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Introduction*®

The purpose of this work is the study of some metamathematical
problems of the impredicative theory of classes, This theory has a compli-
cated history, but may be attributed, in principle, to A, Morse [10]. An
axiomatization using standard methods appeared in [4]; the same theory
appears in [11]. In both of these works the theory is developed.

The axioms used here are egsentially due to Tarski. Almost the same
axioms were used in [1]. This system of axioms is formulated in primitive
language (i.e. using only € a8 a non-logical constant). This is an advantage
over the other standard axiom systems.

The paper can be divided into five parts. The first part, which consists
of Chapters I-III, develops the theory itself. Chapter I gives the axioms
of the theory and introduces the elomentary concepis used. Chapter II
i3 devoted to a generalization of the principle of definitions by recursion,
which is very useful for further developments. Chapter IIT studies well-
ordered classes, especially those theorems that are peculiar to this theory.

The second part, consisting of Chapter IV, studies general meta-
mathematical notions as applied to the theory. In particular, the notions
of model and satisfaction (generalized from [11]), and absoluteness.

The third part, which comprises Chapters V and VI, discusses some
internal models for the theory. In Chapter V, the universe of constructible
classes is constructed. Other methods for developing the constructible
classes have been obtained by Tharp [17], Solovay (private communi-
cation), and Marek [7]. However, I believe that the construction presented
here is simpler. My method gives the relative consistency of strong versions
of the axiom of choice. A proof of this has not appeared in print before
this paper, hut seems to have been obtained by Tharp and Solovay.
Chapter VI contains o discunssion of relative constructibility (where a new
axiom for simplifying the metamathematics of the theory is proposed)
and ordinal definability.

* A large part of the contonts of Chapters IV, V, VI, VIII, and IX was presonted
in a serics of lectures at the II Latin Amoriean Symposium on Mathematieal Logio
held at the University of Brasilia in July, 1972. The first version of this paper wag
writien in 1973 while tho author was at the Univorsity of California, Berkeley, sup-
ported by the National Science Foundation Grant GP — 35844X. I would like to
thank the referce for many suggestions for improving the paper.




6 Introduction

The fourth part includes Chapter VII. The complexity of the axiom
system is studied in it. In particular, a proof of the non-finite axiomati-
zability of the theory is given. Besides this, it is proved that theorems re-
stricted to sets cannot be obtained by a finite extension of Zermelo-IFraen-
kel (ZF). This Chapter uses the papers [9] and [5]

The last part, which contains Chapters VIII and IX, discusses forcing
models. A proof of the independence of different forms of the axiom of
choice is given in IX. This proof uses ordinal definability as obtained
in Chapter VI..

I would like to thanlk for the contribution made to thiy work by tho
students paticipating in my seminars, especially Rodrigo Valenzuela in
Santiago and Robert van Wesep in Berkeley.

I. Axiom system and elementary consequences

1. Axioms, The theory will be formulated in first order logic with
identity, with just one non-logical constant e as a primitive symbol. As
variables we use small or capital italic letters with or without subindices.
We also nse the description operator #. The notions of formula and term
are defined recursively, as usual. We shall use Greek letters ¢, v, 0, ...
as metalinguistic variables that refer to formulas. If ¢ is a formula and »
a variable, Zxp is a term. %z is interpreted as the x that satisfies ¢ if
there is one and only one such z, or as the empty class otherwise. We
shall use 7, ¢, ... for terms.

In some metamathematical contexts we shall assume, for simplicity,
that v, 7], d, =, and e are the only primitive symbols, and that the
variables are only v,, vy, ¥y, ... All other symbols will be considered as
abbreviations. The axioms may easily be formulated with just these symbols.

In the theory of classes that we shall study we talk about two kinds
of objects: classes and sets. However, we admit only one sort of variables
and express ‘v is a set’ by ‘Au(x e u)’.

The axioms of the theory, due to Tarski, are the following: ,

(I) Axiom schema of class determination: For every formula ¢ in
which 4 is not free, the following is an axiom (¢ muy contain any freo
variables except A4):

dAVzwe Aopru(zen)).

(IT) Axiom of extensionality:
Vz(ze deswe B)~A = B.
(ITI) Axiom of tﬁe empty sct:
Vo@¢a)>Tu(acu).
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(IV) Axiom of unions:
(Vm(we acdy(weyed)adude u))-—»EIu(a € u).
(V) Axiom of the power set:
(Vm(w caVylyeas—>yeb)ariu(dbe u))—>5| w(aeu).
(VI) Axiom of replacement:
(Vm (w € a—>-5_|y(y eb /\Vz(z Ea—>(yezre = m)))) Adu(be u))—>3u(a € u).
(VII) Axiom of infinity:
J23 aElu(m cacunViftea>Iy(teye a))).
(VIII) Axiom of regularity or foundations:
do(we A)>Jowe AAVy(yco—y ¢ A)).

This is an infinite system of axioms, since there is one Axiom (I),
for each formula ¢. As we shall see in[14], it isnot possible to replace the
system by a finite system. (I), asserts the existence of the class of all sets
that satisfy . . ,

Axiom (IIT) says that the empty class is a set. Axioms (IV), (V),
and (VI) have the form:

(w(a, b)rTdu(beu))—>Iudeu),

where p(a, d) is a formula with only & and b free. In (IV), y(a, b) says
that « is the union of b, and hence (IV) says that the union of a set is a set.
(V) expresses the fact that the power-class of a set is a set. The interpre-
tation of Axiom (VI)is somewhat more complicated. In order to give an
idea of its content, let us define the operation F, by

F,(y) =%z(zeanyez) for every yeb.

Then (VI) asserts thatif b is a set and a contains exactly the sets I (y)
for y e b, then a is also set.

Axioms (I)-(VI) imply that there is an infinite class. Axioms (VII)
and (VIII) assure ug that there is an infinite set. (VIII) is the usual axiom
of regularity.

Later on, wo shall introduco soveral forms of the axiom of choice.

This axiom system has scveral advantages over the usual one for
this theory (see [[11], p. 7). In the first place, it uses € as the only non-
logical symbol, and the expression of the axioms in primitive symbols is not
unduly long, Also, the unusnal Axiom (VI), has the advantage that it
implies the axiom of pairing (and henco IV’ of [11], p. 7), besides the usual
axiom of replacement (V' of [11],p. 7). A sketch of the proof of these
implications appears in [17].
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Since these axioms are not very familiar, I shall give them using

symbols defined in the next section.
The theory with axioms (I)-(VIII) we shall call MT. As we shall seo

below, MT is definitely stronger than the Zermelo—Fraenkel theory (ZF,
see [6]) and the Von Neumann-Bernays—Godel theory (NBG, see [3]).
It is not very much stronger, however, since ZI plus ‘there is an inaceesible

cardinal’ is stronger than MT.
We use the same types of definitions as in [3], p. 12. Namely:

1. Special classes A introduced by terms » without free variables.
These definitions are of the form:
4 =
2. n-ary notions # introduced by the stipulation
g(xlj re0 Xﬂ)“”)o’

where ¢ is a formula with at most Xy, ..., X, free.
Unary notions are called collections. For colleetions %, €, €; and %,
we write: _
Z ~% it VX (B (X)-% (X)),
# S ¢ift VX (4(X) > ¢(X)),
B ~%,0%, iff Vx(ga( Yo (X) v (X)),
B = nE, itf VX (B(X)%,(X)AE, (X)),
B ~= ¢ iff VX(.%(X)H‘[%’(X)).
If 2 is a binary nation we write:
B~ J){9y: %)} it VI(B(X)oTT(¢ (Y)r2(7, X))).
#(Xy, ..., X,) is an abbreviation for #Z(X,)A ... A #(X,)
3. An n-ary operation I is introduced by a term z. Thus:
F(Xyy ooy Xy) =,
where T contains at most X, ..., Xn free.
For two n-ary operations I' and G we shall write

F l"G lff V.Xl, V.X.n( (X11 e .X.n) =G(.X1, se X?L))'

Fo@ is the operation defined by
FoG(X) = T (G(X)).

If I is a one-one operation, I~ will designate the inverse operation.
Zp(X) 18 the collection defined by 3 Y (X = F(Y)), and #; ,(X), when ¢
is a collection, will stand for the collection defined by Y (¢(Y)A X
= (X))

4. In some cases wo shall introduce special variables o through the
stipulation that formulas of the form

Vap(a) mean VX (F(X)-p(X)),
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and those the form
dap(a) mean 3IX(Z(X)A@(X)),

where # is a collection proviously defined.

A gpecial class i3 an object of our theory. Similarly, the result of
applying an operation to classes X,, ..., X, is a class and thus an object
of MT.

It is clear that all symbols defined through methods 1-4 can be
eliminated.

2. Definitions and eclementary consequences. I shall give in this
section notations for the main concepts used in this paper. Their defi-
nitions are the usual ones. Thus, instead of giving these definitions expli-
citly, I shall explain their meanings in words (in most cases).

Because of Axioms (I) and (II), we can introduce the following defi-
nition schema:

{: 9} = %A(Va:(w edoprdu(z e u))),

where p is any formula and 4 is a variable not occurring free in p. We
clearly have

ze{w: plopaulmen).
The universal class is denoted by V(= {®: # = x}). It is evident that
zeVeoIu(xeu).

Thus, from now on, we express ‘z is a set’ by ‘z e V.
The following arve the main notations:
For arbitrary classes 4, B, C, we have:
A < B, B2 A: A is a subclass of B,
A < B,B o A: Aisapropersubclass of B,
0: the empty class,
{4}, {4, B}, {4, B, 0}, ...: singletons, pairs, triples,...,
& A: the power class of A4,
(J4: the union of 4,
AUB: A uiion B,
(4: the inferseetion of A4,
ANB: A intersectied with B,
A ~ B: the set-theoretical difference of 4 and B,
~ B: the complement of B,
(@, b>: the ordered pair of @ and b,
A x B: the cartesian product of 4 and B,
A< VxV: A is a relation.
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For relations I, §, we have:

aRy: {y,x) e R,

ID: the identity relation,

EL: the elementhood relation,

IN: the inclusion relation,

Rof: the composition of B and 8,

R~*: the inverse of R,

9 R: the domain of B (= {z: Jy({y, #) € R)}),

RI'B: R restricted in its domain to B,

R*A: the image of A under R,

Op(2) = (B™* {z}) ~ {o},

B, = REI0g(®),

R reflexive antisymmetric, transitive, connected with their usual
meanings, '

R is well-founded « VX(X € 9RUIR™AX #0—~>3ylye XaXn
NOg(y) = 0))1

IR ig a well-ordering with its usual meaning,

RoR'<=ID: R is a tfunction.

For functions F, we have:
Iyp: the value of 2 under F,
BA: the class of functions with domain B and range included in 4,
BA(F) «» F is a function A 97 = BA 2F ' < A,
II,{z: p>: the generalized cartesian produet of the classes z(w) such
that p (),
A ~p B: I' 18 a one-to-one function from A onto B,
A ~ B: A is equinumerous with B (i.e. 3F(4A ~j B)).
Axioms (ITT), (IV) and (V) can now be formulated as follows:
(IIT) 0 e V.
(IV) beV—(JbeV.
(V) beV>SbeV.
In [1], the proof of the following facts iy indicated:
(1) {4} e V.
(2) BeVAA cB—sAeV.
(3) {4,B}eV.
(4) A, BeV>AuBeV.
(6) F is a function AdeV->I*4eV.
Thus, the usual form of the axiom of replacement or substitution
is obtained.
We now define the function that corresponds to an operation I by

(@) @y = {KF (%), 2): 9}
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Given (3), Axiom (VI) is equivalent to the following particular case of ().
Let I, be the operation defined in the previous section, i.e.

I,(y) =%x(yexea) for yeb.
Let F, be the corresponding function, i.e.
F, =(F,(y): yeb).
Then, (VI) is equivalent to
a=TbAbeV—sacV.
Thus, (VI) can be replaced by the conjuction of (3) and (5). I now introduce

some special definitions:
DEFINITION 2.1 (The ordered pair for arbitrary classes):

[4, B] = A X {0}UB x {1}.

DEFINITION SOHEMA 2.2. Let 7 be a term and ¢ a formula. Then:
(i) Xl....,x,,{‘“ ‘P} = {?]' ‘axli ceey a-Xn(y = TA @)}.
(i) Uxy.ox, {72 2} = {y: 3%y, ..., AX,(y e A @)}

(iii) ﬂxl,...,x,,{“ ¢} ={y: VX5, ..., VX, (p~y e 1)}

If all free variables of v are among X, ..., X,,, we omit these variables
before the braces.

From these definitions we see that in MT the union and intersection
of a collection of classes defined by a formula ¢ (| {X: ¢} and [ {X: ¢},
respectively) is a class.

Thus, we can introduce the transitive closure of any class 4 or relation
R by

DEFINITION 2.3.

(i) TC(4) = N{X: AUX < X).

(ii)y B = N {X: RuXoX < X}.

From now on we use the following stipulation of variables: lower-case
letters stand for sets. Capital letters denote arbitrary classes. Thus,

Vap means Va(veV->p),

and
Jep  means Jz(ve Vagp).

A very useful devico in this theory is the possibility of representing
any unary operation # restricted to a class by a relation. Thus:

THROREM SCHEMA 2.4. Lel v be a termn and ¢ a formula. Then

AR(R < VX VAVo(p—>t = R* {0})).
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Proof. Define
R =J{rx {z}: ¢}.
DEFINITION SOHEMA 2.5.
o[t 91 = Ulex {z}: 9).
This device gives us a way of treating operations restricted to classes
as objects of the theory. The collection of classes defined by
dn(z € BA X = F(w)),

where I is a unary operation, can bée represented by the relation [7'(m):
» € B], in the sense that any class X of this collection is the imago of {»}
for a certain # € B. We shall call collections of this kind superclasses.

We have the following simple consequence, similar to the axiom of
replacement: '

THROREM SCHEMA 2.6. Let I' be an operation and € a superclass.
Then Ay 8 a superclass.

Proof. Let #(X)o3z(seBAG(s) =X)). Then

Rr,o(X)>3a(o e BA X = F (G (x)))-

II. Principles of definitions by recursion

3. Monotone operations. The purpose of this chapter is to generalize
the principles of definitions by recursion. In this section we shall prove,
a§ an auxiliary lemma, a property of monotone operations. Thig theorem
is essentially contained in [16].

Let I be a unary operation. By ‘¥ is monotone’ we abbreviate

VAVB(A = B->F(4) < F(B)).

It is easy to see that the condition ‘F is monotone’ is equivalent
to each of the following:
(1) For every formula ¢ (with arbitrary free variables):

UF(X): 9} = F(ULX: ).
(2) For every formula ¢ (with arbitrary free variables):
P(N{X: 9)) € NEFE): o).
THrorREM SCHEMA 3.1. Let F be a monolone unary operation. Then
103D (F(C) = OAF(D) = DA C = {X: F(X) =X}aD
= J{&X: F(x) = X}).
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Proof. Let
¢ =N{&X: F(X) c X).

Suppose that X is such that I'(X) < X. Then ¢ < X and thus
o) "X) e X.

That is, F(0) = C. Bui then F(F(O)) € F(C). Therefore C < FF(0)
and 0 = I (0).
Tor D take D = J{X: X = F(X)}.

4. Recursion principles. The following theorem is easy to prove:

TirOREM 4.1 (Induction principle for well-founded relations).

() B s well-founded AVo(we QRUIR™ AOz(2) S A~z e
+PIRUIR™' < A.

(ii) 4 € A4 = V.

(iii) B is well-founded —R* is well-founded.

(ii) is the induction principle for the e-relation. It is equivalent to
the axiom of foundation.

