2 be σ-compact sub-

groups of G with G1 ∩ G2 = {0}. Then

(i) G0 = G1 + G2 is a σ-compact subgroup of G;

(ii) the mapping P of G0 into itself defined by Px = x1, where x = x1+x2 and xi ∈ Gi

for i = 1, 2, is an algebraic additive Borel-measurable projection.

P r o o f. (i) is obvious.

(ii) Let φ be the mapping from G1×G2 into G0 defined by φ(x1, x2) = x1 +x2. Since

φ is continuous, Corollary 1.3.3 of [16] implies that φ−1 is Borel-measurable. Hence, P is

Borel-measurable.

Lemma 1.4.2. Let G be an Abelian metrizable complete nondiscrete group containing

only elements of finite order. There there exist a neighborhood U of 0 in G and some

positive integer k0 such that for every x ∈ U \ {0}, o(x) ≤ k0.

P r o o f. We denote Dk = {x ∈ G : o(x) ≤ k} ∪ {0}. Thus G =
⋃∞

i=1 Dk. Let (xn) be

a sequence in Dk. We assume that xn → x for some x ∈ G. It is easy to see that there

exist a positive integer l with l ≤ k and a subsequence (nm) of positive integers with

o(xnm
) = l. Since 0 = lxnm

→ lx as m → ∞, we conclude that o(x) ≤ l and thus Dk

is closed. By the Baire theorem IntDk 6= ∅ for some positive integer k. But this implies

that 0 ∈ IntDk − IntDk ⊂ IntDk2 .

Theorem 1.4.3. Let G be an Abelian metrizable complete nondiscrete group such that

there exists a neighborhood of 0 in G containing only elements of finite order. Then G

contains a nondiscrete closed primary p-group H for some prime p.

P r o o f. Let U be a neighborhood of 0 in G containing only elements of finite order and

let G0 be the group generated algebraically by U . Then G0 is an open-closed nondiscrete

subgroup of G containing only elements of finite order.

Let Π be the set of all primes. For every p ∈ Π we define

Gp = {x ∈ G0 : o(x) = pk for some k ∈ N}.

Hence, Gp is a subgroup of G0. Moreover, Theorem 8.4 of [7] implies that

(1) G =
⊕

p∈Π

Gp.
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We claim that Gp is closed. Let (xn) be a sequence in Gp such that xn → x for some

x ∈ G0. Since o(x) = m for some positive integers m we obtain mxn → 0 as n → ∞.

Hence, by Lemma 1.4.2 the set {o(xn) : n ∈ N} is bounded. But this implies that there

exist a subsequence (nm) of positive integers and k0 ∈ N such that o (xnm
) = pk0 . Since

0 = pk0xnm
→ pk0x as m → ∞, we obtain o(x) ≤ pk0 and thus o(x) = pl for some l ∈ N.

That proves that Gp is closed. Hence (1) together with the Baire theorem yields that

there exists p0 ∈ Π such that Gp0 is nondiscrete.

For n ∈ N let Gp0,n = {x ∈ Gp0 : o(x) ≤ pn
0}. Thus Gp0,n is a closed subgroup of

Gp0 and Gp0 =
⋃∞

n=1 Gp0,n. From the Baire theorem we conclude that for some n0 ∈ N,

IntGp0,n0 6= ∅, which implies that Gp0,n0 is nondiscrete.

Let f be the mapping from Gp0,n0 into itself defined by f(x) = pn0−1x for x ∈ Gp0,n0 .

Since f is continuous and f−1(Gp0,n0 \ {0}) ⊂ Gp0,1 we conclude that f−1(Gp0,n0 \ {0})

is open, which implies IntGp0,1 6= ∅ and thus Gp0,1 is nondiscrete.

An Abelian metrizable group G is said to be an I-group if every neighborhood of 0 in

G contains an element of infinite order.

Lemma 1.4.4. Let G be an Abelian metrizable complete nondiscrete group and m1, . . .

. . . , mk be integers with |m1| + . . . + |mk| > 0. Set Q = {(x1, . . . , xk) ∈ G :
∑k

i=1 mixi

= 0}. Suppose that either

(i) G is an I-group, or

(ii) G is a primary p-group for some prime p and m1, . . . , mk ∈ Zp.

Then Q is a dense open subset of Gk.

The proof is similar to the proof of Lemma 1 of [17] and will be omitted.

Theorem 1.4.5. Let G be an Abelian metrizable complete nondiscrete group and U be

a neighborhood of 0 in G. Then

(i) if G is an I-group then U contains an independent set homeomorphic to Cantor’s

ternary set ;

(ii) if some neighborhood of 0 in G contains only elements of finite order , then there

exists some prime p such that U contains a p-independent set homeomorphic to Cantor’s

ternary set.

P r o o f. Application of Theorem 1.4.3 shows that it will be sufficient to prove the

theorem in the case where either G is an I-group, or G is a primary p-group for some

prime p. Define

p∗ =

{
∞ if G is an I-group,
p if G is a primary p-group,

Zp∗ =

{
Z if p∗ = ∞,
Zp if p∗ is a prime.

Let E(0) be a closed neighborhood in U .

We claim that there exists a sequence (E(n)) of closed subsets of G such that

(a) E(n) ⊂ E(0);

(b) E(n) =
⋃

s∈{0,1}n E
(n)
s ;
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(c) E
(n)
s , for s ∈ {0, 1}n, are disjoint closed neighborhoods with diam(E

(n)
s ) < 1/n;

(d) E
(n)
s,0 ∪ E

(n)
s,1 ⊂ E

(n−1)
s for s ∈ {0, 1}n;

(e) if xs ∈ E
(n)
s , ms ∈ Zp∗ , |ms| ≤ min(p∗, n) and

∑
s∈{0,1}n |ms| > 0 then∑

s∈{0,1}n msxs 6= 0.

Suppose E(j), j = 1, . . . , k, have been constructed. Let Qk+1 be the set of all points

(x1, . . . , x2k+1) ∈ G2k+1

such that the conditions: n1, . . . , n2k+1 ∈ Z, |ni| ≤ min(k + 1, p∗)

for i = 1, . . . , 2k+1 and |n1|+. . .+|n2k+1| > 0 imply n1x1+. . .+n2k+1x2k+1 6= 0. Applying

Lemma 1.4.4, we see that Qk+1 is a dense open subset of G2k+1

. Thus the set

(E(1)
s1

× E(1)
s1

× E(1)
s2

× E(1)
s2

× . . . × E(1)
s
2k

× E(1)
s
2k

) ∩ Qk+1,

where {0, 1}n = {s1, s2, . . . , s2k}, contains an open set

Vs1,0 × Vs1,1 × Vs2,0 × Vs2,1 × . . . × Vs
2k+1 ,0 × Vs

2k+1 ,1.

Moreover, there are disjoint closed neighborhoods E
(k+1)
s ⊂ Vs for all s ∈ {0, 1}k+1 whose

diameters are less than 1/(k + 1). Put E(k+1) =
⋃

s∈{0,1}k+1 E
(k+1)
s . That proves that

the sequence (E(n)) exists.

Consequently, if x1, . . . , xj are disjoint elements of E(k) for some k ∈ N, if no two

of these elements lie in the same set E
(k)
s , if n1, . . . , nj ∈ Zp∗ , |ni| ≤ min(p∗, k) for i =

1, . . . , j and |n1|+ . . .+ |nj | > 0, then n1x1 + . . .+njxj 6= 0. Putting E =
⋂∞

n=1 E(n), we

obtain E =
⋃

s∈{0,1}∞

⋂∞
k=1 E

(k)
t1,...,tk

, where s = (t1, t2, . . .), and card(
⋂∞

k=1 E
(k)
t1,...,tk

) = 1.

Moreover, if p∗ = ∞ then E is an independent compact set and if p∗ is a prime then E

is a p-independent compact set.

Consider the mapping f from E into {0, 1}∞ defined by the formula f(x) = (t1, t2, . . .)

if
⋂∞

k=1 E
(k)
t1,...,tk

= x. Then f is a homeomorphism.

Theorem 1.4.6. Let G1, G2, be Abelian metrizable groups and Di be a compact subset

of Gi for i = 1, 2. Assume that D1 and D2 are homeomorphic and either D1 and D2 are

independent , or D1 and D2 are p-independent for some prime p. Let Fi be a subgroup of

Gi generated algebraically by Di for i = 1, 2. Then

(i) F1 and F2 are σ-compact ;

(ii) if φ is a homeomorphism from F1 onto F2 then the mapping Φ from F1 into F2

defined by

Φ
( n∑

k=1

mkxk

)
=

n∑

k=1

mkφ(xk),

where x1, . . . , xn ∈ D1 and m1, . . . , mn ∈ Z, is a Borel isomorphism.

P r o o f. For every positive integer n and i = 1, 2 we define

F
(n)
i =

{ n∑

k=1

mkxk : x1, . . . , xn ∈ Di, |mi| ≤ n
}
.

Thus F
(n)
1 and F

(n)
2 are compact and Φ(F

(n)
1 ) = F

(n)
2 . Moreover, Φ|F (n) is a homeomor-

phism. Since Fi =
⋃∞

n=1 F
(n)
i for i = 1.2, Φ is a Borel isomorphism.



Product-decomposability of probability measures 13

1.5. Locally compact Abelian groups. A character on a locally compact Abelian

(LCA) group G is a continuous complex-valued function ξ on G satisfying |ξ(x)| = 1 for

each x ∈ G and ξ(x + y) = ξ(x)ξ(x) for all x, y ∈ G.

The set G′ of all the characters on G is clearly an Abelian group under pointwise

multiplication. We write the group operation of G′ as addition and replace ξ(x) by 〈x, ξ〉.

G′ equipped with the topology of uniform convergence on compact subsets of G is a

LCA group. We call it the dual group of G.

For each x ∈ G, the mapping ξ → 〈x, ξ〉 defines a character on G′. The Pontryagin

duality theorem states that every character on G′ has this form and that the topology

of uniform convergence on compact subsets of G′ coincides with the original topology on

G. In other words, if G′ is the dual group of G, then G is the dual group of G′.

Let G1 and G2 be LCA groups with dual groups G′
1 and G′

2, respectively. To every

continuous homomorphism φ from G1 into G2 there corresponds the adjoint mapping φ′

from G′
2 into G′

1 defined by 〈φ(x), γ〉 = 〈x, φ′(γ)〉 for x ∈ G1 and γ ∈ G′
2.

It is easy to see that φ′ is a continuous homomorphism from G′
2 into G′

1. We now list

without proofs some additional properties of adjoint homomorphisms.

(a) If φ is an open continuous homomorphism from G1 into G2 then φ′ is an open

homomorphism from G′
2 into G′

1.

(b) (φ′)′ = φ.

(c) φ′ is injective iff φ(G1) is dense in G2.

(d) φ′ is a topological isomorphism from G′
2 onto G′

1 iff φ is a topological isomorphism

from G1 onto G2.

Theorem 1.5.1. Let G be a LCA metrizable group and {P
(n)
i : i = 1, . . . , kn; n ∈ N}

be a family of additive continuous projections from G into itself such that for every n ∈ N,

(i) P
(n)
i P

(n)
j = P

(n)
j P

(n)
i = 0 for i 6= j;

(ii)
∑kn

i=1 P
(n)
i = I;

(iii) for every positive integer j ∈ {1, . . . , kn} there exist m1, . . . , mp ∈ {1, . . . , kn+1}

such that

P
(n)
j =

p∑

i=1

P (n+1)
mi

.

Assume that either

(a) G has a nontrivial component , or

(b) G is a compactly generated nondiscrete group.

Then
∞⋂

n=1

( kn⋃

i=1

im P
(n)
i

)
6= {0}.

The proof of this theorem is prepared by two lemmata.

Lemma 1.5.2. Let G be a nontrivial compact metrizable group and {P
(n)
i : i =

1, . . . , kn; n ∈ N} be a family of additive continuous projections from G into itself satis-
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fying the conditions (i)–(iii) of Theorem 1.5.1. Then

∞⋂

n=1

( kn⋃

i=1

im P
(n)
i

)
6= {0}.

P r o o f. We assume on the contrary that
⋂∞

n=1(
⋃kn

i=1 im P
(n)
i ) = {0}. Let γ be a

nonconstant continuous character. Set U = {exp(it) : |t| < 1/13} and V = γ−1(U).

Since
⋂∞

n=1(
⋃kn

i=1(im P
(n)
i \ V )) = ∅, we conclude that there exists n0 ∈ N such that

⋃kn0

i=1 im P
(n0)
i ⊂ V , which implies

⋃kn0

i=1 γ(im P
(n0)
i ) ⊂ U , and thus

⋃kn0

i=1 γ(im P
(n0)
i ) =

{1}. But this implies that G = im P
(n0)
1 ⊕ . . .⊕ im P

(n0)
kn0

⊂ ker γ 6= G. The contradiction

proves the lemma.

Lemma 1.5.3. Let {P
(n)
i : i = 1, . . . , kn; n ∈ N} be a family of additive continuous

projections from Rp into itself satisfying the conditions (i)–(iii) of Theorem 1.5.1. Then

∞⋂

n=1

( kn⋃

i=1

im P
(n)
i

)
6= {0}.

P r o o f. Since {P
(n)
i : i = 1, . . . , kn; n ∈ N} is a family of linear projections there is

n0 ∈ N such that for every n ≥ n0, {P
(n0)
1 , . . . , P

(n0)
k(n0)

} = {P
(n)
1 , . . . , P

(n)
kn

}. The rest of

the proof is clear.

P r o o f o f T h e o r e m 1.5.1. Assume on the contrary that
⋂∞

n=1(
⋃kn

i=1 im P
(n)
i ) =

{0}. Let G0 be the nontrivial component of G. It is easy to see that for every positive

integers n and i ∈ {1, . . . , kn}, P
(n)
i (G0) ⊂ G0. Without loss of generality we may assume

that there exist an Abelian compact connected metrizable group K and a nonnegative

integer p such that G0 = K × Rp.

Let n be some positive integer and i ∈ {1, . . . , kn}. Since P
(n)
i (K ×{0}) is a compact

subgroup of G0 we conclude that P
(n)
i (K ×{0}) ⊂ K ×{0}. Application of Lemma 1.5.2

now implies that K = {0} and finally that G = Rp. Hence, by Lemma 1.5.3, G0 = {0}

and thus G is totally disconnected. This contradicts the assumption G has the nontrivial

component.

Let G be a compactly generated nondiscrete group. Without loss of generality we

may assume that G has the trivial component. The Pontryagin theorem now implies

G = K × D, where K is a compact nontrivial group and D is discrete group. Since

P
(n)
i (K × {0}) is a compact subgroup of G we conclude that P

(n)
i (K × {0}) ⊂ K × {0}.

Application of Lemma 1.5.2 now implies that K = {0}. This contradicts the assumption

that K is nontrivial.

On every LCA group G there exists a nonnegative regular measure ωG, the so-called

Haar measure on G, which is not identically 0 and which is translation-invariant. Haar

measure is unique, up to a multiplicative positive constant. If G is compact, it is custo-

mary to normalize ωG so that ωG(G) = 1. If G is discrete, any set consisting of a single

point is assigned the measure 1. These requirements are of course a restriction if G is a

finite group, but this causes no difficulty.
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The characteristic function of a Radon probability measure µ on G is defined by the

formula

µ̂(ξ) =
\
G

〈x, ξ〉µ(dx) for each ξ ∈ G′.

The Bochner theorem states that a complex-valued function φ on G′ is the character-

istic function on G iff it is continuous, positive definite and φ(0) = 1.

1.6. Transformation groups. By a topological transformation group we mean a

triple (F, X, Θ), where F is a topological group, X is a metrizable space and Θ is a

continuous mapping from F × X into X such that

(i) Θ(f, Θ(h, x)) = Θ(fh, x) for all f, h ∈ F and x ∈ X ;

(ii) Θ(e, x) = x for each x ∈ X , where e is the identity of F .

The map Θ is called an action of F on X . The space X , together with a given action

Θ on F , is called an F -space. When Θ is understood from the context we shall often use

the notation f(x) or fx for Θ(f, x) so that (i) and (ii) become f(h(x)) = (fh)(x) and

e(x) = x. For C ⊂ F and A ⊂ X we put C(A) = {f(x) : f ∈ C, x ∈ A}. For f ∈ F

let Θf be the mapping from X into itself defined by Θf (x) = f(x) = Θ(f, x). Then

ΘfΘh = Θfh and Θe = IX , by (i) and (ii). Thus ΘfΘf−1 = Θf−1Θf = I for each f ∈ F ,

which shows that each Θf is a homeomorphism of X .

We shall now give some examples of actions.

Example 1.6.1. Let G be an Abelian metrizable group and F be a compact subgroup

of G. We define the action of F on G by f(x) = f + x for f ∈ F and x ∈ G.

Example 1.6.2. Let E be a linear metrizable space and F be a subgroup of Aut(E).

Then F acts on E \ {0}.

The following theorem will be useful in next chapters.

Theorem 1.6.1. Let Θ : F ×X → X be an action of a compact group F on X. Then

(i) Θ is a closed mapping;

(ii) F (A) is closed for each closed subset A of X ;

(iii) if C is a compact subset of X then F (C) is compact.

If X is an F -space and x ∈ X , then the set F (x) = {f(x) : f ∈ F} is called the orbit

of x (under F ). The orbits F (x) and F (y) of any two points x, y ∈ X are either equal or

disjoint.

We will denote by X/F the set of all orbits. Let π = πF : X → X/F denote the

canonical mapping. Then X/F endowed with the quotient topology is called the orbit

space of X (with respect to F ). Thus π is a continuous open mapping.

For actions of compact groups, the orbit space has the following properties.

Theorem 1.6.2. Let X be an F -space with F compact. Then

(i) X/F is metrizable;

(ii) πF is closed ;
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(iii) If C is compact subset of X/F then π−1
F (C) is compact ;

(iv) X is compact iff X/F is compact.

For the proof see, for example, [4].

1.7. Locally convex spaces. A topological linear space E is said to be locally convex

if it has a base of neighborhoods of 0 consisting of convex sets. A complete metrizable

locally convex space is called a Fréchet space.

Suppose that E is locally convex and metrizable and that (‖ · ‖n) is a sequence of

seminorms which defines the original topology T on E. Then T is also defined by the

F -norm

‖ · ‖ =

∞∑

n=1

2−n min(1, ‖ · ‖n).

The topological product
∏

i Ei of locally convex spaces is again locally convex. This

product is complete iff each Ei is complete. The topological product of metrizable locally

convex spaces is metrizable iff the product has finitely or countably many factors. The

topological product of countably many Fréchet spaces is again a Fréchet space.

The direct sum E =
⊕

i∈I Ei of the vector spaces Ei is defined to be the subspace

of
∏

i Ei consisting of those (xi) which have finitely many nonzero xi. We denote the

embedding from Ei into E by Ii. This mapping sends xi ∈ Ei to the element (xj) ∈ E

whose ith coordinate is xi, and other coordinates vanish.

The locally convex direct sum E =
⊕

i Ei of the locally convex spaces Ei is defined

to be the direct sum E of the spaces Ei equipped with the finest locally convex topology

T for which each embedding Ii from Ei into E is continuous. The locally convex direct

sum
⊕

i Ei of the locally convex spaces Ei is complete iff each Ei is complete.

Every locally convex space E is topologically isomorphic to a linear subspace Ê of

a topological product of Banach spaces. E is complete iff Ê is closed. If, further, E

is metrizable (separable) then Ê is a linear subspace of some topological product of

countably many Banach (separable) spaces.

The set of all continuous linear functionals on a locally convex space forms a vector

space. We call it the dual space E′ of E. If E is a locally convex space, then E and its

dual E′ form a dual pair 〈E, E′〉, when a bilinear form 〈·, ·〉 is defined by 〈x, x′〉 = x′(x)

for x ∈ E, x′ ∈ E′.

Suppose that a family of locally convex spaces (Ei) is given. The dual of the topological

product
∏

i Ei is algebraically isomorphic to the direct sum
⊕

i E′
i of the duals. The dual

of the locally convex direct sum
⊕

i Ei is algebraically isomorphic to the product
∏

i E′
i.

In the dual pairs 〈
∏

i Ei,
⊕

i E′
i〉 and 〈

⊕
i Ei,

∏
i E′

i〉 which arise in this way, the bilinear

form is given by 〈(xi), (x
′
i)〉 =

∑
i〈xi, x

′
i〉i for all (xi), (x

′
i), where xi ∈ Ei, x

′
i ∈ E and

〈·, ·〉i is a bilinear form on 〈Ei, E
′
i〉.

A subset T of E′ is called total if {x ∈ E : 〈x, x′〉 = 0 for all x′ ∈ T } = {0}. If E is a

metrizable separable locally convex space then E′ has a countable total subset.

If E is a locally convex space, the original topology T is finer than the weak topology

σ(E, E′) and coarser than the Mackey topology τ(E, E′). Moreover, if E is metrizable

then the original topology T coincides with the Mackey topology.
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We call a locally convex topology T1 on E1 compatible with the dual pair 〈E1, E2〉

when the dual space of E1 equipped with the topology T1 is E2.

Let 〈E1, E2〉 be a dual pair. The topology of uniform convergence on all weakly

bounded subsets of E2 is called the strong topology β(E1, E2) on E1. In the general

case the strong topology β(E1, E2) on E1 is not compatible, and has a larger dual space

than E2. We call the space E′ with the strong topology β(E′, E) the strong dual of E.

A closed absorbent absolutely convex subset of a locally convex space E is called a

barrel . If 〈E1, E2〉 is a dual pair then the barrels in E1 form a base of neighborhoods of 0

for the strong topology β(E1, E2) on E1. A locally convex space E is said to be barrelled

if the barrels form a base of neighborhoods of 0 for the original topology on E. Thus E

is barrelled iff the original topology on E coincides with the strong topology β(E1, E2).

Moreover, if E is barrelled then τ(E1, E2) = β(E1, E2). The topological product and the

locally convex direct sum of barrelled spaces are again barrelled. All Fréchet spaces are

barrelled.

Let E be a locally convex space. We call the dual of the strong dual E′ the bidual

space of E and denote it by E′′. A locally convex space E is said to be reflexive if E = E′′

and if the topology β(E′′, E′) coincides with the original topology on E. If E is reflexive

then the strong dual E′ is also reflexive.

A barrelled space E is called a Montel space if every bounded subset of E is relatively

compact. Every Montel space is reflexive. The strong dual of a Montel space E is again

a Montel space. The weak and the strong topology coincide on the bounded subset of

a Montel space. The topological product and the locally convex direct sum of Montel

spaces are again both Montel spaces.

A Fréchet space which is also a Montel space is called an FM-space. Every FM-space

is separable.

Let E and F be locally convex spaces. Suppose that E is the locally convex direct

sum of the locally convex spaces (Ei). Then

(i) A linear mapping A from E into F is continuous iff for every finite partial sum

E1 of (Ei) the restriction of A to E1 is continuous.

(ii) A bilinear mapping B from E × E into F is continuous iff for every finite partial

sum E1 of (Ei) the restriction of B to E1 × E1 is continuous.

Every continuous linear mapping A from a locally convex space E into a locally convex

space F is weakly continuous.

Suppose that two dual pairs 〈E1, E2〉 and 〈F1, F2〉 are given. Then E2 and F2 are

linear subspaces of the algebraic dual spaces E∗
1 and F ∗

1 , respectively. To every linear

mapping A from E1 into F1 there corresponds the adjoint mapping A′ from F ∗
1 into E∗

1 ,

defined by 〈Ax, y∗〉 = 〈x, A′y∗〉 for x ∈ E1 and y∗ ∈ F ∗
1 . In what follows, A′ will always

mean the restriction of A′ to F2 ⊂ F ∗
1 . A linear mapping from E1 into F1 is weakly

continuous iff A′ maps F2 into E2. A is weakly continuous iff A′ is. If a linear mapping

A from E1 into F1 is weakly continuous then the mapping (A′)′ adjoint to A′ is equal to

A, and so maps E1 into F1.

Let E be a Montel space and A a weakly continuous linear mapping from E into itself.

Then A is strongly continuous iff A′ is strongly continuous.
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1.8.The space R∞. The Cartesian power R∞ is a linear space over R if for (xn), (yn)

and λ ∈ R, addition and multiplication are defined by (xn) + (yn) = (xn + yn), λ(xn) =

(λxn).

Theorem 1.8.1. The space R∞ equipped with the product topology is an FM-space. The

product topology coincides with the topology defined by the sequence (pn) of seminorms

such that pn((xk)) = |xn| for all (xk) ∈ R∞ and n ∈ N.

We define the length of (xk) ∈ R∞ by

l((xk)) =

{
inf{n : xm = 0 for all m > n} if (xk) 6= 0,
0 if (xk) = 0.

Set R∞
0 = {(xk) ∈ R∞ : l((xk)) < ∞}.

Theorem 1.8.2. The space R∞
0 can be identified with the dual space of R∞, under the

duality 〈(xk), (yk)〉 =
∑∞

k=1 xkyk for all (xk) ∈ R∞, (yk) ∈ R∞
0 .

The proof is obvious.

Theorem 1.8.3. The space R∞
0 equipped with the strong topology β(R∞

0 , R∞) is a

locally convex direct sum. The strong topology β(R∞
0 , R∞) coincides with the Mackey

topology τ(R∞
0 , R∞). Moreover , R∞

0 is a Montel space.

Corollary 1.8.4. (i) If A is a linear mapping from R∞
0 into a locally convex space

E then A is continuous.

(ii) If B is a real bilinear form on R∞
0 × R∞

0 then B is continuous.

(iii) If A is a linear mapping from R∞
0 into itself then the adjoint mapping A′ from

R∞ into itself is continuous.

Let εn be the element of R∞ whose nth coordinate is equal to 1, and all other coor-

dinates vanish.

We now state some lemmata.

Lemma 1.8.5. The sequence (εn) is a Schauder basis of R∞ and a Hamel basis of

R∞
0 . Moreover , 〈εn, εm〉 = δn,m for all n, m ∈ N.

Lemma 1.8.6. Let (e′n) and (f ′

n
) be Hamel bases of R∞

0 . Then the linear mapping A

from R∞
0 into itself defined by the formula Ae′n = f ′

n
, for each n ∈ N, is a topological

automorphism of the locally convex space R∞
0 .

Lemma 1.8.7. If (e′n) is a Hamel basis of R∞
0 then there exists exactly one Schauder

basis (en) of R∞ with 〈en, e′m) = δn,m for all n, m ∈ N.

P r o o f. By Lemma 1.8.6 there exists a topological automorphism A of R∞
0 such that

Ae′n = εn for all n ∈ N. Let en = A′εn. Since A′ is a topological automorphism of R∞

we conclude that (en) is a Schauder basis of R∞. Clearly,

〈en, e′m〉 = 〈A′εn, e′m〉 = 〈εn, Ae′m〉 = 〈εn, εm〉 = δn,m.

The rest of the assertion can be proved in a similar way.

Lemma 1.8.8. Let E be a metrizable separable locally convex space. Then there exists

a continuous injective linear mapping T from E into R∞. Moreover , if F is a σ-compact
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subspace of E then T (F ) is σ-compact and the mapping (T |F )−1 from T (F ) onto F is

Borel-measurable.

P r o o f. Let (x′
n) be a total sequence of continuous linear functionals defined on E.

Thus the mapping T from E into R∞ defined by T (x) = (〈x, x′
n〉 for x ∈ E is continuous

linear injective.

II. Basic properties of probability measures

2.1. Probability measures on metrizable spaces. Let X be a metrizable space.

We denote by Bo(X) the smallest σ-field of subsets of X which contains all open subsets

of X . Bo(X) is called the Borel σ-field of X and elements of Bo(X) are called Borel sets .

By a finite positive measure µ on X we shall understand a finite positive measure on

Bo(X). A positive finite measure µ on X is said to be Radon if for each ε > 0 there exists

a compact subset K of X such that µ(X \ K) < ε.

The collection of positive finite Radon measures on a metrizable space X will be

abbreviated by M+(X). We will denote by M1(X) the set of all probability Radon

measures on X .

Given two metrizable spaces X and Y , µ ∈ M1(X), A ∈ Bo(X) with µ(X \ A) = 0

and a Borel-measurable mapping f from A into Y , we denote by f(µ) the measure on Y

defined by f(µ)(B) = µ(f−1(B)) for B ∈ Bo(Y ).

Lemma 2.1.1. Let µ be a probability measure on a metrizable space X. If µ(Z) = 1

for some σ-compact subset Z of X then µ ∈ M1(X).

We define the support supp(µ) of any positive finite measure µ on a metrizable space X

as the complement of the union of all open subsets U of X with µ(U) = 0. If µ ∈ M+(X)

then supp(µ) is separable and µ(supp(µ)) = µ(X).

For any element x of a metrizable space X we denote by δx the probability measure

concentrated at x.

We denote by µt ⇒ µ the weak convergence of a net (µt) of positive finite measures

on a metrizable space X to a positive finite measure µ on X .

Theorem 2.1.2. Let X and Y be metrizable spaces , f a Borel-measurable mapping

from X into Y and µ ∈ M+(X). Then f(µ) ∈ M+(Y ).

P r o o f. This follows immediately from Proposition 1.1.11 of [26] together with The-

orem I.1.5 of [20].

Let X and Y be two metrizable spaces, µ ∈ M+(Y ) and f be a Borel-measurable

mapping from X into Y with µ∗(Y \ f(X)) = 0. A Borel subset A of X is said to be a

µ-cross-section for the mapping f if

(i) f(A) is a Borel subset of Y ;

(ii) the mapping f |A from A onto f(A) is a Borel isomorphism;

(iii) µ(Y \ f(A)) = 0.
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2.2. Probability measures on transformation groups

Lemma 2.2.1. Let X be an F -space with F compact and let K be a compact subset

of X. Then there exists a Borel subset B of K such that

(i) πF (B) = πF (K);

(ii) the mapping πF |B from B onto f(B) is a Borel isomorphism.

