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Introduction

Since the Colloquium in Toulouse: “Structure Transverse des Feuil-
letages” in February 1982 it has been accepted that the structure of the
space of leaves of a foliation is an equivalence class of its holonomy pseu-
dogroups or, more generally, groupoids. In fact both the pseudogroups and
the associated groupoids are involved because manifolds themselves have
turned out to be too restrictive. On the other hand, classification problems
for various types of foliations lead to immense topological spaces which are—
as a rule—realizations of some semi-simplicial manifolds. The aim of the
present paper is to reconcile these two aspects of foliation theory: both the
transverse structure and the classifying objects can be identified within an
appropriate category of foliated semi-simplicial manifolds.

The paper arose from the author’s attempts to find universal character-
istic classes for some elementary factors of the Bott characteristic classes.
In particular, it turned out necessary to describe a geometrical setting in
which the semi-simplicial nerve of Γq could play the role of the classifying
space. Our solution to this problem refers to J. L. Dupont’s lecture notes
on semi-simplicial manifolds [10], R. Bott’s papers on characteristic classes
of foliations [6], [7], and A. Haefliger’s [16] and W. T. van Est’s [12] theory
of groupoids and pseudogroups. It was first presented, in brief, in a series
of preprints [2]–[4] prepared at the Max Planck Institut für Mathematik
(under SFB 40—Univ. Bonn), to which the author expresses his gratitude.
The present paper is a revised, completely rearranged and extended version
of those preprints.

The paper consists of two parts. Part I is a self-contained introduc-
tion to ss-manifolds, groupoids, and principial Γ -bundles. Semi-simplicial
manifolds provide both an elegant and visual way of representing mani-
folds equipped with groupoid-like structures, e.g. manifolds with open cover-
ings, Lie groups, and pseudogroups of diffeomorphisms; via the appropriate
smooth classification theorem, principal G-bundles as well as Γ -structures
are identified with morphisms of our category (ss-morphisms). A local-
ization procedure, deeply involved in the semi-simplicial approach, keeps
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control over those global concepts and constructions associated with ss-
manifolds which admit a local description. In fact, the procedure auto-
matically translates the topological complexity of a manifold, for example,
into the combinatorial complexity of any of its coverings. Thus the semi-
simplicial way of finding geometric-algebraic objects like fundamental groups
for manifolds, holonomy pseudogroups for foliated manifolds, or character-
istic homomorphisms for foliated G-bundles is applicable to any set of local
data characterizing the (foliated) manifold or bundle.

Part II deals with foliations, and requires some elementary experience
in this subject (cf. e.g. [8], [18], [20]) as we do not consider any concrete fo-
liated manifold, and examples refer—as a rule—to specific particular cases
of the theory. We have already mentioned that it is the holonomy pseu-
dogroup which mirrors the transverse geometry of any foliation. One writes
the holonomy pseudogroup because for any complete transversal T the asso-
ciated pseudogroup of all the holonomy translations of portions of T is—up
to canonical equivalences of pseudogroups—independent of the transversal.
For foliations of ss-manifolds one has to answer the following fundamen-
tal question: which pseudogroups, and why, are to be the holonomy pseu-
dogroups? In order to answer this question we introduce the notion of a
transverse projection for a foliated ss-manifold (X,F ) and define the holon-

omy groupoid ΓF together with an associated minimal transverse projection

ΠF : X ⇀ NΓF as any initial object in the appropriate category. This
ensures the uniqueness of the holonomy groupoid (up to equivalence), and
characterizes various canonical morphisms and equivalences between holon-
omy groupoids as the morphisms (equivalences) which transfer one mini-
mal transverse projection to another. That abstract presentation is com-
pleted with three explicit models of the holonomy groupoid (pseudogroup).
In this general setting, we reprove van Est’s epimorphism theorem for the
morphism of fundamental groupoids (groups) induced by a minimal trans-
verse projection ΠF . Furthermore, it is shown that after passage to the
leaves ΠF splits into holonomy homomorphisms of the fundamental groups
of the leaves of F onto the holonomy groups. The last section of Part II
deals with G-structures and—more generally—foliated G-bundles on foli-
ated ss-manifolds. Geometric G-structures provide numerous examples of
Γ -foliations for specific Γ ′s associated with closed subgroups of the linear
groups of any order. The paper is concluded with a sample of smooth clas-
sification theorems—for foliated G-bundles and for so-called G-integrable
G-foliations.

The reader interested in further topological aspects of the theory is re-
ferred to the author’s thesis [5] where some admissible (i.e. natural with
respect to ss-morphisms) sheaf cohomology functors are considered as well.
Foliated ss-manifolds admit also a Čech–de Rham cohomology functor for
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which the classical constructions of characteristic classes for foliations hold
true (after some minor modification). A discussion of the respective co-
homology classes—including the elementary classes [1], [2], and vanishing
theorems—will be presented elsewhere.

Throughout the paper we adopt a general convention that the brackets
[ ]—if they do not refer to the bibliography—indicate the equivalence class
of an equivalence relation clear from the context. Thus the brackets are used
to denote: germs of functions, homotopy classes of paths, elements of the
fat realization of an ss-manifold, etc.; evidently, the Lie bracket of vector
fields does not lead to any confusion.

I. The category of semi-simplicial manifolds

We present a category whose objects are smooth semi-simplicial mani-
folds and whose morphisms (ss-morphisms) are equivalence classes of some
ss-maps. This modification of the classical theory [10] makes semi-simpicial
manifolds more flexible without losing their differentiable structure. The
main result here is a smooth classification theorem for principal Γ -bundles,
Γ being any differentiable groupoid (Thm. 2.12). Via the classification the-
orem, ss-morphisms between nerves of groupoids can be identified with gen-
eralized homomorphisms of the groupoids in the sense of Haefliger [16]; we
prove Haefliger’s invertibility criterion for such ss-morphisms (Thm. 3.2).
In Section 4 we introduce a (combinatorial) fundamental group for con-
nected ss-manifolds and formulate a universal property which characterizes
both the group and the associated simply connected covering ss-manifold
(Thm. 4.11).

I.1. Semi-simplicial manifolds and semi-simplicial morphisms.

Throughout the paper, by a semi-simplicial manifold (ss-manifold) we mean
any semi-simplicial object [21] in the category of smooth not necessarily
Hausdorff manifolds, i.e. any sequence X = (Xn)n≥0 of manifolds (levels of
X) together with a collection of (smooth) face operators εi : Xn → Xn−1,
i ≤ n, and degeneracy operators ηi : Xn → Xn+1, i ≤ n. The structure

operators εi, ηj are assumed to satisfy the following commutation relations:

(1.1)

εiεj = εj−1εi if i < j ,

εiηj =





ηj−1εi if i < j ,
id if i = j, j + 1 ,
ηjεi−1 if i > j + 1 ,

ηiηj = ηj+1ηi if i ≤ j .
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An ss-map f : X → Y of X = (Xn) to Y = (Yn) is a sequence f = (fn)
of smooth maps fn : Xn → Yn commuting with the structure operators.
Isomorphic ss-manifolds will be denoted by X ∼= Y .

Example 1.1. By associating to any manifold M the ss-manifold NM =
(M)n≥0 with εi = ηi = id for all n, i, one identifies manifolds with a full
subcategory of ss-manifolds.

Example 1.2 ([10]). Any open covering U = (Ua)a∈A of a manifold M
gives rise to an ss-manifold NU = (NnU), the nerve of U , such that

NnU =
∐

(a0,...,an)∈An+1

Ua0
∩ . . . ∩ Uan

(disjoint union)

and the structure operators are the inclusions

x ∈ Ua0
∩ . . . ∩ Uai−1

∩ Uai+1
∩ . . . ∩ Uanεiր

Ua0
∩ . . . ∩ Uan

∋ x
ηi
ց
x ∈ Ua0

∩ . . . ∩ Uai
∩ Uai

∩ . . . ∩ Uan
.

Roughly speaking, NU has the same differentiable structure as M , while
some part of the topological complexity of M is expressed in combinatorial
language.

Example 1.3. We recall that a (differentiable) groupoid Γ over a mani-
fold N is a small category with only invertible morphisms, having N as the
set of objects, and endowed with a differentiable structure such that:

— the source and target maps α, β : Γ → N are submersions, and

— the composition and the inverse mapping are smooth.

One identifies N with the submanifold of units of Γ .

Every groupoid Γ gives rise to an ss-manifold NΓ = (NnΓ ), the nerve

of Γ ([21], [10]), such that

N0Γ = N ,

NnΓ = {(g1, . . . , gn) ∈ Γn;αg1 = βg2, . . . , αgn−1 = βgn}

for n ≥ 1, and the structure operators are defined as follows:

ε0 = α, ε1 = β on N1Γ = Γ,

εi(g1, . . . , gn) =





(g2, . . . , gn) for i = 0 ,
(. . . , gigi+1, . . .) for i = 1, . . . n− 1 ,
(g1, . . . , gn−1) for i = n ,

η0 : N →֒ Γ ,

ηi(g1, . . . , gn) =

{
(βg1, g1, . . . , gn) for i = 0 ,
(. . . , gi, αgi, gi+1, . . .) for i > 0 .
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For any two groupoids Γ and Γ ′ the restriction to N1 yields a bijective
correspondence between ss-maps NΓ → NΓ ′ and homomorphisms (smooth
functors) Γ → Γ ′; the extension of h : Γ → Γ ′ to an ss-map will be denoted
by Nh.

Definition 1.4. The localization of an ss-manifold X = (Xn) to an open
covering U = (Ua)a∈A of X0 is an ss-manifold XU such that

XU (n) =
∐

(a0,...,an)∈An+1

n⋂

i=0

(ε n−i
1 ε i

0 )−1Uai

(ε ji := εi ◦ . . . ◦ εi, j times) and the structure operators are

(. . . , ai−1, ai+1, . . . ; εix)εiր
(a0, . . . , an;x)

ηi
ց

(. . . , ai, ai, . . . ; ηix)

where (a0, . . . , an;x) := ((a0, . . . , an), x). A careful application of the axioms
ensures that the new maps εi, ηi are well defined and satisfy (1.1).

Example 1.5. For any open covering U of a manifold M , one has NU =
(NM)U ∼= N (MU ) where MU stands for the manifold N1U equipped with
an appropriate groupoid structure.

Example 1.6. Let X = (Xn) be an ss-manifold, U = (Ua)a∈A an open
covering of X0, and Γ a groupoid. For any ss-map f : XU → NΓ let
γab : ε−1

1 Ua ∩ ε
−1
0 Ub → Γ , a, b ∈ A, be the components of f1. Then the

assingment f  (γab)a,b∈A establishes a bijective correspondence between
ss-maps f : XU → NΓ and collections of maps γab, a, b ∈ A, such that

(1.2) (γabε2)(γbcε0) = γacε1

on (ε1ε1)
−1Ua ∩ (ε1ε0)

−1Ub ∩ (ε0ε0)
−1Uc ⊂ X2. Generalizing the classical

notion of Γ -cocycle ([14]) we shall call any collection of maps satisfying (1.2)
a Γ -cocycle on X with respect to the covering U .

In order to extend a Γ -cocycle (γab) to an ss-map f : XU → NΓ , one
has to set

f0(a, x) = γaa(η0x) ,(1.3)

fn(a0, . . . , an;x) = (γa0a1
(ε n−1

2 x), γa1a2
(ε n−2

2 ε0x), . . .

. . . , γan−1an
(ε n−1

0 x))

for n ≥ 1.

For any open covering U = (Ua)a∈A of the 0-th level X0 of an ss-manifold
X there is a canonical gluing projection λ = λ(U) : XU → X,

(a0, . . . , an;x)→ x .
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Furthermore, if V = (Vi)i∈I is any refinement of U , then each refinement

map ̺ : I → A (Vi ⊂ U̺(i)) gives rise to an ss-map ̺# : XV → XU ,

(i0, . . . , in;x)→ (̺(i0), . . . , ̺(in);x) ,

which is evidently compatible with the gluing projections.
Given ss-manifolds X and Y , two ss-maps f : XU → Y and g : XV → Y

will be called elementarily equivalent iff one of the coverings is a refinement
of the other, e.g. U of V, and there is a refinement map ̺ such that the
triangle

(1.4)

XU

ցf
̺#

y Y
րg

XV

commutes (cf. [2]). The elementary equivalences generate an equivalence
relation in the family of all ss-maps of the form XW → Y , where W ranges
over (open) coverings of X0.

Definition 1.7. An ss-morphism f : X ⇀ Y (of X to Y ) is any
equivalence class of the relation generated by elementary equivalences.

Since every ss-morphism of X in Y has representatives XW → Y such
that W is a non-indexed covering (indexed by itself) and these representa-
tives form a set, it is possible to organize in a set all ss-morphisms of X in Y .

Example 1.8. All the gluing projections XU → X represent the same
identity ss-morphism 1X : X ⇀ X.

Example 1.9. Any ss-map NMU → NM ′, M and M ′ being manifolds,
comes from a uniquely defined map M → M ′. Thus the notions of a map
M → M ′, an ss-map NM → NM ′, and an ss-morphism NM ⇀ NM ′

mean the same.
For any ss-manifolds X, Y , and Z, let f : X ⇀ Y and g : Y ⇀ Z be

ss-morphisms; we take any representatives f : XU → Y and g : YV → Z of
f and g, respectively, where U = (Ua)a∈A and V = (Vi)i∈I . Let

(1.5) f−1V := (f−1
0a Vi)(a,i)∈A×I

where f0 =
∑
f0a :

∐
Ua → Y0. In order to compose f and g, we localize f

to V and define an ss-map fV : Xf−1V → YV ,

(1.6) ((a0, i0), . . . , (an, in);x)→ (i0, . . . , in; fn(a0, . . . , an;x)) .

Definition 1.10. The composition g ◦ f : X ⇀ Z of f : X ⇀ Y and
g : Y ⇀ Z (also written gf ) is the ss-morphism represented by g ◦ fV :
Xf−1V → Z.

Proposition 1.11. Semi-simplicial manifolds and their ss-morphisms

form a category.
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P r o o f. We first show that the composition of ss-morphisms is well
defined. Clearly, any commuting triangle of the form

XU

ցf
̺#

y Y
ր̄f

XU

gives rise to another one,

(1.7)

Xf−1V

ցfV
(̺×id)#

y YV
ր̄fV

Xf̄−1V

whose commutativity ensures that for any g : YV → Z, g ◦ fV and g ◦ fV

represent the same ss-morphism X ⇀ Z.

On the other hand, if g : YV → Z is elementarily equivalent to g : YV̄ → Z
where V is a refinement of V, then for every ss-map f : XU → Y the
refinement map ̺ induces a commuting square

(1.8)

Xf−2V
fV−→ YV

(id×̺)#

y
y̺#

Xf−1V̄ −→
f ¯V

YV̄

and thus g ◦ fV is elementarily equivalent to g ◦ fV̄ .

For any ss-manifold X the identity ss-morphism 1X : X ⇀ X is repre-
sented by the identity X{X0} → X and is therefore a unit of the composition.

In order to verify the associativity of the composition, we consider any
three representatives f : XU → Y , g : YV → Z, and h : ZW → T of ss-
morphisms f : X ⇀ Y , g : Y ⇀ Z, and h : Z ⇀ T , respectively. Then
(h ◦ g) ◦ f is represented by

(h ◦ gW ) ◦ fg−1W : Xf−1g−1W → T

while h ◦ (g ◦ f ) by

h ◦ (g ◦ fV)W : X(g◦fV )−1W → T .

Fortunately, despite a relative complexity of the formulas, the coverings
f−1g−1W and (g ◦ fV)−1W of X0 are essentially the same, and the two
compositions of ss-maps are equal.

Clearly, there is a canonical functor carrying any ss-map f : X → Y to
the ss-morphism

(1.9) [f ] : X ⇀ Y
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represented by f̃ : X{X0}=̃X
f
→ Y .

The relationship between ss-morphisms and ss-maps is given by the fol-
lowing:

Theorem 1.12 ([2]). Let X be an ss-manifold and U an open covering

of X0.

(i) The ss-morphism [λ] : XU ⇀ X associated with the gluing projection

λ : XU → X is invertible.

(ii) If f : X ⇀ Y is an ss-morphism and f : XU → Y an ss-map

representing f , then f = [f ][λ]−1.

P r o o f. (i) Let h : X ⇀ XU be the ss-morphism represented by id :
XU → XU ; the composition [λ] ◦ h is represented by λ and thus equal to
1X . In order to show that h ◦ [λ] = 1XU

, we have to compare the ss-map

λ̃U : (XU )
λ̃−1U

→ XU ,

(a0, . . . , an; (b0, . . . , bn;x))→ (a0, . . . , an;x)

where U = (Ua)a∈A as usual (this is not a gluing projection!), with a rep-

resentative of 1XU
. It suffices to connect λ̃U and (idXU

)̃ by a chain of two

elementary equivalences. So let W := λ̃−1U ∐ {XU (0)} with an extra index
∗ for the attached set. The ss-map µ : (XU )W → XU ,

(. . . , ai, . . . , ∗
j
, . . . ; (b0, . . . , bn;x))→ (. . . , ai, . . . , bj , . . . ;x)

(we replace all the ∗’s with the respective bj ’s) makes the following diagram
commutative:

(XU )
λ̃
−1

U

∩ ց̃λU

(XU )W
µ
−→ XU

↑ րid

XU

(ii) As follows from the proof of (i), the composition [f ][λ]−1 is repre-
sented by f ◦ id = f .

Two ss-manifolds X and Y will be called equivalent (notation X ≈ Y ) if
there exists an invertible ss-morphism (an equivalence) X ⇀ Y .

Example 1.13. For any surmersion ϕ : M → Q the fibre product
M ×Q M ⊂M ×M equipped with the composition rule

(x, y) · (x′, y′) = (x, y′) iff y = x′

is a groupoid over Q. Its nerve is canonically isomorphic to an ss-manifold
NMϕ (NM if ϕ is known from the context) such that

NnM
ϕ = {(x0, . . . , xn) ∈Mn+1;ϕ(x0) = . . . = ϕ(xn)}
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for n ≥ 0, and

(. . . , xi−1, xi+1, . . .) ∈ Nn−1M
ϕ

εiր
NnM

ϕ ∋ (x0, . . . , xn)

ηi
ց

(. . . , xi, xi, . . .) ∈ Nn+1M
ϕ

We shall show that the ss-map Φ : NMϕ → NQ, (x0, . . . , xn) → ϕ(x0),
generates an equivalence of ss-manifolds,

[Φ] : NMϕ ≈
⇀NQ .

Indeed, by choosing a collection of local sections of ϕ,Q ⊃ Vi
si→M , over a

covering V = (Vi)i∈I of Q we get an ss-map S : NV → NMϕ,

(i0, . . . , in;u)→ (si0u, . . . , sinu) ,

such that Φ ◦ S : NV → NQ is the gluing projection. On the other hand,
the composition S ◦ ΦV : NMϕ

ϕ−1V → NM
ϕ,

(i0, . . . , in; (x0, . . . , xn))→ (si0ϕx0, . . . , sinϕxn) ,

together with the identity on NMϕ are both elementarily equivalent to an
ss-map h : NMϕ

W → NM
ϕ,

(. . . , ik, . . . , ∗
l
, . . . ; (x0, . . . , xn))→ (. . . , sikϕxk, . . . , xl, . . .) ,

whereW is the disjoint union of ϕ−1V and the trivial covering {M} indexed
by ∗.

For any collection of ss-manifolds Xα = (Xα
n )n≥0, α ∈ A, the disjoint

unions Xn :=
∐
αX

α
n , n ≥ 0, form an ss-manifold X provided for each n

the manifolds Xα
n , α ∈ A, are of the same dimension. We shall denote the

resulting ss-manifold by
∐
αX

α and call it the union of the collection. Note
that for every β there is a canonical ss-map Xβ →

∐
αX

α composed of
inclusions.

Definition 1.14. An ss-manifold X is connected if it is not isomorphic
to the union of any non-trivial collection of non-empty ss-manifolds.

Proposition 1.15. For every non-empty ss-manifold X there is a unique

(up to ordering) family of connected ss-manifolds Xα, α ∈ A, such that all

the Xα
n ’s are open in Xn, and

(1.10) Xn =
⋃

α∈A

Xα
n , Xα

n ∩X
β
n = ∅ iff α 6= β

for n = 0, 1, . . . The decomposition (1.10) of X identifies it with the union∐
Xα.
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Definition 1.16. The ss-manifolds Xα, α ∈ A, are the connected com-

ponents of X.

P r o o f o f P r o p o s i t i o n 1.15. We consider the smallest equivalence
relation ∼ in X0 generated by the following one: for x, y ∈ X0, x ∼ y if
the maximal connected components Ux and Uy of X0 which contain, respec-
tively, x and y satisfy

(1.11) (ε−1
1 Ux ∩ ε

−1
0 Uy) ∪ (ε−1

1 Uy ∩ ε
−1
0 Ux) 6= ∅ .

Let Xα
0 , α ∈ A, be the equivalence classes of ∼, so that (1.10) holds true

for n = 0, and let

(1.12) Xα
n :=

n⋃

i=0

(ε n−i
1 ε i

0 )−1Xα
0

for n > 0. Since it is evident that Xα = (Xα
n ) are connected ss-manifolds

such that Xn =
⋃
αX

α
n , it remains to check that Xα

n ∩X
β
n = ∅ unless α = β.

If x ∈ Xα
n∩X

β
n is any element such that ε n−i

1 ε i
0 x ∈ X

α
0 and ε n−j

1 ε j
0 x ∈ X

β
0

then we may assume i < j and consider the sequence ε n−i−h
2 ε i+h−1

0 x ∈ X1,
h = 1, . . . , j − i. The identities

ε0(ε
n−i−h

2 ε i+h−1
0 x) = ε n−i−h

1 ε i+h
0 x ,

ε1(ε
n−i−h

2 ε i+h−1
0 x) = ε n−i−h+1

1 ε i+h−1
0 x

ensure that all the elements ε n−i−h
1 ε i+h

0 x ∈ X0, h = 0, 1, . . . , j − i, are in
the same equivalence class.

Example 1.17. For every groupoid Γ the connected components of the
nerve NΓ are the nerves of some open subgroupoids of Γ .

In order to establish a relationship between connectedness and ss-mor-
phisms we need the following

Lemma 1.18. If X is a connected ss-manifold then all its localizations

are connected.

P r o o f. Let U = (Ua)a∈A be an open covering of X0; we wish to show
that if x, y ∈ X0 and x ∼ y then (a, x) ∼ (b, y) for any a, b ∈ A such
that x ∈ Ua, y ∈ Ub. Here ∼ stands for the natural equivalence relation in
X0 and, respectively, in XU (0) generated by (1.11). So consider x, y ∈ X0

and assume that there is a z ∈ X1 such that x and ε1z as well as y and
ε0z are in the same connected components of X0. If x ∈ Ua and y ∈ Ub,
then there are indices a = a0, a1, . . . , ar and b = b0, b1, . . . , bs in A and
points xi ∈ Uai−1

∩ Uai
, yi ∈ Ubj−1

∩ Ubj
for i ≤ r, j ≤ s, such that

ε1z ∈ Uar
, ε0z ∈ Ubs

, and xi and xi+1 (yj and yj+1) are in the same
connected component of Uai

(of Ubj
) for i = 0, 1, . . . , r (j = 0, 1, . . . , s);
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here we set x0 = x, xr+1 = ε1z (respectively, y0 = y and ys+1 = ε0z). By
construction, in the sequence

(a, x), (a1, x1), . . . , (ar, xr), (bs, ys), . . . , (b1, y1), (b, y)

of elements of XU (0), the neighbouring elements satisfy (1.11).

Proposition 1.19. Let f : X ⇀ Y be an ss-morphism. For every con-

nected component X ′ of X there is a unique connected component Y ′ of Y
and a unique ss-morphism f ′ : X ′ ⇀ Y ′ such that the square

X ′ f
′

−⇀ Y ′

y
y

X
f
−⇀ Y

commutes (after passing to ss-morphisms).

P r o o f. We assume, without loosing generality, that X = X ′ is con-
nected. If Y ′ and f ′ exist, then every representative of f ′ is a representative
of f ; thus f has representatives with values in Y ′. In order to find the re-
quired component of Y we consider any representative f : XU → Y of f .
Since XU is connected, the image f0(XU (0)) ⊂ Y0 is contained in an equiv-
alence class of the relation in Y0; let Y ′ be the corresponding connected
component of Y . As (1.12) ensures that image (fn) ⊂ Y ′

n for n ≥ 0, f de-
scends to an ss-map f : XU → Y ′ which represents the desired ss-morphism.
It is readily seen that any representative of f elementarily equivalent to f
gives rise to the same component of Y and the same ss-morphism.

Corollary 1.20. If X ≈ Y and X is connected , then so is Y .

P r o o f. Let f : X ⇀ Y be any equivalence, and Y ′ the component of Y
through which f can be factorized. The commuting diagram

Y
f
−1

−⇀ X
f
′

−⇀ Y ′y
Y

1X

factorizes 1Y through Y ′, so that Y cannot have connected components
other than Y ′.

Connectedness of an ss-manifold X is an example of a topological pro-
perty—it depends on the topology of the associated topological space ‖X‖.
We recall that for any ss-manifoldX = (Xn) its fat realization ‖X‖ is defined
by

‖X‖ =
∐

n≥0

∆n ×Xn/(ε
it, x) ∼ (t, εix)
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where ∆n stands for the standard affine n-simplex in R
n+1, n ≥ 0, and

εi : ∆n → ∆n+1 are the face maps (cf. [25]). An ss-map f : X → Y gives
rise to a continuous map

‖f‖ : ‖X‖ → ‖Y ‖, [t, x]→ [t, fn(x)] .

The relationship between ss-morphisms and topology is explained by the
following theorem (cf. [5]).

Theorem 1.21. (i) For every ss-manifold X and any coverings U and

V of X0 such that U is a refinement of V the homotopy class

iUV := [‖̺#‖] ∈ [‖XU‖, ‖XV‖]

is independent of the refinement map ̺. The resulting inverse system con-

verges to any ‖XW‖ with W consisting of paracompact sets.

(ii) There exists a unique covariant functor ‖ · ‖ from the category of ss-

manifolds with paracompact 0-level and ss-morphisms to topological spaces

and homotopy classes of maps such that

— for every X, ‖X‖ is the fat realization, and

— for every ss-map f : X → Y

‖[f ]‖ = [‖f‖] ∈ [‖X‖, ‖Y ‖] ,

i.e. ‖[f ]‖ is the homotopy class of ‖f‖ (cf. (1.9)).

P r o o f. See [5], Thm. 1.1, Prop. 2.1. The proof relies upon Theo-
rem 1.12.

I.2. Γ -bundles over ss-manifolds. In order to visualize the abstract
notion of an ss-morphism we now give an important geometric interpreta-
tion of ss-morphisms X ⇀ NΓ of an arbitrary ss-manifold X to the nerve
of a groupoid Γ . Anticipating the definitions, one can say that such ss-
morphisms are nothing but (isomorphy classes of) principal Γ -bundles over
X.

Let Γ be a groupoid over a manifold N . A (right) principal Γ -bundle

over a manifold M ([13], [16]) is a manifold E endowed with two maps, the
bundle projection π : E → M and the source map α : E → N , and with
a right Γ -action E ×(α,β) Γ → E in the fibres of π (i.e. zg = z if g ∈ N ,
(zg1)g2 = z(g1g2), and π(zg) = πz; left principal Γ -bundles are defined
analogously and are endowed with a target map β). One requires a local

triviality condition: on a neighbourhood of each point x ∈ M there is a
section s : M ⊃ V → E of π such that the map

V ×(αs,β) Γ ∋ (y, g)→ s(y)g ∈ π−1(V ) ⊂ E

is a diffeomorphism. The following elementary lemma is standard:
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Lemma 2.1. For any homomorphism E′ → E of principal Γ -bundles,
i.e. any commuting square

E′ f̄
−→ E

π

y
yπ

M ′ f
−→ M

such that f is Γ -equivariant , the mapping

(π, f) : E′ → f∗E := M ′ ×(f,π) E

is an isomorphism.