THEOREM 4.2 (Delinitions by recursion).

(i) B is well-founded AVa(Op(x)e V) AT V(H)—31 F(PB9R7 7 (F) A
AVo(ze QRUIR'>Tnw = H (I MOg(®));

(i) "V (H)->3F ("V(T) AVa(Fo = H (Fia))).

(ii) is a special form of (i) using the e-relation. Instead of proving
this theorem, we shall prove a stronger version.

THREOREM SCHEMA 4.3. Let H be o binary operation, and B a well-
founded relation. Then there is a unique operation I' such thai

F(w) = Ho, [F(y): y € Og(w)])

for oll e QRUDR™.
Proof. The nniqueness is proved by induction. To prove the existence
we shall find a relation 8 such that

S = [Hj(x, 81 0y(®)): e IRV IR™.

Wo shall then define F(z) = §* {»}.
Wo first agsurne that R is well-founded and transitive. Define the
following monotone oporation:
¢(T) =[U{H(@, ¥): ¥ < Tr0gz@) A Y =[Hly, T10z¥)): 9 € Oz@)}:
z e DRV IR7].

It is clear that
T < T'->@(T) < @I
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Thus, by 3.2, there is an § such that @(8) = 8. We have to show that
for this 8§
(+) §*{z} = H(z,810x(x)) for all e PRUIE™.

In order to show this, we shall prove something a little stronger,
namely:
(++) Y = 810,(@) A Y = [H(y, Y10x(1); y € Op(@)]|>Y

Since G(8) = 8, it is clear that () implies (-+). Wo shall prove
(4++) by induction (4.1(i)). Assume it is true for y € Oy (2) and suppose

Y < 8M0x@) A Y = |H(y, Y10r(y)): y € Ozc(m)]-
Let y € Ox(w). Since R is transitive, Op(y) < Ox(2). Then
Y1 0x(y) < 8104(y) A Y1 0x(y) = [H(u, T10x(w)); v e Og(y)].
Hence, by the induction hypothesis,
Y10p(y) = 8M0gz(y) for all y e Op(®).
Thus, since
Y = [H(y, Y10x(y)): y € Op(#)],
we have
Y = [H(y, SrtOx(y)): y € Op(@)].
But, again from the induction hypothesis,
8*{y} = H(y, St0gz(y)) for all y € Ogx(x).
Therefore
Y = [8"{y}: y € Op(2)] = S10g().

Suppose now that R is only well-founded. Then R*® is well-founded and
transitive.
Define
H(z,T) = H (z, T} 0g(2)}.

We have just proved that there is an § such that

8 = [H(z, S10 () ® e DR°UIR>].
Then
8 = [H(», 81 Op(®)): # € DZRUIR™|.

The cxtension of the proof to well-founded relations that are not
transitive was obtained by Karl-Hleinz Diener. The proof of 4.3 given
here is based on a proof of 4.2 by Reinhardt and Tarski.
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5. The rank function. The rank function, denoted by p, is well known.
We shall only indicate its main properties. In MT, it is simpler to intro-
duce g directly by recursion, and deduce the properties of ordinals from o.
We shall indicate how this is done. The main ideas for this development.
are due to Tarski.

DEFINITION 5.1 (By recursion using 4.2 (ii)).
V() A g = g*aul ¢*m.
We can cxtend ¢ to an operation defined for all classes by:
e(X) = o"(X)ulJ o*(X).

‘We ghall use the same symbol ¢ for thig operation.

The main properties we need are the following:

(1) 207" is well-ordered by IN and ELUID and these relations
restricted to @o~! coincide. _

(2) ¢X = TC(pX), that is, X is transitive. In particular, 207 = oV
is trangitive. '

(3) oX = @"IC(X) = ¢"oX.

This means that the rank of a class is a class of ranks, namely the
class of the ranks smaller than the given rank.

4) (XeVeoo Yo XeV)a(XeVeooXeV)

(6) X ¢ Vs oX = oV = 9p™ .

Wo take the class of ordinals, OR, to be 9p~'. It is easy to show that
this definition coincides with the usual one. We nse small Greek letters.
a, B, v, ... for ordinals.

It is well known that it is possible to decompose V into sets V'a for
each aecOR. "

We first define, for any e V,

DrriNITION 5.2.

Vo = o~ ™on.

That i, V'a is the sct of sets of ranlk less than the rank of . Thus we
have

Te ={y: oy € 0w} V.
It is also clear that
Vo = Voexr since oz = ow.
Thus

Ve =Va for a=gzeOR.
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Therefore we obtain:
V.O _ 0’

Viav{a}) = £V a,
if @ =Ja, then V'a = {_J{V,: B ea},
V =J{Va: acOR}.

It is also true that IN well-orders {V'a: a € OR} and that IN is the
same a8 ELUID when restricted to this cl‘a,ss.

The next concept, that of a distinguished subset of a class is useful
for some purposes (D. Scott).

DEFINITION 5.3.
dsX = Xnﬂ(V*&”X ~ {0}).

ds X is the set of all elements of X of minimal rank.
The following are the main properties of ds:
(1) dsX eV,
(2) ds X e X,
(3) dsO =0,
(4) X #0—>dsX #0,
(3) y e X ~{0}->o(ds X) < o,
(6) yedsX Anze X—py < oz,
The proofs of these facts are simple.

III. Well-ordering relations

6. Well-ordering relations. B is a well-ordering it R is a well-founded,
connected, transitive, reflexive, and antisymmetric relation.

Since every well-ordering is a well-founded relation, the principle
of induction 4.1 is also valid for well-orderings.

It is also easy to prove the following induction prineiple.

THROREM SOHEMA 6.1. Let @ be a formula such that for every well-
ordering B we have

Y (03 € @R—>(p(Rm))->(p(R).
Then
VR(R is a well-ordering —>p(R)).
In the rest of this section we shall give some properties of well-orderings

which hold without the assumption that 0,(z) e V for every = e 2R.
R, 8, T will denote well-orderings. We shall write z <;,  instead of zRy;
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2 < pymeans £ < py and # 7 y. The symbol =~ is used for isomorphism
between well-orderings; < is an isomorphic embedding; B < § means

R <8 and B%S; and VB ig the R-least upper bound of B, if it exists.

Most of the ploofs of the theorems for this section are mmllar to the
corresponding proofs in ZF'; thus, in most cases, we shall not give them.
However, some of these proofs are not valid in NBG.

THEOREM 6.2,
(i) 4sIBRAVaVy(we Ary< go—yecd)~Ta(ve IRAA = Og()).
(i) Ve(x € 2R—-R % R,). -
(iii) VaVy(z, y € DRA 2 #y—>R, % R).
TuroreEM 6.3,
Re=fSviswe QRAR, =8)vIy(ye 28AR =~ §,).
COROLLARY 6.4, (i) R <S8R =8viy(ye 28A R = §,).
(i) R<8v 8 <R.
If [F(x): « e A]represents a superclass of well-orderings and 4 < 2R,

where R is a well-ordering, we can define, in the usual way, the ordered
sum of [F(x): # € A], denoted by:

D [F(2): @ e Al
R

In a similar way, we obtain the ordered sum of two well-orderings:
RBy+R;.
The following definition and theorem are due to R. Van Wesep.

DEFINITION SOHEMA 6.5. Let F7 be an operation such that, for all
xed, F(z) is a well-ordering (i.e. [F(x): @ € A] represents a super-
class of well-orderings). For «,ye.d, let oBy iff F(x) = F(y). Let

= [ds(B*{z}): w € A}, and for each y € B, let G(y) be the relation deter-
mined by:

2(G(y)) = {f: af = yAVqu(u, eey—~fueD(F(u)A
Af2e D (P(R) A P (1) = F(2)),
and

F (@) gerdzz e ya fall(2)g'2).

Suppose now that R is a relation such that R = B and 2Ry+>
JzJufuea nzeyn Fu) < F(z). Let

8 = )'[G(y): y e Bl
R

? — Dissertatlones Mathematleae CLXXVI
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Define:

S,, where % is the S-least y such that
F(w) < 8, for all #e 4, if there is
such an y;

sup [F(z): »e A] =) S, if F(m.)jS for every zed, and
there is no y such that I(») < 4§,
for every e 4;

V¥, otherwise.

THEOREM SCHEMA 6.6. Let I' be an operation such that, for every
we A, F(z) s a well-ordering and let T = sup[F(v): @ € A]. Then, we have:
(i) T' is a well-ordering,
(il) Vo e A>T () < T),
(iil) Vyly e 2T>Jo(we AnT, < F(w))).
Proof. We shall use the notation used in Definition 6.5. It is not
difficult to verify the following facts:

(1) G(y) is a well-ordering for every y e B;

(2) ifx €y € B, then F () =~ G(y);

(3) R is a well-ordering;

(4) 8 is a well-ordering;

(8) for every y e B, G(y) <&.

From (1)—(5), and Definition. 6.5, the conclusion follows immediately.
Since all well-orderings are- well-founded relations, Theorem 4.3, the

principle of definitions by recursion, applies to them. From 4.3 we obtain

the following principle:

THEOREM SCHEMA 6.7. Let H be a unary operation that satisfies the
Jollowing condition:

(B, 8 are well-orderings AR =~ SA 9T = 9RA IT' = DS A
AVaVy (1 € DRAYy € DEAR, = 8,—~T" {w} = T {y})) > (L) = H(T').
Then there emists a unique operation I’ such that for cvery well-ordering B
we have
F(R) = H([F(R,): y « 9R)).

Proof. The uniqueness is proved by induction.
Proof of the existence:

From 4.3 we infer that for each well-ordering R thore is an operation Iy,
fuch that, for » e 9R,

Fr(z) = H([FR("J)= Y <z o).
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Lot us define for S < R
Fp(8) = Fgp(w), whereR, =~ 8.
We then define
F(R) = Fp,,(R).

We have to show that ' satisfies the conclusion of the theorem. First
we show by induction that:

I RBR< 8,T, then Fg(R) = Fp(R).
We havo
Fy(R) = I'g(2), with R ~ Sy,
= H([Fg(y): y <g))
= H ([Fs(S,): y <gx]).

But sinee 8, < R for y <y, wo have by the induction hypothesis
F;&'(’Su) = FT('SU) .
It T, =8, we have

F!l'(Sy) = F.’l‘(Tz)°

Let ns suppose that T, =~ 8§, =~ R.
By the property of H, we get:

Fy(R) = H([Fy(T,): 2<p5'))
= H([Fr(2): 2 <p'))
= Fy(@') = Fp(R).

Thus, we conclude that I'(R) = Fy(R) for any § > R.
Therefore:

F(R) = Fpp1(R) = I,.4(€0, 1))
=-H([FR-|-1(?/)3 ¥ <p1 <0, 1>])

= H{[P((B+1),): ¥ <par <05 D]).
Liet R, =~ (R4-1),; thon

F(R) = H([F(R,): y' € 2R])

by the condition on H.
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7. Ordinals and well-order types. As we saw in 5, the class 2p~" will
be our class of ordinals OR. The theory of ordinals can be developed as
usual and we shall assume it to be known.

DrrINiTION 7.1.
EN = [(f, rd: v is a well-ordering A
Aaa(fe “Draf~te anVEVy(E, nea>(E S nef'é :g,f'n)))}.

EN is a function such that, for each well-ordering » € V, EN'r iy the iso-
morphism of an ordinal with ». 2(BN'r) is the ordinal isomorphic to 7.

THEOREM 7.2. R is a well-ordering AR ¢ V->2R ~ OR,

Proof. Let A'a = 9Rn(V'a+1 ~ V'a) for each aeOR. Then,
R = | J{d'a: a € OR}, and A'and’f = 0 for a # f. Take R'a = RPN a.
It is clear that R'a is a well-ordering, R'ae V, and 9R'a = A’'a. Let
fa =2(ENRa). Then

IR = J{4d'a: a e OR} = [f'a: e € OR] ~ OR.

The following theorem is due to W. Marek and P. Zbicrski [8].

TmmorEM 7.3. T is a well-ordering AT = OR X OR—13 G(”G@T(G) A
APGeORYV 2@ = OR)AYy(ye 2T ->3B(fe DG Ay < ;G B)) AVaY f
(¢,8e PG Aa = G a <TG]6’)).

The last clauses say that @ is cofinal in 7 and that @ is strictly in-
creasing.

Proof. (1) If T'is a set, the proof is clear.

(2) Suppose T' is a proper class. Wo may assume that 0 ¢ 27.

Define by recursion on OR the function @ as follows: for a e OR let

A, ={y: VB(fea>Ghey rGp <py).
Define
4., if 4, #0;
0, otherwise.

G'a =

There are two cases:
(a) Suppose, for a certain a,@a = 0. Thon 4, ~ 0 and lenco

T
Vy(V{@B: Beal <py-—»y = J{GB: B € a}). Thus

T
TMy: V{GB: Bea) <y rleV

and hence case (1) is applicable.
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(b) On the other hand, if Ga # 0 for all a, then °®*9T (@) and @ is
cofinal in 7.

From the preceding two theorems we infer that any well-ordering
is cofinal with an ordinal or OR:

COROLLARY T7.4.
T is a well-ordering —>3G(@G£’ZT(G) A(2G e ORV 2G = OR) A
AVo(w e DT —Tala e DG Aw <z Fa)A
AYaVB(a, f € DG A o = f>Ga <pG.8))).
Thus, for any well-ordering T', we can define:
ef(T) = N{I': I'e ORV I' = OR A 3G(" 2T (@) A
AVaVp(a,fel'na c f>Ga<pG p) AVa(z e T>Ja(a e 2G A

ALy G'a)))}.
It is possible to develop the theory of strictly increasing and con-

tinuous funetions for arbitrary well-orderings K.

DerINITION 7.5. Let B be a well-ordering, “Z9R(F). Then
(i) T is strictly increasing —~VaVy(2,y € DR A v <py—F'o <p Fy);

(ii) F is continuous —VX(X < 2R A %X € @R—>F%X = IZ;F*X);
(iif) P is normal < I is strictly increasing and continuous.
Using the principle of recursion, we can define the iteration of a func-
tion, thus:
DEFINITION 7.6. Let R be a well-ordering, with c¢f(R)> w, and
SRR (F). Then
FO =1Dror,
pltl) — o F(ﬂ)’

R |
'y =V {F™g: new} for all »e IR.

With this definition we can prove

THEOREM 7.7. B 48 a well-ordering A ct(R) > w A?FQR(F)AF is
normal -V a(w € DR~y <py A Ty =y)).

Proof. Take y = I“rp,

In order to De able to generalize 7.7 to operations defined on well-
orderings, we need to add a further axiom to our system. We add an opera-
tion symbol TW and the following axiom:

(IX) VEVS(R, § are well-orderings — (R o TW(E) A(R = §~TW(E)
= TW(S)))).

‘We shall say, for any operation F, that ¥ is a definition of types of
well-orderings if I' satisfies the properties of TW in (IX). In Chapter V weo
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shall prove that if MT is consistent, then MT +(IX) = MTT is also consist-
ent. It is not known, however, if is consistent to assume that is impossible
to define an operation that defines w.o. types. Another unknown question
is whether MTT is a conservative extension of MT.

In the rest of this chapter we work in MTT.

DEFINITION SCHEMA 7.8, (1) R is a w.o. {ype «J (R)=>R = TW(R).

(2) Let I be an operation such that for cvery w.o. type R, F(R)
is a w.o. type (we shall call I a type operation).

