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Introduction

Since the Colloquium in Toulouse: “Structure Transverse des Feuil-
letages” in February 1982 it has been accepted that the structure of the
space of leaves of a foliation is an equivalence class of its holonomy pseu-
dogroups or, more generally, groupoids. In fact both the pseudogroups and
the associated groupoids are involved because manifolds themselves have
turned out to be too restrictive. On the other hand, classification problems
for various types of foliations lead to immense topological spaces which are—
as a rule—realizations of some semi-simplicial manifolds. The aim of the
present paper is to reconcile these two aspects of foliation theory: both the
transverse structure and the classifying objects can be identified within an
appropriate category of foliated semi-simplicial manifolds.

The paper arose from the author’s attempts to find universal character-
istic classes for some elementary factors of the Bott characteristic classes.
In particular, it turned out necessary to describe a geometrical setting in
which the semi-simplicial nerve of I, could play the role of the classifying
space. Our solution to this problem refers to J. L. Dupont’s lecture notes
on semi-simplicial manifolds [10], R. Bott’s papers on characteristic classes
of foliations [6], [7], and A. Haefliger’s [16] and W. T. van Est’s [12] theory
of groupoids and pseudogroups. It was first presented, in brief, in a series
of preprints [2]-[4] prepared at the Max Planck Institut fiir Mathematik
(under SFB 40—Univ. Bonn), to which the author expresses his gratitude.
The present paper is a revised, completely rearranged and extended version
of those preprints.

The paper consists of two parts. Part I is a self-contained introduc-
tion to ss-manifolds, groupoids, and principial I'-bundles. Semi-simplicial
manifolds provide both an elegant and visual way of representing mani-
folds equipped with groupoid-like structures, e.g. manifolds with open cover-
ings, Lie groups, and pseudogroups of diffeomorphisms; via the appropriate
smooth classification theorem, principal G-bundles as well as I'-structures
are identified with morphisms of our category (ss-morphisms). A local-
ization procedure, deeply involved in the semi-simplicial approach, keeps
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control over those global concepts and constructions associated with ss-
manifolds which admit a local description. In fact, the procedure auto-
matically translates the topological complexity of a manifold, for example,
into the combinatorial complexity of any of its coverings. Thus the semi-
simplicial way of finding geometric-algebraic objects like fundamental groups
for manifolds, holonomy pseudogroups for foliated manifolds, or character-
istic homomorphisms for foliated G-bundles is applicable to any set of local
data characterizing the (foliated) manifold or bundle.

Part II deals with foliations, and requires some elementary experience
in this subject (cf. e.g. [8], [18], [20]) as we do not consider any concrete fo-
liated manifold, and examples refer—as a rule—to specific particular cases
of the theory. We have already mentioned that it is the holonomy pseu-
dogroup which mirrors the transverse geometry of any foliation. One writes
the holonomy pseudogroup because for any complete transversal T' the asso-
ciated pseudogroup of all the holonomy translations of portions of T" is—up
to canonical equivalences of pseudogroups—independent of the transversal.
For foliations of ss-manifolds one has to answer the following fundamen-
tal question: which pseudogroups, and why, are to be the holonomy pseu-
dogroups? In order to answer this question we introduce the notion of a
transverse projection for a foliated ss-manifold (X, F') and define the holon-
omy groupoid I'r together with an associated minimal transverse projection
IIr : X — NT¥ as any initial object in the appropriate category. This
ensures the uniqueness of the holonomy groupoid (up to equivalence), and
characterizes various canonical morphisms and equivalences between holon-
omy groupoids as the morphisms (equivalences) which transfer one mini-
mal transverse projection to another. That abstract presentation is com-
pleted with three explicit models of the holonomy groupoid (pseudogroup).
In this general setting, we reprove van Est’s epimorphism theorem for the
morphism of fundamental groupoids (groups) induced by a minimal trans-
verse projection [Ir. Furthermore, it is shown that after passage to the
leaves Il splits into holonomy homomorphisms of the fundamental groups
of the leaves of F' onto the holonomy groups. The last section of Part II
deals with G-structures and—more generally—foliated G-bundles on foli-
ated ss-manifolds. Geometric G-structures provide numerous examples of
I'-foliations for specific I”s associated with closed subgroups of the linear
groups of any order. The paper is concluded with a sample of smooth clas-
sification theorems—for foliated G-bundles and for so-called G-integrable
G-foliations.

The reader interested in further topological aspects of the theory is re-
ferred to the author’s thesis [5] where some admissible (i.e. natural with
respect to ss-morphisms) sheaf cohomology functors are considered as well.
Foliated ss-manifolds admit also a Cech-de Rham cohomology functor for
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which the classical constructions of characteristic classes for foliations hold
true (after some minor modification). A discussion of the respective co-
homology classes—including the elementary classes [1], [2], and vanishing
theorems—will be presented elsewhere.

Throughout the paper we adopt a general convention that the brackets
[ ]—if they do not refer to the bibliography—indicate the equivalence class
of an equivalence relation clear from the context. Thus the brackets are used
to denote: germs of functions, homotopy classes of paths, elements of the
fat realization of an ss-manifold, etc.; evidently, the Lie bracket of vector
fields does not lead to any confusion.

I. The category of semi-simplicial manifolds

We present a category whose objects are smooth semi-simplicial mani-
folds and whose morphisms (ss-morphisms) are equivalence classes of some
ss-maps. This modification of the classical theory [10] makes semi-simpicial
manifolds more flexible without losing their differentiable structure. The
main result here is a smooth classification theorem for principal I'-bundles,
I' being any differentiable groupoid (Thm. 2.12). Via the classification the-
orem, ss-morphisms between nerves of groupoids can be identified with gen-
eralized homomorphisms of the groupoids in the sense of Haefliger [16]; we
prove Haefliger’s invertibility criterion for such ss-morphisms (Thm. 3.2).
In Section 4 we introduce a (combinatorial) fundamental group for con-
nected ss-manifolds and formulate a universal property which characterizes
both the group and the associated simply connected covering ss-manifold
(Thm. 4.11).

I.1. Semi-simplicial manifolds and semi-simplicial morphisms.
Throughout the paper, by a semi-simplicial manifold (ss-manifold) we mean
any semi-simplicial object [21] in the category of smooth not necessarily
Hausdorff manifolds, i.e. any sequence X = (X,,),>0 of manifolds (levels of
X) together with a collection of (smooth) face operators e; : X, — X,,_1,
1 < n, and degeneracy operators n; : X, — Xnt+1, ¢ < n. The structure
operators €;, n; are assumed to satisfy the following commutation relations:

€i€j = E€j-1&; ifi < j,
;-1 ifi<y,
(1.1) emj = 4 id ifi=4,7+1,

1Mj€i—1 ifi>j+1,
NiNj = Nj+17i ife<j.
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An ss-map f: X =Y of X = (X,,) toY = (Y,,) is a sequence f = (f,)
of smooth maps f, : X,, — Y,, commuting with the structure operators.
Isomorphic ss-manifolds will be denoted by X &Y.

EXAMPLE 1.1. By associating to any manifold M the ss-manifold N'M =
(M)p>o with ; = n; = id for all n, ¢, one identifies manifolds with a full
subcategory of ss-manifolds.

ExXAMPLE 1.2 ([10]). Any open covering U = (U,)aeca of a manifold M
gives rise to an ss-manifold NU = (N, U), the nerve of U, such that

NU = H Ug N...NU,, (disjoint union)

(a07~--¢an)eAn+l
and the structure operators are the inclusions
x€UgN...NU,,_, NU,

Q441

N...00,,

&4
Uy N...NU,, 22

N\
P e Uy .. .NU, NU,, N...OU,, .

Roughly speaking, NU has the same differentiable structure as M, while
some part of the topological complexity of M is expressed in combinatorial
language.

ExAMPLE 1.3. We recall that a (differentiable) groupoid I" over a mani-
fold N is a small category with only invertible morphisms, having N as the
set of objects, and endowed with a differentiable structure such that:

— the source and target maps «, 6 : I' — N are submersions, and
— the composition and the inverse mapping are smooth.
One identifies N with the submanifold of units of I'.

Every groupoid I' gives rise to an ss-manifold NT' = (N, I"), the nerve
of I ([21], [10]), such that

Nol'= N,

Nl ={(g1,-...9n) € I";91 = B2, ..., agn-1 = Bgn}
for n > 1, and the structure operators are defined as follows:

co=a,e =08 on NI =T,

(92, --+,9n) fori=0,
ei(gy-ygn) =1% (..., 6i9it1,...) fori=1,...n—1,

(91,5 9n-1) fori=n,
no: N — I,

) _ J (Bgr 91, 9n) fori =0,
Ni(g1y -y Gn) = {(...,gi,agi,gi+1,...) for7>0.
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For any two groupoids I" and I"” the restriction to N; yields a bijective
correspondence between ss-maps N'I' — NI and homomorphisms (smooth
functors) I' — I''; the extension of h: I' — I'’ to an ss-map will be denoted

by Nh.

DEFINITION 1.4. The localization of an ss-manifold X = (X,,) to an open
covering U = (U, )aca of Xg is an ss-manifold X;; such that

Xu(n) = H ﬂ(ﬁn_ifoi)_ani

(a07__.yan)€A7z+1 1=0

(55 :=¢g;0...0¢;, j times) and the structure operators are
e g (~-~7ai717ai+17-~§5ix)
(agy ..., an;)
771\«
("'7ai7ai7"' 7771"1:)
where (ag, . ..,an; ) := ((ag,...,an),x). A careful application of the axioms

ensures that the new maps ¢;, 7; are well defined and satisfy (1.1).

EXAMPLE 1.5. For any open covering U of a manifold M, one has NU =
(N M)y =2 N (M) where My, stands for the manifold N7U equipped with
an appropriate groupoid structure.

EXAMPLE 1.6. Let X = (X,,) be an ss-manifold, i = (U,)aeca an open
covering of Xy, and I' a groupoid. For any ss-map f : Xy — NI let
Yab - El_an N EalUb — I', a,b € A, be the components of f;. Then the
assingment f ~> (Yap)a,pea establishes a bijective correspondence between
ss-maps [ : Xy — NT and collections of maps 45, a,b € A, such that

(12) (’YabEQ)(’chEO) = Yac€1
on (g161) U, N (e180) 71U, N (e020) "tU. C Xo. Generalizing the classical
notion of I'-cocycle ([14]) we shall call any collection of maps satisfying (1.2)
a I'-cocycle on X with respect to the covering U.

In order to extend a I'-cocycle (v45) to an ss-map f : Xy — NT', one
has to set

(1.3) fola, ) = Yaa(moz),
Fn(ao, -5 a0 2) = (Vagay (65" 1), Yayas (8" 2€02), - . -
3 Vanran (80" )
for n > 1.

For any open covering U = (U, )4c 4 of the 0-th level X of an ss-manifold
X there is a canonical gluing projection A = X : Xy — X,

(agy---,an;x) —> .
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Furthermore, if V = (V;);cs is any refinement of U, then each refinement
map 0 : 1 — A (V; C Upy;)) gives rise to an ss-map o4 : Xy — Xy,
(i07 cee 72n7$) - (Q(ZO)v ) Q(Zn)a 33‘) )
which is evidently compatible with the gluing projections.
Given ss-manifolds X and Y, two sssmaps f : Xy = Y andg : Xy, =Y
will be called elementarily equivalent iff one of the coverings is a refinement

of the other, e.g. U of V, and there is a refinement map p such that the

triangle
Xu

S/
(1.4) @#l >g Y
Xy

commutes (cf. [2]). The elementary equivalences generate an equivalence
relation in the family of all ss-maps of the form Xy, — Y, where W ranges
over (open) coverings of Xj.

DEFINITION 1.7.  An ss-morphism f : X — Y (of X to Y) is any
equivalence class of the relation generated by elementary equivalences.

Since every ss-morphism of X in Y has representatives Xy, — Y such
that W is a non-indexed covering (indexed by itself) and these representa-
tives form a set, it is possible to organize in a set all ss-morphisms of X in Y.

ExAaMPLE 1.8. All the gluing projections X;; — X represent the same
identity ss-morphism 1x : X — X.

EXAMPLE 1.9. Any ss-map N My — N'M', M and M’ being manifolds,
comes from a uniquely defined map M — M’. Thus the notions of a map
M — M’, an ssmap NM — NDM’, and an ss-morphism NM — N M’
mean the same.

For any ss-manifolds X, Y, and Z, let f : X =~ Y andg:Y — Z be
ss-morphisms; we take any representatives f : X;y — Y and g : Yy, — Z of
f and g, respectively, where U = (U, )qca and V = (V;);cr. Let

(1.5) 7Y = (foo Vidaiyeaxr

where fo = foa : [[Us — Yo. In order to compose f and g, we localize f

to V and define an ss-map fy : Xy-1y — Yy,

(1.6) ((a0,10)s- -y (Anyin); ) — (Ggy- -y in; fu(ao, ... an;x)).
DEFINITION 1.10. The composition gof : X — Z of f : X — Y and

g : Y — Z (also written gf) is the ss-morphism represented by g o fy :
Xf—lv — Z

ProprosITION 1.11. Semi-simplicial manifolds and their ss-morphisms
form a category.
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Proof. We first show that the composition of ss-morphisms is well
defined. Clearly, any commuting triangle of the form

Xu
N
| Y
i
Xu
gives rise to another one,
Xf—l V
\fv
(1.7) (QXid)#l Yy
<
Xffl AV
whose commutativity ensures that for any ¢ : Yy, — Z, go fy and g o fy
represent the same ss-morphism X — Z.
On the other hand, if g : Yy — Z is elementarily equivalent tog : Yy, — Z
where V is a refinement of V, then for every ss-map f : Xy — Y the
refinement map ¢ induces a commuting square

Xy % Yy

(1.8) (id Xg)#l l@#
Xpp — ¥y

and thus g o fy is elementarily equivalent to go f5.
For any ss-manifold X the identity ss-morphism 1x : X — X is repre-
sented by the identity X;x,1 — X and is therefore a unit of the composition.
In order to verify the associativity of the composition, we consider any
three representatives f : Xiyy — Y, g : Yy — Z, and h : Zyy — T of ss-
morphisms f : X =Y, g:Y — Z and h: Z — T, respectively. Then
(hog)of is represented by

(h ng) o fgflw : Xfflgflw — T
while ho (gof) by
ho (g @) fV)W : X(gofv)—lw —T.

Fortunately, despite a relative complexity of the formulas, the coverings
f~lg7'W and (g o fy) W of X, are essentially the same, and the two
compositions of ss-maps are equal. m

Clearly, there is a canonical functor carrying any ss-map f : X — Y to
the ss-morphism

(1.9) [fl: X =Y
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represented by f: Xixg =X Ly,
The relationship between ss-morphisms and ss-maps is given by the fol-
lowing;:

THEOREM 1.12 ([2]). Let X be an ss-manifold and U an open covering
Of X(].

(i) The ss-morphism [\ : Xy — X associated with the gluing projection
A Xy — X is invertible.
(ii)) If £ : X — Y is an ss-morphism and f : Xyy — Y an ss-map
representing f, then £ = [f][\] 1.
Proof. (i) Let h : X — X be the ss-morphism represented by id :

Xy — Xy; the composition [A] o h is represented by A and thus equal to
1x. In order to show that h o [\] = 1x,,, we have to compare the ss-map
)\1/[ : (Xu)x_lu — Xu,
(agy- -y an; (bo,y ... bp;x)) — (ag, ..., an;x)

where U = (U, )aeca as usual (this is not a gluing projection!), with a rep-
resentative of 1x,,. It suffices to connect Ay and (idx,,) by a chain of two
elementary equivalences. So let W := A1 11 {X;,(0)} with an extra index
 for the attached set. The ss-map u: (Xy)w — Xu,

(...,ai,...,%,...;(bo,...,bn;x))—>(...,ai,...,bj,...;a:)
J

(we replace all the *’s with the respective b;’s) makes the following diagram
commutative:

(Ke)s-1y,
N N
(Xu)w = Xu
T id
Xu

(ii) As follows from the proof of (i), the composition [f][\]~!

sented by foid=f. m

Two ss-manifolds X and Y will be called equivalent (notation X ~Y') if
there exists an invertible ss-morphism (an equivalence) X — Y.

is repre-

ExampLE 1.13. For any surmersion ¢ : M — @ the fibre product
M xg M C M x M equipped with the composition rule

(z,y) - (@' y) = (2,y) iff y=2

is a groupoid over (). Its nerve is canonically isomorphic to an ss-manifold
NM? (NM if ¢ is known from the context) such that

N, M? = {(zg,...,xn) € M”+1;go(:170) =...=p(x,)}



I. The category of semi-simplicial manifolds 13

for n > 0, and
& ( s L1, L1y - - ) € ./T/’n_lMQD
NnMQD > (JEO,... ,l’n)
N\ —
K (...,l‘i,l‘i,...)ENn+1M<p
We shall show that the ss-map & : NM¥ — NQ, (Zoy- -y xn) — @©(x0),
generates an equivalence of ss-manifolds,

(@] : NM? ZNQ.

Indeed, by choosing a collection of local sections of p,Q D V; 2 M, over a
covering V = (V;);er of Q we get an ss-map S : NV — N M?,

(Z'07 cee ’Znﬂ u) - (si0u7 M 7Sinu) ?

such that @ 0 S : NV — NQ is the gluing projection. On the other hand,
the composition S o @y, : NM:;,IV — NM¢?,

(10y -+ s 0n; (Toy - oy T0)) = (Sig9T0ys -+ - 5 Siy, PTn)

together with the identity on NM¢ are both elementarily equivalent to an
ss-map h : N My, — NM?,

(...,z‘k,...,T,...;(azg,...,xn))—>(...,sikcpxk,...,xl,...),

where W is the disjoint union of ¢ =1V and the trivial covering { M} indexed
by *.

For any collection of ss-manifolds X* = (XJ),>0, a € A, the disjoint
unions X,, := [[, X%, n > 0, form an ss-manifold X provided for each n
the manifolds X, a € A, are of the same dimension. We shall denote the
resulting ss-manifold by [[, X and call it the union of the collection. Note
that for every 3 there is a canonical ss-map X? — [I, X composed of

inclusions.

DEFINITION 1.14. An ss-manifold X is connected if it is not isomorphic
to the union of any non-trivial collection of non-empty ss-manifolds.

PROPOSITION 1.15. For every non-empty ss-manifold X there is a unique
(up to ordering) family of connected ss-manifolds X*, o € A, such that all
the X>’s are open in X, and

(1.10) Xo=|J X3, X3nXJ)=0 iff a#p
acA

forn =0,1,... The decomposition (1.10) of X identifies it with the union

[1x°.
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DEFINITION 1.16. The ss-manifolds X¢, a € A, are the connected com-
ponents of X.

Proof of Proposition 1.15. We consider the smallest equivalence
relation ~ in Xy generated by the following one: for x,y € Xo, x ~ y if
the maximal connected components U, and U, of X, which contain, respec-
tively, z and y satisfy

(1.11) (e7'UsNey'U) U (7 U, Ney ' UL) £ 0.

Let X§, a € A, be the equivalence classes of ~, so that (1.10) holds true
for n =0, and let

n
(1.12) X5 =" e) XY

i=0
for n > 0. Since it is evident that X* = (X2) are connected ss-manifolds
such that X,, = |J, X<, it remains to check that X2 N X7 = () unless o = 3.
If r € X*NX/ is any element such that ¢," ‘e 'z € X§ and sln_jsoja: € X(’?
then we may assume i < j and consider the sequence £, "~ "¢,z € X,
h=1,...,5 —i. The identities

n—i—h_ i+h—1,\ _ _ n—i—h_ i+h
eo(eq €o T) =¢e; € T,
€1 (Ezn—z—hgoz—kh—lx) — Eln—z—h—&—lgoz—&—h—lx
ensure that all the elements 51"_’_h€0’+hm € Xo, h=0,1,...,j — i, are in

the same equivalence class. m

ExaMpPLE 1.17. For every groupoid I" the connected components of the
nerve NI are the nerves of some open subgroupoids of I".