Definition 2.2. A principal Γ -bundle over an ss-manifold X = (Xn)
is an ss-manifold E = (En) together with an ss-map π : E → X (the bundle

projection) such that

(i) for every n ≥ 0, πn : En → Xn is a principal Γ -bundle,

(ii) the structure operators of E are Γ -equivariant.

A homomorphism h : E → E′ of principal Γ -bundles over ss-manifolds
is an ss-map such that each hn : En → E′

n, n ≥ 0, is Γ -equivariant.

Example 2.3. The universal principal Γ -bundle [21], [10]. For any

groupoid Γ the ss-manifold NΓ = NΓα (cf. Example 1.12) carries a canon-
ical structure of a principal Γ -bundle over NΓ such that

(g0, . . . , gn) · g = (g0g, . . . , gng)

and

NnΓ ∋ (g0, . . . , gn)
π
→ (g0g

−1
1 , . . . , gn−1g

−1
n ) ∈ NnΓ .

The universal properties of this Γ -bundle will be clarified in Theorem 2.12.

Example 2.4. For any principal Γ -bundle π : E → X and any open
covering U = (Ua)a∈A of X0 the localization Eπ−1U of E to π−1U :=
(π−1

0 Ua)a∈A is a principal Γ -bundle over XU . We shall see that converse
statement is also true.

Proposition 2.5. For every principal Γ -bundle E → XU over the local-

ization of an ss-manifold X to U = (Ua)a∈A the isomorphisms

(2.1)

En|(b0,...,bn;x)
(εn...ε1ε0)−1

−−−−−−−→ E2n+1|(a0,b0,...,an,bn;η0η1...ηnx)yεn+1εn...ε1Iab
ց

En|(a0,...,an;x)
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define a Γ -equivariant equivalence relation in the fibres of En, n ≥ 0; the

quotients Ên := En/ ∼ constitute a principal Γ -bundle Ê over X such that

E is canonically isomorphic to the localization Êπ−1U of Ê.

(ii) If V is a refinement of U , then every homomorphism E′ → E
of principal Γ -bundles over XV and XU , respectively , which projects to a

̺# : XV → XU descends to an isomorphism Ê′
∼=→ Ê. In particular , any

isomorphism E′′
π−1U

∼=→E (E′′ a Γ -bundle over X) induces E′′
∼=→ Ê.

P r o o f. (i) Assume that x ∈ Xn belongs to three components of XU (n)
so that there are indices ai, bi, ci, i ≤ n, such that ε n−i

1 ε i
0 x ∈ Uai

∩Ubi
∩Uci

for i = 0, . . . , n. Then the triangle

En|(c0,...,cn;x)
Ibc−→ En|(b0,...,bn;x)

Iac
ց ւIab

En|(a0,...,an;x)

commutes. Indeed, for any u ∈ En with πnu = (c0, . . . , cn;x), there is a
unique t ∈ E3n+2 such that π3n+2t = (a0, b0, . . . , bn, cn; η2

0η
2
1 . . . η

2
nx) and

ε2n . . . ε
2
1ε

2
0t = u (cf. Lemma 2.1). This implies

u = εn . . . ε1ε0(ε2n . . . ε2ε0t) ,

π2n+1(ε2n . . . ε2ε0t) = (b0, c0, . . . , bn, cn; η0 . . . ηnx) ,

which means that w′ = ε2n . . . ε2ε0t is exactly the image of u in
E2n+1|(b0,c0,...,bn,cn;η0...ηnx); therefore

Ibc(u) = εn+1 . . . ε1w
′ = εn . . . ε1ε0(ε2n+2 . . . ε4ε2t) .

Since π2n+1(ε2n+2 . . . ε4ε2t) = (a0, b0, . . . , an, bn; η0 . . . ηnx), we conclude
that

IabIbc(u) = εn+1 . . . ε1(ε2n+2 . . . ε4ε2t) = ε2n+1 . . . ε
2
1t .

On the other hand, the identities

u = εn . . . ε1ε0(ε2n+1 . . . ε3ε1t) ,

π2n+1(ε2n+1 . . . ε3ε1t) = (a0, c0, . . . , an, cn; η0 . . . ηnx)

imply

Iac(u) = εn+1 . . . ε1(ε2n+1 . . . ε3ε1t) = ε2n+1 . . . ε
2
1t = IabIbc(u) .

This cocycle condition IabIbc = Iac implies Iaa = id and Iba = I−1
ab , so

that the equivalence relation is correctly defined and leads to a sequence
of quotient Γ -bundles Ên, n ≥ 0. It remains to check that the structure
operators of E descend to the Ên’s. So let x ∈ Xn satisfy ε n−i

1 ε i
0 x ∈ Uai

∩
Ubi

for i ≤ n, and let u ∈ En be any element of the fibre over (b0, . . . , bn;x).
We denote by w the image of u in E2n+1 over (a0, b0, . . . , an, bn; η0 . . . ηnx),
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so that εn . . . ε1ε0w = u implies

εn−1 . . . ε1ε0(ε
2
2iw) = εiu, εn+1 . . . ε1ε0(η

2
2i+1w) = ηiu

for every i ≤ n. Thus the element εiu ∈ En−1|(b0,...,̂bi,...,bn;εix)
is equivalent

to

εn . . . ε1(ε
2
2iw) = εi(εn+1εn . . . ε1w) = εiIab(u) ,

whereas the element ηiu ∈ En+1|(b0,...,bi,bi,...,bn;ηix) is equivalent to v ∈
En+1|(a0,...,ai,bi,...,an;ηix) such that

v = εn+2 . . . ε1(η
2
2i+1w) = εn+2 . . . εi+3εi . . . ε1w .

In order to compare the last element with ηiIab(u) we need a w′ ∈ E2n+5

such that

εn+1εn . . . ε0w
′ = v ,

π2n+5w
′ = (. . . , ai, ai, ai, bi, ai+1, ai+1, . . . ; η0 . . . ηn+1(ηix))

= η0η1 . . . η
2
i ηi+2 . . . ηn+1πn+1v .

The only possibility is w′ = η0η1 . . . η
2
i ηi+2 . . . ηn+1v, which proves that v

(as well as ηiu) is equivalent to

εn+2 . . . ε1w
′ = ηiεi+1v = ηiIab(u) .

(ii) The assertion amounts to the naturality of the equivalence relation
and is an immediate consequence of Lemma 2.1.

Let E = (En) be a principal Γ -bundle over an ss-manifold Y . For any
ss-map f : X → Y

(2.2) f∗E = (f∗
nEn)

is a well-defined pull-back Γ -bundle over X, and there is a canonical lift
f∗E → E of f , f∗

nEn ∋ (x, u) → u ∈ En. In order to extend this pull-
back operation to an arbitrary ss-morphism f : X ⇀ Y we consider any
representative f : XU → Y of f and set Ef := (f∗E)∧, so that there is a

canonical homomorphism of Γ -bundles Ef
π−1U

∼= f∗E → E

(2.3) (a0, . . . , an; [(a0, . . . , an;x), u])→ u ,

where the brackets [ ] indicate the equivalence class in Ef .

The following lemma is a straightforward consequence of Proposi-
tion 2.5.

Lemma 2.6. For any elementary equivalence (1.4) the homomorphism

˜̺ : f∗E → g∗E, ((a0, . . . , an;x), u) → ((̺(a0), . . . , ̺(an);x), u) descends to

an isomorphism of the globalized Γ -bundles ̺∗ : Ef
∼=→ Eg such that the
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following square commutes:

Ef
π−1U −→ E

̺#

y
x

Ef
π−1V

̺∗−→ Eg
π−1V

Proposition 2.7. Let E′ and E be principal Γ -bundles over ss-mani-

folds X and Y , respectively.

(i) If an ss-map f : XU → Y is covered by a homomorphism f :

E′
π−1U → E then there is an isomorphism E′

∼=→ Ef such that f becomes

the composition of E′
π−1U

∼=→Ef
π−1U and the canonical homomorphism (2.3).

(ii) For every homomorphism f : E′
π−1U → E which projects to f

and any elementary equivalence (1.4) there is a unique homomorphism g :
E′
π−1V → E which projects to g, such that f = g ◦ ̺#.

Corollary 2.8. Every chain of elementary equivalences between f :
XU → Y and h : XW → Y admits a unique lift to elementary equivalences

connecting f : E′
π−1U → E and a homomorphism h : E′

π−1W → E which

projects to h.

P r o o f o f P r o p o s i t i o n 2.7. (i) By Lemma 2.1, the sequence of maps
(πn, fn) : E′

π−1U (n) → f∗
nEn, n ≥ 0, constitutes an isomorphism of Γ -

bundles (π, f) : E′
π−1U → f∗E such that f is the composition E′

π−1U →

f∗E → E. Passing to the globalized Γ -bundles, we get [π, f ] : E′
∼=→Ef .

(ii) If f = g ◦ ̺# and g is a lift of g such that f = g ◦ ̺#, then there is
a commuting diagram

E′
π−1U

(π,f̄)
−−→ f∗E

f̄ց ւ
̺#

y E
y ˜̺

ր̄g տ
E′
π−1V −−→

(π,ḡ)
g∗E

Since the outer square of the diagram yields (after globalization)

Ef
[π,f̄ ]ր

E′
y̺∗

[π,ḡ]ց
Eg

the decomposition (i) of g reads

g : E′
π−1V

[π,f̄ ]
−→ Ef

π−1V

̺∗→Eg
π−1V → E .
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Such a g does project to g, and the required equality f = g◦̺# follows from
the decomposition (i) of f and from Lemma 2.6.

Motivated by Corollary 2.8, we propose the following

Definition 2.9. For any ss-morphism f : X ⇀ Y and any principal Γ -
bundle E over Y , a pair (E′, f ) is a pull-back of E by f (to be denoted also by
f
∗E if this causes no confusion) if E′ is a principal Γ -bundle over X and f is

an ss-morphism of Γ -bundles over f , i.e. a maximal connected (with respect
to elementary equivalences) family of homomorphisms E′

π−1U → E which

project to representatives XU → Y of f . Elements of f are distinguished

lifts of the representatives of f .

By Proposition 2.7, the pull-back f
∗E always exists, is unique up to

isomorphism of Γ -bundles, and is completely characterized (generated) by
any one of the distinguished lifts.

Proposition 2.10. For any ss-morphisms f : X ⇀ Y and g : Y ⇀ Z
and every principal Γ -bundle E over Z,

f
∗
g∗E = (gf )∗E .

More precisely , if (E′,g) is a pull-back of E by g, and (E′′, f ) is a pull-back

of E′ by f , then (E′′,g ◦ f ) is a pull-back of E by gf , the composition g ◦ f
being defined as that of ss-morphisms.

R e m a r k 2.11. An ss-morphism of Γ -bundles f generates an ss-mor-
phism f : E′ ⇀ E of the underlying ss-manifolds. More generally:

If Γ , a groupoid over N , acts on the left on a manifold Q with respect to
a submersion p : Q → N (i.e. each g ∈ Γ sends p−1(αg) to p−1(βg)), then
for any principal Γ -bundle E → Y the manifolds

En ×Γ Q = En ×(α,p) Q/(ug, z) ∼ (u, gz) for g ∈ Γ

form the associated Q-bundle over Y ,

(2.4) E(Q) := (En ×Γ Q)n≥0 ,

which inherits from E both the structure operators and the projection on Y .
Given any pull-pack (E′, f ) of E by an ss-morphism f : X ⇀ Y , f generates
a well defined ss-morphism f : E′(Q) ⇀ E(Q), the lift of f .

The main result of the present section is

Theorem 2.12. For each Γ -bundle E over an ss-manifold X there exists

exactly one ss-morphism f E : X ⇀ NΓ such that E (together with some

ss-morphism of Γ -bundles) is a pull-back f ∗
ENΓ of the universal principal

Γ -bundle over NΓ .

The ss-morphism f E will be referred to as the classifying ss-morphism

for the principal Γ -bundle E.
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Before proving the theorem, let us simplify the structure of an arbitrary
principal Γ -bundle over an ss-manifold.

Proposition 2.13. Let X = (Xn) be an ss-manifold , Γ a groupoid , and

π : E0 → X0 a principal Γ -bundle over X0. Assume that a map ε1 : ε∗0E0 →
E0 satisfies the following conditions:

(i) ε1 is Γ -equivariant and induces ε1 : X1 → X0 on the base manifolds,

(ii) ε1(η0πu, u) = u for u ∈ E0, and

(iii) ε1(ε2x, ε1(ε0x, u)) = ε1(ε1x, u) for (x, u) ∈ (ε 2
0 )∗E0.

Then the projection ε0 : ε∗0E0 → E0 together with ε1 and the maps

(ε n
0 )∗E0 ∋ (x, u)

εi→

{
(εix, u) ∈ (ε n−1

0 )∗E0 for i < n ,

(εnx, ε1(ε
n−1

0 x, u)) ∈ (ε n−1
0 )∗E0 for i = n ,

E0 ∋
η
0→ (η0πu, u) ∈ ε

∗
0E0 ,

(ε n
0 )∗E0 ∋ (x, u)

η
i→ (ηix, u) ∈ (ε n+1

0 )∗E0 for i ≤ n, n > 0 ,

make the sequence E = ((ε n
0 )∗E0)n≥0 of principal Γ -bundles a principal

Γ -bundle over X.

Conversely , if E = (En) is any principal Γ -bundle over X, then the map

ε1 : ε∗0E0
(π1,ε0)−1

−−−−→ E1
ε1→E0

satisfies conditions (i)–(iii), and the homomorphisms

En
(πn,ε

n
0 )

−−−→ Xn ×(ε n
0
,π0) E0 = (ε n

0 )∗E0

constitute an isomorphism of E and the Γ -bundle reconstructed from E0

and ε1.

P r o o f. The first part of the proposition requires only a careful verifica-
tion of the axioms (1.1). In order to demonstrate the second part, observe
that for u ∈ E0,

ε1(η0π0u, u) = ε1(π1, ε0)η0u = ε1η0u = u .

Furthermore, if (x, u) ∈ (ε 2
0 )∗E0 then there is a v ∈ E2 such that π2v = x

and ε0ε0v = u (cf. Lemma 2.1) and thus

ε1(ε2x, ε1(ε0x, u)) = ε1(ε2x, ε1ε0v) = ε1(ε2x, ε0ε2v)

= ε1ε2v = ε1ε1v = ε1(ε1x, u) .

It remains to show that the isomorphisms En → (ε n
0 )∗E0 (cf. Lem-

ma 2.1) commute with the structure operators. For u ∈ En, the only non-
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trivial relation is

εn(πn, ε
n

0 )u = (εnπnu, ε1(π1ε
n−1

0 u, ε n
0 u))

= (εnπnu, ε1ε
n−1

0 u) = (πn−1, ε
n−1

0 )εnu .

Corollary 2.14. Let f : X → Y be an ss-map, and E, E′ principal

Γ -bundles over X and Y , respectively. Assume that I0 : E0 → E′
0 is a

Γ -equivariant map inducing f0 on the base manifolds. Then the maps

In : En
(πn,ε

n
0 )

−−−→ (εn0 )∗E0
fn×I0−−→ (εn0 )∗E′

0

(πn,ε
n

0 )−1

−−−−→ E′
n

constitute a homomorphism of principal Γ -bundles I = (In) iff

ε1I1 = I0ε1 .

I is an isomorphism iff so is I0.

P r o o f o f T h e o r e m 2.12. Let π : E → X be a principal Γ -bundle
over X. We consider any collection of local sections sa : X0 ⊃ Ua → E0

over a covering U = (Ua)a∈A of X0. Since there are canonical isomorphisms
of principal Γ -bundles (cf. Lemma 2.1),

ε∗1E0
(π1,ε1)
←−−− E1

(π1,ε0)
−−−→ ε∗0E0 ,

the sections induce two collections of sections of E1. By comparison, one
has

(2.5) (π1, ε0)
−1(x, sb(ε0x)) = (π1, ε1)

−1(x, sa(ε1x)) · γab(x)

for a γab(x) ∈ Γ , x ∈ ε−1
1 Ua ∩ ε

−1
0 Ub ⊂ X1. We claim that the re-

sulting maps γab, a, b ∈ A, form a Γ -cocycle (cf. Example 1.6). Indeed,
any x in (ε1ε1)

−1Ua ∩ (ε1ε0)
−1Ub ∩ (ε0ε0)

−1Uc, a, b, c ∈ A, gives rise to
three elements of E0 : sa(ε1ε1x), sb(ε1ε0x), and sc(ε0ε0x), six elements
of E1 : (π1, ε1)

−1(ε2x, sa(ε1ε2x)), (π1, ε1)
−1(ε1x, sa(ε1ε1x)), (π1, ε0)

−1(ε2x,
sb(ε0ε2x)), etc., and three of E2 : (π2, ε1ε1)

−1(x, sa(ε1ε1x)), etc. It is in-
structive to locate all these elements in the following commuting diagram of
isomorphisms of principal Γ -bundles:

(2.6)
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Starting from the equality (in E1)

(π1, ε1)
−1(ε1x, sa(ε1ε1x))γac(ε1x) = (π1, ε0)

−1(ε1x, sc(ε0ε1x))

we get in E2

(π2, ε1ε1)
−1(x, sa(ε1ε1x))γac(ε1x)

= (π2, ε1)
−1(x, (π1, ε1)

−1(ε1x, sa(ε1ε1x))γac(ε1x))

= (π2, ε1)
−1(x, (π1, ε0)

−1(ε1x, sc(ε0ε1x)))

= (π2, ε0ε1)
−1(x, sc(ε0ε1x)) .

In a similar vein, we check the equalities

(π2, ε1ε2)
−1(x, sa(ε1ε2x))γab(ε2x) = (π2, ε0ε2)

−1(x, sb(ε0ε2x)) ,

(π2, ε1ε0)
−1(x, sb(ε1ε0x))γbc(ε0x) = (π2, ε0ε0)

−1(x, sc(ε0ε0x)) .

Since ε0ε0 = ε0ε1, ε1ε0 = ε0ε2, and ε1ε1 = ε1ε2, this implies the cocycle
condition (1.2), and thus formulas (1.3) of Example 1.6 define an ss-map
f : XU → NΓ .

If an ss-map g : XV → NΓ is determined by another collection of local
sections of E0, then both U and V are refinements of W = U ∐ V, and all
the sections together give rise to a Γ -cocycle such that the corresponding
ss-map XW → NΓ is elementarily equivalent to both f and g. We have
thus associated with E a well defined ss-morphism f E : X ⇀ NΓ .

In order to identify E with a pull-back f
∗
ENΓ it suffices to indicate

an isomorphism betwen E and (NΓ )f . Clearly, when applied to η0x with
x ∈ Ua ∩ Ub, (2.5) reduces to

sb(x) = sa(x)γab(η0x)

so that (γabη0)a,b∈A is a Γ -cocycle describing E0. Since the gluing equiva-
lence relation in

f∗
0N 0Γ ∼=

∐
Ua ×(γaaη0,β) Γ

is (cf. (2.1))

((a, x), g) ∼ ((b, x), g′) iff g = γab(η0x)g
′

the map

(NΓ )f (0) ∋ [(a, x), g]
I0→ sa(x)g ∈ E0

is a well defined isomorphism. According to Corollary 2.14, the only exten-
sion of I0 to the first level is

(NΓ )f (1) ∋ [(a, b;x), (γab(x)g, g)]
I1
→ (π1, ε0)

−1(x, sb(ε0x)g)

and the criterion ε1I1 = I0ε1 of extendability of I0 to an isomorphism I :
(NΓ )f → E is exactly (2.5).
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A canonical distinguished lift f : Eπ−1U → NΓ of f is given by

(2.7) fn(a0, . . . , an;u) = (g0, . . . , gn) if u = s(i)ai
(πnu)gi, i ≤ n ,

where the s
(i)
a ’s are the induced sections of En,

s(i)a (x) = (πn, ε
n−1

1 ε i
0 )−1(x, sa(ε

n−i
1 ε i

0 x)) .

In terms of the Γ -cocycle,

(2.8) fn(a0, . . . , an; san
(ε n

0 x)g)

= (γa0an
(ε n−1

1 x)g, γa1an
(ε n−2

1 ε0x)g, . . . , γan−1an
(ε n−1

0 x)g, g) .

By (2.7), the ss-morphism of Γ -bundles f E generated by f is independent
of the chosen collection of local sections of E0.

It remains to prove that any ss-morphism f : X ⇀ NΓ such that
f ∗NΓ = E is equal to f E . If f : XU → NΓ , with U = (Ua)a∈A, is

any ss-map covered by a homomorphism f : Eπ−1U → NΓ then there is an
isomorphism (π, f) : Eπ−1U → f∗NΓ . By transfer of structure, the maps

Ua ∋ x→ (x, f0(a, x)) ∈ Ua ×(f0|Ua,β) Γ

define local sections sa : Ua → E0. For x ∈ ε−1
1 Ua ∩ ε

−1
0 Ub, there exist

g0, g1 ∈ Γ such that g0g
−1
1 = f1(a, b;x) and

(π1, f1)(a, b; (π1, ε0)
−1(x, sb(ε0x))) = ((a, b;x), (g0 , g1)) .

On applying ε0 to the above equality, we find that g1 = f0(b, ε0x) (a unit)
and g0 = f1(a, b;x). Hence

(π1, ε1)
−1(x, sa(ε1x))f1(a, b;x) = (π1, ε0)

−1(x, sb(ε0x))

so that f is the ss-map determined by our collection of local sections of E0,
i.e. a representative of f E : X ⇀ NΓ .

R e m a r k 2.15. By considering all local sections of E0 we get a maximal

representative of f E , to which every representative is elementarily equiva-
lent.

R e m a r k 2.16. In the proof of Theorem 2.12 we have actually obtained
an explicit form of the correspondence between Γ -cocycles and principal Γ -
bundles classified by the associated ss-morphisms. Namely, if γ = (γab) is
any Γ -cocycle on X with respect to a covering U = (Ua)a∈A of X0 then—in
terms of Proposition 2.13—there is a corresponding Γ -bundle E over X such
that

E0 =
∐

Ua ×(γaaη0,β) Γ/ ∼

where (b, x, g) ∼ (a, x, γab(η0x)g) for x ∈ Ua ∩ Ub, and the crucial map
ε1 : ε∗0E0 = E1 → E0 is given by

(y, [b, ε0y, g])→ [a, ε1y, γab(y)g]
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for y ∈ ε−1
1 Ua ∩ ε

−1
0 Ub, a, b ∈ A.

I.3. Morphisms of groupoids. Let Γ and Γ ′ be groupoids (over
manifolds N and N ′, respectively ). For any Γ ′-bundle E over the nerve
NΓ consider the product map

Γ ×(α,π0) E0 = ε∗0E0
∼= E1

ε1→E0 .

We call it a product and write (g, u)→ gu, for conditions (i)–(iii) of Propo-
sition 2.13, mean exactly

(i) g(ug′) = (gu)g′ iff the triple is composable,

(ii) eu = u if e = π0u is the unit, and

(iii) g1(g2u) = (g1g2)u.

In view of Theorem 2.12 and Proposition 2.13, we get canonical bijective
correspondences:

ss-morphisms NΓ ⇀ NΓ ′

l

isomorphy classes of principal Γ ′-bundles over NΓ

l

isomorphy classes of principal Γ ′-bundles over N
equipped with a (left) Γ ′-equivariant Γ -action

By transfer of structure, it follows that any principal Γ ′-bundle Σ over N
equipped with a Γ ′-equivariant left Γ -action represents a (smooth) mor-

phism Σ : Γ ⇀ Γ ′, of Γ to Γ ′ (a generalized homomorphism in the sense of
[16]). One can readily check that

1o for any three groupoids Γ , Γ ′, and Γ ′′, and any morphisms Σ : Γ ⇀

Γ ′ and Σ′ : Γ ′ ⇀ Γ ′′, the composition Γ
Σ
⇀Γ ′Σ

′

⇀Γ ′′ is represented by the
principal Γ ′′-bundle

Σ′ ◦Σ := Σ ×Γ ′ Σ′ = Σ ×(α,π) Σ
′/(ug′, u′) ∼ (u, g′u′) for g′ ∈ Γ ′

where both the bundle projection and the Γ -action are inherited from Σ;

2o for any Γ , the identity morphism Γ ⇀ Γ is represented by Γ itself.

The above reduction of ss-morphisms of nerves to morphisms of group-
oids can be summarized in

Proposition 3.1. Groupoids and their morphisms constitute a full sub-

category of the category of ss-manifolds and ss-morphisms.



I. The category of semi-simplicial manifolds 27

We shall denote by N the identifying functor

Σ : Γ ⇀ Γ ′  NΣ : NΓ ⇀ NΓ ′ .

Clearly, there is another functor which sends any homomorphism of group-
oids h : Γ → Γ ′ to a morphism [h] : Γ ⇀ Γ ′ represented by

(3.1) [h] := N ×(h,β) Γ
′, g(αg, g′) := (βg, h(g)g′) for g ∈ Γ ;

one has N [h] = [Nh] : NΓ ⇀ NΓ ′. By triviality of the units, every
morphism G′ ⇀ G of Lie groups is of the form [h] for some homomorphism
h : G′ → G determined up to an inner automorphism of G.

The following theorem was announced in [16]:

Theorem 3.2. For any groupoids Γ and Γ ′ and every principal Γ ′-bundle

Σ over the units of Γ equipped with a Γ ′-equivariant left Γ -action, the

morphism Σ : Γ ⇀ Γ ′ is invertible iff Σ is also a (left) principal Γ -bundle

with respect to the Γ -action. If this is the case then tΣ, i.e. Σ considered with

the transposed actions of the groupoids, represents the inverse morphism

Γ ′ ⇀ Γ .

P r o o f. ⇐ If tΣ is a principal Γ -bundle with respect to the right action
u · g := g−1u for g ∈ Γ, u ∈ Σ then there are canonical isomorphisms

Σ ×Γ ′
tΣ = Σ ×(α,α) Σ/Γ

′ ∼=→ Γ, (gu, u)Γ ′ → g ,

and
tΣ ×Γ Σ = Γ\(Σ ×(π,π) Σ)

∼=→ Γ ′, Γ (u, ug′)→ g′ ,

which show that tΣ represents (Σ : Γ ⇀ Γ ′)−1.
⇒ Let Σ′ : Γ ′ ⇀ Γ be an inverse to Σ : Γ ⇀ Γ ′, so that Σ′ is a

principal Γ -bundle over the units N ′ of Γ ′ endowed with a Γ ′-action and

there are isomorphisms Σ×Γ ′Σ′ J→Γ and Σ′×ΓΣ
J′

→Γ ′. Since the projection
Σ′ ×(α,π) Σ → Σ′ ×Γ Σ is a submersion, for every x ∈ N ′ there exists a
local section

Γ ′ ⊃ N ′ ⊃ U
(ϕ,ψ)
−−→ Σ′ ×(α,π) Σ

over a neighbourhood U ∋ x. This means αϕ = πψ, J ′(ϕ(y)ψ(y)) = y for
y ∈ U and, in particular, αψ = idU so that ψ : U → Σ is a section of
α : Σ → N ′. It remains to prove that the mapping

Γ ×(α,πψ) U ∋ (g, y)→ gψ(y) ∈ Σ

is a diffeomorphism onto α−1U . If there is a map g : α−1u → Γ such that
g(w)ψ(αw) = w for w ∈ α−1U , then

J(wϕ(αw)) = g(w)J(ψ(αw)ϕ(αw))

and thus

g(w) = J(wϕ(αw))J(ψ(αw)ϕ(αw))−1 .
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The g(w) thus obtained is a smooth function of w ∈ α−1U and satisfies
wϕ(αw) = g(w)ψ(αw)ϕ(αw) in Σ×Γ ′Σ′; hence, there is a g′ ∈ Γ ′ such that
wg′ = g(w)ψ(αw), and ϕ(αw) = g′ϕ(αw). The second equality immediately
implies

J ′(ϕ(αw)ψ(αw)) = g′J ′(ϕ(αw)ψ(αw)) ,

i.e. g′ = αw ∈ N ′, and thus w = g(w)ψ(αw) as was to be shown.