(i) I is dnoreasing —VRVS(R,8 w.o. types AR < S8—~F(R)

< T(8));

(ii) I is strictly increasing ->VRVS (B, 8 w.0. types AL < S->I(R)
< F(8));

(iif) 2 is continuous <« for cvery operation & and every A such that
@G (») is a type for every z e 4, we have:

F(sup[@(): @ e A]) =TW(sup [F(G(2)): @ e A]);

(iv) I is normal < I is strictly increasing and continuous.

(v) If @ is a collection of w.o. types, wo define inf{R: % (R)}
= inf% = least type R such that % (R). In particular for superclasses
of types we write inf[G(»): @ € A]. When tho collection is finite, i.c.,
€ (Ry)y «.vy F(R,), we will write inf [R,, ..., R,].

It is clear that, for any collection ¥ of types, wo have

#(inf 7).

We now generalize the usual theorems for normal functions to the
case of normal operations.

TIHEOREM SCHEMA 7.9, Let I be a type operation. Then the following
conditions are equivalent: '
(i) I s increasing.
(ii) VRVB’(R, 8 are w.o. types —
I(sup[R, 8]) = TW(sup [I'(R), F(8)])).
(iii) VEVS(E, 8 are w.o. ypes —F(ini[R, 8]) = inf[F(R), I"(8)]).
(iv) For any operation G and class A = 0 such that @(x) is a type for
cvery e A we have

F(inf[@(2): x e A]) = inl [F (G(x)): @ e 4].

Proof: Tt is easy to show that (ii), (iil), and (iv) imply (i). As an exam-
Ple we will show that (i) implies (iv). Let us supposo then that I iy increas-
ing. We clearly have

F(inf[¢(2): & € A)) < inf[F(G(x)): x € 4].
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On the other hand,
inf[G(z): e A] =G(y) for some yed.
Hence
T (inf[G(2): we A)) = F(G(y)),
and
inf [F(G(x)): we A] < T(G(y)).
Theretore
T (inf[G(2): ©eAd)) = inf[F(G(2)): 2e4].
But, gince both sides are w.o. types, they must be equal.
TAROREM SOHEMA 7.10. Let I' be a type operation. Then

T is strictly increasing >VE (R w.o. types —R < F(R)).

Proof. Similar to the corresponding proof for functions.
TURORWM SCHEMA 7.11. Let % be a collection of types. Then

VR (R w.o0. type ~A8 (8 > R A %’(S)))
iff there is mo superclass B such that # ~ €. (We shall say in this case: ‘¥
is not a superclass’.)

Proof. (1) Suppose there is such a superclass #. By 6.4, sup 4 is
a w.0. and

138(8 > TW(sup Z+1) A #(8)).

(2) If, on the other hand, there is an R such that 8§ < R for all 8
with @ (8), we define, for z € 2(R +1), G (x) = TW (R +1,) iff ¢(TW (R +1,)).
Hence % is the superclass [G(z): x € A], where

A = |o: ¢(TW(R+1,))}.

THEOREM SOUEMA 7.12. Let € be a collection of types that is not a super-
class. Then:

There is a unique type operation I such that I' is stricily increasing
and € Ay g

Proof. We shall Tirst prove the oxistence of F using the recursion
prineiple 6.5.

Dofine

P (R) = nt{S: €(8) AValw € DB—S # T(TW (E,))).

It is casy to show that T i strictly increasing. We shall show now
that 4 =%, 5, i.c.,

VE[%(R)-3S(S w.o. type A B = F(S)).
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Tt is clear from the definition of F that Zr s = #. Let us suppose
.then that R satisfies

@(R) and = Zpos(R).

Since ¥ is strictly increasing, the inverse operation, '~*, exists, and
since 7 is not a superclass %, is not a superclass, because I~ ~Zp—1 p, .

Hence, by 7.11, there is a type § such that Z s (8) and § > R.

Let T = inf{S: Zp+(8) AR < S}.

Then we have Zp »(T) and E < T.

Thus T = F(8) = inf{§': ¢ (8') A Yo(ve 288" # F(TW(S,))}.
Let us suppose now that S’ is a type with

8 =F(TW(S,) for a certain » € 8.

Then Zy, o(8) A 8 < T.

T R < 8',we would haveI' < §’; hence 8’ < . But 8’ # R, becaunse
R 5 (8')A = Ay, (R). Then, since both are types, S < R.

Thus we have for every = e 28, F(TW(S,)) < L.

Therefore T' < R. But this contradicts the assumption that R < T.

Thus we have proved ¥ < %5, and hence € ~%p . We now prove
the uniqueness: Suppose I and @ have the desired proporties. Then I+
and ¢! are also strictly increasing and so are G™' o F and F™' o G.

Hence R <G YF(R) and R <F'(G(R)), ie.,

G(R)<F(R) and F(R)<G(R).

But, since F(R), G(R) are types, F'(R) = G(R).

THEOREM SCHEMA 7.13. Let I' be a type operation. Then I is continuous
AF is superdlass ACS Rps A€ # 0>Ry - (TW(sup?)).

Proof. Let F be continuous, ¥ # 0, ¢ a superclass ¥ < %y 5.

Let #(R)—¢(F(R)) AVS(S w.o. typeaF(8) =F(R)->R <8). It
is clear that 4 A 0A% <= 7.

On the other hand, F restricted to £ is one-one and #), 4 ~ %. There-
fore # iy a superclass.

From the continuity of F we deduco:

TW (sup®) = TW(sup{F (R): #(R)}) = F[TW(sup{L: #(R)})).

TIEOREM SCILEMA 7.14. Let ' be a type operation. Then (F i8 normal
17 s siricily increasing, and for every superclass € = %, 7 with € 5 0 we
have R (TW (sup %))).

Proof. From left to right the proof is obtained from the preceding
theorem.
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Suppose now that I ig strictly increasing and % is closed under
guprema of superclasses. We have to show that if % is a superclass of w.o.
types and % 4 0, then F(TWsup¥) < TW (supZy ). The other inequality
is clear because I is increasing.

We know that

TW (supZpe) = F(R) for some R.
Thus it will be enough to show that

sup? < R.
Let us suppose that R < sup¥.
Then ‘
E< 8 for some § with #(S).

Henco
' F(R) < F(8) < TW (supZz4) = F(R).
But this is a contradiction.
Therefore we have the following corollary.

COROLLARY SCHEMA 7.15. Let € be a collection of w.o. types that is not:
a superclass and is such that for every non-empty superclass B < € we have
€(TW (sup £)). Then there is a unique normal type operation F such that

C ~Ap g

DERFINITION SOEEMA 7.16. Let F be a type operation. Then, for each.
type R, define by recursion on ordinals

H(R,0) = R,
H(R, a+1) = F(H(R, a)),
a=|(Ja#0->H(R,a) = TW(Sup[F(R, B): Be a]).

Then put F*(R) = H(R, a).

It is clear that F(“+V(R) = F(F)(R)).

THEOREM SOHEMA 7.17. Let ! be a normal type operation. Then

VE(R w.o. type ~A8(8 > R A8 = F(8))).
Proof. Take § = I (R).

IV. Models and satisfaction

8. Satisfaction. We shall define satisfaction for formulas in sfruc-
tures whose objects are classes, i.e., sets or proper classes. Thus our strue-
tures will be represented by supecrclasses.
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A structure U is a pair [4, ], where 4 is a clags and B a relation with
9R < A. The elements of the structure U, as a model, arc the classes
R*{z} for # e A. Thus we shall consider the relation & ag representing
the corresponding superclass and write it [R*{z}: » e 4].

Tor any unary operation I, % = [4, [I(x): # e A]] i3 a structure.
‘In most cases we shall write structures in this manner. 4 is the class of
codos for the “elements” of the structure, i.e., given = € 4, it is possible
to obtain uniquely the “element” of U, F(x). Fromn [F(x): v € A] we
cannot recover 4, because we might have

[F(2): ze A] = [[(%): ®eB],

with A ~ B # 0. This happens when F(z) =0 for w e 4 ~ B. Thus,
if we do not include 4 in the definition of a structure, wo cannot handle
well the empty set as “element” of .

In order to define satisfaction wo ghall generalize the procedurs which
appears in [11], Chapter I. Our object-language has the symbols g, =,
7], v, and 3, and variables v;, for 7 € w. We represent expressions by se-
quences of ordinals. The number ¢ stands for the variable v;, and o, w+1,
w+2, o+3, and w44 for the other symbols. With the expression
@ wo correlate a sequence designated by 7o', and Fve is the set of
numbers that correspond to the free variables of ¢. The set of formulay is
denoted by Fm.

We assume a deductive system, and write, for a set of sentences,
Z U {p}l, Z |- ¢ for pis derivable from X. A theory is a set of sentences closed
nnder deduction in a given language. We shall also need the concepts of
extension, conservative extension, and extension by definitions of a theory.
TFor details see [14], 4.1-4.6. MT is the set of all sentoneces that are deri-
vable from axioms (I)-(VIII) in a language with e as the only non-logical
symbols. MTT contains € and TW as non-logical symbols and has (I)—(IX) as
axioms.

ITA = [A, [(I'(x): @ e A]] is a model, an assigninent for the formula g
has to be, intuitively, an operation

H: Fo(p)—>{I'(0): zed}.

We would like to define satisfaction |= in sueh a way that the following
is true:

WUl=v,ev,[H] itf H@)eH(]),

U=v, =w[H] it H()=H(j),

U= Tlp[H] iff not Ul=¢p[H],

U= (pv p)[H] if W=eHIFve) or U |= p[HIMFvyp],

U =Avp[H) iff there is an assignment @ for ¢ such that
GIFv(dv,p) = H and U |= ¢[G].
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In order to do this, we should construct a class Sty such that
CH,"¢"> eBty it Ul=op[H].

In our case there is one serious difficulty. Assignments H cannot
be functions because, in general, H(z) ¢ V. In order to overcome thig
difficulty we uso the following definition:

DpriNrrioNn 8.1. G is an assignment for the formula @ in U
= [4, [F(o): weA]] it @ = V xV, 2@ is a finite subset of w, and

Vi(i e Tvp~da(o e A4 G (i} = F(a))).

The next difficulty is the necessity of talking about collections of
agsignments. For this, wo shall define a class Oy and an operation Hy
such that [Hy(2): © e Cy] represents the superclass of all assignments in 2.

DrrINITION 8.2. Let % = [4, [F(»): @ € A]]. Then

(i) Oq = U {4: ¢ = wae is finite}.

(ii) If g € Oy, we define,

Hy(g) = [F'(g3): i e D],

i.e., 2Hy(g) € 2g, and Hy(g)(1) = F(g'i) for i e Dy.
Thus we are able to construct a class Sty such that

{g,"¢"> eS8ty iff  WAl=p[Hylg)]

In orvder to cdo this, wo have to define an operation Ky such that,
for every formula g, Ko("p") < 7" A represents the collection of assign-
ments which satisty @. Sty will then be the relation [Ky("¢"): "¢' € Fm],
i.e., :

(g, @™ €Sty it geKy(Tp).

The definition of Ky is done by recursion (4.3) over the relation R
defined by
Ry iff g is a subformula of "y’

Thig relation is clearly well-founded.
DrrNrroN 8.3, Let A = [A [F(x): @ e Ad]]. Then
(1) "W == "y € 0> Ky (") = {g: ge AN Hy(g)(3) € Hylg)(§)};
(ii) " = v, == 0> Ly (" r -' = {g: ge™TAANHy(g)(1) = Hy(9)(1)};
(iii) - (p ="y’ —>-Ku( ) = rva ~ Iy (")

(iv) T == 1/:1v p Ky (7o) = [g: ¢ e A A (g Evy, € Ko("p)V
\Y JI‘T‘V’!/JA E_[L‘H Py )},

(v) T = "oy At ¢ Pvyp—>Kg (p ) = Iy (™");

(vi) "' = "Anp i e Fvyp—>LHg(p)) = {g: g€ Fveg ada(pedngu

U {{m, i)} e Ky (y")})-
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DoFINITION 8.4, Let U = [4, [F(#): € A]] and "¢’ € Fm.
(i) Let @ be an assignment for ¢ in U. Then
Ul pl@] iff Fglge Ky(p)AVi(ieFrp > {i} = Hey(g)(1)).
(ii) Let X,, ..., X,_; be classes and Fvep < n. Then

U= p[Xgyeers Xyl it Aglg € Ky(Tp7)A
A Yifi € Fvp—Hy(g)(5) = X,).

(iii) Let & be an assignment for Jv,p with 0 ¢ 2@, and X a class.
Then
A=oe[X,q] iff Al=e[Xx{0)}UF].

(iv) Let St be the operation that for each structure U gives

Sty = [Ky("¢"): "¢" € Fm)].
(v) Let B be a class, B = [B, [#: © e B]], and g e """B. Then

Bl=plg] i Bl=e[Hx(g)]
(vi) Let ¢ be a sentence and X a set of sentences. Then
Al=gp iff A= p[0];
Ni=X iff WAl= g for every pe X.

It is easy to prove (see [11]) that V |= ¢, where ¢ is any axiom of
Zermelo—Fraenkel. That is, in MT it is possible to prove that there is
a transitive, standard model of ZF, namely V, and hence the consistency
of ZF. Since the consistency of ZF can be expressed as an arithmetical
statement, this means that there is a sentence of arithmetic which is
provable in MT but not in ZF.

We shall use %, at the same time, for the structure [4, [F(z): x e A]]
and the corresponding collection; thus

(X)—Jowe An X =T (v).
We say that a collection 4 is transitive if
VX(%’(X)»Vy (v e X—»E&(y))).

The next definition introduces the relativization of notions and operations
to a given collection 4.

DEFINITION SCHEMA 8.5. Let # Dbe a colleetion such that #(0), € is
an n-ary notion, and G' an n-ary operation. Wo define thoe relativization
of # and @ to &4, ¢% and G% by recursion on the definition of % or G:

(i) ¢(Xy ..., X)X, e X,. Then ¥ ~¢%.
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{ii) €(Xyy ..., X)X, = X,. Then ¢ =~ %%,
(iti) €(Xyy ..., X,)>12(Xy, ..., X,). Then

%7 (Xyy ooy X)) 192%(Xyy .., X,).
(iv) € (Xyy .oty Xn)H@l(Xil, veey Xin)v Do( Xy onny ij). Then

T ( X1y oees Xn)(—)g?(xﬁ? ey X,;R)V E’Zf(le, veey ij)-

(v) ¢(Xyy ..., X,)»3X2(X, Xy, ..., X,). Then

¢*(Xy, ..., X,)o1X(B(X) A 9%(X, Xy, ..., X))
(vi) G(Xyy ..., X,) =%X2(X, X,,...,X,). Then

G (X5 .00y X,) = VX (B(X)A D (X, Xy, ..y X))

The following theorem is easy to prove.
THEOREM SCHEMA 8.6. Let A be a structure such that A(0). Suppose €

is an n-ary notion and G an n-ary operation and that we have (X, X, ...
ey X,); then '

() W= G (V1) 0 oey ) [ X1y ooy Xy iff € Xy, 00y X

(il) A b= v = G(vy, ..., 0,)[X, Xy, ...y X,] iff X =@HXyy ...y X,,).

Finally, we define another notion related to models.

DEFINITION 8.7. Let 2, B be structures; then % < B iff A & B and
for every formula ¢ and every assignment & for ¢ in % we have U |= ¢[G]
iff B |= ¢[@] (W is an elementary substruciure of B).

9. Absoluteness. This study of absoluteness is based on [14], pp.
265-270.

We introduce the following definition:

DEFINITION SCHEMA 9.1. Let & be a collection such that #(0), % is
an n-ary notion and @ an n-ary operation. We say that

(i) % is #-absolute iff for every X,, ..., X, such that #(X,, ..., X,)
we have #(X,, ..., X,) iff % (X,..., X,).