In order to establish a relationship between connectedness and ss-mor-
phisms we need the following

LEMMA 1.18. If X is a connected ss-manifold then all its localizations
are connected.

Proof. Let Y = (Uy)aeca be an open covering of Xg; we wish to show
that if z,y € Xy and « ~ y then (a,z) ~ (b,y) for any a,b € A such
that z € U,, y € Uy,. Here ~ stands for the natural equivalence relation in
Xy and, respectively, in Xz;(0) generated by (1.11). So consider z,y € X,
and assume that there is a z € X; such that x and €1z as well as y and
€pz are in the same connected components of Xy. If x € U, and y € Uy,
then there are indices a = ag,a1,...,a, and b = bg,b1,...,bs in A and
points w; € Uy, NUy;, yi € Up,_, NUy; for i < r, j < s, such that
e1z € U,,, €0z € Uy, and z; and x;41 (y; and y,;11) are in the same
connected component of Uy, (of Uy;) for i = 0,1,...,r (j = 0,1,...,5);
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here we set g = x, x,41 = 1z (respectively, yo = y and ys41 = €92). By
construction, in the sequence
(a,2), (a1,21), ..., (ar,zr), (bs, Ys), - - -, (b1, 91), (b, y)
of elements of X7,(0), the neighbouring elements satisfy (1.11). m
PROPOSITION 1.19. Let f : X — Y be an ss-morphism. For every con-

nected component X' of X there is a unique connected component Y' of Y
and a unique ss-morphism £’ : X' =Y’ such that the square

X/LY/
x Loy

commutes (after passing to ss-morphisms).

Proof. We assume, without loosing generality, that X = X’ is con-
nected. If Y’ and f’ exist, then every representative of £’ is a representative
of f; thus f has representatives with values in Y. In order to find the re-
quired component of Y we consider any representative f : Xyy — Y of f.
Since X, is connected, the image fo(X7,(0)) C Yy is contained in an equiv-
alence class of the relation in Yp; let Y/ be the corresponding connected
component of Y. As (1.12) ensures that image (f,) C Y, for n > 0, f de-
scends to an ss-map f : Xy — Y’ which represents the desired ss-morphism.
It is readily seen that any representative of f elementarily equivalent to f
gives rise to the same component of ¥ and the same ss-morphism. m

COROLLARY 1.20. If X =Y and X is connected, then so is'Y .

Proof. Let f : X — Y be any equivalence, and Y’ the component of Y
through which f can be factorized. The commuting diagram

£ £/

Yy — — Y’

lx\ ‘/
Y
factorizes 1y through Y’, so that Y cannot have connected components
other than Y’. m
Connectedness of an ss-manifold X is an example of a topological pro-
perty—it depends on the topology of the associated topological space || X]|.
We recall that for any ss-manifold X = (X,,) its fat realization || X|| is defined
by
1X|| = T A" x X /(' 2) ~ (1, 25)

n>0
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where A™ stands for the standard affine n-simplex in R**!, n > 0, and
gl : A" — A" are the face maps (cf. [25]). An ss-map f: X — Y gives
rise to a continuous map

LA XA = YA [ 2] = [, fu(2)]-

The relationship between ss-morphisms and topology is explained by the
following theorem (cf. [5]).

THEOREM 1.21. (i) For every ss-manifold X and any coverings U and
V of Xo such that U is a refinement of V the homotopy class

1% = [llegll € [1Xull, | Xv ]

is independent of the refinement map o. The resulting inverse system con-
verges to any || Xw || with W consisting of paracompact sets.

(ii) There exists a unique covariant functor || - || from the category of ss-
manifolds with paracompact 0-level and ss-morphisms to topological spaces
and homotopy classes of maps such that

— for every X, || X]|| is the fat realization, and
— for every ss-map f: X =Y

LI = DT DXL T
i.e. ||[f]ll is the homotopy class of ||f]| (cf. (1.9)).

Proof. See [5], Thm. 1.1, Prop. 2.1. The proof relies upon Theo-
rem 1.12. m

1.2. I'-bundles over ss-manifolds. In order to visualize the abstract
notion of an ss-morphism we now give an important geometric interpreta-
tion of ss-morphisms X — NI of an arbitrary ss-manifold X to the nerve
of a groupoid I'. Anticipating the definitions, one can say that such ss-
morphisms are nothing but (isomorphy classes of ) principal I’-bundles over
X.

Let I' be a groupoid over a manifold N. A (right) principal I'-bundle
over a manifold M ([13], [16]) is a manifold F endowed with two maps, the
bundle projection w : E — M and the source map a : E — N, and with
a right I'-action £ X (4 3) I' — E in the fibres of 7 (i.e. zg = z if g € N,
(zg1)92 = 2(9192), and 7(zg) = mz; left principal I'-bundles are defined
analogously and are endowed with a target map ). One requires a local
triviality condition: on a neighbourhood of each point z € M there is a
section s : M DV — FE of 7 such that the map

Vv X(as,B) s (y,g) - S(y)g S ﬂ'il(v) -

is a diffeomorphism. The following elementary lemma is standard:
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LEMMA 2.1. For any homomorphism E’' — E of principal I'-bundles,
1.e. any commuting square

g Lo
M o

such that f is I'-equivariant, the mapping
(m,f):E' — ffE:=M' % E
s an isomorphism. m

DEFINITION 2.2. A principal I'-bundle over an ss-manifold X = (X,,)
is an ss-manifold F = (E,,) together with an ss-map 7 : E — X (the bundle
projection) such that

(i) for every n > 0, 7, : E, — X, is a principal I-bundle,
(ii) the structure operators of E are I'-equivariant.

A homomorphism h : E — E' of principal I'-bundles over ss-manifolds
is an ss-map such that each h,, : E,, — E/,n > 0, is ['-equivariant.

ExAMPLE 2.3. The wuniversal principal I'-bundle [21], [10]. For any
groupoid I" the ss-manifold NT' = NT'® (cf. Example 1.12) carries a canon-
ical structure of a principal I'-bundle over N'T" such that

(90---59n) -9 = (909, - 9ng)
and
Nol 3 (go,-- s 9n) = (9097 "y -y Gn195Y) € NoT.
The universal properties of this I'-bundle will be clarified in Theorem 2.12.

ExaMpPLE 2.4. For any principal I'-bundle 7 : £ — X and any open
covering U = (U)aea of Xg the localization E,.-1 of E to n~1U =
(mg 'Us)aca is a principal I'-bundle over X;;. We shall see that converse
statement is also true.

PROPOSITION 2.5. For every principal I'-bundle E — Xy, over the local-
ization of an ss-manifold X to U = (Uy)aca the isomorphisms

(an...elao)_l

E2n+1|(a07b07---yanvbn;770771---nnflj)
(21) Iab\ 15n+15n---51
Enl(ag,.ccanio)

Enl(bo,....bnia)
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define a I'- equzvamant equivalence relation in the fibres of E,,n > 0; the
quotients E = E,/ ~ constitute a principal I"-bundle E over X such that
E is canom’cally isomorphic to the localization Eﬂ-—lu of E.

(ii) If V is a refinement of U, then every homomorphism E' — E
of principal I'-bundles over Xy, and Xy, respectively, which projects to a
o4 : Xy — Xy descends to an isomorphism ESE In particular, any

isomorphism E"_, 2F (E" a I'-bundle over X) induces E" 2B
Proof. (i) Assume that x € X,, belongs to three components of X;;(n)

so that there are indices a;, b;, ¢;, © < n, such that aln_iaoix e U, NU,,NU,,
for ¢ = 0,...,n. Then the triangle

Ibc
En|(co,...,cn;m) En|(b0,...,bn;m)

Iac\t I/Iab
Enl(ao,....ansa)
commutes. Indeed, for any v € E, with m,u = (cg,...,cn;x), there is a
unique t € Es, 19 such that mg, 2t = (ag,bo, - .. ,bn,cn;ngn% . nfbx) and
g2 ...ee3t = u (cf. Lemma 2.1). This implies
U=¢ep...c180(€2p - . - €2801) ,
7T2n+1(€2n N €2€0t) = (bo, Coy - - ,bn,Cn;’l’]o N 77n$) s

which means that w' = &9,...62¢60t is exactly the image of u in

E2“+1’(bo,CO,...,bn,cnmo MnT) therefore

Ie(u) =epi1...e0w" =&, ...6160(82n12 - . - £480t) .
Since Ton11(E2n42 ... €482t) = (ag,bo, ..., an,bn;No ... Npx), we conclude
that

LipIpe(u) = epy1 ... €1(anta .- - €482t) = Ei+1 ...E3t.
On the other hand, the identities

u=-¢ep...€160(€2n+1 - .. €361t),

Tont1(€2n41 -+ - €361t) = (@0, Co, -+ 5 Uy Cri Mo - - - N T)

imply
Iic(u) =epy1...e1(e2n41 ... E361t) = E?H_l o2 = Iy Iye(u) .

This cocycle condition I,y = I,. implies I,, = id and I, = I&) , SO
that the equivalence relation is correctly defined and leads to a sequence
of quotient I'-bundles En, n > 0. It remains to check that the structure
operators of E descend to the E,’s. So let z € X,, satisfy e," egir € Uy, N

Uy, for i < n, and let u € E,, be any element of the fibre over (by, ..., by; a:)
We denote by w the image of u in Es, 41 over (ag,bo, ..., Gn,bn;no - - - M),
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so that ¢, ...e160w = u implies

En—1--- 6160(6%1-10) = &;U, En+1--- 6160(7]3i+1w) =nNu

for every i < n. Thus the element ¢;u € E,,_1]| (bo... 7 is equivalent

yeeesDn3ELT)
to

En ... e1(e5,w) = €i(ens16n - .. 1w) = il (u),

whereas the element n;u € Eni1l(bg,... b bi,....0nsmiz) 15 €quivalent to v €
En+1’(a07---yai7bi7"'yan§nix) such that

2
V=—¢pq2..-€1(Npi W) = Eng2 ... Ei43Ei ... E1W.
In order to compare the last element with 7;1,(u) we need a w' € FEa,45
such that
/
Enti€n .- EQW =V,
I e i A . A
Ton+5W = ( oy Ay Ay Ay 0, Bj4-15 Ag415 - - 370 - - - 77n+1(771x))
2
=Tom ---M;Mi+2 - - n+1Tn+17 -

The only possibility is w’ = ngny ... nme .« .Mn+1v, which proves that v
(as well as n;u) is equivalent to

/
Eng2 ... E1W = N;Ei41V = mlab(U) .

(ii) The assertion amounts to the naturality of the equivalence relation
and is an immediate consequence of Lemma 2.1. m

Let E = (E,) be a principal I'-bundle over an ss-manifold Y. For any
ssmap f: X =Y

(2.2) [TE = (frEn)

is a well-defined pull-back I'-bundle over X, and there is a canonical lift
f*E — E of f, fE, > (x,u) — u € E,. In order to extend this pull-
back operation to an arbitrary ss-morphism f : X — Y we consider any
representative f : X3y — Y of f and set E/ := (f*E)", so that there is a

canonical homomorphism of I'-bundles Ef: Ly E2ffE—FE

(2.3) (agy .- an;[(ag, ... an;x),ul) — u,

where the brackets [ | indicate the equivalence class in E7.

The following lemma is a straightforward consequence of Proposi-
tion 2.5.

LEMMA 2.6. For any elementary equivalence (1.4) the homomorphism
0: f*E — g*E, ((ag,..-,an;x),u) — ((0(ag),...,o(a,);x),u) descends to
an isomorphism of the globalized I'-bundles o, : Ef = E9 such that the

n)§
o
=



20 Semi-simplicial approach to foliations

following square commutes:

Ej:—lu R B

ou | |

Bl 2 B,

=1y =1y u

PROPOSITION 2.7. Let E' and E be principal I'-bundles over ss-mani-
folds X and 'Y, respectively.

(i) If an ss-map f : Xy — Y is covered by a homomorphism f :
E! _,,, — E then there is an isomorphism E' = ET such that f becomes
the composition of E! _,,, = Ej:_lu and the canonical homomorphism (2.3).

(i) For every homomorphism f : E'_,,, — E which projects to f
and any elementary equivalence (1.4) there is a unique homomorphism g :
E! _,,, — E which projects to g, such that f =go o4.

COROLLARY 2.8. Fvery chain of elementary equivalences between f :
Xy — Y and h: Xy — Y admits a unique lift to elementary equivalences
connecting f : E’ "1, — E and a homomorphism h:FE 1y — B which
projects to h. m

Proof of Proposition 2.7. (i) By Lemma 2.1, the sequence of maps
(s fn) - E' _.,,(n) — frE,, n > 0, constitutes an isomorphism of I'-
bundles (7, f) : E! _,;,, — [*E such that f is the composition E ., —
f*E — E. Passing to the globalized I'-bundles, we get [, f] : E’ =

(ii) If f = g o 0% and g is a lift of g such that f = g o g4, then there is
a commuting diagram

7T7f *
B, " pE
l Sl s
O#
7r 1y _—,—> g*E
(7.9)

Since the outer square of the diagram yields (after globalization)
Ef
(w117
E, lg*
gl
E9

the decomposition (i) of g reads

—_ [ 7f} *
g: E;r—lv ﬂ—>E7{_1V9—>E7gT_1V—>E.
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Such a g does project to g, and the required equality f = gooy follows from
the decomposition (i) of f and from Lemma 2.6. m

Motivated by Corollary 2.8, we propose the following
DEFINITION 2.9. For any ss-morphism f : X — Y and any principal I'-

bundle E over Y, a pair (E’, f) is a pull-back of E by f (to be denoted also by
f* E if this causes no confusion) if £ is a principal I-bundle over X and f is
an ss-morphism of I'-bundles over f, i.e. a maximal connected (with respect
to elementary equivalences) family of homomorphisms E’ _,,, — E which
project to representatives X;; — Y of f. Elements of f are distinguished

lifts of the representatives of f.

By Proposition 2.7, the pull-back f*E always exists, is unique up to
isomorphism of I'-bundles, and is completely characterized (generated) by
any one of the distinguished lifts.

ProrosiTiON 2.10. For any ss-morphisms £ : X =Y andg:Y — 7
and every principal I'-bundle E over Z,

f*g"FE = (gf )'E.
More precisely, if (E',g) is a pull-back of E by g, and (E".f) is a pull-back
of E' by f, then (E",gof) is a pull-back of E by gf, the composition go f
being defined as that of ss-morphisms. m

Remark 2.11. An ss-morphism of I'-bundles f generates an ss-mor-
phism f : E/ — E of the underlying ss-manifolds. More generally:

If I', a groupoid over N, acts on the left on a manifold ) with respect to
a submersion p : Q — N (i.e. each g € I" sends p~!(ag) to p~*(Bg)), then
for any principal I'-bundle £ — Y the manifolds

En xr Q= Ey X(ap) Q/(ug, 2) ~ (u,g2) for geTl

form the associated Q-bundle over Y,

(2.4) E(Q) == (En X1 Q)n>o0,
which inherits from E both the structure operators and the projection on Y.
Given any pull-pack (E’,f) gf FE by an ss-morphism f : X — Y, f generates
a well defined ss-morphism f : E'(Q) — E(Q), the lift of f.

The main result of the present section is

THEOREM 2.12. For each I'-bundle E over an ss-manifold X there exists
exactly one ss-morphism fg : X — NT such that E (together with some
ss-morphism of I'-bundles) is a pull-back £ ZTNT of the universal principal
I'-bundle over NT .

The ss-morphism f g will be referred to as the classifying ss-morphism
for the principal I'-bundle E.
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Before proving the theorem, let us simplify the structure of an arbitrary
principal I'-bundle over an ss-manifold.

PROPOSITION 2.13. Let X = (X,,) be an ss-manifold, I' a groupoid, and
7 Ey — Xo a principal I'-bundle over Xo. Assume that a map g1 : e5Ey —
Ey satisfies the following conditions:
(i) g1 is I'-equivariant and induces €1 : X1 — X on the base manifolds,
(ii) g1 (nomu, u) = u for u € Ey, and
(iii) &1 (e22,21 (0w, u)) = E1(e12,u) for (x,u) € (g42)*Ep.
Then the projection €g : ey ly — Ey together with €1 and the maps

(g5, u) € (g, 1" Ey fori<mn,

g ) Ey > (z,u =
(20")"Eo 3 (7, u) {(snx,gl(sonlx,u)) € (60”71)*E0 fori=n,

mn
Ey 3 =2 (nomu,u) € e Ey,

(€0") Eo > (z,u) Y (niz,u) € (50"+1)*E0 fori<n, n>0,

make the sequence E = ((e,"")*Eo)n>0 of principal I'-bundles a principal
I'-bundle over X.
Conversely, if E = (E,) is any principal I'-bundle over X, then the map

(7l'17~’=‘0)_1
—_

£1: €8Eg E1 E) Eg
satisfies conditions (1)—(iil), and the homomorphisms

(7‘—”750")

E, — X, X(Eon,ﬂ'o) Ey = (50n)*E0

constitute an isomorphism of E and the I'-bundle reconstructed from Ejy
and €.

Proof. The first part of the proposition requires only a careful verifica-
tion of the axioms (1.1). In order to demonstrate the second part, observe
that for u € Ey,

g1(nomou, u) = E1(m1,€0)NouU = E17M0U = u.
Furthermore, if (z,u) € (g52)* Ep then there is a v € Ey such that mv =
and epggv = u (cf. Lemma 2.1) and thus
€1 (€2$, &1 (€0$, ’LL)) =21 (€2$, €1€0U) =21 (623), €0€2U)
= €182V = €161V = El(slzv,u) .