Example 3.3. For any surmersion ϕ : M → Q (cf. Example 1.13) the
equivalence relation R ⊂ M ×M which defines Q as a quotient of M is a
groupoid over M such that NR ∼= NMϕ. When endowed with the R-action
(x, y) · y = x and with the projections

M
idւ ցϕ

M Q

M represents an invertible morphism R ⇀ Q. The associated equivalence
NMϕ ∼= NR ⇀ NQ is exactly the ss-morphism considered in Example 1.13.

For arbitrary groupoids Γ and Γ ′ let Σ represent a morphism of Γ to
Γ ′. According to (2.4), every principal Γ -bundle E over an ss-manifold X
gives rise to an associated Σ-bundle E(Σ), and the Γ ′-action inherited from
Σ makes the associated bundle a principal Γ ′-bundle over X, to be denoted
by Σ∗E. In this way, Σ transfers Γ -bundles to Γ ′-bundles. The transfer is
natural with respect to homomorphisms of principal Γ -bundles.

Example 3.4. If Σ = [h] comes from a homomorphism h : Γ → Γ ′ then
for every Γ -bundle E the induced Γ ′-bundle [h]∗E is canonically isomorphic
to h∗E := (En ×h Γ ′)n≥0 where

En ×h Γ
′ = En ×(hα,β) Γ

′/(ug, g′) ∼ (u, h(g)g′), n ≥ 0 .

Example 3.5. For any Σ the induced principal Γ ′-bundle Σ∗NΓ over
NΓ is (up to isomorphism) the Γ ′-bundle classified by the ss-morphism

NΣ : NΓ ⇀ NΓ ′, i.e. Σ∗NΓ = (NΣ)∗NΓ ′.

The next property completes Propositions 2.10 and 3.1.

Proposition 3.6. Let E → X be any principal Γ -bundle, f : Y ⇀ X an

ss-morphism, and Σ : Γ ⇀ Γ ′ a morphism of groupoids. Then f ∗(Σ∗E) =
Σ∗(f

∗E). More precisely , for any pull-back (E′, f ) of E by f there exists a

pull-back of Σ∗E of the form (Σ∗E
′, Σ∗f ).

P r o o f. Every homomorphism f : E′
π−1U → E generates a Σ∗f :

(Σ∗E
′)π−1U

∼= Σ∗(E
′
π−1U ) → Σ∗E; the connectedness of the collection

{Σ∗f ; f ∈ f } amounts to the functoriality of Σ∗.
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Corollary 3.7. The classifying ss-morphisms f E and f Σ∗E yield a com-

muting triangle

NΓ

f E

X NΣ

f Σ∗E

NΓ ′

P r o o f. Σ∗E = Σ∗(f
∗
ENΓ ) = f

∗
E(NΣ)∗NΓ ′, by Example 3.5.

According to Example 3.5, every principal Γ -bundle F over NΓ is iso-
morphic to Σ∗NΓ , Σ = F0. If we consider the manifold

Γ ∗Σ = Γ ×(α,π) Σ

and regard it as a groupoid over Σ such that

(g, u) · (g′, u′) = (gg′, u′) iff u = g′u′

then there is a canonical isomorphism of ss-manifolds

(3.2) F ∼= Σ∗NΓ ∼= N (Γ ∗Σ) .

Using this particular form of the Γ ′-bundle F we can reformulate and rein-
force Corollary 3.7.

Proposition 3.8. Let Σ : Γ ⇀ Γ ′ be a morphism of groupoids, F =
N (Γ ∗ Σ) a Γ ′-bundle over NΓ classified by NΣ, and f : X ⇀ NΓ an

ss-morphism. If E is a principal Γ -bundle over X classified by f , then there

exists a pull-back (F ′, f ) of F by f such that

(i) F ′ = Σ∗E = (En ×Γ Σ)n≥0, and

(ii) the lift f : F ′ ⇀ F = N (Γ ∗ Σ) is the classifying ss-morphism for

the principal (Γ ∗Σ)-bundle

E := (En ×(α,π) Σ)→ (En ×Γ Σ)

where Γ ∗Σ acts on En by the formula

(w, u) · (g, v) = (wg, v) iff u = gv .

P r o o f. Fix a collection of local sections sa : Ua → E0, a ∈ A, over a
covering U = (Ua)a∈A of X0; the corresponding Γ -cocycle (γab)a,b∈A on X
is given by (2.5). Each sa gives rise to a section

sa : E0 ×Γ Σ ⊃ π
−1
0 Ua → E0 ×(α,π) Σ , (sa(x)g) · u→ (sa(x), gu)

(in multiplicative notation), and the corresponding transition (Γ ∗Σ)-cocycle
(γab)a,b∈A on F ′ is characterized by the equality

(π1, ε0)
−1(w · u, sb(ε0w · u)) = (π1, ε1)

−1(w · u, sa(ε1w · u))γab(w · u)
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for w · u ∈ π−1
1 (ε−1

1 Ua ∩ ε
−1
0 Ub) ⊂ E1 ×Γ Σ. If we take w = (π1, ε0)

−1(x,
sb(ε0x)), x = π1(w · u), then

(w, u) = (wγab(x)
−1, γab(x)u)γab(w · u) in E1 ×(α,π) Σ

implies

γab((π1, ε0)
−1(x, sb(ε0x)) · u) = (γab(x), u) ∈ Γ ∗Σ .

According to the last formula, the ss-map f : E′
π−1U → N (Γ ∗ Σ) de-

termined by the cocycle (cf. Example 1.5) is a Γ ′-equivariant lift of the
representative f ∈ f associated with (γab). Evidently, the collection of all
such lifts is connected with respect to elementary equivalences.

I.4. The fundamental groupoid of an ss-manifold. It is a well-
known fact that the Poincaré group of a simplicial complex is a combinatorial
construction. Stimulated by van Est [12] and Ver Eecke [24], we shall show
that a Poincaré groupoid is naturally associated with any ss-manifold X.

Definition 4.1. A (continuous) path in an ss-manifold X is any se-
quence C = (c0, y

e1
1 , c1, . . . , cr−1, y

er
r , cr), r ≥ 0, such that

1o ci : [0, 1]→ X0, i = 0, . . . , r, are continuous paths in X0,
2o y1 ∈ X1 for i = 1, . . . , r, and
3o the exponent ei = ±1 indicates the direction of yi, in the sense that

ε1yi = ci−1(1), ε0yi = ci(0) if ei = +1 ,

ε0yi = ci−1(1), ε1yi = ci(0) if ei = −1 ,

for i = 1, . . . , r.
c0(0) and cr(1) are, respectively, the initial point and the endpoint of the

path.

X0

c0 c1 c2

ε1 ε0 ε0 ε1

y1(y+1
1 ) y2(y

−1
2 ) X1

Fig. 1. A path in X

For brevity, we shall suppress the exponents e = 1 and say that the
exponent e = −1 interchanges the roles of the face operators so that ε0y

−1 =
ε1y and ε1y

−1 = ε0y for y ∈ X1. Then condition 3o above reads

3oo ci−1(1) = ε1y
ei

i , ε0y
ei

i = ci(0) for i = 1, . . . , r.
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Let πxx′ , x, x′ ∈ X0, stand for the set of all the paths in X with initial
point x and endpoint x′. An associative composition rule πxx′ × πx′x′′ →
πxx′′ is given by

(c0, y
ei

i , . . . , y
er
r , cr)·(c0, y

ē1
1 , . . . , y

ēs
s , cs)(4.1)

= (c0, y
e1
1 , . . . , y

er
r , cr · c0, y

ē1
1 , . . . , y

ēs
s , cs) .

Definition 4.2. For any x, x′ ∈ X0, we say that paths C,C ′ ∈ πxx′

are homotopic (notation C ≃ C ′) if they are equivalent in the sense of the
smallest equivalence relation generated in πxx′ by the following elementary

homotopies:

(i) (c0, y
e1
1 , c1, . . . , cr−1, y

er
r , cr) ≃ (c0, y

e1
1 , c1, . . . , cr−1, y

er
r , cr)

if ci and ci are homotopic paths in X0 for every i;

(ii) (. . . , ci−1, y
e, ci, . . .) ≃ (. . . , ci−1 · ε1(ce), y

e, ε0(c
e)−1 · ci, . . .)

if c : [0, 1] → X1 is any path such that c(0) = y, c(1) = y;

ci−1

ci

y

c

ȳ

Fig. 2. Elementary homotopy of type (ii)

(iii) (. . . , ci−1, y
e, ci, . . .) ≃ (. . . , ci−1 · ci, . . .) if y ∈ η0X0;

(iv) (. . . , ci−1, y
e, ci, y

e, ci+1, . . .) ≃ (. . . , ci−1, (ε1z)
e, ci+1, . . .)

if ci is a constant path and z ∈ X2 is any element such that either y = ε2z,
y = ε0z (if e = 1) or y = ε0z, y = ε2z (if e = −1);

(v) (. . . , ci−1, y, ci, y
−1, ci+1, . . .) ≃ (. . . , ci−1, (ε2z)

e, ci+1, . . .)

if ci is a constant path and z ∈ X2 is such that either y = ε1z, y = ε0z
(then e = 1) or y = ε0z, y = ε1z (then e = −1);
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(vi) (. . . , ci−1, y
−1, ci, y, ci+1, . . .) ≃ (. . . , ci−1, (ε0z)

e, ci+1, . . .)

X0

ε1 ε0

ε1 ε0

ε0 ε1 }
X1

ε1

ε2 ε0

z ∈ X2

Fig. 3. Elementary homotopies of types (iv)–(vi)

if ci is a constant path and z ∈ X2 is such that either y = ε2z, y = ε1z
(then e = 1) or y = ε1z, y = ε2z (then e = −1).

For x ∈ X0 let ωx denote the constant path at x.

Lemma 4.3.

(c0, y
e1
1 , c1, . . . , cr−1, y

er
r , cr) · (c

−1
r , y−er

r , c−1
r−1, . . . , c

−1
1 , y−e11 , c−1

0 ) ≃ ωc(0) .

P r o o f. One successively applies conditions (i), (v)–(vi), and (iii) of
Definition 4.2. In fact, every element y ∈ X1 is of the form

y = ε0(η0y) = ε1(η0y) = ε1(η1y) = ε2(η1y) .

For x, x′ ∈ X0, let

πxx′(X) = πxx′(X)/ ≃

be the quotient set. As the composition rule (4.1) descends to the quotients,
the union

π(X) =
∐

(x,x′)∈X0×X0

πxx′(X)

is a small category with units

1x = [ωx] ∈ πxx(X) for x ∈ X0

and inverses (cf. Lemma 4.3)

[c0, y
e1
1 , . . . , y

er
r , cr]

−1 = [c−1
r , y−er

r , . . . , y−e11 , c−1
0 ]
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where the brackets [ ] indicate the homotopy classes of the paths. Note that
the source and target maps of π(X) are given by

[c0, y
e1
1 , . . . , y

er
r , cr]

βւ ցα

c0(0) cr(1)

Definition 4.4. π(X) is the fundamental groupoid of X. For x ∈ X0,
the group πx(X) = πxx(X) is the fundamental (or Poincaré) group of X
at x.

R e m a r k 4.5. The groupoid π(X) comes from the fundamental groupoid
π(X0) of X0 by attaching new invertible generators

[y] := [ωε1y, y, ωε0y]

such that α[y] = ε0y, β[y] = ε1y, for y ∈ X1, and relations

[c(1)] = [ε1c]
−1[c(0)][ε0c]

for any path c : [0, 1]→ X1, and

[ε2z][ε0z] = [ε1z]

for z ∈ X2 (cf. Figs. 2, 3). The formal exponents e = ±1 are involved
because of the invertibility requirement. If, in particular, X = NΓ is the
nerve of a groupoid then the exponent e = −1 takes on its real meaning—the
inverse in Γ—since then [y][y−1] = [ε1(y, y

−1)] = 1βy for y ∈ X1(= Γ ).

The fundamental groupoid of an ss-manifold X carries a canonical dif-
ferentiable structure. In order to describe it, observe first that πxx′(X) 6= ∅
iff x ∼ x′ in the equivalence relation which distinguished between the con-
nected components of X (cf. the proof of Proposition 1.15). Thus

(4.2) π(X) =
∐

α

π(Xα)

if X =
∐
αX

α is the decomposition of X into its connected components.

Let now X be any connected ss-manifold, so that π(X) is transitive on
X0, and πx(X), x ∈ X0, are isomorphic groups. For any two connected
simply connected open subsets U, V ⊂ X0 we fix a reference point x0 ∈ X0

and homotopy classes of paths u, v ∈ π(X) such that

(4.3) αu ∈ U, αv ∈ V, βu = βv = x0 .

Since for any x ∈ U there is a unique homotopy class of paths in U connect-
ing αu with x, the composition of paths extends u to a canonical section
ũ : U → π(X) of α (i.e. αũ = idU , ũ(αu) = u). If, moreover, ṽ : V → π(X)
is the extension of v, then for every w ∈ β−1U ∩ α−1V ⊂ π(X) one has
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ũ(βw)wṽ(αw)−1 ∈ πx0
(X); consequently, there is a bijection

ΨuvUV : β−1U ∩ α−1V → U × πx0
(X)× V ,(4.4)

w → (βw, ũ(βw)wṽ(αw)−1, αw) .

Proposition 4.6. There is a unique differentiable structure on π(X)
such that the fundamental groups πx0

(X) ⊂ π(X), x0 ∈ X0, are discrete and

all the maps ΨuvUV (cf. (4.3)–(4.4)) are diffeomorphisms (with open domains).
When equipped with this differentiable structure, π(X) is a differentiable

groupoid such that (β, α) : π(X)→ X0 ×X0 is a covering map.

P r o o f. The connectedness of X ensures that the domains of the ΨuvUV ’s
cover π(X). Given any ui, vi, Ui, and Vi such that βui = βvi = xi, i = 1, 2,
the transition map Ψu2v2

U2V2
(Ψu1v1
U1V1

)−1 : (U1 ∩ U2) × πx1
(X) × (V1 ∩ V2) →

(U1 ∩ U2)× πx2
(X)× (V1 ∩ V2),

(x,w, x′)→ (x, ũ2(x)ũ1(x)
−1wṽ1(x

′)ṽ2(x
′)−1, x′) ,

is a diffeomorphism, for the compositions ũ2(·)ũ1(·)−1 and ṽ1(·)ṽ2(·)−1 are
locally constant. Once we have got charts, the other properties of π(X) are
readily seen.

The maps ΨuvUV also make sense if X is not necessarily connected, and
induce on π(X) the manifold structure of the disjoint union (4.2), which is
still a differentiable groupoid over X0.

Corollary 4.7. If an ss-manifold X is connected then for every x ∈ X0

the submanifold α−1(x) ⊂ π(X) endowed with its natural structure of a

principal (right) πx(X)-bundle over X0 and the (left) π(X)-action yields an

equivalence of groupoids

(4.5) α−1(x) : π(x)
≈
⇀πx(X)

inverse to the morphism generated by inclusion.

One should note that the superpositions

πx(X) →֒ π(X) ≈ πx′(X), x, x′ ∈ X0 ,

are well defined equivalences to groups, i.e. conjugacy classes of isomor-
phisms. In general, there is no canonical isomorphism of the groups.

R e m a r k 4.8. The above corollary reflects a well-known property of the
so-called Galois groupoids. Any such groupoid Γ over N is characterized by
the requirement that the map (α, β) : Γ → N × N be surjective and étale
(a local diffeomorphism). A Galois groupoid is canonically equivalent—via
inclusion—to each of the (discrete) structural groups of Γ ,

Γx = (β, α)−1(x, x) ⊂ Γ, x ∈ N .

Returning to an arbitrary ss-manifold X, note the following
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Lemma 4.9. The map X1 ∋ y
γ
→ [y] ∈ π(X) is a π(X)-cocycle on X with

respect to the trivial covering {X0} (cf. Example 1.5).

P r o o f. The identity [ε2z][ε0z] = [ε1z] for z ∈ X2, found in Remark 4.5,
is exactly the cocycle condition (1.2). In order to check the smoothness of the
cocycle it suffices to consider any chart ΨuvUV (cf. (4.3)–(4.4)) and observe
that the πx0

(X)-coordinate of γ is y → ũ(ε1y)[y]ṽ(ε0y). This function is
constant on the connected components of ε−1

1 U ∩ ε−1
0 V , for there is an

elementary homotopy of type (ii) between the paths involved.

In view of the lemma, for any ss-manifold X there exists a canonical
ss-map πX : X → Nπ(X),

X0 ∋ x→ 1x ∈ X0 →֒ π(X) ,

Xn ∋ x→ ([ε n−1
2 x], [ε n−2

2 ε0x], . . . , [ε
n−1

0 x]) ∈ Nnπ(X)

for n ≥ 1 (cf. (1.3)).

Definition 4.10. πX is the fundamental ss-map for X. Each of the
ss-morphisms

ΠX = [πX ] : X ⇀ Nπ(X)

and (if X is connected; cf. (4.5))

ΠX,x : X
ΠX

⇀ Nπ(X)
≈
⇀Nπx(X), x ∈ X0 ,

is a fundamental ss-morphism for X.

In order to characterize principal bundles classified by the fundamental
ss-morphisms, we recall Proposition 2.13. Clearly, the π(X)-bundle EX =

π∗
XNπ(X) can be constructed from π(X)

β
→X0 over the 0-level, and from

(4.6) ε1 : X1 ×(ε0,β) π(X)→ π(X), (y, u)→ [y]u .

By (4.5), the corresponding πx(X)-bundle X̃x → X (if X is connected)

comes from α−1(x)
β
→ X0 and from a suitable restriction of ε1. It will be

shown in the sequel that the last principal bundle over X plays the role of
a universal covering space.

Theorem 4.11. Let X be a connected ss-manifold , and x a point of X0.

For every discrete group G and any ss-morphism f : X ⇀ NG there is

a unique morphism of groups πx(X) ⇀ G such that the following triangle

commutes:

(4.7)

X
f

ΠX,x NG

Nπx(X)
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Corollary 4.12. Both the fundamental ss-morphisms and the funda-

mental groups of a connected ss-manifold X are completely characterized (up

to equivalence of groups) as solutions to the universal factorization problem

(4.7).
P r o o f o f T h e o r e m 4.11. We give up symmetry and shall search for

a morphism π(X) ⇀ G.
Existence. For any f : X ⇀ NG let P = (Pn) be a principal G-bundle

over X classified by f ; we intend to show that P0 admits a canonical left
π(X)-action (with respect to the bundle projection π0 : P0 → X0). So let
C = (c0, y

e1
1 , . . . , y

er
r , cr) be a path in X. In order to associate with C a

G-equivariant isomorphism π−1
0 (cr(1)) → π−1

0 (c0(0)) of the fibres of P0 we
fix u ∈ P0 over cr(1) = α[C] and proceed as follows:

1o As π0 is a covering map, cr admits a unique (continuous) lift c̃r :
[0, 1]→ P0 such that c̃r(1) = u.

2o Assume we have already constructed a lift c̃k : [0, 1] → P0 of ck, for
some k ≥ 0. If k > 0, then the pair (yk, c̃k(0)) is an element of either ε∗0P0

(if ek = 1) or ε∗1P0 (if ek = −1). In view of the canonical isomorphisms
ε∗0P0

∼= P1
∼= ε∗1P0, the pair comes from a point vk ∈ π

−1
1 (yk) ⊂ P1 and thus

gives rise to ε1(v
ek

k ), a uniquely defined point in the fibre of P0 over ε1(y
ek

k ).
c̃k−1 : [0, 1]→ P0 is the only lift of ck−1 such that c̃k−1(1) = ε1(v

ek

k ).
3o By induction, we eventually get a lift c̃0 : [0, 1]→ P0 of c0.

The above lifting procedure 1o–3o gives rise to a path

C̃ = (c̃0, v
e1
1 , . . . , v

er
r , c̃r)

in P , which ends at u and is a lift of C in an obvious sense. We set

C · u := c̃0(0) = initial point of C̃ .

This action is clearly G-equvariant and commutes with composition of paths.
In order to prove its dependence upon the homotopy class of the path only,
it suffices to observe that each elementary homotopy between paths in X
leads to an analogous elementary homotopy between the lifted paths in P .
Hence the initial points of the lifted paths remain fixed.

We have shown that the action of paths descends to an action of the
fundamental groupoid. When endowed with that action (its smoothness is
obvious), P0 represents a morphism of groupoids, P0 : π(X) ⇀ G.

Factorization. It remains to establish an isomorphism of P and the G-
bundle EX(P0) (cf. Corollary 3.7). At the 0-level, π(X) ×π(X) P0

∼= P0 is a
canonical isomorphism concealed in the multiplicative notation of elements
of the first G-bundle. In view of Corollary 2.14, one has to consider the
extension of that isomorphism to

EX(1)×π(X) P0
∼= ε∗0(π(X) ×π(X) P0) = ε∗0P0

(π1,ε0)−1

−−−−→ P1 .
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The only criterion of extendability of the canonical isomorphism to the whole
G-bundles over X is now the equality (cf. (4.6))

(4.8) ([y][C]) · u = ε1(π1, ε0)
−1(y, [C]u)

for any (y, [C]) ∈ EX(1) = X1 ×(ε0,β) π(X) and u ∈ P0 such that α[C] =
π0(u). Since ([y][C]) · u = [y] · ([C] · u), (4.8) follows from step 2o of the
lifting procedure.

Uniqueness. Let Σ : π(X) ⇀ G be any solution to the examined fac-
torization problem. By Corollary 3.7, there is an isomorphism of principal

G-bundles over X, P
∼=→Σ∗(EX). Since over X0 the isomorphism reads

P0
∼= π(X)×π(X) Σ ∼= Σ

we may, and do, represent the morphism by P0 endowed with an appropriate
left π(X)-action. It remains to show that there is at most one G-equivariant
π(X)-action on P0 which satisfies (4.8). To this end, observe that π(X)
is generated by [y], y ∈ X1, and the homotopy classes [c] of small paths
c : [0, 1] → U ⊂ X0, U being any simply connected open subset of X0. The
action of [y], y ∈ X1, is completely characterized by (4.8). As for the other
generators, we see that if U ⊂ X0 is a connected simply connected open
subset and u ∈ P0 is any point such that π0(u) ∈ U , then

— there is a unique continuous section τ : U → α−1(π0(u)) ⊂ π(X) of
β which passes through the unit at π0(u);

— as any action requires 1π0(u) · u = u, every continuous action gives
rise to a continuous local section of P0, U ∋ x → τ(x) · u ∈ P0, through u.
The uniqueness of the action follows from the uniqueness of the section.

Corollary 4.13. For every ss-morphism f : X ⇀ Y of connected ss-

manifolds, and any points x ∈ X0, y ∈ Y0, there is a unique morphism of

groups πyx(f ) : πx(X) ⇀ πy(Y ) such that ΠY,y ◦ f = Nπyx(f ) ◦ΠX,x. Fur-

thermore, there exists a unique morphism of fundamental groupoids π(f ) :
π(X) ⇀ π(Y ) such that the following square commutes:

(4.9)

X
f
−⇀ Y

ΠX ⇂ ⇂ ΠY

Nπ(X)
Nπ(f )
−⇀ Nπ(Y )

The assignment f  π(f ) is a covariant functor.

Throughout the rest of this section we assume all ss-manifolds to be
connected. In order to get an explicit description of the morphisms π(f ) we
recall Theorem 1.12 and consider the case of an arbitrary ss-map f : X → Y
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first. Clearly, f induces a homomorphism of groupoids π(f) : π(X)→ π(Y ),

(4.10) [c0, y
e1
1 , . . . , y

er
r , cr]→ [f0c0, (f1y1)

e1 , . . . , (f1yr)
er , f0cr] ,

which restricts to group homomorphisms πx(f) : πx(X) → πf0x(Y ) for
x ∈ X0.

Proposition 4.14. (i) For any ss-map f : X → Y one has (cf. (3.1))
π([f ]) = [π(f)] : π(X) ⇀ π(Y ).

(ii) Every gluing projection λ : XU → X gives rise to a canonical equiv-

alence of the fundamental groupoids, [π(λ)] : π(XU )
≈
⇀π(X).

(iii) Let f : XU → Y be any representative of an ss-morphism f : X ⇀ Y ,
and λ : XU → X the gluing projection. Then π(f ) = [π(f)] ◦ [π(λ)]−1.

P r o o f. By Corollary 4.13, the first assertion follows from the commu-
tativity of a square analogous to (4.9) on the level of ss-maps already. Parts
(ii)–(iii) are immediate consequences of (i), the functoriality of π(·), and
Theorem 1.12.

Corollary 4.15. If U is any open covering of X0 then

πu(λ) : πu(XU )→ πλ0u(X), u ∈ XU (0) ,

is an isomorphism of the fundamental groups. Furthermore, if f : XU → Y
is any representative of f : X ⇀ Y then for each u ∈ XU (0) the morphism

of groups

πf0u,λ0u(f ) : πλou(X) ⇀ πf0u(Y )

comes from the homomorphism (cf. (3.1))

πλou(X)
πu(λ)−1

−−−→ πu(XU )
πu(f)
−−→ πf0u(Y ) .

R e m a r k 4.16. Part (ii) of Proposition 4.14 together with Corollary 4.15
make the computation of π(X) and πx(X) a purely combinatorial matter.
Namely, one first replaces X with its localization to any simply connected

open covering, and then shrinks every connected component of each Xn,
n ≥ 0, to a point. The Poincaré groupoid (group) of the resulting semi-
simplicial set is canonically equivalent to π(X) (resp., πx(X)).

Example 4.17. For any manifold M , π(NM) is the classical fundamen-
tal (Poincaré) groupoid π(M) of the manifold. Thus we get a recipe for
computing π(M) starting from any simply connected open covering of M .

Example 4.18. For any Lie group G,π(NG) = G/G0 where G0 ⊂ G is
the identity component. The fundamental ss-map πNG : NG → N (G/G0)
comes from the projection G→ G/G0.

Example 4.19. Let Γ be any Galois groupoid on a manifold M (cf.
Remark 4.8). For every x ∈ M , the canonical equivalence Γx →֒ Γ in-
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duces an equivalence of the fundamental groups πx(NΓx)
≈
⇀πx(NΓ ) where

πx(NΓx) = Γx by Example 4.18. The equivalence is generated by an iso-

morphism Γx
∼=→ πx(NΓ ), g → [g].

We close the present section with a theorem which asserts that every
connected ss-manifold admits a simply connected covering ss-manifold .

Proposition 4.20. Let X be a connected ss-manifold , x any point of X0,
and X̃ = X̃x a principal πx(X)-bundle over X classified by the fundamental

ss-morphism. Then

(i) the ss-manifold X̃ is connected , and

(ii) π(X̃) = X̃0 × X̃0, i.e. πu(X̃) = {1u} for u ∈ X̃0.

P r o o f. Recall that X̃0 = α−1(x) ⊂ π(X), X̃1 = ε∗0X̃0 = X1 ×(ε0,β)

α−1(x), and the face operators X̃1 ⇉ X̃0 are

[C]
ε0ր

(y, [C])

ε1ց
[y][C]

(cf. (4.6)). As X̃ → X is a principal πx(X)-bundle, every path C in X

admits a canonical lifting to a path C̃ in X̃ which ends at an arbitrary but
fixed point over the endpoint of C (cf. the existence part of the proof of
Theorem 4.11). In order to prove (i) it suffices to observe that for any path

C such that [C] ∈ X̃0 = α−1(x) the lift C̃ which ends at the unit 1x ∈ X̃0

has the homotopy class [C] for its initial point. The proof goes by induction
on the length of C, i.e. the number of the elements of X1 involved. Namely,

if C = c0 : [0, 1]→ X0 then the lift of C is a path c̃0 : [0, 1]→ X̃0, t→ [c
(t)
0 ],

where

(4.11) c
(t)
0 (τ) =

{
c0(t) for 0 ≤ τ ≤ t ,
c0(τ) for t ≤ τ ≤ 1 ,

so that c
(1)
0 = ωx. In general, if C = (c0, y

e1
1 , c1, . . . , cr), and the assertion

is true for C ′ = (c1, . . . , cr), then we consider two cases:

For e1 = 1, (y1, [C
′]) ∈ X̃1 is the element of the fibre over y1 which joins

[C ′] (= initial point of C̃ ′) to that point over c0(1) to which c0 should be

lifted. As ε1(y1, [C
′]) = [ωε1y1 , y1, c1, . . . , cr], the lift of c0 is c̃0 : [0, 1]→ X̃0,

t→ [c
(t)
0 , y1, c1, . . . , cr], where c

(t)
0 is given by (4.11). Hence c̃0(0) = [C].