P r o o f. Since X/F is a metrizable spaces and πF (K) is a compact subset of X/F ,

Theorem 1.4.1 of [16] proves the lemma.

Theorem 2.2.2. Let X be an F-space with F compact and let µ ∈ M1(X/F ). Then

there exists a µ-cross-section for the canonical mapping πF .

P r o o f. An easy computation shows that there exists a sequence (Cn) of compact

subsets of X/F such that Cn∩Ck = ∅ for n 6= k and µ(
⋃∞

n=1 Cn) = 1. Put Kn = π−1
F (Cn).

By Theorem 1.6.2, Kn is compact for each n ∈ N. Moreover,

(a) Kn ∩ Kk = ∅ for n 6= k;

(b) πF (Kn) = Cn;

(c) F (Kn) = Kn.

Lemma 2.2.1 now implies that for every positive integer n there exists a Borel subset

Bn of Kn with

(d) πF (Bn) = Kn;

(e) the mapping πF |Bn
from Bn onto πF (Kn) is a Borel isomorphism.

Hence,
⋃∞

n=1 Bn is a µ-cross-section for the canonical mapping πF .

Let X be an F -space with F compact. A measure µ∈M1(X) is said to be F -invariant

if f(µ) = µ for each f ∈ F . We denote by M1
F (X) the set of all Radon probability

F -invariant measures on X .

Theorem 2.2.3. Let X be an F -space with F compact and µ ∈ M1
F (X). Let B be a

µ-cross-section for the canonical mapping πF . Then

µ = (Θ|F×B)(ωF ⊗ φB(µ)),

where ωF is the Haar measure of F and φB is the mapping from F (B) onto B defined

by φB = (πF |B)−1(πF |F (B)). Moreover , for each A ∈ Bo(X),

µ(A) =
\
B

[\
F

IA(Θ(f, x))ωF (df)
]
φB(µ)(dx)

=
\

πF (B)

[\
F

IA(Θ(f, (π|B)−1z))ωF (df)
]
πF (µ)(dx).

R e m a r k. φB(µ)(A) = µ(F (A)) for all A ∈ Bo(B).

P r o o f o f T h e o r e m 2.2.3. Let A be a Borel subset of F (B). Since for each

x ∈ F (B), \
F

IA(Θ(f, x))ωF (df) =
\
F

IA(Θ(f, φB(x)))ωF (df)
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we conclude that

µ(A) = f(µ)(A) =
\
F

µ(Θ−1
f (A))ωF (df)

=
\
F

[ \
X

IA(Θ(f, x))µ(dx)
]
ωF (df)

=
\

F (B)

[\
F

IA(Θ(f, φB(x)))ωF (df)
]
µ(dx)

=
\
B

[\
F

IA(Θ(f, x))ωF (df)
]
φB(µ)(dx).

Hence, µ = (Θ|F×B)(ωF ⊗ φB(µ)).

The next two corollaries follow immediately from Theorem 2.2.3.

Corollary 2.2.4. Let µ1, µ2 ∈ M+
F (X). Then µ1 = µ2 iff πF (µ1) = πF (µ2).

Corollary 2.2.5. Let µ ∈ M1(X). Then µ ∈ M1
F (X) iff there exists ν ∈ M1(X)

such that

µ(A) =
\
X

[\
F

IA(Θ(f, x))ωF (df)
]
ν(dx) for each A ∈ Bo(X).

Corollary 2.2.6. Let ν ∈ M1(X/F ). Then there exists µ ∈ M1
F (X) with πF (µ) = ν.

P r o o f. Let B be a µ-cross-section for the canonical mapping πF and let µ be the

measure defined by

µ(A) =
\
C

[\
F

IA(Θ(f, (πF |B)−1x))ωF (df)
]
ν(dx) for A ∈ Bo(X),

where C = πF (B). It is easy to see that µ ∈ M1
F (X).

Theorem 2.2.7. Let X be an F-space with F compact and (Fn) be a sequence of

compact subgroups of F such that Fn ⊂ Fn+1 and F ⊂
⋃∞

n=1 Fn. Assume that (µn) is

a sequence in M1(X) with µn ∈ M1
Fn

(X) for each n ∈ N. If πF (µn) ⇒ ν for some

ν ∈ M1(X/F ) then there exists µ ∈ M1(X) such that

(i) µn ⇒ µ;

(ii) πF (µ) = ν.

P r o o f. Theorem A.III.8 of [3] implies that the sequence (πF (µn)) is uniformly tight.

Hence, by Theorem 1.6.2 the sequence (µn) is uniformly tight. Let λ be a cluster point

of (µn). Clearly, λ ∈ M1
F (X). Application of Corollary 2.2.4 shows that µn ⇒ λ.

Corollary 2.2.8. The mapping M1
F (X) ∋ µ → πF (µ) ∈ M1(X/F ) is a homeomor-

phism.

Let X be an F -space and D be a subset of F . A subset A of X is said to be invariant

under D if D(A) = A.

Lemma 2.2.9. Let X be a compact F -space with F compact. Suppose that a Borel

subset Y of X is invariant under F . Then πF (Y ) is a Borel subset of X/F .
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P r o o f. By Lemma 2.2.1 there exists Z ∈ Bo(X) such that πF (Z) = X/F and

πF |Z : Z → X/F is a Borel isomorphism. Clearly, πF (Y ) = πF (Y ∩ Z).

Theorem 2.2.10. Let X be an F -space with F compact and H be a compact subgroup

of F . Let ν ∈ M1(X/F ). Assume that a Borel subset Y of X has the following properties :

(i) Y is invariant under H ;

(ii) ν∗(πF (Y )) = 1;

(iii) for all y1, y2 ∈ Y , if F (y1) = F (y2) then H(y1) = H(y2).

Then there exists µ ∈ M1
H(X) such that πF (µ) = ν and µ(Y ) = 1.

P r o o f. By assumption there exists a sequence (Cn) of compact subsets of πF (Y )

such that Cn ∩ Cm = ∅ for n 6= m and ν(
⋃∞

n=1 Cn) = 1.

Let Kn = π−1
F (Cn) and Yn = Kn∩Y . Then (Kn) and (Yn) are two sequences of Borel

subsets of X such that

(a) Kn is compact;

(b) Kn ∩ Km = ∅ for n 6= m;

(c) Kn is invariant under F ;

(d) Yn ⊂ Kn;

(e) πF (Kn) = πF (Yn) = Cn;

(f) Yn is invariant under H .

Let πn be the canonical mapping from Kn onto Kn/H . The property (f), together

with Lemma 2.2.9, yields πn(Yn) = Yn/H ∈ Bo(Kn/H).

We define the mapping φn from Yn/H onto πF (Yn) by the formula φn(H(y)) = F (y)

for each y ∈ Y . By property (iii), φn is bijective. Since φn(πn|Yn
) = πF |Yn

we conclude

that φn is continuous. Hence, by Lemma 1.3.1(iii) of [16], φ−1
n is Borel-measurable.

Set Y0 =
⋃∞

n=1 Yn. Then Y0 is invariant under H , Y0 ⊂ Y and ν(πF (Y0)) = 1. Let φ0

be the mapping from Y0/H onto πF (Y0) such that φ0|Yn/H = φn for each n ∈ N. Then φ0

is a Borel isomorphism. Put λ = (φ−1
0 )(ν). It is easy to see that λ ∈ M1(Y/H), Y0/H ∈

Bo(Y/H) and λ(Y0/H) = 1. According to Corollary 2.2.6 there is µ ∈ M1
H(Y ) such that

πH(µ) = λ. Clearly, πF (µ) = ν.

2.3. Probability measures on Abelian metrizable groups. Let G be an Abelian

metrizable group. For any not necessarily bounded Borel measure µ on G we denote by

µ the measure defined by µ(A) = µ(−A) for A ∈ Bo(G).

Let µ ∈ M+(G). The measure µs = µ ∗ µ is called the symmetrization of µ.

We now state some lemmata.

Lemma 2.3.1. Let G be an Abelian metrizable group, F a subgroup of G and µ ∈

M1(G) with µ∗(F ) = 1. Then there exists a σ-compact subgroup H of F with µ(H) = 1.

Lemma 2.3.2. Let G be an Abelian metrizable group, µ ∈ M1(G) and let (Hn) be a

sequence of Borel subgroups of G. Assume that for each n ∈ N there exists xn ∈ G such

that µ(Hn + xn) = 1. Then

(i) if x ∈ G then µ(H1 + x) = 1 iff x − x1 ∈ H1;

(ii)
⋂∞

n=1(Hn + xn) =
⋂∞

n=1 Hn + x for each x ∈
⋂∞

n=1(Hn + xn);
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(iii) µ(
⋂∞

n=1(Hn + xn)) = 1.

The proof is immediate and thus is omitted.

Lemma 2.3.3. Let G be an Abelian metrizable group and µ, µ1, µ2 ∈ M1(G) such that

µ = µ1 ∗ µ2. Assume that µ(H) = 1 for a Borel subgroup H of G. Then

(i) if µ1 ∗ δx(H) = 1 for some x ∈ H then µ2 ∗ δ−x(H) = 1;

(ii) if µ1(H) = 1 then µ2(H) = 1;

(iii) there is an x ∈ G such that µ1 ∗ δx(H) = µ2 ∗ δ−x(H) = 1;

(iv) if µ1 = νs for some ν ∈ M1(G) then µ1(H) = µ2(H) = 1.

P r o o f. (i) Since µ1(H − x) = 1 we conclude that

1 = µ(H) =
\

H−x

µ2(H − y)µ1(dy) = µ2(H + x).

(ii) is obvious.

(iii) The equality 1 = µ(H) =
T
G

µ1(H − y)µ2(dy) implies

(1)
\
G

[1 − µ1(H − y)] µ2(dy) = 0.

Since 1 − µ1(H − y) ≥ 0 for every x ∈ G, (1) shows that µ1(H − y) = 1 µ2-a.s. Hence,

there is x ∈ G with µ1(H − x) = 1.

(iv) The statement (iii) implies ν(H − x) = 1 for some x ∈ G, hence µ1(H) = 1.

Application of (ii) completes the proof of the lemma.

Let G be an Abelian metrizable group. With every µ ∈ M1(G) one associates the

system Fµ of all closed subgroups F of G for which exists an element xF of G with the

property that µ(F + xF ) = 1. It is easy to verify that

(i) supp(µ) ⊂ F + xF ;

(ii) F ∈ Fµ iff supp(µs) ⊂ F ;

(iii)
⋂
Fµ ∈ Fµ.

The closed subgroup
⋂

Fµ is called the reduced group support of the measure µ. We

write suppg(µ) =
⋂

Fµ. A measure µ ∈ M1(G) is called full if suppg(µ) = G.

Corollary 2.3.4. Let µ ∈ M1(G). Then

(i) suppg(µ) is separable;

(ii) suppg(µ) = suppg(µ
s) = suppg(µ ∗ δx) for each x ∈ G.

Let G be an Abelian metrizable group and µ ∈ M1(G). We denote by Gµ = G(µ) the

family of all Borel subgroups F of G with µs(F ) = 1.

Lemma 2.3.5. Let G be an Abelian metrizable group and µ ∈ M1(G). Then

(i) there exists a σ-compact group F ∈ Gµ;

(ii) if F ∈ Gµ then suppg(µ) ⊂ F ;

(iii) if
⋂
Gµ = {suppg(µ)} then suppg(µ) is σ-compact ;

(iv) if
⋂
Gµ = {suppg(µ)} and suppg(µ) is complete then suppg(µ) is a LCA group.
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Lemma 2.3.6. Let G be an Abelian metrizable group and X be an arbitrary nonempty

subset of G. Let (µn) be a sequence in M1(G) and µ ∈ M1(G). Then the following

conditions are equivalent :

(i) there exists a sequence (xn) in X such that µn ∗ δxn
⇒ µ as n → ∞;

(ii) every increasing sequence of positive integers contains a subsequence (nk) such

that µnk
∗ δyk

⇒ µ as k → ∞ for some sequence (yk) in X.

Theorem 2.3.7. Let G be an Abelian metrizable group and (µn) and (νn) be two

sequences in M1(G) with

(2) µn = µn+1 ∗ νn for n ∈ N ∪ {0}.

Then the following statements are satisfied :

1. There exist two sequences (xn), (yn) in G and λ, η ∈ M1(G) such that

(i) µn ∗ δxn
⇒ λ as n → ∞;

(ii) *
n
k=0 νk ∗ δyn

⇒ η as n → ∞;

(iii) µ0 = λ ∗ η;

(iv) xn + yn ∈ I(µ0).

2. If µn ⇒ λ for some measure λ ∈ M1(G) then there exist a measure η in M1(G)

and a sequence (xn) in I(µ0) such that

(i) *
n
k=0 νk ∗ δxn

⇒ η as n → ∞;

(ii) µ0 = λ ∗ η.

The proof of the theorem is prepared by two lemmata.

Lemma 2.3.8. Let (µn) be a sequence in M1(G) weakly converging to a probability

measure µ on G. Assume that (µn) is shift uniformly tight. Then (µn) is uniformly tight

and µ ∈ M1(G).

P r o o f. Since (µs
n) is uniformly tight we conclude that µs ∈ M1(G) and finally

µ ∈ M1(G). Hence, by Theorem A.III.8 of [3], (µn) is uniformly tight.

Lemma 2.3.9. Let G be an Abelian metrizable group and (µn) be a sequence in M1(G).

Then either sup{(*
n
k=1 µk)(K + x) : x ∈ G} → 0 as n → ∞ for every compact subset

K of G, or there exists a sequence (xn) in G such that for each positive integer k there

exists a measure λk in M1(G) such that *
n
i=k µi ∗ δxn

⇒ λk as n → ∞.

P r o o f. See [21].

P r o o f o f T h e o r e m 2.3.7. Since µ0 = µn+1 ∗ *
n
k=0 νk for each positive integer,

we conclude that the sequence (*
n
k=0 νk) is shift uniformly tight. Hence, by Lemma 2.3.9

there exist a measure η in M1(G) and a sequence (yn) in G such that *
n
k=0 νk ∗ δyn

⇒ η

as n → ∞. Clearly, (µn ∗ δ−yn
) is uniformly tight.

We now show 1. Put µ′
n = µn ∗ δ−yn

. Let λ1 and λ2 be cluster points of (µ′
n). It is

easy to see that there exist two increasing sequences (nk) and (mk) of positive integers

such that mk−1 < nk ≤ mk, µ′
nk

⇒ λ1 and µ′
mk

⇒ λ2.
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By (2) there are ̺1, ̺2 ∈ M1(G) with λ1 = λ2 ∗ ̺1 and λ2 = λ1 ∗ ̺2. Hence, by

Theorem 3.5.2 of [16], λ1 = λ2 ∗ δx for some x ∈ I(µ0). Application of Lemma 2.3.6

proves 1.

2. Lemma 2.3.8 implies that (µn) is uniformly tight. By Theorem 3.2.1 of [16], (yn)

is conditionally compact. Let y0 be a cluster point of (yn). An easy computation shows

that there exists a sequence (xn) in I(µ0) such that limn→∞(yn − xn) = 0. The rest of

the proof is clear.

Lemma 2.3.10. Let G be an Abelian metrizable group, F a compact subgroup of G and

µ ∈ M1(G). Assume that A is a subset of G such that

(i) A + F = A;

(ii) µ∗(A) = 1.

Then there exists a µ-cross-section B for the canonical mapping πF such that B ⊂ A.

P r o o f. Since µ∗(A) = 1 we conclude that there exists a Borel subset X of G such that

X + F = X and µ(X) = 1. Thus the compact group F acts on X through translation.

Hence, by Theorem 2.2.2 there is a µ-cross-section B for πF such that B ⊂ A.

Let G be an Abelian metrizable group. A measure µ∈M1(G) is called weakly infinitely

divisible if for every positive integers n there exist a measure µn ∈ M1(G) and xn ∈ G

such that µ = µ∗n
n ∗ δxn

. The set of all weakly infinitely divisible measures in M1(G) will

be denoted by I0(G). Obviously, I0(G) is a closed subsemigroup of M1(G).

A measure µ ∈ M1(G) is called infinitely divisible if for every positive integer n there

exists a measure µn ∈ M1(G) such that µ = µ∗n
n . The collection of all infinitely divisible

measures in M1(G) will be denoted by I(G). Of course, I(G) is a subsemigroup of I0(G).

Let G be an Abelian metrizable group. If N is any bounded nonnegative Radon

measure on G, the measure e(N) is defined as follows:

e(N) = exp(−N(G))
∞∑

k=0

1

k!
N∗k,

where N∗0 = δ0. Clearly, e(N) ∈ M1(G). The measure e(N) is called a Poisson measure.

Let M be a not necessarily bounded Borel measure on G vanishing at 0. If there exists

a representation M = sup Mn, where (Mn) is a sequence of bounded Radon measures

and the sequence (e(Mn)) of the associated Poisson measures is shift uniformly tight,

then each cluster point of the sequence (e(Mn) ∗ δxn
) (xn ∈ G) is called a generalized

Poisson measure and denoted by ẽ(M). Clearly, ẽ(M) ∈ M1(G) and ẽ(M) is uniquely

determined up to translation, i.e. for any two cluster points, say µ1 and µ2 of (e(Mn)∗δxn
)

and (e(M ′
n) ∗ δyn

) respectively, we have µ1 = µ2 ∗ δx for some x ∈ G ([22], p. 313). In the

sequel, the measure M will be called a Lévy measure.

Lemma 2.3.11. Let G be an Abelian metrizable group and µ ∈ M1(G) be a generalized

Poisson measure. Then µ ∈ I0(G).

Lemma 2.3.12. Let G be an Abelian metrizable group and ẽ(M) be a generalized Po-

isson measure on G. Suppose that F be a Borel subgroup of G such that ẽ(M)s(F ) = 1.

Then M(G \ F ) = 0.
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P r o o f. Putting N = M + M , we obtain ẽ(M)s = ẽ(N). Let (Un) be the decreasing

sequence of open neighborhoods of 0 in G with
⋂∞

n=1 Un = {0}. Set Mn(A) = N(A∩Un)

and Nn(A) = N(A ∩ (G \ Un)) for n ∈ N and A ∈ Bo(G). Since e(Nn)(F ) = 1 we

conclude that Nn(G) = Nn(F ), which implies N((G \ F ) ∩ (G \ Un)) = 0, and finally

(M + M)(G \ F ) = 0.

Let G be an Abelian metrizable group. A measure µ ∈ M1(G) is called a Gaussian

measure in the sense of Parthasarathy (P -Gaussian) if

(i) µ ∈ I0(G);

(ii) for any factorization of µ of the form µ = e(M) ∗ λ with M ∈ M+(G) and

λ ∈ I0(G) one has M = cδ0 for some c ∈ R+.

The class of all P -Gaussian measures in M1(G) will be abbreviated by ΓP (G).

Let G be an Abelian metrizable group and let η be the mapping from G×G into itself

defined by η(x, y) = (x + y, x − y) for x, y ∈ G. A measure µ ∈ M1(G) is said to be a

Gaussian measure in the sense of Bernstein (B-Gaussian) if η(µ⊗µ) = (µ ∗µ)⊗ (µ ∗µ).

The class of all B-Gaussian measures on G will be denoted by ΓB(G).

2.4. Invariant subgroups of probability measures. Let G be an Abelian metri-

zable group. For every µ ∈ M1(G) we define the invariant subgroup

I(µ) = {x ∈ G : µ = µ ∗ δx}.

Lemma 2.4.1. Let G be an Abelian metrizable group and µ, ν ∈ M1(G). Then

(i) I(µ) is compact ;

(ii) I(µ) = I(µ ∗ δx) for every x ∈ G;

(iii) µ ∗ ν = µ iff supp(ν) ⊂ I(µ);

(iv) if F ∈ Gµ then I(µ) ⊂ F .

P r o o f. (i) See Theorem 1.2.4 of [11].

(iii) See Theorem 1.2.7 of [11].

(iv) Without loss of generality we may assume that µ(F ) = 1. If x ∈ I(µ) then

µ(F − x) = 1. Lemma 2.3.2(ii) now implies that x ∈ F .

Lemma 2.4.2. Let G be an Abelian metrizable group and µ, µ1, µ2 ∈ M1(G) such that

µ = µ1 ∗ µ2. Then

(i) I(µ1) ⊂ I(µ);

(ii) if there exist Borel subgroups G1 and G2 of G with G1∩G2 = {0} and µi(Gi) = 1

for i = 1, 2 then I(µ) = I(µ1) ⊕ I(µ2).

Let G be an Abelian metrizable group. A measure µ ∈ M1(G) is said to be a measure

without idempotent factors if I(µ) = {0}. The class of all measures without idempotent

factors is denoted by M1
0 (G).

An Abelian metrizable group G is called aperiodic if the only compact subgroup of G

is {0}.

R e m a r k. We note that every aperiodic Abelian topological group (with a countable

basis) is a subgroup of a (finite-dimensional) topological linear space.
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The following fact is an immediate consequence of the definition of an aperiodic

Abelian group.

Corollary 2.4.3. If G is an aperiodic Abelian group then M1(G) = M1
0 (G).

Lemma 2.4.4. ΓP (G) ⊂ M1
0 (G).

P r o o f. See Remark 5.2.2 of [11].

Lemma 2.4.5. Let G be an Abelian metrizable group and (µi)i∈I be a net in M1(G)

such that

(i) µi is symmetric;

(ii) (µi)i∈I is uniformly tight ;

(iii) for all i1, i2 ∈ I with i1 ≤ i2 there exists a symmetric measure λi1,i2 ∈ M1(G)

such that µi1 = µi2 ∗ λi1,i2 ;

(iv) µi ∈ M1
0 (G) for some i ∈ I.

Then there exists a symmetric measure µ ∈ M1
0 (G) such that µi ⇒ µ.

P r o o f. Let µ1 and µ2 be any two cluster points of (µi)i∈I . By (iv), I(µ1) = I(µ2) =

{0}. From (iii) we conclude that there exist two symmetric measures ν1, ν2 in M1(G)

such that µ1 = µ2 ∗ ν1 and µ2 = µ1 ∗ ν2. Hence, by Lemma 2.4.1(iii), ν1 ∗ ν2 = δ0. Since

ν1 and ν2 are symmetric we see that µ1 = µ2.

Lemma 2.4.6. Let G be an Abelian metrizable group, µ ∈ M1
0 (G) and let (νn) be

a sequence in M1(G). Suppose that there exist an increasing sequence (kn) of positive

integers and (xn) ⊂ G such that ν∗kn
n ∗ δxn

⇒ µ. Then νs
n ⇒ δ0.

Lemma 2.4.7. Let G be an Abelian metrizable group, µ ∈ M1(G) and F be a compact

subgroup of I(µ). Then

(i) F acts on G through the translation θ : F × G → G defined by θ(f, x) = θf (x) =

f + x for f ∈ F and x ∈ G;

(ii) µ is θf -invariant for each f ∈ F ;

(iii) πF (I(µ)) = I(πF (µ)).

P r o o f. We only prove (iii). Let x∈I(µ). Since µ = µ ∗ δx we conclude that πF (µ) =

πF (µ ∗ δx) = πF (µ) ∗ δπF (x). Hence, πF (x) ∈ I(πF (µ)).

Let y ∈ I(πF (µ)). This implies that there exists x ∈ G such that πF (x) = y. Since

πF (µ) = πF (µ) ∗ δy = πF (µ ∗ δx), Corollary 2.2.4 implies that µ = µ ∗ δx.

Theorem 2.4.8. Let G be an Abelian metrizable group, µ ∈ M1(G) and F be a compact

subgroup of I(µ). Assume that B is a µ-cross-section for the canonical mapping πF . Then

(i) µ = ωF ∗ ν, where ν is the probability measure defined by

ν(A) = ((πF |B)−1πF )(µ)(A ∩ B) for A ∈ Bo(G);

(ii) if F = I(µ) then ν ∈ M1
0 (G).
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P r o o f. (i) follows by Theorem 2.2.3.

(ii) Let x ∈ I(ν). Since ν(B) = ν(B − x), we conclude that B ∩ (B − x) 6= ∅, which

implies that there is z ∈ B such that z−x ∈ B. Clearly, z + I(µ) = (z −x)+ I(µ). Since

z, z − x ∈ B ∩ (z + I(µ)), we obtain z = z + x. In particular, I(ν) = {0}.

Theorem 2.4.9. Let G be an Abelian metrizable group, F be a compact subgroup of

G and ν ∈ M1(G/F ). Assume that there exists a Borel subgroup G0 of G such that

(i) G0 ∩ F is compact ;

(ii) ν∗(πF (G0)) = 1.

Then there exists µ ∈ M1(G) such that

(a) πF (µ) = ν;

(b) µ(G0) = 1;

(c) G0 ∩ F ⊂ I(µ) ⊂ G0 ∩ π−1
F (I(ν));

(d) if ν ∈ M1
0 (G/F ) then I(µ) = G0 ∩ F .

P r o o f. By Theorem 2.2.10, there exists µ ∈ M1(G) satisfying (a) and (b). Lemma

2.4.7(iii) implies πF (I(µ)) = I(ν). Hence, I(µ) ⊂ π−1
F (I(ν)). Clearly, I(µ) ⊂ G0.

Theorem 2.4.10. Let G be an Abelian metrizable group and µ ∈ M1(G). Let (νn)

be a sequence in M1(G/I(µ)) such that πI(µ)(µ) = *
∞
n=1 νn. Assume that there exists a

sequence (G0) of Borel subgroups of G such that

(i) Gn ∩ G is compact ;

(ii) (νn)∗(πI(µ)(Gn)) = 1;

(iii) I(µ) =
⋃∞

n=1(G1 ∩ I(µ) + . . . + Gn ∩ I(µ)).

Then there exists a sequence (µn) in M1(G) such that

(a) πI(µ)(µn) = νn;

(b) µn(Gn) = 1;

(c) I(µn) = Gn ∩ I(µ);

(d) µ = *
∞
n=1 µn.

P r o o f. By Theorem 2.4.9, for each n ∈ N there exists µn ∈ M1(G) such that

(1) πI(µ)(µn) = νn;

(2) µn(Gn) = 1;

(3) Gn ∩ I(µ) ⊂ I(µn).

Since G1 ∩ I(µ) + . . . + Gn ∩ I(µ) ⊂ I(*
∞
k=1 µk) and πI(µ)(*

∞
k=1 µk) ⇒ πI(µ)(µ), Theorem

2.2.7 implies that µ = *
∞
n=1 µn. We observe that I(µn) ⊂ I(µ) ∩ Gn and hence I(µn) =

I(µ) ∩ G.

Corollary 2.4.11. Let G be an Abelian metrizable group and µ ∈ M1(G). Then

(i) µ ∈ I0(G) iff πI(µ)(µ) ∈ I0(G/I(µ));

(ii) µ ∈ I(G) iff πI(µ)(µ) ∈ I(G/I(µ)).
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III. Borel decomposability semigroups of probability measures

3.1. Additive measurable operators in Abelian metrizable groups. Let G

be an Abelian metrizable group and µ ∈ M1(G). An algebraic additive operator A in G

is called an additive measurable operator in G (or simply a measurable operator) if

(i) D(A) ∈ Bo(G);

(ii) A is Borel-measurable;

(iii) µ(D(A) + x0) = 1 for some x0 ∈ G.

We denote by Add(G; µ) the set of all additive measurable operators in G.

Corollary 3.1.1. A(µ ∗ δ−x0) ∈ M1(G).

The proof is a direct application of Theorem 2.1.2.

We now state some lemmata.

Lemma 3.1.2. Let G be an Abelian metrizable group, µ ∈ M1(G) and A ∈ Add(G; µ).

Let x0 be an element G with µ(D(G) + x0) = 1. Then µ(D(G) + y) = 1 for some y ∈ G

iff x0 − y ∈ D(A).

Lemma 3.1.3. Let G be an Abelian metrizable group, µ ∈ M1(G) and A, B ∈

Add(G; µ). Then

(i) A + B ∈ Add(G; µ);

(ii) −A ∈ Add(G; µ);

(iii) AB ∈ Add(G; µ) iff µs(B−1(D(A))) = 1.

Lemma 3.1.4. Let G be an Abelian metrizable group, µ ∈ M1(G) and A ∈ Add(G; µ).

Then

(i) I(µ) ⊂ D(A);

(ii) A(I(µ)) ⊂ I(A(µ ∗ δ−x0)) for all x0 ∈ G with µ(D(A) + x0) = 1;

(iii) A|I(µ) is continuous.

P r o o f. (i) follows from Lemma 2.4.1(iv).

(ii) Let µ ∈ A(I(µ)). Clearly, there exists z ∈ I(µ) with Az = y. Since µ ∗ δ−x0 =

µ ∗ δ−x0 ∗ δz, we see that A(µ ∗ δ−x0) = A(µ ∗ δ−x0) ∗ δy, and thus y ∈ I(A(µ ∗ δ−x0)).

Let G be an Abelian metrizable group and µ ∈ M1(G). A Borel subgroup F of G

is said to be a subdomain of an operator A ∈ Add(G; µ) if F ⊂ D(A) and there exists

x ∈ G such that µ(F + x) = 1.

Corollary 3.1.5. A Borel subgroup F of G with F ⊂ D(A) is a subdomain of A iff

µs(F ) = 1.

Corollary 3.1.6. If A ∈ Add(G; µ) and F is a subdomain of A then A|F ∈ Add(G; µ).

A Borel subgroup F of G is said to be a common subdomain of a family A in Add(G; µ)

if F is the subdomain of A for each A ∈ A.