It remains to show that the isomorphisms E,, — (g,")*Ey (cf. Lem-
ma 2.1) commute with the structure operators. For u € FE,, the only non-
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trivial relation is

En(Tn, 0" )u = (enmpu, g (Wlaon_lu,sonu))
") = (a1, 60" Depu. w
COROLLARY 2.14. Let f : X — Y be an ss-map, and E, E' principal

I'-bundles over X and Y, respectively. Assume that Iy : Ey — E{ is a
I'-equivariant map inducing fo on the base manifolds. Then the maps

= (enmpu, 1€,

L. B, ™) (enyr By X0 (opye gy e
constitute a homomorphism of principal I'-bundles I = (I,) iff
g1y = Ipey .
I is an isomorphism iff so is Iy. m
Proof of Theorem 2.12. Let m : E — X be a principal I'-bundle
over X. We consider any collection of local sections s, : Xg D U, — Ey

over a covering U = (U, )qca of Xg. Since there are canonical isomorphisms
of principal I'-bundles (cf. Lemma 2.1),

ETEO (m1,€1) B (71,€0) *EO :

the sections induce two collections of sections of F;. By comparison, one
has

(2.5) (m1,€0) " (2, s6(e02)) = (m1,61) (2, 8a(€12)) - Yan (@)

for a yp(x) € I', © € 5I1Ua N 661Ub C X;. We claim that the re-
sulting maps vup,a,b € A, form a I'-cocycle (cf. Example 1.6). Indeed,
any z in (e161) " U, N (e160) " U N (e0€0) ' Us, a,b,c € A, gives rise to
three elements of Ey : s,(e1612), sp(e160), and s.(gpe0x), six elements
of By : (m1,e1) (€27, sa(€182%)), (w1, €1) " e12, sa(€1617)), (71, 60) ™ (€2,
sp(0€22)), etc., and three of Eo : (m2,e161) H(w, s4(e1617)), ete. It is in-
structive to locate all these elements in the following commuting diagram of
isomorphisms of principal I'-bundles:

eoeoto = efeg Lo
I I
€E§E1 €TE1
/ \ / N
0eT e Lo

(2.6)
\ e;El /

5253E0 — 525{E0
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Starting from the equality (in F7)
(m1,e1) M e1z, sa(e1612) ) Vae(612) = (71, 60)  He12, 5.(0e12))
we get in F
(ma,e161) "Mz, 54(€1612) ) Yac(€12)
= (m,e1) Ha, (1, 61) " (e12, 54(E1612) ) Vac(e1T))
= (ma,e1) Na, (m1,60) " e12, sc(0e1)))
= (ma,2061) " (2, sc(€0€12)) -
In a similar vein, we check the equalities
(m2,e162) 1, Sa(e162%))Vap (e2%) = (w2, €062) ™ (z, 5p(e0€22))
(12, €180) (2, sp(e160%) ) Ve (€0T) = (T2, 080) (2, 5 (0€0)) -

Since ggeg = €p€1, €160 = €0€2, and €161 = €169, this implies the cocycle
condition (1.2), and thus formulas (1.3) of Example 1.6 define an ss-map
f : Xu - ./\/F

If an ss-map ¢ : Xy — NT is determined by another collection of local
sections of Fy, then both U and V are refinements of W = U 11 V), and all
the sections together give rise to a I'-cocycle such that the corresponding
ss-map Xyy — N is elementarily equivalent to both f and g. We have
thus associated with E a well defined ss-morphism fz : X — NT.

In order to identify F with a pull-back £ N1 it suffices to indicate
an isomorphism betwen E and (NT')7. Clearly, when applied to noz with
x € U, N Uy, (2.5) reduces to

sp(2) = 5a(T)Vab (1M07)

so that (Yap70)abea is a I'-cocycle describing Ey. Since the gluing equiva-
lence relation in

fSNOF = HUa X Yaamo,8) I’
is (cf. (2.1))
((CL?x)ag) ~ ((bVT)?g/) iff g = ’Yab(TIOx)gl
the map
W) (0) 5 [(a,2), 9] * sa(w)g € Ey

is a well defined isomorphism. According to Corollary 2.14, the only exten-
sion of I to the first level is

NTY (1) 3 [(a:b: 2), (ab ()9, 9)] = (71, 20) "L (&, s(202)g)

and the criterion 117 = Ipe; of extendability of Iy to an isomorphism I :
(NT)f — E is exactly (2.5).
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A canonical distinguished lift f : E,-1;; — NI of f is given by

(2.7) Ffulag, ... an;u) = (go,...,gn) if u= s((l?(ﬂnu)gi, 1<n,

where the s,(f)’s are the induced sections of F,,,

n—1

si(@) = (mn, 60" leg') @, a6, Meg'w)).

In terms of the I'-cocycle,

(2.8)  falag,...,an;84q,(g0"1)g)
= (’Yaoan (Eln_lx)g/Yalan (Eln_QEOx)ga < Yan—1an (Eon_lx)ga g9)-

By (2.7), the ss-morphism of I-bundles f i generated by f is independent
of the chosen collection of local sections of Ej.

It remains to prove that any ss-morphism f : X — NT such that
f*NT = E is equal to fg. If f : Xy — NT, with U = (Up)aea, is
any ss-map covered by a homomorphism f : E, -1, — NI then there is an
isomorphism (7, f) : E.-1y — f*NT. By transfer of structure, the maps

Us>z— ($vf0(a>33)) €U, X (folUa,B) r

define local sections s, : U, — FEy. For z € El_an N EalUb, there exist
9o, g1 € I' such that gggfl = fi(a,b;x) and

(1, F1) (@, b; (1, 20) (2, sp(202))) = ((a,b;2), (90, 91)) -
On applying g to the above equality, we find that g; = fo(b,e0x) (a unit)
and go = f1(a,b;z). Hence

(m1,e1) H(z, 8q(e12)) f1(a, by ) = (m1,20) (2, sp(02))

so that f is the ss-map determined by our collection of local sections of FEj,
i.e. a representative of fg : X —~ NT. n

Remark 2.15. By considering all local sections of Fy we get a mazimal
representative of f g, to which every representative is elementarily equiva-
lent.

Remark 2.16. In the proof of Theorem 2.12 we have actually obtained
an explicit form of the correspondence between I'-cocycles and principal I'-
bundles classified by the associated ss-morphisms. Namely, if v = (y4) is
any I'-cocycle on X with respect to a covering U = (U, )qeca of X then—in
terms of Proposition 2.13—there is a corresponding I'-bundle F over X such
that

EO = HUG’ X('Yaa”OyB) F/ ~
where (b,x,9) ~ (a,z,%w(noz)g) for © € U, N Up, and the crucial map
g1 : gy = By — Ejy is given by

(Y, [b:€0y, 9]) — [a, €19, Yab(y)9]
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for y € e7 U, Ney Uy, a,b € A.

1.3. Morphisms of groupoids. Let I' and I” be groupoids (over
manifolds N and N’, respectively ). For any I”-bundle E over the nerve
NT consider the product map

I X(Oé,ﬂo) Eg = ESEO = E1 i) Eg .

We call it a product and write (g, u) — gu, for conditions (i)—(iii) of Propo-
sition 2.13, mean exactly

(i) g(ug’) = (gu)g’ iff the triple is composable,

(ii) ew = u if e = mou is the unit, and

(iif) g1(g2u) = (9192)u.
In view of Theorem 2.12 and Proposition 2.13, we get canonical bijective
correspondences:

ss-morphisms N'I' — NT"
)

isomorphy classes of principal I"/-bundles over NI

!

isomorphy classes of principal I'’-bundles over N
equipped with a (left) I''-equivariant I'-action

By transfer of structure, it follows that any principal I''-bundle X over N
equipped with a I’-equivariant left I'-action represents a (smooth) mor-
phism X : " — I'', of I" to I'"" (a generalized homomorphism in the sense of
[16]). One can readily check that

1© for any three groupoids I', I'’, and I'”, and any morphisms X : I" —
I'" and X' : I — I, the composition DA s represented by the
principal I'”-bundle

YoX =Xxp X =X %X /(ug u)~ (u,g'v) for ¢ eI’

where both the bundle projection and the I'-action are inherited from X,
2° for any I, the identity morphism I" — I is represented by I itself.

The above reduction of ss-morphisms of nerves to morphisms of group-
oids can be summarized in

PROPOSITION 3.1. Groupoids and their morphisms constitute a full sub-
category of the category of ss-manifolds and ss-morphisms. m
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We shall denote by N the identifying functor
Y:Ir—~1"~NXY: NI =NT".

Clearly, there is another functor which sends any homomorphism of group-
oids h : I' — I"" to a morphism [h] : I — I" represented by

(3.1) [h] == N xmug I, glag,q') = (Bg,h(g)g’) forge T’

one has N[h] = [Nh] : NI' — NT’. By triviality of the units, every
morphism G" — G of Lie groups is of the form [h] for some homomorphism
h : G’ — G determined up to an inner automorphism of G.

The following theorem was announced in [16]:

THEOREM 3.2. For any groupoids I and I'' and every principal I''-bundle
X over the units of I' equipped with a I'-equivariant left I'-action, the
morphism X : I' — I'" is invertible iff X is also a (left) principal I'-bundle
with respect to the I'-action. If this is the case then 'Y, i.e. X considered with
the transposed actions of the groupoids, represents the inverse morphism
I'—T.

Proof. <« If ¥ is a principal I'-bundle with respect to the right action
u-g: =g 'u for g &I, uc X then there are canonical isomorphisms
Ixp 2 =2 X E/F’if, (gu,u)I" — g,
and
Wxr X =I\(Z Xem 2) =T, Tuug)—g,
which show that 3 represents (X : I' — I'")~L.

= Let X : I — I be an inverse to X : I' — I, so that X' is a
principal I'-bundle over the units N’ of I'" endowed with a I’-action and

there are isomorphisms X' X 5L and 57 XFZLF'. Since the projection
X X(am) & — X' xp X is a submersion, for every x € N’ there exists a
local section

F’DN’DUMEIX(QJ)E
over a neighbourhood U > x. This means agp = 7, J' (p(y)¥(y)) = y for
y € U and, in particular, a®p = idy so that ¢ : U — X is a section of
a: X — N'. Tt remains to prove that the mapping
I'X(a,mp) U2 (9,9) = g¥(y) € X

is a diffeomorphism onto o~ 'U. If there is a map g : a~'u — I" such that
g(w)Y(aw) = w for w € a~1U, then

J(we(aw)) = g(w)J (Y (aw)p(aw))
and thus
g(w) = J(wp(aw))J ($(aw)p(aw)) ™t .
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The g(w) thus obtained is a smooth function of w € a~'U and satisfies
we(aw) = g(w)(aw)p(aw) in X'x p X'; hence, there is a ¢’ € I'" such that
wg' = g(w)Y(aw), and p(aw) = ¢'p(aw). The second equality immediately
implies

J'(p(aw)y(aw)) = g"J (p(aw)y(aw)),
ie. ¢ = aw € N, and thus w = g(w)y(aw) as was to be shown. m

EXAMPLE 3.3. For any surmersion ¢ : M — @ (cf. Example 1.13) the
equivalence relation R C M x M which defines () as a quotient of M is a
groupoid over M such that NR = N M¥. When endowed with the R-action
(z,y) - y = x and with the projections

M
N
M Q
M represents an invertible morphism R — . The associated equivalence
NM? =2 NR — NQ is exactly the ss-morphism considered in Example 1.13.

For arbitrary groupoids I and I let X represent a morphism of I" to
I'". According to (2.4), every principal I-bundle E over an ss-manifold X
gives rise to an associated X-bundle F(X'), and the I"’-action inherited from
X makes the associated bundle a principal I"’-bundle over X, to be denoted
by Y. E. In this way, X transfers I'-bundles to I'’-bundles. The transfer is
natural with respect to homomorphisms of principal I'-bundles.

EXAMPLE 3.4. If ¥ = [h] comes from a homomorphism h : I" — I"” then
for every I'-bundle E the induced I"’'-bundle [h], F is canonically isomorphic
to hoE := (E,, xp I'")p>0 where

En Xh I'= En ><(ha,ﬁ) F'/(ug,g') ~ (ua h(g)g,), n>0.

EXAMPLE 3.5. For any ¥ the induced principal I”-bundle X, N1 over
NT is (up to isomorphism) the I"’-bundle classified by the ss-morphism
NX:NT =~ NI ie. SNI = (NE)*NT.

The next property completes Propositions 2.10 and 3.1.

PROPOSITION 3.6. Let E — X be any principal I'-bundle, f : Y — X an
ss-morphism, and X : I' — I'" a morphism of groupoids. Then £* (X E) =
Y.(f*E). More precisely, for any pull-back (E',f) of E by f there exists a
pull-back of X E of the form (X, FE’, E,f).

Proof. Every homomorphism f : E! _,,, — E generates a 2. f
(ZuE )1y = Xo(E _.,) — X.E; the connectedness of the collection
{X,f; f € £} amounts to the functoriality of X,. m
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COROLLARY 3.7. The classifying ss-morphisms f g and f »»_g yield a com-
muting triangle

NT
"
X L/\/E
fZ*E\{
NT'

Proof. X,FE = X,(f,NT) = f5(NX)*NI’, by Example 3.5. m

According to Example 3.5, every principal I'-bundle F over N is iso-
morphic to Y, NT', ¥ = Fy. If we consider the manifold

s Y =T X(qn ¥
and regard it as a groupoid over X' such that
(gou)- (¢ ') = (99", u') f w=g'u

then there is a canonical isomorphism of ss-manifolds
(3.2) FEX NI 2N +X).

Using this particular form of the I’-bundle F' we can reformulate and rein-
force Corollary 3.7.

PROPOSITION 3.8. Let X : I' — I" be a morphism of groupoids, F =
N(I" x X) a I'"-bundle over NT' classified by NX, and £ : X — NT an
ss-morphism. If E is a principal I'-bundle over X classified by £, then there

exists a pull-back (F',f) of F by f such that

(1) F' = Z*_E = (En Xr Z)nzg, and

(ii) the lift £ : F/ — F = N(I" x X) is the classifying ss-morphism for
the principal (I" * X)-bundle

E = (En X(omr) 2) — (En Xr 2)
where I' ¥ X acts on E,, by the formula
(w,u)~(g,v):(wg,v) Zﬁ u=gv.

Proof. Fix a collection of local sections s, : U, — Ey, a € A, over a
covering U = (U )qea of Xo; the corresponding I'-cocycle (Yab)apea on X
is given by (2.5). Each s, gives rise to a section

Sq:EoXp XD 7T()_1Ua — Ey X (a,m) 2, (Sa(gj)g) U= (Sa(x)vgu)

(in multiplicative notation), and the corresponding transition (I'xX')-cocycle
(Vap)a.bea on F' is characterized by the equality

(m1,0) Hw - u, 5 (sow - ) = (m1,61) (w - u, 5a (1w - ) )Ty (w - )
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for w-u € 771_1(61_1[],1 N EalUb) C Ey xr X. If we take w = (m,20) (a,
sp(e0)), = w1 (w - u), then
(w,u) = (wYap(2) ™ Yab(2)u)Tap (W - 1) 0 By X (qmy &
implies
7ab((771750)_1(x73b(€0x)) ’ u) = (’Yab(x)au) el'xX.
According to the last formula, the ssmap f : E/ ,,, — N(I" x X) de-
termined by the cocycle (cf. Example 1.5) is a I’-equivariant lift of the

representative f € f associated with (v4). Evidently, the collection of all
such lifts is connected with respect to elementary equivalences. m

I.4. The fundamental groupoid of an ss-manifold. It is a well-
known fact that the Poincaré group of a simplicial complex is a combinatorial
construction. Stimulated by van Est [12] and Ver Eecke [24], we shall show
that a Poincaré groupoid is naturally associated with any ss-manifold X.

DEFINITION 4.1. A (continuous) path in an ss-manifold X is any se-
quence C = (co,y7",C1y -y Cr—1, Y, ¢ ), 7 > 0, such that

1° ¢; : [0,1] — X, i =0,...,r, are continuous paths in Xj,
20y € Xy fori=1,...,r, and
3° the exponent e; = +1 indicates the direction of y;, in the sense that
e1yi = ¢i—1(1),  eoyi = ci(0)  ife; = +1,
eoyi = ci-1(1), ey =ci(0)  ife; =1,
forie=1,...,7.
¢o(0) and ¢, (1) are, respectively, the initial point and the endpoint of the
path.

Xo
c1

TN

€1 €0 €0 €1

v (y ™) va(yz ) X,
Fig. 1. A path in X

For brevity, we shall suppress the exponents e = 1 and say that the
exponent e = —1 interchanges the roles of the face operators so that gy~ =

e1y and g1y~ ! = oy for y € X;. Then condition 3° above reads

3°° Ci_l(l) = 61yf", 60yfi = CZ(O) for ¢ = 1,. T
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Let Ty, 2, 2" € Xo, stand for the set of all the paths in X with initial
point x and endpoint x’. An associative composition Tule Tpp X Tprgr —
Teer 1S given by

. 0> z‘eiw"ayfrycr)'(607y§17"'ayisyzs)
(41)  (coy
= (607y1617' .- ,yﬁT,CT '607y(i17' e a?is,és) .

DEFINITION 4.2. For any z,7’ € X, we say that paths C,C’ € Ty

are homotopic (notation C' ~ C") if they are equivalent in the sense of the

smallest equivalence relation generated in 7., by the following elementary
homotopies:

(1) (607y§17617' B acr—layﬁrch) = (607y§17517' B aEr—layﬁrvér)
if ¢; and ¢; are homotopic paths in X, for every i;
(11) ( cCim1, Y%, Gy ) ~ ( ey Ciq El(Ce),ye,Eo(Ce)_l cCiy .- )

if ¢ : [0,1] — X is any path such that ¢(0) =y, ¢(1) =7;

Y
Fig. 2. Elementary homotopy of type (ii)

(111) ( ey Cim1, Y%, Ciy e ) o~ ( vy Ci—1 " Ciy . ) if y € ngXo;
(iv) (- eim1,9% ¢, 7% Gy ) = (0o cimn, (€12)6 Cigy - - )

if ¢; is a constant path and z € X5 is any element such that either y = g9z,
y=coz (ife=1)ory=epz, §y=¢e9z (if e = —1);

(V) ( .. 7ci717y7ci7y_17ci+17’ . ) x~ ( -5 Ci—1, (622)67ci+17- . )

if ¢; is a constant path and z € X5 is such that either y = €12, ¥ = €9z
(then e =1) or y = g9z, Yy = €12 (then e = —1);
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(Vl) ( .. 7ci717y_luci7y7 Ci+1, - - ) ~ ( -y Ci—1, (E[]Z)E,Ci+1,. . )

Xo
€1 €0
€1 ’ €0
Teq €1 }
X1
€1
. WEO

z € Xo
Fig. 3. Elementary homotopies of types (iv)—(vi)
if ¢; is a constant path and z € X5 is such that either y = €92, ¥ = 12
(thene=1) ory =e12, J = €22 (then e = —1).

For z € X let w, denote the constant path at x.

LEMMA 4.3.

e er —1 —er —1 —1 —el =1\ ~
(007?41 7017”-701'717?47" 767")’(67" 7%« 7cr717”’761 7?41 7c[] )—WC(U)’

Proof. One successively applies conditions (i), (v)—(vi), and (iii) of
Definition 4.2. In fact, every element y € X; is of the form
y = eo(noy) = €1(noy) = e1(my) =e20my). =
For x,2" € X, let
Taa (X) = Taa (X)) ~

be the quotient set. As the composition rule (4.1) descends to the quotients,
the union

mX)= [ T
(z,2")EXo%x X0

is a small category with units
1y = [wy] € e (X)  for z € X

and inverses (cf. Lemma 4.3)

[607y§17"' ayﬁracr]_l = [Cr_layr_erw" ay;elacal]
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where the brackets [ ] indicate the homotopy classes of the paths. Note that
the source and target maps of w(X) are given by

[607y§17 cee ay$T7 CT]
5/ N\
co(0) cr(1)

DEFINITION 4.4. 7(X) is the fundamental groupoid of X. For x € X,
the group 7, (X) = 7. (X) is the fundamental (or Poincaré) group of X
at x.

Remark4.5. The groupoid 7(X) comes from the fundamental groupoid
m(Xo) of Xy by attaching new invertible generators

[y] = [mea y7 weoy]

such that afy] = gy, Bly] = €1y, for y € X1, and relations

[e(1)] = [e1¢] ™ [e(0)][eoc]
for any path c:[0,1] — X1, and

[e22][e02] = [17]

for z € X5 (cf. Figs. 2, 3). The formal exponents e = +1 are involved
because of the invertibility requirement. If, in particular, X = N1 is the
nerve of a groupoid then the exponent e = —1 takes on its real meaning—the
inverse in I'—since then [y][y '] = [e1(y,y )] = 1, for y € Xi(=TI).

The fundamental groupoid of an ss-manifold X carries a canonical dif-
ferentiable structure. In order to describe it, observe first that 7.,/ (X) # 0
iff x ~ 2’ in the equivalence relation which distinguished between the con-
nected components of X (cf. the proof of Proposition 1.15). Thus

(4.2) m(X) =] ~(x%)

if X =[], X is the decomposition of X into its connected components.