If e1 = −1, then [C ′] = ε1w for w = (y1, [y1]
−1[C ′]) ∈ X̃1, so that

ε0w = [ωε0y1 , y
−1
1 , c1, . . . , cr]. The rest goes as above.
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Let now P → X̃ be a principal bundle with a discrete structure group
G. By Corollary 4.12, the assertion (ii) will be demonstrated if we find a

global section s : X̃ → P of the G-bundle, since then every ss-morphism
f : X̃ ⇀ NG will be shown to factorize through (the nerve of) the trivial

group. In order to get a section of P , we fix u ∈ P0 above 1x ∈ X̃0 and
apply the lifting procedure for paths. Namely, for any path C in X whose
homotopy class [C] is in X̃0 we first take the lift C̃ of C to X̃ (with endpoint

1x; cf. the proof of (i)) and then the lift C̃̃ of C̃ to P with endpoint u. This
gives rise to a map

X̃0 ∋ [C]
s0→ initial point of C̃̃ ∈ P0 .

Indeed, if two paths C and C ′ represent the same element of X̃0 then any
sequence of elementary homotopies connecting C and C ′ carries over to
the lifts and yields a homotopy between C̃ and C̃ ′ as well as a homotopy

between C̃̃ and C̃̃ ′. Thus s0 is a well defined section of P0 (its smoothness

is an immediate consequence of the fact that P0 → X̃0 is a covering).
Climbing up to the 1-level, we find two sections of P1 induced by s0 and

the isomorphisms ε∗0P0
∼= P1

∼= ε∗1P0. Our claim is that the two sections are
actually equal, i.e.

(4.12) (π1, ε0)
−1((y, [C]), s0([C])) = (π1, ε1)

−1((y, [C]), s0([y][C]))

for any (y, [C]) ∈ X̃1. Indeed, for C = (c0, y
e1
1 , . . . , cr) let

C ′ = (ωε1y, y, C) := (ωε1y, y, c0, y
e1
1 , . . . , cr)

be a path representing the homotopy class [y][C]; its lift to X is C̃ ′ =

(ωε1ỹ, ỹ, C̃) for ỹ = (y, [C]) ∈ X̃1, and the lifting procedure yields C̃̃ ′ =

(ωε1˜̃y, ỹ̃ , C̃̃ ) in P , where ỹ̃ = (π1, ε0)
−1(ỹ, s0([C])). Now the defining equality

s0([C
′]) = ε1 ỹ̃ proves (4.12).

We have shown that for any principal G-bundle P over X̃ there is a
section s0 : X̃0 → P0 which satisfies (4.12). In order to derive from this a
factorization of the classifying ss-morphism through the trivial group, it re-
mains to compare (4.12) with (2.5). In fact, (4.12) ensures the extendability

of s0 to a global section s : X̃ → P .

Corollary 4.21. Given an ss-morphism f : X ⇀ Y of connected ss-

manifolds, the induced morphism πyx(f ) : πx(X) ⇀ πy(Y ) x ∈ X0, y ∈
Y0, is generated by epimorphisms of the groups iff f pulls back the simply

connected πy(Y )-bundle Ỹ → Y to a connected one.

Note that since every morphism of groups is a conjugacy class of ho-
momorphisms, either all the homomorphisms are epimorphisms or none of
them is.
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P r o o f. By Proposition 2.10, Corollary 4.13, and Corollary 3.7, we suc-
cessively have

f ∗Ỹ = f ∗Π∗
Y,yNπy(Y ) = (ΠY,y ◦ f )∗Nπy(Y )

= (Nπyx(f ) ◦ΠX,x)
∗Nπy(Y ) = πyx(f )∗(Π

∗
X,xNπx(X)) = πyx(f )∗X̃

for the πx(X)-bundle X̃ = X̃x over X. In other words, if a homomorphism

h : πx(X) → πy(Y ) generates πyx(f ) then the h-extension h∗X̃ (cf. Exam-

ple 3.4) represents the pull-back f ∗Ỹ . Consequently, one has to examine

the connectedness of h∗X̃ and relate it to the surjectivity of h.
If h is onto, then the canonical ss-map X̃ → h∗X̃,

(4.13) X̃n ∋ u→ u · 1y ∈ X̃n ×h πy(Y ) ,

is surjective at every level; thus the connectedness of X̃ is inherited by h∗X̃ .
If h is not onto, then the ss-map (4.13) sends X̃ to a connected compo-

nent of h∗X̃ . As the group πy(Y ) is discrete, the other components corre-
spond to the left cosets of h(πx(X)) ⊂ πy(Y ).

II. Foliations of semi-simplicial manifolds

We enlarge the category considered in Part I by admitting foliations on
ss-manifolds. Fortunately, there is a natural way of distinguishing those
ss-morphisms which should be understood as morphisms of the extended
category, as well as those which are transverse to foliations. In the case
of classifying ss-morphisms of the form X ⇀ NΓ these properties are ex-
pressed in terms of the associated Γ -bundles (Thm. 1.17). Section 2 contains
a classification theorem for foliations (Thm. 2.1) and a general approach to
transverse projections. For an arbitrary foliation we prove the existence
and uniqueness of a minimal transverse projection (Thm. 3.2). Intuitively,
a minimal transverse projection for a foliated ss-manifold (X,F) is a “surm-
ersion” X ⇀ X/F which induces F from the discrete foliation of a certain
ss-manifold X/F ; every foliation of X weaker than F projects to a foliation
of X/F (Thm. 3.13). It is shown that the minimal transverse projection
induces an epimorphism of fundamental groups (Thm. 4.1). Furthermore,
the projection contracts every leaf L of F to its holonomy group (Thm. 4.5).
Section 5 presents implicit Γ -foliations given by geometric structures over
foliated ss-manifolds. We construct the universal foliated G-bundle for fo-
liated ss-manifolds of any fixed codimension, and the universal G-foliation
(G-structure).

II.1. Foliated ss-manifolds. A q-codimensional foliation F of an n-
dimensional manifold M(n ≥ q ≥ 0) is a topology in M , stronger than the
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original one, such that every point of M admits a chart ϕ : U → R
n =

R
n−q×R

q which induces a homeomorphism of (U,F |U) into R
n−q× (Rq, δ),

δ being the discrete topology. Alternatively, F is characterized by a maximal
collection Subm(F ) of submersions M ⊃ U → R

q continuous in the foliation
topologies, i.e. inducing a map (U,F |U) → (Rq, δ); on the overlaps, any
two such submersions differ (locally) by a diffeomorphism of R

q. The last
property distinguishes the sets of submersions which come from foliations
(see [18], [20], [22], [23], [25], for a more complete treatment).

Each q-codimensional foliation F induces on setM a structure of an
(n − q)-dimensional manifold MF such that the identity map i : MF →
M is an immersion; the connected components of MF are leaves of F .
The involutive subbundle TF := i∗TM

F ⊂ TM is the tangent bundle of
the foliation. According to the classical Frobenius Theorem, any involutive
subbundle of TM is the tangent bundle of a (unique) foliation of M .

Any pair (M,F ) composed of a manifold and its foliation is a foliated

manifold . We shall regard manifolds as foliated by the only 0-codimensional
foliation. A map of foliated manifolds f : (M ′, F ′)→ (M,F ) is any smooth
map f : M ′ →M continuous in the foliation topologies. Infinitesimally, this
reads

(1.1) f∗(TF
′) ⊂ TF .

For every such f the induced map f ′ : M ′F ′

→MF is smooth.
A pair of foliations (F,F ′) of the same manifold M is a flag if TF ⊂ TF ′

or, equivalently, if idM : (M,F )→ (M,F ′).
For any map f : M ′ →M transverse to a foliation F of M (i.e. to MF ;

notation f ⋔ F ) the pull-back topology f−1F together with the manifold
topology of M ′ generate a pull-back foliation f∗F of M ′. We recall that the
transversality means

(1.2) f∗(TxM
′) + Tf(x)F = Tf(x)M

for x ∈M ′. Then

(1.3) T (f∗F ) = f−1
∗ (TF )

so that f : (M ′, f∗F )→ (M,F ).
The following property is classical and follows from (1.1)–(1.3).

Proposition 1.1. For any foliated manifold (M,F ) and every map f :
M ′ →M transverse to F ,

(i) a map g : M ′′ → M ′ is transverse to f∗F iff the composition fg is

transverse to F , and g∗f∗F = (fg)∗F ,
(ii) given any foliated manifold (M ′′, F ′′) and a map g : M ′′ →M ′, one

has g : (M ′′, F ′′)→ (M ′, f∗F ) iff fg : (M ′′, F ′′)→ (M,F ).
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The pull-back of foliations agrees with that of immersed submanifolds.
Namely, we recall that for any immersed submanifold i : N →֒ M each
map f : M ′ → M transverse to N pulls it back to an immersed submani-
fold f−1N →֒ M ′, which is diffeomorphic (via (id, f)) to the fibre product
M ′ ×(f,i) N ⊂M ′ ×N . In this sense, for f ⋔ F the pull-back foliation f∗F
induces on M ′ the manifold structure of f−1(MF ).

Proposition 1.2. Let f : (M,F ) → (M ′, F ′) be a map of foliated

manifolds, and g : N → M ′ a submersion. Then both the projection

f : M ×(f,g) N → M and the induced map g′ : Ng∗F ′

→ M ′F ′

are sub-

mersions, and

(M ×(f,g) N)f̄
∗F = MF ×(f ′,g′) N

g∗F ′

.

P r o o f. That f and g′ are submersions is evident. In order to examine
the two manifold structures on setM×(f,g) setN , we recall that the manifold

on the left is f−1(MF ), and its differentiable structure is characterized by
its imbedding in (M ×(f,g) N) × MF . Since the immersions MF →֒ M ,

Ng∗F ′

→֒ N lead to a smooth map ofMF×(f ′,g′)N
g∗F ′

to (M×(f,g)N)×MF

whose image equals that of f−1(MF ), the identity map

MF ×(f ′,g′) N
g∗F ′

→ (M ×(f,g) N)f̄
∗F

is smooth. To prove that it is actually a diffeomorphism, it remains to
compare the respective tangent spaces in M ×(f,g) N . One has

(v,w) ∈ T(x,y)(M
F ×(f ′,g′) N

g∗F ′

) = TxM
F ×(f ′

∗
,g′

∗
) TyN

g∗F ′

iff v ∈ TxF , w ∈ Ty(g
∗F ′), and f∗v = g∗w. Since f∗(TxF ) ⊂ Tf(x)F

′, an
equivalent condition is

(v,w) ∈ T(x,y)(M ×(f,g) N) and v = f∗(v,w) ∈ TxF ,

i.e. (v,w) ∈ T(x,y)(f
∗F ).

We shall say that an immersed submanifold N →֒ M is tangent to a
foliation F of M if

(1.4) TxF ⊂ TxN

for x ∈ N . If this is the case then there is a unique foliation F |N of N (the
restriction of F to N) such that

(1.5) T (F |N) = TF |N .

Proposition 1.3. Let f : M ′ →M be a map transverse to a foliation F
of M , and N →֒M an immersed submanifold tangent to F . Then

(i) the submanifold N ′ = f−1N →֒M ′ is tangent to f∗F ,
(ii) the restriction f |N ′ : N ′ → N is transverse to F |N , and

(iii) (f |N ′)∗(F |N) = (f∗F )|N ′.
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P r o o f. Apply (1.2)–(1.5).

We are now ready to pass to semi-simplicial manifolds.

Definition 1.4. A sequence of foliations F = (Fn)n≥0 is a q-codimen-

sional foliation of an ss-manifold X = (Xn)n≥0 if each Fn is a q-codimen-
sional foliation of Xn, for n ≥ 0, and

ε∗iFn−1 = Fn

for i ≤ n, n ≥ 1.

According to Proposition 1.1(i), the equalities εiηi = id guarantee that
η∗i Fn = Fn−1, i < n, for every foliation F of X. Thus the leaf manifolds
XFn
n form an ss-manifold

XF = (XFn
n )n≥0

and there is a canonical ss-map i : XF → X composed of the appropriate
immersions. The connected components of XF are leaves of F .

Any foliation F of X is completely determined by F0. Conversely, a
foliation F0 of X0 generates a foliation of X iff ε∗0F0 = ε∗1F0 on X1 and all
the maps εn0 : Xn → X0, n ≥ 1, are transverse to F0 (cf. Proposition 1.1(i)).

Definition 1.5. A foliated ss-manifold is any pair (X,F ) composed of
an ss-manifold and a foliation of it. An ss-map f : Y → X gives rise to an ss-

map of foliated ss-manifolds f : (Y, F ′) → (X,F ) if fn : (Yn, F
′
n) → (Xn, Fn)

for n ≥ 0.

In view of Proposition 1.1(ii), f : (Y, F ′) → (X,F ) iff f0 : (Y0, F
′
0) →

(X0, F0); any such f yields a commuting square

(1.6)

(Y, F ′)
f

−→ (X,F )

i

x
xi

Y F
′ f ′

−→ XF

where f ′ is induced by f , and the bottom ss-manifolds are considered with
the 0-codimensional foliations. This convention will be frequently used in
the sequel.

Definition 1.6. An ss-map f : Y → X is transverse to a foliation F
of X (notation f ⋔ F ) if fn : Yn → Xn is transverse to Fn for every n ≥ 0.
For any f ⋔ F the sequence

f∗F = (f∗
nFn)n≥0

is a pull-back foliation of F by f .

By Proposition 1.1(i), f ⋔ F iff f0 ⋔ F0 and the pull-back foliation f∗
0F0

of Y0 generates a foliation of Y .
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Example 1.7. If all the levels Xn of X are of the same dimension m, and
the structure operators are local diffeomorphisms, then X admits a unique
discrete (m-codimensional) foliation given by the discrete topology on every
Xn. We shall denote this discrete foliation by Fδ .

Example 1.8. Any foliation F of the nerve NΓ of a groupoid Γ comes
from a foliation F0 of the manifold of unitsN = N0Γ such that α∗F0 = β∗F0

(= F1) on Γ = N1Γ . The manifold ΓF1 inherits from Γ a groupoid structure
over NF0 , and one has (NΓ )F = N (ΓF1) (cf. Proposition 1.2).

Example 1.9. For any foliation F of X and every open covering U of
X0, the gluing projection λ : XU → X is transverse to F ; the pull-back
foliation FU := λ∗F is the localization of F to U .

Our next goal is to pull foliations back by some ss-morphisms.

Lemma 1.10. For any foliation F ′ of XU , there exists exactly one folia-

tion F of X such that F ′ = FU .

P r o o f. Let U = (Ua)a∈A. For any a the inclusion map ia : Ua →֒ XU (0)
pulls back F ′

0 to a foliation of Ua; the resulting foliations come from a global
foliation F0 of X0 if they agree on the overlaps. So let a, b ∈ A, and let
η : Ua ∩ Ub → XU (1) be the map x → (a, b; η0x). Since ia|Ua ∩ Ub = ε1η
and ib|Ua ∩ Ub = ε0η, η is transverse to F ′

1, and moreover i∗aF
′
0|Ua ∩ Ub =

η∗F1 = i∗bF
′
0|Ua ∩ Ub.

It remains to check that F0 does generate a foliation of X. This is so,
for every composition

iah
◦ ε n−h

1 ε h
0 |(ε n

1 )−1Ua0
∩ . . . ∩ (ε n

0 )−1Uan
= ε n−h

1 ε h
0 ◦ ia0...an

is transverse to F ′
0, ia0...an

being the inclusion in XU (n), and

ε∗1F0|ε
−1
1 Ua ∩ ε

−1
0 Ub = i∗abF

′
1 = ε∗0F0|ε

−1
1 Ua ∩ ε

−1
0 Ub .

Proposition 1.11 ([2]). Let F be a foliation of an ss-manifold X. For

every ss-morphism f : Y ⇀ X the following two conditions are equivalent :

(i) there exists an ss-map f : YU → X representing f and transverse

to F ;
(ii) there is a foliation F ′ of Y such that every representative f : YU →

X of f is transverse to F and pulls it back to a localization of F ′.

Proposition 1.12. For any two foliated ss-manifolds (X,F ) and (X,F ′)
and every ss-morphism f : Y ⇀ X the following conditions are equivalent :

(i) there is a representative f : YU → X of f such that f : (XU , F
′
U ) →

(X,F );
(ii) every representative f : YU → X of f gives rise to an ss-map of

foliated ss-manifolds f : (YU , F
′
U ) → (X,F ).
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P r o o f o f P r o p o s i t i o n 1.11. Evidently, (ii)⇒(i). So, assume that
an ss-map f : YU → X is transverse to F . By Lemma 1.10, f∗F = F ′

U

for a foliation F ′ of Y . It remains to check that any ss-map g : YV →
X elementarily equivalent to f is also transverse to F , and the pull-back
foliation is F ′

V . If g = f̺#, then the transversality of g to F is obvious. Thus
we assume f = g̺#, so that U = (Ua)a∈A is a refinement of V = (Vi)i∈I ,
and ̺ : A→ I denotes a refinement map. Our claim is that each component

gn,i0...in : (ε n
1 )−1Vi0 ∩ . . . ∩ (ε n

0 )−1Vin → Xn

of gn is transverse to Fn, for n ≥ 0. Since transversality is a local prop-
erty, it suffices to demonstrate it on each W = (ε n

1 )−1(Vi0 ∩ Ua0
) ∩ . . .

. . . ∩ (ε n
0 )−1(Vin ∩ Uan

), a0, . . . , an ∈ A. Now the map

W ∋ x
η
→ (i0, ̺(a0), . . . , in, ̺(an); η0η1 . . . ηnx) ∈ YV(2n+ 1)

is clearly well defined and satisfies

εn+1εn . . . ε1η(x) = (i0, . . . , in;x), εn . . . ε1ε0η(x) = (̺(a0), . . . , ̺(an);x) ,

so that

(1.7) gn,i0...in |W = εn+1 . . . ε1 ◦ g2n+1η, fn,a0...an
|W = εn . . . ε0 ◦ g2n+1η .

By Proposition 1.1(i), the fact that the last map is transverse to Fn implies
the transversality of g2n+1η to

(εn . . . ε0)
∗Fn = F2n+1 = (εn+1 . . . ε1)

∗Fn

and finally the transversality of εn+1 . . . ε1 ◦ g2n+1η to Fn, as was to be
shown. Since ̺∗#(g∗F ) = f∗F , the two pull-back foliations are localizations
of a common one.

P r o o f o f P r o p o s i t i o n 1.12. As in the above proof, it suffices to
consider two representatives f : YU → X and g : YV → X of f such that
f = g̺# and f : (YU , F

′
U ) → (X,F ). Then (1.7) (for n = 0) together with

Proposition 1.1(ii) imply first that g1η : (Vi ∩Ua, F ′
0|Vi ∩Ua) → (X1, F1) for

all i, a, and then g0i : (Vi, F
′
0|Vi) → (X0, F0) for i ∈ I.

Definition 1.13. Any ss-morphism f : Y ⇀ X which satisfies the equiv-
alent conditions (i)–(ii) of Proposition 1.11 is transverse to F (notation
f ⋔ F ); the unique foliation F ′ of Y characterized by (ii) is the pull-back of
F by f , to be denoted by f

∗F .

An ss-morphism of foliated ss-manifolds f : (Y, F ′) ⇀ (X,F ) is any
ss-morphism f : Y ⇀ X satisfying conditions (i)–(ii) of Proposition 1.12.

Clearly,

(1.8) f : (Y, f∗F ) ⇀ (X,F )
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if f ⋔ F . One can easily see that foliated ss-manifolds and their ss-mor-
phisms constitute a category. Foliated ss-manifolds isomorphic in that cat-
egory will be called equivalent .

Proposition 1.14. Every ss-morphism of foliated ss-manifolds f :
(Y, F ′) ⇀ (X,F ) descends functorially to an ss-morphism f

′ : Y F
′

⇀ XF

such that the square

(Y, F ′)
f

−⇀ (X,F )

i

x
xi

Y F
′ f

′

−⇀ XF

commutes (after passing to ss-morphisms).

P r o o f. By (1.6), every representative f : YU → X of f gives rise to a
commuting square

YU
f

−→ X

i

x
xi

(Y F
′

)U = (YU )F
′

U
f ′

−→ XF

where the covering U of Y0 is also an open covering of Y
F ′

0

0 = Y F
′

(0). If f
ranges over f , the respective ss-maps f ′ are all equivalent to one another and
represent an ss-morphism f

′ : Y F
′

⇀ XF . The functoriality is evident.

Corollary 1.15. The leaves of equivalent foliated ss-manifolds are mu-

tually equivalent.

P r o o f. Cf. Proposition I.1.19.

The next assertion generalizes Proposition 1.1.

Proposition 1.16. Let f : Y ⇀ X be an ss-morphism transverse to a

foliation F of X, and g : Z ⇀ Y another ss-morphism. Then

(i) f ◦ g ⋔ F iff g ⋔ f
∗F , and

(ii) (f ◦ g)∗F = g∗f ∗F .

If , moreover , Z is foliated by a foliation F ′, then

(iii) f ◦ g : (Z,F ′) ⇀ (X,F ) iff g : (Z,F ′) ⇀ (Y, f ∗F ).

P r o o f. For any representatives f : YU → X of f and g : ZV → Y of g,
the local character of the examined properties ensures that g ⋔ f

∗F iff gU ⋔
f∗F (= (f ∗F )U ) and that g : (ZV , F

′
V) → (Y, f ∗F ) iff gU : (Zg−1U , F

′
g−1U) →

(YU , f
∗F ). This reduces all the assertions to Proposition 1.1.
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In view of Theorem I.2.12, any ss-morphism f : X ⇀ NΓ of an ss-
manifold X to the nerve of a groupoid Γ can be identified with an isomorphy
class of principal Γ -bundles over X. The question of whether f is transverse
to a foliation of NΓ or is an ss-morphism of foliated ss-manifolds leads to
the following useful characterization.

Theorem 1.17. Let Γ be a groupoid (over a manifold N), f : X ⇀ NΓ
an ss-morphism to NΓ , and π : E → X a principal Γ -bundle classified

by f .

(i) For any foliation F̂ of NΓ , f is transverse to F̂ iff the ss-map

α : E → NN composed of the source maps αn : En → N , n ≥ 0, is

transverse to F̂0 trivially extended to NN . If this is the case then the

pull-back foliation F = f
∗F̂ is characterized by the identity π∗F = α∗F̂0

(on E).

(ii) For any foliation F of X and F̂ of NΓ , f is an ss-morphism of

foliated ss-manifolds iff α : (E, π∗F ) → (NN, F̂0). If this is the case then

the induced ss-morphism f ′ : XF ⇀ (NΓ )F̂ = N (Γ F̂1) is the classifying ss-

morphism for the principal Γ F̂1-bundle π′ : Eπ
∗F → XF (cf. Example 1.8).

P r o o f. Let sa : Ua → E0, a ∈ A, be any collection of local sections of E0

over an open covering U = (Ua)a∈A of X0. By the proof of Theorem I.2.12
(see also Example I.1.6), f is represented by an f : XU → NΓ such that

f0 =
∑

a

α0 ◦ sa :
∐

a

Ua → N

while the fn, n ≥ 1, come from the corresponding Γ -cocycle (cf. I(1.3)).

(i) f ⋔ F̂ iff f ⋔ F̂ , i.e. iff fn ⋔ F̂n for n ≥ 0. As F̂n = (ε n
0 )∗F̂0, fn ⋔ Fn,

iff fn ◦ ε n
0 ⋔ F̂0. Consequently, the transversality of f is equivalent to the

condition

(1.8) α0 ◦ s ◦ ε
n

0 ⋔ F̂0, n ≥ 0 ,

for every local section s : X0 ⊃ U → E0. Clearly, α0s ⋔ F̂0 for every s
implies α0 ⋔ F̂0; by commutativity of the diagram

(1.9)

X0 ⊃ U
s

−−−→ E0
ցα0

ε n
0

x ε n
0

x N
րαn

Xn ⊃ (ε n
0 )−1U

s(n)

−→ En

where s(n) is the induced section of En ∼= (ε n
0 )∗E0, (1.8) ensures that

αn ⋔ F̂0 for every n ≥ 0. Hence f ⋔ F̂ implies α ⋔ F̂0.
To prove the converse, consider a principal Γ -bundle E′ over a manifold

M . Any local section s : M ⊃ U → E′ yields a trivialization U ×(αs,β) Γ
∼=→
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π−1(U) ⊂ E′ compatible with both the bundle projection π and the source

map α. If α ⋔ F̂0, then

α∗T(x,y)(U ×(αs,β) Γ ) + TαgF̂0 = TαgN

for every (x, g) ∈ U×(αs,β)Γ . Assuming this, let us show that then α◦s ⋔ F̂0.

Indeed, for any w ∈ Tαs(x)N , x ∈ U , there is a w′ ∈ Tαs(x)F̂0 and a vector

(1.10) (u, v) ∈ T(x,αs(x))(U ×(αs,β) Γ ) = TxU ×((αs)∗ ,β∗) Tαs(x)Γ

such that

w = α∗(u, v) + w′ = α∗v +w′ = (αs)∗u+ (α∗v − β∗v) + w′

by (1.10). Since for the inclusion map i : N →֒ Γ , v − i∗β∗v ∈ ker β∗ is an

element of (β∗αs(x))
−1Tαs(x)F̂0 = Tαs(x)F̂1, one has

α∗v − β∗v = α∗(v − i∗β∗v) ∈ Tαs(x)F̂0

and the decomposition of w ensures the transversality of α ◦ s to F̂0.
By the above reasoning (for E′ = En) and diagram (1.9), αn ⋔ F̂0 for

n ≥ 0 implies (1.8), i.e. f ⋔ F̂ .
In order to establish the equality which characterizes the pull-back folia-

tion, we lift f to an ss-morphism f of Γ -bundles and consider the following
diagram which commutes after passing to ss-morphisms:

NN
αր տα

E
f̄

−⇀ NΓ

π

y
yπ

X
f

−⇀ NΓ

One has

π∗f ∗F̂ = f
∗
π∗F̂ = f

∗
α∗F̂0 = α∗F̂0

where π∗F̂ = α∗F̂0 on NΓ since both the foliations are equal (to F̂1) at the
0-level.

(ii) We shall show that α0 : (E0, π
∗
0F0) → (N, F̂0) iff f0 is foliation-

preserving, i.e. iff α0s : (U,F0|U) → (N, F̂0) for every local section s : X0 ⊃
U → E0. Since s ⋔ π∗

0F0 and F0|U = s∗π∗
0F0, the “only if” part is trivial.

To prove the other part assume that s : U → E0 is any section such that

(1.11) (α0s)∗(TxF0) ⊂ Tα0s(x)F̂0 for x ∈ U ;

we may hope that α0|π
−1
0 U is then foliation-preserving. This is clearly

equivalent to

(1.12) α : (U ×(α0s,β) Γ, π
∗(F0|U)) → (N, F̂0) .
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By (1.3), a vector (u, v) ∈ TxU ×((α0s)∗,β∗) TgΓ is in T(x,g)π
∗(F0|U), with

(x, g) ∈ U ×(α0s,β) Γ , iff u = π∗(u, v) ∈ TxF0. Then, successively, β∗v =

(α0s)∗u ∈ TβgF̂0, by (1.11), v ∈ (β∗g)
−1TβgF̂0 = TgF̂1, and α∗v ∈ TαgF̂0.