Corollary 3.1.7. If A is a countable family in Add(G; µ) then A has a common

subdomain.
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Theorem 3.1.8. Let G be an Abelian metrizable group, µ be a measure in M1(G) and

A, B ∈ Add(G; µ). Then the following conditions are equivalent :

(i) there is an element x0 in G such that A = B µ ∗ δ−x0-a.s.;

(ii) A = B µs-a.s.;

(iii) there exists a common subdomain F of A and B such that Ax = Bx for each

x ∈ F .

P r o o f. (i)⇒(ii) and (iii)⇒(i) are evident.

(i)⇒(iii). By assumption, there is X ∈ Bo(G) such that µ∗δ−x0(X) = 1 and Ax = Bx

for all x ∈ X . An easy computation shows that there exists a common subdomain F of

A and B such that A|F = B|F .

Corollary 3.1.9. Let A, B ∈ Add(G; µ) such that A = B µ ∗ δ−x0-a.s. for some

x0 ∈ G. Then A(µ ∗ δ−x0) = B(µ ∗ δ−x0).

Corollary 3.1.10. The relation “A = B µs-a.s. for A, B ∈ Add(G; µ)” is an equiva-

lence relation in Add(G; µ).

R e m a r k. Add(G; µ) denotes the set of all additive Borel-measurable operators in G.

At the same time the elements of Add(G; µ) are understood as equivalence classes of the

relation “equality µs-a.s.”, but this should not lead to any confusion.

Lemma 3.1.11. Let G be an Abelian metrizable group with a metric ̺ and µ ∈ M1(G).

Define

d(A, B) =
\

D(A)∩D(B)

̺(Ax, Bx)

1 + ̺(Ax, Bx)
µs(dx)

for A, B ∈ Add(G; µ). Then d is a metric in Add(G; µ).

Theorem 3.1.12. Let G be an Abelian metrizable group and µ ∈ M1(G; µ). Assume

that A ∈ Add(G; µ) and (An) is a sequence in Add(G; µ). Then the following conditions

are equivalent :

(i) An → A in d;

(ii) An → A in µs;

(iii) for every increasing sequence (nm) of positive integers there exist a subsequence

(nk) of (nm) and a common subdomain F of A and (Ank
) such that Ank

x → Ax for each

x ∈ F .

P r o o f. (i)⇔(ii) follows immediately.

(ii)⇒(iii). Let (nm) be an increasing sequence of positive integers. Then there exists

a subsequence (nk) of (nm) such that Ank
→ A µs-a.s. Hence, there exists a common

subdomain F of (Ank
) and A such that Ank

x → Ax as k → ∞, for all x ∈ F .

(iii)⇒(ii) is obvious.

Let G be an Abelian metrizable group and µ ∈ M1(G). A Borel subgroup F of G is

said to be

(i) an invariant subdomain of an operator A ∈ Add(G; µ) if F is a subdomain of A

and A(F ) ⊂ F ;
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(ii) an invariant common subdomain of a family A in Add(G; µ) if F is the invariant

subdomain of A for each A ∈ A.

Theorem 3.1.13. Let G be an Abelian metrizable group, µ ∈ M1(G) and (An) be a

sequence in Add(G; µ). Then the following conditions are equivalent :

(i) there exists an invariant common subdomain F of the sequence (An);

(ii) Sem((An)) ⊂ Add(G; µ).

P r o o f. (i)⇒(ii) is evident.

(ii)⇒(i). Set

F
(1)
1 = D(A1);

F
(2)
1 = A−1

1 (F
(1)
1 ) ∩ F

(1)
1 , F

(2)
2 = A−1

2 (F
(2)
1 ) ∩ F

(2)
1 ;

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

F
(n+1)
1 = A−1

1 (F (n)
n ) ∩ F (n)

n , . . . , F
(n+1)
n+1 = A−1

n+1(F
(n+1)
n ) ∩ F (n+1)

n .

Then {F
(n)
k : k = 1, . . . , n; n ∈ N} is a family of Borel subgroups of G such that F

(n)
k+1 ⊂

F
(n)
k for all k = 1, . . . , n − 1, n = 2, 3, . . . and F

(n+1)
1 ⊂ F

(n)
n for n ∈ N. Since for every

n ∈ N and k = 1, . . . , n there exist a positive integer m and B1, . . . , Bm ∈ Sem((An))

such that F
(n)
k =

⋂m
i=1 D(Bi) we conclude that

(1) µs(F
(n)
k ) = 1.

Let F =
⋂∞

n=1

⋂n
k=1 F

(n)
k . By (1), µs(F ) = 1. We have

A1(F ) ⊂
∞⋂

n=1

n⋂

k=1

A1(F
(n)
k ) =

∞⋂

n=1

A1(F
(n)
1 ) ⊂

∞⋂

n=2

F
(n−1)
n−1 = F.

Let m > 1. Then

Am(F ) ⊂
∞⋂

n=1

n⋂

k=1

Am(F
(n)
k ) =

∞⋂

n=1

Am(F (n)
m ) ⊂

∞⋂

n=m

F
(n−1)
m−1 = F.

This completes the proof of the theorem.

Corollary 3.1.14. Let A ∈ Add(G; µ). Then An ∈ Add(G; µ) for n = 1, 2, . . . iff A

has an invariant subdomain.

Let G be an Abelian metrizable group and µ ∈ M1(G). An operator P ∈ Add(G; µ)

is called an additive measurable projection (or simply a projection) if there exists a sub-

domain F of P such that P |F is an algebraic additive projection.

Theorem 3.1.15. Let G be an Abelian metrizable group, µ ∈ M1(G) and P ∈

Add(G; µ). Then the following statements are equivalent :

(i) P is a projection;

(ii) P 2 ∈ Add(G; µ) and P = P 2 µs-a.s.;

(iii) there exists a σ-compact invariant subdomain H of P such that

(a) Px = P 2x for each x ∈ H ;

(b) H ∩ im P and H ∩ kerP are σ-compact.
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P r o o f. (i)⇒(ii) and (iii)⇒(i) are obvious.

(ii)⇒(iii). By assumption together with Theorem 3.1.8 there exists a common subdo-

main F of P and P 2 such that

(2) Px = P 2x for each x ∈ F.

In particular, P (F ) ⊂ D(P ). We conclude from (2) that Px = x for each x∈P (F ), hence

for all n ∈ N and x ∈ P (F ), Pnx = x, and finally Pnx = Px for all n ∈ N and x ∈ F .

But this implies that (Pn) ⊂ Add(G; µ). By Corollary 3.1.14 there exists an invariant

subdomain H0 of P . Set

(3) H ′ = {x ∈ H0 : Px = P 2x}.

Clearly, P (H ′) ⊂ H0 and µs(H ′) = 1.

We now show that P (H ′) ⊂ H ′. Let x ∈ P (H ′). We conclude from (3) that Px = x,

hence that P 2x = Px. But this implies that x ∈ H ′.

By assumption, P (µs), (I − P )(µs) ∈ M1(G). Consequently, there exist σ-compact

subgroups H1 and H2 such that

(4) H1 ⊂ H ′ ∩ (im P ) and H2 ⊂ H ′ ∩ (kerP ).

Moreover, P (µs)(H1) = (I−P )(µs)(H2) = 1. We conclude from (4) that (P |H′)−1(H1) =

H1+H ′∩(ker P ) and ((I−P )|−1
H′ )(H2) = H2+H ′∩(im P ). Since µs(H1+H ′∩(ker P )) =

µs(H2 + H ′ ∩ (im P )) = 1 it follows that µs(H1 + H2) = 1. Put H = H1 + H2. It is easy

to see that H has the required properties.

Let G be an Abelian metrizable group and µ ∈ M1(G). A Borel subgroup F of G is

said to be a

(i) a proper subdomain of a projection P ∈ Add(G; µ) if F is an invariant subdomain

of P with Px = P 2x for each x ∈ F ;

(ii) a proper common subdomain of a family of projections P in Add(G; µ) if F is a

proper subdomain of P for each P ∈ P .

Corollary 3.1.16. Let G be an Abelian metrizable group and µ ∈ M1(G). Then every

projection P ∈ Add(G; µ) has a σ-compact proper subdomain F such that F ∩ (im P ) and

F ∩ (kerP ) are σ-compact.

This follows immediately from Theorem 3.1.15.

Lemma 3.1.17. Let G be an Abelian metrizable group, H be a compact subgroup of G

and µ ∈ M1(G). Let Q1, Q2 ∈ Add(G/H ; πH(µ)) be projections such that

(5) Q1πH = Q2πH µs-a.s.

Then Q1 = Q2 πH(µs)-a.s.

P r o o f. From (5) together with Theorem 3.1.8 we conclude that there exists a σ-

compact subgroup F of G such that µs(F ) = 1 and Q1πH(x) = Q2πH(x) for each

x ∈ F , which implies Q1y = Q2y for each y ∈ πH(F ). Clearly, πH(F ) ∈ Bo(G/H) and

(πH(µs)(πH(F )) = 1.

Let G be an Abelian metrizable group, H be a compact subgroup of G, µ ∈ M1(G)

and P ∈ Add(G; µ). A projection Q ∈ Add(G/H ; πH(µ)) is called a quotient projection
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corresponding to P if QπH = πHP µs-a.s. We infer from Lemma 3.1.17 that Q is uniquely

determined by P ; it will be denoted by PH .

Theorem 3.1.18. Let G be an Abelian metrizable group, µ ∈ M1(G), P ∈ Add(G; µ)

be a projection and H be a compact subgroup H of D(P ) with H = (H∩im P )⊕(H∩ker P ).

Then the quotient projection PH ∈ Add(G/H ; πH(µ)) corresponding to P exists.

P r o o f. By assumption, P (H) ⊂ H , hence Lemma 3.1.4(iii) implies that P (H) and

(I − P )(H) are compact. Let F0 be a σ-compact proper subdomain of P such that F0 ∩

im P and F0 ∩kerP are σ-compact. Set F = ((F0 ∩ im P )+ (H ∩ im P ))⊕ ((F0 ∩kerP )+

(H ∩ kerP )). An easy computation shows that F is a σ-compact proper subdomain of

P such that F ∩ im P and F ∩ kerP are σ-compact. Moreover, H ⊂ F .

Since πH is continuous we conclude that πH(P (F )) and πH((I−P )(F )) are σ-compact.

Hence, by Lemma 1.3.2, πH(P (F )) ∩ πH((I − P )(F )) = {[0]H}.

Put F0 = πH(P (F ))+ πH((I −P )(F )). Clearly, F0 is σ-compact and πH(µ)(F0) = 1.

From Lemma 1.4.1 we conclude that there exists a projection Q ∈ Add(G/H ; πH(µ))

such that D(Q) = F0, im Q = πH(P (H)) and kerQ = πH((I − P )(F )). Moreover,

QπH(x) = πHP (x) for each x ∈ F .

Corollary 3.1.19. Let P ∈ Add(G; µ) be a projection with P (I(µ)) ⊂ I(µ). Then

the quotient projection PI(µ) ∈ Add(G/I(µ); πH(µ)) corresponding to P exists.

P r o o f. Let F be a σ-compact proper subdomain of P such that F ∩ (im P ) and

F ∩ (kerP ) are σ-compact. By Lemma 2.4.1, I(µ) ⊂ F .

Lemma 3.1.20. Let G be an Abelian metrizable group, µ ∈ M1(G) and A ∈ Add(G; µ).

Then

(i) if µ ∈ I0(G) then A(µ ∗ δ−x) ∈ I0(G) for each x ∈ G with µ(D(A) + x) = 1;

(ii) if D(A) is a divisible group and µ ∈ I(G) such that µ(D(A)) = 1 then Aµ ∈ I(G).

3.2. Borel decomposability semigroups of probability measures. Let G be an

Abelian metrizable group and µ ∈ M1(G). We denote by DB(µ) the subset of Add(G; µ)

consisting of those operators A for which there exist a measure νA ∈ M1(G) and an

element xA ∈ G such that µ(D(A) + xA) = 1 and

(1) µ = A(µ ∗ δ−xA
) ∗ νA.

We denote by SB(µ) the subset of DB(µ) consisting of those operators A for which in

(1) we may take νA = δy for some y ∈ G.

Corollary 3.2.1. (i) 0, I ∈ DB(µ);

(ii) I ∈ SB(µ).

Lemma 3.2.2. Let G be an Abelian metrizable group, µ ∈ M1(G) and A ∈ DB(µ).

Then for every y ∈ G with µ(D(G) + y) = 1 there exists a measure ν ∈ M1(G) such that

µ = A(µ ∗ δ−y) ∗ ν.

The proof is immediate from Lemma 3.1.2.

Lemma 3.2.3. Let G be an Abelian metrizable group and µ ∈ M1(G). If A ∈ Add(G; µ)

and B ∈ DB(µ) then AB ∈ Add(G; µ).
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P r o o f. By assumption, µs(D(A)) = 1 and there exists νB ∈ M1(G) such that µs =

Bµs ∗ νs
B. From Lemma 2.3.3(iii) we conclude that µs(B−1(D(A))) = Bµs(D(A)) = 1.

Application of Lemma 3.1.3(iii) ends the proof.

Theorem 3.2.4. Let G be an Abelian metrizable group and µ ∈ M1(G). Then:

(i) DB(µ) with the metric d is a right metrizable semigroup under multiplication of

operators ;

(ii) the set DB(µ) is closed in Add(G; µ).

P r o o f. (i) Let A, B ∈ DB(µ). By Lemma 3.2.3, µ(D(AB) + xAB) = 1 for some

xAB ∈ G. Since D(AB) + xAB ⊂ D(B) + xAB we conclude that µ(D(B) + xAB) = 1,

which implies that

(2) µ ∗ δ−xA
= B(µ ∗ δ−xAB

) ∗ ν′
B ∗ δ−xA

for some ν′
B ∈ M1(G). It follows that B(µ ∗ δ−xAB

)(D(A)) = 1. By Lemma 2.3.3(ii),

(3) ν′
B ∗ δ−xA

(D(A)) = 1.

From (2) together with (3) we conclude that µ = AB(µ ∗ δ−xAB
) ∗ A(ν′

B ∗ δ−xA
) ∗ νA.

This ends the proof of (i).

(ii) Let (An) be a sequence in DB(µ) such that An → A in d for some A ∈ Add(G; µ).

Hence, by Theorem 3.1.12 there exist an increasing sequence (nk) of positive integers, a

Borel subgroup H of D(A) ∩
⋂∞

k=1 D(Ank
) and x0 ∈ G with µ(H + x) = 1 such that

(4) Ank
x → Ax as k → ∞,

for each x∈H . Moreover, there is a sequence (νk) in M1(G) with µ=Ank
(µ ∗ δ−x0) ∗ νk.

From (4) we conclude that Ank
(µ ∗ δ−x0) ⇒ A(µ ∗ δ−x0). Clearly, A(µ ∗ δ−x0)∈M1(G).

Application of Theorem A.III.8 of [3] yields the sequence (Ank
(µ ∗ δ−x0)) is uniformly

tight. Theorem 3.2.1 of [16] now implies that the sequence (νk) is uniformly tight. Without

loss of generality we may assume that there exists ν ∈ M1(G) such that νk ⇒ ν as k → ∞.

But this implies that µ = A(µ ∗ δ−x0) ∗ ν.

Corollary 3.2.5. SB(µ) is a closed subgroup of DB(µ).

The semigroup DB(µ) is called the Borel decomposability semigroup of the measure

µ, and the subsemigroup SB(µ) is called the Borel symmetry semigroup of µ.

Lemma 3.2.6. Let G be an Abelian metrizable group, µ ∈ M1(G) and A ∈ DB(µ).

Then

(i) I(µ) ⊂ D(A);

(ii) A(I(µ)) ⊂ I(A(µ ∗ δ−x0)) ⊂ I(µ) for each x0 ∈ G with µ(D(A) + x0) = 1;

(iii) A|I(µ) : I(µ) → I(µ) is continuous.

P r o o f. (i) follows from Lemma 2.4.1.

(ii) See Lemma 3.1.4(ii) and Lemma 2.4.2(i).

(iii) follows from Lemma 3.1.4(iii).

Theorem 3.2.7. Let G be an Abelian metrizable group, µ ∈ M1(G) and (An) be a

sequence in DB(µ). Assume that F is a Borel subgroup of G with µs(F ) = 1. Then there

exists an invariant common subdomain H of (An) such that H ⊂ F .
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P r o o f. We denote by IF the additive operator from F into G defined by IF x = x

for x ∈ F . Clearly, IF ∈ DB(µ). By Theorem 3.1.13 there exists an invariant common

subdomain H of (An) and IF .

Lemma 3.2.8. Let G be an Abelian metrizable group, µ ∈ M1(G) and (An) be a

sequence in DB(µ). Let x0 be an element of G such that µ(D(B) + x0) = 1 for each

B ∈ Sem((An)). Assume that (νn) is a sequence in M1(G) with µ = An(µ∗δ−x0)∗νn∗δx0 .

Then

(i) A1 . . . An(µ ∗ δ−x0) = A1 . . . An+1(µ ∗ δ−x0) ∗ A1 . . . Anνn+1;

(ii) µ = A1 . . . An(µ ∗ δ−x0) ∗ A1 . . . An−1νn ∗ . . . ∗ A1ν2 ∗ ν1.

P r o o f. (i) Since An+1(µ ∗ δ−x0)(D(A1 . . . An)) = µ(D(A1 . . . An+1) + x0) = 1 we

conclude that (i) follows from Lemma 2.3.3(i).

(ii) follows at once from (i).

Theorem 3.2.9. Let G be an Abelian metrizable group, µ ∈ M1(G) and (An) be a

sequence in DB(µ). Then there exist two measures ν, λ ∈ M1(G), two sequences (zn), (yn)

in G and an element x0 ∈ G such that

(i) µ(D(A1 . . . An) + x0) = 1;

(ii) A1 . . . An(µ ∗ δ−x0) ∗ δzn
⇒ ν;

(iii) A1 . . . An−1νn ∗ . . . ∗ A1ν2 ∗ ν1 ∗ δx0+yn
⇒ λ;

(iv) µ = ν ∗ λ;

(v) zn + yn ∈ I(µ).

P r o o f. Follows from Lemma 3.2.8 together with Theorem 2.3.7.

Lemma 3.2.10. Let G be an Abelian metrizable group and µ ∈ M1(G) with
⋂
Gµ =

{suppg(µ)}. Then for every A ∈ DB(µ),

(i) suppg(µ) ⊂ D(A);

(ii) A(suppg(µ)) ⊂ suppg(µ);

(iii) if suppg(µ) is complete then A|suppg(µ) is continuous.

Let G be an Abelian metrizable group and µ ∈ M1(G). We denote by D(µ) the subset

of DB(µ) consisting all continuous operators.

If A ∈ D(µ) then without loss of generality we may assume that D(A) = suppg(µ).

Lemma 3.2.11. Let G be an Abelian metrizable group and µ ∈ M1(G). Then

(i) I, 0 ∈ D(µ);

(ii) D(µ) is a subsemigroup of DB(µ);

(iii) there exists x ∈ G such that for every A ∈ D(µ) there exists ν ∈ M1(G) such that

supp(ν) ⊂ suppg(µ) and µ ∗ δ−x = A(µ ∗ δ−x) ∗ ν.

Set S(µ) = SB(µ) ∩ D(µ).

The semigroup D(µ) is called the decomposability semigroup of the measure µ, and

the subsemigroup S(µ) is called the symmetry semigroup of µ.

3.3. Additive projections in Borel decomposability semigroups of probabi-

lity measures. Let G be an Abelian metrizable group and µ ∈ M1(G). We denote by
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ΠB(µ) the subset of DB(µ) consisting of all projections. The study of ΠB(µ) will be the

central aim of this section.

Let Π(µ) = ΠB(µ) ∩ D(µ).

Lemma 3.3.1. Let G be an Abelian metrizable group, µ ∈ M1(G) and P ∈ ΠB(µ).

Then

(i) P (I(µ)) ⊂ I(µ);

(ii) P |I(µ) : I(µ) → I(µ) is continuous ;

(iii) P (I(µ)) and (I − P )(I(µ)) are compact ;

(iv) I(µ) = P (I(µ)) ⊕ (I − P )(I(µ));

(v) P (I(µ)) = I(P (µ ∗ δ−x)) for each x ∈ G with µ(D(P ) + x) = 1.

P r o o f. We only prove (v). Let x be an element G with µ(D(P )+x) = 1. By Lemma

3.1.4(ii), P (I(µ)) ⊂ I(P (µ ∗ δ−x)). Clearly, I(P (µ ∗ δ−x)) ⊂ I(µ) ∩ (im P ) = P (I(µ)).

The following result extends Proposition 1.4 of [23].

Theorem 3.3.2. Let G be an Abelian metrizable group, µ ∈ M1(G) and P ∈ ΠB(µ).

Assume that x is an element of G such that µ(D(P ) + x) = 1. Then

(i) if µ∗δ−x = P (µ∗δ−x)∗ν for some ν ∈ M1(G) then ν(I(P (µ∗δ−x))+kerP ) = 1;

(ii) if µ ∗ δ−x = P (µ ∗ δ−x) ∗ ν for some ν ∈ M1(G) and I(P (µ ∗ δ−x)) ∈ M1
0 (G) then

ν = (I − P )(µ ∗ δ−x);

(iii) µ ∗ δ−x = P (µ ∗ δ−x) ∗ (I − P )(µ ∗ δ−x).

P r o o f. (i) Let ν ∈ M1(G) such that µ ∗ δ−x = P (µ ∗ δ−x) ∗ ν. Since P (µ ∗ δ−x) =

P (µ ∗ δ−x) ∗ Pν we see that supp(Pν) ⊂ I(P (µ ∗ δ−x)). But this implies that

1 = (Pν)(I(P (µ ∗ δ−x))) = ν(I(P (µ ∗ δ−x)) + kerP ).

(ii) If I(P (µ ∗ δ−x)) = {0} then ν(kerP ) = 1. Hence,

(I − P )(µ ∗ δ−x) = (I − P )(P (µ ∗ δ−x) ∗ ν) = (I − P )ν = ν.

(iii) Corollary 3.1.16 implies that there exists a σ-compact proper subdomain F of

P such that (im P ) ∩ F and (kerP ) ∩ F are σ-compact. Putting Q = P |F we obtain

Q ∈ ΠB(µ) and P = Q µs-a.s. Hence there exist z ∈ G with µ(F +z) = 1 and ν ∈ M1(G)

such that µ ∗ δ−z = Q(µ ∗ δ−z) ∗ ν. Clearly, (I − Q)(I(µ)) = I(µ) ∩ (kerQ) is compact.

The statement (i) implies that (πHν)(πH (kerQ)) = 1, where H = I(µ). By Theorem

2.4.9 there exists λ ∈ M1(F ) with λ(kerQ) = 1, πH(λ) = πH(ν) and (I−Q)(I(µ)) ⊂ I(λ).

Since I(πH(ν)) = {0} one has I(λ) = (I−Q)(I(µ)). Putting µ0 = Q(µ∗δ−z)∗λ we obtain

I(µ0) = I(µ) and πH(µ ∗ δ−z) = πH(µ0). Application of Corollary 2.2.4 now implies that

µ ∗ δ−z = µ0. An easy computation shows that Q(µ ∗ δ−z) = λ.

Corollary 3.3.3. If P ∈ ΠB(µ) then I − P ∈ ΠB(µ).

In the following we extend Theorem 3.2.7 and Corollary 3.1.16.

Theorem 3.3.4. Let G be an Abelian metrizable group, µ ∈ M1(G) and G0 be a Borel

subgroup of G with µs(G0) = 1. Assume that (Pn) is a sequence in ΠB(µ). Then there

exists a σ-compact proper common subdomain H of (Pn) such that
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(i) (imPn) ∩ H and (kerPn) ∩ H are σ-compact for n ∈ N;

(ii) H ⊂ G0.

We prepare the proof of the theorem with the following crucial lemma.

Lemma 3.3.5. Let (µn,1) and (µn,2) be two sequences in M1(G) with

µs
1,1 ∗ µs

1,2 = µs
n,1 ∗ µs

n,2 for each n ∈ N.

Assume that there exist two sequences (Gn,1) and (Gn,2) of σ-compact subgroups of G

such that

(i) Gn,1 ∩ Gn,2 = {0} for each n ∈ N;

(ii) µs
n,j(Gn,j) = 1 for j = 1, 2 and n ∈ N.

Then there exist two sequences (Hn,1) and (Hn,2) of σ-compact subgroups of G such that

(a) Hn,j ⊂ Gn,j for j = 1, 2 and n ∈ N;

(b) µs
n,j(Hn,j) = 1 for j = 1, 2 and n ∈ N;

(c) H1,1 + H1,2 = Hn,1 + Hn,2 for each n ∈ N.

P r o o f. We define two families {F
(n)
k,1 : n ∈ N; k = 1, . . . , n} and {F

(n)
k,2 : n ∈ N; k =

1, . . . , n} inductively by

F
(1)
1,j = G1,j for j = 1, 2;

F
(2)
1,j = F

(1)
1,j ∩ (F

(1)
1,1 + F

(1)
1,2 ), F

(2)
2,j = G2,j ∩ (F

(2)
1,1 + F

(2)
1,2 ) for j = 1, 2;

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

F
(n+1)
n+1,j = F

(n)
1,j ∩ (F

(n)
n,1 + F

(n)
n,2 ), . . . , F

(n+1)
n,j = F

(n)
n,j ∩ (F

(n+1)
n−1,1 + F

(n+1)
n−1,2 ),

F
(2)
1,j = Gn+1,j ∩ (F

(n+1)
n,1 + F

(n+1)
n,2 ) for j = 1, 2.

We have

(1) F
(n+1)
m,j ⊂ F

(n)
m,j for j = 1, 2 and n ≥ m;

(2) F
(n+1)
1,1 + F

(n+1)
1,2 ⊂ F

(n)
n,1 + F

(n)
n,2 ⊂ . . . ⊂ F

(n)
1,1 + F

(n)
1,2 ;

(3) F
(n)
k,j is σ-compact.

Moreover, for all n ≥ m and j = 1, 2, µs
m,j(F

(n)
m,j) = 1 as is easily seen by induction.

Putting Hm,j =
⋂∞

n=m F
(n)
m,j for j = 1, 2 and m ∈ N, we obtain µs

m,j(Hm,j) = 1, Hm,1 ∩

Hm,2 = {0} and H1,1 ⊕ H1,2 = Hm,1 ⊕ Hm,2.

P r o o f o f T h e o r e m 3.3.4. By Theorem 3.2.7 together with Corollary 3.1.16 for

each n ∈ N there exists a σ-compact proper subdomain Fn of Pn such that

(a) (im P ) ∩ Fn and (kerP ) ∩ Fn are σ-compact;

(b) Fn ⊂ G0.

Moreover, Theorem 3.3.2 implies that

Pnµs((im Pn) ∩ Fn) = (I − Pn)µs((kerPn) ∩ Fn) = 1.

Application of Lemma 3.3.5 shows that there exist two sequences (Hn,1) and (Hn,2)

of σ-compact subgroups of G such that for n ∈ N,
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(c) Hn,1 ⊂ Fn ∩ (im Pn), Hn,2 ⊂ Fn ∩ (kerPn);

(d) Pnµs(Hn,1) = (I − Pn)µs(Hn,2) = 1;

(e) H1,1 + H1,2 = Hn,1 + Hn,2.

Set H = H1,1 + H1,2. It is easy to verify that H has the required properties.

Theorem 3.3.6. Let G be an Abelian metrizable group, µ ∈ M1(G) and P ∈ Add(G; µ)

be an projection. Then P ∈ ΠB(µ) iff P (I(µ)) ⊂ I(µ) and PI(µ) ∈ ΠB(πI(µ)(µ)).

P r o o f. Let P ∈ ΠB(µ). By Theorem 3.3.2 there is x ∈ G such that

µ ∗ δ−x = P (µ ∗ δ−x) ∗ (I − P )(µ ∗ δ−x).

Application of Lemma 3.3.1 shows that P (I(µ))⊂I(µ). Hence, by Corollary 3.1.19 there

exists a quotient projection PI(µ) ∈ Add(G/I(µ); πI(µ)(µ)) corresponding to P . Since

PI(µ)πI(µ) = πI(µ)P µs-a.s. we conclude that

πI(µ)(µ) ∗ δ−πI(µ)(x) = πI(µ)(µ ∗ δ−x)

= πI(µ)P (µ ∗ δ−x) ∗ πI(µ)(I − P )(µ ∗ δ−x)

= PI(µ)(πI(µ)(µ) ∗ δ−πI(µ)(x)) ∗ (II(µ) − PI(µ))(πI(µ)(µ) ∗ δ−πI(µ)(x)).

But this implies that PI(µ) ∈ ΠB(πI(µ)(µ)).

Let P (I(µ)) ⊂ I(µ) and PI(µ) ∈ ΠB(πI(µ)(µ)). By Corollary 3.1.16 there exists a

σ-compact proper subdomain F of P such that F ∩(im P ) and F ∩(kerP ) are σ-compact.

Clearly, I(µ) ⊂ F and I(µ) = I(µ) ∩ (im P ) ∩ F ⊕ I(µ) ∩ (kerP ) ∩ F . Moreover, I(µ) ∩

(im P ) ∩ F and I(µ) ∩ (kerP ) ∩ F are compact.