Let now X be any connected ss-manifold, so that w(X) is transitive on
Xo, and 7,(X), x € Xo, are isomorphic groups. For any two connected
simply connected open subsets U, V C Xy we fix a reference point zg € X
and homotopy classes of paths u,v € 7(X) such that

(4.3) avelU, aveV, pPu=pv=uzg.

Since for any = € U there is a unique homotopy class of paths in U connect-
ing au with x, the composition of paths extends u to a canonical section
u:U — 7n(X) of a (ie. au = idy, u(au) = u). If, moreover, v : V — w(X)
is the extension of v, then for every w € 37U Na 'V C 7(X) one has
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u(pw)wv(aw)™t € m,, (X); consequently, there is a bijection
(4.4) BTNV U x (X)X V
w — (Bw, u(Bw)wd(cw) ™, aw) .

PROPOSITION 4.6. There is a unique differentiable structure on mw(X)
such that the fundamental groups m.,(X) C 7(X), zg € Xo, are discrete and
all the maps WY, (cf. (4.3)-(4.4)) are diffeomorphisms (with open domains).
When equipped with this differentiable structure, w(X) is a differentiable
groupoid such that (B,a) : m1(X) — Xo x Xo is a covering map.

Proof. The connectedness of X ensures that the domains of the ¥}j{,’s
cover 7(X). Given any u;, v;, U;, and V; such that fu; = fv; = x;, 1 = 1,2,
the transition map W22 (P 01) "1 - (U NUs) X 1, (X) x (Vi N Va) —
(Ul N UQ) X WxQ(X) X (Vl N VQ),

(z,w,2") — (z, U (x)uy () wvy (20 (2) 1

7‘T,)7

is a diffeomorphism, for the compositions u(-)uy(-)~! and 21 (-)vo(-)~! are
locally constant. Once we have got charts, the other properties of w(X) are
readily seen. m

The maps ¥}y, also make sense if X is not necessarily connected, and
induce on 7(X) the manifold structure of the disjoint union (4.2), which is
still a differentiable groupoid over Xj.

COROLLARY 4.7. If an ss-manifold X is connected then for every x € X
the submanifold a=!(z) C m(X) endowed with its natural structure of a
principal (right) 7. (X)-bundle over Xy and the (left) n(X)-action yields an
equivalence of groupoids
(4.5) a ) () 2 (X)
inverse to the morphism generated by inclusion. m

One should note that the superpositions
WI(X)(_)’]T(X)%WI"(X% ZE,ZL‘,GXU,
are well defined equivalences to groups, i.e. conjugacy classes of isomor-

phisms. In general, there is no canonical isomorphism of the groups.

Remark 4.8. The above corollary reflects a well-known property of the
so-called Galois groupoids. Any such groupoid I" over NN is characterized by
the requirement that the map («,3) : I' — N x N be surjective and étale
(a local diffeomorphism). A Galois groupoid is canonically equivalent—via
inclusion—to each of the (discrete) structural groups of I',

I,=(B,0) (z,z)c I, xz€N.

Returning to an arbitrary ss-manifold X, note the following
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LEMMA 4.9. The map X1 3 y—5[y] € n(X) is a 7(X)-cocycle on X with
respect to the trivial covering {Xo} (cf. Example 1.5).

Proof. The identity [e22][g92] = [e12] for z € X5, found in Remark 4.5,
is exactly the cocycle condition (1.2). In order to check the smoothness of the
cocycle it suffices to consider any chart ¥j§, (cf. (4.3)-(4.4)) and observe
that the 7., (X)-coordinate of v is y — u(e1y)[y]v(eoy). This function is
constant on the connected components of ;U N ey 'V, for there is an
elementary homotopy of type (ii) between the paths involved. m

In view of the lemma, for any ss-manifold X there exists a canonical
ss-map 7y : X — N7(X),

X09$—>1I€X0‘—>7T(X),
X, 22— (" o), [6," 2e0x], ..., [6y"  M2]) € Npm(X)
for n > 1 (cf. (1.3)).

DEFINITION 4.10. 7y is the fundamental ss-map for X. Each of the

ss-morphisms
IIx =[rx]: X = N7(X)
and (if X is connected; cf. (4.5))

Mx,: X I N7r(X) 2N (X), z€Xg,
is a fundamental ss-morphism for X.
In order to characterize principal bundles classified by the fundamental
ss-morphisms, we recall Proposition 2.13. Clearly, the 7(X)-bundle Ex =
% N7(X) can be constructed from m(X) LA Xy over the 0-level, and from

(46) € Xl X(eo,ﬁ) W(X) - W(X)7 (yau) - [y]u
By (4.5), the corresponding m,(X)-bundle X, — X (if X is connected)

comes from a~1(x) LA Xo and from a suitable restriction of ;. It will be
shown in the sequel that the last principal bundle over X plays the role of
a universal covering space.

THEOREM 4.11. Let X be a connected ss-manifold, and x a point of Xg.
For every discrete group G and any ss-morphism £ : X — NG there is
a unique morphism of groups 7.(X) — G such that the following triangle
commutes:

X

\f
.

(4.7) NG

N (X) ‘
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COROLLARY 4.12. Both the fundamental ss-morphisms and the funda-
mental groups of a connected ss-manifold X are completely characterized (up
to equivalence of groups) as solutions to the universal factorization problem
(4.7).

Proof of Theorem 4.11. We give up symmetry and shall search for
a morphism 7(X) — G.

FEzistence. For any f : X — NG let P = (P,) be a principal G-bundle
over X classified by f; we intend to show that P, admits a canonical left
m(X)-action (with respect to the bundle projection mp : Py — Xp). So let
C = (co,y1", .-, ysm,¢r) be a path in X. In order to associate with C a
G-equivariant isomorphism 7 *(c, (1)) — 75 *(co(0)) of the fibres of Py we
fix u € Py over ¢.(1) = a[C] and proceed as follows:

1° As mp is a covering map, ¢, admits a unique (continuous) lift ¢, :
[0,1] — Py such that ¢.(1) = u.

2° Assume we have already constructed a lift ¢ : [0,1] — Py of ¢, for
some k > 0. If £ > 0, then the pair (yx,cx(0)) is an element of either 5P,
(if ex. = 1) or 7Py (if ex = —1). In view of the canonical isomorphisms
eoPo = Py = €7 Py, the pair comes from a point vy € ﬂl_l(yk) C P, and thus
gives rise to €1 (v;"), a uniquely defined point in the fibre of Py over 1 (y;*).
¢r—1:[0,1] — Py is the only lift of ¢;_1 such that ¢z_1(1) = &1 (v.*).

3° By induction, we eventually get a lift ¢y : [0,1] — Py of ¢p.

The above lifting procedure 1°—3° gives rise to a path

C = (¢o,v7", ..., 05", Cr)
in P, which ends at u and is a lift of C' in an obvious sense. We set
C - u = ¢(0) = initial point of C'.

This action is clearly G-equvariant and commutes with composition of paths.
In order to prove its dependence upon the homotopy class of the path only,
it suffices to observe that each elementary homotopy between paths in X
leads to an analogous elementary homotopy between the lifted paths in P.
Hence the initial points of the lifted paths remain fixed.

We have shown that the action of paths descends to an action of the
fundamental groupoid. When endowed with that action (its smoothness is
obvious), Py represents a morphism of groupoids, Py : 7(X) — G.

Factorization. It remains to establish an isomorphism of P and the G-
bundle Ex (F) (cf. Corollary 3.7). At the 0-level, 7(X) X (x) Po = Py is a
canonical isomorphism concealed in the multiplicative notation of elements
of the first G-bundle. In view of Corollary 2.14, one has to consider the
extension of that isomorphism to

T, -1
Ex(1) xx(x) Po = §(m(X) xn(x) Po) = 5Py “20 Py
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The only criterion of extendability of the canonical isomorphism to the whole
G-bundles over X is now the equality (cf. (4.6))

(4.8) (WIC]) - u = ex(m1,€0) " (3, [Clu)

for any (y,[C]) € Ex(1) = X1 X(,,5) 7(X) and u € Py such that o[C] =
mo(u). Since ([y][C]) -u = [y] - ([C] - u), (4.8) follows from step 2° of the
lifting procedure.

Uniqueness. Let X : 7(X) — G be any solution to the examined fac-
torization problem. By Corollary 3.7, there is an isomorphism of principal

G-bundles over X, P = Y. (Ex). Since over Xy the isomorphism reads
Pg g?T(X) Xﬂ'(X) =y

we may, and do, represent the morphism by Py endowed with an appropriate
left (X )-action. It remains to show that there is at most one G-equivariant
m(X)-action on Py which satisfies (4.8). To this end, observe that m(X)
is generated by [y], ¥y € X;, and the homotopy classes [c] of small paths
¢:[0,1] = U C Xy, U being any simply connected open subset of X,. The
action of [y], y € X1, is completely characterized by (4.8). As for the other
generators, we see that if U C X, is a connected simply connected open
subset and u € Py is any point such that mg(u) € U, then

— there is a unique continuous section 7 : U — a~*(mo(u)) C m(X) of
[ which passes through the unit at mo(u);

— as any action requires 1. (,) - 4 = u, every continuous action gives
rise to a continuous local section of Py, U 3 x — 7(z) - u € P, through u.
The uniqueness of the action follows from the uniqueness of the section. m

COROLLARY 4.13. For every ss-morphism £ : X — 'Y of connected ss-
manifolds, and any points x € Xg, y € Yo, there is a unique morphism of
groups Ty (£) : mu(X) — 7y (Y') such that Iy yof = Nmyy(f)oIlx ,. Fur-
thermore, there exists a unique morphism of fundamental groupoids m(f) :
m(X) — 7(Y) such that the following square commutes:

x Y vy
(4.9) x| |y
Nrx) O Ay

The assignment £ ~ 7(f) is a covariant functor. m

Throughout the rest of this section we assume all ss-manifolds to be
connected. In order to get an explicit description of the morphisms 7 (f) we
recall Theorem 1.12 and consider the case of an arbitrary ss-map f : X — Y
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first. Clearly, f induces a homomorphism of groupoids 7 (f) : 7(X) — w(Y),
(4.10) [co yflv oy el = [foco, (fry)s - (fiye)©, foer],

which restricts to group homomorphisms 7, (f) @ 7,(X) — 7f(Y) for
z € Xp.

PROPOSITION 4.14. (i) For any ss-map f : X — Y one has (cf. (3.1))
7([f]) = [x(f)] : 7(X) = = (Y).

(ii) Every gluing projection A : Xyy — X gives rise to a canonical equiv-
alence of the fundamental groupoids, [x(\)] : m(Xy) = m(X).

(iii) Let f : Xyy — Y be any representative of an ss-morphism f : X =Y
and \ : Xyy — X the gluing projection. Then w(f) = [w(f)] o [x(\)] L.

Proof. By Corollary 4.13, the first assertion follows from the commu-
tativity of a square analogous to (4.9) on the level of ss-maps already. Parts
(ii)—(iii) are immediate consequences of (i), the functoriality of =(-), and
Theorem 1.12. =m

COROLLARY 4.15. If U is any open covering of Xy then
Tu(A) : T (X)) = Tagu(X),  u e Xy(0),

s an isomorphism of the fundamental groups. Furthermore, if f: Xy — Y
is any representative of £ : X — 'Y then for each u € Xy(0) the morphism
of groups

7TfouJ\ou(f) : TD\OU(X) - 7Tfou(Y)
comes from the homomorphism (cf. (3.1))

mu(f)

)7 Tu(Xu) — Tpu(Y). =

Tx,u(X)

Remark 4.16. Part (ii) of Proposition 4.14 together with Corollary 4.15
make the computation of m(X) and 7, (X) a purely combinatorial matter.
Namely, one first replaces X with its localization to any simply connected
open covering, and then shrinks every connected component of each X,,,
n > 0, to a point. The Poincaré groupoid (group) of the resulting semi-
simplicial set is canonically equivalent to 7(X) (resp., m,(X)).

EXAMPLE 4.17. For any manifold M, 7(N M) is the classical fundamen-
tal (Poincaré) groupoid m(M) of the manifold. Thus we get a recipe for
computing 7(M) starting from any simply connected open covering of M.

EXAMPLE 4.18. For any Lie group G,7(NG) = G/Gy where Gy C G is
the identity component. The fundamental ss-map my g : NG — N (G/Gy)
comes from the projection G — G/Gj.

EXAMPLE 4.19. Let I' be any Galois groupoid on a manifold M (cf.
Remark 4.8). For every x € M, the canonical equivalence I, — I in-
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duces an equivalence of the fundamental groups m, (N T) = 7, (N'T) where
7. (NT,) = I, by Example 4.18. The equivalence is generated by an iso-

morphism Iy = 7, (NT), g — |g].

We close the present section with a theorem which asserts that every
connected ss-manifold admits a simply connected covering ss-manifold.

PROPOSITION 4.20. Let X be a connected ss-manifold, x any point of Xo,
and X = X, a principal 7,(X)-bundle over X classified by the fundamental
ss-morphism. Then

(i) the ss-manifold X is connected, and
(i) 7(X) = Xo x Xo, i.e. mo(X) = {1,} for u € X,.

Proof. Recall that Xo = a~!(z) C 7(X), X; = ;X0 = X3 X (20,8)
a~1(z), and the face operators X; = X, are

(€]

(cf. (4.6)). As X — X is a principal 7,(X)-bundle, every path C' in X
admits a canonical lifting to a path C in X which ends at an arbitrary but
fixed point over the endpoint of C' (cf. the existence part of the proof of
Theorem 4.11). In order to prove (i) it suffices to observe that for any path
C such that [C] € Xy = o !(z) the lift C' which ends at the unit 1, € X
has the homotopy class [C] for its initial point. The proof goes by induction
on the length of C, i.e. the number of the elements of X; involved. Namely,

if C'=cg:[0,1] — Xg then the lift of C'is a path & : [0,1] — Xo, t — [cét)],
where

() _Jeo(t) foro<T<t,
(4.11) “ (T)_{CU(T) fort<7<1,

so that cél) = w,. In general, if C' = (¢, y1*,c1,-..,¢r), and the assertion
is true for C' = (¢q,..., ¢, ), then we consider two cases:

For e; = 1, (y1,[C"]) € X, is the element of the fibre over y; which joins
[C’] (= initial point of C") to that point over co(1) to which ¢y should be
lifted. Ase1(y1,[C']) = [Weyy15Y1,C1s - -, ), the lift of ¢g is ¢p @ [0,1] — Xo,
t— [cét),yl,cl, ..., ¢, where c((]t) is given by (4.11). Hence ¢,(0) = [C].

If 4 = —1, then [C"] = eyw for w = (y,[11] }[C’]) € X1, so that
Eow = [wEOyl,yfl, 1, ..,¢r). The rest goes as above.
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Let now P — X be a principal bundle with a discrete structure group
G. By Corollary 4.12, the assertion (ii) will be demonstrated if we find a
global section s : X — P of the G-bundle, since then every ss-morphism
f : X = NG will be shown to factorize through (the nerve of) the trivial
group. In order to get a section of P, we fix u € Fy above 1, € X, and
apply the lifting procedure for paths. Namely, for any path C' in X whose
homotopy class [C] is in X, we first take the lift C of C to X (with endpoint
1,; cf. the proof of (i)) and then the lift C of C to P with endpoint w. This
gives rise to a map

X0 3 [C] 28 initial point of C € P,.

Indeed, if two paths C' and C’ represent the same element of )N(o then any
sequence of elementary homotopies connecting C and C’ carries over to
the lifts and yields a homotopy between C' and C’ as well as a homotopy
between C’ and C’. Thus so is a well defined section of Py (its smoothness
is an immediate consequence of the fact that Py — )N(o is a covering).

Climbing up to the 1-level, we find two sections of P, induced by sg and
the isomorphisms e Py = P; = €] Fy. Our claim is that the two sections are
actually equal, i.e.

(412)  (m,20) 7 ((, [C]), 50([C])) = (m1,e1) ™ (y, [C), s0([¥][C]))
for any (y,[C]) € X;. Indeed, for C' = (co,yity ... cp) let
C" = (Weyy, ¥ C) = (Wery, ¥, 0, 41" - - Cr)

be a path representing the homotopy class [y][C]; its lift to X is ¢/ =
(waly,y,C) for 7 = (y,]C)) € X1, and the lifting procedure yields o' =
(w €1g,y, C)in P, where § = (m1,20) " (7, s0([C])). Now the defining equality
s0([C"]) = €1y proves (4.12). B

We have shown that for any principal G-bundle P over X there is a
section sg : Xg — Py which satisfies (4.12). In order to derive from this a

factorization of the classifying ss-morphism through the trivial group, it re-
mains to compare (4.12) with (2.5). In fact, (4.12) ensures the extendability

of sg to a global section s: X — P. m

COROLLARY 4.21. Given an ss-morphism f : X — Y of connected ss-
manifolds, the induced morphism 7y, (f) : m,(X) = m,(Y) v € Xo, y €
Yo, is generated by epimorphisms of the groups iff £ pulls back the simply
connected m,(Y')-bundle Y — Y to a connected one.

Note that since every morphism of groups is a conjugacy class of ho-

momorphisms, either all the homomorphisms are epimorphisms or none of
them is.
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Proof. By Proposition 2.10, Corollary 4.13, and Corollary 3.7, we suc-
cessively have

£*Y = £*115,, N7y (Y) = (Iy,y o )" Ny (V)
= (Wrya(£) 0 Ix o) Ny (V) = oy (F) (I, N7 (X)) = 7y (£ X

for the 7, (X)-bundle X = X, over X. In other words, if a homomorphism
h:my(X) — my(Y) generates my, (f) then the h-extension h,X (cf. Exam-
ple 3.4) represents the pull-back £*Y. Consequently, one has to examine

the connectedness of h, X and relate it to the surjectivity of h.
If h is onto, then the canonical ss-map X — h,X,

(4.13) Xp2ou—u-1, € X, xpmy(Y),

is surjective at every level; thus the connectedness of X is inherited by heX.
If h is not onto, then the ss-map (4.13) sends X to a connected compo-

nent of h,X. As the group m,(Y) is discrete, the other components corre-

spond to the left cosets of h(m, (X)) C m,(Y). m

II1. Foliations of semi-simplicial manifolds

We enlarge the category considered in Part I by admitting foliations on
ss-manifolds. Fortunately, there is a natural way of distinguishing those
ss-morphisms which should be understood as morphisms of the extended
category, as well as those which are transverse to foliations. In the case
of classifying ss-morphisms of the form X — AT these properties are ex-
pressed in terms of the associated I'-bundles (Thm. 1.17). Section 2 contains
a classification theorem for foliations (Thm. 2.1) and a general approach to
transverse projections. For an arbitrary foliation we prove the existence
and uniqueness of a minimal transverse projection (Thm. 3.2). Intuitively,
a minimal transverse projection for a foliated ss-manifold (X, F) is a “surm-
ersion” X — X/F which induces F from the discrete foliation of a certain
ss-manifold X/F; every foliation of X weaker than F projects to a foliation
of X/F (Thm. 3.13). It is shown that the minimal transverse projection
induces an epimorphism of fundamental groups (Thm. 4.1). Furthermore,
the projection contracts every leaf L of F to its holonomy group (Thm. 4.5).
Section 5 presents implicit I'-foliations given by geometric structures over
foliated ss-manifolds. We construct the universal foliated G-bundle for fo-
liated ss-manifolds of any fixed codimension, and the universal G-foliation
(G-structure).