Since α∗(u, v) = α∗v, this yields (1.12) and implies the first assertion of (ii).
Observe now that for any principal Γ -bundle π : E′ →M over a manifold

M endowed with a foliation F ′, if α : (E′, π∗F ′) → (N, F̂0) then there are
well defined induced maps

E′π∗F ′ α′

−→ N F̂0

π′

y

MF ′

Furthermore, every local section M ⊃ U
s
→ E′ gives rise to s′ : MF ′

⊃
UF

′|U → E′π∗F ′

, a section of π′, and—in the same vein—the isomorphism
of foliated manifolds

(U ×(αs,β) Γ, π
∗(F ′|U))

∼=→ (π−1U, π∗F ′|π−1U)

induces a diffeomorphism

(U ×(αs,β) Γ )π
∗(F ′|U) ∼=→ (π−1U)π

∗F ′|π−1U ,

i.e. (cf. Propositions 1.2 and 1.3(iii))

UF
′|U ×(α′s′,β′) Γ

F̂1
∼=→ π′−1(UF

′|U ) ⊂ E′π∗F ′

.

This local triviality condition ensures that the Γ -bundle structure on E′

descends to a principal Γ F̂1-bundle structure on E′π∗F ′

.
Returning to the considered principal Γ -bundle E → X and applying

the above reasoning to every level, we conclude that Eπ
∗F → XF is a

principal Γ F̂1-bundle. Moreover, as every section sa : Ua → E0, a ∈ A,

induces a section of Eπ
∗F (0), there is a representative f̃ : (XF )U ′ → NΓ F̂1 ,

U ′ = (U
F0|Ua
a )a∈A, of the classifying ss-morphism f̃ for Eπ

∗F which—on
the set level—consists of the same maps as f does. Consequently, f is an
ss-map of foliated ss-manifolds, f̃ = f ′ is the induced ss-map, and f̃ = f

′ is
the induced ss-morphism (cf. Proposition 1.14).

Corollary 1.18. Let Γ and Γ ′ be equivalent groupoids, and f : NΓ ⇀
NΓ ′ an equivalence. Then

(i) f is transverse to every foliation F ′ of NΓ ′, and the assignment

F ′  f
∗F ′ is a bijection of the set of foliations of NΓ ′ onto the set of

foliations of NΓ ;
(ii) if F and F ′ are foliations of NΓ and NΓ ′, respectively , such that

f : (NΓ,F ) ⇀ (NΓ ′, F ′) is an equivalence of foliated ss-manifolds, then

F = f
∗F ′.
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P r o o f. Let Σ : Γ ⇀ Γ ′ be the unique morphism of groupoids such that
f = NΣ; it is represented by a principal Γ ′-bundle Σ over N , the units of Γ ,
equipped with a Γ ′-equivariant left Γ -action, while the principal Γ ′-bundle
E classified by f is an extension of E0 = Σ to the whole of NΓ . According
to Theorem I.3.2, the invertibility of f implies that α : Σ → N ′ (N ′ the
units of Γ ′) is a submersion, and is therefore transverse to every foliation of
N ′. The same reasoning applied to f −1 yields (i). Since f −1 = N tΣ comes
from the transposition of Σ, the assumption of (ii) implies

α : (Σ,π∗F0) → (N ′, F ′
0), π : (Σ,α∗F ′

0) → (N,F0) ,

so that T (π∗F0) = T (α∗F ′
0). Equality of the two foliations of Σ = E0

ensures that π∗F = α∗F ′ on E, as was to be shown.

II.2. Foliations modelled on a pseudogroup. Let Γq denote the
groupoid of germs of local diffeomorphisms of R

q, q ≥ 0. Γq carries a
canonical structure of a (highly non-Hausdorff) q-dimensional manifold, and
so do all the levels of its semi-simplicial nerve. Since the structure operators
of NΓq are local diffeomorphisms, this ss-manifold admits a discrete foliation
Fδ.

Theorem 2.1. For every ss-manifold X and any q-codimensional folia-

tion F of X there exists a unique ss-morphism f : X ⇀ NΓq transverse to

Fδ such that F = f ∗Fδ.

Definition 2.2. The unique ss-morphism f : X ⇀ NΓq such that
f ∗Fδ = F is the classifying ss-morphism for F .

Before demonstrating the theorem in general consider a q-codimensional
foliation F of a manifold M . We shall denote by EF the manifold of germs

EF = {[ϕ, x]; ϕ ∈ Subm(F ), x ∈ Domain(ϕ)} ,

which carries the sheaf manifold structure with respect to the projection
EF ∋ [ϕ, x] → x ∈M . When endowed with the left Γq-action

[γ, y] · [ϕ, x] = [γϕ, x] iff y = ϕ(x)

EF becomes the canonical (left) principal Γq-bundle over M associated with
the foliation (cf. [2]). Every transverse map f : M ′ → M admits a Γq-

equivariant lift f̃ : Ef∗F → EF ,

(2.1) [ϕ ◦ f, x]
f̃
→ [ϕ, f(x)] .

Consequently, for each q-codimensional foliation F = (Fn) of an ss-manifold
X, EF := (EFn

) inherits fromX the structure operators and is the canonical

principal Γq-bundle over X associated with F .
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P r o o f o f T h e o r e m 2.1. Let F be a q-codimensional foliation of X.
We claim that the classifying ss-morphism f : X ⇀ NΓq for EF is transverse
to Fδ and pulls it back to F . Indeed, for any submersion ϕ : X0 ⊃ U → R

q, if
ϕ ∈ Subm(F0) then ϕ◦ε n

0 ∈ Subm(Fn), n ≥ 1. In view of Theorem 1.17(i),
this implies f ⋔ Fδ, f ∗Fδ = F .

To prove the uniqueness of the ss-morphism, consider any Γq-cocycle
(γab) on X with respect to a covering U = (Ua)a∈A, such that the associated
ss-map f : XU → NΓq is transverse to the discrete foliation and pulls it
back to FU . Since f0(a, ·) = γaaη0 and f1(a, b; ·) = γab (cf. I(1.3)), one has
ϕa := γaaη0 ∈ Subm(F0), while the equalities

α ◦ γab = ε0 ◦ f1(a, b; ·) = ϕb ◦ ε0 ,

β ◦ γab = ε1 ◦ f1(a, b; ·) = ϕa ◦ ε1

imply

[ϕa ◦ ε1, ·] = γab[ϕb ◦ ε0, ·] .

Thus the Γq-cocycle is a cocycle description of the canonical Γq-bundle EF
(with respect to the sections sa = [ϕa, ·], a ∈ A; cf. I(2.5)), and f represents
the classifying ss-morphism f .

Example 2.3. For any q-dimensional manifold N let ΓN be the groupoid
of germs of local diffeomorphisms of N (equipped with the sheaf topol-
ogy and the corresponding differentiable structure). The classifying ss-
morphism NΓN ⇀ NΓq for the discrete foliation is an equivalence. This is
the only equivalence of those ss-manifolds, for every invertible ss-morphism
f : NΓN ⇀ NΓq must be transverse to Fδ (cf. Corollary 1.18), and f

∗Fδ is
the only q-codimensional foliation of NΓN—the discrete foliation.

We already know that every q-codimensional foliation F of an ss-manifold
X is a pull-back of a universal (discrete) foliation by a transverse ss-mor-
phism X ⇀ NΓq (equivalently, X ⇀ NΓN for any manifold N of dimension
q). The transverse ss-morphism can be regarded as a submersion shrinking
the leaves; its “range” should characterize the complexity of the foliation.
Since submersions are open mappings, it is reasonable to look for the range
among open subgroupoids of some ΓN .

Any open subgroupoid Γ ⊂ ΓN , N a manifold, consists of the germs of
elements of a uniquely defined pseudogroup of diffeomorphisms of N . More
generally, by a groupoid of germs we shall mean any groupoid Γ whose
source and target maps α, β : Γ → N are local diffeomorphisms, and which
can be identified with an open subgroupoid of ΓN via a map

(2.2) Γ ∋ g
i
→ [β ◦ (α|Ug)−1, αg] ∈ ΓN

where Ug ⊂ Γ denotes any neighbourhood of g such that α|Ug is a diffeo-
morphism. The pseudogroup generated by the compositions β◦(α|U)−1 will
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be referred to as the underlying pseudogroup for Γ .

Definition 2.4. An ss-morphism f : X ⇀ NΓ is a transverse projection

for a foliation F of X if Γ is a groupoid of germs, f is transverse to the
discrete foliation Fδ of NΓ , and F = f

∗Fδ .

A Γ -foliation on X is any pair (F, f ) such that F is a foliation of X and
f : X ⇀ NΓ a transverse projection for F .

By abuse of language, a foliation F ofX is called a Γ -foliation if it admits
a transverse projection to NΓ , i.e. if its classifying ss-morphism admits a

factorization X ⇀ NΓ
[N i]
⇀ NΓN .

For any principal Γ -bundle π : E → X, Γ a groupoid of germs, the
bundle projection consists of local diffeomorphisms, for so are the source
and target maps of Γ . This motivates

Definition 2.5. Given a groupoid of germs Γ , a principal Γ -bundle
π : E → X is an unrolling Γ -bundle for a foliation F of X if the pull-back
foliation π∗F of E comes—via the source map α—from the discrete foliation

F
(N)
δ of the units N of Γ , i.e. if α ⋔ F

(N)
δ and π∗F = α∗F

(N)
δ .

In view of Theorem 1.17(i), the notions of transverse projection and
unrolling Γ -bundle are dual to each other:

Proposition 2.6. For any groupoid of germs Γ , a principal Γ -bundle E
over X is unrolling for a foliation F of X iff the classifying ss-morphism

f E : X ⇀ NΓ is a transverse projection for Γ .

A Γ -bundle E over a manifold M is unrolling for a foliation of M if so
is the trivial extension NE → NM . Clearly, the structure of E is then
completely determined by the so-called distinguished submersions,

ϕ : M ⊃ U
s
→E

α
→N

where s ranges over local sections of E. More precisely, the sheaf Ẽ of
germs of all distinguished submersions for E is a left principal Γ -bundle (an
i(Γ )-bundle; cf. (2.2)) over M , and the map

(2.3) E ∋ s(x)g → ig−1[αs, x] ∈ Ẽ

is a well defined canonical isomorphism. Ẽ is thus a canonical form of E.
The next lemma is straightforward.

Lemma 2.7. If f : M ′ →M is transverse to F , and E →M an unrolling

Γ -bundle for F , then

(i) the pull-back f∗E is unrolling for the pull-back foliation f∗F of M ′;

(ii) the distinguished submersions for f∗E are all maps locally of the

form ϕ ◦ f , where ϕ ranges over the distinguished submersions for E;
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(iii) in terms of the canonical forms of the Γ -bundles, the lift f∗E → E
of f reads [ϕ ◦ f, x] → [ϕ, f(x)] (cf. (2.1)).

Corollary 2.8. If a principal Γ -bundle E over an ss-manifold X is

unrolling for a foliation F = (Fn), then each En is an unrolling Γ -bundle

for Fn, n ≥ 0. Furthermore, the sequence Ẽ = (Ẽn) of the respective

canonical Γ -bundles equipped with the structure operators

[ϕ ◦ εi, x]
εi→ [ϕ, εix], [ψ ◦ ηj , x]

ηj

→ [ψ, ηjx]

is a principal Γ -bundle isomorphic to E.

R e m a r k 2.9. When dealing with a groupoid of germs Γ it is conveni-
ent—for notational reasons—to consider left rather than right principal Γ -
bundles. We recall that a left bundle is endowed with a target map β : E →
N (N the units of Γ ), and the action (g, z) → gz is defined on the fibre
product Γ ×(α,β) E.

Let f : X ⇀ NΓ be a transverse projection for a foliation F of an
ss-manifold X. Among all isomorphic pull-backs of NΓ by f there is a
canonical Γ -bundle Ẽ given by Corollary 2.8. The intrinsic character of
the structure operators of Ẽ ensures that the whole Γ -bundle is completely
determined by Ẽ0.

Definition 2.10. Without referring directly to the classified Γ -bundle,
the distinguished submersions for Ẽ0 (i.e. local sections followed by the
target map) will be called distinguished submersions for f .

The notion of distinguished submersion is useful in constructing trans-
verse projections.

Theorem 2.11. Let G be a pseudogroup of diffeomorphisms of a manifold

N , Γ the associated groupoid of germs, and (X,F ) a foliated ss-manifold

of codimension q = dimN . If f : X ⇀ NΓ is a transverse projection for

F (if there exists any), then the collection Φ = Φf of all the distinguished

submersions ϕ : X0 ⊃ Uϕ → N for f satisfies the following properties:

(i)
⋃
ϕ∈Φ Uϕ = X0;

(ii) if ϕ,ψ ∈ Φ then for every x ∈ ε−1
1 Uϕ ∩ ε

−1
0 Uψ ⊂ X1 there is a γ ∈ G

such that ϕ ◦ ε1 = γ ◦ ψ ◦ ε0 on a neighbourhood of x;
(iii) γ ◦ ϕ ∈ Φ if γ ∈ G, ϕ ∈ Φ;
(iv) Φ is a maximal set of submersions (of subsets of X0 to N) which

satisfies (i)–(iii);

(v) ϕ∗F
(N)
δ = F0|Uϕ for ϕ ∈ Φ.

If , conversely , Φ0 is any set of submersions satisfying (i), (ii), (v), then

there exists exactly one transverse projection X ⇀ NΓ for F whose col-

lection Φ of distinguished submersions contains Φ0; the completion Φ of
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Φ0 consists of all maps which are locally compositions of some γ ∈ G and

ϕ ∈ Φ0.

P r o o f. For any transverse projection f : X ⇀ NΓ and the corre-
sponding canonical pull-back Γ -bundle Ẽ one has: (i) is evident, (ii) follows

from a comparison between two sections [ϕ ◦ ε1, ·] and [ψ ◦ ε0, ·] of Ẽ1 (cf.

Lemma 2.7(ii)), (iii) reflects the fact that Γ acts on Ẽ0 by the composition
of germs, (iv) will follow from the second part of the theorem, and (v) is

the pull-back of the identity π∗F0 = α∗F
(N)
δ (on Ẽ0) by the section [ϕ, ·],

ϕ ∈ Φ.

In order to demonstrate the second, converse assertion of the theorem
observe first that for any Φ0 there is exactly one Γ -cocycle (γϕψ) on X with
respect to the covering U := (Uϕ)ϕ∈Φ0

such that γϕϕ = ϕ : Uϕ → N for
every ϕ ∈ Φ0. Indeed, the cocycle condition requires that α ◦ γϕψ = ψ ◦ ε0,
β ◦ γϕψ = ϕ ◦ ε1 (suitably restricted), for ϕ,ψ ∈ Φ0. Since Γ is a groupoid
of germs, this implies

(2.4) γϕψ(x) = [γ(x), ψ(ε0x)] for x ∈ ε−1
1 Uϕ ∩ ε−1

0 Uψ

where γ(x) is any element of G such that ϕ ◦ ε1 = γ(x) ◦ ψ ◦ ε0 on a neigh-
bourhood of x. Actually, formula (2.4) does define a collection of smooth
maps (γϕψ)ϕ,ψ∈Φ0

, and the cocycle condition I(1.2) for that collection is
a straightforward consequence of the commutation relations ε0ε0 = ε0ε1,
ε0ε2 = ε1ε0, and ε1ε1 = ε1ε2.

Let now f : XU → NΓ denote the extension of the Γ -cocycle (γϕψ) to
an ss-map (cf. I(1.3)), and let f : X ⇀ NΓ be the ss-morphism represented
by f . As f pulls Fδ back to FU , f is a transverse projection for F . To
conclude the proof it suffices to observe that the set Φ of all maps which are
locally of the form γ ◦ ϕ is the largest set satisfying (i)–(iii) and containing
Φ0, and that E = (En)n≥0 with

E0 := {[ϕ, x];ϕ ∈ Φ, x ∈ Uϕ} ,

E1 := {[ϕ ◦ ε1, x];ϕ ∈ Φ, x ∈ ε−1
1 Uϕ} = {[ψ ◦ ε0, x];ψ ∈ Φ, x ∈ ε−1

0 Uψ} etc.

is the canonical unrolling Γ -bundle classified by f .

Example 2.12. Morphisms of pseudogroups (cf. [15]). Let G and G′ be
pseudogroups of diffeomorphisms of manifolds N and N ′, respectively, such
that dimN = dimN ′. A morphism Φ of G to G′ (to be denoted Φ : G ⇀ G′)
is any maximal collection of diffeomorphisms ϕ : N ⊃ Uϕ → N ′ of open
subsets of N onto open subsets of N ′, such that

(i) N =
⋃
Uϕ,

(ii) ϕγψ−1 ∈ G′ if ϕ,ψ ∈ Φ and γ ∈ G, and

(iii) γ′ϕγ ∈ Φ if ϕ ∈ Φ, γ ∈ G, and γ′ ∈ G′.
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The composition of Φ : G ⇀ G′ and Ψ : G′ ⇀ G′′ is the unique morphism
of pseudogroups Ψ ◦ Φ : G ⇀ G′′ generated by the compositions ψ ◦ ϕ as ϕ
and ψ range over Φ and Ψ , respectively.

Every morphism of pseudogroups Φ : G ⇀ G′ yields functorially a mor-
phism of the associated groupoids of germs, |Φ| : Γ ⇀ Γ ′, where

|Φ| = {[ϕ, x];ϕ ∈ Φ, x ∈ Uϕ}

and the grupoid actions come from the composition of germs. Furthermore,
the associated ss-morphism N|Φ| : NΓ ⇀ NΓ ′ is transverse to the discrete
foliation of NΓ ′ and pulls it back to the discrete foliation of NΓ .

Conversely, every ss-morphism f : NΓ ⇀ NΓ ′ such that f ∗Fδ = Fδ is
of the form f = N|Φ| for a uniquely determined morphism Φ : G ⇀ G′. The
set Φ consists of all the single-valued distinguished submersions for f .

Proposition 2.13. Let Γ and Γ ′ be groupoids of germs, of pseudogroups

G and G′, respectively. Any morphism Φ : G ⇀ G′ transfers every transverse

projection f : X ⇀ NΓ to a transverse projection f ′ = N|Φ| ◦ f : X ⇀ NΓ ′

for the same foliation of X. If Ψ is the set of distinguished submersions

for f then the set Ψ ′
0 = {ϕ ◦ ψ;ϕ ∈ Φ,ψ ∈ Ψ} generates the distinguished

submersions for f
′.

P r o o f. By Corollary I.3.7, if E is a Γ -bundle over X classified by f , then
E′ = |Φ|∗E is classified by f

′. Consequently, for any ϕ ∈ Φ and ψ ∈ Ψ , and
a section s of E0 such that ψ = αs, the map x→ s(x) · [ϕ,αs(x)] ∈ E0×Γ |Φ|
is a local section s′ of E′

0 such that αs′ = ϕ ◦ ψ.

II.3. Holonomy and the transverse structure. In connection with
the previous section it is important to know the real range of any transverse
projection f : X ⇀ NΓ , i.e. the smallest (in appriopriate sense) groupoid
of germs Γ0 such that f can be reduced to a projection X ⇀ NΓ0. A solu-
tion to this problem requires good understanding of the transverse geometry
of foliations. As standard courses assume the paracompactness of the foli-
ated manifolds, we recall some classical notions in their generality (cf. [11],
[25]).

Let F be any q-codimensional foliation of a manifoldM . A local transver-

sal for F at x ∈ M is any q-dimensional imbedded submanifold T →֒ M
passing through x and transverse to MF . A transversal for F is any immer-
sion i : T → M transverse to F such that T and F are of complementary
dimensions. Whenever this causes no confusion, we shall call T itself a
transversal for the foliation.

An open submanifold U ⊂M is simply foliated by F if there is a manifold
Û and a submersion p : U → Û such that the leaves of F |U are exactly the
fibres of p. If this is the case then for any two local transversals T, T ′ →֒ U
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at points x and x′ of the same leaf p−1(x̂) the foliation induces a local
diffeomorphism h of a neighbourhood V ′ ⊂ T ′ of x′ onto a neighbourhood
V ⊂ T of x such that p ◦ h = p|V ′; h is a holonomy map from T ′ into T
with respect to the simply foliated submanifold. Clearly, the germ of h at
x′ depends on F |U , the local transversals, and the source and target points
x′ and x only.

Given any (continuous) path c : [0, 1] → M in a leaf of F , a holonomy

chain along c is any sequence (U0, T1, U1, . . . , Tn, Un), n ≥ 0, such that

(i) the Ui’s are simply foliated open subsets of M ,

(ii) there is a partition 0 = τ0 < τ1 < . . . < τn+1 = 1 of the unit interval
such that c[τi, τi+1] ⊂ Ui and Ti →֒ Ui−1 ∩ Ui is a local transversal at c(τi),
for i ≤ n.

For arbitrary local transversals T0 = T at c(0) and Tn+1 = T ′ at c(1),
the holonomy chain gives rise to a holonomy map along c (from T ′ into T )
which is obtained by successive composition of the holonomy maps from
Ti+1 into Ti with respect to Ui, i = 0, 1, . . . , n. It can be shown that the
germ hT,c,T ′ of the holonomy map is independent of the defining holonomy
chain. Furthermore, when regarded as a function of the path c, hT,c,T ′ is
continuous (in, respectively, the compact-open and the sheaf topology), and
thus locally constant if c remains in the same leaf. The last property means
that hT,c,T ′ depends in fact on the homotopy class of c in the leaf. The
notation is chosen so as to have

(3.1) hT,c,T ′hT ′,c′,T ′′ = hT,c·c′,T ′′

whenever c(1) = c′(0).

More generally, for any transversal i : T → M and every path c in
a leaf of F such that c(a) = i(ta) for some ta ∈ T , a = 0, 1, there are
neighbourhoods Va ⊂ T of the ta’s which are local transversals at the ends
of c. In this sense

hit0,c,t1 := hV0,c,V1

is a well defined holonomy germ along c, with source t1 and target t0.

Any map f : M ′ → M transverse to F carries transversals for the pull-
back foliation f∗F to transversals for F . If c : [0, 1] → M ′ is any path in a
leaf of f∗F then

(3.2) hit0,c,t1 = hf◦it0,f◦c,t1

for every transversal i : T → M ′ which passes through the ends of c. The
equality of the respective holonomy germs follows easily from the fact that
f carries leaves to leaves and that every foliation pulled-back from a simply
foliated manifold inherits the simplicity (cf. [25]).
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In order to grasp the transverse geometry of a fixed foliated manifold
(M,F ) one could consider the totality of local transversals for F and the
whole pseudogroup of diffeomorphisms generated on the transversals by
the holonomy maps. Fortunately, this is not necessary, for an equivalent
pseudogroup is generated on every complete transversal , i.e. a transversal
i : T → M such that i(T ) meets every leaf. For further reference, we shall
denote that pseudogroup by GF,i, or simply GF,T if i is fixed; this is the
holonomy pseudogroup of F with respect to the transversal T . The associ-
ated open subgroupoid of germs ΓF,i ⊂ ΓT (denoted also by ΓF,T ) consists
of all the holonomy germs hit,c,t′ , t, t

′ ∈ T , where c ranges over paths in MF

connecting points of the complete transversal; ΓF,i is the holonomy groupoid

of F with respect to i.

Given a complete transversal i : T →M for F , one can project a neigh-
bourhood of every x ∈ M along any path c in MF which joins x = c(1) to
a point of T (i.e. c(0) = i(t), t ∈ T ). More precisely, if ϕ ∈ Subm(F ) is any
submersion of a neighbourhood of x to R

q locally constant on the leaves of
F , then every section j of ϕ through x is a local transversal at x. When
followed by a holonomy map along c (from j to i) ϕ yields a submersion of
a neighbourhood of x to T , a holonomy projection along c, and its germ

(3.3) Hi
t,c := hi∐j

t,c,ϕ(x)[ϕ, x]

is well defined. It is readily seen that the sheaf EF,T of all the germs of
the above form is a principal ΓF,T -bundle over M unrolling the foliation;
the distinguished submersions for EF,T will be called holonomy projections

along F (on the transversal). According to Proposition 2.6, the classifying
ss-morphism NM ⇀ NΓF,T is a transverse projection for F .

The significance of the notion of holonomy is reflected in the universality
of its connection with arbitrary transverse projections. Namely, for any
groupoid of germs Γ let π : E → M be a principal Γ -bundle unrolling a
foliation F of M . From the local triviality of E, it follows that π′ : Eπ

∗F →
MF is a covering map, so that leaves of the pull-back foliation π∗F of E
are covering spaces of the leaves of F . Consequently, every path c in a leaf
of F can be uniquely lifted to a path in E which starts from an arbitrary
but fixed point above c(0). This yields a Γ -equivariant bijective map (the
holonomy translation in E),

h∗c : π−1(c(0)) → π−1(c(1)) ,

which is an invariant description of the holonomy for foliated manifolds
(cf. [13]).

Lemma 3.1. Let Ẽ be the canonical form of a principal Γ -bundle E
unrolling F (cf. (2.3)). For any path c in a leaf of F and every germ
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[ϕ, c(0)] ∈ π−1(c(0)) ⊂ Ẽ, one has

h∗c [ϕ, c(0)] = [ψ, c(1)]

where

[ψ|T ′, c(1)] = [ϕ|T, c(0)]hT,c,T ′ ,

T and T ′ being any local transversals at c(0) and c(1), respectively.

P r o o f. Let c : [0, 1] → M be a path in a leaf of F . There exists
a sequence ϕi : Ui → N , i = 0, 1, . . . , r, of distinguished submersions for
E (N the units of Γ ) defined on simply foliated domains, and a partition
0 = τ0 < τ1 < . . . < τr+1 = 1 of the unit segment, such that c[τi, τi+1] ⊂ Ui
for i ≤ r. In order to get a holonomy chain along c we choose a local
transversal Ti (T0 = T and Tr+1 = T ′) at every point c(τi). Then, on the
germ level,

[ϕi|Ti, c(τi)]
−1[ϕi|Ti+1, c(τi+1)] = hTi,c|[τi,τi+1],Ti+1

for i ≤ r, and therefore

hT,c,T ′ = hT,c|[0,τ1],T1
hT1,c|[τ1,τ2],T2

. . . hTr ,c|[τ1,1],T ′

= [ϕ0|T, c(0)]
−1[ϕ0|T1, c(τ1)][ϕ1|T1, c(τ1)]

−1 . . . [ϕr|T
′, c(1)]

= [ϕ0|T, c(0)]
−1γ01(c(τ1)) . . . γr−1,r(c(τr))[ϕr|T

′, c(1)]

where γij : Ui ∩ Uj → Γ are given by

[ϕi, x] = γij(x)[ϕj , x] in Ẽ .

On the other hand, we are able to write down explicitly the lift c̃ of c to
Ẽ starting from c̃(0) = [ϕ0, c(0)]. Namely,

c̃(τ) = γ01(c(τ1)) . . . γi−1,i(c(τi))[ϕi, c(τ)]

for τ ∈ [τi, τi+1], i ≤ r; hence

h∗c [ϕ0, c(0)] = c̃(1) = γ01(c(τ1)) . . . γr−1,r(c(τr))[ϕr , c(1)] .

Since the germ [ϕ0, c(0)] is in fact an arbitrary element of the fibre
π−1(c(0)), the resulting two formulas conclude the proof.

After the above introduction to holonomy we pass to foliated ss-mani-
folds. The following theorem has already been announced at the beginning
of the present section.

Theorem 3.2 ([2]–[3]). Let (X,F ) be a foliated ss-manifold.

(i) There is a groupoid of germs ΓF and a transverse projection ΠF :
X ⇀ NΓF (for F ) such that every transverse projection f : X ⇀ NΓ for F
descends to a unique ss-morphism NΓF ⇀ NΓ which makes the following
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triangle commutative:

(3.4)

X

ΠF
f

NΓF NΓ

(ii) If ΠF : X ⇀ NΓF and Π̃F : X ⇀ N Γ̃F are two transverse projec-

tions satisfying (i), then there exists exactly one equivalence of the groupoids

which transfers ΠF to Π̃F .

Furthermore, the ss-morphisms which exist according to (i)–(ii) are

transverse to the discrete foliations, and come from the unique morphisms

of the underlying pseudogroups of germs (cf. Example 2.12).