Let x ∈ G be such that µ(F + x) = 1. Since πI(µ)(µ)(πI(µ)(F ) + πI(µ)(x)) = 1 we

conclude that

πI(µ)(µ) ∗ δ−πI(µ)(x) = PI(µ)(πI(µ)(µ) ∗ δ−πI(µ)(x)) ∗ (II(µ) − PI(µ))(πI(µ)(µ) ∗ δ−πI(µ)(x)),

which implies πI(µ)(µ ∗ δ−x) = πI(µ)(P (µ ∗ δ−x) ∗ πI(µ)(I − P )(µ ∗ δ−x). Application of

Theorem 2.4.9 now shows that there exist ν, λ in M1(G) such that

(a) ν(F ∩ (im P )) = λ(F ∩ (kerP )) = 1;

(b) πI(µ)(P (µ ∗ δ−x)) = πI(µ)(ν);

(c) πI(µ)((I − P )(µ ∗ δ−x) = πI(µ)(λ);

(d) I(ν) = I(µ) ∩ (im P ) ∩ F, I(λ) = I(µ) ∩ (kerP ) ∩ F .

Moreover,

(e) I(ν ∗ λ) = I(µ);

(f) πI(µ)(µ ∗ δ−x) = πI(µ)(ν ∗ λ).

From Corollary 2.2.4 we have µ ∗ δ−x = ν ∗ λ.

Corollary 3.3.7. Let µ ∈ M1(G) and Q ∈ ΠB(πI(µ)(µ)). Assume that there exists

a σ-compact subgroup F of G such that

(i) F ∩ I(µ) = {0};

(ii) (QπI(µ)(µ))s(πI(µ)(F )) = 1.

Then there exists P ∈ ΠB(µ) such that PI(µ) = Q and im P ⊂ F .
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Lemma 3.3.8. Let G be an Abelian metrizable group, µ ∈ M1(G) and P, Q ∈ ΠB(µ).

Then the following statements are equivalent :

(i) QP = P µs-a.s.

(ii) there exists a common subdomain F of P and Q with (im P ) ∩ F ⊂ (im Q) ∩ F ;

(iii) there exists a σ-compact proper common subdomain H of P and Q such that

(a) (imP ) ∩ H ⊂ (im Q) ∩ H ;

(b) (imP ) ∩ H and (im Q) ∩ H, (kerP ) ∩ H and (kerQ) ∩ H are σ-compact.

This is a consequence of Theorem 3.3.4.

Theorem 3.3.9. Let G be an Abelian metrizable group, µ ∈ M1(G) and P, Q ∈ ΠB(µ).

Assume that QP = P µs-a.s. Then

(i) P (I(µ)) ⊂ Q(I(µ));

(ii) P ∈ ΠB(Q(µ ∗ δ−x)) for every x ∈ G with µ(D(Q) + x)) = 1;

(iii) there exists P ′ ∈ ΠB(µ) such that PP ′ = P ′ µs-a.s., P ′P = P µs-a.s. and

QP ′ = P ′Q = P ′ µs-a.s.;

(iv) if P (I(µ)) = {0} then PQ = QP = P µs-a.s.

P r o o f. By Lemma 3.3.8 there exists a σ-compact proper common subdomain F of

P and Q such that

(a) (im P ) ∩ F ⊂ (im Q) ∩ F ;

(b) (imP ) ∩ F, (im Q) ∩ F, (kerP ) ∩ F, (kerQ) ∩ F are σ-compact.

Let x ∈ G be such that µ(F + x) = 1. Hence

µ ∗ δ−x = P (µ ∗ δ−x) ∗ (I − P )(µ ∗ δ−x) = Q(µ ∗ δ−x) ∗ (I − Q)(µ ∗ δ−x).

(ii) By assumption

Q(µ ∗ δ−x) = P (µ ∗ δ−x) ∗ Q(I − P )(µ ∗ δ−x)

= PQ(µ ∗ δ−x) ∗ P (I − Q)(µ ∗ δ−x) ∗ Q(I − P )(µ ∗ δ−x),

which implies P ∈ ΠB(Q(µ ∗ δ−x)).

(iii) Since P (Q(F )) ⊂ P (F ) = (im P ) ∩ F ⊂ (im Q) ∩ F = Q(F ) we obtain Q(F ) =

P (F ) ⊕ (I − P )(Q(F )). We conclude from (ii) that P ∈ ΠB(Q(µ ∗ δ−x)) and hence by

Theorem 3.3.2, Q(µ ∗ δ−x) = P (Q(µ ∗ δ−x)) ∗ (I − P )(Q(µ ∗ δ−x)). It is easy to see that

P (Q(µ ∗ δ−x))(P (F )) = 1 and (I − P )(Q(µ ∗ δ−x))((I − P )(Q(F ))) = 1.

Put F1 = P (F ) and F2 = (I−P )(Q(F ))+(I−Q)(F ). Thus F1 and F2 are σ-compact.

Set F = F1 ⊕ F2. Let P ′ be the map from F into itself defined by P ′x = x1, where

x = x1 + x2, x1 ∈ F1, x2 ∈ F2. Clearly, P ′ ∈ Add(G; µ), (im P ) ∩ F = (im P ′) ∩ F and

QP ′ = P ′Q = P ′ µs-a.s. Since µ∗δ−x = PQ(µ∗δ−x)∗(I−P )Q(µ∗δ−x)∗(I−Q)(µ∗δ−x),

we conclude that P ′(µ ∗ δ−x) = PQ(µ ∗ δ−x) and

(I − P ′)(µ ∗ δ−x) = (I − P )Q(µ ∗ δ−x) ∗ (I − Q)(µ ∗ δ−x),

which implies P ′ ∈ ΠB(µ). This ends the proof of (iii).

We now prove (iv). Let P (I(µ)) = {0}. Hence,

P (µ ∗ δ−x) = PQ(µ ∗ δ−x) ∗ P (I − Q)(µ ∗ δ−x)

= PQ(µ ∗ δ−x) ∗ (I − P )(µ ∗ δ−x) ∗ P (I − Q)(µ ∗ δ−x)
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= PQP (µ ∗ δ−x) ∗ PQ(I − P )(µ ∗ δ−x) ∗ P (I − Q)(µ ∗ δ−x)

= P (µ ∗ δ−x) ∗ P (Q − P )(µ ∗ δ−x) ∗ P (I − Q)(µ ∗ δ−x)

= P (µ ∗ δ−x) ∗ P (I − Q(µ̄ ∗ δx) ∗ P (I − Q)(µ ∗ δ−x)

= P (µ ∗ δ−x) ∗ (P − PQ)µs.

From Lemma 2.4.1(iii) we conclude that (P −PQ)µs = δ0. But this implies that P = PQ

µs-a.s., which is the desired assertion.

Corollary 3.3.10. Let P, Q ∈ ΠB(µ). Assume that QP = PQ µs-a.s. Then P ∈

ΠB(Q(µ ∗ δ−x)) for every x ∈ G with µ(D(Q) + x)) = 1.

Theorem 3.3.11. Let G be an Abelian metrizable group, µ ∈ M1(G) and P, Q ∈

ΠB(µ). Then the following conditions are equivalent :

(i) PQ = Q µ ∗ δ−x-a.s. and QP = P µ ∗ δ−x-a.s for some x ∈ G with µ(D(P ) ∩

D(Q) + x) = 1;

(ii) PQ = Q µs-a.s. and QP = P µs-a.s.;

(iii) there exists a common subdomain F of P and Q such that (im P )∩F = (im Q)∩F ;

(iv) there exists a σ-compact proper common subdomain F of P and Q such that

(a) (imP ) ∩ F = (imQ) ∩ F ;

(b) (imP ) ∩ F , (imQ) ∩ F , (kerP ) ∩ F and (kerQ) ∩ F are σ-compact ;

(v) P (µ ∗ δ−x) = Q(µ ∗ δ−x) for some x ∈ G with µ(D(P ) ∩ D(Q) + x) = 1;

(vi) Pµs = Qµs.

P r o o f. The equivalence (i) of (ii) is obvious.

(ii)⇔(iii) and (iii)⇔(iv) follow at once from Lemma 3.3.8.

(iv)⇒(v). Let F be a σ-compact proper common subdomain of P and Q such that

im P ∩ F = im Q ∩ F . Let x ∈ G be such that µ(F + x) = 1. Hence,

µ ∗ δ−x = P (µ ∗ δ−x) ∗ (I − P )(µ ∗ δ−x) = Q(µ ∗ δ−x) ∗ (I − Q)(µ ∗ δ−x).

Since Q(µ ∗ δ−x) = P (µ ∗ δ−x) ∗ Q(I − P )(µ ∗ δ−x) and P (µ ∗ δ−x) = Q(µ ∗ δ−x) ∗

P (I − Q)(µ ∗ δ−x), Theorem 3.5.2 of [16] implies that P (µ ∗ δ−x) = Q(µ ∗ δ−x) ∗ δy for

some y ∈ F . Clearly,

(1) y ∈ (im P ) ∩ F.

From Theorem 3.3.9(iv) we conclude that PI(µ) = QI(µ) πI(µ)(µ∗δ−x)-a.s., which implies

πI(µ)Q(µ ∗ δ−x) = πI(µ)P (µ ∗ δ−x) = πI(µ)Q(µ ∗ δ−x) ∗ δ−πI(µ)(y) and thus

(2) y ∈ I(µ).

By (1) together with (2) we see that y ∈ (im P ) ∩ F ∩ I(µ) = I(P (µ ∗ δ−x)). But this

implies that P (µ ∗ δ−x) = Q(µ ∗ δ−x).

(v)⇒(vi) is obvious.

(vi)⇒(iii). By Theorem 3.3.4 there exists a σ-compact proper common subdomain F

of P and Q such that (imP )∩F , (imQ)∩F and (kerP )∩F , (kerQ)∩F are σ-compact.

Since P (µs)((im P ) ∩ F ) = Q(µs)((im Q) ∩ F ) = 1, we conclude that

P (µs)((im P ) ∩ (im Q) ∩ F ) = Q(µs)((im P ) ∩ (im Q) ∩ F ) = 1.
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Set F1 = (im P ) ∩ (im Q) ∩ F + (kerP ) ∩ F and F2 = (im P ) ∩ (im Q) ∩ F + (kerQ) ∩ F .

Then F1 and F2 are σ-compact subgroups of G such that µs(F1) = µs(F2) = 1. Putting

H = F1 ∩ F2 we obtain µs(H) = 1 and (im P ) ∩ H = (im Q) ∩ H .

Corollary 3.3.12. Let P, Q be projections in ΠB(µ) such that QP = P µs-a.s. and

PQ = Q µs-a.s. Then

(i) P (I(µ)) = Q(I(µ));

(ii) if P (I(µ)) = {0} (Q(I(µ)) = {0}) then P = Q µs-a.s.;

(iii) PI(µ) = QI(µ) πI(µ)(µ)-a.s.;

(iv) kerP ∩ F + P (I(µ)) = kerQ ∩ F + P (I(µ)) for some proper common subdomain

F of P and Q.

Let G be an Abelian metrizable group and µ ∈ M1(G). We define the relation ≤ on

ΠB(µ) by

P ≤ Q iff PQ = QP = P µs-a.s.

It is easy to verify that ≤ is a partial ordering in ΠB(µ). Moreover, ΠB(µ) has a smallest

element, namely 0, and a largest element, namely I.

Let M be a nonempty subset of ΠB(µ). We set I −M = {I − P : P ∈ M}.

Lemma 3.3.13. Let G be an Abelian metrizable group, µ ∈ M1(G) and M be a non-

empty subset of ΠB(µ). Then

(i) supM exists iff inf(I −M) exists ;

(ii) inf M exists iff sup(I −M) exists.

Moreover , supM = I − inf(I −M) and inf M = I − sup(I −M).

Lemma 3.3.14. Let G be an Abelian metrizable group, µ ∈ M1(G) and (Pn) be a

sequence in ΠB(µ). Then

(i) if infn Pn exists then there exists a σ-compact proper common subdomain F of

infn Pn and (Pn) such that (im Q) ∩ F ⊂
⋂∞

n=1(im Pn) ∩ F ;

(ii) if there exists Q ∈ ΠB(µ) such that QPn = PnQ µs-a.s. for each n ∈ N and

(im Q) ∩ F =
⋂∞

n=1(im Pn) ∩ F for a Borel subgroup F of G with µs(F ) = 1 then Q =

inf Pn.

3.4. Additive projections in Borel decomposability semigroups of proba-

bility measures without idempotent factors. We now study the properties of the

set of all projections in Borel decomposability semigroups of Radon probability measures

without idempotent factors.

The next result is an immediate consequence of Theorem 3.3.9(iv).

Theorem 3.4.1. Let G be an Abelian metrizable group, µ ∈ M1
0 (G) and P, Q ∈ ΠB(µ).

Then the following conditions are equivalent :

(i) P ≤ Q;

(ii) QP = P µs-a.s.;

(iii) there exists a proper common subdomain F of P and Q such that (im P ) ∩ F ⊂

(im Q) ∩ F .
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Corollary 3.4.2. Let G be an Abelian metrizable group, µ ∈ M1
0 (G) and P, Q ∈

ΠB(µ). Then the following conditions are equivalent :

(i) P = Q (µ ∗ δ−x)-a.s. for some x ∈ G with µ(D(P ) ∩ D(Q) + x) = 1;

(ii) P = Q µs-a.s.;

(iii) there exists a common subdomain F of P and Q such that (im P )∩F = (im Q)∩F ;

(iv) there exists a σ-compact proper common subdomain F of P and Q such that

(a) (imP ) ∩ F = (imQ) ∩ F ;

(b) (imP ) ∩ F , (imQ) ∩ F , (kerP ) ∩ F , (kerQ) ∩ F are σ-compact ;

(v) P (µ ∗ δ−x) = Q(µ ∗ δ−x) for some x ∈ G with µ(D(P ) ∩ D(Q) + x) = 1;

(vi) P (µs) = Q(µs).

The proof is a direct application of Theorem 3.3.11 together with Theorem 3.4.1.

Theorem 3.4.3. Let G be an Abelian metrizable group, µ ∈ M1
0 (G) and P, Q ∈ ΠB(µ).

Then there exists P ∧ Q ∈ ΠB(µ) such that

(i) there exists a σ-compact proper common subdomain F of P , Q and P∧Q ∈ ΠB(µ)

such that

im(P ∧ Q) ∩ F = (imP ) ∩ (imQ) ∩ F ;

(ii) (PQ)n → P ∧ Q, (PQ)nP → P ∧ Q, (QP )n → P ∧ Q and (QP )nQ → P ∧ Q

in µs.

We prove two lemmata before proving the theorem.

Lemma 3.4.4. Let G be an Abelian metrizable group, µ ∈ M1
0 (G) and P, Q ∈ ΠB(µ).

Let (kn) be a sequence with kn ∈ Jn and let x ∈ G be such that µ(D(P )∩D(Q)+x) = 1.

Then there exists a sequence (xn) in G such that (PQ)k
n
(µ ∗ δ−x) ∗ δxn

⇒ δ0.

The proof is immediate from Lemma 2.3.13 together with Theorem 1.3.5.

Lemma 3.4.5. Let G be an Abelian metrizable group, µ ∈ M1
0 (G) and P, Q ∈ ΠB(µ).

Assume that x is an element of G such that µ(D(P ) ∩ D(Q) + x) = 1. Then

(i) for every positive integer n

µ ∗ δ−x = *
k

n
∈Jn

(PQ)k
n
(µ ∗ δ−x) ∗

1

*
i,j=0

(PQ)ij
n
(µ ∗ δ−x);

(ii) {*k
n
∈Jn

(PQ)k
n
(µs) : n ∈ N} is shift uniformly tight ;

(iii) there exist measures η, µPQ
ij , (i, j = 0, 1) in M1(G) and sequences (yn), (x

(ij)
n )

(i, j = 0, 1) in G such that

(a) (PQ)ij
n
(µ ∗ δ−x) ∗ δ

x
(ij)
n

⇒ µPQ
ij for i, j = 0, 1;

(b) *k
n
∈Jn

(PQ)k
n
(µ ∗ δ−x) ∗ δyn

⇒ η, where yn = −
∑1

i,j=0 x
(ij)
n ;

(c) µ ∗ δ−x = η ∗ *
1
i,j=0 µPQ

ij .

P r o o f. Statements (i) and (ii) are evident. The proof of (iii) is immediate from

Theorem 3.2.9.
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P r o o f o f T h e o r e m 3.4.3. By Theorem 3.3.4, there exists a σ-compact proper

common subdomain F of P and Q. Let x ∈ G be such that µ(F + x) = 1. Hence, by

Lemma 3.4.7 there exist µPQ, µQP , η, λ ∈ M1(G) and two sequences (xn), (yn) in G such

that

(a) µ ∗ δ−x = (PQ)00
n
(µ ∗ δ−x) ∗ δxn

∗ λn = (QP )00
n
(µ ∗ δ−x) ∗ δyn

∗ ηn;

(b) (PQ)00
n
(µ ∗ δ−x) ∗ δxn

⇒ µPQ as n → ∞;

(c) (QP )00
n
(µ ∗ δ−x) ∗ δyn

⇒ µQP as n → ∞;

(d) λn ⇒ λ and ηn ⇒ η;

(e) µ ∗ δ−x = µPQ ∗ λ = µQP ∗ η.

We conclude from (a) that for all n, m ∈ N,

(PQ)00
n
(µs) = (PQ)00

n+m
(µs) ∗ (PQ)00

m
(λs

m),

hence for each n ∈ N there exists νn ∈ M1(G) such that (PQ)00
n
(µs) = µs

PQ ∗ νn and

finally that

(1) Q(1)(PQ)00
n
(µs) = Q(1)(µs

PQ) ∗ Q(1)νn.

Lemma 3.4.4 shows that

(2) Q(1)(PQ)00
n
(µs) ⇒ δ0 as n → ∞.

From (1) and (2) we conclude that (I − Q)(µs
PQ) = δ0. This implies that

(3) µs
PQ((im Q) ∩ F ) = 1.

From (a) it follows that P (µs) = (PQ)00
n
(µs) ∗ Pλs

n. Hence, there exists λP ∈ M1(G)

such that Pµs = µs
PQ ∗ λP . Thus, by Lemma 2.3.3(iv),

(4) µs
PQ((im P ) ∩ F ) = 1.

From (3) and (4) we have

(5) µs
PQ((im P ) ∩ (im Q) ∩ F ) = 1.

In the same manner we can see that

(6) µs
QP ((im P ) ∩ (im Q) ∩ F ) = 1.

Conditions (5) and (6) imply that

(7) µs
PQ = Pµs

PQ = Qµs
PQ and µs

QP = Pµs
QP = Qµs

QP .

We conclude from (f) and (7) that for each n ∈ N,

(QP )00
n
(µs) = µs

PQ ∗ (QP )00
n
λs and (PQ)00

n
(µs) = µs

QP ∗ (PQ)00
n
ηs,

hence there exist two symmetric measures λ′, η′ ∈ M1
0 (G) such that

(8) µs
PQ = µs

QP ∗ λ′, µs
QP = µs

PQ ∗ η′.

Hence, µs
PQ = µs

PQ ∗ λ′ ∗ η′. By Theorem 1.2.13 of [11], λ′ ∗ η′ = δ0. Since the measures

λ′, η′ are symmetric we obtain λ′ = η′ = δ0. From (8) we have µs
PQ = µs

QP . The

equality µs = µs
PQ ∗ λs = µs

QP ∗ λs, implies that (QP )00
n
(µs) = µs

PQ ∗ (PQ)00
n
λs and

(QP )00
n
(µs) = µs

QP ∗ (QP )00
n
λs, hence that (QP )00

n
λs ⇒ δ0 and (PQ)00

n
λs ⇒ δ0.

Clearly, (QP )00
n
→ 0 in λs and (PQ)00

n
→ 0 in λs.
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Let (nm) be an increasing sequence of positive integers. Then there exists a subse-

quence (nk) of (nm) such that (QP )00
nk

→ 0 λs-a.s. and (PQ)00
nk

→ 0 λs-a.s. Put

F1 = (im P ) ∩ (im Q) ∩ F , F2 = {x ∈ F : (QP )00
nk

x → 0 and (PQ)00
nk

x → 0}. Then

F1 ∩ F2 = {0}, µs
PQ(F1) = 1, λs(F2) = 1. Let H1 be a σ-compact subgroup of F1

with µs
PQ(H1) = 1 and let H2 be a σ-compact subgroup of F2 with λs(H2) = 1. By

Lemma 1.4.1, there exists a Borel-measurable projection R from H = H1 ⊕H2 into itself

such that imR = H1 and kerR = H2. Clearly, R ∈ Add(G; µ). Since for each x ∈ H ,

(QP )00
nk

x → Rx as k → ∞, and (PQ)00
nk

x → Rx as k → ∞, we conclude from

Theorem 3.1.12 that (QP )00
n
→ R in µs and (PQ)00

n
→ R in µs. Hence, by Theorem

3.2.4(ii), R ∈ ΠB(µ). It is easy to see that R = P ∧ Q.

Corollary 3.4.6. Let µ ∈ M1
0 (G) and P1, . . . , Pn ∈ ΠB(µ). Then there exists a

projection P1 ∧ . . . ∧ Pn ∈ ΠB(µ) such that

im(P1 ∧ . . . ∧ Pn) ∩ F =

n⋂

i=1

im(Pi) ∩ F

for some σ-compact proper common subdomain F of {P1, . . . , Pn} and P1 ∧ . . . ∧ Pn.

Theorem 3.4.7. Let G be an Abelian metrizable group, µ ∈ M1
0 (G) and (Pn) be a

sequence in ΠB(µ) such that Pn+1 ≤ Pn. Then there exists inf Pn ∈ ΠB(µ) such that

(i) Pn → infn Pn in µs;

(ii) im(infn Pn)∩F =
⋂∞

n=1 im(Pn)∩F for some σ-compact proper common subdomain

F of (Pn) and infn Pn.

P r o o f. By Theorem 3.3.4, there exists a σ-compact proper common subdomain F

of (Pn). Moreover, by Theorem 3.3.2, µs = Pnµs ∗ (I − Pn)µs. But this implies that for

1 ≤ k ≤ n, Pkµs = Pnµs ∗ (Pk − Pn)µs.

We deduce from Theorem 3.2.9 that there exist ν0, ν1 ∈ M1
0 (G) and a sequence (λn)

in M1
0 (G) such that Pnµs ⇒ ν0, (I − Pn)µs ⇒ ν1 and (Pk − Pn)µs ⇒ λk as n → ∞.

Hence,

µs = ν0 ∗ ν1,(9)

Pkµs = ν0 ∗ λk.(10)

Now, by (10) we conclude via Lemma 2.3.3(iv) that ν0((im Pk) ∩ F ) = 1. In particular,

(11) Pkν0 = ν0.

We conclude from (9) together with (11) that Pkµs = ν0 ∗ Pkν1, which implies that

Pkν1 ⇒ δ0 as k → ∞, and thus Pk → 0 in ν1.

Let (nm) be an increasing sequence of positive integers. Then there exists a sub-

sequence (nk) of (nm) such that Pnk
→ 0 ν1-a.s. Put F1 =

⋂∞
n=1(im Pn) ∩ F and

F2 = {x ∈ F : Pnk
x → 0}. Then F1 ∩ F2 = {0} and νi(Fi) = 1 for i = 1, 2. Let Hi

be a σ-compact subgroup of Fi with νi(Fi) = 1 for i = 1, 2. Lemma 1.4.1 now shows

that there exists R ∈ Add(G; µ) such that imR = H1 and kerR = H2. Since for each

x ∈ H1⊕H2, Pnk
x → Rx as k → ∞, we conclude from Theorem 3.1.12 that Pn → R ∈ µs.

Hence, by Theorem 3.2.4, R ∈ ΠB(µ). It is easy to see that R = infn Pn.
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Corollary 3.4.8. Let (Pn) be a sequence in ΠB(µ) such that Pn ≤ Pn+1. Then there

exists supn Pn ∈ ΠB(µ) such that

(i) Pn → supk Pk in µs;

(ii) ker(supn Pn)∩ F =
⋂∞

n=1(kerPn)∩ F for some σ-compact proper common subdo-

main F of (Pn) and supn Pn.

P r o o f. Putting Qn = I − Pn we obtain Qn ≤ Qn+1. Hence, by Theorem 3.4.7 there

exists infn Qn ∈ ΠB(µ) such that

(i) Qn → infn Qn in µs;

(ii) im(infn Qn) ∩ F =
⋂∞

n=1 im(Qn) ∩ F for some σ-compact proper common subdo-

main of (Pn).

Putting P = I − Q we obtain P = supn Pn. The rest of the proof is clear.

Theorem 3.4.9. Let G be an Abelian metrizable group, µ ∈ M1
0 (G) and (Pn) be a

sequence in ΠB(µ). Then there exists infn Pn ∈ ΠB(µ) with

im(inf
n

Pn) ∩ F =

∞⋂

n=1

im(Pn) ∩ F

for some σ-compact proper common subdomain F of (Pn) and infn Pn.

P r o o f. Putting Qn = P1 ∧ . . .∧Pn we see that Qn ≤ Qn+1 and there exists a proper

common subdomain F0 of (Pn) such that im(Qn)∩F0 =
⋂∞

k=1 im(Pk)∩F0. Moreover, by

Theorem 3.4.7 there exists infn Qn ∈ ΠB(µ) with im(infk Qk)∩F1 =
⋂∞

n=1 im(Qn)∩F1 for

some proper common subdomain F1 of (Qn). Put F = F1 ∩F2. Since im(infk Qk)∩F =⋂∞
n=1 im(Pn) ∩ F we conclude that infn Qn = inf Pn.

Theorem 3.4.10. Let G be an Abelian metrizable group, µ ∈ M1
0 (G) and (Pa)a∈A be a

family in ΠB(µ). Then there exists infa∈A Pa ∈ ΠB(µ) such that inf Pa = inf Pn µs-a.s.

for some countable subfamily (Pn) of (Pa).

P r o o f. We will denote by B the family of all finite subsets of A. We define the relation

≤ on B by

b1 ≤ b2 iff b1 ⊂ b2.

Set Qb = infa∈b Pa for each b ∈ B. Then (Qbµ
s)b∈B is a net in M1

0 (G). Moreover, µs =

Qbµ
s ∗ (I − Qb)µ

s for each b ∈ B. If b1, b2 ∈ B, b1 ≤ b2 then Qb1 ≤ Qb2 and finally

Qb1µ
s = Qb2µ

s ∗ (Qb1 − Qb2)µ
s.

Application of Lemma 2.4.5 implies that there exist ν0, ν1 ∈ M1
0 (G) and a net (λb)b∈B

in M1
0 (G) such that

(12) Qbµ
s ⇒ ν0, (I − Qb)µ

s ⇒ ν1

and (Qc − Qb)µ
s ⇒ λc for each c ∈ B. Hence, µs = ν0 ∗ ν1 and for each c ∈ B we have

(13) Qcµ
s = ν0 ∗ λc.

By Lemma 2.3.3(iv) together with (13) we now conclude that ν0(im Qc) = 1, so that

Qc(ν0) = ν0 is satisfied for each c ∈ B.
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Now (12) implies, via Theorem A.III.5 of [3], the existence of an increasing sequence

(bn) in B such that Qbn
µs ⇒ ν0. By Qbn+1 ≤ Qbn

we conclude via Theorem 3.4.7 that

there exists inf Qbn
∈ ΠB(µ) such that Qbn

⇒ infn Qbn
in µs, hence that Qbn

µs ⇒

infn Qbn
(µs) and finally that ν0 = (infn Qbn

)(µs). So for each b ∈ B, Qb(inf Qbn
(µs)) =

inf Qbn
(µs). Application of Corollary 3.4.2 now yields Qb(inf Qbn

) = infn Qbn
µs-a.s. for

each b ∈ B. Therefore,

(14) inf Qbn
≤ Pa

for each a ∈ A.

Let R be a projection in ΠB(µ) such that R ≤ Pa for each a ∈ A. But this implies

that R ≤ Qbn
for each n ∈ N, and finally

(15) R ≤ inf Qbn
.

From (14) together with (15) we conclude that infn Qbn
= infa∈A Pa.

We finish the discussion of this section with the formulation of the following theorem.

Theorem 3.4.11. ΠB(µ) forms a complete lattice. Moreover ,

(i) for every family (Pa)a∈A in ΠB(µ) there exists a countable subfamily (Pn) of

(Pa) such that infa∈A Pa = infn Pn µs-a.s.;

(ii) inf ΠB(µ) = 0;

(iii) supΠB(µ) = I.

P r o o f. This follows from Theorem 3.4.10.

IV. Product-decomposability of probability measures

4.1. Basic definitions and results. Let G be an Abelian metrizable group. A

measure µ in M1(G) is said to be product-decomposable if there exist two nondegenerate

measures µ1, µ2 on G, two Borel subgroups G1, G2 of G and an element x in G such that

(i) µ = µ1 ∗ µ2 ∗ δx;

(ii) µi(Gi) = 1 for i = 1, 2;

(iii) G1 ∩ G2 = {0}.

In the opposite case, µ is said to be product-indecomposable.

Theorem 4.1.1. Let G be an Abelian metrizable group and µ ∈ M1(G). Then the

following statements are equivalent :

(i) µ is product-decomposable;

(ii) ΠB(µ) 6= {0, I}.

A nondegenerate measure ν in M1(G) is said to be a product-factor of a measure µ

in M1(G) if there exist P ∈ ΠB(µ) and x ∈ G with µ(D(P ) + x) = 1 such that

ν = P (µ ∗ δ−x).
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Lemma 4.1.2. Let an Abelian Polish group G have no nontrivial continuous additive

projections from G into itself. Let µ be a measure in M1(G) with
⋂
Gµ = {G}. Then µ

is product-indecomposable.

The proof is immediate from Lemma 3.2.10.

A projection P ∈ ΠB(µ) \ {0} is said to be a product-atom if

{Q ∈ ΠB(µ) : 0 ≤ Q ≤ P} = {0, I}.

We denote by AB(µ) the set of all product-atoms from ΠB(µ) and let A(µ) = Π(µ) ∩

AB(µ).