II.1. Foliated ss-manifolds. A ¢-codimensional foliation F' of an n-
dimensional manifold M (n > ¢ > 0) is a topology in M, stronger than the
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original one, such that every point of M admits a chart ¢ : U — R" =
R™~% x R? which induces a homeomorphism of (U, F'|U) into R"~9 x (RY, ),
0 being the discrete topology. Alternatively, F'is characterized by a maximal
collection Subm(F') of submersions M O U — RY continuous in the foliation
topologies, i.e. inducing a map (U, F|U) — (R%,4); on the overlaps, any
two such submersions differ (locally) by a diffeomorphism of R9. The last
property distinguishes the sets of submersions which come from foliations
(see [18], [20], [22], [23], [25], for a more complete treatment).

FEach g-codimensional foliation F' induces on setM a structure of an
(n — q)-dimensional manifold M such that the identity map i : M¥ —
M is an immersion; the connected components of MY are leaves of F.
The involutive subbundle TF := i, TM¥ < TM is the tangent bundle of
the foliation. According to the classical Frobenius Theorem, any involutive
subbundle of T'M is the tangent bundle of a (unique) foliation of M.

Any pair (M, F) composed of a manifold and its foliation is a foliated
manifold. We shall regard manifolds as foliated by the only 0-codimensional
foliation. A map of foliated manifolds f : (M’', F') — (M, F) is any smooth
map f : M’ — M continuous in the foliation topologies. Infinitesimally, this
reads

(1.1) f«(TF")CTF.

For every such f the induced map f’: M'F" — MF is smooth.

A pair of foliations (F, F") of the same manifold M is a flagif TF C TF’
or, equivalently, if idys : (M, F) — (M, F").

For any map f : M’ — M transverse to a foliation F of M (i.e. to M¥;
notation f th F) the pull-back topology f~'F together with the manifold
topology of M’ generate a pull-back foliation f*F of M'. We recall that the
transversality means

(1.2) f*(TxM,) + Tf(r)F = Tf(x)M
for x € M'. Then
(1.3) T(f*F)=f,'(TF)

so that f: (M', f*F) — (M, F).
The following property is classical and follows from (1.1)—(1.3).

PROPOSITION 1.1. For any foliated manifold (M, F') and every map f :
M’ — M transverse to I,

(i) @ map g : M" — M’ is transverse to f*F iff the composition fg is
transverse to F, and g* f*F = (fg)*F,

(ii) given any foliated manifold (M",F") and a map g : M" — M’ one
has g : (M",F") — (M', f*F) iff fg : (M",F") — (M, F). =
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The pull-back of foliations agrees with that of immersed submanifolds.
Namely, we recall that for any immersed submanifold i : N — M each
map f : M’ — M transverse to N pulls it back to an immersed submani-
fold f='N < M’ which is diffeomorphic (via (id, f)) to the fibre product
M’ x4y N C M'x N. In this sense, for f th F' the pull-back foliation f*F
induces on M’ the manifold structure of f=!(MT).

PROPOSITION 1.2. Let f : (M,F) — (M',F’) be a map of foliated
manifolds, and g : N — M' a submersion. Then both the projection
[ M x9N — M and the induced map g : NOF 5 M'F are sub-
mersions, and

(M X (1,q) N)f*F =M X(f',9") NOH

Proof. That f and ¢’ are submersions is evident. In order to examine

the two manifold structures on set M x (f oy set IV, we recall that the manifold

on the left is f~1(MF), and its differentiable structure is characterized by
its imbedding in (M x4 N) x M¥. Since the immersions M* — M,

N9 F" < N lead to a smooth map ofMFx(f,g,)Ng*F/ to (M X (f,qN)xMF
whose image equals that of f~1(M*), the identity map

MY % g1,y NOF = (M x(,9) NY'F
is smooth. To prove that it is actually a diffeomorphism, it remains to
compare the respective tangent spaces in M x (¢4 N. One has

(0,1) € Tia ) (MF X (g1,0) N F') = ToM " % (g, 1) TN
it veT,F, we Ty(g*F'), and f.v = gow. Since f.(T,F) C Ty F', an
equivalent condition is
(v,w) € Tz y)(M X(,9y N) and v = f.(v,w) € T,F,
ie. (v,w) € Ty (f*F). m

We shall say that an immersed submanifold N — M is tangent to a
foliation F' of M if

(1.4) T,F C T,N
for z € N. If this is the case then there is a unique foliation F'|N of N (the
restriction of F' to N) such that
(1.5) T(FIN)=TF|N.

PROPOSITION 1.3. Let f : M' — M be a map transverse to a foliation F
of M, and N — M an immersed submanifold tangent to F'. Then

(i) the submanifold N' = f~*N — M’ is tangent to f*F,

(ii) the restriction f|N': N' — N is transverse to F|N, and

(iii) (fIN")*(FIN) = (f*F)|N".
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Proof. Apply (1.2)—(1.5). =
We are now ready to pass to semi-simplicial manifolds.

DEFINITION 1.4. A sequence of foliations F' = (F},),>0 is a g-codimen-
sional foliation of an ss-manifold X = (X,,),>0 if each F), is a g-codimen-
sional foliation of X,,, for n > 0, and

E: Fn1=F,
fori <n,n>1.

According to Proposition 1.1(i), the equalities €;n; = id guarantee that
nF, = Fh,_1, i < n, for every foliation F' of X. Thus the leaf manifolds
XFn form an ss-manifold

X = (X3")nz0

and there is a canonical ss-map i : X — X composed of the appropriate
immersions. The connected components of X' are leaves of F.

Any foliation F' of X is completely determined by Fy. Conversely, a
foliation Fpy of X generates a foliation of X iff ejFy = €] Fp on X; and all
the maps ¢f} : X,, — Xo, n > 1, are transverse to Fy (cf. Proposition 1.1(i)).

DEFINITION 1.5. A foliated ss-manifold is any pair (X, F') composed of
an ss-manifold and a foliation of it. An ss-map f: Y — X gives rise to an ss-
map of foliated ss-manifolds f : (Y, F') — (X, F) if f,, : (Yp, F}) — (X, Fy)
for n > 0.

In view of Proposition 1.1(ii), f : (Y, F') — (X, F) iff fo : (Yo, F) —
(Xo, Fo); any such f yields a commuting square

(V,F) -5 (X,F)

(1.6) zT Tz
YF' f_/> xXF
where f’ is induced by f, and the bottom ss-manifolds are considered with

the 0-codimensional foliations. This convention will be frequently used in
the sequel.

DEFINITION 1.6. An ss-smap f : Y — X is transverse to a foliation F'
of X (notation f M F) if f, : Y, — X,, is transverse to F), for every n > 0.
For any f rh F' the sequence
f*F = (f:Fn)nz(J
is a pull-back foliation of F by f.

By Proposition 1.1(i), f i F iff fy h Fy and the pull-back foliation fjFy
of Y; generates a foliation of Y.
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ExaMPLE 1.7. If all the levels X,, of X are of the same dimension m, and
the structure operators are local diffeomorphisms, then X admits a unique
discrete (m-codimensional) foliation given by the discrete topology on every
X,,. We shall denote this discrete foliation by Fj.

EXAMPLE 1.8. Any foliation I of the nerve N'I" of a groupoid I" comes
from a foliation F} of the manifold of units N = Nyl such that o* Fyy = B3*Fy
(= Fy) on I' = NiI". The manifold I'* inherits from I" a groupoid structure
over N0 and one has (NT")¥ = N(I'f1) (cf. Proposition 1.2).

ExAMPLE 1.9. For any foliation F' of X and every open covering U of
Xp, the gluing projection A : Xy — X is transverse to F'; the pull-back
foliation Fy; := A*F is the localization of F to U.

Our next goal is to pull foliations back by some ss-morphisms.

LEMMA 1.10. For any foliation F' of Xy, there exists exactly one folia-
tion F of X such that F' = Fy.

Proof. Let U = (Uy)aca. For any a the inclusion map i, : U, — X3,(0)
pulls back Fjj to a foliation of U,; the resulting foliations come from a global
foliation Fy of Xg if they agree on the overlaps. So let a,b € A, and let
n: U, NU, — Xy(1) be the map = — (a,b;nox). Since i,|U, N U, = €17
and ip|U, N U, = eon, n is transverse to Fy, and moreover i} Fjj|U, N U, =
n*Fy =i F§|U, N Up.

It remains to check that Fy does generate a foliation of X. This is so,
for every composition

. n—h_ h ny—1 ny—1 n—h_ h _
ian 061" e |(€1") Uy NN (&0") " Va, =€,""€g" O lag...a,
is transverse to F{), iq,. 4, being the inclusion in Xz (n), and
e1Fole; ' Uy Ney ' Uy = il F = b Fole] ' U Neg 'U, . m

PROPOSITION 1.11 ([2]). Let F be a foliation of an ss-manifold X. For
every ss-morphism £ :' Y — X the following two conditions are equivalent:

(i) there exists an ss-map f : Yy, — X representing £ and transverse
to F,

(ii) there is a foliation F' of Y such that every representative f : Yy —
X of T is transverse to F' and pulls it back to a localization of F'.

PROPOSITION 1.12. For any two foliated ss-manifolds (X, F') and (X, F")
and every ss-morphism f : Y — X the following conditions are equivalent:
(i) there is a representative f :Yy — X of f such that f: (Xy, F),) —
(X, F);
(ii) every representative f : Yy, — X of £ gives rise to an ss-map of
foliated ss-manifolds f: (Yy, F,) — (X, F).
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Proof of Proposition 1.11. Evidently, (ii)=-(i). So, assume that
an ss-map f : Yy — X is transverse to F. By Lemma 1.10, f*F = F},
for a foliation F’ of Y. It remains to check that any ss-map g : Yy —
X elementarily equivalent to f is also transverse to F', and the pull-back
foliation is FY,. If g = f o4, then the transversality of g to F'is obvious. Thus
we assume f = go4, so that U = (U,)aeeca is a refinement of V = (V;);er,
and o : A — I denotes a refinement map. Our claim is that each component

Gnio..in (61”)71‘/1-0 Nn...N (EO”)*V% — X,

of g, is transverse to F,,, for n > 0. Since transversality is a local prop-
erty, it suffices to demonstrate it on each W = (g,*) 1 (V;, N Uy ) N ...
N (g™ Y(Vi, NU,,), ag,---,a, € A. Now the map

W oz (ig, 00a0), - -y in, 0(an); M071 - - - ) € Y (20 + 1)

is clearly well defined and satisfies

Ent1n - e1n(x) = (loy .. yin;x), &pn...c160n(x) = (0(ag),...,olan);x),

so that

(17) gn,zozn‘W = E€n+1---€19Gon+17, fn,ao...an ’W =E&n.--€00°3G2n+17 -

By Proposition 1.1(i), the fact that the last map is transverse to F), implies
the transversality of go,11n to

(577, PN 60)*Fn = F2n+1 = (5n+1 PN 61)*Fn

and finally the transversality of €,41...€1 © gap+1m to Fj,, as was to be
shown. Since g*#(g*F ) = f*F, the two pull-back foliations are localizations
of a common one. m

Proof of Proposition 1.12. As in the above proof, it suffices to
consider two representatives f : ¥, — X and ¢g : Yy — X of f such that
f=goy and f: Yy, F,) — (X,F). Then (1.7) (for n = 0) together with
Proposition 1.1(ii) imply first that g11 : (V; NUy,, F§|ViNU,) — (X1, Fy) for
all 4, a, and then go; : (V;, Fj|Vi) — (Xo, Fo) forie . m

DEFINITION 1.13. Any ss-morphism f : Y — X which satisfies the equiv-
alent conditions (i)—(ii) of Proposition 1.11 is transverse to F (notation
f M F); the unique foliation F’ of Y characterized by (ii) is the pull-back of
F by f, to be denoted by f*F.

An ss-morphism of foliated ss-manifolds £ : (Y, F') — (X, F) is any
ss-morphism f : Y — X satisfying conditions (i)—(ii) of Proposition 1.12.

Clearly,
(1.8) £V, fF)—(X,F)
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if £ M F. One can easily see that foliated ss-manifolds and their ss-mor-
phisms constitute a category. Foliated ss-manifolds isomorphic in that cat-
egory will be called equivalent.

ProPOSITION 1.14. Every ss-morphism of foliated ss-manifolds f
(Y,F'") — (X, F) descends functorially to an ss-morphism f' : Y — XF
such that the square

(V,F') — (X,F)

yF £ xF
commutes (after passing to ss-morphisms).

Proof. By (1.6), every representative f : Yy — X of f gives rise to a
commuting square

7 S x

(YF ) = ()Fe L5 xF
where the covering U of Y} is also an open covering of YOF(; =YF /(0). If f

ranges over f, the respective ss-maps f’ are all equivalent to one another and
represent an ss-morphism f’ : Y — X The functoriality is evident. m

COROLLARY 1.15. The leaves of equivalent foliated ss-manifolds are mu-
tually equivalent.

Proof. Cf. Proposition 1.1.19. =
The next assertion generalizes Proposition 1.1.

PROPOSITION 1.16. Let f : Y — X be an ss-morphism transverse to a
foliation F of X, and g: Z — Y another ss-morphism. Then
(i) fogM Fiffghf*F, and
(ii) (f og)*F =g*f"F.
If, moreover, Z is foliated by a foliation F’, then
(i) fog: (Z.F') — (X,F) iff g: (Z,F') — (Y.£"F).

Proof. For any representatives f: Yy, — X of f and g: Zy, — Y of g,
the local character of the examined properties ensures that g h £*F iff g;; th
f*F (= (£"F)y) and that g : (Zv, Fy,) — (V. £7F) iff gy (Zg-104, Fyovyy) —
(Yy, f*F). This reduces all the assertions to Proposition 1.1. m
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In view of Theorem 1.2.12, any ss-morphism f : X — AT of an ss-
manifold X to the nerve of a groupoid I" can be identified with an isomorphy
class of principal I'-bundles over X. The question of whether f is transverse
to a foliation of NI or is an ss-morphism of foliated ss-manifolds leads to
the following useful characterization.

THEOREM 1.17. Let I' be a groupoid (over a manifold N), f : X =~ NT
an ss-morphism to NT', and 7 : E — X a principal I'-bundle classified
by f.

(i) For any foliation F of NI', £ is transverse to F iff the ss-map
a: F — NNA composed of the source maps o, : E, — N, n > 0, is
transverse to Fy trivially extended to N'N. If this is the case then the
pull-back foliation F' = £*F is characterized by the identity 7*F = Oé*ﬁ(]
(on E).

(ii) For any foliation F of X and F of NI', £ is an ss-morphism of
foliated ss-manifolds iff o : (E,n*F) — (NN Fg) If this is the case then
the induced ss-morphism £': X — (NT)F = N(I'F1) is the classifying ss-
morphism for the principal ' bundle #' - E©'F — XF (cf. Example 1.8).

Proof. Let s, : U, — Ey, a € A, be any collection of local sections of Ej

over an open covering U = (U )aeca of Xo. By the proof of Theorem 1.2.12
(see also Example 1.1.6), f is represented by an f : X3y — NI such that

fo:Zozgosa:HUaaN

while the fn, n > 1, come from the correspondmg I- cocycle (cf. I(l 3)).
()fthlfffth ie. iff f, M F, forn >0. As F, = (gy")* Fy, foth F,,

iff f,, 0ey™ F(]. Consequently, the transversality of f is equivalent to the

condition

(1.8) aoosoeonrhﬁo, n>0,

for every local section s : Xo D U — Ep. Clearly, ags M ﬁg for every s
implies ag h Fy; by commutativity of the diagram

XoDU 2 Ey
N0
(19) EOHT EO”T N
s S o
Xn D) (Eon)_lU — E
where s(") is the induced section of E, = (g,")"Ep, (1.8) ensures that

oy M FO for every n > 0. Hence f rh F implies o FO
To prove the converse, consider a principal I'-bundle E’ over a manifold

M. Any local section s : M D U — E’ yields a trivialization U X (qs,8) I’ =
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7~ Y(U) C E’ compatible with both the bundle projection 7 and the source
map «. If a M Fy, then

Ty (U X (as.8) T) + TagFo = TagN

for every (z,g) € UX (4s,3)I". Assuming this, let us show that then aos M B,
Indeed, for any w € Ty 5;) N, € U, there is a w’ € T4, Fo and a vector
(1.10) (u,v) € Ta,as@) (U X(as,8) I') = ToU X ((as).,8.) Tas@) ]’
such that

w = a,(u,v) + W' = a4+ w = (as)uu+ (@ — Bev) + '
by (1.10). Since for the inclusion map i : N < I', v — i, B,v € ker 3, is an

~

element of (ﬂ*as(x))_lTas(x)ﬁg = Tps(z)F1, one has
U — B0 = (v — 1, fv) € Tas(x)ﬁg

and the decomposition of w ensures the transversality of a o s to ﬁo. R

By the above reasoning (for E/ = E,,) and diagram (1.9), a, th Fy for
n > 0 implies (1.8), i.e. f M F.

In order to establish the equality which characterizes the pull-back folia-
tion, we lift f to an ss-morphism f of I'-bundles and consider the following
diagram which commutes after passing to ss-morphisms:

NN
CM/’ ’\Ol
E Lo NT
wl JW
X 4 NT

One has

W*f*ﬁ = F*ﬂ'*ﬁ = ?*Oé*ﬁg = a*ﬁg
where 7 F = a* Fy on NI since both the foliations are equal (to F}) at the
0-level.

(ii) We shall show that ag : (Eo, 75 Fo) — (N, Fy) iff fo is foliation-
preserving, i.e. iff ags : (U, Fy|U) — (N, 130) for every local section s : X D
U — Ey. Since s th n§Fy and Fo|U = s*n§Fy, the “only if” part is trivial.
To prove the other part assume that s : U — Ej is any section such that
(1.11) (08)4(ToFo) C Topswy Fo  for z € U;

we may hope that ag|my 1U is then foliation-preserving. This is clearly
equivalent to

(1.12) a: (U X(apsp) Iy m* (Fo|U)) — (N, Fp).
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By (1.3), a vector (u,v) € ToU X((ays).,8.) Tyl is in T(y gm* (Fo|U), with
(7,9) € U X(aps,p) I', iff u = mo(u,v) € TpFy. Then, successively, B,v =
(avps)su € ngﬁo, by (1.11), v € (ﬁ*g)*nggﬁo = Tgﬁl, and a,v € Tagﬁg.
Since o (u, v) = v, this yields (1.12) and implies the first assertion of (ii).