P r o o f. Construction. Fix a complete transversal i : T → X1 for F1.
Since there are two structure maps from X1 to X0 transverse to F0, we take
any two disjoint copies T 0, T 1 of T (e.g. T a = {a} × T ; elements of T a will
be denoted by ta where t ∈ T , a = 0, 1) and consider the immersion

i′ := ε0i ∪ ε1i : T 0 ∪ T 1 → X0 ,

which is a complete transversal for F0. Indeed, for any leaf L of F0 there
is a leaf L of F1 containing η0L; since both ε0L and ε1L contain L and
are contained in a leaf of F0, ε0L = L = ε1L. Thus L ∩ i(T ) 6= ∅ implies
L ∩ εai(T ) 6= ∅ for a = 0, 1.

In order to combine the transverse structure of F0 and the combinatorial
structure of the foliated ss-manifold we enlarge the holonomy pseudogroup
GF0,T 0∪T 1 (for F0) by adjoining the identification maps

T 0 ∋ t0
id1

0

⇄

id0
1

t1 ∈ T 1 .

The smallest pseudogroup of local diffeomorphisms of T 0 ∪T 1 generated by
GF0,T 0∪T 1 and the maps id1

0, id0
1 will be denoted by G′

F,T . The associated
groupoid of germs, Γ ′

F,T , is our candidate for ΓF .
Searching for a transverse projection Π ′ : X ⇀ NΓ ′

F,T , we recall The-
orem 2.11, and consider the set of all the holonomy projections of X0 on
T 0 ∪ T 1 along F0. This set generates a transverse projection Π ′ for F if it
satisfies condition (ii) of the theorem. On the germ level, (ii) is equivalent
to the existence of a g ∈ Γ ′

F,T such that

(3.5) Hi′

t1,c1
[ε1, x] = gHi′

t0,c0
[ε0, x]
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for an arbitrary but fixed x ∈ X1 and paths ca, a = 0, 1, joining εax to some
i′(ta) ∈ i′(T 0 ∪ T 1).

T 0

T 1 t0 ε0x t0
id1

0 c0

F0
t1 ε1x c1 t1

X0

ε1 ε0 ε1 ε0

F1
t c x

T X1

Fig. 4

To find the g we fix a path c in a leaf of F1 such that c(1) = x and
c(0) = i(t) for a t ∈ T (cf. Fig. 4). Then (3.2)–(3.3) imply

Hi′

t1,ε1c
[ε1, x] = [id1, t]Hi

t,c = [id1
0, t

0]Hi′

t0,ε0c
[ε0, x]

where id1 : T → T 1 is the identification map. Consequently, properties
(3.1)–(3.3) ensure that (3.5) holds true iff

g = hi
′

t1,c1·(ε1c)−1,t1 [id
1
0, t

0]hi
′

t0,(ε0c)·c
−1

0
,t0
,

which is clearly an element of Γ ′
F,T .

Factorization. In order to factorize an arbitrary transverse projection
f : X ⇀ NΓ through Π ′ we consider the distinguished submersions for
f and restrict them to the transversal i′ : T 0 ∪ T 1 → X0. According to
Example 2.12, the resulting set Φ0 of diffeomorphisms of open subsets of T 0∪
T 1 into the units of Γ generates a morphism of the underlying pseudogroups,
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Φ : G′
F,T ⇀ G, iff ϕγψ−1 ∈ G for any γ ∈ G′

F,T and ϕ,ψ ∈ Φ0. By definition
of G′

F,T , there are essentially two cases to consider:

1o γ ∈ GF0,T 0∪T 1 , so that γ is locally a holonomy map along a path
c in a leaf of F0, such that c(a) = i′(ta) ∈ i′(T 0 ∪ T 1) for a = 0, 1. We
assume that ϕ = ϕ ◦ i′ and ψ = ψ ◦ i′ are any elements of Φ0 defined
on neighbourhoods of t0 and t1, respectively, ϕ and ψ being distinguished
submersions for f . Passing to the canonical form E = (En) of the Γ -bundle
classified by f , we get [ϕ, c(0)], [ψ, c(1)] ∈ E0. By Lemma 3.1, the germ
[ω, c(1)] := h∗c [ϕ, c(0)] ∈ E0 is characterized by

[ω ◦ i′, t1] = [ϕ ◦ i′, t0]h
i′

t0,c,t1
= [ϕ ◦ γ, t1] .

On the other hand, being in the fibre of E0 over c(1), this germ is of the
form g[ψ, c(1)] for a g ∈ Γ so that

[ϕ ◦ γ, t1] = [ω, c(1)][i′, t1] = g[ψ, c(1)][i′ , t1] = g[ψ, t1] .

This implies [ϕ ◦ γ ◦ ψ−1, ψ(t1)] = g ∈ Γ .

2o γ = id1
0, and ϕ = ϕ ◦ i′, ψ = ψ ◦ i′, where ϕ and ψ are distinguished

submersions defined on neighbourhoods of i′(t1) and i′(t0), respectively, for
a t ∈ T . By Lemma 2.7(ii), ϕ ◦ ε1 and ψ ◦ ε0 are distinguished submersions
for E1, and [ϕ ◦ ε1, i(t)] = g[ψ ◦ ε0, i(t)] for a g ∈ Γ . Since g is a germ of
ϕ ◦ id1

0 ◦ψ
−1, we are done.

We have shown that any transverse projection f : X ⇀ NΓ for F gives
rise to a morphism of pseudogroups Φ : G′

F,T ⇀ G and so to an ss-morphism
N|Φ| : NΓ ′

F,T ⇀ NΓ . By Proposition 2.13, any distinguished submersion
for the composition N|Φ| ◦Π ′ : X ⇀ NΓ is locally of the form (ϕ ◦ i′) ◦H,
where ϕ is a distinguished submersion for f , and H a holonomy projection
along F0. Passing to germs at an arbitrary x ∈ X0 we find a path c (from
an i′(t) to x) such that

[H,x] = Hi′

t,c = hi
′∐j
t,c,ψ(x)[ψ, x]

for any ψ ∈ Subm(F0) about x, and a local section j of ψ through x. In
view of Lemma 3.1,

[ϕ ◦ i′ ◦H,x] = [ϕ ◦ i′, t]hi
′∐j
t,c,ψ(x)[ψ, x]

= h∗c [ϕ, i
′(t)][j, ψ(x)][ψ, x] = h∗c [ϕ, i

′(t)] ∈ E0

so that (ϕ ◦ i′) ◦H is a distinguished submersion for f . Now Theorem 2.11
ensures that N|Φ| ◦Π ′ = f .

Uniqueness. We wish to deduce the uniqueness of the decomposition
of f in our category. By Corollary I.3.7, any decomposition f = NΣ ◦Π ′,
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Σ : Γ ′
F,T ⇀ Γ , gives rise to an isomorphism of principal Γ -bundles

E0
∼= Γ ′

F,T \(E
′
0 ×(β,π) Σ)

where E = (En) is any Γ -bundle classified by f , and E′ = (E′
n) is the

canonical left Γ ′
F,T -bundle classified by Π ′. If s is a local section of Σ, and

H a holonomy projection (along F0), then the map

x→ Γ ′
F,T ([H,x], s(Hx))

is a section of the Γ -bundle isomorphic to E0; the distinguished submersion
for f it defines is the composition α ◦ sH. As H is arbitrary, we conclude
that α ◦ s is always a submersion. Thus the Γ -bundle Σ → T 0 ∪ T 1 unrolls
a foliation. Choosing H to be a (local) left inverse to the immersion i′, we
get α ◦ s = (α ◦ sH) ◦ i′ so that every distinguished submersion for Σ is
locally the restriction to i′ of a distinguished submersion for f . In order
to prove the uniqueness of the Γ -equivariant left Γ ′

F,T -action, we pass to

the canonical form Σ̃ of the Γ -bundle (cf. (2.3)) and observe that for any
ϕ ∈ G′

F,T and any distinguished submersion ϕ for Σ the action yields a

Σ̃-valued map ψ = [γ, ·] · [ϕ, ·] such that π ◦ ψ = γ and α ◦ ψ = ϕ. By
continuity of ψ, we conclude that ψ = [ϕγ−1, γ(·)]; hence the action must
be [γ, x] · [ϕ, x] = [ϕγ−1, γ(x)].

Part (ii) of the theorem is an immediate consequence of (i). We have
already shown that for ΓF = Γ ′

F,T the ss-morphism NΓF ⇀ NΓ which
appears in the factorization (3.4) is transverse to the discrete foliation and
pulls it back to another discrete foliation. As equivalences of nerves of
groupoids preserve transversality (cf. Corollary 1.18), the last assertion of
the theorem remains true for every solution to the universal factorization
problem.

Definition 3.3. Every solution ΠF : X ⇀ NΓF to the universal
factorization problem (3.4) will be called a minimal transverse projection

for (X,F ). The groupoid of germs ΓF is then the holonomy groupoid for F .

Example 3.4. If Γ is any groupoid of germs then the identity ss-mor-
phism 1NΓ : NΓ ⇀ NΓ is evidently a minimal transverse projection for
the discretely foliated NΓ . In particular, Γ is a holonomy groupoid for the
discrete foliation.

More generally, let Γ be any groupoid equivalent to a groupoid of germs
Γ ′. Then NΓ carries a canonical foliation F that comes from the discrete fo-
liation of NΓ ′ (cf. Corollary 1.18(i); F does not depend on the equivalence!).
Every minimal transverse projection NΓ ⇀ NΓF for F is an equivalence
of ss-manifolds.

In course of the proof of Theorem 3.2 we have shown that every complete
transversal i : T → X1 gives rise to a particular holonomy groupoid Γ ′

F,T and
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to a particular minimal transverse projection Π ′. If G′
F,T is the underlying

pseudogroup of diffeomorphisms of T 0 ∪ T 1 then we may, and do, reduce
it to a pseudogroup GF,T of those local diffeomorphisms of T which are
transferred into G′

F,T by the identification maps ida : T → T a, a = 0, 1;
the associated groupoid of germs ΓF,T is canonically equivalent to Γ ′

F,T and
thus leads to a minimal transverse projection Π : X ⇀ NΓF,T .

Definition 3.5. ΓF,T and Γ ′
F,T are, respectively, the reduced and the

non-reduced holonomy groupoids for F with respect to the transversal. The
corresponding minimal projections Π and Π ′ are the natural transverse

projections with respect to T .

R e m a r k 3.6. According to Proposition I.2.13, a principal Γ ′
F,T -bundle

E′
F,T over X classified by Π ′ can be described by a Γ ′

F,T -extension of the
canonical ΓF0,T 0∪T 1-bundle over X0,

E′
F,T (0) = Γ ′

F,T ×ΓF0,T0∪T1
EF0,T 0∪T 1

(in multiplicative notation), and an ε1 : E′
F,T (1) = ε∗0E

′
F,T (0) → E′

F,T (0)
such that

(3.6) (x, gHi′

t0,ε0c
)
ε1→ g[id0

1, t
1]Hi′

t1,ε1c

where g ∈ Γ ′
F,T , and for every x ∈ X1, c is any path in XF1

1 joining c(0) =
i(t) ∈ i(T ) to c(1) = x (cf. (3.5), for ca = εac, a = 0, 1).

Example 3.7. Any foliation F0 of a manifold M extends trivially to a
foliation F of the nerve NM . Every complete transversal i : T → N1M = M
is a complete transversal for F0, and one has ΓF,T = ΓF0,T . Furthermore,
the corresponding natural transverse projection for F is the classifying ss-
morphism for the principal ΓF0,T -bundle EF0,T over M . Thus the abstract
characterization of holonomy via Theorem 3.2 agrees with the classical one.

Example 3.8. Let (X,F ) be a foliated ss-manifold. If i : T → X1 and
j : S → X1 are two complete transversals for F1, then

(i) the holonomy maps from T to S along paths in the leaves of F1

generate an equivalence of pseudogroups GF,T
≈
⇀ GF,S, and

(ii) the holonomy maps from T 0∪T 1 to S0∪S1 along paths in the leaves

of F0 generate an equivalence G′
F,T

≈
⇀ G′

F,S .

The associated canonical equivalences of the holonomy groupoids are the
only equivalences which transfer the natural transverse projections to each
other.

Example 3.9. Let f : Y ⇀ X be an ss-morphism transverse to a foliation
F of X, and let F ′ := f

∗F . For any minimal transverse projections ΠF :
X ⇀ NΓF and ΠF ′ : Y ⇀ NΓF ′ there is a unique morphism of holonomy
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groupoids, Σ : ΓF ′ ⇀ ΓF , such that the square

Y
f

−⇀ X

ΠF ′ ⇂ ⇂ ΠF

NΓF ′

NΣ
−⇀ NΓF

commutes. If, in particular, f = [f ] comes from an ss-map f : Y → X,
and i : T ′ → Y1 is a complete transversal for F ′

1, then f1 ◦ i : T ′ → X1 can
be enlarged to a complete transversal T for F1. Σ : ΓF ′,T ′ ⇀ ΓF,T is then
generated by the inclusion T ′ →֒ T .

One should be aware of the fact that an ss-morphism f : (X ′, F ′) ⇀
(X,F ) does not necessarily lead to a natural morphism ΓF ′ ⇀ ΓF of the
respective holonomy groupoids unless f is transverse to F . If f ⋔ F , then
there is a decomposition of f ,

(X ′, F ′) → (X ′, f ∗F )
f
⇀ (X,F ) ,

and the required morphism is the composition of Γf ∗F ⇀ ΓF and a mor-
phism characterized in Corollary 3.14(ii) below.

R e m a r k 3.10. For any foliated manifold (M,F ) the set of all the holo-
nomy translations h∗c in EF carries a canonical structure of a (differentiable)
groupoid Γ (F ) over M called the graph of F (cf. [20]). Although Γ (F ) is not
a groupoid of germs (unless F is discrete), the ss-morphism NM ⇀ NΓ (F )
induced by the identification of M with the units is also a solution to the
universal factorization problem (3.4). In fact, Γ (F ) is canonically equivalent
to any ΓF,T , and the ss-manifold NΓ (F ) can be regarded as a canonical form
of the mutually equivalent NΓF ’s.

Any minimal transverse projection ΠF : X ⇀ NΓF for a foliated ss-
manifold (X,F ) can be interpreted as a “projection” X → X/F where the
quotient of X by F is an ss-manifold admitting a discrete foliation and
defined up to equivalence. This point of view will be justisfied in the sequel.

Definition 3.11. A pair (F,F ′) of foliations of an ss-manifold X is a
flag on X if idX : (X,F ) → (X,F ′).

Clearly, (F,F ′) is a flag iff (F0, F
′
0) is a flag of foliations on X0. Further-

more, if (F,F ′) is a flag on X, and f : Y ⇀ X is an ss-morphism transverse
to F , then f ⋔ F ′ and the pull-backs by f form a flag (f ∗F, f ∗F ′) on Y (cf.
Proposition 1.16(iii)).

In order to establish a global relationship between the transverse struc-
tures of foliations which form a flag, we need an appropriate local result
first.

Lemma 3.12. Let (F,F ′) be a flag of foliations on a manifold M , c :
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[0, 1] →M any path in a leaf of F , and T0, T1 ⊂M local transversals at the

ends of c such that there is a holonomy map for F , h : T1 → T0, along c.
If F ′|Ta, a = 0, 1, stand for the pull-back foliations of the transversals, then

h∗(F ′|T0) = F ′|T1. If , moreover , T ′
1 ⊂ T1 is any local transversal for F ′|T1

at the endpoint of c, and T ′
0 = h(T ′

1) is a local transversal for F ′|T0 at the

initial point , then

(3.7) [i0, c(0)]hT ′

0
,c,T ′

1
= hT0,c,T1

[i1, c(1)] ,

ia : T ′
a →֒ Ta, a = 0, 1, being the inclusion maps. In other words, h|T ′

1 :
T ′

1 → T ′
0 is a holonomy map along c for F ′.

P r o o f. By definition, h comes from a holonomy chain along c and
is therefore a composition of holonomy maps along portions of the path
contained in simply foliated open subsets of M . Since it suffices to prove
the assertion of the lemma for each of the portions separately we may,
and do, assume that the whole manifold M is simply foliated by F . If
now U1, . . . , Uk ⊂ M are open subsets simply foliated by F ′ and such that
c[τi−1, τi] ⊂ Ui, i ≤ k, for a partition 0 = τ0 < τ1 < . . . < τk = 1 of the
path, then the Ui’s are still simply foliated by F , and any sequence of local
transversals Tτi

⊂ Ui∩Ui+1 at c(τi), i = 1, . . . , k−1, yields a decomposition
of h (about c(1)) into holonomy maps from Tτi

to Tτi−1
with respect to the

Ui, i ≤ k. As the lemma is local, it suffices to consider the simplest case of
U ⊂ M open and simply foliated with respect to both F and F ′. For such
U , let p : U → Û and p′ : U → Û ′ be surmersions whose fibres are leaves of,
respectively, F |U and F ′|U . Since every surmersion uniquely characterizes
both the topology and the differentiable structure of its image, the only map
q : Û → Û ′ such that p′ = q ◦ p is again a surmersion; hence F ′|U descends

to a foliation of Û . Furthermore, if T ′
0, T

′
1 ⊂ U are local transversals for F ′

such that p(T ′
0) = p(T ′

1) (and p′|T ′
0 is invertible) then the identity

(p′|T ′
0)

−1(p′|T ′
1) = (p|T ′

0)
−1(p|T ′

1)

yields (3.7).

Theorem 3.13 ([2]). Let (F,F ′) be any flag on an ss-manifold X, and

ΠF : X ⇀ NΓF a minimal transverse projection for F . Given a transverse

projection f : X ⇀ NΓ for F ′, there exists a unique morphism of groupoids

Σ : ΓF ⇀ Γ such that the triangle

X
f

ΠF NΓ
NΣ

NΓF

commutes. The ss-morphism NΣ : NΓF ⇀ NΓ is a transverse projection

for a foliation F̃ of NΓF such that F ′ = Π∗
F F̃ .
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P r o o f. According to Corollary 1.18(i), we may assume without loosing
generality that ΠF is the natural transverse projection Π ′ : X ⇀ NΓ ′

F,T

with respect to a complete transversal i : T → X1; then we proceed as
in the proof of Theorem 3.2. Namely, in the same vein we show that for
any factorization f = NΣ ◦ Π ′ (if it exists) the source map α for Σ is a
submersion. This implies (cf. Example I.3.5) that the source ss-map for
the Γ -bundle classified by NΣ is transverse to the discrete foliation, and
so NΣ : NΓ ′

F,T ⇀ NΓ is a transverse projection for a foliation, say F̃ , of
NΓ ′

F,T (cf. Theorem 1.17(i)). Clearly,

Π ′∗F̃ = Π ′∗(NΣ)∗Fδ = f ∗Fδ = F ′ .

The factorization is unique, for the distinguished submersions for NΣ (i.e.
for Σ) are generated by the distinguished submersions for f restricted to
the transversal i′.

In order to prove the existence, observe that the set Φ0 = {ϕ ◦ i′;ϕ ∈
Φf }, where Φf stands for the distinguished submersions for f , consists of

submersions T 0 ∪ T 1 ⊃ Uϕ
ϕ
→ N (= N0Γ ) such that ϕ∗F

(N)
δ = (i′∗F ′

0)|Uϕ.
We wish to show that Φ0 satisfies (ii) of Theorem 2.11, since this condition

implies ε∗1(i
′∗F ′

0) = ε∗0(i
′∗F ′

0) so that F̃0 := i′∗F ′
0 generates a foliation F̃

of NΓ ′
F,T , and Φ0 yields a transverse projection for F̃ . In terms of the

underlying pseudogroups: G′
F,T for Γ ′

F,T , and G for Γ , the condition reads:
for any ϕ,ψ ∈ Φ0, t ∈ Uψ, and h ∈ G′

F,T such that h(t) ∈ Uϕ, there is a
γ ∈ G such that

(3.8) ϕ ◦ h = γ ◦ ψ

on a neighbourhood of t.
There are two cases to consider:

1o h is a holonomy map along a path c in a leaf of F0 such that c(1) = i′(t)
and c(0) = i′h(t), and ϕ = ϕ ◦ i′, ψ = ψ ◦ i′. At the 0-level of the canonical
Γ -bundle classified by f , one has

h∗c [ϕ, c(0)] = [γ ◦ ψ, c(1)]

for a γ ∈ G. By Lemma 3.12, if T ′
0 ⊂ T 0 ∪ T 1 is any local transversal for

i′∗F ′
0, and T ′

1 = h−1T0 (cf. Lemma 3.12), then

[γ ◦ ψ|T ′
1, t] = [ϕ|T ′

0, h(t)]hT ′

0
,c,T ′

1
= [ϕ ◦ h|T ′

1, t]

where the holonomy germ is taken for F ′
0, and the last equality holds true

by (3.7).
2o h = id1

0. In this case, the proof of (3.8) is completely analogous to
the corresponding part of the proof of Theorem 3.2.

It remains to check that the only transverse projection g : NΓ ′
F,T ⇀ NΓ

for F̃ whose set of distinguished submersions contains Φ0 factorizes f into
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g ◦Π ′. To this end, recall that in the uniqueness part of the proof we have
actually shown that the distinguished submersions for g ◦ Π ′ are (locally)
compositions of distinguished submersions for g and for Π ′. If H is any
holonomy projection on T 0 ∪ T 1 then its every germ is of the form

[H,x] = Hi′

t,c = hi
′∐j
t,c,ψ(x)[ψ, x]

for a path c in a leaf of F0, and some ψ ∈ Subm(F0) (cf. (3.3)). In view
of Lemma 3.12, there are local transversals for F ′

0, T
′
0 ⊂ T 0 ∪ T 1 and T ′

1 ⊂
image(j) such that

hi
′∐j
t,c,ψ(x)[ψ|T

′
1, x] = [i0, t]hT ′

0
,c,T ′

1
,

i0 : T ′
0 →֒ T 0∪T 1 being the inclusion. Consequently, for every distinguished

submersion ϕ ◦ i′ ∈ Φ0 whose domain contains t = H(x),

[(ϕ ◦ i′) ◦H|T ′
1, x] = [ϕ|T ′

0, t]hT ′

0
,c,T ′

1

is the restriction to T ′
1 of h∗c [ϕ, i

′(t)] (cf. Lemma 3.1). This proves that
all the compositions (ϕ ◦ i′) ◦ H are distinguished submersions for f , and
therefore g ◦Π ′ = f as was to be shown.

Corollary 3.14. For any flag (F,F ′) on an ss-manifold X and every

minimal transverse projection ΠF : X ⇀ NΓF for F , there exists a unique

foliation F̃ of NΓF such that F ′ = Π∗
F F̃ . The transverse structure of

(X,F ′) equals that of (NΓF , F̃ ) in the following sense:

(i) if Π
F̃

: NΓF ⇀ NΓ
F̃

is a minimal transverse projection for F̃ then

Π
F̃
◦ΠF : X ⇀ NΓ

F̃
is a minimal transverse projection for F ′;

(ii) if ΠF ′ : X ⇀ NΓF ′ is a minimal transverse projection for F ′ then

the only ss-morphism Π̃ : NΓF ⇀ NΓF ′ such that ΠF ′ = Π̃ ◦ ΠF is a

minimal transverse projection for F̃ .

P r o o f. The uniqueness of F̃ such that F ′ = Π∗
F F̃ follows from the

unique factorization (throughΠF ) of the classifying ss-morphismX ⇀ NΓq′
for F ′ (cf. Theorem 2.1). Assertions (i)–(ii) can be easily verified by standard
diagram-chasing and require some patience in applying Theorems 3.2 and
3.13.

R e m a r k 3.15. The above corollary ensures, roughly speaking, that
the ss-morphism X ⇀ X/F project every foliation F ′ weaker than F to a
foliation—say F ′/F—of the quotient. Furthermore, the successive quotients
lead to the formula

(X/F )/(F ′/F ) = X/F ′ .

II.4. A relationship with fundamental groups. In this section
we complete Theorem 3.2, which characterizes minimal transverse projec-
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tions and holonomy grupoids for foliations of arbitrary ss-manifolds, with
an assertion on 1-connectedness of every projection X ⇀ X/F (cf. [12]).
Moreover, after passing to the leaves we define holonomy groups and relate
them with the fundamental groups of the leaves.

Theorem 4.1. Let F be a foliation of a connected ss-manifold X, and

ΠF : X ⇀ NΓF a minimal transverse projection for F . Then

(i) the ss-manifold NΓF is connected, and

(ii) the induced morphism of the fundamental groupoids π(ΠF ) : π(X) ⇀
π(NΓF ) comes from an epimorphism of fundamental groups.

Lemma 4.2. For any connected manifold M endowed with a foliation F ,
and every complete transversal i : T →M for F , the nerve of the holonomy

grupoid ΓF,T is connected.

P r o o f. Let NΓ ◦ be a connected component of NΓF,T . By connect-
edness of M , it suffices to show that the union M◦ ⊂ M of those leaves
of F which meet the units T ◦ = N0Γ

◦ ⊂ T is both open and closed in
M , since this will immediately imply T ◦ = T , Γ ◦ = ΓF,T (cf. the proof of
Proposition I.1.15). If x ∈M then for any path c in the leaf through x such
that c(0) ∈ i(T ), c(1) = x, there is a holonomy projection H : M ⊃ U → T
along c defined on a connected neighbourhood of x. For x in the closure of
M◦, there is a y ∈ U ∩M◦ so that H(y) ∈ T ◦. By connectedness of H(U),
this implies H(U) ⊂ T ◦, U ⊂M◦.

P r o o f o f T h e o r e m 4.1. We restrict ourselves to the case of the
natural transverse projection Π ′ : X ⇀ NΓ ′

F,T with respect to a fixed
complete transversal i : T → X1.

(i) Let t, t′ ∈ T 0 ∪ T 1 be arbitrary points of the induced transver-
sal for F0. The connectedness of X ensures that there is a path C =
(c0, y

e1
1 , c1, . . . , y

er
r , cr) in X such that c0(0) = i′(t) and cr(1) = i′(t′). Since

i is a complete transversal for F1, its image meets every connected compo-
nent of X1. Consequently, an elementary homotopy of type (ii) (cf. Defini-
tion I.4.2) deforms C to a C ′ = (c′0, i(t1)

e1 , c′1, . . . , i(tr)
er , c′r), t1, . . . , tr ∈ T .

By Lemma 4.2, each c′k, k ≤ r, gives rise to a path in NΓF0,T 0∪T 1 (hence in

NΓ ′
F,T ), while the germs [id1

0, t
0
k]
ek ∈ Γ ′

F,T , k ≤ r, link the paths together.
The resulting path in Γ ′

F,T connects t and t′.

(ii) For a fixed reference point t0 ∈ T 0∪T 1, let E be the canonical simply
connected πt0(NΓ ′

F,T )-bundle over NΓ ′
F,T . By Corollary I.4.21, π(Π ′) is

generated by an epimorphism of fundamental groups iff the pull-back Π ′∗E
is connected. In order to construct a pull-back X of E by Π ′ we apply
Proposition I.3.8(i). Namely, as the morphism of groupoids associated with
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E is the composition

Γ ′
F,T

[ ]
→ π(NΓ ′

F,T )
α−1(t0)
⇀ πt0(NΓ ′

F,T )

(cf. I.3 and I(4.5)–I(4.6)), and the left Γ ′
F,T -bundle E′

F,T classified by Π ′ is

generated by E′
F,T (0) = Γ ′

F,T ×ΓF0,T0∪T1
EF0,T 0∪T 1 (cf. Remark 3.6), X is

generated by

X0 = E′
F,T (0) ×Γ ′

F,T
α−1(t0) ∼= ΓF0,T 0∪T 1\(EF0,T 0∪T 1 ×(β,β) α

−1(t0))

where the groupoid acts on α−1(t0) ⊂ π(NΓ ′
F,T ) via the homomorphism [ ].

Furthermore, for X1 = ε∗0X0, ε1 : X1 → X0 is given by

(x, ([H] : [C]))
ε1
→ (ε1(x, [H]) : [C])

(cf. (3.6)), where we adopt the homogeneous notation ( : ) for the cosets—
elements of X0.