(ii) @ is B-absolute iff for every Xi,..., X, with #(X,,...,X,)
we have G(Xy,...,X,) =@%X,,..., X,).

(iil) © is X,-B-complete ift (B(Xyy ..., X,) AC( X1y Xyy.oy X,)
=4 (X,)).

Wo shall sometimes apply (with some abuse of language) #-abso-
Inteness and completeness to a formula @ or a term 7 when those concepts
hold for the corresponding notion or operation.

TFrom now on we assume that # is a transitive collection -such that
#(0); ¢, 2 are notions, and @, H operations.

THEOREM SCHEMA 9.2.

(i) If ¢(Xyy..., X)X, e X; (or X; = X;), then € is B-absolute.
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(ii) If %, 2 are B-absolute, then = €, ©UD, € D are #-absolute.

(iii) If € 1is H-absolute and X,-Z#-complete and D(X,,...,X,)
-I1X,%9(X,, ..., X,), then D is #-absolute.

(iv) If @ is B-absolute and X,-ZB-complete and € is Z-absolute, then
31X, (2(Xy, Yoy ooy Yp) AG(Xy, ..., X)) amd VX, (2(Xy, Xay ..., ¥,)
~>%(Xy, ...y X)) are B-absolute.

In particular, IX,(X,e T AG(Xy,y...,X,) and VX, (X, e¥
~€(Xyy ..., X,)) are B-absolute.

v) If 2,, D, are #-absolute and % (Xy,..., X,)3X9,(X, X, ...
vy X)VX92,(X, Xy, ..., X,), then ¥ is H-absolute.
(vi) G is F-absolute X = G(X,, ..., X,) is #-absolute.

(vii) If %, G, and H arc F-absolute, then € (G( X1, ..., X,), Yoy .vvy T,p)
ond H(HX,, ..., X,), ¥,y ..., X,} are Z-absolute. B

(vil) If € is Z-absolute and for all X,,..., X, #(X;,..., X)) A
ANXY(X, Xy, ..., X)X (BX)ACX, Xyy ..., X)), then G(Xy, ...
X)) =uX¢ (X, Xy, ..., X,) is B-absolute.

The proof of this theorem consists of trivial verifications. To prove
(vil) we use (v), and for (viii) we use (vi).

DEFINITION SOHEMA 9.3. # is sei-closed iff

VI(XeVAgd(X)>AY (#(T)rXeT)).

It iy clear that # is set-closed iff Y (X e ¥) is #-absolute.

If X'is a sot of sentences, we will write 2% iff we have for every ¢ € X, ¢%.

THEOREM SOHEMA 9.4. If % is set-closed and MT?, then:

(1) If % is #-absolute and X ,-&-complete, then

(X, ..., X,) ={y: ¢y, X,, ..., X,)} 18 #-absolute.

(il) If & is F-absolute, X-B-complete and G is H-absolute, then

(X, ..., X)) =U{6X): ¢X, X,,..., X)) is H-absolute.

Proof. We have

1) {y: €y, X,y .., X)) =2A(Vyly e 45 (y, ..., X,) Adu(y e
ew)) AVy(@(y, ..., X,) AJuly eu)->y e 4)).

By MT#, the existence and uniqueness of A is assured. By 9.2, abso-
Iuteness is obtained.

(Z)HU{G(X): F(X, Xyy ooy X)) = {y: AX [y e F(X) A F(X, X, ...
ey X))

THREORTM SCIEMA 9.5. If MT¥, H s #-absolute, and %(R), then
Flo) = H([F(y): y <))
18 B-absolute.
Proof. By induction on R using 9.4,
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10. Models of MT. The first theorem of this section gives sufficient
conditions for a structure to be a model of MT.

THEOREM SCHEMA 10.1. Let U be a transitive collection. Suppose that

(i) A is set-closed;

(if) If @ is any formule with n+1 free variables and A(X,,..., X,),
then

Alfw: (X, ..., T))Y);

(iii) W(w).

Then, if U satisfies these conditions, we have MTY,

Proof. The proof consists of easy verifications.

(1) Extensionality and regularity hold because ¥ is transitive.

(2) Infinity, because A(w) and (i).

(3) The axiom of class determination holds because of (ii).

(4) The other axioms follow from (ii) and (i). For ingtance, we shall
prove (VI)¥, Let % (4) and %(B), and

Volv e A>TAyly e BAV2{z e A—>(y € 2y € o))\ [¥A (Fu(B e u))®.
_ ( )] )

Sinee W is transitive, we have
Vw[zv e A—3 y(y eBAVzre d—~(yerorze w)))] Adu(B e u).

Applying (VI), we obtain 4 e V. Henee, by (i), 4 is a set in .

The following theorem is a form of a reflection principle adequate
for MTT(MT + (IX)). Its proof is an adaptation of the proof of Theorem 2.1
of [11], Chapter II.

THEOREM SCHEMA 10.2 (MTT). Let U be a collection salisfying:

(i) W =~ | {Up: 7 (R)}.

(ii) For every type R, Ny is a transitive structure such that Az (0).

(iif) 7 (R, 8) AR < 8—UAp = Ug. .

(iv) 7 (R) A R has no last element -Wp =~ | {Ws: § < B AT (8)}.

Under these condilions, N also satisfies:

Lor every formula @, there is a normal type operation I, such that if
R = F,(R) and ¢ has n free variables we have, for every Xy, ..., X, with
9[].t(‘Yl LR Xn)’

A » vl ] %A r 7
rPH(‘--\-H R A'n) Q'ff P R(A-li e -‘.'S-n)‘

Proof. We prove this by recursion on formulas.

(1) If @ is atomic, we take ¥ ,(R) = R for every type R.
(2) U pis Ty we take F, ~ 1. )

(3) It @ is ;v p, wo take I, =~ F, oF,,.

(4) Lot @ bo Jwp.
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Let Ay = [Ap[Fr(@): # e Ag]|. For ge Ay define:
G,(g, R) = nf(R’: R’ is type AR’ > R
AX (W) A 9 (X, Hoy (9) o)+« Hag () (i)
T X(p (X) AP, Hugy(9) (i) - Haig(9) () )}
where {ig, ...y 4,1} = Fve. ]
Let J,(R) = TW (sup[@,(g, B): g & """4]). Detino H,(R) by recur-
sion as follows:
.H,,,(O) = er(O)?
H,(R+1) = sup |[H, (TW(R)), W (J,(B+1)+1)],
H,(R) = TW (sup [H,(8): § < R]) if B has no last element.
Let 7, ~ F,0H,. It is now easy to show that I, has the required
properties.
Note that this theorem implies that, for every ¢ and for overy IR,
there is an B’ > E such that if Up. (X, ..., X,) we have

. Ape
‘Pu(xn oy Xy) ML ¢ 2 (Xyy ooy Xy)-

V. The axiom of constructibility

11. The axiom of constructibility. We shall define simultancously by
recursion applying 4.3 and 6.5 an operation TW that defines w.o. types
and a structure Lg for each w.o. § (at least up to a certain w.o. R).

Ly consists of the classes constructible at stage S. Because of the
impredicativeness of MT, we need to go through a sufficient number of
well-orderings, S, of the universe in our construction. It is necessary,
however, to choose one well-ordering § from each collection of isomorphic
well-orderings. In case S is a set we have the ordinals available for this
purpose. For proper classes we do not have this; we need to define an
operation TW that defines w.o. types. First, a preliminary definition.

DEFINITION 11.1. Assume (¢;': 4 € »)> is a sequence of all formulas.
Let % = [4, [F(#): # € A]] be a structure. Thon:

(i) Oy = @™ A: m e w].
(ii) Let Dy be the operation. defined by

Dy(<g,my) = {y: AW AA = puly, Hylg)l}  for all g, m) e Cy.
(iif) D(A) = [Co, [Dy(y): y € Oy].
(iv) A = {2: A(x)}.
We proceed now to define by recursion (using Theorem 6.5) Lp
and TW'(R) for w.o. R.
DErINITION 11.2. We define by recursion for B well-orderings a well-
ordering TW'(R), a class By, an operation @, and a structure Ly:
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(i) It ReV, then TW'(R) = IN 9 (BN R).

(i) It R¢V,R =~ 841 for a certain §, and TW'(S) ~ 8, then
TW'(R) = TW'(8)+1.

(iif) By = {0}, G4(0) =0, L, = [Bm [Go(2): @ EBo]]-

(iv) If B~ 8+1 for a certain w.o. §, then B, =[{0}, T.],
G(<0,0%) = TW'(8) and Gp(¢y, 1)) = Dygly) for yelr; Lp
= [Bg, [Gr(®): e Bg]].

(v) It RZ8-+1 for all w.o. 8, define B, = [Bg,: # € 2R], and
Gr({y, @) =Gp (y) for y,a)eBp; Lp =By, [G(a): e By

(vi) Let B¢V, R ;841 for all w.o. §, and assume that TW' is
definod for all § < R with TW'(S) < 8, and Lg is defined for all § < R.

1st Stage. Define for g ™ @B, and T < R

A(Tym,9) ={y: Ly l= enly, Hr,(9)]}-
For »e Ly, let

p(@) =int{T: T = TW'(T)A Lp()}.
Define

B(T,m, g) = sup[u(y): y e A(T, m, g)];
and
C(T) = sup[B(T,m,q): mewAgeTE@B,].
Now, if there iy a 1’ such that C(T) ~ R, define
TW'(E) = C(Ty),

where T, = inf{T: O(T) =~ R}.

Otherwise, wo proceced to the second stage.
2nd Stage. For g e"V@®wB, and T < R, define

J(Tym,g)=inf{T: T = TW (T')AT <RAT" > Ta IX (Ly(X)A
ALp = 0u[ Xy Hyp(9)]) = 3X (Lye (X) A Ly 1= 0, [ X, Hzp(9)])) -
Define also '
L(T) = sup[J (T, m, g): m e wA g e EenB,],

it T<RB;and L(T) =T, if T ~ RB. It is clear that for T < R, L(T) < RE.
Defino for cach T < B by recursion on o

M(T,0) =T,
M(T,m+1) =L(M(T,m).

Lot N(T) = sup[M (T, m): m e w]. We have N(T) < E for each
T < R.

It is easy to show that Lyyy < Lp (Le. Lygy is an elementary sub-
structure of Ly, Definition 8.7) for all T' < R.

3 — Dissertatlones Mathematicae CLXXVI
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There are two cases to consider:
(1) There is a type T < R such that
N(T) = R.
Then define TW'(R) = N (T,), where
Ty =inf{T: T = TW'(I)A N(T) =~ R}.

(2) Otherwise, define TW'(R) = 0.
(vii) If for a certain § < R, TW'(S) Z 8, decfine

TW(R) =0 and Lp=0=DB; =4,
(viii) Define 7'(R) iff B = TW'(R)A B w.0., and
% = J {Lp: 7' (R)}-
If we call ¥~ the collection defined by
| y(X)oX = X,

the axiom of constructibility is given by the formula ¥ ~.%, which is
equivalent to:

VXIAR(T'(R)A Lp(X)).

We then have the following theorem:

TosorEM 11.3. (i) MT¥,

(i) (v ~2)~.

Proof. (i) We shall use 10.1.

It is clear that & is transitive and that #(w). Thus we need to show only
(1) Va (& (@)->(x e ¥ )%,
(2) VX, .uy Vxn—l(g(xa: sy Xn—1)"‘$({m: (@, Xoyovns Xn—l)}'?))'
Proof of (1). Suppose .#(x). Then there i a T’ such that £(T) and Ly ().
Thon ’

Lpp({y: y =2} and Ly, €2

Hence % ({x}) and (1) is proved.
Proof of (2). There are two cases:

(a) & = Lg for a certain 8. Then TW'(8) =0 and § is the first
such.

Let ¢ = ¢, be a formula with m + 1 frec variables and let L (X,), ...
+o+y Lg(X,,-1). Then there is a type I' < § such that

LT(X0)1 ey LT (-Xm—l)'
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Let

Q@ = {z: 9z, X,, cony K1) }8
= {w: OSELSA Lg l=‘P[m -XO’ "'7Xm~l]}‘

By the 1st stage, @ = Ly, with C(T) < 8. By the 2nd stage, C(T)
< N(C(T)) and LN(G(T)) < Lg. Hence Lygq)(Q)- But since § has no
last element, TW’(N (C(T))+1) < 8. Hence Lg(Q).

(b) £ = U {Lyw@w: B a well-ordering}. We use a similar argu-
ment to that used in (a), employing the reflection principle 10.2, since TW,
in this case, is an operation that defines w.o. types for all well-orderings R.

(ii) is obtained immediately because TW’'(R) and Ly are defined by
recursion, and we have .Z’(TW’(R)) for every well-ordering B such that
R o~ TW'(R) (11.2(iv)). Thus, by absoluteness (9.5), we get (ii).

We see that with this procedure we obtain the relative conmstency
of v ~%. We call MT + 7" ~ %, MTL.

THEOREM 11.4. (i) MIT 4 ¥ ~ % is an extension by definitions of MTL
(i.e. on MTL 4% is possidle to define an operation that defines w.o. types).

(ii) MT 7138 (S is @ w.o. A Lg|=MT) - TW'is an operation that
defines w.o. types.

Proof. (i) Suppose that there is a w.o. § in L such that for a.]l w.o. T
with ' = TW'(T) we have T < 8. Then % can be represented in . itself
by the superclass [LTW,(%): x e 98]. This is a contradiction. Therefore
there is no such 8. Thus we define TW for well-orderings R in £ by

TW(R) = inf{T: T = TW'(T) == R}.
(ii) is immediate from 11.2.
There are some open questions concerning the existence of an opera-
tion that defines w.o. types:

(1) Is it possible to prove in MT the cxistence of an operation that
defines w.o. types?

(2) If it is not possible to define in MT such an operation, is the
addition of an operation TW that defines w.o. types a conservative exten-
sion of MT?

Wao shall now turn to the axiom of choice. We consider the following
two strong versions of this axiom:

(A) Let T be an extension of MT. Then T+ WO, is the theory obtain-
ed from T by adding a new binavy predicate € and the following axiom
schemas:

WO,: % is reflexive, antisymmetrie, transitive, and connected;
for every n and every m-ary notion &/ we have

VXI’ e VXM—IH'XO (M(XM v 'Xn—l) AVIT (M(y$ Xl’ ) Xn—l)
—% (X, T)));
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and
VXIR(E = V x VAVY(¥(Y, X)»>3u(¥ = R* {@))).

Thus, according to WOy, % is a well-ordering of all classes in which
every proper segment can be coded by a relation (sec [8]).

(B) Let T be an extension of MTT. Then 7'-+WO, is the theory
obtained from 7T by adding a new unary operation symbol @ and the
following axiom: '

WOo: VXIR(RE = TW(R)A X = Q(R)).

It is easy to see that MTT+WO, is an extension by definitions of
MT +WO,. Just take for each w.0. B

TW(R) = the #-first w.o. § such that § =~ R.

It is also easy to prove that MTT +WO,+WO, is an extension by
definition of MT +WO, and MTT+WO,. '

The following theorem has an easy proof:

TEGOREM 11.5. MTT + ¥ =~ % 4-WOQ, (or MTL +WOy) is an extension
by definitions of MTL (t.e. 91 MTL it is possible to define TW and Q (or %)).

Obviously, both MTT +WO, and MT +WO, imply that V can be
well-ordered and hence, by 7.3, that V ~ OR. Thus

MTL F+ V ~ OR.

V ~ OR is Axiom E of Gddel (see [3]), i.e., the global axiom of choice.
It is clear that MT 4-E implies the local axiom of choice. (For other forms
of the axiom of choice see [8].)