Observe now that for any principal I'-bundle 7w : E’ — M over a manifold
M endowed with a foliation F”, if a : (E',7*F') — (N, I:"\g) then there are
well defined induced maps

’ N
EMT*F/ o NFO

~|
M
Furthermore, every local section M D> U - E' gives rise to s’ : MF >
UFIU — E'™F | a section of 7/, and—in the same vein—the isomorphism
of foliated manifolds
(U X(as,p) Iy T (F'|U)) S (n 72U, 7 F' |2~ 1U)
induces a diffeomorphism
* ’ o~ _ * 1/ -1
(U X(as,ﬁ) F)ﬂ' (F"|U) —)(71‘ lU)7r F'|m U’
i.e. (cf. Propositions 1.2 and 1.3(iii))
UF'\U X (o't ') Fff\l iﬂ"*l(UF'\U) C E/W*F"
This local triviality condition ensures that the I'-bundle structure on E’

descends to a principal I'f-bundle structure on E'™ ¥ "
Returning to the considered principal I'-bundle £ — X and applying
the above reasoning to every level, we conclude that E™ ' — XF is a

principal I'1-bundle. Moreover, as every section s, : U, — Fy, a € 5\4,
induces a section of E™ ¥'(0), there is a representative f: (XEYyyr — NTHL,
u = ( 5 °|U")a€ 4, of the classifying ss-morphism f for E™ ¥ which—on
the set level—consists of the same maps as f does. Consequently, f is an

ss-map of foliated ss-manifolds, f = f’ is the induced ss-map, and f = f' is
the induced ss-morphism (cf. Proposition 1.14). =

COROLLARY 1.18. Let I and I be equivalent groupoids, and £ : NT' —
NT' an equivalence. Then

(i) £ is transverse to every foliation F' of NI, and the assignment
F' ~ £*F" is a bijection of the set of foliations of NI onto the set of
foliations of N'T;

(ii) if F and F' are foliations of NT' and NI, respectively, such that
f: (WNIF) = (NI, F') is an equivalence of foliated ss-manifolds, then
F=f"F.
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Proof. Let X : I’ — I"” be the unique morphism of groupoids such that
f = N X; it is represented by a principal I’-bundle X over N, the units of I,
equipped with a I''-equivariant left I'-action, while the principal I”’-bundle
E classified by f is an extension of Fy = X' to the whole of N'T". According
to Theorem 1.3.2; the invertibility of f implies that a : X — N’ (N’ the
units of I') is a submersion, and is therefore transverse to every foliation of
N’. The same reasoning applied to f ! yields (i). Since f ' = N 'Y comes
from the transposition of X', the assumption of (ii) implies

a: (X, Fy) — (N, F}), =:(X,a*F))— (N, Fy),

so that T'(n*Fy) = T(a*F}). Equality of the two foliations of X' = Ej
ensures that 7*F = o*F’ on E, as was to be shown. =

I1.2. Foliations modelled on a pseudogroup. Let I, denote the
groupoid of germs of local diffeomorphisms of R, ¢ > 0. Ij carries a
canonical structure of a (highly non-Hausdorff) g-dimensional manifold, and
so do all the levels of its semi-simplicial nerve. Since the structure operators
of NT}, are local diffeomorphisms, this ss-manifold admits a discrete foliation
Fy.

THEOREM 2.1. For every ss-manifold X and any q-codimensional folia-
tion F' of X there exists a unique ss-morphism £ : X — NI, transverse to
Fs such that F = f*Fj.

DEFINITION 2.2. The unique ss-morphism f : X — NT, such that
f*Fs = F is the classifying ss-morphism for F.

Before demonstrating the theorem in general consider a g-codimensional
foliation F' of a manifold M. We shall denote by Er the manifold of germs

Er ={[p,x]; p € Subm(F), = € Domain(p)},

which carries the sheaf manifold structure with respect to the projection
Er 3 [p,2] — x € M. When endowed with the left I';-action

oyl -l o] = [y, 2] iy = o(x)
Er becomes the canonical (left) principal I'j-bundle over M associated with
the foliation (cf. [2]). Every transverse map f : M’ — M admits a I7-
equivariant lift f: Ep-p — EF,

(2.1) lpo foa] L g, f(2)].

Consequently, for each g-codimensional foliation F' = (F},) of an ss-manifold
X, Ep := (Ep, ) inherits from X the structure operators and is the canonical
principal Iy-bundle over X associated with F'.
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Proof of Theorem 2.1. Let F be a g-codimensional foliation of X.
We claim that the classifying ss-morphism f : X — NI, for E is transverse
to Fy and pulls it back to F'. Indeed, for any submersion ¢ : Xo D U — RY, if
¢ € Subm(Fp) then poey™ € Subm(F,), n > 1. In view of Theorem 1.17(i),
this implies f h Fs, f*Fs = F.

To prove the uniqueness of the ss-morphism, consider any Ij-cocycle
(Yap) on X with respect to a covering U = (U, )qca, such that the associated
ss-map f : Xy — NT is transverse to the discrete foliation and pulls it
back to Fy. Since fo(a,-) = Yaano and fi(a,b; ) = va4p (cf. 1(1.3)), one has
Ya = Yaalo € Subm(Fp), while the equalities

@ oYap = €00 fi(a,b;-) = ppoep,
Bova = €10 fi(a,b;) = s 0e1
imply
(a0 €1,°] = Yanlpp © €0,°] -
Thus the Ij-cocycle is a cocycle description of the canonical I;-bundle Er

(with respect to the sections s, = [¢a, ], a € A; cf. 1(2.5)), and f represents
the classifying ss-morphism f. =

ExXAMPLE 2.3. For any ¢-dimensional manifold N let I'y be the groupoid
of germs of local diffeomorphisms of N (equipped with the sheaf topol-
ogy and the corresponding differentiable structure). The classifying ss-
morphism NIy — NI for the discrete foliation is an equivalence. This is
the only equivalence of those ss-manifolds, for every invertible ss-morphism
f : NI'v — NI, must be transverse to Fj (cf. Corollary 1.18), and f*Fj is
the only g-codimensional foliation of N'I'y—the discrete foliation.

We already know that every g-codimensional foliation F' of an ss-manifold
X is a pull-back of a universal (discrete) foliation by a transverse ss-mor-
phism X — N, (equivalently, X — N1y for any manifold N of dimension
q). The transverse ss-morphism can be regarded as a submersion shrinking
the leaves; its “range” should characterize the complexity of the foliation.
Since submersions are open mappings, it is reasonable to look for the range
among open subgroupoids of some [y.

Any open subgroupoid I" C 'y, N a manifold, consists of the germs of
elements of a uniquely defined pseudogroup of diffeomorphisms of N. More
generally, by a groupoid of germs we shall mean any groupoid I whose
source and target maps «, 3 : I' — N are local diffeomorphisms, and which
can be identified with an open subgroupoid of I'y via a map

(2.2) Fagg[ﬁo(awg)*l,ag] SN

where U9 C I' denotes any neighbourhood of g such that «|UY is a diffeo-
morphism. The pseudogroup generated by the compositions 3o (a|U) ™! will
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be referred to as the underlying pseudogroup for I.

DEFINITION 2.4. An ss-morphism f : X — N is a transverse projection
for a foliation F of X if I is a groupoid of germs, f is transverse to the
discrete foliation Fs of NT', and F = f*Fj.

A I'-foliation on X is any pair (F,f) such that F' is a foliation of X and
f : X — NT a transverse projection for F'.

By abuse of language, a foliation F' of X is called a I'-foliation if it admits
a transverse projection to NI, i.e. if its classifying ss-morphism admits a

factorization X — N T’ Al NTy.

For any principal I'-bundle 7 : E — X, I' a groupoid of germs, the
bundle projection consists of local diffeomorphisms, for so are the source
and target maps of I'. This motivates

DEFINITION 2.5. Given a groupoid of germs I, a principal I'-bundle
m: E — X is an unrolling I'-bundle for a foliation F' of X if the pull-back
foliation 7* F" of E comes—via the source map a—from the discrete foliation
F5(N) of the units N of I', i.e. if a F(;(N) and 7 F = a*F(;(N).

In view of Theorem 1.17(i), the notions of transverse projection and
unrolling I'-bundle are dual to each other:

PROPOSITION 2.6. For any groupoid of germs I', a principal I'-bundle E
over X is unrolling for a foliation F of X iff the classifying ss-morphism
frp: X — NT is a transverse projection for I'. m

A I'-bundle F over a manifold M is unrolling for a foliation of M if so
is the trivial extension NE — N M. Clearly, the structure of E is then
completely determined by the so-called distinguished submersions,

o:MD>USESN

where s ranges over local sections of E. More precisely, the sheaf E of
germs of all distinguished submersions for F is a left principal I'-bundle (an
i(I")-bundle; cf. (2.2)) over M, and the map

(2.3) E > s(z)g —ig ‘as,z] € E

is a well defined canonical isomorphism. E is thus a canonical form of E.
The next lemma is straightforward.

LEMMA 2.7. If f : M’ — M is transverse to F', and E — M an unrolling
I'-bundle for F, then

(i) the pull-back f*E is unrolling for the pull-back foliation f*F of M';
(i) the distinguished submersions for f*E are all maps locally of the
form o f, where ¢ ranges over the distinguished submersions for E;
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(iii) in terms of the canonical forms of the I'-bundles, the lift f*E — E
of f reads [¢ o f,x] — o, f(@)] (cf. (2.1)). w

COROLLARY 2.8. If a principal I'-bundle E over an ss-manifold X is
unrolling for a foliation F = (F,), then each E, is an unrolling I"-bundle
for F,, n > 0. Furthermore, the sequence E = (En) of the respective
canonical I'-bundles equipped with the structure operators

i nj
[90051'7:17]6_)[90751'33]7 [¢O77J7$]_J)[¢7njx]
s a principal I'-bundle isomorphic to E. =

Remark 2.9. When dealing with a groupoid of germs I it is conveni-
ent—for notational reasons—to consider left rather than right principal I'-
bundles. We recall that a left bundle is endowed with a target map 6 : E —
N (N the units of I'), and the action (g,z) — gz is defined on the fibre
product I' x4 g) E.

Let f : X — NT be a transverse projection for a foliation F' of an
ss-manifold X. Among all isomorphic pull-backs of NI by f there is a
canonical I'-bundle E given by Corollary 2.8. The intrinsic character of
the structure operators of £ ensures that the whole I'-bundle is completely
determined by Fj.

DEFINITION 2.10. Without referring directly to the classified I"-bundle,
the distinguished submersions for Ej (i.e. local sections followed by the
target map) will be called distinguished submersions for f.

The notion of distinguished submersion is useful in constructing trans-
verse projections.

THEOREM 2.11. Let G be a pseudogroup of diffeomorphisms of a manifold
N, I' the associated groupoid of germs, and (X, F) a foliated ss-manifold
of codimension ¢ = dim N. Iff : X — NT is a transverse projection for
F (if there exists any), then the collection ® = P¢ of all the distinguished
submersions ¢ : Xo D U, — N for £ satisfies the following properties:

() Upea U = Xo:

(ii) if @, € @ then for every x € El_lULPﬂso_lUw C X1 thereisay € g
such that poey = yo1hoegg on a neighbourhood of x;

(iii) yop e @ ify€G, ¢ € P

(iv) @ is a mazimal set of submersions (of subsets of Xy to N) which
satisfies (1)—(iii);

(v) gp*F(;(N) =F|U, forped.

If, conversely, ®q is any set of submersions satisfying (i), (ii), (v), then
there exists exactly one transverse projection X — NT' for F whose col-
lection @ of distinguished submersions contains ®y; the completion @ of
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D consists of all maps which are locally compositions of some v € G and
p e @0.

Proof. For any transverse projection f : X — NI and the corre-
sponding canonical pull-back I'-bundle F one has: (i) is evident, (ii) follows
from a comparison between two sections [ o e1,-] and [t 0 €9, -] of By (cf.
Lemma 2.7(ii)), (iii) reflects the fact that I" acts on Eg by the composition
of germs, (iv) will follow from the second part of the theorem, and (v) is
the pull-back of the identity 7*Fy = a*Fé(N) (on Ep) by the section [p, ],
p €D

In order to demonstrate the second, converse assertion of the theorem
observe first that for any @ there is exactly one I'-cocycle (7,,) on X with
respect to the covering U := (U, )pea, such that v,, = ¢ : U, — N for
every ¢ € 9q. Indeed, the cocycle condition requires that a oy, = 1 o €,
B0 vpy = @ oeq (suitably restricted), for ¢, € ®y. Since I is a groupoid
of germs, this implies

(2.4) You(@) = 1, dleoz)] for @€ U, Ney'Uy

where v(*) is any element of G such that poe; = ~v(*) 01 0 gy on a neigh-
bourhood of z. Actually, formula (2.4) does define a collection of smooth
maps (Yoy)pped,, and the cocycle condition I(1.2) for that collection is
a straightforward consequence of the commutation relations ggey = egeq,
€0Eo = €1€0, and £161 = £169.

Let now f : Xy — NI denote the extension of the I'-cocycle (7,y) to
an ss-map (cf. 1(1.3)), and let f : X — NT be the ss-morphism represented
by f. As f pulls Fs back to Fy, f is a transverse projection for F. To
conclude the proof it suffices to observe that the set @ of all maps which are
locally of the form 7 o ¢ is the largest set satisfying (i)—(iii) and containing
@0, and that F = (En)nZO with

Ey :={[p,z];po € ,x € U,},
E, :={[poey,z];p € P,x € El_lUQD} ={[oep,x];0 € D, x € Eo_lUw} etc.
is the canonical unrolling I'-bundle classified by f. =

EXAMPLE 2.12. Morphisms of pseudogroups (cf. [15]). Let G and G’ be
pseudogroups of diffeomorphisms of manifolds N and N’, respectively, such
that dim N = dim N’. A morphism @ of G to G’ (to be denoted & : G — G')

is any maximal collection of diffeomorphisms ¢ : N D U, — N’ of open
subsets of N onto open subsets of N’, such that

(I)N:UU<P7
(i) pyy~t € G"if p,9p € ® and v € G, and
(iii) Yoy e ®if p e P,y € G, and ' € G'.
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The composition of @ : G — G’ and ¥ : G’ — G” is the unique morphism
of pseudogroups ¥ o @ : G — G” generated by the compositions 1 o ¢ as ¢
and v range over ¢ and ¥, respectively.

Every morphism of pseudogroups @ : G — G’ yields functorially a mor-
phism of the associated groupoids of germs, |®|: I' — I/, where

2] = {lp,z];p € D,x € Uy}

and the grupoid actions come from the composition of germs. Furthermore,
the associated ss-morphism N|®| : NT' — NT” is transverse to the discrete
foliation of AT and pulls it back to the discrete foliation of N'T'.

Conversely, every ss-morphism f : NI' — NI’ such that £*Fs = Fjy is
of the form f = N|®| for a uniquely determined morphism @ : G — G’. The
set @ consists of all the single-valued distinguished submersions for f.

PROPOSITION 2.13. Let I' and I'' be groupoids of germs, of pseudogroups
G and G', respectively. Any morphism @ : G — G’ transfers every transverse
projection f : X — NT to a transverse projection £’ = N|®|of : X — NT"
for the same foliation of X. If W is the set of distinguished submersions
for £ then the set U = {po1;p € &) € U} generates the distinguished
submersions for f'.

Proof. By Corollary 1.3.7, if E' is a I'-bundle over X classified by f, then
E' = |®|.E is classified by f’. Consequently, for any ¢ € ¢ and ¢ € ¥, and
a section s of Ey such that ¢ = as, the map = — s(z)-[p, as(z)] € Ey X |P|
is a local section s’ of E{, such that as’ = p o). =

I1.3. Holonomy and the transverse structure. In connection with
the previous section it is important to know the real range of any transverse
projection f : X — AT, i.e. the smallest (in appriopriate sense) groupoid
of germs I such that £ can be reduced to a projection X — N'Ty. A solu-
tion to this problem requires good understanding of the transverse geometry
of foliations. As standard courses assume the paracompactness of the foli-
ated manifolds, we recall some classical notions in their generality (cf. [11],
[25)).

Let F be any g-codimensional foliation of a manifold M. A local transver-
sal for F' at x € M is any ¢-dimensional imbedded submanifold T" — M
passing through z and transverse to M¥. A transversal for F is any immer-
sion ¢ : T — M transverse to F' such that T and F are of complementary
dimensions. Whenever this causes no confusion, we shall call T itself a
transversal for the foliation.

__ An open submanifold U C M is simply foliated by F if there is a manifold
U and a submersion p : U — U such that the leaves of F|U are exactly the
fibres of p. If this is the case then for any two local transversals T, 7' — U
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at points x and 2’ of the same leaf p~1(Z) the foliation induces a local
diffeomorphism h of a neighbourhood V' C T” of 2’ onto a neighbourhood
V C T of x such that po h = p|V’; h is a holonomy map from T’ into T
with respect to the simply foliated submanifold. Clearly, the germ of h at
a2’ depends on F|U, the local transversals, and the source and target points
2’ and x only.

Given any (continuous) path ¢ : [0,1] — M in a leaf of F', a holonomy
chain along c is any sequence (Uy, T1,Uy,...,T,,U,), n > 0, such that

(i) the U;’s are simply foliated open subsets of M,

(ii) there is a partition 0 = 79 < 71 < ... < Tp41 = 1 of the unit interval
such that ¢[r;, 7;11] C U; and T; < U;_1 NU; is a local transversal at ¢(7;),
for 1 < n.

For arbitrary local transversals Ty = T at ¢(0) and 7,41 = 1" at ¢(1),
the holonomy chain gives rise to a holonomy map along ¢ (from T" into T')
which is obtained by successive composition of the holonomy maps from
T;11 into T; with respect to U;, ¢ = 0,1,...,n. It can be shown that the
germ hp .7 of the holonomy map is independent of the defining holonomy
chain. Furthermore, when regarded as a function of the path ¢, hy 7 is
continuous (in, respectively, the compact-open and the sheaf topology), and
thus locally constant if ¢ remains in the same leaf. The last property means
that hr .7/ depends in fact on the homotopy class of ¢ in the leaf. The
notation is chosen so as to have

(31) hT,C,T’ hT’,C/,T” = hT,C-C/,T”

whenever ¢(1) = ¢/(0).

More generally, for any transversal ¢ : T — M and every path ¢ in
a leaf of F' such that c(a) = i(t,) for some t, € T, a = 0,1, there are
neighbourhoods V, C T of the t,’s which are local transversals at the ends
of c. In this sense

hzlfo,c,tl = hV07C7V1
is a well defined holonomy germ along c, with source t; and target t,.

Any map f: M’ — M transverse to F' carries transversals for the pull-
back foliation f*F' to transversals for F. If ¢: [0,1] — M’ is any path in a
leaf of f*F then
(3.2) hi . o=h{%

to,c,t1 to,foc,ty

for every transversal ¢ : T — M’ which passes through the ends of ¢. The
equality of the respective holonomy germs follows easily from the fact that
f carries leaves to leaves and that every foliation pulled-back from a simply
foliated manifold inherits the simplicity (cf. [25]).
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In order to grasp the transverse geometry of a fixed foliated manifold
(M, F) one could consider the totality of local transversals for F' and the
whole pseudogroup of diffeomorphisms generated on the transversals by
the holonomy maps. Fortunately, this is not necessary, for an equivalent
pseudogroup is generated on every complete transversal, i.e. a transversal
i : T — M such that i(T") meets every leaf. For further reference, we shall
denote that pseudogroup by Gg;, or simply Gpr if ¢ is fixed; this is the
holonomy pseudogroup of F with respect to the transversal 7. The associ-
ated open subgroupoid of germs I'r; C I'p (denoted also by I'r 1) consists
of all the holonomy germs h;C’t,, t,t’ € T, where ¢ ranges over paths in M’
connecting points of the complete transversal; I'r; is the holonomy groupoid
of F' with respect to 1.

Given a complete transversal i : T'— M for F', one can project a neigh-
bourhood of every x € M along any path ¢ in M* which joins x = ¢(1) to
a point of T (i.e. ¢(0) =i(t), t € T'). More precisely, if ¢ € Subm(F') is any
submersion of a neighbourhood of z to R? locally constant on the leaves of
F, then every section j of ¢ through z is a local transversal at . When
followed by a holonomy map along ¢ (from j to i) ¢ yields a submersion of
a neighbourhood of = to T', a holonomy projection along ¢, and its germ
(3.3) Hi, =hl7 1]

t,c,0()
is well defined. It is readily seen that the sheaf Er 7 of all the germs of
the above form is a principal I'p-bundle over M unrolling the foliation;
the distinguished submersions for Err will be called holonomy projections
along F' (on the transversal). According to Proposition 2.6, the classifying
ss-morphism N'M — N T 7 is a transverse projection for F.