Each element of X0 is of the form (Hi′

t,c : [C]), where c is a path in XF0

0

such that c(0) = i′(t), t ∈ T 0∪T 1, andC is a path in NΓ ′
F,T with initial point

t and endpoint t0. We wish to join this element to (Ht0 , ωi′(t0) : 1t0) ∈ X0

by a suitable path in X. Let

Hi′

t := Hi′

t,ωi′(t)
∈ EF0,T 0∪T 1

denote the holonomy projection along the constant path at i′(t), for t ∈
T 0 ∪ T 1; clearly, Hi′

t is a continuous function of t. To start with, observe
that the path

[0, 1] ∋ τ → (Hi′

t,c|[0,τ ] : [C]) ∈ X0

connects (Hi′

t,c : [C]) and (Hi′

t : [C]).

Lemma 4.3. The following pairs of points of X0 are the initial point and

the endpoint of a certain path in X:

(i) (Hi′

c(0) : [c][C]) and (Hi′

c(1) : [C]), for any path c in T 0 ∪ T 1;

(ii) (Hi′

t : [hi
′

t,c,t′ ][C]) and (Hi′

t′ : [C]), for any holonomy germ hi
′

t,c,t′ ∈
ΓF0,T 0∪T 1 ⊂ Γ ′

F,T ;

(iii) (Hi′

t1 : [[id1
0, t

0]][C]) and (Hi′

t0 : [C]), for t ∈ T ;

(iv) (Hi′

t0 : [[id0
1, t

1]][C]) and (Hi′

t1 : [C]), for t ∈ T .

P r o o f. The respective paths are given by:

(i) τ → (Hi′

c(τ) : [c|[τ, 1]][C]),

(ii) τ → (Hi′

t,c|[0,τ ] : [hi
′

t,c,t′ ][C]),

(iii) (i(t), (Hi′

t0 : [C])) ∈ X1 (cf. (3.6)), and

(iv) the formal inverse (i(t), (Hi′

t0 : [[id0
1, t

1]][C]))−1.
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Returning to the proof of Theorem 4.1 we recall that every homotopy
class [C] ∈ π(NΓ ′

F,T ) is a composition of homotopy classes [c] of paths in

the units T 0 ∪ T 1 and classes [g], g ∈ Γ ′
F,T (cf. Remark I.4.5). As every

element of the non-reduced holonomy groupoid Γ ′
F,T is a composition of

germs of the form either hi
′

t,c,t′ or [id1
0, t

0]±1, Lemma 4.3 provides a recipe

for successive reduction of an arbitrary [C] ∈ α−1(t0) to the unit 1t0 . This
ensures the connectedness of X = Π ′∗E and implies, as we observed earlier,
the surjectivity of the group homomorphisms generating π(Π ′).

Since connectedness of ss-manifolds is preserved by equivalences, and π
is a functor, properties (i)–(ii) are inherited by every minimal transverse
projection ΠF for F .

Each minimal transverse projection ΠF : X ⇀ NΓF for a foliated ss-
manifold (X,F ) induces an ss-morphism

Π ′
F : XF ⇀ (NΓF )Fδ = N (ΓF )Fδ ,

which is (up to equivalence) uniquely associated with (X,F ) (cf. Propo-
sition 1.14 and Corollary 1.15). In order to examine this ss-morphism in
detail, we need

Lemma 4.4. For any groupoid of germs Γ , the leaves of the discrete

foliation Fδ of NΓ are in canonical one-to-one correspondence with the

orbits of Γ and are equivalent to the nerves of the (discrete) structural groups

Γx = α−1(x) ∩ β−1(x) ⊂ Γ .

P r o o f. The leaves of Γ are the nerves of some discrete transitive sub-
groupoids, i.e. Galois groupoids over the orbits. According to Remark I.4.8,
each of those groupoids is equivalent to any of its structural groups.

Let L be a leaf of a foliated ss-manifold (X,F ), and ΠF : X ⇀ NΓF a
minimal transverse projection for F . In view of Proposition I.1.19, there is a
unique leaf of (NΓF , Fδ), to be denoted by NΓF |L, such that ΠF descends
to an ss-morphism ΠF |L : L ⇀ NΓF |L.

Theorem 4.5. Let (X,F ) be a foliated ss-manifold and ΠF : X ⇀ NΓF
a minimal transverse projection for F . Then

(i) the assignment L  NΓF |L is a bijection between the leaves of F
and the leaves of the discrete foliation of NΓF . The equivalence class of

NΓF |L depends of F and L only.

Furthermore, for each leaf L of F ,

(ii) there is a unique morphism of groupoids hL : π(L) ⇀ ΓF |L which
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closes the triangle

L
ΠL ΠF |L

Nπ(L) −⇀
NhL

NΓF |L

(iii) for any point x ∈ L0, and every unit z of ΓF |L, the canonical equiv-

alences π(L) ≈ πx(L) and ΓF |L ≈ ΓF,z (the structural group at z) transfer

hL to

h′L : πx(L) ⇀ ΓF,z

which is generated by a group epimorphism;

(iv) there is a natural commuting square

π(L)
π(i)
−⇀ π(X)

hL ⇂ ⇂ π(ΠF )

ΓF |L
jL−⇀ π(NΓF )

in which jL is a restriction of the fundamental morphism ΓF ⇀ π(NΓF ); in

the diagram, each one of the groupoids is equivalent to some discrete group,

and the two vertical morphisms are represented by group epimorphisms.

The naturality of the diagram should be understood as follows: if an
equivalence of holonomy groupoids Σ : ΓF ⇀ Γ̃F transfers ΠF to, say, Π̃F

then the associated equivalences ΓF |L ≈ Γ̃F |L and π(NΓF ) ≈ π(N Γ̃F )

transfer the square to the appropriate square for Γ̃F .

P r o o f. The uniqueness part of Proposition I.1.19 together with Propo-
sition 1.14 reduces the proof of (i) to the case of any particular minimal
transverse projection, e.g. to the natural projection Π ′ : X ⇀ NΓ ′

F,T associ-
ated with a complete transversal i : T → X1. Since the leaves of (NΓ ′

F,T , Fδ)

come from the partition of T 0 ∪ T 1 into orbits of the groupoid, Π ′ sends
each leaf L of F to the leaf over the set TL (with the discrete topology) of all
points H(x) ∈ T 0 ∪ T 1, where H ranges over the distinguished submersions
for Π ′, and x over L0. In order to check that TL 6= TL′ for leaves L 6= L′ it
suffices to observe that the evidently pairwise disjoint subsets

T ′
L = {t ∈ T 0 ∪ T 1; i′(t) ∈ L0} ⊂ TL

are precisely the orbits. Indeed, passing to generators of the non-reduced
holonomy groupoid we see that:

1o if hi
′

t,c,t′ ∈ Γ
′
F,T and i′(t) ∈ L0 then the whole path c is in L0 and thus

i′(t′) = c(1) ∈ L0;
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2o if [id1
0, t

0] ∈ Γ ′
F,T , t ∈ T , then ε0i(t) = i′(t0) ∈ L0 iff i(t) ∈ L1, and so

iff ε1i(t) = i′(t1) ∈ L0.

(ii) is a consequence of Theorem I.4.11 and Lemma 4.4. In terms of the
natural projection Π ′, property (iii) is equivalent to the conectedness of a
covering ss-manifold L = (Ln) (over L) defined by Ln = β−1

n (t0) ⊂ E′
F,T (n)

for n ≥ 0, t0 ∈ TL being any fixed unit of Γ ′
F,T |L. The last property can be

verified as in the proof of Theorem 4.1(i). We omit the details here, as the
property is an immediate consequence of Theorem 4.8(ii) below.

(iv) The fundamental groupoid functor π, when applied to the square

L −→ X

⇂ ⇂

NΓF |L −→ NΓF

gives rise to the commuting diagram

in which the morphism ΓF |L ⇀ π(NΓF |L) turns out to be an equivalence
(cf. Example I.4.19). Clearly, any equivalence of holonomy groupoids trans-
fers the bottom parallelepiped to the appropriate one—for the new groupoid.
This explains the naturality of the whole diagram and concludes the proof.

For any leaf L of F , and every x ∈ L0, Theorem 4.5(iii) gives us a family
of epimorphisms of πx(L) onto the structural group of ΓF |L. Since the
epimorphisms differ from each other by an isomorphism of their image, it
is the common kernel, say Hx(F ) ⊂ πx(L), which characterizes the family.
The structural groups are all isomorphic to the quotient πx(L)/Hx(F ).

Definition 4.6. The discrete group

Holx(F ) := πx(L)/Hx(F )

will be called the holonomy group of F at x (the holonomy group of the leaf
through x). The projection πx(L) → Holx(F ) is the holonomy homomor-

phism for L (at x), while hL : π(L) ⇀ ΓF |L the holonomy morphism for L
(with respect to ΠF ).
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We conclude this section with a construction of a natural collection of
holonomy groupoids for foliated manifolds which come from arbitrary com-
plete transversals at the 0-level. The construction reflects the fact that
holonomy groupoids are—in a sense—unions of holonomy groups of the
leaves.

Let (X,F ) be a foliated ss-manifold, and i : T → X0 a complete transver-
sal for F0. For any path

C = (c0, y
e1
1 , . . . , y

er
r , cr)

in a leaf L of F such that c0(0) = i(t0) and cr(1) = i(t1), t0, t1 ∈ T , we
define a holonomy germ hit0,C,t1 ∈ ΓT (along C, with source t1 and target
t0) as follows: let Vj ⊂ X1 be a local transversal for F1 at yj , j = 1, . . . , r,
and U0, U1 ⊂ T local transversals at the ends of C; we set (see Fig. 5)

U0 V
β1
1 V

α1
1 V

β2
2

V
αr
r U1F0 c1

c0 cr ⊂ X0
T T

F1
y
e1
1 y

er
r ⊂ X1

V1 Vr

Fig. 5

(4.1) hit0,C,t1 = h
U0,c0,V

β1
1

[(idV1
)1
0, (y1)

0]e1h
V

α1
1

,c1,V
β2
2

. . .

. . . [(idVr
)1
0, (yr)

0]erhV αr
r ,cr ,U1

where the indices αj = (1 − ej)/2, βj = (1 + ej)/2 (i.e. either 0 or 1 for
ej = ±1) indicate the way of passing from Vj ⊂ X1 to X0.

Proposition 4.7. The holonomy germs are independent of the choices

involved. Furthermore,

(i) hit0,C,t1 = hit0,C′,t1
if C ′ is any path homotopic to C in the leaf , and

(ii) hit0,C,t1h
i
t1,C′,t2

= hit0,C·C′,t2
for any two composable paths C and C ′

in the leaf.

P r o o f. If V,W ⊂ X1 are any two local transversals at a y ∈ X1 then

[(idW )1
0, y

0]hW 0,ωε0y,V 0 = hW 1,ωε1y ,V 1 [(idV )1
0, y

0]
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since both the germs come from hW,ωy ,V (cf. (3.2)). Here ωz stands for the
appropriate constant path. This equality applied to yj , j = 1, . . . , r, ensures
the correctness of the definition.

In order to prove (i) it suffices to assume that C ′ is elementarily ho-
motopic to C. We consider separately the different types of elementary
homotopies according to Definition I.4.2(i)–(vi).

(i) The holonomy germs for F0 depend already on the homotopy classes
of the paths.

(ii) One has

[(idV̄ )1
0, y

0]hV̄ 0,ωε0c,V 0 = hV̄ 1,ωε1c,V 1 [(idV )1
0, y

0]

for local transversals V ∋ y and V ∋ y.

(iii) If y = η0x, and V = η0U comes from a local transversal U ∋ x
for F0, then [(idV )1

0, y
0] = hV 1,ωx,V 0 and the corresponding factor in (4.1)

reduces to the holonomy germ along ci−1 · ωx · ci ≃ ci−1 · ci.
(iv)–(vi) If W is any sufficiently small local transversal for F2 at a z ∈

X2, then Wi = εiW ∋ εiz, i = 0, 1, 2, are local transversals for F1. The
commutation axioms for face operators imply

[(idW2
)1
0, (ε2z)

0]h(W2)0,ωε1ε0z,(W0)1 [(idW0
)1
0, (ε0z)

0]

= h(W2)1,ωε1ε1z ,(W1)1 [(idW1
)1
0, (ε1z)

0]h(W1)0,ωε0ε0z,(W0)0

where the holonomy germs are just the canonical identifications of the
transversals.

The above particular cases yield assertion (i) of the proposition. The
last assertion (multiplicativity) follows from I(4.1).

Theorem 4.8. Let (X,F ) be a foliated ss-manifold , and i : T → X0 a

complete transversal for F0. The collection ΓF,T ⊂ ΓT (more precisely , ΓF,i)
of all holonomy germs along paths in XF ending in T is an open groupoid.

Furthermore,

(i) ΓF,T is a holonomy groupoid for F ; there is a natural minimal trans-

verse projection ΠF,T : X ⇀ NΓF,T such that for every collection of holo-

nomy projections Ha : Ua → T (for F0) over a covering U = (Ua)a∈A of X0,
ΠF,T is represented by an ss-map XU → NΓF,T given—at the 1-level—by a

cocycle (γab)a,b∈A,

(4.2) γ
(y)
ab = hiHa(ε1y),C(y),Hb(ε0y)

for y ∈ ε−1
1 Ua ∩ ε

−1
0 Ub. Here (cf. Fig. 6)

C(y) = (c(ε1y)
a , y, c

(ε0y)−1

b )

is any path in the leaf of F through y whose portions c
(·)
a and c

(·)
b are char-
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acterized by the requirement that

[Hd, x] = Hi

Hd(x),c
(·)

d

for d ∈ A, x ∈ Ud (cf. (3.3)).

(ii) For any leaf L of F , any reference point x0 ∈ L0 ∩ i(T ), and t0 ∈
i−1(x0) the epimorphism

πx0
(L) ∋ [C] → hit0,C,t0 ∈ (ΓF,T )t0

represents the holonomy morphism hL : π(L) ⇀ ΓF,T |L.

Ha

T
F0 Ua Ub ⊂ X0

T Hb

ε1 ε0

F1 y ⊂ X1

Fig. 6

P r o o f. Fix a collection of local transversals y ∈ Sy ⊂ X1, for every
y ∈ X1, and set S :=

∐
Sy ∐ T ; there exists a canonical extension of

η0 ◦ i : T → X1 to a complete transversal j : S → X1 for F1. We claim that

(4.3) ΓF,T = {g ∈ ΓF,S; αg, βg ∈ T} .

Indeed, if C = (c0, y
e1
1 , . . . , cr) is any path in a leaf of F with ends i(t0),

i(t1), for t0, t1 ∈ T , then for Vi = Syi
, i ≤ r, formula (4.1) defines hit0,C,t1 as a

composition of elements of the non-reduced holonomy groupoid Γ ′
F,S , except

at the ends, where the identification T 0 ≈ T ≈ T 1 places the whole germ in
ΓF,S. Conversely, every element of Γ ′

F,S is—by definition—expressible as a
composition

g = hj
′

s0,c0,s
′

1

[id1
0, s

0
1 ]e1hj

′

s′′
1
,c1,s

′

2

[id1
0, s

0
2 ]e2 . . . hj

′

s′′r ,cr ,sr+1

where ci, i ≤ r, are paths in XF0

0 , ei = ±1, and s′i and s′′i are equal to the
appropriate copy s 0

i or s 1
i of si ∈ S, for i = 1, . . . , r. The germ becomes
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an element of ΓF,S if one identifies its source and target, sr+1, s0 ∈ S0 ∐S1,
with their originals in S. If, in particular, the originals are in T ⊂ S then,
according to (4.1),

g = his0,C,sr+1
∈ ΓF,T

where

C = (c0, j(s1)
e1 , c1, j(s2)

e2 , . . . , cr) .

In view of (4.3), ΓF,T is open in ΓF,S and is therefore a groupoid of germs;
the inclusion homomorphism is an equivalence, for T is complete. Further-
more, if (Ha)a∈A is any collection of holonomy projections of elements of a
covering U = (Ua) onto T , then the unique extension of the collection to
a representative for the natural projections ΠF,S : X ⇀ NΓF,S is in fact
ΓF,T -valued; the ss-morphism it represents, X ⇀ NΓF,T , differs from ΠF,S

by an equivalence of groupoids and so is a minimal transverse projection for
F . It remains to show that for y ∈ ε−1

1 Ua ∩ ε−1
0 Ub, γab(y) given by (4.2)

satisfies

[Ha ◦ ε1, y] = γab(y)[Hb ◦ ε0, y]

(cf. (2.4) in the proof of Theorem 2.11), i.e.

Hi

Ha(ε1y),c
(·)
a

[ε1, y] = γab(y)H
i

Hb(ε0y),c
(·)

b

[ε0, y]

where the dots mean ε1y and ε0y, respectively. When restricted to any local
transversal through y, the above equality immediately implies (4.2), and so
assertion (i) is proved.

In order to prove (ii) we denote the epimorphism considered by h and
abbreviate ΓF,T with Γ . Since the canonical equivalence of grupoids π(L) ⇀
πx0

(L) is represented by α−1(x0) ⊂ π(L) (cf. Corollary I.4.7), the composi-
tion

π(L) ⇀ πx0
(L)

h
→ Γt0 →֒ Γ |L

is represented by a (Γ |L)-extension, Σ := α−1(x0) ×h (Γ |L), of the princi-
pal πx0

(L)-bundle α−1(x0). Elements of Σ are equivalence classes of pairs
([C ′], hit0,C′′,t) such that both C ′ and C ′′ are paths in L, and α[C ′] = i(t0) =
β[C ′′]; the equivalence relation is

([C ′C], hit0,C′′,t) ∼ ([C ′], hit0,CC′′,t)

for [C] ∈ πx0
(L), so that multiplicative notation for equivalence classes

is plausible. It is also readily seen that the turning point t0 ∈ T where
homotopy changes into holonomy is inessential—every pair ([C ′], hiτ,C′′,t)

gives rise to a well defined product [C ′]hiτ,C′′,t ∈ Σ provided C ′ and C ′′ are
composable paths in L and i(τ) is their common end.

According to Theorem 4.5(ii), we have to verify the equality ΠF,T |L =
NΣ◦ΠL, which is—by Proposition I.1.19—equivalent to the commutativity
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of the square
L −→ XF

f ⇂ ⇂ (ΠF,T )′

NΓ |L −→ NΓFδ

Here f denotes the composition NΣ ◦ ΠL. We intend to show that the
diagram does commute by comparing the principal ΓFδ -bundles over L clas-
sified by the two compositions.

In view of I(4.6) and Corollary I.3.7, f classifies a (Γ |L)-bundle equal to
Σ → L0 at the 0-level and characterized by ε1 : ε∗0Σ → Σ,

L1 ×(ε0,π) Σ ∋ (y, σ) → [y]σ ∈ Σ ,

at the 1-level. On the other hand, the restriction of Π ′
F,T to L is known

from its cocycle description (4.2). More precisely, if we denote by ULa the
counter-image of Ua via the immersion L0 → X0, for a ∈ A, then both Ha

and γab descend to continuous maps

H ′
a : ULa → (T, δ), γ′ab : L1 ⊃ ε−1

1 ULa ∩ ε−1
0 ULb → (Γ, δ) = ΓFδ

for a, b ∈ A, δ being the discrete topology. Starting from the new cocycle,
we can construct a ΓFδ -bundle E = (En) it classifies—as in Remark I.2.16.
In particular,

E0 =
∐

a

ULa ×(H′
a,β) Γ

Fδ/ ∼

where

(b, x, g) ∼ (a, x, γab(η0x)g)

for x ∈ ULa ∩ULb . Note that outside Γ |L, a transitive component of ΓFδ ,
the action of the groupoid is only hypothetical.

We claim that Σ and E0 are isomorphic principal (Γ |L)-bundles over
L0. Namely, we shall show that the assignment

E0 ∋ [a, x, g]
I0
→ [c(x)

a ]−1g ∈ Σ

is a well defined isomorphism:

— if c and c′ are two paths in L0 which yield the same holonomy
projection Ha about x, then [c′]−1g = [c]−1g, for the loop c′c has then
trivial holonomy germ;

— for x ∈ ULa ∩ ULb , one has

γab(η0x) = hiHa(x),C(η0x),Hb(x) where [C(η0x)] = [c(x)
a ][c

(x)
b ]−1 .

Consequently, we get

[c(x)
a ]−1γab(η0x)g = [c(x)

a ]−1[C(η0x)]g = [c
(x)
b ]−1g
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so that I0 is correctly defined. Its smoothness follows from the fact that E0

(as well as Σ) is a covering manifold, and from the way of introducing the
differential structure on π(L). Being evidently (Γ |T )-equivariant, I0 must
be an isomorphism.

In order to conclude the proof it now remains to use Corollary I.2.14 and
verify that

ε1I1(y, [b, ε0y, g]) = ε1(y, [c
(ε0y)
b ]−1g) = [y][c

(ε0y)
b ]−1g

= [c(ε1y)
a ]−1γab(y)g = I0[a, ε1y, γab(y)g]

= I0ε1(y, [b, ε0y, g])

at the 1-levels.

II.5. Foliated bundles and G-structures. A large class of Γ -
foliations is supplied by specific geometric structures over the foliated ss-
manifold. In fact, explicitly given transverse projections are very rare in
the mathematical Nature. In this section we concentrate on G-structures,
which provide an elegant way of making transverse projections implicit.

Given a q-codimensional foliation F of a manifold M , and a positive
integer k, we recall that the kth order normal bundle πk : P kF → M is the
manifold of k-jets

P kF = {jkxϕ;ϕ ∈ Subm(F ), ϕ(x) = 0} ,

together with the projection jkxϕ→ x; the structure group of P kF is the k-th
order linear group

GLk(q) = {jk0 γ; γ : R
q ⊃ u

∼=→ v ⊂ R
q, γ(0) = 0}

which acts by composition of jets.

For k ≥ l, there are canonical order projections,

πkl : P kF → P lF , GLk(q) → GLl(q) ,

which lower the order of jets. Furthermore, any map f : M ′ →M transverse
to the foliation gives rise to a homomorphism of GLk(q)-bundles called the
k-th prolongation f (k) of f ,

P kf∗F ∋ jkx(ϕ ◦ f) → jkf(x)ϕ ∈ P kF

for k ≥ 1. In particular, for every ϕ ∈ Subm(F ), ϕ : U → R
q, its prolon-

gation ϕ(k) : P kF |U → P k
Rq is a submersion onto the kth order frame bundle

over R
q.

Lemma 5.1. For every k ≥ 1 the prolongations ϕ(k) of submersions

ϕ ∈ Subm(F ) pull the discrete foliation of P k
Rq back to portions of a global

foliation F k of P kF . The latter foliation is characterized by the property that
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the canonical homomorphism

EF ∋ [ϕ, x]
Jk

→ jkx(t−ϕ(x) ◦ ϕ) ∈ P kF

induces a map of foliated manifolds,

Jk : (EF , π
∗F ) → (P kF , F

k) ,

which is a local diffeomorphism of the leaves. Here ta, a ∈ R
q, stands for

the translation z → z + a.
Furthermore, for any map f : M ′ →M transverse to F ,

(5.1) f (k) ⋔ F k, f (k)∗F k = (f∗F )k on P kf∗F .

The foliation F k of P kF will be referred to as the k-th prolongation of F .

P r o o f. The submersions ϕ(k), ϕ ∈ Subm(F ), define a foliation of the
kth order normal bundle, for every relationship of the form ψ = γ◦ϕ between
elements ϕ and ψ of Subm(F ) implies ψ(k) = γ(k) ◦ ϕ(k), where γ(k) is a
local automorphism of the frame bundle.

If f ⋔ F then ϕ◦f ∈ Subm(f∗F ) for every ϕ ∈ Subm(F ). As (ϕ◦f)(k) =
ϕ(k) ◦ f (k), the last assertion of the lemma follows from Proposition 1.1(i).

In order to prove that Jk : EF → P kF preserves the foliations it suffices

to restrict the map to any section, U ∋ x
ϕ̃
→ [ϕ, x] ∈ EF , where ϕ : M ⊃

U → R
q is any element of Subm(F ) (we recall that π : EF → M is a local

diffeomorphism). Clearly,

ϕ(k) ◦ Jk([ϕ, x]) = jkϕ(x)t−ϕ(x) for x ∈ U ,

which is locally constant on the leaves of F ; by Proposition 1.1(ii), we get

Jk : (ϕ̃(U), π∗F |ϕ̃(U)) → (P kF , F
k) .

As ϕ was arbitrary, and the leaves of both π∗F and F k are coverings of
leaves of F , this proves the lemma.

Definition 5.2. For k ≥ 1 and a q-codimensional foliation F = (Fn) of
an ss-manifold X the k-th order normal GLk(q)-bundle for F is the sequence
P kF = (P kFn

) of the respective normal bundles endowed with the structure

operators εi = ε
(k)
i , ηi = η

(k)
i , and with the canonical bundle projection, to

be denoted by πk : P kF → X. The prolongations F kn = (Fn)k, n ≥ 0, form
the k-th prolongation F k of the foliation.

Example 5.3. If the structure operators of an ss-manifold X are lo-
cal diffeomorphisms, then for each k, X admits a k-th order frame bundle

P kX = (P kXn
), which is the normal bundle for the discrete foliation. The

prolongations of F are all discrete.

Example 5.4. For every ss-morphism f : Y ⇀ X transverse to a foliation
F of X, and k ≥ 1, there is a canonical form (P k

f ∗F , f ) of the pull-back of P kF
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by f such that the distinguished lifts of representatives f ∈ f , f : YU → X,
are the prolongations

(5.2) (P k
f ∗F )π−1U (n) ∋ (a0, . . . , an;u) → f (k)

n,a0...an
u ∈ P kF

where fn,a0...an
stands for the appropriate restriction of fn, n ≥ 0.

For any closed subgroup G ⊂ GLk(q), k ≥ 1, a G-structure on a foliated
manifold (M,F ) (in the transverse direction) is an arbitrary G-subbundle
P ⊂ P kF tangent to F k. The restriction F k|P is then the horizontal foliation

of P . According to Proposition 1.3, for any map f : M ′ →M transverse to
F the G-reduction f−1P := f (k)−1P ⊂ P kf∗F ,

(5.3) f−1P = {jkx(ϕ ◦ f) ∈ P kf∗F ; jkf(x)ϕ ∈ P} ,

is tangent to the prolongation of f∗F (cf. (5.1)). This is the counter-image

G-structure on (M ′, f∗F ).

Definition 5.5. A G-structure on a foliated ss-manifold (X,F ) (G ⊂
GLk(q), q = codimF ) is any principal G-bundle P = (Pn) over X such that

(i) for every n, Pn ⊂ P kFn
is a G-structure on (Xn, Fn), and

(ii) the structure operators of P are restrictions of those of P kF .

The integer k is the order of the G-structure. The horizontal foliations
of the levels constitute the horizontal foliation of P .

It is readily seen that every G-structure P on (X,F ) is completely char-
acterized by P0 ⊂ P kF0

such that ε−1
0 P0 = ε−1

1 P0 on (X1, F1).

Example 5.6. For any groupoid of germs Γ , every G-structure P on
(NΓ,Fδ) comes from a G-structure P0 on the manifold of units. We have
α−1P0 = β−1P0 iff P0 is invariant under (the prolongation of) the pseu-
dogroup that underlies Γ .

Definition 5.7. For G ⊂ GLk(q), a G-foliation on an ss-manifold X
is any pair (F,P ) composed of a q-codimensional foliation F of X and a
G-structure P on (X,F ).

Usually F itself is called a G-foliation if (X,F ) admits any G-structure.

The class of G-structures is closed—as we shall see later in this section—
with respect to pull-backs (counter-images) by ss-morphisms transverse to
the foliations. In fact, the notion turns out to be equivalent to that of ΓG-
structure, for an appropriate groupoid of germs ΓG. On the other hand,
considering arbitrary ss-morphisms of foliated ss-manifolds as well as ar-
bitrary modifications of the structure group requires more general objects
called foliated G-bundles. This notion is originally due to P. Molino [19].