Other, slightly weaker, forms of WO, and WO, that we shall use are
the following:

(C) Let T bean extension of MT. Then T + WO/ is the theory obtain-
ed from T by adding a new ternary predicate ¥+ and the axiom WO},
which i the axiom obtained by replacing in WO, ¢ (Y, X) by ¢ (%, ¥, X)
and prefixing 3 7.

(D) Let T be an extension of MT. Then T+ WO is tho theory obtain-
ed form T by adding a new binary operation symbol Q" and the axiom

WOS: 3YVIXIR(R = TW(R)A X = Q*(R, Y)).

It is clear that MTT+WO,+WO] is a conservative cxtension of
MTT+WO§, and MT+WO,+WO,+ is also a conservative extonsion
of MT +WO4+. Hence MTT +WO; - E.

It is also possible to prove that MTZ implies V' = L, i.c., overy set can
be constructed from an ordinal (see [3], [7]) and thus the generalized
continuum hypothesis. These results, however, will appear eclsewhere.
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VI. Ordinal definability

12. Existence of hierarchies of all classes and relative construct-
ibility. In [12], Myhill and Scott proved that it was possible in ZF to
define a collection (a class for ZF) that contains all definable sets. The
same problem, i.e., to define a collection that contains all definable classes,
is open for MT. In the metalanguage it is of course clear what constitutes
a definable class, i.c., a special class in our terminology (see Section 1).
A special class is a class A such that 4 = 7 for a term v without free
variables.

The first metatheorem of [12]is also valid for MT. In order to formulate
it, we need some terminology:

‘We shall say that a binary notion % is a definable well-ordering of
the collection # iff the following two conditions are satisfied:

(i) % is connected, transitive, antisymmetric and reflexive.

(ii) For every collection & < # have

IX (£ (X) AV Y (#(X)>% (X, T))).

METATHEOREM 12.1. Fvery collection £ that contains all definable
(special) classes includes every collection with a definable well-ordering.

The proof is exactly the same as for the first metatheorem of [12].
Notice that for 12.1 we need a weaker concept of well-ordering than that
which was required in Axiom WO,. For possible further applications,
we may notice that 12.1 remains true for any extension of MT.

Myhill and Scott proved that there is a collection in ZF that contains
all definable sets. The proof, however, makes essential use of the hierarchy
of sets {V'a: a € OR}. Since we have to obtain a collection that contains
all definable classes, we would need a corresponding hierarchy of classes.
The rank operation is not usefnl for obtaining such a hierarchy, because
for every proper class X we have ¢X = OR.

We have for MTT a principle of reflection (10.2). In order to use
this principle to obtain the collection which contains all definable classes,
we neod to add a new axiom.

Let T be an extension of MTT. The theory T +(X) is obtained from T
by adding a new unary operation W and the following axiom:

(X) YR(T (R)—~W (R) is a strueture)a 7 = U {W(R): Z(R)}.

We shall call MTT 4 (X), MTH. .
It is clear that an operation with this property of W can be defined
in MTL, namely

W(R) = L, for every type R.
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Thus MTH -+7 ~.% is an extension by definitions of MTL. Thercfore

MTH is consistent if MT is consistent.
'We now pass to the discussion of relative constructibility.

DEFINTTION 12.2. Let o = [F'(@): @ € A] be a superclass with 4 # 0.
(i) Define the structure L[#/] and TW,,(E) for E w.o. in the same
way as Lp and TW’ (11.2) but replacing clause (iii) by
) L[] = [4, [F(%): vedl].

(i) L[] =~ |J{Lz[#]: B a w.0. and R = TW(R)}.

(iii) Let A be a class. Then Lj,[A], TW(R), and L[A] are Ly[«],
TW,,[R], and #[«], where & = [w: s € A).

(iv) (Definition schema). Let TW be an operation that defines w.o.
types and Z the corresponding collection of types. Define Ly ,[+/] and
P[] a8 in 11.2, bub using the types already available in 7, and hence
omitting clauses (i), (ii), and (vi). Also, change (iii) to (iil') as in (i) above.

We call the theory MT+ % ~ %[« ], MTL[& ]; and

MT+% ~ P (], MTL,[].

In the same way as 11.3 and 11.4, we can prove:

THEOREM 12.3 (i) MT¥¥ gnd MTZ7¥],

) (¥ ~Z2[LDEH and (¥ ~ Ly )7

(ili) MTT+ 7" ~Z[«] 18 an extension by definitions of MTL[«].

We shall be interested in the special cases MTL[V] and MTL,[V],
which we shall call MTV and MTV,, respoctively.

MTH+Y ~Z[V] and MTH+Y ~2,[V]

are extensions Dy definition of MTV and MTV,, respectively. Thus we
may use (X) (and (IX)) in MTV.

MTYV is a very natural extension of MT, since it preserves all sentences
relativized to sets. To be more precise, wo shall introduce the following
definition. We shall call Ly, the language of MT, tho languagoe which
has € and T as non-logical symbols. The primitive language of MT, with e
as the only primitive, is L.

DEFINITION 12.4. Let ¢ be a formula of Ly . Thon

(i) ¢” is the formula obtained form @ by replacing Jomp by v, (v,
e VAy), and Vo by

Jv,(v; € V—=-9).

(ii) @ is predicative iff ¢ is 9" for some formula » (i.c. all quanti-
fiers in ¢ are relativized to scts).
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(u1) Let T be a theory whose language contains Ly, ; we define:
T* = {p: ¢ is a sentence of L,y Al | ¢"}.

We can prove the following theorem:
THREOREM 12.5.

MT* = MTT* = MTH* =MTV} = MTV*

Proof. Since MTT+7 ~2[V] and MTH ¥ ~ #[V] are exten-
sions by definition, and hence conservative extensions of MTV, we have

MT* € MTT* € MTH* c MTV) < MTV*,
Thus we only have to prove that
MTV* < MT*.

Suppose then that there is a sentence y of Ly such that MTV | 7
and not MT |- %", Hence MTuU{ 4"} i§.consistent. Let # be a collec-
tion such that MT# and (7y")?. We construct (Z[V])?. Then MTV is
true in (L[V1]Y? and (£ [V])? has the same sets as #. Hence |37 is true
in (Z[V])?. But this contradicts MTV |- ¢".

Theorem 12.5 implies that MTV is a good extension of MT because
it does not disturb the most important objects, namely the sets. Every-
thing that we do in this paper can be done in MTV. Therefore MTV seems
to be an appropiate extension of MT, which serves both for the theory
and the metatheory. The only drawback of MTV is the complicated form
of tho axiom ¥ ~Z[V].

An interesting property of MTV is the following: MTV +WOZ is an
extension by definitions of MTV 4-E.

Since MTV WO, +WO%is a conservative extension of MTV +WO¢,
we havo
(+) MTV4WO, is a conservative extension of MTVE.

Thus

TororeM 12.6.
(MT --WOg)* = (MTV4+WO,)* = (MTV+E)* = (MT+E)*.

The firgt and third equalities are proved as in Theoremn 12.5. The
gecond one is obtained from (--).

13. Ordinal definability. Wo are now ready to define in MTH & collee-
tion that contains all definable classes. This is possible in MTH because
of the following reflection principle, which is an immediate consequence
of 10.2. In the whole of this section we work in MTH. We could also work
in MTV, which has the same primitive symbols as MT.
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TazorEM 13.1. For every term v with n free varviables, for every type R,
there is a type B’ > R such that zf W "Ny oory X)), then
G )(-Xu X,) =7(Xy,..., X,).
We can now define the col—lection of classes definable by formulas
with well-ordering types as parametres.
DEFINITION 13.2. Let W (R) = [A4p, [Fp(x): @ e A,]] for every type R.
Define:
09(X)«~IAnIA7"IAR Elg(fn ewAt is a term A
AFv(r) =n ~{0}AT (B)A g e ApA Hypp(9)(0) = X A
AVili € n ~ {0} (Hyp(g) (D) A W(E) = 0= 7 [Hipuy(9)]).

By 13.1, 09 contains all classes that are definable in MTH with types as
parameters, i.e., those X for which there is a term = with » free variables
and types R,,..., R, such that
X =v(Ry,y..., B,).
DrrinrrioN 13.8. (1) Let X be a class and R a type. Then

() Omm(X) = {g: 3n(n e wng e Apn Hyg(9) (0) = XaVificn—

{0}~ (Hypx(9) (’0))))}
(ii) T'(R, X) is the ordering of Cpp(z) given by ¢T(E,X)f iff
29 < 2fv D9 = 9f Aif 4, I8 the least ¢ e 2g such that Hyyp(g)(d)
7 Hyymy (f)(4), wehave Hyp gy (9) (%) < Hppry (f) (%)
(iii) For g e Oyyp(X), define T x(g) = TW(T(R, X),).
(2) Let X Dbe a class, and {z;: 4 € 0> a sequence of all terms v such
that Fvr = n ~ {0} for a certain # € w. Then:
(i) J(X) =inf|{R: T(R)AInTv'dg(ne oA is a term ATFvr
=nr~{0}A g & O (X)A Dg= AW (R) = "0y= 7" [H ()]}
(if) 1(X) = int{i: Ag(g € C\1y (X)A g = Ty, U {0}A W (T (X)) =,
= Ta:[HH’(J(X)) (q)])}'
(ill) I (X) = inf(R: aq(qe(,,,(,(\”(/\)/\ w/ = BV U {0)A W(J (X))
= v, = Ty [Hipaoy(@IA B o= Ty, \(‘/
( V) #(X, Vo 02 (X, ) A (J(A) < v (X)) J(Y) A LX)
V) v (J(X) = T(Y)ALX) = (Y)A K (,\) < K(Y )))
I'l; is casy to see that % is a definable well- -ordering of @% with the
property that
(+) VXARVY(4(Y, X)e>Ty(R*{y} — T)).
TIIDOREM 13.4. (i) 9 < 09.
g) If = is a term with n free variables and @L’Z(Al, vy X)), then

(T('XU w.))



13. Ordinal definability 41

Proof. (i) is clear.
(i) We can see that the collection & defined by
B(X)eAX;,y .., XX = 1(Xy, .0y X,)A 0D (X, ..., X))
has a definable well-ordering induced by %. Hence, by 12.1
B <S 09,

To be able to generalize (ii) to other situations we need another type
of proof. ‘

Let X = 7(Xy, ..., X,) for v a term.

Suppose X; = 7" 4)(8,, ..., 8,)-

Choose B > B, 8,, ..., 8y, such that W(R)(R,, §)), for every i < n,
j s n.

Let B' > R be such that

X = o(zf®(S,, ..., Bp) e ) = PEN(,.).

Therefore 02(X).
As in ZF, 09 might not be a model of MT. Hence we define the collec-
tion #0292 by

DErINTTION 13.5.
HO0D(X)~02(X) ATC(X) S 09.
TaroreM 13.06.
HOD (X)X S H#0D A 02(X).
Using 10.1 we can eagily prove:
TurorEM 13.7.
MT#@@_

Now, # restricted to #0292 iy a definable well-ordering of #09 that
satisfies (+) for #02. By 7.5 it is possible to assume

(%) 7 (R)-»R = OR xOR.,

This is so because it is possible to define an operation F such that
for each B w.0. B¢V, DR w~ ppOR. Thus, if 7 does not satisfy (x), we
can define a new J’ and TW' by

TW'(R) == the ordering of OR, 8, that is isomorphic to TW(E) by
I (TW(R)).

Since OR € #02 and honce OR xOR € #09, we have

TS #09.

We can define the relations that code the initial segments of € using 7.
Thus these relations arve all in #02. Hence we have:

TaronrtM 13.8.
(WOZ’)J{”@.‘» .
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Therefore the axiom of choice E and the local axiom of choice are
true in #09.

Tor many applications in proofs of independence, we need to have
2. model 4" of MT in which all classes are definable from types, determined
by a given operation TW which defines w.o. types, and elements of a given
class 4. That is, for every X with 4 (X), there are types R, ..., B,;
Lyyeeey Ty € A and a term 7 with at most vy, ...y ¥y, Iree, such that

X =1(Byyoony Byy By ey By)-

Let us see how to proceed in order to obtain such an .4/, assuming
only MT. This procedure will be used to prove the independence of different;
forms of the axiom of choice in Chapter IX,

We first construct £,-[ V] as in 12.2, where  is the collection of tiypes
given by TW. It is clear that £, [ V] satisfies the reflection principle 13.1,
taking W(R) = Ly 5[ V]. Thus it is possible to give the following defi-
nition: '

DEFINITION ScHEMA 13.9. Let TW be an operation that defines w.o.
types, and J —the corresponding collection of types. Let

Ly (V] = [BR7 [Gr(r): @ E-BR]]
for every type E. Then:
(i) 094 4(X)e3n3 rr"EUEBE]g{n ewA’r is a term A
ANFvr =n ~ {0} AT (R)A g &"Bp A HLy'R[V] (9)(0) = X A

A V’i (’I: EN ~ {O}_'>('7-(HLy,R[V] (g) ("’)) v

OV Hp amn(0)(6) € DA Ly p [V] 1= 05 = 7[Hpy 0 (9)])}-
(ii) #0Dy 4(X)TC(X) S #0Dy 4A 09 (X).
If #024 ,(X), then X is definable in MT form types in 4 and ecle-
ments of 4. By a similar proof to that of 13.7, we can prove
MT*0%7.4

However, it is not true, in general, that the axioms of choice are true in
HODy 4.
Let us see now how close we can get to a collection that containg
all definable classes in MT itself.
We first consider the theory MTV of 12. Now in MV we have for
any formula v,
MTV |- ¥ iff M7 |- .

Hence, for any term = in which the quantificrs Y, 3 ure restricted
to sets, we have in MT for 2{V](X,, ..., X,)

T(-X17 R | "Yn) = t:z‘”‘](-‘YH try 4'Yn)'
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Thus, if we repeat tho procedure of 13.9, we obtain a class 09, ,,
which containg all classes definable with formulas restricted to sets,
using es parameters the types J defined in the construction of #[V].

The corresponding collection # 0%, is a model of

MT +WO,.

VII. Complexity of the axiom system

14. Non-finite axiomatizability and non-axiomatizability with sen-
tences of bounded unresivicted quantifier depth. Given the results of the last
chapters, it i3 casy to show that MT ig not finitely axiomatizable. We
first add one axiom to MT, namely ¥ =~.% or ¥ ~ .Z[V]. Hence, if MT
were finitely axiomatizable, MTV would also be such. But the reflection
principle is valid for MTV. Suppose ¢ were the axiom of MTV. Then we
would have in MTV

Ly[V]=¢ for some type R.

Hence we would be able to prove the consisteney of MTV in MTYV.
Using Montague’s [9] and Kreisel-Levy’s [6] methods, it is posible
to prove something stronger. Let us consider the theory given by the
following axioms:
(I) Bxtensionality:

Va(x e A«»2z e By-A = B.

(II) Axiom schema of class determination. For every formula ¢
in which 4 is not freec we have the following axiom:

14Ve(x e Aop AdT(x e U)).
(IIT) Empty set:
Va(z ¢ a)—>3U(a e U).
(TV) Pairs:
Va(r e asw =bv ¢ = 0)—=IU(a e U).

Let us eall this theory general class theory, GO. It is clear that GO
is o subtheory of MT. In GO we have the schema of class construction,
arbitrary unions and intersections of collections, relations. We shall use
for these the same symbols as in MT.

We also havo in GO the possibility of representing an arbitrary op-
eration vestricted to o class by a relation. Thus we have superclasses
[F"(2): » e B]. Theorem 2.4 is valid in GC.