The significance of the notion of holonomy is reflected in the universality
of its connection with arbitrary transverse projections. Namely, for any
groupoid of germs I' let # : E — M be a principal I'-bundle unrolling a
foliation F' of M. From the local triviality of E, it follows that 7/ : E™ ' —
MY is a covering map, so that leaves of the pull-back foliation 7*F of E
are covering spaces of the leaves of F'. Consequently, every path ¢ in a leaf
of F' can be uniquely lifted to a path in F which starts from an arbitrary
but fixed point above ¢(0). This yields a I'-equivariant bijective map (the
holonomy translation in E),

he : w7 H(c(0)) — 7 (e(1))

which is an invariant description of the holonomy for foliated manifolds

(ct. [13]).

LEMMA 3.1. Let E be the canonical form of a principal I'-bundle E
unrolling F (cf. (2.3)). For any path ¢ in a leaf of F and every germ
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[p,c(0)] € 7~ 2(c(0)) C E, one has
heli, c(0)] = [, c(1)]
where
[w’Tlv C(l)] = [(,D‘T, C(O)]hT,C,T/ )
T and T' being any local transversals at ¢(0) and c(1), respectively.

Proof. Let ¢ : [0,1] — M be a path in a leaf of F. There exists

a sequence ; : U; — N, 1 = 0,1,...,r, of distinguished submersions for
E (N the units of I') defined on simply foliated domains, and a partition
0=79<71 <...<7Try1 =1 of the unit segment, such that c[r;, 7,41] C U;
for ¢ < r. In order to get a holonomy chain along ¢ we choose a local
transversal T; (Tp = T and T,.41 = T") at every point ¢(7;). Then, on the
germ level,

[0l Ty (7)) pi| Tirs e(Ti1)] = By el T
for ¢ < r, and therefore

hr.err = R c[0,m), 1 VT el fm ma) T2 - - - BT el 10,7
= [polT, c(0)] " [ewo| 1, c(r)][n [ Th, e(m)]) o [0 [T, (1)
= [polT, c(0)] " o1 (e(m1)) + - Y1, (e(7) [ [T, €(1)]

where v;; : U; NU; — I are given by

i, 2] = 7ij (@)@ 2] in E.
_ On the other hand, we are able to write down explicitly the lift ¢ of ¢ to
E starting from ¢(0) = [0, ¢(0)]. Namely,
() = v01(c(m1)) - - yi-1,i(e(7:)) i (7))
for 7 € [, Tit1], @ < r; hence
he [po, ¢(0)] = ¢(1) =701 (c(1)) - Yr—1,0 (7)) [, c(1)] -

Since the germ [gpp,c(0)] is in fact an arbitrary element of the fibre
7-1(c(0)), the resulting two formulas conclude the proof. m

After the above introduction to holonomy we pass to foliated ss-mani-
folds. The following theorem has already been announced at the beginning
of the present section.

THEOREM 3.2 ([2]-[3]). Let (X, F) be a foliated ss-manifold.

(i) There is a groupoid of germs I'r and a transverse projection Ilp :
X = NT¥% (for F) such that every transverse projection f : X — NT for F
descends to a unique ss-morphism N T'r — NI which makes the following
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triangle commutative:
X

(3.4) HF\( \f

NIp ---+ NT

(i) If Hp : X = NTg and Iy : X — N Ty are two transverse projec-
tions satisfying (1), then there exists exactly one equivalence of the groupoids
which transfers g to Il p.

Furthermore, the ss-morphisms which exist according to (i)—(ii) are
transverse to the discrete foliations, and come from the unique morphisms
of the underlying pseudogroups of germs (cf. Example 2.12).

Proof. Construction. Fix a complete transversal ¢ : T' — Xy for Fj.
Since there are two structure maps from X; to X transverse to Fy, we take
any two disjoint copies T9, Tt of T' (e.g. T® = {a} x T}; elements of T will
be denoted by t* where t € T, a = 0,1) and consider the immersion

i =epiUei: TOUT! = Xy,

which is a complete transversal for Fy. Indeed, for any leaf L of Fy there
is a leaf L of Fy containing n9L; since both oL and ;L contain L and
are contained in a leaf of Fy,e9L = L = ;L. Thus L Ni(T) # () implies
LNeyi(T) # 0 for a=0,1.

In order to combine the transverse structure of Fy and the combinatorial
structure of the foliated ss-manifold we enlarge the holonomy pseudogroup
Gr, rour: (for Fy) by adjoining the identification maps

id}
T°>t%=tt eTt.

;40
idy

The smallest pseudogroup of local diffeomorphisms of 70 UT?! generated by
Gr,,rourt and the maps id(l), id(l) will be denoted by Q}@T. The associated
groupoid of germs, I}, -, is our candidate for I'p.

Searching for a transverse projection II’ : X — NT' > we recall The-
orem 2.11, and consider the set of all the holonomy projections of Xy on
TP UT?! along Fy. This set generates a transverse projection II’ for F' if it
satisfies condition (ii) of the theorem. On the germ level, (ii) is equivalent
to the existence of a g € I" ﬁT such that

(35) HZ;,Cl [El?x] = gHZ;,CO [6071.]
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for an arbitrary but fixed x € X; and paths ¢,, a = 0,1, joining €,x to some
i'(ty) €4'(TOUTY).

X1

Fig. 4

To find the g we fix a path ¢ in a leaf of F; such that ¢(1) = x and
c(0) =i(t) for at € T (cf. Fig. 4). Then (3.2)—(3.3) imply

Hy

-/

[e1,2] = [idl,z‘/]H;c = [idé,tO]Hfo,EOc[Eo,x]

/7
leic

where id' : T — T% is the identification map. Consequently, properties
(3.1)—(3.3) ensure that (3.5) holds true iff

’ -/
(2

_ i <31 40
9= h;,cl(slc)—l,tl [ld(]?t ]hto,(aoc)-co_l,to )
which is clearly an element of FJI?,T-

Factorization. In order to factorize an arbitrary transverse projection
f : X — NT through II' we consider the distinguished submersions for
f and restrict them to the transversal i’ : 70 U T' — X,. According to
Example 2.12, the resulting set @, of diffeomorphisms of open subsets of T°U
T into the units of I" generates a morphism of the underlying pseudogroups,
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D:Gpp — G, iff oyt € G for any v € Grr and ¢,9 € @g. By definition
of G 7, there are essentially two cases to consider:

1° v € Gp, rourt, so that v is locally a holonomy map along a path
c in a leaf of Fy, such that c(a) = i'(t,) € /(T°UT?) for a = 0,1. We
assume that ¢ = B o and p = 1) o4’ are any elements of @, defined
on neighbourhoods of tq and t;, respectively, ¥ and v being distinguished
submersions for f. Passing to the canonical form E = (E,,) of the I"-bundle

classified by f, we get [@,c(0)],[¢,c(1)] € Ey. By Lemma 3.1, the germ
[w,c(1)] := hi[p,c(0)] € Ey is characterized by

[w o ilv tl] = [@ o ilv to]hig,c,tl = [90 o, tl] :

On the other hand, being in the fibre of Ey over ¢(1), this germ is of the
form g[t), ¢(1)] for a g € I" so that

ooy, ta] = [w, e[’ ta] = g[t, c(V)][i', t1] = g, t1] -

This implies [poyo™ L (ty)] =g € I

20y =idg, and ¢ =B o, 1) = o', where F and ¥ are distinguished
submersions defined on neighbourhoods of ' (t!) and i’(t"), respectively, for
at e T. By Lemma 2.7(ii), @ oe; and 1) o gy are distinguished submersions
for By, and [@ o e1,i(t)] = g[th 0 €o,i(t)] for a g € I'. Since g is a germ of
@ oidjoth™!, we are done.

We have shown that any transverse projection f : X — NI for F gives
rise to a morphism of pseudogroups @ : Q}@T — G and so to an ss-morphism
N|®| : NT'j, . — NT'. By Proposition 2.13, any distinguished submersion
for the composition NV|®| o IT" : X — NT is locally of the form (@ oi')o H,
where @ is a distinguished submersion for f, and H a holonomy projection
along Fy. Passing to germs at an arbitrary x € Xy we find a path ¢ (from
an i'(t) to ) such that

[H7 ‘T] = Hz,c = higqu(r) [w7 LE]

for any ¢ € Subm(Fp) about x, and a local section j of ¢ through z. In
view of Lemma 3.1,

(ot o tal = (3o, {2 2]

= hel@, 7 (O], v(@)][v, 2] = k[P, i ()] € Eo
so that (poid’) o H is a distinguished submersion for f. Now Theorem 2.11
ensures that N|®| o II' =f.

Uniqueness. We wish to deduce the uniqueness of the decomposition
of f in our category. By Corollary 1.3.7, any decomposition f = N X o IT’,
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X lef,T — [I', gives rise to an isomorphism of principal I'-bundles
Eo = I'o P \(Ey X (8,7) &)

where F = (FE,) is any I'-bundle classified by f, and E' = (E)) is the
canonical left I', p-bundle classified by I1’. If s is a local section of X, and
H a holonomy projection (along Fp), then the map

L — FZ/T,T([Hv JZ], S(H‘T))

is a section of the I'-bundle isomorphic to Fy; the distinguished submersion
for f it defines is the composition ov o sH. As H is arbitrary, we conclude
that o o s is always a submersion. Thus the I'-bundle X — T° U T unrolls
a foliation. Choosing H to be a (local) left inverse to the immersion i, we
get o s = (wosH) oi so that every distinguished submersion for X is
locally the restriction to i’ of a distinguished submersion for f. In order
to prove the uniqueness of the I'-equivariant left I 1{;7T—action, we pass to

the canonical form X of the I'-bundle (cf. (2.3)) and observe that for any
p € gg,T and any distinguished submersion ¢ for X' the action yields a

Y-valued map ¢ = [v,] - [¢,°] such that m o9 = v and a o) = ¢. By
continuity of v, we conclude that 1 = [py~!, ~(+)]; hence the action must
be [v,2] - [p, 2] = [py~ !,y (2)].

Part (ii) of the theorem is an immediate consequence of (i). We have
already shown that for I'r = I, the ss-morphism N1 — NT' which
appears in the factorization (3.4) is transverse to the discrete foliation and
pulls it back to another discrete foliation. As equivalences of nerves of
groupoids preserve transversality (cf. Corollary 1.18), the last assertion of
the theorem remains true for every solution to the universal factorization
problem. m

DEFINITION 3.3. Every solution IIr : X — NI to the universal
factorization problem (3.4) will be called a minimal transverse projection
for (X, F'). The groupoid of germs I'r is then the holonomy groupoid for F'.

EXAMPLE 3.4. If I' is any groupoid of germs then the identity ss-mor-
phism 15 : NI — NT is evidently a minimal transverse projection for
the discretely foliated N'T'. In particular, I" is a holonomy groupoid for the
discrete foliation.

More generally, let I" be any groupoid equivalent to a groupoid of germs
I'". Then N'T carries a canonical foliation F' that comes from the discrete fo-
liation of N'T” (cf. Corollary 1.18(i); F does not depend on the equivalence!).
Every minimal transverse projection NT' — NI for F is an equivalence
of ss-manifolds.

In course of the proof of Theorem 3.2 we have shown that every complete
transversal i : T' — X gives rise to a particular holonomy groupoid lef,T and
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to a particular minimal transverse projection II’. If Q},,T is the underlying
pseudogroup of diffeomorphisms of 70 U T then we may, and do, reduce
it to a pseudogroup Gpr of those local diffeomorphisms of 7' which are
transferred into Gy, by the identification maps id* : T — T%, a = 0,1;
the associated groupoid of germs I'r 7 is canonically equivalent to I';, 7 and
thus leads to a minimal transverse projection IT : X — N T p.

DEFINITION 3.5. I'r7 and I 1’,7T are, respectively, the reduced and the
non-reduced holonomy groupoids for I with respect to the transversal. The
corresponding minimal projections IT and II' are the natural transverse
projections with respect to T'.

Remark 3.6. According to Proposition 1.2.13, a principal F}’T—bundle
B p over X classified by II’ can be described by a I'p p-extension of the
canonical I'g, pouri-bundle over X,

/ o
Epr(0) = It X1y ro,pm B rour

(in multiplicative notation), and an €1 : By (1) = e5Er7(0) — E%1(0)
such that

(3.6) (x,gHo .,0) 2 glid?, '] H},

tlerc

where g € I'p 7, and for every z € Xy, c is any path in Xfl joining ¢(0) =
i(t) €i(T) to ¢(1) = z (ct. (3.5), for ¢, = €4¢, a = 0,1).

EXAMPLE 3.7. Any foliation Fj of a manifold M extends trivially to a
foliation F of the nerve N'M. Every complete transversali : T'— N1 M = M
is a complete transversal for Fy, and one has I'rr = I'r, 7. Furthermore,
the corresponding natural transverse projection for F' is the classifying ss-
morphism for the principal I'r, r-bundle Er, 7 over M. Thus the abstract
characterization of holonomy via Theorem 3.2 agrees with the classical one.

ExXAMPLE 3.8. Let (X, F') be a foliated ss-manifold. If i : T — X; and
j 8§ — Xy are two complete transversals for Fi, then
(i) the holonomy maps from 7" to S along paths in the leaves of F}

generate an equivalence of pseudogroups Gp 1 Xg F,s, and
(ii) the holonomy maps from TOUT* to S°US?! along paths in the leaves

of Fp generate an equivalence G 1 X Or.s-
The associated canonical equivalences of the holonomy groupoids are the

only equivalences which transfer the natural transverse projections to each
other.

EXAMPLE 3.9. Let f : Y — X be an ss-morphism transverse to a foliation
F of X, and let F’ := f*F. For any minimal transverse projections IIx :
X = NTF and IIp: : Y — NTg there is a unique morphism of holonomy
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groupoids, X' : I'ew — I'p, such that the square
f

Y — X
Oy | | Ir
NTp XX NI
commutes. If, in particular, f = [f] comes from an ss-map f :Y — X,

and i : 7" — Y] is a complete transversal for Fy, then fyoi:7T" — X; can
be enlarged to a complete transversal 1" for Fy. X : I'pr 7+ — I'pp is then
generated by the inclusion 77 — T.

One should be aware of the fact that an ss-morphism f : (X', F’) —
(X, F) does not necessarily lead to a natural morphism I'z» — I'p of the
respective holonomy groupoids unless f is transverse to F. If f h F, then
there is a decomposition of f,

(X', F') — (X', £*F) L (X, F),

and the required morphism is the composition of I¢+r — I'r and a mor-
phism characterized in Corollary 3.14(ii) below.

Remark 3.10. For any foliated manifold (M, F) the set of all the holo-
nomy translations k% in Ep carries a canonical structure of a (differentiable)
groupoid I'(F') over M called the graph of F' (cf. [20]). Although I'(F) is not
a groupoid of germs (unless F' is discrete), the ss-morphism N'M — NT'(F)
induced by the identification of M with the units is also a solution to the
universal factorization problem (3.4). In fact, I'(F') is canonically equivalent
to any I's 7, and the ss-manifold N'T'(F') can be regarded as a canonical form
of the mutually equivalent N 1x’s.

Any minimal transverse projection IIr : X — NI for a foliated ss-
manifold (X, F') can be interpreted as a “projection” X — X/F where the
quotient of X by F' is an ss-manifold admitting a discrete foliation and
defined up to equivalence. This point of view will be justisfied in the sequel.

DEFINITION 3.11. A pair (F, F") of foliations of an ss-manifold X is a
flagon X ifidy : (X, F) — (X, F').

Clearly, (F, F") is a flag iff (Fp, F{)) is a flag of foliations on Xg. Further-
more, if (F, F') is a flagon X, and f : Y — X is an ss-morphism transverse
to F', then f h F’ and the pull-backs by f form a flag (f*F,f*F’) on Y (cf.
Proposition 1.16(iii)).

In order to establish a global relationship between the transverse struc-
tures of foliations which form a flag, we need an appropriate local result
first.

LEMMA 3.12. Let (F,F") be a flag of foliations on a manifold M, c :
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[0,1] — M any path in a leaf of F', and Ty, Ty C M local transversals at the
ends of ¢ such that there is a holonomy map for F, h : T\ — Ty, along c.
If F'|T,, a = 0,1, stand for the pull-back foliations of the transversals, then
h*(F'|Ty) = F'|Ty. If, moreover, T{ C Ty is any local transversal for F'|T}
at the endpoint of ¢, and Tf, = h(TY) is a local transversal for F'|Ty at the
wniatial point, then

(37) [i07 C(O)]hTé,QT{ = hryem [ilv C(l)] )
ig 2 T, — Ty, a = 0,1, being the inclusion maps. In other words, h|T] :
T] — T3 is a holonomy map along c for F'.

Proof. By definition, A comes from a holonomy chain along ¢ and
is therefore a composition of holonomy maps along portions of the path
contained in simply foliated open subsets of M. Since it suffices to prove
the assertion of the lemma for each of the portions separately we may,
and do, assume that the whole manifold M is simply foliated by F. If
now Uy, ...,U, C M are open subsets simply foliated by F’ and such that
clric1, ) C Uy, i < k, for a partition 0 = 79 < 71 < ... < 7, = 1 of the
path, then the U;’s are still simply foliated by F', and any sequence of local
transversals T, C U;NU;11 at ¢(7;), i =1,...,k—1, yields a decomposition
of h (about ¢(1)) into holonomy maps from 77, to Ty, , with respect to the
U;, i < k. As the lemma is local, it suffices to consider the simplest case of
U C M open and simply foliated with respect to both F' and F ’. For such
U,let p: U — U and p’ : U — U’ be surmersions whose fibres are leaves of,
respectively, F'|U and F’'|U. Since every surmersion uniquely characterizes
both the topology and the differentiable structure of its image, the only map
q : U — U’ such that p’ = g o p is again a surmersion; hence F’|U descends
to a foliation of U. Furthermore, if Ty, T} C U are local transversals for F’
such that p(T{) = p(T7) (and p’|T{ is invertible) then the identity

(0'173) " (1T0) = (IT8)~ pITY)
yields (3.7). m

THEOREM 3.13 ([2]). Let (F,F’) be any flag on an ss-manifold X, and

IIp : X = NT¥% a minimal transverse projection for F. Given a transverse

projection £ : X — NI for F’, there exists a unique morphism of groupoids
X I'r — I such that the triangle

X \f
HF{ E NF
SNE
NI

commutes. The_ss-morphism NY  NTp — /N\/F 1S a transverse projection
for a foliation F of NT'r such that F' = II},F.
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Proof. According to Corollary 1.18(i), we may assume without loosing
generality that Iy is the natural transverse projection II’' : X — N1},
with respect to a complete transversal i : T — Xj; then we proceed as
in the proof of Theorem 3.2. Namely, in the same vein we show that for
any factorization f = N X o IT" (if it exists) the source map « for X is a
submersion. This implies (cf. Example 1.3.5) that the source ss-map for
the I'-bundle classified by N'X' is transverse to the discrete foliation, and
so NY : NI — NT is a transverse projection for a foliation, say F', of
NT% o (cf. Theorem 1.17(i)). Clearly,

I*F =" (NX)*Fs =f*Fy = F'.
The factorization is unique, for the distinguished submersions for N'X' (i.e.
for X) are generated by the distinguished submersions for f restricted to
the transversal 7.

In order to prove the existence, observe that the set &g = {poi';p €
¢ }, where &¢ stands for the distinguished submersions for f, consists of
submersions 7° UT' > U, % N (= NpI') such that gp*F(g(N) = (" F3)|U,.
We wish to show that @, satisfies (ii) of Theorem 2.11, since this condition
implies % (i’*F}) = e(i'*F}) so that Fy := i/*F}, generates a foliation F
of NT' }’T, and @ yields a transverse projection for F. In terms of the
underlying pseudogroups: Gj. p for I'y 7, and G for I, the condition reads:
for any ¢, € @, t € Uy, and h € Gy p such that h(t) € Uy, there is a
~v € G such that

(3.8) poh=v01
on a neighbourhood of .