The following facts are immediate consequences of the definition of a product-atom.

Corollary 4.1.3. Let G be an Abelian metrizable group, µ ∈ M1(G) and P ∈ ΠB(µ)\

{0}. Then P is a product-atom iff the measure P (µ ∗ δ−x) is product-indecomposable for

some x ∈ G with µ(D(P ) + x) = 1.

Corollary 4.1.4. Let G be an Abelian metrizable group, µ ∈ M1(G) and P, Q ∈

ΠB(µ) with PQ = QP µs-a.s. Then

(i) if P ∈ AB(µ) then either P ≤ Q or P ≤ I − Q;

(ii) if P, Q ∈ AB(µ) then P ≤ I − Q.

Lemma 4.1.5. Let G be an Abelian metrizable group, µ ∈ M1(G) and P ∈ AB(µ).

Assume that Q is a projection in ΠB(µ) such that im P ∩F = im Q∩F for some common

subdomain F of the projections P and Q. Then Q ∈ AB(µ).

P r o o f. This follows immediately from Theorem 3.3.9.

Corollary 4.1.6. Let P ∈ AB(µ) and Q ∈ ΠB(µ) with QP = P µs-a.s. Then there

exists P ′ ∈ AB(µ) such that

(i) PP ′ = P ′ µs-a.s. and P ′P = P µs-a.s.;

(ii) QP ′ = P ′Q = P ′ µs-a.s.

A measure µ in M1(G) is said to be

(i) purely product-atomic if for every P ∈ ΠB(µ) \ {0} there exists Q ∈ AB(µ) such

that 0 < Q ≤ P ;

(ii) product-atomless if it has no product-atoms.

4.2. Gaussian measures in the sense of Gnedenko. We start with the introduc-

tion of the class of Gaussian measures in the sense of Gnedenko.

Let G be an Abelian metrizable group. A measure µ in M1(G) is said to be a Gaussian

measure in the sense of Gnedenko (G-Gaussian) if there exist ν ∈ M1(G) and P ∈

ΠB(µ ⊗ ν) such that

((G × {0}) ∪ ({0} × G)) ∩ ((im P ) ∪ (ker P )) ∩ F = {(0, 0)}

for some Borel subgroup F of G × G with the property that (µ ⊗ ν)s(F ) = 1. The class

of all G-Gaussian measures on G will be denoted by ΓG(G).

Example 4.2.1. Lemma 1.2.1 implies that for every prime p the Haar measure ωZp

on Zp is G-Gaussian.
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Lemma 4.2.1. Let G and F be Abelian metrizable groups. Then

(i) {δx : x ∈ G} ⊂ ΓG(G);

(ii) if µ ∈ ΓG(G) then µ ∗ δx ∈ ΓG(G) for each x ∈ G;

(iii) if Φ is a Borel isomorphism from G onto F and µ ∈ ΓG(G) then Φ(µ) ∈ ΓG(G).

Theorem 4.2.2. Let G be an Abelian metrizable group and µ ∈ M1(G). Then the

following statements are equivalent :

(i) µ ∈ ΓG(G);

(ii) there exist an Abelian metrizable group F , ν ∈ M1(F ) and P ∈ ΠB(µ ⊗ ν) such

that

((G × {0}) ∪ ({0} × G)) ∩ ((im P ) ∪ (kerP )) ∩ H = {(0, 0)}

for some Borel subgroup H of G × F with the property that (µ ⊗ ν)s(H) = 1.

P r o o f. (i)⇒(ii) is obvious.

(ii)⇒(i) Let Q be the mapping from G × F to itself defined by Q(x, y) = (x, 0) for

(x, y) ∈ G×F . Hence, Q ∈ ΠB(µ⊗ ν). Now, by Theorem 3.3.4 there exists a σ-compact

proper common subdomain H of projections P and Q such that

((im P ) ∪ (kerP )) ∩ ((im Q) ∪ (kerQ)) ∩ H = {(0, 0)}.

Moreover, there exist a σ-compact subgroup G1 of G and a σ-compact subgroup F1 of F

such that

(a) H = G1 × F1;

(b) (imQ) ∩ H = G1 × {0} and (kerQ) ∩ H = {0} × F1.

Set R = (Q|im P∩H)(P |ker Q∩H). It is easy to see that R is an injective Borel-measur-

able mapping. Since R : {0} × F1 → G1 × {0} we conclude that there exists an injective

Borel-measurable linear mapping R1 : F1 → G1 such that R(0, x) = (R1(x), 0) for each

x ∈ F1. Putting G2 = R1(F1), we find that G2 is a Borel subgroup of G.

Let Φ be the mapping from G1 × F1 onto G1 × G2 defined by Φ(x, y) = (x, R1y)

for (x, y) ∈ G1 × F1. Clearly, Φ is a bijective Borel-measurable linear mapping. Putting

λ = R1(ν), we obtain Φ(µ⊗ν) = µ⊗λ. We define P1 = Φ(P |H)Φ−1. An easy computation

shows that P1 ∈ ΠB(µ ⊗ λ) and

((G1 × {0}) ∪ ({0} × G2)) ∩ ((im P1) ∪ (kerP1)) = {(0, 0)}.

Corollary 4.2.3. Let µ ∈ ΓG(G) and H be a Borel subgroup of G such that µ(H) = 1.

Then µ ∈ ΓG(H).

Theorem 4.2.4. Let G be an Abelian metrizable group, µ ∈ M1(G) and P ∈ ΠB(µ).

We assume that P (µ∗δ−x), (I−P )(µ∗δ−x) ∈ ΓG(G) for some x ∈ G with µ(D(P )+x) = 1.

Then µ ∈ ΓG(G).

P r o o f. We define the mapping R on G × G into itself by R(x, y)=(x, 0) for (x, y)∈

G × G.

By Theorem 3.3.4 there exist a σ-compact proper subdomain F ′ of P and x ∈ G such

that µ(F + x) = 1. Set µ′
1 = P (µ ∗ δ−x), µ′

2 = (I − P )(µ ∗ δ−x), G′
1 = (imP ) ∩ F ′ and

G′
2 = (kerP ) ∩ F ′.
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Let i = 1, 2. Since µ′
i ∈ ΓG(G′

i) we conclude that there exist ν′
i ∈ ΓG(G) and Qi ∈

ΠB(µ′
i ⊗ ν′

i) such that for some σ-compact proper common subdomain Di of projections

R|G′

i
×G′

i
and Qi we have

((im R|G′

i
×G′

i
) ∪ (kerR|G′

i
×G′

i
)) ∩ ((im Qi) ∪ (kerQi)) ∩ Di = {(0, 0)}.

Without loss of generality we may assume that (ker Qi)∩Di, (im Qi)∩Di, (kerR|G′

i
×G′

i
)∩

Di and (imR|G′

i
×G′

i
)∩Di are σ-compact. Let (ui, vi) be an element of G′

i ×G′
i such that

µ′
i⊗ν′

i(Di+(ui, vi)) = 1. Put µi = µ′
i∗δ−ui

and νi = ν′
i ∗δ−vi

. Since (R|G′

i
×G′

i
)(Di) ⊂ Di

we conclude that there exist σ-compact subgroups Ki and Hi of G′
i such that

(a) Di = Ki × Hi;

(b) (im(R|G′

i
×G′

i
) ∩ Di = Ki × {0} and (kerR|G′

i
×G′

i
) ∩ Di = {0} × Hi;

(c) µi(Ki) = νi(Hi) = 1.

Put λi = Qi(µi ⊗νi), ηi = (I −Qi)(µi ⊗νi), Fi = (im Qi)∩Di and Gi = (kerQi)∩Di.

Since Qi(Di) ⊂ Di we conclude that Di = Fi ⊕ Gi and λi(Fi) = ηi(Gi) = 1. Moreover,

((Ki × {0}) ∪ ({0} × Hi)) ∩ (Fi ∪ Gi) = {(0, 0)}.

Set µ0 = µ1 ∗µ2, ν0 = ν1 ∗ ν2, λ0 = λ1 ∗ λ2, η0 = η1 ∗ η2, K0 = K1 + K2, H0 = H1 +

H2, F0 = F1 +F2 and G0 = G1 +G2. It is easy to see that µ0(K0) = ν0(H0) = λ0(F0) =

η0(G0) = 1 and K0 × H0 = F0 ⊕ G0. By Lemma 1.4.1, there exists Q ∈ ΠB(µ0 ⊗ ν0)

such that imQ = F0 and kerQ = G0. A trivial verification shows that

((im R) ∪ (kerR)) ∩ ((im Q) ∪ (kerQ)) ∩ (K0 × H0) = {(0, 0)}.

Since µ = µ0 ∗ δ−z for some z ∈ G, we conclude that µ ∈ ΓG(G).

Corollary 4.2.5. Let µ ∈ M1(G) and P1, . . . , Pn be projections in ΠB(µ) such that

(i) PiPj = 0 µs-a.s. if i 6= j;

(ii) P1 ∨ . . . ∨ Pn = I;

(iii) P1(µ∗δ−x), . . . , Pn(µ∗δ−x) ∈ ΓG(G) for some x ∈ G with µ(
⋂n

i=1 D(Pi +x)) = 1.

Then µ ∈ ΓG(G).

Corollary 4.2.6. Let µ be a measure in M1(G). Assume that there exist two projec-

tions P, Q in ΠB(µ) such that

((im P ) ∪ (kerP )) ∩ ((im Q) ∪ (kerQ)) ∩ F = {0}

for some Borel subgroup F of G with µs(F ) = 1. Then µ ∈ ΓG(G).

Theorem 4.2.7. Let G be an Abelian metrizable group and µ ∈ ΓP (G). Assume that

there exists a Borel subgroup G0 of G such that

(i) µ(G0 + x) = 1 for some x ∈ G;

(ii) G0 has no elements of order 2.

Then µ ∈ ΓG(G).

This follows at once from Corollary 4.2.5.

4.3. Gaussian measures in the sense of Gnedenko without idempotent fac-

tors. In this section we concentrate on a detailed study of Gaussian measures in the sense
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of Gnedenko without idempotent factors. The class of all G-Gaussian measures without

idempotent factors will be denoted by ΓG,0(G).

Theorem 4.3.1. Let G, H be Abelian metrizable groups and µ ∈ M1(G), ν ∈ M1(H).

Assume that there exists Q ∈ ΠB(µ ⊗ ν) such that

((G × {0}) ∪ ({0} × G)) ∩ ((im Q) ∪ (ker Q)) ∩ F = {(0, 0)}

for some Borel subgroup F of G×H with (µ⊗ν)s(F )=1. Then I(µ) = {0} iff I(ν)={0}.

P r o o f. By Lemma 2.4.2(ii) we have I(µ⊗ ν) = I(µ) ⊗ I(ν). Since I(µ ⊗ ν) ⊂ D(Q)

and Q(I(µ ⊗ ν)) ⊂ I(µ ⊗ ν) we conclude that

(1) I(µ ⊗ ν) = ((im Q) ∩ I(µ ⊗ ν)) ⊕ ((kerQ) ∩ I(µ ⊗ ν)).

Let F be a Borel subgroup of G × H such that (µ ⊗ ν)s(F ) = 1 and

((G × {0}) ∪ ({0} × G)) ∩ ((im Q) ∪ (kerQ)) ∩ F = {(0, 0)}.

This implies that

((I(µ) × {0}) ∪ ({0} × I(µ))) ∩ ((im Q ∩ I(µ ⊗ ν)) ∪ (kerQ ∩ I(µ ⊗ ν))) = {(0, 0)}.

Let I(µ) = {0}. Hence,

{(0, 0)} = ({0} × I(µ)) ∩ ((im Q ∩ I(µ ⊗ ν)) ∪ (kerQ ∩ I(µ ⊗ ν)))(2)

= ((im Q ∩ I(µ ⊗ ν)) ∪ (kerQ ∩ I(µ ⊗ ν)))

We now conclude from (1) together with (2) that I(µ ⊗ ν) = {(0, 0)}.

Corollary 4.3.2. Let G be an Abelian metrizable group and µ ∈ ΓG,0(G). Let ν be a

measure in M1(G) such that there exists Q ∈ ΠB(µ ⊗ ν) with

((G × {0}) ∪ ({0} × G)) ∩ ((im Q) ∪ (ker Q)) ∩ F = {(0, 0)}

for some Borel subgroup F of G × G with (µ ⊗ ν)s(F ) = 1. Then I(ν) = {0}.

Theorem 4.3.3. Let G be an Abelian metrizable group and µ ∈ M1
0 (G). Assume that

there exists a sequence (Rn) in ΠB(µ) such that

(i) RnRm = RmRn = 0 µs-a.s.;

(ii) supRn = I µs-a.s.;

(iii) there exists a sequence (xn) ⊂ G such that for each n ∈ N, µ(D(Rn) + xn) = 1

and (Rn(µ ∗ δ−xn
)) ⊂ ΓG(G).

Then µ ∈ ΓG,0(G).

P r o o f. By Theorem 3.3.4 there exist a σ-compact proper common subdomain F ′ of

(Rn) and x ∈ G such that µ(F ′ + x) = 1. Set µ′
n = Rn(µ ∗ δ−x) and G′

n = im Rn ∩ F ′.

Further, we define the mapping Φn from G′
n × G′

n into itself by Φn(x, y) = (x, 0) for

(x, y) ∈ G′
n × G′

n.

Let n ∈ N. Since µ′
n ∈ ΓG(G′

n) we conclude that there exist ν′
n ∈ M1(G′

n) and

Θn ∈ ΠB(µ′
n ⊗ ν′

n) such that for some σ-compact proper common subdomain D′
n of Φn

and Θn we have (im Φn∪kerΦn)∩(im Θn∪kerΘn)∩D′
n = {(0, 0)}. Let (un, vn) ∈ G′

n×G′
n

be such that µ′
n ⊗ ν′

n(D′ + (un, vn)) = 1. Put µn = µ′
n ∗ δ−un

and νn = ν′
n ∗ δ−vn

. Since
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Φn(D′
n) ⊂ D′

n we conclude that there exist σ-compact subgroups K ′
n and H ′

n of G′
n such

that

(a) D′
n = K ′

n × H ′
n;

(b) imΦn ∩ D′
n = K ′

n × {0} and kerΦn ∩ D′
n = {0} × H ′

n;

(c) µn(K ′
n) = νn(H ′

n) = 1;

(d) ((K ′
n × {0}) ∪ ({0} × H ′

n)) ∩ ((im Θn ∩ D′
n) ∪ (kerΘn ∩ D′

n)) = {(0, 0)}.

Set F ′
n⊕(kerRn∩F ′

n) and R′
n = Rn|F ′

n
. It is easy to see that R′

n ∈ ΠB(µ), R′
n = Rn µs-a.s.

and R′
n(µ ∗ δ−x−un

) = µn.

Put H ′ =
∏∞

n=1 H ′
n and ν = *

∞
n=1 νn. Clearly, ν(H ′) = 1 and I(ν) = {0}. We now

define the projection pn from H ′ into H ′
n by pn((xk)) = xn for (xk) ∈ H ′ and the

embedding in of H ′
n in H ′ by in(xn) = (xk), where (xk) is the element of H ′ whose nth

coordinate is equal to xn and all other coordinates vanish.

Let rn be the mapping from F ′
n × H ′ into K ′

n × H ′
n defined by rn(x, (yn)) =

(R′
nx, pn(yk)) for (x, (yn)) ∈ F ′

n × H ′ and let jn be the mapping from K ′
n × H ′

n into

F ′
n × H ′ defined by jn(x, y) = (x, in(y)) for (x, y) ∈ K ′

n × H ′
n.

Putting Qn = jnΘnrn, Q′ = jn(I − Θn)rn, Pn = jnΦnrn, P ′ = jn(I − Φn)rn and

Tn = jnrn one obtains

(e) Pn, P ′
n, Qn, Q′

n, Tn ∈ ΠB(µ ⊗ ν);

(f) Pn + P ′
n = Qn + Q′

n = Tn;

(g) PnPm = P ′
nP ′

m = QnQm = Q′
nQ′

m = TnTm = 0 (µ ⊗ ν)s-a.s. for i 6= j.

Theorem 3.4.9 implies that there exist P, P ′, Q, Q′ ∈ ΠB(µ⊗ν) such that P = supPn,

P ′ = sup P ′
n, Q = sup Qn and Q′ = supQ′

n. Since sup Tn = I (µ ⊗ ν)s-a.s. we conclude

that P = I − P ′ (µ ⊗ ν)s-a.s. and Q = I − Q′ (µ ⊗ ν)s-a.s. Hence, by Theorem 3.3.4

there exists a σ-compact proper common subdomain D of (Pn), (P ′
n), (Qn), (Q′

n) and

{P, P ′, Q, Q′} such that P |D = (I − P ′)|D and Q|D = (I − Q′)|D. Moreover,

(3)

kerP ∩ D =

∞⋂

n=1

kerPn ∩ D, kerP ′ ∩ D =

∞⋂

n=1

kerP ′
n ∩ D,

kerQ ∩ D =

∞⋂

n=1

kerQn ∩ D, kerQ′ ∩ D =

∞⋂

n=1

kerQ′
n ∩ D,

and Pn(D) ⊂ D.

Since P (D) ⊂ D we conclude that there exist σ-compact subgroups: F ⊂
⋂∞

n=1 F ′
n,

H ⊂ H ′ and Kn ⊂ K ′
n, such that D = F ×H , im P ∩D = F ×{0}, kerP ∩D = {0}×H

and imPn ∩D = Kn × {0}. Set Hn = pn(H) and Dn = Kn ×Hn. An easy computation

shows that

(h) H =
∏∞

n=1 Hn;

(i) kerPn ∩ D = {0} × in(Hn);

(j) Φn(Dn) ⊂ Dn and Θn(Dn) ⊂ Dn;

(k) (imΦn ∪ kerΦn) ∩ (im Θn ∪ kerΘn) ∩ Dn = {(0, 0)}.
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We now have

(4)
kerQn ∩ D = r−1

n (kerΘn ∩ Dn), kerQ′
n ∩ D = r−1

n (im Θn ∩ Dn),

kerPn ∩ D = r−1
n (kerΦn ∩ Dn), kerP ′

n ∩ D = r−1
n (im Φn ∩ Dn).

From (3) and (4) we obtain

kerQ ∩ D =

∞⋂

n=1

r−1
n (kerΘn ∩ Dn), im Q ∩ D =

∞⋂

n=1

r−1
n (im Θn ∩ Dn),

kerP ∩ D =
∞⋂

n=1

r−1
n (kerφn ∩ Dn), im P ∩ D =

∞⋂

n=1

r−1
n (im Φn ∩ Dn).

Thus we get

(im P ∪ kerP ) ∩ (im Q ∪ kerQ) ∩ D

=
∞⋂

n=1

{r−1
n (im Φn ∩ Dn) ∩ r−1

n (im Θn ∩ Dn)}

∪
∞⋂

n=1

{r−1
n (im Φn ∩ Dn) ∩ r−1

n (kerΘn ∩ Dn)}

∪
∞⋂

n=1

{r−1
n (kerΦn ∩ Dn) ∩ r−1

n (im Θn ∩ Dn)}

∪
∞⋂

n=1

{r−1
n (kerΦn ∩ Dn) ∩ r−1

n (kerΘn ∩ Dn)}

=

∞⋂

n=1

r−1
n ({(0, 0)}) = {(0, 0)}.

Application of Theorem 4.2.2 implies that µ ∈ ΓG,0(G).

Lemma 4.3.4. Let G be an Abelian metrizable group, µ ∈ M1
0 (G) and P1, P2 ∈ ΠB(µ).

Define Q = I −
∑1

i,j=0 P
(i)
1 ∧ P

(j)
2 . Then

(i) Q ∈ ΠB(µ);

(ii) QP
(j)
i = P

(j)
i Q µs-a.s. for i, j = 1, 2;

(iii) QP
(j)
i ∧ QP

(k)
l = 0 Q(µs)-a.s. for (i, j) 6= (k, l);

(iv) Q(µ ∗ δ−x) ∈ ΓG,0(G) for some x ∈ G with µ(D(Q) + x) = 1.

Lemma 4.3.5. Let G be an Abelian metrizable group, µ ∈ M1
0 (G) and P, R ∈ ΠB(µ).

Assume that P ∧ R = 0 µs-a.s. and P ∧ (I − R) = 0 µs-a.s. Then P (µ ∗ δ−x) ∈ ΓG,0(G)

for every x ∈ G with µ(D(P ) + x) = 1.

P r o o f. Putting Q = I−(I−P )∧R−(I−P )∧(I−R) we obtain QP = PQ = P . Let

x ∈ G be such that µ(D(Q)+ x) = 1. Hence, by Theorem 3.3.9(ii), P ∈ ΠB(Q(µ ∗ δ−x)).

We now conclude from Lemma 4.3.4 that

(a) QR = RQ µs-a.s.;

(b) QR ∈ ΠB(Q(µ ∗ δ−x));

(c) (im P ∪kerP )∩ (im QR∪kerQR)∩F = {0} for some Borel subgroup F of G with

µs(F ) = 1.
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Theorem 4.3.6. Let G be an Abelian metrizable group, µ ∈ ΓG,0(G) and P ∈ ΠB(µ).

Then P (µ ∗ δ−x) ∈ ΓG,0(G) for every x ∈ G with µ(D(P ) + x) = 1.

P r o o f. Let x ∈ G be such that µ(D(P )+x) = 1. We define the mapping R on G×G

into itself by R(x, y) = (x, 0) for (x, y) ∈ G×G. Since µ ∈ ΓG,0(G) we see that there exist

ν ∈ M1(G) and Q ∈ ΠB(µ ⊗ ν) such that (im R ∪ kerR) ∩ (im Q ∪ kerQ) ∩ F = {(0, 0)}

for some Borel subgroup F of G × G with (µ ⊗ ν)s(F ) = 1.

Let P ′ be the mapping on D(P ) × G into itself defined by P ′(x, y) = (Px, 0) for

(x, y) ∈ D(P ) × G. Clearly, P ′ ∈ ΠB(µ ⊗ ν), P ′ ∧ Q = 0 (µ ⊗ ν)s-a.s. and P ′ ∧ (I − Q)

= 0 (µ ⊗ ν)s-a.s. Moreover, µ ⊗ ν(D(P ′) + (x, 0)) = 1. Lemma 4.3.5 now implies that

P ′(µ ⊗ ν ∗ δ−(x,0)) ∈ Γ 0
G(G × G). A trivial verification shows that P ′(µ ⊗ ν ∗ δ−(x,0)) =

P (µ ∗ δ−x) ⊗ δ0.

Corollary 4.3.7. Let G be an Abelian metrizable group, µ ∈ M1
0 (G) and (Pn) be a

sequence in ΠB(µ). Assume that

(i) Pn ≤ Pn+1;

(ii) for every n ∈ N there exists xn ∈ G such that µ(D(Pn)+xn) = 1 and Pn(µ∗δ−xn
) ∈

ΓG,0(G).

Then (sup Pn)(µ ∗ δ−x) ∈ ΓG,0(G) for every x ∈ G with µ(D(sup Pn) + x) = 1.

P r o o f. Without loss of generality we may assume that supPn = I µs-a.s. We define

R1 = P1 and Rn+1 = Pn(I−Pn+1) for n ∈ N. Theorem 4.3.6 implies that Rn(µ∗δ−yn
) ∈

ΓG,0(G) for every yn ∈ G with µ(D(Rn) + yn) = 1. Therefore, Theorem 4.3.3 yields

µ ∈ ΓG,0(G).

Theorem 4.3.8. Let G be an Abelian metrizable group, µ ∈ M1
0 (G) and (Pt)t∈T be a

family in ΠB(µ). Assume that for every t ∈ T there exists xt ∈ G such that µ(D(Pt) +

xt) = 1 and Pn(µ ∗ δ−xn
) ∈ ΓG,0(G). Then (sup Pt)(µ ∗ δ−x) ∈ ΓG,0(G) for every x ∈ G

with µ(D(sup Pt) + x) = 1.

We prepare the proof of the theorem with the following lemma.

Lemma 4.3.9. Let µ ∈ M1
0 (G) and P1, . . . , Pn ∈ ΠB(µ). Assume that for k = 1, . . . , n

there exists xk ∈ G such that µ(D(Pk) + xk) = 1 and Pk(µ ∗ δ−xk
) ∈ ΓG,0(G). Then

(P1 ∨ . . . ∨ Pn)(µ ∗ δ−x) ∈ ΓG,0(G) for every x ∈ G with µ(D(P1 ∨ . . . ∨ Pn) + x) = 1.

P r o o f. Without loss of generality we may assume that n = 2. We set

Q = I −
1∑

i,j=0

P
(i)
1 ∧ P

(j)
2 .

Hence, by Lemma 4.3.4,

(i) Q(µ ∗ δ−x) ∈ ΓG,0(G) for every x ∈ G with µ(D(Q) + x) = 1;

(ii) P1 ∨ P2 = Q + P
(0)
1 ∧ P

(0)
2 + P

(0)
1 ∧ P

(1)
2 + P

(1)
1 ∧ P

(0)
2 µs-a.s.;

(iii) QP
(i)
1 ∧ P

(j)
2 = P

(i)
1 ∧ P

(j)
2 Q = 0 µs-a.s. for i 6= j;

(iv) (P
(i)
1 ∧P

(j)
2 )(P

(k)
1 ∧P

(l)
2 ) = (P

(k)
1 ∧P

(l)
2 )(P

(i)
1 ∧P

(j)
2 ) = 0 µs-a.s. for (i, j) 6= (k, l);

(v) P
(i)
1 ∧ P

(j)
2 = P

(i)
1 (P

(i)
1 ∧ P

(j)
2 ) = (P

(i)
1 ∧ P

(j)
2 )P

(i)
1 = 0 µs-a.s. for i, j = 0, 1;

(vi) P
(i)
1 ∧ P

(j)
2 = P

(j)
2 (P

(i)
1 ∧ P

(j)
2 ) = (P

(i)
1 ∧ P

(j)
2 )P

(j)
2 = 0 µs-a.s. for i, j = 0, 1.
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Conditions (v) and (vi) together with Theorem 4.3.6 yield

(5) P
(0)
1 ∧ P

(0)
2 (µ ∗ δ−x), P

(1)
1 ∧ P

(0)
2 (µ ∗ δ−x), P

(0)
1 ∧ P

(1)
2 (µ ∗ δ−x) ∈ ΓG,0(G)

for every x ∈ G with µ(
⋂1

i,j=0 D(P
(i)
1 ∧ P

(j)
2 ) + x) = 1.

Conditions (i), (ii) and (5) together with Theorem 4.3.3 imply

(P1 ∨ P2)(µ ∗ δ−z) ∈ ΓG,0(G)

for each z ∈ G with µ(D(P1 ∨ P2) + z) = 1.

P r o o f o f T h e o r e m 4.3.8. By Theorem 3.4.10 there exists a sequence (tn) ⊂ T

such that supt∈T Pt = supn Ptn
µs-a.s. Putting Qn = Pt1∨. . .∨Ptn

we obtain Qn ≤ Qn+1

and supn Qn = supt Pt µs-a.s. By Lemma 4.3.9, Qn(µ ∗ δ−zn
) ∈ ΓG,0(G) for each zn ∈ G

with µ(D(Qn) + zn) = 1. Application of Corollary 4.3.7 now implies that

(sup
t

Pt)(µ ∗ δ−z) ∈ ΓG,0(G)

for each z ∈ G with µ(D(supt Pt) + z) = 1.

Lemma 4.3.10. Let G be an Abelian metrizable group and µ ∈ M1
0 (G). Assume that

the measure µ has no G-Gaussian product-factors. Then ΠB(µ) is a commutative subse-

migroup of DB(µ).

P r o o f. Let P1, P2 ∈ ΠB(µ). Application of Lemma 4.3.4 yields

(a) I =
∑1

i,j=0 P
(i)
1 ∧ P

(j)
2 µs-a.s.;

(b) (P
(i)
1 ∧ P

(j)
2 )(P

(k)
1 ∧ P

(l)
2 ) = 0 µs-a.s. for (i, j) 6= (k, l).

Clearly,

P
(0)
1 ∧ P

(0)
2 + P

(0)
1 ∧ P

(1)
2 ≤ P1, P

(0)
1 ∧ P

(1)
2 + P

(1)
1 ∧ P

(1)
2 ≤ I − P1,

P
(0)
1 ∧ P

(0)
2 + P

(1)
1 ∧ P

(0)
2 ≤ P2, P

(0)
1 ∧ P

(1)
2 + P

(1)
1 ∧ P

(1)
2 ≤ I − P2.

But this implies that

P1 = P
(0)
1 ∧ P

(0)
2 + P

(0)
1 ∧ P

(1)
2 µs-a.s. and

P2 = P
(0)
1 ∧ P

(0)
2 + P

(1)
1 ∧ P

(0)
2 µs-a.s.

Theorem 4.3.11. Let G be an Abelian metrizable group and µ ∈ M1(G). Then there

exists P0 ∈ ΠB(µ) such that

(i) P0(µ ∗ δ−x) ∈ ΓG,0(G) for each x ∈ G with µ(D(P0) + x) = 1;

(ii) for each x ∈ G with µ(D(P0) + x) = 1, the measure (I − P0)(µ ∗ δ−x) has no

G-Gaussian product-factors;

(iii) for every R ∈ ΠB(µ), RP0 = P0R µs-a.s.;

(iv) {RP0 : R ∈ ΠB(µ)} is a commutative subsemigroup of DB(µ).

Moreover , the projection P0 is uniquely determined by conditions (i) and (ii).

P r o o f. (i) Put

Γ = {P ∈ ΠB(µ) : P (µ ∗ δ−xP
) ∈ ΓG,0(G) for some xP ∈ G with µ(D(P ) + xP ) = 1}.