Since there is a model of GC constituted by all classes whose elements
aro sets hereditarily of cardinality less than or equal to two, we cannot
use the nsual (von Newmann) natural numbers. We use, instead, Zermelo’s
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numbers:
Z = (|X: 0 XaAVu(ve Xz} e X)}.

With this definition, arithmetic iy interpretable in GC, and hence we can
interpret the syntax of the language in GC.

Tt is not true, in general, in GC that # e V implies # x {¢} ¢ V. However,
z e V implies {(z, >} € V. In order to be able to work with relations, for
each function r we define:

Fo=J{rux {u}: uedr},

DrrinrTIoN 14.1. Define by recursion, for each n € w, the subset I,
of the formulas of Lyq:

Iy = M{X: X contains the atomic formulas and is closed under
v, 71, 3v(ve VA L)}
Frp =N {X: Fog. Hvip_ltp: pel,Apecwrie’n} = X and
X is closed under v, 7, and Jov(v;e Va ...)}.

Define Dp(p) = (M) {n: p e F,} for each formula ¢ of Lyq. Dp(p)
is read depth of ¢.

We can give a definition of satisfaction for formulas of depth =.
This is possible because the prineiple of definitions by recursion 4.3 is
valid in GC.

DrriNrrioN 14.2. (i) Define by recursion on the relation of subfor-
mula for a formmla @ of Ly, with Dp(p) = 0, and a relation B with 2R
c Fvop, Ky ("¢, B), thus:

(3) "' = v, e o ~Ky("p", B) = {r:r is a function A QRNIr
= 0A9r = FvpAa(RUF)* {i} e (RUF)*{j}].

(b) "p* =T, = 0> Ky (p, R) = {r: » is a function A QRNDr
= 0A2r = Fvpa(RUF)*{i} = (RUT)*{j}}.

() "@" = TNyp—~>K, ("¢, R) = {r: » is a function A GIRNDr = OADr
c Fvoar ¢ XK ("y", B)}.

(A) "p" =T, v oy >, (Tg, B) = {r:7is a function ADRNDr =0 A
ADr < Fvon(riTvy, e Ko(py, RIEVy) v 71 Fvy, € I (py, RIFv ).

() @ = "Av,(v; € VA p) AL ¢ Fvyp—Ii, (9, 1) = I, (9", R).

) " ="3v,(v,e VAy)' A e Tvyp—>IK, (¢, R) = [rs 7 is & funetion
NDRADr =0A2r < Bvpads(s = VX VAs < {i)arus e Ky("y", R))}.

(ii) Suppose that the operation X, is defined for formulas of depth a.
Let ¢ be a formula of Dp(p) = n+1 and R a relation with 2R < Fv.
Define K, ,("p", R) for formulas ¢ of depth n+41 by recursion:



14. Non-finite axiomutiznhility 45

(a) Dp("¢") =n—>IC, ., ("9p", B) = I,("¢", R);
(b) "¢ = "oy ... v, 9 ADD(y) =K, ("¢ R) = U{K(y,
8): 28 € DRV {5y ... 4, 1}A8ITvp = R);
(¢)=(f) similar to clauses (e)~(f) in (i) with X, replaced by K,
(iii) For ¢ of depth n wo define . '
Ryati, ¢ R < VXVAIR < Tvpa0 e K, (9", R).
(iv) I'or a sentonco ¢ of depth # wo define
Trn(rqa-ly")Oﬂa‘tnr‘Pﬂ'
Wo now apply Theovem 6 of [5] with GC as U, and obtain:

TimsoriM 14.3. No consistent extension of GO with the same symbols
g8 awiomatizable with seniences of hounded depth.
In particular, this is true for MT.

Now let (In) bo the genoeral schema of transfinite induction, i.e.,

(Inq,)[(p(O) AVa (fp(a)—>q9(q +1)) A(a =JaaVB(fea—rp(p)
——>-<p(a)))]—->‘v’a (@ e OR~—p(a)).

Take NBG -|- {In,: ¢ a formula} and call it NBGI. Now, it is possible
to prove, applying Theoreins 8 and 4 of [5], that MT cannot be obtained by
oxtending NBGI with a sot of axioms of bounded depth. As an example
of the type of roasoning involved I shall prove, for simplicity, the following

TurontM 14.4. If MT is consistent, then MT ds not a finite extension
of NBGI (i.e., obtained by adding o finite number of axioms to NBGI).

Proof. If MT wore a finite oxtengsion of NBGI, MTV would also be
such an extonsion. Lot MTV = NBGI-+¢. By the reflection principle,
there is an B > OR, R without a last element, such that

LplV]k=o.
But it is easy to prove that, for any B with no last element,
L,{V] = NBGI.
Hence
L, [V] = NBGIL+p,
i.o.,
Lu[V] = MTV.
This is impossible, sinco thon the consistency of MTV would be provable
in MTV itsell, )
Ax wan stated above, by using Theorems 8 and 4 of [5] we can also
obtain:
TisorREM 145, If MT 48 consistent, then MT is not obtained from NBGI
by adding a set of sentences of bounded depth.
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15, Complexity of axioms for the predicative sentlences. In this section
we shall study the relation between ZF and the set of predicative sentences
valid in MT. The language of ZF(L,y) is the same as the primitive language
of MT. V is not a symbol of Lyp.

As in 13, let MT* = {y: v is a sentence of Lyp A MT + 3"}, Hence
MT* is the theory obtained from the predicative sentences provable in MT.
It is clear that ZF < MT*. Since the consistency of ZI' can be expressed
by a numerical sentence, and hence by a sentence of ZI, say Con ZT,
and we proved. it in MT, Con ZF € MT* ~ ZI. Thus MT* is strictly larger
than ZF. We shall prove in this section, using Theorem 10 of [§], that
MT* is much larger than ZF. We first have to introduce & new notion of
depth for formulas of ZF.

DErFINITION 15.1. Let ¢ be a formnla of L,;. Then we define Dep (p)
similarly to Dp(p) (Definition 14.1), replacing everywhere

v, (v; e VA ) by  dAv(ven A Lll).

In Theorem 10 of [6] we will take S, = K = ZF and S, = MT. The
interpretation of a formula % of ZF in MT is given by 7. We have
8;|E = MT|ZF = MT* and 8,|K = S, = ZF.

Theorem 10 of [6] as applied to our case says:

THEOREM 15.2. Let A be a set of sentences of Lyp closed under conjunc-
tion and let o(z) and T'(x) be formulas of Lyp and Lyp, respectively, such
that:

(i) For each senience ¢ of Lyp, MT F o(Tp")—p".

(ii) MT |- o("p—>9")— (a'("tp")—>cr("1p")) .

(iif) MT |- Pr(" @)V >0("g"), where Pr("p") is the formula of ZF that
asserts ZTF | ¢.

(iv) MT |- Vo' (9" € 4~ (T ("g")7 ~o("p")).

Then nmo consistent extension of MT* can be obtained from ZF by the
addition of any subset of A.

Now let us take A to be o set of formulas of ZI' of hounded depth
(in the sense of Dep). We can define truth for them in ZI similarly o 14.2.
Thus, this is T("¢") for "¢ € 4. Now, Lor ¢ € Ly, wo define in MT

(" )=V =9
It is now casy to show (i), (i), (iii), (iv). (iii) comes from the fact
that all sentences provable in ZF are valid in V. Thus we can prove:

THBOREM 15.3. No consisient extension of MT™ with the same symbols
can be obtained from ZF by adding a set of sentences of L. of bounded depth
(2n the sense of Dep).

Let us now consider NBGI. Take, as above,
NBGI* = {p: p is a sentence of Ly, A NBGI |~ 'y},
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We alveady know (12.6) that MT* = MTV*. Thus, taking K = ZF,
8y = NBGI and §; == MTV and defining the interpretation of a formula
of ZF, y, in MTV and NBGI to be 4", and the interpretation of a sentence
of Ligpar 10 be ¢%, where # iy Lowonrsw)[V], we obtain:

THrOREM 15.4. No consistent emtension of MT* with the same symbols
can be obtained from NBGI* by adding a set of sentences of L,y of bounded
depth. !

! In this case we doefine for g a sentence in Lypgr

o (‘P)“’watou-;-m) (V1= .

The rest of tho proof is similar.
It is also ocasy to obtain a comparable result for NBGI* and ZF.
Therefore wo have

ZF < NBGI* =« MT*

and nono of the theories iy an extension of bounded depth of the preceding
one.

VIO. Forcing models

16. Forcing. In {his chapter we shall develop the theory of forcing
following [1], which is suggested in [13]. Most of the theorems of this
section are proved in [1]; hence we shall omit some of the proofs and
sketch others. In parentheses I shall indicate the numbers of the corre-
sponding definitions or theorems in [1].

In the whole of this chapter and the next one, we work countable
transitive structures of the form U = [M, [#: @ e M]|, where M is a count-
able transitive set. We identify the model % with M. We work with models
Mof MT+EMTE) and MTL. '

As is well known, in order to do forcing with transitive models I,
wo must assume the consistency of MT with the existence of a well-founded
model of M. However, wo can obtain our proofs assuming only the consist-
ency of MT, by working in MTV (which is consistent if MT is consistent).’
In MTV wo can use the procedure described in [13], p. 366: add a new
conglant N with axioms that say that N is a well-founded model of MT.
Wo can prove that this theory is a conservative extension of MTV, because
the retloction principle 10.2 is valid for MTV.

Wao start with the definition of notions of forcing and generie classes.

DEEINITION 16.1 (2.1). (i) A partially ordered system [C, <,] with
lavrgest elemont 1, is called a notion of forcing. The elements of 0 are called
conditions. p, q, r, 8, t will be nsed for conditions. If p,ge 0 and p <; g
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we say that p is an extension of ¢. If p, ¢ € 0 and there iy an e € such that
r <, p, g, we say that p and q are compatible. p Aq i8 the greatest lower
bound of p and ¢ if it exists.

(i) A subclass D of € is C- dense it for every p e C there iy an exten-
gion of p in D,

(iii) A subclass D of O is a C-section if every extension of o condition
in D is in D.

DErFINITION 16,2 (2.2). Let M be a structure, [0, ] € M, a notion
of forcing in M. '

(i) A subclass @ of C is O-generic over M if the following conditions
hold:

(G1) 1,e@.

(G2) peGrg=p—>gel.

(G3) VpVy(p, g e G—Ir(re@ar<yp,q)

(G4) For all C-dense classes De M, GnD #0.

(ii) G is strongly C-generic over M iff @ is C-generic and

(G5) for all ordinals § € M there is a set 0’ e V¥ guch that ¢’ < C,
and for all sequences of dense sections [D,: a € f], there is a ¢ € & satisfying

Va(a ef—>Ap(p e C'NG A (pAg) oxists A (pAag) e J)‘,)).

Tt is clear that if € is a set in I, then every C-generic st G is strongly
C-generie.
LevMA 16.3 (2.3). Let M be a countable sct, [C, <] a notion of forcing
and p € C. Then there is a class G which is C-generic over M and such thatp e G.
DEFINITION 16.4 (2.4). Let D be a subclass of 0 in M, p € 0. Then D
is C-dense below p if every extension of p has an extension in D,
Levwva 16.4 (2.5), (2.6). (i) Let G be C-generic over M, p € G and let D
be C-dense in M below p. Then GnD # 0.
(ii) Let D be a section in M. If DnG # 0 for every G which is C-generic
over M, then D is dense.
We now define the model M[G] for any model M, and ¢, (-generio
-over M.
Drrinrrion 16.5 (ITI). Suppose that [€, =] is a notion of forcing in
a countable transitive model M of MT and that G is C-genevie over M.
Define:
) @ eab<—>3p(p €@ A {a,p)ebh).
) b =KG {Ifa a) a/E()b}.
11) M[F] = {KG :ae M},
i)

it) is & defmition by recursion on ey that is obviously well-funded.
(iv) is by recursion on € and it can be done in M, sinco M is a model of TM.
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It is casy to see that

Ku(i’) =b.
Hence
M <c M[F].

Alsoy if @' = {{p,p): pe(C}, then & € M and K,(G') = G. Hence
GeM[G].

We now introduce the concept of forcing. From now on, we take M
to be a countable transitive model of MT.

DEPINTTTION 16.6 (4.6). Let o, ¢y, @, be formulag with free variables
AMONE 1y .0y ¥,y O anotion of foreing, p € €. Wo assume that r, g, s, s', '
ange over O, A

(i) pll— Xy = X, #f Va(Vg<p)(@r= ) [([Fs>1)(<a, s) e X,UX,)
— (38" 2 ) (38" 22 ) Ay Ly, D e XA Y, 8" e Xy ar|—a=yar|—
= 9')]; o |
(i) p I— X, e X, iff (Vg <P)Ar< g (s =) am((“?: HeXyar|—2a
= X1); ’ R

(iil) p = Tp(Xy, ..oy X,) i (Vg <p) g li- (X, ...y X))

(iv) 2 = {pr A @) (Xyy ooy X)) I D |— (X3, ooy X)) AD 1= @o( X4y -
ey X)) . '

’ niy [, .
(v) p II— Voup(Xy, ..., .X"). iff VX(.’P I— @ (X, Xu_'“s'Xn))-

Part (i) of the definition Iis done by recursion on X, ¢X,. The
rest is done by recursion on formulas. This definition is essentially 4.6
of [1] but part (a) of 4.6 contains'a small error that has been corrected
here. . ;

If M is a model of MT, then 16.6 can be formulated inside M. When
there is o possibility of confusion we shall write p |— 50 if we think of
the definition in M. An immediate corollary.of the definition is thefollowing:

TurorEM 16.7 (4.3). If @ is a formula with free variables v,,..., 7,
and [C, <] 48 a notion of forcing in M, then there is a formula v, with free
variables vy, ..., v, such that for every p e C and every Xy, ..., X, e M,

pl=aoe(Xyy .., X)) off M-y, X, X, 0, <].

We shall skoteh the proof by recursion of the following theorem:

TrroruM 16,8 (L2), (4.1). Let ¢ be a formula with fwe variables among
Viyeery B,y [Cy 53] @ notion of forcing in M and peC. Then for every
Ny oo X, e M owe have:

(i) pll— ar(Xeyoony X,) iff for every generic G with p e @, MI[G]

=p[X, ..., X,

(i) M[G] = [Xy, ..., X,| iff there is « pe@, such that p l—
Xy, ..., X,).

Gil) If p -5 (X1, .., X,) and < p, then q =y ¢(Xyy .oy X))

4 — DIissertatlones Mathematicae CLXXVI
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Proof. (iii) is an immediate corollary of (i). Also, (ii) from right to
left is a corollary of (i). Hence it will be enough to prove simultaneously
by induction on formula, (i) and

(ii') ¥ M[Q]|=p[X;,..., X,], then there is a p €@ such that
? =2 o(Xy, oy X))

We shall do here only the case where ¢ is v; = v,, where some small
corrections have to be made to the proof in [1]. The rest of the proof
is on pages 7 and 8 of [1].

Hence let us suppose that ¢ is 9; = 9,. The proof for this case is done
by induction on pX,uUeX,. Thus suppose (i), (ii’) are true for sets of
rank less than oX,uUpX,. We have

M[G]|=v, = ”z[xl’ X,] ift Xl ="X-u ,
itt (Vo e M)[2 ey X,0X,—~(Ay e M)(Ay' e M)
(Yea Xiny g Xy A =7 =7)].