Recall that for G a Lie group, a foliated manifold (P,F ) is a foliated

G-bundle over another foliated manifold (M,F ) if P is a principal G-bundle
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over M , G acts on P via automorphisms of (P,F ), and the bundle projection

π : P → M induces a covering map π′ : P F̄ → MF . These properties of F
justify the name flat partial connection for its tangent bundle TF ⊂ TP . A
connection ω in P is adapted to F if it extends TF over the whole of TM , i.e.
if the leaves of F are horizontal. For M paracompact adapted connections
always exist.

Definition 5.8. A foliated G-bundle over a foliated ss-manifold (X,F )
is any foliated ss-manifold (P,F ) such that

(i) P is a principal G-bundle over X, and

(ii) for every n, (Pn, Fn) is a foliated G-bundle over (Xn, Fn).

If codimF = 0, (P,F ) is also called a flat G-bundle over X.

Example 5.9. Every G-structure P on (X,F ) together with its horizon-
tal foliation is a foliated G-bundle. The restriction of P to any leaf L of F
is a flat G-bundle.

The next theorem illustrates the naturality of the examined notion.

Theorem 5.10. Let (P,F ) be a foliated G-bundle over a foliated ss-

manifold (X,F ).

(i) Given any ss-morphism of foliated ss-manifolds f : (Y, F ′) ⇀ (X,F ),
for every pull-back (P ′, f ) of P by f there exists exactly one foliation F ′ of

P ′ which makes P ′ a foliated G-bundle over (Y, F ′) such that f : (P ′, F ′) ⇀
(P,F ). If , in particular , f ⋔ F and F ′ = f

∗F , then f ⋔ F and F ′ = f ∗F .

(ii) For any homomorphism of Lie groups h : G → G′ and every h-
homomorphism h : P → P ′ of P to a principal G′-bundle P ′ over X, there

exists exactly one foliation F ′ of P ′ such that (P ′, F ′) is a foliated G′-bundle

over (X,F ), and h : (P,F ) → (P ′, F ′).

Definition 5.11. Under the hypothesis of Theorem 5.10(i), (P ′, F ′) will
be called a relative pull-back foliated G-bundle of (P,F ) by f with respect
to F ′.

As P ′ is defined up to isomorphism, so is the pull-back (P ′, F ′). If
F ′ = f

∗F , the adjective “relative” is superfluous.

We shall first prove the following particular case of the theorem.

Lemma 5.12 [1]. (i) Let f : (M ′, F ′) → (M,F ) be a map of foliated

manifolds covered by a homomorphism f : P ′ → P of principal G-bundles.

For any foliated bundle structure F on P the subbundle

(5.4) TF ′ := π−1
∗ TF ′ ∩ f∗

−1TF ⊂ TP ′

defines a unique foliation F ′ of P ′ such that (P ′, F ′) is a foliated G-bundle

and f : (P ′, F ′) → (P,F ). If ω is any adapted connection for (P,F ) then its
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pull-back by f is an adapted connection for (P ′, F ′). Furthermore, f ⋔ F
and F ′ = f∗F imply f ⋔ F and F ′ = f∗F .

(ii) Let (P,F ) be a foliated G-bundle over a foliated manifold (M,F ).
For any Lie group homomorphism h : G→ G′ and every h-homomorphism h
of P to a principal G′-bundle P ′ over M , h transfers F to a unique foliation

F ′ of P ′ such that (P ′, F ′) is a foliated G′-bundle. F ′ is characterized by

its tangent bundle,

(5.5.) Th̄(u)F
′ = h∗(TuF )

for u ∈ P . If ω is any adapted connection for (P,F ), then there is an

adapted connection ω′ for (P ′, F ′) such that h∗ω′ = h∗ ◦ ω.

P r o o f. The assertions are local, so we may, and do, assume the base
manifolds to be paracompact.

(i) If (P,F ) is a foliated bundle over (M,F ), and ω ∈ A1(P ) ⊗ g (g
the Lie algebra of G) is any adapted connection, so that TF ⊂ kerω, then
[17], Proposition II.6.2, ensures that the pull-back ω′ = f∗ω is a connection
in P ′, and f∗

−1TF ⊂ kerω′. In particular, for every u ∈ P ′ the subspace
(f∗u)

−1Tf̄(u)F ⊂ TuP
′ contains no vertical vectors; we claim that the pro-

jection of this subspace to TπuM
′ covers TπuF

′, i.e.

(5.6) TπuF
′ ⊂ π∗(f∗u)

−1Tf̄(u)F .

Indeed, for every v ∈ TπuF
′ the horizontal lift w ∈ Tf̄(u)F of f∗v ∈ Tf(πu)F

is (f, π)-related to v (i.e. π∗w = f∗v). As P ′ is isomorphic to the fibre
product M ′ ×(f,π) P , the pair (v,w) gives rise to a unique vector w′ ∈ TuP

′

such that v = π∗w
′ and f∗w

′ = w ∈ Tf̄(u)F .

In view of (5.6), TF ′, as defined in (5.4), equals π−1
∗ TF ′ ∩ kerω′ and is

therefore a smooth vector bundle; since

f∗(π
−1
∗ TF ′) ⊂ π−1

∗ f∗TF
′ ⊂ π−1

∗ TF

the flatness of ω over TF—which is equivalent to the involutivity of TF—
implies the flatness of ω′ over TF ′. Hence (5.4) does define the required
foliation. Its uniqueness is an immediate consequence of the fact that the

requirements for F
′
imply π∗TF

′
⊂ TF ′, f∗T |F

′
⊂ TF .

If f ⋔ F and w ∈ Tf̄(u)P , then there is a decomposition π∗w = f∗v
′ + v,

where v′ ∈ TπuM
′, v ∈ Tf(πu)F . Taking the horizontal lift v ∈ Tf̄(u)F of v

we get π∗(w − v) = f∗v
′, from which it follows that there is a w′ ∈ TuP

′

such that f∗w
′ = w − v. Hence we conclude

w = f∗w
′ + v ∈ f∗TuP

′ + Tf̄(u)F .

The tangent bundle Tf∗F = f−1
∗ TF equals TF ′, for it is contained in

π−1
∗ TF ′ = π−1

∗ f−1
∗ TF .
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(ii) Let ω ∈ A1(P )⊗g, TF ⊂ kerω, be any adapted connection in P , and
ω′ its extension to P ′ such that h∗ω′ = h∗ ◦ ω (cf. [17], Proposition II.6.1).
Then

TF ′ := kerω′ ∩ π−1
∗ TF

is a smooth vector bundle such that (5.5) is satisfied. Since the curvature
forms Ω and Ω′ of the two connections are related via h∗Ω′ = h∗ ◦ Ω, Ω′

annihilates the bundle TF ′ over the image of h; as TF ′ is G′-invariant, we
get Ω′|TF ′ = 0, which yields the involutivity of TF ′. The uniqueness of
F ′ follows from the fact that the requirements for F ′ imply TF ′ ⊂ kerω′,
π∗TF ⊂ TF .

P r o o f o f T h e o r e m 5.10. (i) Assume first that f is represented
by an ss-map f : Y → X. Any distinguished lift f of f is a sequence
of homomorphisms fn : P ′

n → Pn of principal G-bundles. Since, for each
n ≥ 0, fn projects to fn : (Yn, F

′
n) → (Xn, Fn), Lemma 5.12(i) yields a

sequence of foliated G-bundles (P ′
n, F

′
n) over (Yn, F

′
n). By (5.4), the face

operators of P ′ are maps of foliated manifolds,

εi : (P ′
n, F

′
n) → (P ′

n−1, F
′
n−1) ,

and, therefore, F ′
n = ε∗iF

′
n−1 for i ≤ n, n = 1, 2, . . .

Passing to the general case we see that for any representative f : YU → X
of f and any distinguished lift f of f there is a unique foliated G-bundle
(P ′, F ′) over (Y, F ′) such that

f : (P ′
π−1U , F

′
π−1U) → (P,F )

(cf. Lemma 1.10). Equivalent representatives of f and their distinguished
lifts are easily seen to determine the same foliation of P ′. Furthermore,
f ⋔ F iff f ⋔ F , and f ⋔ F iff f ⋔ F ; if this is the case then

F ′
π−1U = f∗F = (f ∗F )π−1U .

(ii) According to Lemma 5.12(ii), there is a unique sequence of foliations
F ′
n on P ′

n, n ≥ 0, such that, for each n, (P ′
n, F

′
n) is a foliated G-bundle over

(Xn, Fn), and hn∗TFn ⊂ TF ′
n. For n ≥ 1 and i ≤ n the pull-back foliation

ε∗iF
′
n−1 makes P ′

n a foliated bundle such that

hn : (Pn, Fn) → (P ′
n, ε

∗
iF

′
n−1) .

By uniqueness, ε∗iF
′
n−1 equals F ′

n; hence F ′ = (F
′
n) is the required foliation

of P ′.

For a Lie group G and an integer q ≥ 0 let π : C∞(Rq, G) → R
q be the

sheaf of germs of smooth mappings of R
q to G. The fibre product

Γq,G = Γq ×(α,π) C
∞(Rq, G)
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equipped with the product operation

([γ′, x′], [ψ′, x′]) · ([γ, x], [ψ, x]) = ([γ′ ◦ γ, x], [(ψ′ ◦ γ)ψ, x])

for x′ = γ(x) is a differentiable groupoid whose source and target maps
α, β : Γq,G → R

q are local diffeomorphisms. In order to construct a uni-

versal foliated G-bundle over (NΓq,G, Fδ), we consider a groupoid of germs
over R

q × G, Γ q,G ⊂ ΓRq×G, associated with the pseudogroup of local au-
tomorphisms of the trivial G-bundle R

q ×G → R
q, i.e. diffeomorphisms of

the form

R
q ×G ∋ (x, g)

(γ,ψ)
−→ (γ(x), ψ(x)g) ∈ R

q ×G .

G acts on the nerve NΓ q,G by translating the initial points of the germs:

[(γ, ψ), (x, g)] · g′ = [(γ, ψ), (x, gg′)] ,

and there is a projection

Γ q,G ∋ [(γ, ψ), (x, g)] → ([γ, x], [ψ, x]) ∈ Γq,G

which makes NΓ q,G a principal G-bundle over NΓq,G (foliated by the dis-
crete foliation).

Theorem 5.13. For any foliated G-bundle (P,F ) over a q-codimensional

foliated manifold (X,F ) there is exactly one ss-morphism f (P,F̄ ) : X ⇀
NΓq,G which is transverse to the discrete foliation and pulls the universal

foliated G-bundle (NΓ q,G, Fδ) back to (P,F ).

We start with the following important

Lemma 5.14. For every foliated bundle (P,F ) over a foliated manifold

(M,F ) there exists a local section through any point of P , continuous in the

foliation topologies.

P r o o f. Let U ⊂ M be any open subset such that (U,F |U) ∼= R
n−q ×

(Rq, δ). We fix a transversal T ∼= R
q →֒ U which meets every leaf in exactly

one point, and lift it to a T̃ →֒ P . Since the leaves of F which pass through
T̃ are coverings of those leaves of F which meet T , their restrictions to
π−1(U) ⊂ P extend T̃ to the desired section σ : U → P . The smoothness
of σ is a consequence of the standard fact that solutions to a smooth first
order differential equation depend smoothly on the initial conditions.

P r o o f o f T h e o r e m 5.13. Choose sections sa : Ua → P0 as in
Lemma 5.14, and submersions ϕa : Ua → R

q in Subm(F0), both over a
covering U = (Ua)a∈A of X0. As the sections send leaves to leaves so do
the induced local sections of P1, and the associated G-cocycle consists of
functions which are locally constant on the leaves of F1. Consequently, the
basic data, (sa) and (ϕa), give rise to a Γq,G-cocycle,

ε−1
1 Ua ∩ ε

−1
0 Ub ∋ x→ ([γ

(x)
ab , ϕbε0x], [g

(x)
ab , ϕbε0x]) ∈ Γq,G
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such that

γ
(x)
ab ◦ (ϕbε0) = ϕaε1 ,

(π, ε0)
−1(id, sbε0) = (π, ε1)

−1(id, saε1) · (g
(x)
ab · ϕbε0)

in a neighbourhood of each x. Clearly, the morphism f (P,F̄ ) represented by
the corresponding ss-map f : XU → NΓq,G is independent of the choices
involved.

An ss-morphism f : X ⇀ NΓq,G classifies (P,F ) iff there is a pull-back
(P, f ) of NΓ q,G by f such that f ∗Fδ = F . If this is the case then every
representative f : XU → NΓq,G yields a commuting square

Pπ−1U
f̄

−→ NΓ q,Gy
y

XU
f

−→ NΓq,G

where f ∈ f is a distinguished lift of f . Denoting by ϕa, a ∈ A, the
components of f0 we get a collection of submersions over U such that f0

establishes an isomorphism of foliated G-bundles,

(P0|Ua, F 0|Ua) ∼= ϕ∗
a(R

q ×G,Fδ) ,

for every a; the local sections sa : Ua → P0 that come from

Ua ∋ x→ (x, (ϕa(x), e)) ∈ ϕ∗
a(R

q ×G)

carry leaves to leaves. It is now easy to see that f is characterized by (sa)
and (ϕa) as in the former part of the proof; hence f = f (P,F̄ ).

Reversing the above argument we conclude that f (P,F̄ ) does classify the

foliated G-bundle (P,F ).

R e m a r k 5.15. It follows from the above proof that a principal G-
bundle P over an ss-manifold X foliated by F carries a foliated bundle
structure over (X,F ) iff the classifying ss-morphism f P : X ⇀ NG has
a representative f such that every fn is locally constant on the leaves of
Fn. Those representatives which correspond to the same foliated bundle
structure are easily seen to form a connected collection with respect to
elementary equivalences.

R e m a r k 5.16. For 0 ≤ q′ < q, an identification R
q = R

q′ × R
q−q′ gives

rise to a homomorphism of groupoids,

Γq′,G ∋ ([γ, x], [ψ, x])
j
→ ([γ × id

Rq−q′ , (x, 0)], [ψ ◦ pr, (x, 0)]) ∈ Γq,G ,

where pr : R
q → R

q′ stands for the projection. The ss-map N j pulls NΓ q,G
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back to NΓ q′,G, for j admits a G-equivariant lift,

NΓ q′,G ∋ [(γ, ψ), (x, g)]
j̄
→ [(γ × id

Rq−q′ , ψ ◦ pr), ((x, 0), g)] ∈ Γ q,G ;

hence N j : (NΓq′,G, Fδ) → (NΓq,G, Fδ) pulls back one of the universal
foliated G-bundles to the other. In conclusion: every foliated G-bundle
over a foliated ss-manifold of codimension ≤ q is a relative pull-back of
(NΓ q,G, Fδ).

Returning to G-structures, we now specify those particular cases of The-
orem 5.10 in which the new foliated bundles still remain G-structures.

Proposition 5.17. (i) There is a natural counter-image operation such

that for any G-structure P on a foliated ss-manifold (X,F ), and every ss-

morphism f : Y ⇀ X transverse to F , the counter-image of P by f is a

G-structure f
−1P on (Y, f ∗F ); the naturality g−1f

−1P = (f ◦g)−1P together

with the requirement that

(5.7) [f ]−1P = (f−1
n Pn)

for any ss-map f : Y → X transverse to the base foliation determine the

pull-back operation in a unique manner. For any P and f the G-structure

f
−1P together with the appropriate prolongation f of f and with the hori-

zontal foliation is a pull-back of the foliated G-bundle P .

(ii) For any closed subgroups G ⊂ GLk(q) and G ⊂ GLk̄(q) such that

πk
k̄
G ⊂ G, k ≥ k, and every G-structure P on a foliated ss-manifold (X,F ),

there is a natural G-extension of P , i.e. a G-structure P · G on (X,F )
such that every level Pn · G of P · G is the unique G-structure containing

πk
k̄
Pn ⊂ P k̄Fn

.

The two operations on G-structures described in (i) and (ii) commute

with each other.

P r o o f. (i) If f : YU → X is a representative of an ss-morphism f : Y ⇀
X transverse to a foliation F of X, then for any G-structure P on (X,F ),
(5.7) defines a G-structure on (YU , (f

∗F )U ). Now a reasoning completely
analogous to our proof of Lemma 1.10 ensures that the G-structure on the
localization of (Y, f ∗F ) is a counter-image—by [λ] : YU ⇀ Y—of a global
G-structure P ′ on (Y, f ∗F ). Since P ′ is uniquely characterized by [λ]−1P ′ =
[f ]−1P , it is independent of the representative of f . On the other hand, the
representative admits a natural lift,

f : P ′
π−1U

∼= [λ]−1P ′ = [f ]−1P
f(k)

−→ P ;

since the collection f of all the lifts is connected with respect to elementary
equivalences, (P ′, f ) is a pull-back of P by f . Being restrictions of the
prolongations (5.2), the lifts preserve the respective horizontal foliations.
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(ii) Observe first that for every n ≥ 0 the subspace

Pn ·G := {jk̄xψ · g ∈ P k̄Fn
; jkxψ ∈ Pn, g ∈ G}

is a G-structure on (Xn, Fn). Indeed, any submersion ϕ : U → R
q in

Subm(Fn) gives rise to a simultaneous trivialization of all the normal bun-
dles,

U × GLh(q) ∋ (x, jh0 γ) → jhx (γ−1
t−ϕ(x)ϕ) ∈ PhFn

|U ,

h = 1, 2, . . . ; in terms of the trivializations, the order projection πk
k̄

for the
bundles reduces to the projection for the higher order linear groups. Con-
sequently, if the G-subbundle Pn|U ⊂ P kFn

|U is characterized by a section

U → P kFn
,

U ∋ x
σ
→ (x, g(x)) ∈ U × GLk(q) ,

then its image in P k̄Fn
|U is described by

U ∋ x
σ′

→ (x, πk
k̄
g(x)) ∈ U × GLk̄(q) ,

which is a section over U of a G-subbundle. If, moreover, the component
g of σ is chosen locally constant on the leaves of Fn (cf. Lemma 5.14) then
the same is true for πk

k̄
g and σ′. This means that the projection Pn →

Pn ·G sends Tσ(x)F
k
n onto Tσ′(x)F

k̄
n , for x ∈ U . By group-invariance of the

prolongations of Fn, we conclude that Pn ·G is tangent to F k̄n .
By construction of the levels, P ·G := (Pn ·G) is a G-structure on (X,F ).

The last assertion of the proposition is obvious.

Before we formulate a classification theorem for G-structures, let us re-
call that a kth order G-structure P on a foliated manifold (M,F ) is called
integrable if for every x ∈M there is an integrating submersion ϕ : U → R

q

about x, i.e. a ϕ ∈ Subm(F ) such that the map

jkϕ : U ∋ y → jky (t−ϕ(y)ϕ) ∈ P kF

is a section of P , ta being the translation z → z + a in R
q. As integrability

is preserved by counter-images by maps transverse to the foliations, for any
G-structure P = (Pn) on a foliated ss-manifold the integrability of P0 is
inherited by the other levels.

Definition 5.18. A G-structure P on a foliated ss-manifold (X,F ) is
integrable if each Pn is integrable; P is G-integrable if its G-extension P ·G is
integrable. If this is the case, the G-foliation (F,P ) will be called integrable

(resp., G-integrable).

Proposition 5.19. If P is a G-integrable G-structure on a foliated ss-

manifold (X,F ), and f : Y ⇀ X an ss-morphism transverse to F , then the

counter-image f
−1P is a G-integrable G-structure on (Y, f ∗F ).
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P r o o f. According to Proposition 5.17, the G-extension (f −1P ) · G =
f
−1(P ·G) inherits integrability from P ·G.

The following classification theorem asserts that G-integrable G-folia-
tions are in fact Γ -foliations. For arbitrary G-foliations (the case G =
GL(q)) the construction of a universal G-structure is due to T. E. Du-
champ [9].

Theorem 5.20. Let G ⊂ GLk(q) and G ⊂ GLk̄(q), k ≥ k, be closed

subgroups such that G projects into G. There exist a groupoid of germs

ΓḠ,G and a universal G-structure PḠ,G on (NΓḠ,G, Fδ) such that

(i) the G-extension of PḠ,G is integrable, and

(ii) for every G-integrable G-structure P on a foliated ss-manifold (X,F )
there is a unique ss-morphism f P : X ⇀ NΓḠ,G transverse to the discrete

foliation such that f
∗
PFδ = F and f

−1
P PḠ,G = P (the classifying ss-morphism

for P ).

Corollary 5.21. Given a minimal transverse projection ΠF : X ⇀
NΓF for a foliated ss-manifold (X,F ), every G-structure P on (X,F ) pro-

jects to a unique G-structure P̃ on (NΓF , Fδ) such that P = Π−1
F P̃ .

P̃ is G-integrable iff so is P .

P r o o f. If f P classifies P as a G-structure, then the unique factorization
f P = f ◦ ΠF (cf. Theorem 3.2(i)) is equivalent to P = Π−1

F (f −1PḠ,G)

where G = GL(q). For G arbitrary, the above equality yields the second
assertion.

R e m a r k 5.22. By a careful examination of the prolonged ss-morphism
ΠF : P ⇀ P̃ ∼= N (ΓF ×(α,π) P̃) (cf. I(3.2)), it can be shown that the

groupoid ΓF ×(α,π) P̃0 is a groupoid of germs of local automorphisms of P̃0,

and that ΠF is in fact a minimal transverse projection for the horizontal
foliation of P . We shall not need this result in the sequel, so the details are
left to the reader.

In order to prove Theorem 5.20, we shall construct canonical candidates
for both ΓḠ,G and PḠ,G. To this end we let N(G,G) be the sheaf of germs of

smooth maps R
q → (πk

k̄
)−1G/G; the projection π : N(G,G) → R

q induces
on it a natural structure of a q-dimensional (non-Hausdorff, in general) dif-
ferentiable manifold. The manifold carries a canonical G-structure PḠ,G(0)

such that above each σ = [s, x] ∈ N(G,G), we have

(5.8) jkσ(t−xπ)g ∈ PḠ,G(0) iff πk
k̄
g ∈ G and gG = s(x) .

Clearly, the G-extension of PḠ,G(0) is nothing but the counter-image by π
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of the flat G–structure

(5.8′) PḠ(0) := {jk̄xϕ ∈ P k̄Rq ; jk̄0 (ϕtx) ∈ G} .

In order to obtain PḠ,G = (PḠ,G(n))n≥0 it now suffices (cf. Example 5.6)
to define ΓḠ,G to be the groupoid of germs of all automorphisms of the G-
structure PḠ,G(0). The groupoid can be identified (via π) with the fibre
product

ΓḠ,G = ΓḠ ×(α,π) N(G,G)

where ΓḠ ⊂ Γq is the groupoid of germs of local automorphisms of PḠ(0).
The product operation in ΓḠ,G,

(g′, σ′)(g, σ) = (g′g, σ) iff σ′ = gσ

for (g′, σ′), (g, σ) ∈ ΓḠ,G, is an extension of a natural ΓḠ-action on N(G,G),

(5.9) [γ, x][s, x] = [(Dkγ · s) ◦ γ−1, γ(x)] for [γ, x] ∈ ΓḠ ,

where Dkγ stands for the map

Domain γ ∋ y → jk0 (t−γ(y) ◦ γ ◦ ty) ∈ (πk
k̄
)−1G .

Definition 5.23. ΓḠ,G is the classifying groupoid for G-integrable G-

structures. In particular, ΓG := ΓG,G is the classifying groupoid for inte-

grable G-structures, and Γ̃G := ΓGL(q),G—for (arbitrary) G-structures.

P r o o f o f T h e o r e m 5.20. Let P be a G-integrable G-structure on a
foliated manifold (M,F ). Every integrating submersion ϕ : M ⊃ U → R

q

for P ·G can be naturally lifted to a submersion ϕ̂ : U → N(G,G) such that

(5.10) P |U = ϕ̂−1PḠ,G(0) .

Indeed, there is a well defined map sϕ : U → (πk
k̄
)−1G/G such that

(5.11) sϕ(x) = gG iff jkx(t−ϕ(x)ϕ)g ∈ P .

As P is a union of leaves of F k, sϕ is locally constant on the leaves of F . In
order to define ϕ̂ we pick a local section of ϕ through an arbitrary x ∈ U ,
i(x) : R

q ⊃ V → U , and set

ϕ̂(x) = [sϕ ◦ i(x), ϕ(x)]

for x ∈ U . For every jet u = jkx(t−ϕ(x)ϕ)g in P |U ,

ϕ̂(k)(u) = ϕ̂(k)jkx(t−ϕ(x)π ◦ ϕ̂)g = jkϕ̂(x)(t−ϕ(x)π)g ∈ PḠ,G(0)

by (5.8). The resulting inclusion ϕ̂(k)(P |U) ⊂ PḠ,G(0) proves (5.10).
One easily verifies that if ϕ and ψ = χ ◦ ϕ are any two integrating

submersions for P · G then χ is locally in the pseudogroup underlying ΓḠ,
and

(5.12) ψ̂(x) = [χ,ϕ(x)]ϕ̂(x)
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for every x (cf. (5.9)).
In addition to (5.10), we claim that for any submersion f : M ⊃ U →

N(G,G),

(5.13) f = (π ◦ f)∧ if f−1PḠ,G(0) = P |U .

To prove this, observe that the equality

P ·G|U = f−1(PḠ,G(0) ·G) = f−1π−1PḠ(0)

ensures that ϕ := π ◦ f is an integrating submersion for P · G. As (5.8)
and (5.11) imply that sϕ is the composition of f and the evaluation map
N(G,G) → (πk

k̄
)−1G/G, we conclude that ϕ̂ = f .

Let now P = (Pn) be aG-integrable G-structure on a foliated ss-manifold
(X,F ). As shown above, the integrating submersions for P0 ·G give rise to
a collection of submersions of the form ϕ̂ : X0 ⊃ U → N(G,G). According
to Theorem 2.11, the collection will generate a transverse projection for F ,
f P : X ⇀ NΓḠ,G (such that f

−1
P PḠ,G = P , by (5.10)), if we show that for

any integrating submersions ϕ : U → R
q and ψ : V → R

q there exists an
automorphism χ̃ of PḠ,G(0) such that

ψ̂ ◦ ε0 = χ̃ ◦ ϕ̂ ◦ ε1

locally on ε−1
1 U ∩ ε−1

0 V ⊂ X1. Since the counter-image G-structures are

(ϕ̂ ◦ ε1)
−1PḠ,G(0) = ε−1

1 (P0|U) = P1|ε
−1
1 U

and

(ψ̂ ◦ ε0)
−1PḠ,G(0) = P1|ε

−1
0 V

(5.13) implies

ϕ̂ ◦ ε1 = (ϕ ◦ ε1)
∧, ψ̂ ◦ ε0 = (ψ ◦ ε0)

∧ .

By (5.12), χ̃ is the lift (to the pseudogroup underlying ΓḠ,G) of a χ such
that ψ ◦ ε0 = χ ◦ ϕ ◦ ε1.

If f : X ⇀ NΓḠ,G is any transverse projection for F such that f
−1PḠ,G

= P then, by (5.13), its distinguished submersions must all be of the form
ϕ̂. Hence f = f P is unique.

R e m a r k 5.24. We have concentrated our attention on G-integrable
G-structures, for the class contains both the integrable and non-integrable
G-structures, as well as e.g. complex G-structures which are—by definition—
GL(q,C)-integrable. One can expect that more complicated structures can
be classified in a similar manner. For example, Kähler structures, i.e. U(q)-
structures which are both complex and symplectic (Sp(q)-integrable) are
classified by a restriction of ΓGL(q,C),U(q) to an open submanifold of units.
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tielle 25 (4) (1984), 381–428.
[25] —, Le groupöıde fondamental d’un feuilletage de Stefan, Publ. Sem. Mat. Garćıa
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for a principal Γ -bundle, 21
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composition,
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holonomy chain, 57
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non-reduced, 64
reduced, 64
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holonomy map, 57

along a path, 57
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holonomy projection,
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refinement map, 10
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restriction of a foliation, 43

semi-simplicial manifold, 7
simply connected covering ss-manifold, 39
simply foliated manifold, 56
source map, 8, 16

for paths, 33
ss-manifold, 7
ss-map, 8
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