Set P0 = sup{P : P ∈ Γ}. Hence, by Theorem 4.3.8, P0(µ ∗ δ−x) ∈ ΓG,0(G) for each

x ∈ G with µ(D(P0) + x) = 1.
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(ii) is obvious.

(iii) Let R ∈ ΠB(µ). We define Q = I −
∑1

i,j=0 P
(i)
0 ∧ R(j). Application of Lemma

4.3.4 yields

(a) QR = RQ µs-a.s.;

(b) R = QR + R ∧ P0 + R ∧ (I − P0) µs-a.s.;

(c) Q(µ ∗ δ−x) ∈ ΓG,0(G) for each x ∈ G with µ(D(Q) + x) = 1.

Lemma 4.3.5 now shows that RQ(µ∗δ−x) ∈ ΓG,0(G) for some x ∈ G with µ(D(P0)+x) =

1, which implies that RQ ≤ P0 and finally that

(6) P0 = P0(RQ) µs-a.s.

Hence, we conclude from (b) together with (6) that P0R = RP0 µs-a.s.

(iv) follows immediately from (ii) together with Lemma 4.2.10.

Theorem 4.3.12. Let G be an Abelian metrizable group and µ ∈ M1
0 (G). Assume that

there exist P1, . . . , Pn ∈ ΠB(µ) such that

n⋂

k=1

(im Pk ∪ kerPk) ∩ F = {0}

for some Borel subgroup F of G with µs(F ) = 1. Then µ ∈ ΓG,0(G).

P r o o f. By Theorem 4.3.11 there exists P0 ∈ ΠB(µ) such that

(i) P0(µ ∗ δ−x) ∈ ΓG,0(G) for every x ∈ G with µ(D(P0) + x) = 1;

(ii) for every R ∈ ΠB(µ), RP0 = P0R µs-a.s.;

(iii) {RP
(1)
0 : R ∈ ΠB(µ)} is a commutative subsemigroup of DB(µ).

Hence, by assumption, for each (i1, . . . , in) ∈ {0, 1}n,

P
(i1)
1 P

(1)
0 . . . P (in)

n P
(1)
0 = 0 µs-a.s.

Since

P
(1)
0 =

∑

i
n
∈{0,1}n

P
(i1)
1 P

(1)
0 . . . P (in)

n P
(1)
0 µs-a.s.,

we conclude that P
(1)
0 = 0 µs-a.s.

Corollary 4.3.13. Let µ ∈ M1
0 (G) and P1, . . . , Pn ∈ ΠB(µ). Define

Q = I −
∑

i
n
∈{0,1}n

P
(i1)
1 ∧ . . . ∧ P (in)

n µs-a.s.

Then

(i) Q(µ ∗ δ−x) ∈ ΓG,0(G) for each x ∈ G with µ(D(Q) + x) = 1;

(ii) QPk = PkQ µs-a.s. for k = 1, . . . , n;

(iii) Pk = QPk +
∑

i
n
∈{0,1}n,ik=1 P

(i1)
1 ∧ . . . ∧ P

(in)
n µs-a.s.

4.4. Product-atoms in Borel decomposability semigroups of probability

measures without idempotent factors. We now study the properties of product-

atoms in Borel decomposability semigroups of Radon probability measures without idem-

potent factors.
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Lemma 4.4.1. Let G be an Abelian metrizable group, µ ∈ M1
0 (G) and P ∈ AB(µ).

Assume that there exists Q ∈ ΠB(µ) such that PQ 6= QP µs-a.s. Then for each x ∈ G

with µ(D(P ) + x) = 1, P (µ ∗ δ−x) ∈ ΓG,0(G).

P r o o f. By assumption P ∧Q = 0 µs-a.s. and P ∧ (I −Q) = 0 µs-a.s. Application of

Lemma 4.3.5 now implies that P (µ∗δ−x) ∈ ΓG(G) for each x ∈ G with µ(D(P )+x) = 1.

Theorem 4.4.2. Let G be an Abelian metrizable group, µ ∈ M1
0 (G) and B be a

commutative family of AB(µ). Then B is at most countable.

P r o o f. Put R = sup{P : P ∈ B} µs-a.s. Hence, by Theorem 3.4.10 there exists a

sequence (Pn) in B such that R = supn Pn µs-a.s.

Let Q ∈ (B ∪ {0}) \ (Pn). Since Q ∧ Pn = 0 µs-a.s. we conclude that for each n ∈ N,

Pn ≤ I −Q µs-a.s., which implies that R ≤ I −Q µs-a.s. Further, R ≤ R∨Q = R + Q ≤

R µs-a.s. and thus Q = 0 µs-a.s.

Corollary 4.4.3. If AB(µ) is commutative then AB(µ) is at most countable.

Theorem 4.4.4. Let G be an Abelian metrizable group and µ ∈ M1
0 (G). Then

(i) if µ is purely product-atomic then for every P ∈ ΠB(µ) there exists a commutative

at most countable subset BP of AB(µ) such that sup{Q : Q ∈ BB} = P µs-a.s.;

(ii) if ΠB(µ) is commutative subsemigroup of DB(µ) and there exists a subset B

of AB(µ) such that sup{P : P ∈ B} = I µs-a.s. then B = AB(µ) and µ is purely

product-atomic.

P r o o f. (i) Let P ∈ ΠB(µ). We denote by C the family of all commutative subsets of

{Q ∈ AB(µ) : Q ≤ P}. Further, we define the binary relation ≤ on C by

B1 ≤ B2 iff B1 ⊂ B2.

It is easy to see that ≤ is a partial ordering in C. By the Kuratowski–Zorn lemma there

exists a maximal element B0 in C. Theorem 4.4.2 implies that B0 is at most countable.

Put P0 = sup{Q : Q ∈ B0}. Clearly, P0 ≤ P . Assume that P0 < P . Since P − P0 6= 0

and P − P0 ∈ ΠB(µ) we conclude that there exists Q ∈ AB(µ) such that Q ≤ P − P0.

A trivial verification shows that B0 ∪ {Q} ∈ C and B0 < B0 ∪ {Q}. This contradiction

proves (i).

(ii) By Theorem 4.4.2 the set AB(µ) is at most countable. Since

I ≤ sup{P : P ∈ B} ≤ sup{P : P ∈ AB(µ)} ≤ I

we conclude that sup{P : P ∈ AB(µ)} = I and B = AB(µ).

Let Q ∈ ΠB(µ) \ {0}. Assume that P ≤ I − Q for each P ∈ AB(µ). But this implies

that I ≤ I − Q ≤ I and finally that Q = 0 µs-a.s. This contradiction proves (ii).

Corollary 4.4.5. Let µ ∈ M1
0 (G) be purely product-atomic. Then there exist a sequ-

ence (Pn) ⊂ AB(µ) and an element x ∈ G such that for each n ∈ N, µ(D(Pn) + n) = 1

and

µ =
∞

*
n=1

Pn(µ ∗ δ−x) ∗ δx.
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4.5. Product-atomless probability measures without idempotent factors.

Let G be an Abelian metrizable group and µ ∈ M1(G). A triangular system {P
(n)
j : j =

1, . . . , kn; n = 1, 2, . . .} of projections in ΠB(µ) \ {0} is called a triangular infinitesimal

system of projections corresponding to the measure µ if

(i) P
(n)
j P

(n)
i = P

(n)
i P

(n)
j = 0 µs-a.s. for i, j ∈ {1, . . . , kn}, i 6= j;

(ii)
∑kn

i=1 P
(n)
i = I µs-a.s. for each n ∈ N;

(iii) max{P
(n+1)
i : P

(n+1)
i ≤ P

(n)
j } = P

(n)
j for each n ∈ N and j ∈ {1, . . . , kn};

(iv) for each sequence (jn) in N with jn ∈ {1, . . . , kn} one has P
(n)
jn

µs ⇒ δ0 as n → ∞.

The next two corollaries are immediate from the above definition.

Corollary 4.5.1. Let x be an element of G with µ(D(P
(n)
j ) + x) = 1 for all n ∈ N

and j = 1, . . . , kn. Then {P
(n)
j (µ ∗ δ−x) : j = 1, . . . , kn; n ∈ N} is a shift infinitesimal

triangular system in M1(G).

Corollary 4.5.2. Let F be a proper common subdomain of the triangular infinitesi-

mal system of projections {P
(n)
j } corresponding to the measure µ. Then

∞⋂

n=1

{ kn⋃

i=1

im P
(n)
i ∩ F

}
=

⋃

i∈I

Hi,

where I = {i ∈ N∞ : in ∈ {1, . . . , kn}, P
(n+1)
in+1

≤ P
(n)
in

} and Hi =
⋂∞

n=1 im P
(n)
in

∩ F .

Moreover , if xj ∈ Hi
j

for j = 1, . . . , m, Hi
j
6= Hi

l
for ij 6= il and

∑kn

j=1 xj = 0 then

x1 = . . . = xm = 0.

Lemma 4.5.3. Let G be an Abelian compact metrizable group and (Fn) be a decreasing

sequence of compact subgroups of G. Let F =
⋂∞

n=1 Fn. Then ωFn
→ ωF .

P r o o f. Since (ωFn
) is uniformly tight, there exist an increasing sequence (nk) of

positive integers and a measure µ ∈ M1(G) such that ωFnk
⇒ µ. A trivial verification

shows that supp(µ) ⊂ F . Hence ωFnk
= ωFnk

∗ ωF ⇒ µ ∗ ωF = ωF , and thus µ = ωF .

Lemma 4.5.4. Let G be an Abelian compact metrizable group. Then ωG has no a

triangular infinitesimal system of projections.

P r o o f. We assume on the contrary that there exists a triangular infinitesimal system

of projections {P
(n)
i : i = 1, . . . , kn; n ∈ N} corresponding to ωG.

It is easy to see that {P
(n)
i } is a family of continuous projections from G into itself.

Application of Lemma 1.5.2 implies that

∞⋂

n=1

( kn⋃

i=1

imP
(n)
i

)
6= {0}.

Let (jn) be a sequence of positive integers such that

(a) jn ∈ {1, . . . , kn};

(b) P
(n+1)
jn+1

≤ P
(n)
jn

;

(c) H =
⋂∞

n=1 im P
(n)
jn

6= {0};

(d) P
(n)
jn

ωG → δ0.
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Set H =
⋂∞

n=1 im P
(n)
jn

and Hn = im P
(n)
jn

. Since P
(n)
jn

(ωG) = ωHn
Lemma 4.5.3 implies

that P
(n)
jn

ωG ⇒ ωH 6= δ0. This contradicts (d), and the lemma is proved.

Theorem 4.5.5. Let G be an Abelian metrizable group and µ ∈ M1(G). Suppose that

µ has a triangular system of projections {P
(n)
i : i = 1, . . . , kn; n ∈ N}. Then I(µ) = {0}.

P r o o f. Suppose that I(µ) 6= {0}. Thus µ = µ∗ωH , where H = I(µ). It is easy to see

that {P
(n)
i |H} is a triangular system of projections corresponding of ωH . This contradicts

Lemma 4.5.4 and the theorem is proved.

Lemma 4.5.6. Let G be an Abelian metrizable group and d be some metric in M1
0 (G).

Then a measure µ in M1
0 (G) is product-atomless iff for every P ∈ ΠB(µ) \ {0},

inf{d(Q(µs), δ0) : 0 < Q ≤ P} = 0.

Lemma 4.5.7. Let G be an Abelian metrizable group and d be some metric in M1
0 (G).

Assume that µ is a product-atomless measure in M1
0 (G). Then for every ε > 0 there exist

k ∈ N and P1, . . . , Pk ∈ ΠB(µ) \ {0} such that

(i) PiPj = 0 µs-a.s. for i 6= j;

(ii)
∑k

i=1 Pi = I µs-a.s.;

(iii) d(Pi(µ
s), δ0) < ε for i = 1, . . . , k.

P r o o f. Let ε > 0 and let D be the family of all subsets P of ΠB(µ) \ {0} such that

(a) PiPj = 0 µs-a.s. for Pi, Pj ∈ P , Pi 6= Pj ;

(b) d(P (µs), δ0) ≤ ε for each P ∈ P .

We define the binary relation ≤ on D by P1 ≤ P2 iff P1 ⊂ P2. It is easy to see that

≤ is a partial ordering in D. By the Kuratowski–Zorn lemma there exists a maximal

element P0 in D. Theorem 3.4.10 now implies that P0 is at most countable. Put P0 =

{Pn : n ∈ N}. It is easy to verify that supPn = I µs-a.s. Hence, µs = *
∞
n=1 Pn(µs).

Since *
∞
n=k+1 Pn(µs) ⇒ δ0 as k → ∞, it follows that there exists m ∈ N such that

d(*
∞
n=k+1 Pn(µs), δ0) < ε. Let Q = sup{Pn : n = m + 1, m + 2, . . .}. It is easy to see that

{P1, . . . , Pm, Q} has the required properties.

Theorem 4.5.8. Let G be an Abelian metrizable group and µ ∈ M1(G). Then

(i) if I(µ) = {0} and µ is product-atomless then µ has a triangular infinitesimal

system of projections ;

(ii) if µ has a triangular infinitesimal system of projections and ΠB(µ) is commutative

then I(µ) = {0} and µ is product-atomless.

P r o o f. (i) is an immediate consequence of Lemma 4.5.7. (ii) is obvious.

Corollary 4.5.9. Let µ ∈ M1(G) have no G-Gaussian product-factors. Then the

following conditions are equivalent :

(i) I(µ) = {0} and µ is product-atomless ;

(ii) µ has a triangular infinitesimal system of projections.

Set

mL = δ2−1 ∗
∞

*
n=0

1

2
(δ−2/3n + δ2/3n).
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Then mL is a singular measure on R with supp(mL) = C, where C is Cantor’s ternary

set (see Theorem 6.11 of [12], [13] and [9], p. 178). The measure mL is said to be the

Cantor–Lebesgue measure on C.

Let G be an Abelian metrizable group and let φ be a homeomorphism from C onto

some compact subset K of G. Then the measure ML = φ(mL) is said to be the Cantor–

Lebesgue measure on K.

Lemma 4.5.10. Let G be an Abelian metrizable group, K be a compact subset of G

homeomorphic to Cantor’s ternary set and let ML be the Cantor–Lebesgue measure on K.

Then there exists a family {K
(n)
k : k = 1, . . . , 2n; n ∈ N} of compact subsets of K such

that

(i)
⋃2n

k=1 K
(n)
k = K;

(ii) K
(n)
k ∩ K

(n)
j = ∅ if k 6= j;

(iii) ML(K
(n)
k ) = 2−n for k = 1, . . . , 2−n;

(iv) K
(n)
k = K

(n+1)
2k−1 ∪ K

(n+1)
2k .

Lemma 4.5.11. Let K be an independent subset of R homeomorphic to Cantor’s

ternary set and let ML be the Cantor–Lebesgue measure on K. Then the measure e(ML)

is product-atomless.

P r o o f. By Lemma 4.5.10, there exists a family {K
(n)
k : k = 1, . . . , 2n; n ∈ N} of

compact subsets of C such that

(i)
⋃2n

k=1 K
(n)
k = K;

(ii) K
(n)
k ∩ K

(n)
j = ∅ if k 6= j;

(iii) ML(K
(n)
k ) = 2−n for k = 1, . . . , 2−n;

(iv) K
(n)
k = K

(n+1)
2k−1 ∪ K

(n+1)
2k .

We denote by F
(n)
k the subgroup of R algebraically generated by K

(n)
k for k = 1, . . . , 2n

and n ∈ N. Let F be the subgroup of R algebraically generated by K. It is easy to see that

F =
⊕2n

k=1 F
(n)
k . Since F

(n)
k are σ-compact for all k = 1, . . . , 2n and n ∈ N, Lemma 1.4.1

implies that for every i = 1, . . . , 2n and n ∈ N there exists a Borel-measurable projection

P
(n)
i from F into itself with imP

(n)
i = F

(n)
i and kerP

(n)
i =

⊕2n

k=1,k 6=i F
(n)
k . A trivial

verification shows that {P
(n)
i : i = 1, . . . , 2n; n ∈ N} is a triangular infinitesimal system

of projections corresponding to e(ML). Moreover, by Theorem 5.1.7 below, ΠB(e(ML))

is commutative. Application of Theorem 4.5.8(ii) now ends the proof of the lemma.

Lemma 4.5.12. Let K be a p-independent subset of Z∞
p for some prime p, homeomor-

phic to Cantor’s ternary set , and let ML be the Cantor-Lebesgue measure on K. Then

the measure e(ML) is product-atomless and I(e(ML)) = {0}.

The proof is similar to that of Lemma 4.5.11 and will be omitted.

Theorem 4.5.13. Let G be an Abelian metrizable group, K be a subset of G homeo-

morphic to Cantor’s ternary set and let ML be the Cantor–Lebesgue measure on K.

Suppose that either K is independent , or K is p-independent for some prime p. Then the

measure e(ML) is product-atomless.
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P r o o f. We first assume that K is independent. Let K1 be an independent subset

of R homeomorphic to Cantor’s ternary set. We will denote by F the subgroup of G

algebraically generated by K and by F1 the subgroup of R generated algebraically by

K1. Since K and K1 are homeomorphic Theorem 1.4.6 implies that there exists a Borel

isomorphism φ from F onto F1 such that the restriction of φ to K is a homeomorphism

from K onto K1. Further, by Lemma 4.5.11, the measure e(φ(ML)) is product-atomless.

A trivial verification shows that e(ML) is product-atomless. This completes the proof of

the first part of the theorem.

Let K be p-independent for some prime p. The proof of this part of the theorem is

similar to that of the first part and will be omitted.

Theorem 4.5.14. Let G be an Abelian metrizable complete nondiscrete group. Then

there exists a nondegenerate product-atomless measure µ in M1
0 (G).

P r o o f. Theorem 1.4.5 implies that there exists a subset K of G homeomorphic to

Cantor’s ternary set such that either K is independent, or K is p-independent for some

prime p. Now, application of Theorem 4.5.13 ends the proof.

4.6. Canonical product-decomposition of probability measures. We are now

ready to prove an analogue of the classical Khinchin theorem (see [14]).

Theorem 4.6.1. Let G be an Abelian metrizable group and µ ∈ M1
0 (G). Then there

exist measures µ0, µ1, µ2 ∈ M1
0 (G), x0 ∈ G and Borel subgroups G0, G1, G2 of G such

that

(i) µ = µ0 ∗ µ1 ∗ µ2 ∗ δx;

(ii) µ0 is a Gaussian measure in the sense of Gnedenko;

(iii) µ1 is a product-atomless measure without G-Gaussian product-factors;

(iv) µ2 is a purely product-atomic measure without G-Gaussian product-factors;

(v) µi(Gi) = 1 for i = 0, 1, 2;

(vi) G0 ∩ G1 = {0} and (G0 + G1) ∩ G2 = {0}.

Moreover , the measures µ0, µ1 and µ2 are uniquely determined up to degenerate convo-

lution factors.

P r o o f. Theorem 4.3.11 implies that there exist P0 ∈ ΠB(µ) and y ∈ G such that

(a) µ(D(P0) + y) = 1;

(b) P0(µ ∗ δ−y) ∈ ΓG,0(G);

(c) the measure (I − P0)(µ ∗ δ−y) has no G-Gaussian product-factors;

(d) ΠB((I − P0)(µ ∗ δ−y)) is commutative.

Set µ0 = P0(µ ∗ δ−y), G0 = im P0, ν = (I − P0)(µ ∗ δ−y) and F = kerP0. Putting

Q = supAB(ν),

we deduce from Theorem 4.4.4(ii) that the measure Q(ν ∗ δ−z) is purely product-atomic

for every z ∈ F with ν{D(Q)+z} = 1. Let µ1 = (I −Q)(ν ∗δ−z), µ2 = Q(ν ∗δ−z), G1 =

F ∩ kerP and G2 = F ∩ im P . A trivial verification shows that µ1 is product-atomless.
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A convolution decomposition of the measure µ ∈ M1(G) of the form

µ = µ0 ∗ µ1 ∗ µ2 ∗ δx,

where µ0, µ1, µ2 ∈ M1(G) and x ∈ G, is called a canonical product-decomposition of µ if

the following conditions hold:

(i) µ0 is a Gaussian measure in the sense of Gnedenko;

(ii) µ1 is a product-atomless measure without G-Gaussian product-factors;

(iii) µ2 is a purely product-atomic measure without G-Gaussian product-factors;

(iv) there exist Borel subgroups G0, G1, G2 of G such that G0∩G1 = {0}, (G0 +G1)∩

G2 = {0} and µi(Gi) = 1 for i = 0, 1, 2.

Corollary 4.6.2. Let G be an Abelian metrizable group and µ ∈ M1
0 (G). Then µ

has a canonical product-decomposition uniquely determined up to degenerate convolution

factors.

P r o o f. This follows at once from Theorem 4.6.1.

Corollary 4.6.3. Let µ ∈ M1(G). Then there exist measures µ0, µ1, µ2 ∈ M1(G),

x0 ∈ G and Borel subgroups G0, G1, G2 of G such that

(i) µ = µ0 ∗ µ1 ∗ µ2 ∗ δx;

(ii) πI(µ)(µ0) is a Gaussian measure in the sense of Gnedenko;

(iii) πI(µ)(µ1) is a product-atomless measure without G-Gaussian product-factors;

(iv) πI(µ)(µ2) is a purely product-atomic measure without G-Gaussian product-factors;

(v) µi(Gi) = 1 for i = 0, 1, 2;

(vi) G0 ∩ G1 ⊂ I(µ) and (G0 + G1) ∩ G2 ⊂ I(µ).

Moreover , there exists a sequence (λn) ⊂ M1(G) such that µ2 = *
∞
n=1 λn, and for every

n ∈ N, the measure πI(µ)(λn) is product-indecomposable.

P r o o f. This follows from Theorem 2.4.9 together with Theorem 4.6.1.

V. Product-decomposability of probability measures

on locally convex metrizable spaces

5.1. Strong product-decomposability of probability measures on metrizable

linear spaces. The present section contains basic definitions and theorems on strong

product-decomposability of probability measures on metrizable linear spaces. Since many

results of this section are analogous to those of Chapters III and IV we omit the proofs.

Lemma 5.1.1. Let E be a metrizable linear space and G be a σ-compact subgroup of E.

Then lin(G) is a σ-compact subspace of E.

Lemma 5.1.2. Let E be a metrizable linear space. Then M1(E) = M1
0 (E).

Lemma 5.1.3. Let E be a metrizable linear space and µ ∈ M1(E). Then there exists

a σ-compact subspace F of E such that µ(E) = 1.
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P r o o f. For every n ∈ N there exists a compact Cn of E with µ(E \ Cn) ≤ 1/n.

Without loss of generality we may assume that Cn ⊂ Cn+1. Since

lin(Cn) =

∞⋃

m=1

( ∞⋃

k=1

[−k, k]Cn + . . . + [−k, k]Cn︸ ︷︷ ︸
m times

)

we conclude that lin(Cn) is σ-compact and lin(Cn) ⊆ lin(Cn+1). Putting F =⋃∞
n=1 lin(Cn) one deduces that F is a σ-compact linear space with µ(F ) = 1.

Lemma 5.1.4. If E is a metrizable linear space then I(E) = I0(E).

Let E be a metrizable space and µ ∈ M1(E). An algebraic linear operator A in E is

called a linear measurable operator in G if

(i) Dl(A) ∈ Bo(E);

(ii) A is Borel-measurable;

(iii) µ(Dl(A) + x0) = 1 for certain x0 ∈ E.

We denote by Lin(E; µ) the set of all linear measurable operators A in E.

Corollary 5.1.5. Lin(E; µ) ⊂ Add(E; µ).

Let E be a metrizable space and µ ∈ M1(E). A Borel subspace F of E is said to be

a linear subdomain of A ∈ L(E; µ) if F ⊂ Dl(A) and µs(F ) = 1.

Corollary 5.1.6. If G is a σ-compact subdomain of A ∈ Lin(E; µ) then lin(G) is a

σ-compact linear subdomain of A.

Corollary 5.1.7. The relation “A = B µs-a.s.” for A, B ∈ Lin(E; µ) is an equiva-

lence relation.

R e m a r k. Lin(E; µ) denotes the set of all measurable operators in E. At the same

time the elements of Lin(E; µ) are understood as equivalence classes of the relation

“equality µs-a.s.”, but this should not lead to any confusion.

Theorem 5.1.8. Let E be a metrizable linear space and µ ∈ M1(E). Then Lin(E; µ)

is a metrizable linear space with the metric d. Moreover , Lin(E; µ) is a closed subgroup

of Add(E; µ).

Let E be a metrizable linear space and µ ∈ M1(E). A linear operator P ∈ Lin(E; µ)

is called a linear measurable projection if there exists a linear subdomain F of P such

that P |F is an algebraic linear projection.

Let E be a metrizable linear space and µ ∈ M1(E). A Borel subspace F of E is said

to be

(i) a proper linear subdomain of a projection P ∈ L(E; µ) if F is an invariant linear

subdomain of P with Px = P 2x for each x ∈ F ;

(ii) a proper linear common subdomain of a family of projections P in Lin(G; µ) if F

is a proper linear subdomain of P for each P ∈ P .

Theorem 5.1.9. Let E be a metrizable linear space, µ ∈ M1(E) and P ∈ Lin(E; µ).

Then the following statements are equivalent :
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(i) P is a linear measurable projection;

(ii) P 2 ∈ Lin(E; µ) and P = P 2 µs-a.s.;

(iii) there exists a σ-compact proper linear subdomain H of P such that

(a) Px = P 2x for each x ∈ H ;

(b) H ∩ im P, H ∩ kerP are σ-compact.

The proof is similar to that of Theorem 3.1.15 and will be omitted.

Let E be a metrizable linear space and µ ∈ M1(E). We define

DSB(µ) = DB(µ) ∩ Lin(E; µ), SSB(µ) = SB(µ) ∩ Lin(E; µ).

Corollary 5.1.10. Let E be a metrizable linear space and µ ∈ M1(E). Then

(i) DSB(µ) with the metric d is a right metrizable semigroup under multiplication of

operators ;

(ii) DSB(µ) is closed in Lin(E; µ);

(iii) SSB(µ) is a closed subsemigroup of DSB(µ).

The semigroup DSB(µ) is called the strong Borel decomposability semigroup of the

measure µ, and the subsemigroup SSB(µ) is called the strong Borel symmetry semigroup

of µ.

We denote by ΠSB(µ) the subset of DSB(µ) consisting of all linear projections.

Theorem 5.1.11. ΠSB(µ) is a complete sublattice of ΠB(µ).

The proof is similar to that of Theorem 3.4.11.

Let E be a metrizable linear space. A measure µ in M1(E) is said to be strongly

product-decomposable if there exist two nondegenerate measures µ1, µ2, two Borel sub-

space E1, E2 of E and an element x in E such that

(i) µ = µ1 ∗ µ2 ∗ δx;

(ii) µi(Ei) = 1 for i = 1, 2;

(iii) E1 ∩ E2 = {0}.

In the opposite case, µ is said to be strongly product-indecomposable.

Corollary 5.1.12. Every strongly product-decomposable measure µ ∈ M1(E) is

product-decomposable.

The following example shows that there exists a product-decomposable measure which

is strongly product-indecomposable.

Example 5.1.1. Let γ be a Gaussian measure on R2 with supp(γ) = {(x, πx) : x ∈ R}

and let ν be a probability measure on R2 with supp(ν) = Z2. Let µ = γ ∗ ν. It is easy to

see that µ is product-decomposable and strongly product-indecomposable.

Corollary 5.1.13. Let E be a metrizable linear space and µ ∈ M1(E). Then the

following statements are equivalent :

(i) µ is strongly product-decomposable;

(ii) ΠSB(µ) 6= {0, I}.
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A nondegenerate measure ν in M1(E) is said to be a strong product-factor of a

measure µ in M1(E) if there exist P ∈ ΠSB(µ) and x ∈ E with µ(Dl(P ) + x) = 1 such

that ν = P (µ ∗ δ−x).

A linear projection P ∈ ΠSB(µ) \ {0} is said to be a strong product-atom if

{Q ∈ ΠSB(µ) : 0 ≤ Q ≤ P} = {0, I}.

We denote by ASB(µ) the set of all strong product-atoms from ΠSB(µ) .

A measure µ in M1(E) is said to be

(i) strongly product-atomic if for every P ∈ ΠSB(µ) \ {0} there exists Q ∈ ASB(µ)

such that 0 < Q ≤ P ;

(ii) strongly product-atomless if it has no strong product-atoms.

Lemma 5.1.14. Let E be a metrizable linear space and µ ∈ M1(E). Then

(i) D(µ) is a subsemigroup of DSB(µ);

(ii) A(µ) ⊂ ASB(µ).

Let E be a metrizable linear space and µ ∈ M1(E). A triangular system {P
(n)
j :

j = 1, . . . , kn; n = 1, 2, . . .} of linear projections in ΠSB(µ) \ {0} is called a triangular

infinitesimal system of linear projections corresponding to the measure µ if

(i) P
(n)
j P

(n)
i = P

(n)
i P

(n)
j = 0 µs-a.s. for i, j ∈ {1, . . . , kn}, i 6= j;

(ii)
∑kn

i=1 P
(n)
i = I µs-a.s. for each n ∈ N;

(iii) max{P
(n+1)
i : P

(n+1)
i ≤ P

(n)
j } = P

(n)
j for each n ∈ N and j ∈ {1, . . . , kn};

(iv) for each sequence (jn) in N with jn ∈ {1, . . . , kn} one has P
(n)
jn

µs ⇒ δ0 as n → ∞.

Corollary 5.1.15. Let E be a metrizable linear space and let µ ∈ M1(E) be nonde-

generate. Let {P
(n)
j : j = 1, . . . , kn; n = 1, 2, . . .} be a triangular infinitesimal system of

linear projections corresponding to the measure µ. Then dimE = ∞.