By the induction hypotheses.on (ii’), this is equivalent to:

(x) (VoeM)[(As e @) (<2, 8> € ,UXp)~(Tr e @) (s’ =) (3s” =) (Ty
eM)(Jy' e M)(<y, s> e X, Ay, 8" Y eXar|— o =y =y')].
Proof of (i). (1) Suppose, in the first place, that p |- X, = X,, G
is generic with p e @, x € M, and (s e G)(<z, s> e X;VX,). Let ¢ < p, 8
with q € @. Define in M: '
D ={r:r<qgnal@s=1({x, s eXuX,)~>(Ts' =) (s =7)
JyIy' Ky, > e Xy Ay, 8" e Xparl—y =y = )]}
Since p |- X, = X,, D is C-dense in M below g.
Using 16.4, we get an r e Dn@G. Then r. < ¢ < 8.
Hence (ds>7)(<{x,s) e X,UX,). Then
(A’ =) (3" =21 By e M)(3y € M)(<y, 8D e X, A Yy 8"")
eX,arlkFy=9y" = ).
This proves (x) for @G.
(2) Suppose now that, for every generic G with p € G, () is satisfied,
and let ¢< p. '
Case 1. 7J(ds = q)({e, 8> e X UX,). In this case we take r ==
in the definition of p |— X, = X,.
Casc 2. (s = ¢) (¢, s> e X UX,). Let G Dbe a generie class with
q € G (its existence is ussured by 16.3). Since g =7-¢;p, we have s, p e (.
Therefore
(s e D) (<r, 8> e Y UX,).
Then by  (w):
(Jre@)(3As' = r)(3s” = )Ty e M) Ty’ e M)y, s
eV Ay, 8D eXoari—y ~=y —u).
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It is clear that we can take r < ¢, and the assertion is proved.
Proof of (ii'). Supposc G is generic and satisfies:
M[G] =9 = ”2[X1; X,].
Then G satisfies (*). Define in M
D = {p: Fa(Vr < p)[(Fs = r({z, 8D e X,UX,)A
AV =) (V8" ZnVyVy' (rll—y =y’ = o
= (Y ¢ ¢ X vy, 8" ¢ Xz)] vol- X, = Xz)}

We infer that D is C-dense, because if no ¢ < p satisfies the first
digjunet then p |- X, = X,. Thus, let p e DnG.
Suppose

(+)  (FoeM)(Vr <p)[([Fs > ) (<@, ) € X, 0 XA

AV Zr)(Vs" 2n)(Vye M)(Vy e M)(r |-y =y = o
=y, 8'> ¢ Xy v (y'y 8" ¢X2)]'
Then
(+-+) (2 € M)(Is > p) (<@, ) € X, UX,).

Suppose now that

(Are@) (I’ e@)(Is” e @Ay e M)(Fy' e M)y, "> e X, A Y’y 8"
eXyAt =y =y =2).
Then we can take » < p, §', contradiceting (+). Hence 1\ve have
(Vre@) (Vs e@) (Vs e@)(Vy e M)(Vy' e M)(r|—y
=y =, s) e X,v Y, 8 ¢ X,),
i.c.,
(Vy e MH)(Vy' e MY[(Ar e@)(r [— y =y = @)~y da X1v ¥ x X,
and by (i)
(Vye M)(Vy' e M)(§ =§ =T~y ¢g X1V §' ¢g Xa).

Therefore @ ¢ X, v 2 ¢ X, Bub, by (-~ +), e X,v 7z e X,. Hence X; # X,,
contradicting («). Thus p hay to satisfy the second disjunct of the defi-
nition of N, ic., pl— X, =X,.

1t is now possible to prove the following theorem.

TirorneM 16.9 (5.1). Let M be a countable transitive model of MTE,
[C, <] a notion of forcing in M, G a subclass of C which is strongly C-generic
over M. Then M[G] is a couniable transitive model of MTE, with the same
ordinals as M, which includes 11 and contains G'; it is the smallest such model.
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It is clear that M[@] is countable and transitive and hence satisfies
the axioms of extensionality, regularity, and empty set. The proof of the
rest of the theorem is obtained from the following lemmas, whose proof I
shall only sketch. ’

LEMMA 16.10 (5.2). For all @ € M [Q], if there is a b € M [@] with a € b,
then a € VM, Furthermore, there is a ¢ € VM such that ¢ = a.
CoROLLARY 16.11 (5.3).

M T/W

LevMmA 16.12 (5.4). Let ¢ be a formula with free _g;a-riables Upy oovy D,
and Xl, iy X, e M[G). Then B = {a: ac M[Glraec VVAM[G] |= ¢[a,
Xyy -y X, 1} € MG,

Proof We prove that 4 = {<b, p: be V¥ap |~ ¢(b, X,, ..., X,)}
is such that Ae M and 4 = B.

LemMaA 16.13 (5.5).
aeV”’[Gl—>3b30’(0’ S CAD, 0" eV AFanM[G] € K4l2 (207 x ¢)) 0 M).

Proof. Let b e V™ with b = a and let g € "2b~' be an enumeration
of b in VM,
We use strong genericity over sequences of dense sections of length g
given, for each A with 4 < a, by
ﬂ,_l {p pH_(]ae-A-V_Y) H— (}'Q¢A}
‘We obtain O”, g4 € G for each [D, : aef], and set
6 = {(dy p>: <&, Py e DV XA (P Agy - de ).

Then ¢ = 4 and ce.S”(@b‘ xO) M.
LevnMa 16.14 (5.5).

ae VA ABe PanM[G]—+B e VM,

Lemma 16.13 is the only place where we use the existence of a ¢
that works for all sequences of a given length. 16.13 and 16.14 are the
essenfial lemmas for proving the power set axion,

LeMmA 1616 (5.6).
AeM[GlaTa(ae VY AL < Kja)—>A e V9,

Proof. We fake d =ax {1}. Then de VV; hence de VY and
A < d.

‘From 16.15, 16.13 we immediately derive

LeMmA 16,16 (5.7).

4 e V‘"W'—>Ua e T
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LrMMaA 16.17 (b.8).
a e VMU s an M[G] e VMO,
The next lemma proves our version of the axiom of replacement,
which is slightly different from that of [1].
Lurmma 16.18 (5.9).
Ae M[@IAbe VI AVowe A>Ty(yebaryewna
AT =%z(yecenze Z)))—n? e yHIGl,

Proof. Wo may assume that b € V¥, Let g € °2b~" be an enumera-
tion of @b in VM and lot ¢ bo vy € v, A ¥, € v5. Define:

D, = {p: Elw(p Ik (30,0 0) (4, ga, c'3'))]

Then [D,: a e f]is a scquence of C-dense sections in M, by 16.4. Hence,
by strong genericity, we find the appropriate ¢ € G and (' e VY.

Let .

Aoy ={m: DAQI- (Fvyp—>0) (4, ¢, 2)}
and
fell{4,,: {o,p)e (D7 x0") A Am,\ #0>.
Then
Y (@b~ A C') e VM,

We shall prove

—

4 = K4(f*(2v~' x ).

If ded, then d = #z(tezrze ) for a certain o e Pb~"; hence there
is a p such that 4,, # 0.
Lot @ = f <o, p>. Then p A ¢ |— (Jv,p—~9)(4, ¢, ). Hence M[G] =
(Av,p->p)[4, ¢, &), But de AAGed: thus
MG] |= Fvyp[4, .
Tleneo

AGe X,

N}

Te

L., _
=d,

Rl

beeauso
@ ef"'(.f'/)b'1 x(0Y, de K("} (f"‘(@b“ X C')),

We then use 16.15 to obtain 4 e VM
LeMvA 16,19 (5.10). If N 4s a model of MT which includes M and



654 VIII. Foreing models

coniains @, then there is an operation K defined in N such that, for all X € M.
- K@, X) = Kg(X).

 Hence there is a function in N whose restriction to V¥ is Ky V™,
Moreover, M[@] < N. .
Proof. Define in N, by recursion on oY, for each 4 e N:

K(4,Y) ={E(4,2): (Ap e 4)( 2, p) € Y)}.

It is easy to prove by rccursion, using the transitivity of M, that
for XeM
K@, X) =KuX).
The rest of the theorem follows."
LeMMA 16.20 (5.11).
OR™ = ORMYI,
LevMMA 16.21 (5.12).
M[@] = EB.
With this lemma we complete the proof of Theorem 16.9.
We recall some properties of ¥~ ~ % (Theorem 11.4). In MTL it is
possible to define the following operations and collections:
(1) TW' is defined by recursion. TW is an operation derived form TW’
that defines w.o. types.
(2)  is the collection of types, and we have:
T (RB)y—>R = TW'(R).
(3) @ is a unary operation such that
MTL - VXIAR(T (R)AX = Q(R)).

DErFINITION 16.22. Let N be a model of MT. We say that N |= WO+
iff the following condition is satisfied:

It is possible to define in N a unary operation TW and a binary
operation @* such that TW defines w.o. types in N, and

N = AYVXIAR(R = TW(R)AQ" (Y, R) = X).

TumoreM 16.23. If M |= MTL, then M[G] |= WO and 1 . g1,

Proot. It is clear, since M < M[G], that all typoes in M arve in M[G].
We prove by reeursion that the types in M are well-orderings in M| G).

Since TW” is defined by recusion from an absolute opervation, for
a well-ordering B in M [@Q] that belongs to M, we havo

TWY(R) = TWI(R).
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Therefore
g-.M g y.M[G‘].
Let @ be an operation in M such that
M=VXIR(T(R)A X = Q(R)).
By 16.19, there is-a binary operation X such that, for X e M,
| K (@, X) = Kq(X).
Hence, for B with J™(R), let
H(&, R) = K(&, Q(R)).
Then itis clear that
M[G]|=3YVIIR(Z(R) A X = H(Y, R)),
i.e.,
M[G] = WO™t.

We shall now prove that TW defines types for all well-orderings
of M[G].

Suppose there is a well-ordering § e M [G] such that § > R for all
types B. Take 8 to be the least such well-ordering.

Define in M [G]: '

A =lo: ¢ H(G, TW(S,)}-
Then
4 = H(G,TW(S,) for a certain ye 28.

Hence ye A—y ¢ A, a contradiction. Therefore we have proved
WOt in M[G] and g™ = gM4],

. 17. Products of notions of forcing and coherent notions. This section
is based on Shoenficld [13], Section 8, and [1], Section IV. We start with
products of notions of forcing. We assume that M is a countable transitive
model of MT.

DrviNmeton 17.1. Lot [Cy, <], [Cs, <o] be notions of forcing. Then
[O1, 4]1® [0y, <] = [C, <]
o0 == Oy X Oy A ({D1y (1) 5 Py L2 OP1 K1 Do A Q1 K2 o)
When speaking of notions of forcing, we shall write C; x C, instead
of [01, 3,1 @0y ]

TisortmM 17.2 (Product theorem). Let [0, <1, [0 <<,] be notions
of forcing in M. Suppose that every C; x C,-generic class over M is strongly
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generic. Then, if G is Cy-generic over M and @, is Oy-generic over M[G,],
then G4 X @, is strongly Oy X Cy-generic over M and M [Gy X G,] = M[G,][G,].
Moreover, every set which s strongly O X O,-generic over M 48 oblained
“in this way, every Cy-generic class over M is strongly O,-gemeric, and every
Co-generic class over M [@,] is strongly Op-generic.

Proof. It is easy to verify (Gl), (G2), and (G3) for G4 X G,. Let D
be a C, X Cp-dense class in M. We must show that

(G, X @) nD 0.
Let 4
s Py = {'pg (3P1 € G1)({p1, P> € 'D)}‘

It will be enough to show that D,n@, # 0, ie., since D, e M[G,],
that D, is C,-dense.

Let g, € 0p; we must find p, < ¢, and p, € @, such that {p,, ps) € D.
Thus, if we define

Dy = {p,: (Ap: <p 4:) ({01, 2> € D)},

we must show that D,n@, # 0, i.e., since D, e M, that D, is C;-dense.

Let ¢; € C, and choose <p;, Py < {ti, > such that <p,,p,» eD.
Then p, < ¢, and p, € D,.

Therefore we have proved that G, x@, is C, x C,-generic over M,
and hence strongly C, x Cy-geherie.

We ghall now prove that every (strongly) generic subelass of C; X C,
is obtained as a product of strongly generic subclasses of O, C,.

Let @ be (strongly) generic over M and let &,, G, be the projections
of @ on C,, 0,, respectively.

Clearly, ¢ = G4 x(@G,;. On the other hand, let {(p,, p,) €@ XG,.
Then for some ¢y, ¢, {P1y ¢=>, {41, Ps> € G. Hence, we have a commeon
extension (ry, r,). Since {ry, ry) < {Py, Yoy, W6 have {p,, p,> € G. Thus
G, xG, =@G.

We have to prove now that ¢, is strongly C,-generiec over M and &,
is strongly C,-generic over M [G,]. The verification of (G1), (G2), (G3)
for &,, @ is easy. We shall verify (G5) leaving a similar verification of ((34),
to the reader (see [137], p. 367).

Let g be given and let ¢ = 0, x €, satisty (GB) for G and f. Let
C' = (] x C}, where O}, C; are the respective projeetions. Wo shall prove
that 0y, 0, satisty (G5) for @,, @,, respectively, and f.

Let [D,: aep] be a sequence of C,-dense scctions in M. Then
[DaxCs: aef] is a sequence of (€, x0,dense sections in M.
Thus, there is a ¢ = <q, ¢.) € @ which satisfics (G5) for ¢ and this
sequence. Hence, ¢, and O] satisly (GB) for G, and [D,: a e f).

We shall prove (Gb) for G,. Let [Dg: ae f] b6 a sequence of C,-
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dense gections in M[@,]. Let
R =[D,: aep].
It iy clearly possible, from the definition of Ky, , to find B’ e M such that,
for all a & p,
g (R (a)) = R*{a}.

Let ¢ be the formula that says ‘v, is a dense section’.
We show that

D, = {<P1:1’2>: D1 l= (p—>n € 'vo)(R'(a)’ .’Z’z)l

is o €, X C,-donso gection. It is easy to see that it is a section. We show
that it is demse. Let (¢, ¢,) be given, and @’, C,-generic over M with
¢, €G'. It Ky(R'(a)) is Opdense, choose p, < g, 50 that p, e Ky (R'(a));
otherwise let p, = ¢, In either case M[Q']|= (p—v, € v) [ R’ {&},.pzj.
Henco a certain p; e @' forces (p—>vy & v,)(R' (), Do) With p; < ¢;. Then

P19 P2 < {1y 8» and Py, py) € D,.

Therefore [D,: a € ] i3 a sequence of O, x C,-dense sections in .
Thus, by (Gb) for @, there is a g € G such that

(VaepB)Ap e O'nG)(pAaqeD,).
Let p = <(P1;pa); ¢ =< g2>- Then
PAG=CPrAdiyPaA e
Wo have p; Aq, €@,. Since paqeD,,

1y 2 /\
P31 A 4y |— (@03 € 0) (B (@), D2 A a)

Honco
M[G,] = (g0, € 1)) [1'3* {a}, P2 A qu].
But
M[G,] |= p[L" {a}];
thus
Pen (e I {a} = D, ,.
Also

Py € 3Gy,
thorcfore ¢, satisfies (GB) for D, and G,.
We shall write M [@,, G,] for M [¢], [(.].
OoROLLARY 17.3. Let C; and C, be notions of forcing in M. Suppose
that every €y x Cg-gencrio class over M is strongly gemeric. Let Gy be C-
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generic over M, and @,, O,-generic over M [G,]. Then G, is sirongly Cy-genoric
over M [@,], Gy is strongly C,-generio over M[G4] (and hence over M), and

M[GM G1] = M[Gn G.].

The following type of infinite produet (the weak power) will be the
only one considered:

DrEFINITION 17.4. Let [C, <] be a notion of forcing and let b a sct.
Then [0, <P =[0", <’ ], where:

(i) O° ={p: pe®CA{i: iebapi 15} is finito},

(ii) p <L geVi(ieb—>pi < q1).

It is easy to see that if [0, <], b € M, then [C, <]’ is a notion of forcing
m M.

It is clear that if € is a notion of forcing in M and F € M a onc¢-onoe
function with domain O, then F*C is also a notion of forcing with the
obvious ordering. Also, for any strongly C-generic class &, I™G is also
strongly C-generic and

M[Q] = M[F*&].

~ Hence, if b =duc and dno = 0 with d, ¢ e M, then ° is isomorphie
to 0% x (¢ with the corresponding orderings. In particular, if ¢ eb and
d =b ~ {i}, then 0" is naturally isomorphic to 0% x 0. In either case,
we can apply the produet theorem.

We shall now introduce coherent notions of foreing. The number
of the corresponding theorem or definition in [1] will appear in paren-
theses. Since we are not interested in cardinality problems in this paper,
some proofs may be somewhat simpler.

DEFINITION 17.5 (6.2).

(i) Let [0, <] be a notion of foreing. Then [C, <] is coherent iff:
(i) ¢ = J{C;: £€OR}, where C; eV and

VeV (E, e OR A E = >0, < 0,).

(") For every & e OR, there is a subeclass C* of O such that if p € C;
and ¢ e (¥, p Aq exists and the mapping F,, dofined by F;{q,r> = q Ar
for every (g, > e U; X €%, is an isomorphism of [C, x 0, <'] onto [C, <],
where <{p, ¢> <'{r,s) iff p <r and g <s.

(1"") If p is compatible with ¢, tho p A ¢ oxists.

(ii) Let [C, <] be a coherent notion of forcing. Nofine for & e OR
and p € 0, (p); and (p)° by the condition

Ted(p)ey () =p.

LeMma 17.6 (6.4). If [0, <] is a coherent notion of forcing in M and G
18 C-generic over M, then GnC; = @, is Cs-generic over M for every £ e ORM.
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DEFINITION 17.7 (6.5). (i) ja] = N{&: E€ORA & ~ a} (Ja] is the
cardinal of a), we shall use m, n for cardinals, i.e., initial ordinals.

(ii) C is m-closed iff for every linearly ordered set b < ¢ such that
|b| = m, there is a p € € such that p < q for every ¢ eb.

(iii) If m is a cardinal, m™* ig the successor cardinal of m.

(iv) O satisfies the m-chain condition iff, for every subclass 7 of incom-
patible clements of €, we have |F| c m.

Turorem 17.8 (6.10). Let [C, <] be a coherent notion of forcing in M, m
an increasing sequence of cardinals in M cofinal with ORM, Suppose, further-
more, that for every & e ORM, C* is mf-olosed and O, satisfies the mi -chain
condition.

Then, every C-generic class over M is strongly C-generic over M.

Tho proof is obtained, as that of 6.10 in [1], from 6.7 and 6.8 of [1].
Notice that it is possible to eliminate the set 7 in these theorems for the
proof of 17.8 (and 6.10).

TuroreEM 17.9. Let [C, <] be a coherent notion of forcing in M that
18 a proper class in M, and let G be strongly C-generic over M. Then:
If @ e VMO then there is a & € ORM such that » € VM4 4.,
VM[G] = U{VM[Gelz Ee ORM}.
Proof. It is clear that
|J (V™% £ e OR} = VM,
Let z € VM, By 16.1.0, there is a ¥ € V¥ such that
Yy =,
TFor p eTC(y), define
fp=N{& EcORM ApeC,}.
We have f e M and hence
f*(CATC(y) < n for some 1 e OR™.
It is clear that 7 € M[@,] and also that ¥ is a set in M[G,].

IX. Independence of axioms of choice

18. Automorphisms of motions of forcimg. Sections 18 and 19 are
Lased on [13], Seetion 9. Shoenfield, however, worked in ZT.

DrriNmioN 18.1. I is an automorphism of the notion of foreing
[0, <] iff F7 is an isomorphism of [0, <] onto itself.

Wo have the following obvious lemma: |

LrMMA 18.2. Let I be an automorphism of C which is in M. Then,
for every strongly C-generic over M, @, G is strongly C-generic over M
and M[G] = M[F*G].
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DrrINITION 18.8. Let o be a collection of automorphism of ¢ such
that o & M, and let A € M. Then:

(i) A is o-invariant «VI (o (F)>Eg(4d) = Kpg(4));

(i) ¢ i3 o-homogeneous «VpVq(p,geC~>IF (o (F) A(F(p)
and g are compatible));

(iii) O is homogeneous «+C is &/-homogeneous, where & is the collec-
tion of all automorphism in M.

‘We have the following theorem:

THEOREM 18.4 (9.2 of [13]). Let o be a collection of automorphisms
of O such that & S M; suppose that O is o-homogencous in M, that every
generic subclass of C is strongly generic and that X,, ..., X, are sf-invariant
elemenis of M. Let ¢ be a formula with n free variables. Then

M[G] = ‘P[zn reey X1L] iff L l—e(Xy, .., X,).
Proof. Since 1,e@, 1,|— @¢(X,,..., X,) implies that
M[E] = o[Xy, ..., X,].

Suppose now that M[G] |= o[ Xy, ..., X,1but (1, |I— (X, ..., X,)).
By the former, a certain p |— ¢(Xy, ..., X,); by the latter, a certain
ql— Te(Xy ..., X,). Choose F, with o (¥) such that F~'p and ¢ are
compatible. Let G’ be a strongly generic class containing F~'p and g;
there are sueh @', by 16.3 and the hypothescs. By 18.2, F*@ is strongly
generic. Since p e @', we have

MIF*¢] = p[Kpg (Xi)ye- s Kipoge(X,)]
and, since ¢ € @,

M[F] = T [Kg (X1),e . Kq(X,)].

But, by 18.2, M[F'¢'] = M[G], and since X,,..., X, arc -
invariant,

KF"G'('Xi) = KC;:(X,Z) fOl‘ ’l: = 1, ey .
Thus we get a contradiction.

It is clear that every clement of M of the form X for u cortain X e M
i3 #/-invariant for any &, because Ky(X) = X for every X e M and
every generic @.

Hence, for all ordinals « € M [@], a is -invariant. The same is true
for well-order types B e M[Q] if M |= MTL.

TmmorEM 18.5 (9.3 of [13]). Let o be a colleclion of automorphisms
of C such that o < M; suppose thal C is st-homogeneous, ¢ a strongly C-
generic class over M, X, ..., X, s/-invariant elements of M. Let © be a lerm
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with n free variables vy, ..., v, and let

M[G] I= 'vo = T[X’ X].) ceny Xn].
Then
XnMell.
Moreover, if X is a setin M[G), XM is a set in M.
Proof. We have
je XoM[G] =, e[y, Xy, ..., X,].
Tor y e M, y =4. Hence
Yy Xe-M[Q] |= v, er[:i, Xy ooy X,1.

By 18.4
yeXnMeollky er(Xy, ..., X,).
Thus XM e M. If X is a set in M [G], then
oX e ORMA  and o(XnM) < oX.

Sinece p is absolute, o

XnM is a set M.
Therefore, in particular, we have

OOROLUARY 18.6. If X 48 definadle in M [G] from elements of M and ¢

is homogencous, then XM e M.

19. Independence of the local axiom of choice. In this section we shall
construct a model N of MT in which the local axiom of choice, AC, is not.
valid. AC says that every set is equinumerous to an ordinal. It will be
true in N that there is no mapping from the ordinals onto & (w). The
proof if obtained by adapting the one found in [13] for ZF. '

We consider the following notion of forcing:

DEriNiTIoN 19.1.

(i) 0 = {p: 9p < o A 9p is finite A 2p™" < {0,1}};

(il) p <K qep=24¢.

Notico that ¢ ig a set in M; thus every C-gencric class is strongly
goneric,

TmMmA 19.2. If G is C-generic over M, then G ¢ M.

Proof. Wa can sce that for any fe “2nM,

Dy={p: pelnp £ f}

is O-denso in M. Thus @~ D, # 0 and hence (G # f for every fe “2n M.
Consider now ¢, If C e M, then 0° € M. Let G be a 0°-generic set.

over M. Lot
G, ={pi: pe@ and H = {G;: icw}.
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Suppose that M |= MTL. Obtain M[G]. We have by 16.23 M[G]
l= WO* and g = M0, Construct the submodel N of M [@] given by

N =(# 0@.7.;'1)]”“;]-

(For the construction of # 0%, 5, see 13.9.) We have
TuworeM 19.3. N |= T1AC, in particular,

N = T3f(2f e OR A 9f ! = ¥ (w)).

Proof. Suppose that there is an f such that 2f e OR and for all
acN with @ € w, & = f'a for some a € OR. Then for a certain =, f is
definable from order types and Gy, ..., &,_; in M[G].

Hence every element of & (w)nXN is definable from order typoes and
Gy ovvy Gy '

We now regard C® as the product ¢'x ¢”, where ¢’ ="C and C"
= 0*~*, Let &', G"' be the projsctions of @ on 0, '’ respectively. By 17.2,
@ iy (’-generic over M, G" is C"'-generic over M’ = M[G'], and M'[G"']
= M[G@]. Applying 17.2 again, @, is O-generic over J'. Hence, if

& = (UGn)*{":}r
then ¢ < w, and a ¢ M'. Since anM’' = a, anM’' ¢ M.

On the other hand, ¢’ is homogeneous over M’ [because: If p, g € 07,
let = be a permutation of w ~ n which moves the 7z € w such that p(3) # 1
(finite in number) to j such that ¢(j) = 1. Then 7 defined by

(®(p)t =p i
is the required automorphism]. _'
Also, a is definable from elements of M’; hence
anM' e M'.
But this is a contradiction.

By using methods similar to these, but in a more complicated way,

and applying them several times, it is possible to extend Solovay’s result
[15] to MT.

20. Independeuce of the global axiom of choice. Tho independence
of It {rom NBG - AC was proved by Easton [2]. Wo shall give a simplo
proof that B is independent of MT - AC.

Let M be a model of MT such that M |= MTIL. Let

(mg: & e ORM)

be the increasing sequence of all regular cardinals in J/. Define in IM:
DErINITION 20.1.

(i) C = {p: A&(2p < m ADP™") € 2AVY(|DPAm,| = m,)}.
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(i) (p)e = pImy
(iii) (p)f =p ~pim;
(iv) (p)s = (D), ~ (D)
(v) Oy = {(p)e: » €0}
(vi) C¢ = {(p)*: p €O}
(vil) 0% = {(p)5: » € C}

(viil) p < qeop 2 4.

It is clear that C is a coherent notion of forcing and that C¢ is my -
closed. In a purely combinatorial way we can prove that C, satisfies the
m-chain condition (sec [1], 8.2 or [13], 10.2). Hence every generic sub-
clags of O is strongly generie (17.8). ’

~Since C is coherent, we have that €, x ¢ is isomorphic with C.

It is also casy to prove that if » = &, €, is isomorphic to C, x 0f.

Now let @& bo C-generic over M. Let H = {G¢: £ € OR}, where G,
= (0,n@G.

Woe lnow that G is C,-generic over M by 17.6. Construct M[G].
Then M[G] is a model of WO+ and B in which 7% = 7M61 (16,23).

LuMMA 20.2. Let Gi,, be the projection of Ge,, on Ci,i. Then Gf,,
s 0% .-generic over M[G,] and Gi,, ¢ M[G,].

Proof. The first part of the conclusion is obtained from 17.2. The
sccond part is proved similarly to 19.1.

Let

N =(x09, yHie

M, govM

It is possible to define I, since H, VM e M[G]. It is clear that N |= MT.
‘We shall prove

TrEorREM 20.3. (i) VM@ = 7V,

(il) N = AC.

Proof. (ii) is obtained immediately from (i) since M[G] = AC.

Proof of (i). It is clear that V¥ V™4, Let o e VM, By 17.9,
& e VME8 for g cortain & Bub then @ is definable from elements of V™
and @,. Hence z e V7.

THnrorEM 20.4.
N|= TIE.

In partielar, N = T1AF(F is a function A 9F = ORAGF ' =
F(OR)).

IProof. Suppose there is an I such that 27 = ORand 9F ' = ¥ (OR)
in N. Then there is o & such that & iy definable from elements of M and G,
(for o < &,@, is definable in terms of G and ordinals). Hence every
subset of OR that is in IV is definable from clements of M and &,.



64 IX. Independenco of axioms of choice

Consider
o = (UGf)* {1} = OR™.
By 20.2, a ¢ M [G,]. But a < ORY < M[@,]; thus,
onM[G,] =a¢ M[G,].

On the other hand, a is definable from elements of M [@,] in M [G, G*]
= M[@], where @ is the projection of G on C°. Now C* is homogeneous
(because: let p, ¢ € C*; then taking m, 2 2pU D¢ and = € ™1(m, ., ~ m,)

'we obtain % by
1

mp =pow ,
and it is clear that % is an automorphism of 0¢ in M and %' png = 0).

Therefore, by 18.6,
ae M[G],

and we obtain a contradiction.



[1]
(2]
[3]
[4]
(6]
[6]
(7]
[8]
(9]
[10]
(11]

{12]

f13]

[14]
[15]
[16]

[17]

- References

R. Chuaqui, Foroing for the impredioative theory of classes, J. Symb. Logio
37 (1072), pp. 1-18.

W. Laston, Powers of regular cardinels, Ph. D, Thesis, Princeton University,
Irineeton, N. J., 1864.

K. Godel, I'he consistency of the continuum hypothesis, Annals of Mathematical
Studies, Princaeton, N, J., 1940.

J. L. Kolley, General Topology, Van Nostrand, Princeton, N. J., 1965.

G. Kreisel and A. Lévy, Reflection principles and their uwse for establishing
tho somplexity of awiomalic sytems, Z. Math. Logik Grundlagen Math. 14 (1988),
pp. 97-142. _

K. Ruratowski and A. Mostowski, Set Theory, North Holland, 1968.

W. Marek, On the metamathematics of the impredicalive set theory, Dissertationes
Math, 08 (1973).

W. Marok and P. Zbierski, Azioms of choice in impredicative set theory, Bull.
Acad. Polon. Sci. 20 (1972), pp. 256-258. ,

R. Montague, Semantical olosure and non-finite awiomatieability I. Imfini-
listio Mathods, Proceedings of the Symposium on Foundations of Mathematics
in Warsaw 1969, pp. 45-09, Paristwowe Wydawnictwo Naukowe, Warsaw 1961.
A. Morse, A theory of sets, Academic Press, New York 1965.

A. Mostowski, Oonstructible sels with applications, North Holland, Amsterdam
1069.

J. Myhill and D. Scott, Ordinal definability, Proceedings of Symposia in Pure
Mathomatics, Vol. 13, Part I, American Mathematical Society, Providence,
R. 1., 1071, pp. 271-278.

J. Shoentield, Unramified forcing, Proceedings of Symposia in Pure Mathe-
matics, vol. 13, Part I, American Mathematical Society, Providence, R. 1.,
1971, pp. 357-382.

—, Mathematical Logie, Addison—Wesley 1967,

R. Solovay, A model of set-theory in whiok every set of reals is Lebesgue mea-

‘surable, Ann. of Math. 02 (1970), pp. 1-566.

A. Tarski, A laltice-theoretical fizmed point theorem and ils applioations Pacific
J. Math. 5 (1055), pp. 285-309.

L. Tharp, Oonsistency and independence of GCH for Morse's act theory, Ph. D.
Thesis M. I. T. (1805).

§ — Disseriationes Mathematlcae CLXXVI