Theorem 5.1.16. Let E be a metrizable linear space and µ ∈ M1(E). Then

(i) if µ is strongly product-atomless then µ has a triangular infinitesimal system of

linear projections ;

(ii) if µ has a triangular infinitesimal system of linear projections and ΠSB(µ) is

commutative then µ is strongly product-atomless.

The proof is similar to that of Theorem 4.5.8.

A measure µ in M1(E) is said to be a strong Gaussian measure in the sense of

Gnedenko (SG-Gaussian) if there exist ν ∈ M1(E) and P ∈ ΠB(µ ⊗ ν) such that the

condition

(E × {0} ∪ {0} × E) ∩ ((im P ) ∪ (kerP )) ∩ F = {(0, 0)}

holds for some Borel subspace F of E × E with the property (µ ⊗ ν)s(F ) = 1.

The class of all SG-Gaussian measures on E will be denoted by ΓSG(E).

Corollary 5.1.17. ΓSG(E) ⊂ ΓG(E).
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Theorem 5.1.18. Let E be a metrizable linear space and µ ∈ M1(E). Then there

exist measures µ0, µ1, µ2 ∈ M1(E), x0 ∈ E and Borel subspaces E0, E1, E2 of E such

that

(i) µ = µ0 ∗ µ1 ∗ µ2 ∗ δx;

(ii) µ0 is a strong Gaussian measure in the sense of Gnedenko;

(iii) µ1 is a strongly product-atomless measure without SG-Gaussian strong product-

factors ;

(iv) µ2 is a purely strongly product-atomic measure without SG-Gaussian strong pro-

duct-factors ;

(v) µi(Ei) = 1 for i = 0, 1, 2;

(vi) E0 ∩ E1 = {0} and (E0 + E1) ∩ E2 = {0}.

Moreover , the measures µ0, µ1 and µ2 are uniquely determined up to degenerate convo-

lution factors.

The proof is similar to that of Theorem 4.6.1 and will be omitted.

A convolution decomposition of the measure µ ∈ M1(E) of the form

µ = µ0 ∗ µ1 ∗ µ2 ∗ δx,

where µ0, µ1, µ2 ∈ M1(E) and x ∈ E, is called a canonical strong product-decomposition

of µ if

(i) µ0 is a strong Gaussian measure in the sense of Gnedenko;

(ii) µ1 is a strong product-atomless measure without strong G-Gaussian product-

factors;

(iii) µ2 is a strong purely product-atomic measure without strong G-Gaussian product-

factors;

(iv) there exist Borel subspaces E0, E1, E2 of E such that E0 ∩E1 = {0}, (E0 +E1)∩

E2 = {0} and µi(Ei) = 1 for i = 0, 1, 2.

Corollary 5.1.19. Let E be a metrizable linear space and µ ∈ M1(E). Then µ has a

canonical strong product-decomposition uniquely determined up to degenerate convolution

factors.

5.2. Infinitely divisible probability measures on locally convex metrizable

spaces. Let E be a locally convex metrizable space. A measure µ ∈ M1(E) is said to be

Gaussian if for every x′ ∈ E′, the measure x′(µ) is a Gaussian measure on R.

The class of all Gaussian measures in M1(E) will be denoted by Γ (E).

We now state some lemmata.

Lemma 5.2.1. Let E be a locally convex metrizable space and µ ∈ I(E). Then µ has a

unique canonical representation µ = ̺ ∗ ẽ(M), where ̺ is a symmetric Gaussian measure

on G and ẽ(M) is a generalized Poisson measure with a Lévy measure M . In particular ,

M is uniquely determined.

P r o o f. See Theorem 1.9 of [5].
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Lemma 5.2.2. Let E be a locally convex metrizable space and µ ∈ M1(E). Suppose

that there exists a triangular uniformly infinitesimal system {µ
(n)
i : i = 1, . . . , kn; n ∈ N}

in M1(E) such that

kn

*
i=1

µ
(n)
i ∗ δxn

⇒ µ

for some sequence (xn) in E. Then µ ∈ I(E).

P r o o f. This follows at once from Theorem 1.9 of [5].

Theorem 5.2.3. Let E be a locally convex metrizable space, µ ∈ I(E) and P ∈ ΠB(µ).

Suppose that µ = ̺ ∗ ẽ(M) is the canonical representation of µ, where ̺ is a symmetric

Gaussian measure on G and ẽ(M) is a generalized Poisson measure with the Lévy measure

M . Then

(i) P ∈ ΠB(̺);

(ii) P ∈ ΠB(ẽ(M)) and M = PM + (I − P )M ;

(iii) for every x ∈ E with ẽ(M)(D(P )+x) = 1 there exist y, z ∈ E such that P (ẽ(M)∗

δ−x) = ẽ(P (M)) ∗ δ−y and (I − P )(ẽ(M) ∗ δ−x) = ẽ((I − P )(M)) ∗ δ−z.

P r o o f. Let x0 be some element of E with µ(D(P )+x0) = 1. Putting ν = µ∗δ−x0 we

obtain ν = Pν∗(I−P )ν. Let F be a σ-compact proper subdomain of P such that imP∩F

and kerP ∩F are σ-compact. Moreover, P (ν)(im P ∩F ) = (I −P )(kerP ∩F ) = 1. Since

Lemma 3.1.20 implies that P (ν), (I − P )(ν) ∈ I(E) we conclude that P (ν) = ̺1 ∗ ẽ(M1)

and (I −P )(ν) = ̺2 ∗ ẽ(M2), where ̺1, ̺2 are symmetric Gaussian measures on G, ẽ(M1)

and ẽ(M2) are generalized Poisson measures on E. The equality

̺ ∗ ẽ(M) = ̺1 ∗ ẽ(M1) ∗ ̺2 ∗ ẽ(M2)

implies that ̺ = ̺1∗̺2 and ẽ(M) = ẽ(M1)∗ ẽ(M2). Combining Lemma 2.3.3 with Lemma

2.3.12 we deduce that

̺1(im P ∩ F ) = ẽ(M1)(im P ∩ F ) = ̺2(kerP ∩ F ) = ẽ(M2)(kerP ∩ F ) = 1,

M1(E \ im P ∩ F ) = M2(E \ kerP ∩ F ) = 0.

Then one easily checks that P ∈ ΠB(̺)∩ΠB(ẽ(M)), M1 = PM and M2 = (I −P )M .

Theorem 5.2.4. Let E be a metrizable locally convex space and let µ = ẽ(M) be a

generalized Poisson measure on E. Then ΠB(µ) = ΠB(µs).

P r o o f. Let P ∈ ΠB(E) and let F be a proper σ-compact subdomain of P such that

im P ∩ F and kerP ∩ F are σ-compact. Hence,

M(E \ ((im P ∩ F ) ∪ (kerP ∩ F ))) ≤ (M + M)(E \ ((im P ∩ F ) ∪ (kerP ∩ F ))) = 0.

Writing M1 = M |im P∩F and M2 = M |kerP∩F we conclude that M = M1+M2, M1+M1 =

PM + PM and M2 + M2 = (I − P )M + (I − P )M . Theorem 5.2.3 now implies that

(ẽ(M1))
s = P (ẽ(M+M)) and (ẽ(M2))

s = (I−P )(ẽ(M+M)). Since (ẽ(M1))
s(im P∩F ) =

(ẽ(M2))
s(kerP ∩ F ) = 1 we deduce that there exist x, y ∈ E such that

ẽ(M1)(im P ∩ F + x) = ẽ(M2)(kerP ∩ F + y) = 1.

An easy computation shows that P ∈ ΠB(µ).
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Theorem 5.2.5. Let E be a metrizable locally convex space and let µ = ẽ(M) be a

generalized Poisson measure on E. Then ΠB(µ) is commutative.

P r o o f. Let F be a σ-compact proper common subdomain of projections P and Q

such that imP ∩ F , kerP ∩ F , im Q ∩ F , kerQ ∩ F are σ-compact. Theorem 5.2.3 now

implies that M(E \ ((im P ∩F )∪ (kerP ∩F ))) = M(E \ ((im Q∩F )∪ (kerQ∩F ))) = 0.

Hence,

M(E \ ((im P ∩ im Q ∩ F ) ∪ (im P ∩ kerQ ∩ F )

∪(kerP ∩ im Q ∩ F ) ∪ (kerP ∩ kerQ ∩ F ))) = 0.

Writing N = M + M, N1 = N |im P∩im Q∩F , N2 = N |im P∩im Q∩F , N3 = N |im P∩im Q∩F ,

N4 = N |im P∩im Q∩F , we conclude that µs = ẽ(N), PN = N1 +N2, (I −P )N = N3 +N4,

QN = N1 + N3 and (I − Q)N = N2 + N4. But this implies that

Pµs = ẽ(PN) = ẽ(N1) ∗ ẽ(N2), (I − P )µs = ẽ((I − P )N) = ẽ(N3) ∗ ẽ(N4),

Qµs = ẽ(QN) = ẽ(N1) ∗ ẽ(N3), (I − Q)µs = ẽ((I − Q)N) = ẽ(N2) ∗ ẽ(N4).

Now, by Lemma 2.3.3,

ẽ(N1)(im P ∩ F ) = ẽ(N2)(im P ∩ F ) = ẽ(N3)(kerP ∩ F ) = ẽ(N4)(kerP ∩ F )

= ẽ(N1)(im Q ∩ F ) = ẽ(N2)(ker Q ∩ F )

= ẽ(N3)(im Q ∩ F ) = ẽ(N4)(ker Q ∩ F ) = 1.

Since

ẽ(N1)(im P ∩ im Q ∩ F ) = ẽ(N2)(im P ∩ kerQ ∩ F ) = ẽ(N3)(kerP ∩ im Q ∩ F )

= ẽ(N4)(ker P ∩ kerQ ∩ F ) = 1

we conclude that

µs(im P ∩ im Q ∩ F + im P ∩ kerQ ∩ F + kerP ∩ im Q ∩ F + kerP ∩ kerQ ∩ F ) = 1.

We set H = im P ∩ im Q∩F ⊕ im P ∩kerQ∩F ⊕kerP ∩ im Q∩F ⊕kerP ∩ker Q∩F . It is

easy to see H is a σ-compact proper common subdomain of P and Q, and PQx = QPx

for all x ∈ H .

5.3. Gaussian measures on locally convex metrizable spaces

Theorem 5.3.1. Let E be a locally convex metrizable space. Then

Γ (E) = ΓB(E) = ΓP (E) = ΓG(E) = ΓSG(E).

P r o o f. It suffices to show that ΓG(E) ⊂ Γ (E). Let ̺ ∈ ΓG(E). By assumption there

exist P, Q ∈ ΠB(̺) and a common subdomain G of projections P and Q such that

(im P ∪ kerP ) ∩ (im Q ∪ kerQ) ∩ G = {0}.

We set ν = |̺|2. Hence, by Theorem 3.4.3, (PQ)ij
n
ν ⇒ δ0 as n → ∞ for i, j = 0, 1.

As application of Lemma 3.4.4 we find that the triangular system {(PQ)k
n
ν : kn ∈

Jn; n ∈ N} is uniformly infinitesimal. Thus, ν ∈ I(E). Let ν = γ ∗ ẽ(M) be the canonical

representation of ν, where γ is a symmetric Gaussian measure on G and ẽ(M) is a

generalized Poisson measure with the Lévy measure M . Hence, Theorem 5.2.3 together

with Theorem 5.2.5 implies that P, Q ∈ ΠP (ẽ(M)) and PQ = QP (ẽ(M))s-a.s. Thus
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(ẽ(M))s = δ0 and finally ν ∈ Γ (E). Application of the Cramér theorem then shows

̺ ∈ Γ (E).

Let (̺n) be a sequence of symmetric Gaussian measures on R with
T
x2̺n(dx) = 1.

We define ̺0 =
⊗∞

n=1 ̺n. Clearly, ̺0 is a Gaussian symmetric measure on R∞.

Theorem 5.3.2. Let ̺ ∈ M1(R∞). Then ̺ is a Gaussian measure iff ̺ = A̺0 ∗ δx,

where x ∈ R∞ and A is a linear continuous injective mapping from R∞ into itself such

that A(R∞) is closed.

The proof is prepared by two lemmata.

Lemma 5.3.3. Let B be a symmetric nonnegative definite bilinear form on R∞
0 ×R∞

0 .

Then

1. There exists a Hamel basis (e′n) of R∞
0 such that

(i) B(e′n, e′m) = 0 for n 6= m;

(ii) B(e′n, e′n) ∈ {0, 1};

(iii) B(x′, y′) =
∑∞

n=1 B(e′n, e′n)〈en, x′〉〈en, y′〉,

where (en) is the Schauder basis of R∞ such that 〈ek, e′n〉 = δk,n.

2. If (f ′
n) is an arbitrary Hamel basis of R∞

0 with corresponding Schauder basis (fn)

of R∞ then for all x′, y′ ∈ R∞
0 ,

B(x′, y′) = B0(Cx′, Cy′),

where B0(·, ·) =
∑∞

n=1 B(e′n, e′n)〈fn, ·〉〈fn, ·〉 and C is a topological automorphism of R∞
0

defined by Ce′n = f ′
n for n ∈ N.

P r o o f. 1. Let E = {x′ ∈ R∞
0 : B(x′, x′) = 0}. Then one easily checks that E is a

linear subspace of R∞
0 and B(x′, y′) = 0 for all x′ ∈ E, y′ ∈ R∞

0 . Let F be an algebraically

complementary subspace to E. Hence, B(x′, x′) > 0 for all x′ ∈ F \ {0}. By the Schmidt

orthogonalization there exists a Hamel basis (f ′
n) of F such that B(f ′

n, f ′
k) = δn,k. Let

(g′n) be a Hamel basis of E. It is easy to see that (f ′
n)∪ (g′n) has the required properties.

2. This is obvious.

Corollary 5.3.4. If B1 is a symmetric nonnegative bilinear form on R∞
0 ×R∞

0 such

that

B1(x
′, x′) ≤ B(x′, x′) for all x′ ∈ R∞

0 ,

then there exists a sequence (bn) ⊂ [0, 1] such that

B(x′, y′) =

∞∑

n=1

bnB(e′n, e′n)〈e′n, x′〉〈e′n, y′〉 for all x′, y′ ∈ R∞
0 .

Lemma 5.3.5. For any complex-valued function φ on R∞
0 the following statements are

equivalent :

(i) there exists a Gaussian measure ̺ on R∞ with ̺̂ = φ;

(ii) there exist x0 ∈ R∞ and a symmetric nonnegative bilinear form Q on R∞
0 × R∞

0

such that

φ(x′) = exp
{
i〈x0, x

′〉 − 1
2Q(x′, x′)

}

for all x′ ∈ R∞
0 .
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P r o o f. See Theorem 2.1.5 of [25].

P r o o f o f T h e o r e m 5.3.2. Let ̺ be a Gaussian measure on R∞. By Lemma 5.3.5

there exist x0 ∈ R∞ and a symmetric nonnegative bilinear form Q on R∞
0 × R∞

0 such

that

φ(x′) = exp
{
i〈x0, x

′〉 − 1
2Q(x′, x′)

}

for all x′ ∈ R∞
0 .

Let (e′n) be a Hamel basis of R∞
0 with corresponding Schauder basis (en) of R∞ such

that

(i) Q(e′n, e′m) = 0 for n 6= m;

(ii) Q(e′n, e′n) ∈ {0, 1};

(iii) Q(x′, y′) =
∑∞

n=1 Q(e′n, e′n)〈e′n, x′〉〈e′n, y′〉 for all x′, y′ ∈ R∞
0 .

Also, let C′ be the topological automorphism of R∞
0 defined by C′e′n = εn for n ∈ N.

Hence, by Lemma 5.3.5,

γ̂(x′) = exp
{
− 1

2Q0(C
′x′, C′x′)

}
= γ̂0(C

′x′) for all x′ ∈ R∞
0 ,

where γ = ̺ ∗ δ−x0 , Q0(x
′, y′) =

∑∞
n=1 Q(e′n, e′n)〈εn, x′〉〈εn, y′〉 for all x′, y′ ∈ R∞

0 and γ0

is the Gaussian measure on R∞ such that

γ̂0(x
′) = exp

{
− 1

2Q0(x
′, x′)

}
for all x′ ∈ R∞

0 .

This implies that γ = Cγ0, where C is the adjoint mapping to C′.

Clearly, there exists an injective linear continuous mapping B from R∞ into itself

such that B(R∞) is closed and B(̺0) = γ0. Thus ̺ = CB(̺0) ∗ δx0 .

We now state the following fundamental theorem on Gaussian measures on locally

convex metrizable spaces:

Theorem 5.3.6. Let E be a metrizable locally convex space and ̺ ∈ M1(E). Then the

following statements are equivalent :

(i) there exist a σ-compact subspace V of R∞ with ̺0(V ) = 1, an injective linear

Borel-measurable mapping S from V into E such that S(V ) is separable and x ∈ E such

that ̺ = S(̺0) ∗ δx.

(ii) ̺ is a Gaussian measure on E.

P r o o f. The implication (i)⇒(ii) is obvious.

(ii)⇒(i). By Lemma 5.1.3 there exists a σ-compact subspace E0 of E such that ̺(E0)=

1. Without loss of generality we may assume that ̺ is symmetric. Since E0 is a metrizable

locally convex separable space by Lemma 1.8.8 there exists an injective linear continuous

mapping T from E0 into R∞. Let F = T (E0). Hence, F is σ-compact. It is easy to check

that T (̺) is a Gaussian symmetric measure on R∞ and T (̺)(F ) = 1. By Theorem 5.3.2

there exists an injective linear continuous mapping from R∞ into itself such that A(R∞)

is closed and T (̺) = A(̺0). Write V = A−1(F ). Thus V is σ-compact and ̺0(V ) = 1.

Putting S = T−1(A|V ) we obtain ̺ = S̺0.
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Corollary 5.3.7. Let E be a metrizable locally convex space and µ be a Gaussian

measure on E. Then there exists a sequence (Pn) ⊂ ΠB(µ) such that

(i) for every n ∈ N, D(Pn) is a Borel subspace of E and Pn is linear ;

(ii) dim(im Pn) = 1 for all n ∈ N;

(iii) PnPm = PmPn = 0 µs-a.s.;

(iv) supn

∑n
k=1 Pk = I µs-a.s.;

(v) µ = *
∞
n=1(µ ∗ δ−x) ∗ δx for some x ∈ E with µ(D(Pn) + x) = 1 for all n ∈ N.

Corollary 5.3.8. Let E be a Fréchet space and µ ∈ M1(E). Then µ is a Gaussian

measure iff there exists a sequence (xn) in E such that µ = L(
∑∞

n=1 γnxn + x), where

(γn) is a sequence of real independent , symmetric Gaussian random variables and x is an

element of E. Moreover , without loss of generality we may assume that for every n ∈ N

there exists a Borel subspace Vn of E such that

(i) xn 6∈ Vn;

(ii) L(
∑∞

k=1,k 6=n γkxk)(Vn) = 1.

Lemma 5.3.9. Let ̺ be a nondegenerate Gaussian measure on R and let G be a Borel

subgroup of R with ̺(G) = 1. Then G = R.

Theorem 5.3.10. Let E be a locally convex metrizable space and ̺ ∈ G(E). Then ̺

is purely product-atomic.

This follows at once from Corollary 5.3.8 together with Lemma 5.3.9.

Theorem 5.3.11. Let E be a metrizable locally convex space and µ1, µ2 be Gaussian

measures on E. Then there exist Gaussian measures ν1, ν2, γ on E, x1, x2 ∈ E and Borel

subspaces E1 and E2 of E such that

(i) µi = νi ∗ γ ∗ δxi
for i = 1, 2;

(ii) νi(Ei) = 1 for i = 1, 2;

(iii) E1 ∩ E2 = {0}.

P r o o f. Set µ = µ1 ∗µ2. By Theorem 5.3.6, there exist a σ-compact subspace V of E,

an element x of E with µ ∗ δ−x(V ) = 1 and an injective linear continuous map T from V

into R∞ such that T (µ∗δ−x) = ̺0. Clearly, there exists y ∈ E such that µ1∗δ−x+y(V ) = 1

and µ2 ∗ δ−x−y(V ) = 1. Putting ̺1 = T (µ1 ∗ δ−x+y) and ̺2 = T (µ2 ∗ δ−x−y) we obtain

̺0 = ̺1 ∗ ̺2. Corollary 5.3.4 implies that there exist sequences (c
(1)
n ), (c

(2)
n ) ⊂ [0, 1] such

that

(a) c
(1)
n + c

(2)
n = 1;

(b) ̺̂i(y
′) = exp

{
− 1

2

∑∞
n=1 c

(i)
n (y′

n)2
}

for y′ = (y′
n) ∈ R∞

0 .

Let cn = c
(1)
n ∧c

(2)
n and d

(i)
n = c

(i)
n −cn for i = 1, 2. Lemma 5.3.6 now shows that there

exist Gaussian measures λ1, λ2 and η on R∞ such that for all y′ ∈ R∞
0 ,

λ̂i(y
′) = exp

{
−

1

2

∞∑

n=1

d(i)
n (y′

n)2
}

for i = 1, 2 and η̂(y′) = exp

{
−

1

2

∞∑

n=1

cn(y′
n)2

}
.
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Set Fi = lin{εn : d
(i)
n 6= 0} for i = 1, 2. Hence, F1 and F2 are closed subspaces of R∞,

F1 ∩ F2 = {0} and λi(Fi) = 1 for i = 1, 2. Clearly, ̺i = λi ∗ η for i = 1, 2. Putting

Ei = T−1(Fi∩T (V )), νi = T−1(λi) for i = 1, 2 and γ = T−1(η) one obtains E1∩E2 = {0}

and νi(Ei) = 1 for i = 1, 2. Moreover, µ1 ∗ δ−x+y = ν1 ∗ η and µ2 ∗ δ−x−y = ν2 ∗ η.

5.4. Product-atomless probability measures

on locally convex metrizable spaces

Theorem 5.4.1. Let E be a locally convex metrizable space and µ ∈ M1(E). Suppose

that µ has a triangular infinitesimal system of projections {P
(n)
i : i = 1, . . . , kn; n ∈ N}

and let G be a proper common subdomain of {P
(n)
i }. Then

(i) µ = ẽ(M) for some Lévy measure M ;

(ii) M(E \
⋃

i∈I Hi) = 0 and M(Hi) = 0 for all i ∈ I, where I = {i ∈ N∞ : i(n) =

in ∈ {1, . . . , kn}, P
(n+1)
in+1

≤ P
(n)
in

} and Hi =
⋂∞

n=1 im P
(n)
in

∩ G;

(iii) if µ is continuous then M is infinite;

(iv) if µ has a nondegenerate discrete part then M is finite and µd = e−M(E)δ0, µc =

(1 − e−M(E))
∑∞

n=1 M∗n/n! ;

(v) ΠB(µ) is commutative.

P r o o f. Without loss of generality we may assume that E is a Fréchet space.

(i) Let x be an element of E such that µ(G + x) = 1. Hence

µ = P
(n)
1 (µ ∗ δ−x) ∗ . . . ∗ P

(n)
kn

(µ ∗ δ−x) ∗ δx for all n ∈ N.

Lemma 5.2.2 now implies that µ ∈ I(E). Let µ = ̺∗ẽ(M) be the canonical representation

of µ, where ̺ is a symmetric Gaussian measure on G and ẽ(M) is a generalized Poisson

measure with the Lévy measure M . Further, by Theorem 5.2.3 together with Theorem

5.3.10, ̺ = δ0.

(ii) Theorem 5.2.3 yields for all n ∈ N,

M
(
E \

kn⋃

i=1

im P
(n)
i ∩ G

)
= 0.

Let i ∈ I. Since Hi =
⋂∞

n=1 im P
(n)
in

∩G, im P
(n+1)
in+1

∩G ⊂ im P
(n)
in

∩G and P
(n)
in

(µs) ⇒ δ0

we conclude that M(Hi) = 0.

(iii) and (iv) are obvious.

(v) follows from Lemma 4.3.10.

Corollary 5.4.2. Let E be a locally convex metrizable space and µ ∈ M1(E). Then

µ is product-atomless iff it has a triangular infinitesimal system of projections.

This follows at once from Corollary 4.5.9.

Theorem 5.4.3. Let E be a locally convex metrizable space and µ ∈ M1(E). Suppose

that µ has a triangular infinitesimal system of linear projections {P
(n)
i : i = 1, . . . , kn;

n ∈ N} and let F be a proper common linear subdomain of {P
(n)
i }. Then
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(i) µ = ẽ(M) for some Lévy measure M ;

(ii) M(E \
⋃

i∈I Hi) = 0 and M(Hi) = 0 for all i ∈ I, where I = {i ∈ N
∞ : i(n) =

in ∈ {1, . . . , kn}, P
(n+1)
in+1

≤ P
(n)
in

} and Hi =
⋂∞

n=1 im P
(n)
in

∩ G;

(iii) if µ is continuous then M is infinite;

(iv) if µ has a nondegenerate discrete part then M is finite and µd = e−M(E)δ0, µc =

(1 − e−M(E))
∑∞

n=1 M∗n/n!;

(v) ΠB(µ) is commutative.

The proof is similar to that of Theorem 5.4.1 and will be omitted.

5.5. Canonical product-decomposition and canonical strong product-de-

composition of probability measures on locally convex metrizable spaces. The

following theorem is a modified version of Theorem 4.6.1.

Theorem 5.5.1. Let E be a locally convex metrizable space and µ ∈ M1(E). Then

there exist measures µ0, µ1, µ2 ∈ M1(E), x0 ∈ E and Borel subgroups G0, G1, G2 of E

such that

(i) µ = µ0 ∗ µ1 ∗ µ2 ∗ δx;

(ii) µ0 is a symmetric Gaussian measure;

(iii) µ1 = ẽ(M) is a product-atomless generalized Poisson measure with some Lévy

measure M ;

(iv) µ2 is a purely product-atomic measure without Gaussian product factors ;

(v) µi(Gi) = 1 for i = 0, 1, 2;

(vi) G1 ∩ G2 = {0} and G0 ∩ (G1 + G2) = {0}.

Moreover , the measures µ0 and M are uniquely determined and µ2 is uniquely determined

up to degenerate convolution factors.

P r o o f. This follows from Theorem 4.6.1 together with Theorem 5.4.1.

Theorem 5.5.2. Let E be a locally convex metrizable space and µ ∈ M1(E). Then

there exist measures µ0, µ1, µ2 ∈ M1(E), x0 ∈ E and Borel subspaces E0, E1, E2 of E

such that

(i) µ = µ0 ∗ µ1 ∗ µ2 ∗ δx;

(ii) µ0 is a symmetric Gaussian measure;

(iii) µ1 = ẽ(M) is a strongly product-atomless generalized Poisson measure with some

Lévy measure M ;

(iv) µ2 is a purely strongly product-atomic measure without strong Gaussian product-

factors ;

(v) µi(Ei) = 1 for i = 0, 1, 2;

(vi) E1 ∩ E2 = {0} and E0 ∩ (E1 + E2) = {0}.

Moreover , the measures µ0 and M are uniquely determined and µ2 is uniquely determined

up to degenerate convolution factors.

P r o o f. This follows from Theorem 5.1.18 together with Theorem 5.4.3.
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R e m a r k. Example 5.1.1 shows that “product-decomposability of Radon probabi-

lity measures” and “strong product-decomposability of Radon probability measures” are

distinct notions.

Theorem 5.5.3. Let E be a finite-dimensional locally convex metrizable space and

µ ∈ M1(E). Then there exist γ, µ1, . . . , µk ∈ M1(E), x0 ∈ E and Borel subspaces

E0, E1, . . . , Ek of E such that

(i) µ = γ ∗ µ1 ∗ . . . ∗ µk ∗ δx;

(ii) γ is a symmetric Gaussian measure;

(iii) µ1, . . . , µk are strongly product-indecomposable measures without Gaussian strong

product-factors ;

(iv) γ(E0) = 1 and µi(Ei) = 1 for i = 1, . . . , k;

(v) E0 ∩ E1 = {0}, (E0 + E1) ∩ E2 = {0}, . . . , (E0 + . . . Ek−1) ∩ Ek = {0}.

The measure γ is uniquely determined and the measures µ1, . . . , µk are uniquely deter-

mined up to degenerate convolution factors.

Corollary 5.5.4. Let E be a finite-dimensional locally convex metrizable space and

µ ∈ M1(E) be full. Then there exist P0 ∈ Π(µ), P1, . . . , Pk ∈ A(µ) such that

(i) P0 + . . . + Pk = I and PiPj = 0 for i 6= j;

(ii) P (µ) is a Gaussian measure and P1(µ), . . . , Pk(µ) have no Gaussian strong pro-

duct-factors.

VI. Product decomposability of probability measures on

LCA metrizable groups

6.1. Initial results on probability measures

Lemma 6.1.1. Let G be a LCA metrizable group and F be a Borel subgroup of G.

Then either

(i) F is an open-closed subgroup of G, or

(ii) ωG(F ) = 0.

Lemma 6.1.2. Let G be a LCA metrizable group and µ ∈ M1(G). Then either

(i)
⋂
Gµ = {suppg(µ)} and suppg(µ) is open-closed , or

(ii) there exists H ∈ Gµ such that ωG(H) = 0.

P r o o f. Suppose that ωF (H ∩ suppg(µ)) > 0 for every H ∈ Gµ. But Lemma 6.1.1

implies that for every H ∈ Gµ, H ∩ suppg(µ) is an open-closed subgroup of suppg(µ) and

µs(H ∩ suppg(µ)) = 1. Hence, suppg(µ) ⊂ H .

Corollary 6.1.3. Let G be a LCA metrizable group and µ ∈ M1(G) be a measure

such that ωG(F ) > 0 for every F ∈ Gµ. Then

(i) suppg(µ) is open-closed and
⋂
Gµ = {suppg(µ)};

(ii) for each A ∈ DB(µ), A(suppg(µ)) ⊂ suppg(µ) and A|suppg(µ) is continuous.
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P r o o f. This follows at once from Lemma 3.2.10 together with Lemma 6.1.2.

Lemma 6.1.4. Let G be a LCA metrizable group and µ ∈ M1(G). Suppose that for

some n ∈ N, (µs)∗n has the nondegenerate absolutely continuous part with respect to ωG.

Then suppg(µ) is open-closed and
⋂
Gµ = {suppg(µ)}.

P r o o f. Let ν be the absolutely continuous part of (µs)∗n and H ∈ Gµ. Since

ν(suppg(µ) ∩ H) = 1 we conclude that ωG(suppg(µ) ∩ H) > 0, which implies that

suppg(µ) ∩ H is an open-closed subgroup of suppg(µ) and thus suppg(µ) ⊂ H .

Lemma 6.1.5. Let G be a LCA metrizable group and µ be a generalized Poisson me-

asure on G with I(µ) = {0}. Suppose that there exist Lévy measures M1, M2 on G such

that µ = ẽ(M1) = ẽ(M2). Then M1 + M1 = M2 + M2.

P r o o f. Set Ni = Mi + M i for i = 1, 2. Hence µs = ẽ(N1) = ẽ(N2) and µ̂s(y) =

exp{−2
T
(1−ℜ〈x, y〉)Ni(dx)} for i = 1, 2 and all y∈G′. Thus there exists a one-parameter

convolution semigroup (νt)t≥0 with νt ⇒ δ0 as t → 0 such that

ν̂t(y) = exp
{
− 2t

\
(1 −ℜ〈x, y〉)Ni(dx)

}

for i = 1, 2 and all y ∈ G′. Hence, by Theorem 4.10.1 of [16], M1 + M1 = M2 + M2.

Theorem 6.1.6. Let G be a LCA metrizable group, µ ∈ I(G) and P ∈ ΠB(µ). Suppose

that µ = ̺∗ ẽ(M) is the canonical representation of µ, where ̺ is a symmetric P-Gaussian

measure on G and ẽ(M) is a generalized Poisson measure with a Lévy measure M .

Then

(i) P ∈ ΠB(̺);

(ii) P ∈ ΠB(ẽ(M)) and M = PM + (I − P )M ;

(iii) for every x ∈ G with ẽ(M)(D(P )+x) = 1 there exist y, z ∈ G such that P (ẽ(M)∗

δ−x) = ẽ(P (M)) ∗ δ−y and (I − P )(ẽ(M) ∗ δ−x) = ẽ((I − P )(M)) ∗ δ−z.

P r o o f. Let x0 be some element of G with µ(D(P )+x0) = 1. Putting ν = µ∗δ−x0 we

obtain ν = Pν∗(I−P )ν. Let F be a σ-compact proper subdomain of P such that imP∩F

and kerP∩F are σ-compact. Moreover, P (ν)(im P∩F ) = (I−P )(ν)(ker P∩F ) = 1. Since

Lemma 3.1.20 implies that P (ν), (I − P )(ν) ∈ I(G) we conclude that P (ν) = ̺1 ∗ ẽ(M1)

and (I−P )(ν) = ̺2∗ẽ(M2), where ̺1, ̺2 are symmetric P-Gaussian measures on G, ẽ(M1)

and ẽ(M2) are generalized Poisson measures on G. Since ̺∗ ẽ(M) = ̺1∗ ẽ(M1)∗̺2∗ ẽ(M2)

we conclude that ̺ = ̺1 ∗ ̺2 and ẽ(M) = ẽ(M1) ∗ ẽ(M2). Lemma 2.3.3, together with

Lemma 2.3.12, implies that

̺1(im P ∩ F ) = ẽ(M1)(im P ∩ F ) = ̺2(kerP ∩ F ) = ẽ(M2)(kerP ∩ F ) = 1

and

M1(G \ im P ∩ F ) = M2(G \ kerP ∩ F ) = 0.

It is easy to verify that P ∈ ΠB(̺) and P ∈ ΠB(ẽ(M)). Further, Lemma 6.1.5 implies

M + M = (M1 + M1) + (M2 + M2) and thus
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M(G \ (im P ∪ kerP ) ∩ F )

≤ (M + M)(G \ (im P ∪ kerP ) ∩ F )

= ((M1 + M1) + (M2 + M2))(G \ (im P ∪ kerP ) ∩ F )

≤ (M1 + M1)(G \ im P ∩ F ) + (M2 + M2)(G \ kerP ∩ F ) = 0.

Theorem 6.1.7. Let G be a LCA metrizable group and let µ = ẽ(M) be a generalized

Poisson measure on G. Then ΠB(µ) = ΠB(µs).

P r o o f. Let P ∈ ΠB(G) and let F be a σ-compact proper subdomain of P such that

im P ∩ F and kerP ∩ F are σ-compact. Hence,

M(G \ ((im P ∩ F ) ∪ (kerP ∩ F ) ≤ (M + M)(G \ ((im P ∩ F ) ∪ (kerP ∩ F ) = 0.

Writing M1 = M |im P∩F and M2 = M |ker P∩F we conclude that M = M1 + M2, M1 +

M1 = PM + PM and M2 + M2 = (I − P )M + (I − P )M . Theorem 6.1.6 now implies

that (ẽ(M1))
s = P (ẽ(M + M)) and (ẽ(M2))

s = (I − P )(ẽ(M + M)). Since

(ẽ(M1))
s(im P ∩ F ) = (ẽ(M2))

s(kerP ∩ F ) = 1

we see that there exist x, y ∈ G such that

ẽ(M1)(im P ∩ F + x) = ẽ(M2)(kerP ∩ F + y) = 1.

An easy computation shows that P ∈ ΠB(µ).

Theorem 6.1.8. Let G be a LCA metrizable group and let µ = ẽ(M) be a generalized

Poisson measure on G. Then ΠB(µ) is commutative.

P r o o f. Let F be a σ-compact proper common subdomain of projections P and Q

such that imP ∩ F , kerP ∩ F , im Q ∩ F , kerQ ∩ F are σ-compact. Theorem 6.1.6 now

implies that M(G \ ((im P ∩F )∪ (kerP ∩F ))) = M(G \ ((im Q∩F )∪ (kerQ∩F ))) = 0.

Hence,

M(G \ ((im P ∩ im Q ∩ F ) ∪ (im P ∩ kerQ ∩ F )

∪ (kerP ∩ im Q ∩ F ) ∪ (kerP ∩ kerQ ∩ F ))) = 0.

Writing N = M + M , N1 = N |im P∩im Q∩F , N2 = N |im P∩ker Q∩F , N3 = N |ker P∩im Q∩F ,

N4 = N |kerP∩ker Q∩F we conclude that µs = ẽ(N), PN = N1 +N2, (I −P )N = N3 +N4,

QN = N1 + N3, (I − Q)N = N2 + N4. But this implies that

Pµs = ẽ(PN) = ẽ(N1) ∗ ẽ(N2), (I − P )µs = ẽ((I − P )N) = ẽ(N3) ∗ ẽ(N4),

Qµs = ẽ(QN) = ẽ(N1) ∗ ẽ(N3), (I − Q)µs = ẽ((I − Q)N) = ẽ(N2) ∗ ẽ(N4).

Now, by Lemma 2.3.3,

ẽ(N1)(im P ∩ F ) = ẽ(N2)(im P ∩ F ) = ẽ(N3)(kerP ∩ F )

= ẽ(N4)(ker P ∩ F ) = ẽ(N1)(im Q ∩ F )

= ẽ(N2)(ker Q ∩ F ) = ẽ(N3)(im Q ∩ F ) = ẽ(N4)(kerQ ∩ F ) = 1.

Since

ẽ(N1)(im P ∩ im Q ∩ F ) = ẽ(N2)(im P ∩ kerQ ∩ F ) = ẽ(N3)(kerP ∩ im Q ∩ F )

= ẽ(N4)(ker P ∩ kerQ ∩ F ) = 1
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we conclude that

µs(im P ∩ im Q ∩ F + im P ∩ kerQ ∩ F

+ kerP ∩ im Q ∩ F + kerP ∩ kerQ ∩ F ) = 1.

Put H = (imP ∩im Q∩F )⊕(im P ∩kerQ∩F )⊕(kerP ∩im Q∩F )⊕(kerP ∩kerQ∩F ). It

is easy to see H is a σ-compact proper common subdomain of P and Q and PQx = QPx

for all x ∈ H .

6.2. Gaussian measures

Theorem 6.2.1. Let G be a LCA metrizable group and µ∈ΓG,0(G). Then µ ∈ ΓP (G).

P r o o f. Let µ ∈ ΓG,0(E). By assumption there exist P, Q ∈ ΠB(̺), a common sub-

domain F of P and Q, and x ∈ G such that µ(F + x) = 1 and (imP ∪ ker) ∩ (im Q ∪

kerQ) ∩ F = {0}. Let i, j ∈ {0, 1}. Theorem 3.4.3 implies that

PQij
n

(µ ∗ δ−x) ∗ δ
x
(i,j)
n

⇒ δ0 as n → ∞

for some sequence (x
(i,j)
n ) in G. Application of Lemma 3.4.6 yields that the triangular

system {(PQ)k
n
(µ ∗ δ−x) : kn ∈ Jn; n ∈ N} is shift uniformly infinitesimal. Thus,

µ ∈ I0(G). Let µ = γ ∗ ẽ(M) be the canonical representation of µ, where γ is a symmetric

G-Gaussian measure on G and ẽ(M) is a generalized Poisson measure with a Lévy measure

M . Hence, by Theorem 6.2.3 below, P, Q ∈ ΠB(ẽ(M)), M = P (M) + (I − P )(M) and

M = Q(M) + (I − Q)(M). Since ẽ(M)(F ) = 1 we conclude that M(G \ F ) = 1, which

implies that

M(G \ (im P ∪ kerP ) ∩ F ) = M(G \ (im Q ∪ kerQ) ∩ F ) = 0,

and thus

0 = M((G \ (im P ∪ kerP ) ∩ F ) ∪ (G \ (im Q ∪ kerQ) ∩ F ))

= M(G \ (im P ∪ kerP ) ∩ (im Q ∪ kerQ) ∩ F ) = M(G \ {0}).

Finally, M = δ0. But this implies that µ ∈ ΓP (E).

Lemma 6.2.2. Let B0 be a continuous biadditive symmetric nonnegative form on (Rn×

Z∞
0 )× (Rn ×Z∞

0 ). Then there exists exactly one bilinear symmetric nonnegative form B

on R∞
0 × R∞

0 such that B0 is the restriction of B to (Rn × Z∞
0 ) × (Rn × Z∞

0 ).

P r o o f. If x = (xk) ∈ Rn ×Z∞
0 then (x1, . . . , xn) ∈ Rn and xm ∈ Z for all m > n. Set

aij = B0(εi, εj) for i, j ∈ N. Hence, (aij) is an infinite real matrix such that

B0(x, y) =
∞∑

i,j=1

aijxiyj for all x, y ∈ Rn × Z∞
0 .

Putting

B(x, y) =

∞∑

i,j=1

aijxiyj for all x, y ∈ R∞
0

we obtain a bilinear symmetric nonnegative definite form on R∞
0 × R∞

0 such that B0 is

the restriction of B to (Rn × Z∞
0 ) × (Rn × Z∞

0 ).



Product-decomposability of probability measures 77

Let C be a bilinear symmetric nonnegative definite form on R∞
0 × R∞

0 such that

B(x, y) = C(x, y) for all x, y ∈ Rn × Z∞
0 .

Since for x, y ∈ Q∞
0 there exists k ∈ N with kx, ky ∈ Z∞

0 we conclude that

B(x, y) = k−2B(kx, ky) = k−2C(kx, ky) = C(x, y).

The continuity of B and C yields B(x, y) = C(x, y) for all x, y ∈ R∞
0 .

Theorem 6.2.3. Let G be a LCA metrizable group and G0 be the component of G.

Then there exist a closed subgroup H of R∞ and an additive continuous mapping T

from H onto G0 such that for every symmetric measure µ on G there exists exactly one

symmetric Gaussian measure γ on R∞ such that

(i) Tγ = µ;

(ii) γ(H) = 1.

P r o o f. Let µ be a symmetric P -Gaussian measure on G. By Corollary 5.2.12 of

[11], µ(G0) = 1. Since G0 is connected, Theorem 2.9.14 of [10] together with Theorem

2.2.6 of [18] implies that G0 is topologically isomorphic to Rn × K, where n ∈ N and K

is some closed subgroup of T∞. Hence, without loss of generality we may assume that

G0 = Rn × T∞. Application of Theorem 5.2.9 of [11] now yields µ̂(x) = exp{−B0(x, x)}

for all x ∈ Rn × Z∞
0 , where B0 is some symmetric, biadditive, nonnegative definite form

on (Rn × Z∞
0 ) × (Rn × Z∞

0 ).

Let T be the mapping from R∞
0 onto Rn ×T∞

0 defined by Tx = y for x = (xn) ∈ R∞
0 ,

where yj = xj for 1 ≤ j ≤ n and yj = exp(2πixj) for all j > n. It is easy to see that T is

additive and continuous.

Let γ be a P -Gaussian measure on R∞ such that γ̂(x) = exp{−B(x, x)} for all

x ∈ R∞
0 , where B is the symmetric bilinear nonnegative definite form on R∞

0 ×R∞
0 such

that B0 is the restriction of B to (Rn × Z∞
0 ) × (Rn × Z∞

0 ). A trivial verification shows

that Tγ = µ.

Corollary 6.2.4. Let µ1 and µ2 be symmetric P -Gaussian measures on G. Suppose

that there exist Borel subgroups G1 and G2 of G such that G1 ∩G2 = {0} and µi(Gi) = 1

for i = 1, 2. Then there exist Borel subgroups H1 and H2 of R∞ such that H1∩H2 = {0}

and γi(Hi) = 1 for i = 1, 2, where γ1 and γ2 are symmetric Gaussian measures on R∞

such that Tγi = µi for i = 1, 2.

P r o o f. By Theorem 6.2.3 there exist symmetric Gaussian measures γ1 and γ2 on R∞

such that Tγi = µi for i = 1, 2. Application of Theorem 5.3.11 shows that there exist

Borel subgroups H1 and H2 of R∞ such that H1∩H2 = {0} and γi(Hi) = 1 for i = 1, 2.

Corollary 6.2.5. Let µ be a symmetric P -Gaussian measures on G and γ be a

symmetric Gaussian measure on R∞ with Tγ = µ. Then for every P ∈ ΠB(µ) there

exists exactly one Q ∈ ΠB(γ) such that TQγ = Pµ and T (I − Q)γ = (I − P )µ.

Corollary 6.2.6. Let µ ∈ ΓP (G). Then µ is purely product-atomic.

This follows at once from Theorem 5.3.11 together with Corollary 6.2.5.

R e m a r k. Some similar results appeared in [6].
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Lemma 6.2.7. Let P be an additive operator from T2 into T2 such that P 6∈ {0, I}.

Then the following conditions are equivalent :

(i) P is an additive projection;

(ii) the matrix of the adjoint operator of P in the basis {(1, 0), (0, 1)} of Z2 has the

form
(

a b
c 1−a

)
, where a, b, c ∈ Z and bc = a(1 − a).

P r o o f. Let
(

a b
c d

)
be the matrix of the adjoint operator of P . Then

(
a b
c d

)
=

(
a b
c d

) (
a b
c d

)
=

(
a2 + bc ab + bd
ac + cd bc + d2

)
and

∣∣∣∣
a b
c d

∣∣∣∣ = 0.

A trivial verification shows that a + d = 1.

Lemma 6.2.8. Let ̺ be a Gaussian measure on R2 with

̺̂(t1, t2) = exp
{
− 1

2 (s1t
2
1 + s2t

2
2)

}
, (t1, t2) ∈ R2,

where s1, s2 ∈ R+, and let Pi, i = 1, 2, be the projection from R2 into itself defined by

Pi(x1, x2) =
(

1
2 (1+(−1)i−1)x1,

1
2 (1+(−1)i)x2

)
. Let P be a projection from R2 into itself.

Then the following conditions are equivalent :

(i) P ∈ ΠB(̺) \ {0, I, P1, P2};

(ii) (a) the matrix of P in the basis {(1, 0), (0, 1)} of R2 has the form
(

a b
c 1−a

)
,

where 0 < a < 1, b, c ∈ R \ {0}, bc = a(1 − a);

(b) s1b = s2c.

P r o o f. Let γ be a Gaussian measure on R2 and P be a projection from R2 into itself.

An easy computation shows that P ∈ D(γ) iff S = P ′SP + (I −P )′S(I −P ), where S is

the covariance operator of γ. The rest of the proof is clear.

Theorem 6.2.9. ΓP (T) = {δx : x ∈ G}.

P r o o f. This follows from Corollary 6.2.5 and Lemmas 6.2.7 and 6.2.8.

6.3. Product-atomless probability measures

Lemma 6.3.1. Let G be a LCA metrizable group and µ ∈ M1
0 (G). Suppose that µ

has a triangular infinitesimal system of projections {P
(n)
i : i = 1, . . . , kn; n ∈ N}. Then

µ = ẽ(M) for some Lévy measure M .

P r o o f. Let x be an element of G such that µ(G0 +x) = 1. Hence µ = P
(n)
1 (µ∗δ−x)∗

. . .∗P
(n)
kn

(µ∗δ−x)∗δx for all n ∈ N. Theorem 4.5.2 of [16] now implies that µ ∈ I(E). Let

µ = ̺ ∗ ẽ(M) be the canonical representation of µ, where ̺ is a symmetric P -Gaussian

measure on G and ẽ(M) is a generalized Poisson measure with a Lévy measure M .

Further, by Theorem 6.1.6 together with Corollary 6.2.6, ̺ = δ0.

Theorem 6.3.2. Let µ be a probability measure either on R or on T, such that (µs)∗n

has a nondegenerate absolutely continuous part for some n ∈ N. Then µ is product-

indecomposable.

This follows at once from Lemma 4.1.2 together with Lemma 6.1.4.
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Theorem 6.3.3. Let G be an Abelian metrizable group and let µ ∈ M1
0 (G). Suppose

that suppg(µ) is a discrete subgroup. Then µ is a purely product-atomic measure without

G-Gaussian product-factors.

P r o o f. Let H = suppg(µ). Then H is at most countable. In particular, H is a LCA

group. It is easy to see that
⋂
Gµ = {H}. Since {0} is the component of H we conclude

that µ is a measure without G-Gaussian product factors.

Assume that µ has a triangular infinitesimal system of projections {P
(n)
i : i =

1, . . . , kn; n ∈ N}. Lemma 6.3.1 now implies that µ = e(M) ∗ δx for some finite Lévy

measure M and some x ∈ G. Let G0 be a proper common subdomain of {P
(n)
i : i =

1, . . . , kn; n ∈ N}. Further, by Theorem 6.1.6, for all n ∈ N,

M
(
E \

kn⋃

i=1

im P
(n)
i ∩ G0

)
= 0.

Let i ∈ I. Since Hi =
⋂∞

n=1 im P
(n)
in

∩G0, im P
(n+1)
in+1 ∩G0 ⊂ im P

(n)
in

∩G0 and P
(n)
in

(µs) ⇒ δ0

we conclude that M(Hi) = 0.

An easy computation shows that the set {i ∈ I : Hi 6= {0}} is at most countable.

Hence, M = 0 and µ is degenerate. This contradicts the assumption and the lemma is

proved.

Theorem 6.3.4. Let G be a LCA metrizable group and µ ∈ M1
0 (E) be product-

atomless. Suppose that {P
(n)
i : i = 1, . . . , kn; n ∈ N} is a triangular infinitesimal system

of projections corresponding to the measure µ. Let G0 be a proper common subdomain of

{P
(n)
i : i = 1, . . . , kn; n ∈ N}. Then

(i) µ = ẽ(M) for some Lévy measure M ;

(ii) M(E \
⋃

i∈I Hi) = 0; M(Hi) = 0 for all i ∈ I, where I = {i ∈ N∞ : i(n) = in ∈

{1, . . . , kn}, P
(n+1)
in+1

≤ P
(n)
in

} and Hi =
⋂∞

n=1 im P
(n)
in

∩ G0;

(iii) if µ is continuous then M is unbounded ;

(iv) if µ has a nondegenerate discrete part then M is finite and µd = e−M(E)δ0, µc =

(1 − e−M(E))
∑∞

n=1 M∗n/n! ;

(v) ΠB(µ) is commutative.

P r o o f. (i) follows at once from Lemma 6.3.1.

(ii) Theorem 6.1.6 implies for all n ∈ N,

M
(
E \

kn⋃

i=1

im P
(n)
i ∩ G0

)
= 0.

Let i ∈ I. Since Hi =
⋂∞

n=1 im P
(n)
in

∩G0, im P
(n+1)
in+1

∩G0 ⊂ im P
(n)
in

∩G0 and P
(n)
in

(µs) ⇒ δ0

we conclude that M(Hi) = 0.

(iii) and (iv) are obvious.

(v) follows from Lemma 4.3.10.

Theorem 6.3.5. Let G be a LCA metrizable group and µ ∈ M1
0 (E) be product-

atomless. Suppose that either
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(i) suppg(µ) has a nontrivial component or

(ii) suppg(µ) is a compactly generated nondiscrete group.

Then there exists H ∈ Gµ such that ωG(H) = 0.

P r o o f. We assume on the contrary that for every F ∈ Gµ, ωG(F ) > 0. Let {P
(n)
i : i =

1, . . . , kn; n ∈ N} be a triangular infinitesimal system of projections of µ. Corollary 6.1.3

now implies that P
(n)
i (suppg(µ)) ⊂ suppg(µ) and P

(n)
i |suppg(µ) is continuous. Moreover,

by Theorem 1.5.1 there exists a sequence (mn) such that mn ∈ {1, . . . , kn}, P
(n+1)
mn+1 ≤ P

(n)
mn

and
⋂∞

n=1 im P
(n)
mn |suppg(µ) 6= {0}. It is easy to see that

(1) P (n)
mn

(µs) ⇒ δ0.

Put P = infn P
(n)
mn . Theorem 3.4.7 implies that P (suppg(µ)) ⊂ suppg(µ), imP ∩suppg(µ)

=
⋂∞

n=1 im P
(n)
mn |suppg(µ) 6= {0} and

(2) P (n)
mn

→ P in µs.

From (1) and (2) we conclude that µs = (I − P )µs. Hence, µs(kerP ) = 1. Since P is

continuous we obtain suppg(µ) ⊂ kerP and suppg(µ) \ kerP 6= ∅. This contradiction

proves the theorem.

Corollary 6.3.6. Let µ ∈ M1(Rn) be product-atomless. Then there exists H ∈ Gµ

such that ωRn(H) = 0.

6.4.Canonical product-decomposition of probability measures.The following

theorem is a modified version of Theorem 4.6.1.

Theorem 6.4.1. Let E be a LCA metrizable group and µ ∈ M1
0 (G). Then there exist

measures µ0, µ1, µ2 ∈ M1
0 (G), an element x0 in G and Borel subgroups G0, G1, G2 of G

such that

(i) µ = µ0 ∗ µ1 ∗ µ2 ∗ δx;

(ii) µ0 is a symmetric P -Gaussian measure ;

(iii) µ1 is a purely product-atomic measure without P -Gaussian product factors ;

(iv) µ2 = ẽ(M) is a product-atomless generalized Poisson measure for some Lévy

measure M ;

(v) µi(Gi) = 1 for i = 0, 1, 2;

(vi) G0 ∩ G1 = {0} and (G0 + G1) ∩ G2 = {0}.

Moreover , the measure µ0 is uniquely determined and the measures µ1 and µ2 are uniquely

determined up to degenerate convolution factors.

P r o o f. This follows from Theorem 4.1.6 together with Theorem 6.3.4.
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Index of symbols

A′ — the adjoint linear mapping of A, 17
Add(G;µ) — the set of all additive measurable operators in G, 29
A(µ), 47
AB(µ) — the set of all product-atoms from ΠB(µ), 47
ASB(µ) — the set of all strong product-atoms from ΠSB(µ), 64
Bo(X) — the σ-field of Borels subset of X, 19
D(A) — the domain of the additive operator A, 8
Dl(A) — the linear domain of the linear operator A, 9
D(µ) — the set of all continuous operators from DB(µ), 35
DB(µ) — the Borel decomposability semigroup of µ, 33
DSB(µ) — the strong Borel decomposability semigroup of µ, 63
δx — the probability measure concentrated at the point x, 19
E′ — the dual space of E, 16
e(N) — a Poisson measure, 25
ẽ(M) — a generalized Poisson measure, 25
εn, 18
f(µ), 19
G′ — the group of characters of the group G, 13
Γ (E) — the Gaussian measures on a locally convex space E, 65
ΓB(G) — the Gaussian measures in the Bernstein sense on a group G, 26
ΓG(G) — the Gaussian measures in the Gnedenko sense on a group G, 47
ΓP (G) — the Gaussian measures in the Parthasarathy sense on a group G, 26
ΓG,0(G) — the Gaussian mesaures in the Gnedenko sense without idempotent factors
on a group G, 49

ΓSG(E) — the strong Gaussian measures in the Gnedenko sense on a linear space E, 64
Gµ, 23
I(G) — the infinitely divisible measures on G, 25
I(µ) — the invariant subgroup of µ, 26
I0(G) — the weakly infinitely divisible measures on G, 25
Jn, 9
Lin(E;µ) — the set of all linear measurable operators in E, 62
µ ∗ ν — convolution of measures, 23
µs — the symmetrization of µ, 22
µ∗ — the inner measure of µ, 19
µ, 22
µ̂(ξ) — the characteristic function of a measure µ 15
µt ⇒ µ — weak convergence, 19
mL — the Cantor–Lebesgue measure on Cantor’s ternary set C, 58
M+(X) — the finite positive Radon measures on X, 19
M1(X) — the probability Radon measures on X, 19
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M10 (G) — the probability Radon measures on G without idempotent factors, 26
M1F (X) — the probability Radon F -invariant measures on X, 20
ML — the Cantor–Lebesgue measure on a set K, 59
o(a) — the order of an element a, 7
P ≤ Q, 41
Π(µ) — the set of all projections from D(µ), 36
ΠB(µ) — the set of all projections from DB(µ), 35
ΠSB(µ) — the set of all linear projections from DSB(µ), 63
φ′ — the adjoint additive mapping of φ, 13
πF — the canonical map from X onto the orbit space of X, 15
πH — the canonical map from G onto the quotient group G/H , 8

Q(i), 9
R∞ — the space of all real sequences, 17
R∞0 , 18
̺s — a right multiplication map, 6
Sem(F ) — the subsemigroup generated by F , 7
supp(µ) — the support of µ, 19
suppg(µ) — the reduced group support of µ, 23
S(µ) — the set of all continuous operators from SB(µ), 35
SB(µ) — the Borel symmetry semigroup of µ, 33
SSB(µ) — the strong Borel symmetry semigroup of µ, 63
uvn, 9
ωG — the Haar measure on a group G, 14
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Component of a group, 10

Domain of an additive operator, 8

Group, aperiodic, 26

dual, 13

periodic, 7

primary, 7

torsion, 7

torsion-free, 7

I-group, 11

Idempotent, 7

Linear domain of a linear operator, 9

Measure, F -invariant, 20

Cantor–Lebesgue, 59

full, 23

Gaussian, 65

Gaussian in the sense of Bernstein, 26

Gaussian in the sense of Gnedenko, 47

Gaussian in the sense of Parthasarathy, 26

generalized Poisson, 25

infinitely divisible, 25

Poisson, 25

product-atomless, 47

product-decomposable, 46

product-indecomposable, 46

purely product-atomic, 47

Radon positive, 19

Radon probability, 19

strong Gaussian in the sense of Gnedenko, 64

strongly product-atomic, 64

strongly product-atomless, 64

strongly product-decomposable, 63

strongly product-indecomposable, 63

weakly infinitely divisible, 25

without idempotent factors, 26

µ-cross-section, 19

Operator, additive adjoint, 13

additive measurable, 29

algebraic additive, 8

algebraic linear, 9
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Operator, linear adjoint, 17
linear measurable, 62
measurable, 29

Order of an element, 7
p-group, 7
elementary, 7

Product-atom, 46
strong, 64

Product-factor, of a measure, 46
strong, 63

Projection, 31
additive measurable, 31
algebraic additive, 8
algebraic linear, 10
linear measurable, 62
quotient, 32

Reduced group support of a measure, 23
Semigroup, 6
Borel decomposability s. of a measure, 34
Borel symmetry s. of a measure, 34
decomposability s. of a measure, 35
right topological, 7
semitopological, 7
strong Borel decomposability s. of a measure, 63
strong Borel symmetry s. of a measure, 63
symmetry s. of a measure, 35
topological, 7

Set, independent, 7
p-independent, 7

Space, Fréchet, 16
locally convex, 16

Subdomain of an additive operator, 29
common s. of a family of additive operators, 29
invariant common s. of a family of additive operators, 30
invariant s. of an additive operator, 30
linear s. of a linear operator, 62
proper common, 32
proper linear common s. of a family of projections, 62
proper linear s. of a projection, 62
proper, 32

Subgroup, invariant under a family of operators, 8
invariant under an algebraic additive operator, 8
invariant s. of a measure, 26

Subspace, invariant under a family of algebraic linear operators, 9
invariant under a linear operator, 9

Support of a measure, 19
Triangular infinitesimal system, of linear projections, 64
of projections, 56