There are two cases to consider:

1° h is a holonomy map along a path c in a leaf of Fyy such that c(1) = i'(t)
and ¢(0) = 'h(t), and ¢ =@ o', b =1 oi’. At the 0-level of the canonical
I’-bundle classified by f, one has

he[@.c(0)] = [y o, c(1)]
for a v € G. By Lemma 3.12, if Ty C T° UT"! is any local transversal for
i'"* Iy, and T] = h™ 1Ty (cf. Lemma 3.12), then
[/7 o ¢|T1,7 t] = [(10|T67 h(t)]hTé,c,Tl’ = [(10 © h|T1,7 t]

where the holonomy germ is taken for F{, and the last equality holds true
by (3.7).

2° h = id(l). In this case, the proof of (3.8) is completely analogous to
the corresponding part of the proof of Theorem 3.2.

It remains to check that the only transverse projection g : N'T" 1’:7T —~ NT

for F whose set of distinguished submersions contains @ factorizes f into



68 Semi-simplicial approach to foliations

go II'. To this end, recall that in the uniqueness part of the proof we have
actually shown that the distinguished submersions for g o II’ are (locally)
compositions of distinguished submersions for g and for II’. If H is any
holonomy projection on 7° U T then its every germ is of the form
./ i/H .

[Hv $] = Hz,c = ht,c,fp(x)[wy l‘]
for a path c in a leaf of Fp, and some ¢ € Subm(Fp) (cf. (3.3)). In view
of Lemma 3.12, there are local transversals for F}, T) C T° UT! and T} C
image(j) such that

1 .

hll‘,,c,fl)(x) [¢|T1/7 :E] = [Z07 7f]hTé,c,Tl’ )

ig : Ty — T°UT? being the inclusion. Consequently, for every distinguished
submersion @ o i’ € ¢ whose domain contains t = H (z),

(B oid') o HITY, x] = [|Ty, t]hry c1s

is the restriction to 77 of h}[p,i'(t)] (cf. Lemma 3.1). This proves that
all the compositions (@ 0i') o H are distinguished submersions for f, and
therefore go II' = f as was to be shown. m

COROLLARY 3.14. For any flag (F, F") on an ss-manifold X and every
minimal transverse projection Ilp : X — NT'p for F, there exists a unique
foliation F of NI'r such that F' = II}.F. The transverse structure of

(X, F") equals that of (./\/TF,FV) in the following sense:

(i) if I NIy — NTF is a minimal transverse projection for F then
Izollp : X — NFF is a minimal transverse projection for F';

(ii) if g : X — N g is a minimal transverse projection for F’' then
the only ss-morphism II : NTp — NTy such that g, = I o Iy is a
minimal transverse projection for F.

Proof. The uniqueness of F such that F' = H}Fv follows from the
unique factorization (through I1) of the classifying ss-morphism X — N1,
for F’ (cf. Theorem 2.1). Assertions (i)—(ii) can be easily verified by standard
diagram-chasing and require some patience in applying Theorems 3.2 and
3.13. =

Remark 3.15. The above corollary ensures, roughly speaking, that
the ss-morphism X — X/F project every foliation F’ weaker than F to a
foliation—say F’/F—of the quotient. Furthermore, the successive quotients
lead to the formula

(X/F)/(F'/F) = X/F".

I1.4. A relationship with fundamental groups. In this section
we complete Theorem 3.2, which characterizes minimal transverse projec-
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tions and holonomy grupoids for foliations of arbitrary ss-manifolds, with
an assertion on l-connectedness of every projection X — X/F (cf. [12]).
Moreover, after passing to the leaves we define holonomy groups and relate
them with the fundamental groups of the leaves.

THEOREM 4.1. Let F' be a foliation of a connected ss-manifold X, and
IIp : X = NT¥ a minimal transverse projection for F. Then

(i) the ss-manifold NIT'r is connected, and
(ii) the induced morphism of the fundamental groupoids w(Ilg) : w(X) —
7(NTr) comes from an epimorphism of fundamental groups.

LEMMA 4.2. For any connected manifold M endowed with a foliation F,
and every complete transversal i : T — M for F', the nerve of the holonomy
grupoid I'r 1 is connected.

Proof. Let NI be a connected component of NTrp. By connect-
edness of M, it suffices to show that the union M° C M of those leaves
of F which meet the units T° = NyI'® C T is both open and closed in
M, since this will immediately imply 7° =T, I'° = I'pp (cf. the proof of
Proposition 1.1.15). If x € M then for any path ¢ in the leaf through x such
that ¢(0) € i(T), ¢(1) = z, there is a holonomy projection H: M DU — T
along ¢ defined on a connected neighbourhood of z. For z in the closure of
M?°, there is a y € U N M° so that H(y) € T°. By connectedness of H(U),
this implies H(U) C T°, U C M°. m

Proof of Theorem 4.1. We restrict ourselves to the case of the
natural transverse projection II' : X — NTY% . with respect to a fixed
complete transversal i : T — X;.

(i) Let t,t' € T° UT?! be arbitrary points of the induced transver-
sal for Fy. The connectedness of X ensures that there is a path C' =
(co,yit,c1y...,ye,¢) in X such that ¢o(0) = ¢/(t) and ¢,.(1) = (). Since
1 is a complete transversal for Fp, its image meets every connected compo-
nent of X;. Consequently, an elementary homotopy of type (ii) (cf. Defini-
tion 1.4.2) deforms C to a C" = (cf,i(t1)*, ¢y, i(tr)°,cl), ty, ..., t, € T.
By Lemma 4.2, each ¢}, k <, gives rise to a path in NI, 1oy (hence in
NT¥% ), while the germs [idg, 2] € I't 7, k < r, link the paths together.
The resulting path in I, ;- connects ¢ and ¢'.

(i) For a fixed reference point to € T°UT", let E be the canonical simply
connected 7, (NI, )-bundle over N T, . By Corollary 1.4.21, 7(IT') is
generated by an epimorphism of fundamental groups iff the pull-back II'*FE
is connected. In order to construct a pull-back X of E by II’ we apply
Proposition 1.3.8(i). Namely, as the morphism of groupoids associated with
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E is the composition

/ [ ] / a_l(to) /
I'pp— 7T(-/\/TF,T) — T (NFF,T)

(cf. 1.3 and 1(4.5)-1(4.6)), and the left I'; p-bundle E7, ;- classified by 11" is
generated by EIF,T(O) =I'pr X Iy rour Eg, rourt (cf. Remark 3.6), X is
generated by

Xo = Ep1(0) X1y . a”!(to) = I'p, rourt \(Eg, rourt X (5,8 a” (o))

where the groupoid acts on ' (tg) C (NI 1) via the homomorphism [ .
Furthermore, for X1 = &5 Xo, £1 : X1 — X is given by
€1

(z, ([H] : [C])) = (ex (2, [H]) : [C])

(cf. (3.6)), where we adopt the homogeneous notation (:) for the cosets—
elements of X .

Each element of X is of the form (Ht’/c . [C]), where ¢ is a path in X2°
such that ¢(0) = 4'(¢), t € T°UT", and C'is a path in N'T';, - with initial point
t and endpoint ty. We wish to join this element to (Hy,,w;r (s, @ 1¢,) € Xo
by a suitable path in X. Let

y y
i 7
H; = Ht,wi/(t) € Er, rour

denote the holonomy projection along the constant path at i'(t), for t €
TYUT?Y; clearly, H} is a continuous function of ¢. To start with, observe
that the path

[0,1] 57 — (Hi 0.0 : [C]) € Xo
connects (HZIC - [C]) and (HY : [C]).
LEMMA 4.3. The following pairs of points of Xo are the initial point and
the endpoint of a certain path in X:
(i) (Hi/(o) : [d][C)) and (H c(l) :[C)),  for any path c in TOUT?,
(ii) (th’ : [hiiqt,][C’]) and (Htl, . [C)), for any holonomy germ hf;:c’t, €
gy rourt C I p;
(i) (H : [[db, 1))[C]) and (H}, : [C)), fort € T
(iv) (Hl, : [[idY,t')[C)) and (H} : [C)), fort € T.
Proof. The respective paths are given by:
(i) 7 (H&T) el 1]][C]),
(11 ( t c\[O 7] [hll‘,,c,t’] [C])v

)T
(iff) (i(t), (Hjo : [C1)) € X1 (cf. (3.6)), and
(iv) the formal inverse (i(t), (H. t0 [, e1][CT) . -
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Returning to the proof of Theorem 4.1 we recall that every homotopy
class [C] € m(NTg 7) is a composition of homotopy classes [c] of paths in
the units 70 U T" and classes [g], g € I';p (cf. Remark 1.4.5). As every
element of the non-reduced holonomy groupoid I }’T is a composition of
germs of the form either hf; etr OF [id(l),to]il, Lemma 4.3 provides a recipe
for successive reduction of an arbitrary [C] € a~1(tg) to the unit 1,,. This
ensures the connectedness of X = II’*E and implies, as we observed earlier,
the surjectivity of the group homomorphisms generating (II’).

Since connectedness of ss-manifolds is preserved by equivalences, and w
is a functor, properties (i)—(ii) are inherited by every minimal transverse
projection Il for F'. m

Each minimal transverse projection IIr : X — NI for a foliated ss-
manifold (X, F') induces an ss-morphism

Iy X~ (NTp)Fe = N(I'p)Fs

which is (up to equivalence) uniquely associated with (X, F) (cf. Propo-
sition 1.14 and Corollary 1.15). In order to examine this ss-morphism in
detail, we need

LEMMA 4.4. For any groupoid of germs I, the leaves of the discrete
foliation Fs of NT are in canonical one-to-one correspondence with the
orbits of I' and are equivalent to the nerves of the (discrete) structural groups
Iy=aYz)npYz)cT.

Proof. The leaves of I' are the nerves of some discrete transitive sub-
groupoids, i.e. Galois groupoids over the orbits. According to Remark 1.4.8,
each of those groupoids is equivalent to any of its structural groups. m

Let L be a leaf of a foliated ss-manifold (X, F), and IIp : X = NTF a
minimal transverse projection for F'. In view of Proposition 1.1.19, there is a
unique leaf of (N I'g, Fs), to be denoted by N T'r|L, such that ITp descends
to an ss-morphism IIg|L : L — NTr|L.

THEOREM 4.5. Let (X, F) be a foliated ss-manifold and Ilp : X — NTF
a minimal transverse projection for F. Then

(i) the assignment L ~ NTr|L is a bijection between the leaves of F
and the leaves of the discrete foliation of NT'r. The equivalence class of
NTg|L depends of F and L only.

Furthermore, for each leaf L of F,

(ii) there is a unique morphism of groupoids hy : w(L) — I'r|L which
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closes the triangle
L

HL/ \HF|L

(iii) for any point x € Lo, and every unit z of I'r|L, the canonical equiv-
alences m(L) ~ m,(L) and I'r|L ~ I'r, (the structural group at z) transfer
hL to

T ime(L) = I'p,

which is generated by a group epimorphism;
(iv) there is a natural commuting square

(%

(L) m(X)

hr | | 7(ITr)
Ip|lL 25 r(NTw)

in which j, is a restriction of the fundamental morphism I';r — ©(N1Tr); in
the diagram, each one of the groupoids is equivalent to some discrete group,
and the two vertical morphisms are represented by group epimorphisms.

The naturality of the diagram should be understood as follows: if an
equivalence of holonomy groupoids X' : I'r — I'r transfers Il to, say, Il
then the associated equivalences I'r|L ~ I'p|L and 7n(NTF) ~ 7(NIF)

transfer the square to the appropriate square for I'p.

Proof. The uniqueness part of Proposition 1.1.19 together with Propo-
sition 1.14 reduces the proof of (i) to the case of any particular minimal
transverse projection, e.g. to the natural projection I1’ : X — NI}, - associ-
ated with a complete transversal i : ' — X;. Since the leaves of (N TI’QT, Fys)
come from the partition of T7° U T into orbits of the groupoid, II’ sends
each leaf L of F to the leaf over the set T, (with the discrete topology) of all
points H(z) € T°UT"!, where H ranges over the distinguished submersions
for IT’', and = over Lg. In order to check that T, # Ty, for leaves L # L' it
suffices to observe that the evidently pairwise disjoint subsets

T, ={teT°UuTYi'(t) € Ly} C Ty
are precisely the orbits. Indeed, passing to generators of the non-reduced
holonomy groupoid we see that:

1°if hf;ic,t, € I'pp and 7'(t) € Lo then the whole path ¢ is in Ly and thus
#(t') = c(1) € Ly;
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2° if [idg, 1) € I}, t € T, then egi(t) = i'(t°) € Lo iff i(t) € L1, and so
iff Eli(t) = i/(tl) € Lg.

(ii) is a consequence of Theorem 1.4.11 and Lemma 4.4. In terms of the
natural projection II’, property (iii) is equivalent to the conectedness of a
covering ss-manifold L = (L) (over L) defined by L,, = 3, ! (to) C Epp(n)
for n > 0, tg € Ty, being any fixed unit of I';, | L. The last property can be
verified as in the proof of Theorem 4.1(i). We omit the details here, as the
property is an immediate consequence of Theorem 4.8(ii) below.

(iv) The fundamental groupoid functor 7, when applied to the square

L — X

! !
NIp|L — NIp

gives rise to the commuting diagram

L)y — ™ N7(X)

/ ) )

SNT(NTr|L) —>NT(NTF)

//

NFF|L4\/\/'FF

in which the morphism I'r|L — m(Nr|L) turns out to be an equivalence
(cf. Example 1.4.19). Clearly, any equivalence of holonomy groupoids trans-
fers the bottom parallelepiped to the appropriate one—for the new groupoid.
This explains the naturality of the whole diagram and concludes the proof. =

For any leaf L of F', and every x € Ly, Theorem 4.5(iii) gives us a family
of epimorphisms of 7,(L) onto the structural group of I'r|L. Since the
epimorphisms differ from each other by an isomorphism of their image, it
is the common kernel, say H,(F) C m,(L), which characterizes the family.
The structural groups are all isomorphic to the quotient 7, (L)/H, (F').

DEFINITION 4.6. The discrete group
Hol, (F) := 7, (L) /H,(F)

will be called the holonomy group of F' at x (the holonomy group of the leaf
through ). The projection m,(L) — Hol,(F') is the holonomy homomor-
phism for L (at x), while hy, : (L) — I'r|L the holonomy morphism for L
(with respect to IIp).
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We conclude this section with a construction of a natural collection of
holonomy groupoids for foliated manifolds which come from arbitrary com-
plete transversals at the 0O-level. The construction reflects the fact that
holonomy groupoids are—in a sense—unions of holonomy groups of the
leaves.

Let (X, F') be a foliated ss-manifold, and i : ' — X a complete transver-
sal for Fy. For any path

C= (CO7yTI7"'>yfrycr)

in a leaf L of F' such that ¢y(0) = i(tp) and c¢.(1) = i(t1), to,t1 € T, we
define a holonomy germ hio,C,tl € I'r (along C, with source t; and target
to) as follows: let V; C X, be a local transversal for Fy at y;, j =1,...,7,
and Up,U; C T local transversals at the ends of C; we set (see Fig. 5)

C Xp

c Xq

Fig. 5

(1) i = hUo,cO,Vf1 [(dva o (yl)o]elhvlal,CI,vf2

[y, )os ()1 hver e0,
where the indices a; = (1 —¢;)/2, f; = (1 +¢;)/2 (i.e. either 0 or 1 for
e; = £1) indicate the way of passing from V; C X; to Xj.

PROPOSITION 4.7. The holonomy germs are independent of the choices

involved. Furthermore,
(i) hio,C,tl = himc,’tl if C' is any path homotopic to C in the leaf, and
(ii) hio,C,tlhil,C’,tz = h§07c_0,7t2 for any two composable paths C and C’
in the leaf.

Proof. If VW C X; are any two local transversals at a y € X; then

[(idw)(l)ayo]hw(),wgoy,vo =hwt o, V1 [(idv)g, 4°]



II. Foliations of semi-simplicial manifolds 75

since both the germs come from Ay, v (cf. (3.2)). Here w, stands for the
appropriate constant path. This equality applied to y;, 7 = 1,...,r, ensures
the correctness of the definition.

In order to prove (i) it suffices to assume that C’ is elementarily ho-
motopic to C. We consider separately the different types of elementary
homotopies according to Definition 1.4.2(i)—(vi).

(i) The holonomy germs for Fyy depend already on the homotopy classes
of the paths.

(ii) One has

[(1dp )5, 7)o v = oyt v [(1dV ), 5]

for local transversals V > y and V 3 7.

(i) If y = nox, and V = noU comes from a local transversal U > x
for Fy, then [(idy)§,y°] = hyi, vo and the corresponding factor in (4.1)
reduces to the holonomy germ along ¢; 1 -w, - ¢; ~¢;—1 - ¢;.

(iv)—(vi) If W is any sufficiently small local transversal for F; at a z €
X5, then W; = ¢;W 3 g;2, 1 = 0,1,2, are local transversals for F;. The
commutation axioms for face operators imply

()3 (222) Voo oyt [ )b (602)°)
= h(W2)17W515127(W1)1 [(ldwl)(1]7 (61z)o]h(Wl)waaoaozy(WO)O
where the holonomy germs are just the canonical identifications of the
transversals.

The above particular cases yield assertion (i) of the proposition. The
last assertion (multiplicativity) follows from 1(4.1). m

THEOREM 4.8. Let (X, F) be a foliated ss-manifold, and i : T — Xy a
complete transversal for Fy. The collection I'pp C I'p (more precisely, I'r;)
of all holonomy germs along paths in X* ending in T is an open groupoid.
Furthermore,

(i) I'p,r is a holonomy groupoid for F; there is a natural minimal trans-
verse projection IIpp : X — NTgr such that for every collection of holo-
nomy projections H, : U, — T (for Fy) over a coveringU = (Uy)aca of Xo,
IIp 7 is represented by an ss-map Xy — N g1 given—at the 1-level—by a
COCyCle (’Vab)a,bE/b

(W) _ pi
(4.2) Yab' = M (e19),00), Hu(eon)
fory € e;'U, NeytU,. Here (cf. Fig. 6)

Cy) = (e, 67" ™)

18 any path in the leaf of F' through y whose portions c((z') and cl()') are char-
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acterized by the requirement that

_ gt
[Hd, I’] = HHd(m),Cg)

forde A, x €Uy (cf. (3.3)).
(i1) For any leaf L of F, any reference point xg € Lo Ni(T), and ty €
i~1(x0) the epimorphism
a0 (L) 3 [C] = iy ety € (TR0

represents the holonomy morphism hy, : (L) — I'pp|L.

Proof. Fix a collection of local transversals y € S, C X, for every

y € Xj, and set S := [[S, I T; there exists a canonical extension of
nooi:T — X to a complete transversal j : S — X, for F|. We claim that
(4.3) I'mr={9€lFrs; ag,Bg €T}.

Indeed, if C' = (co,y7,...,¢,) is any path in a leaf of F' with ends (o),
i(t1), for to,t1 € T, then for V; = S,,, i < r, formula (4.1) defines himc,tl as a
composition of elements of the non-reduced holonomy groupoid I l’p g, except
at the ends, where the identification 79 ~ T ~ T places the whole germ in
I'r 5. Conversely, every element of I’ 1’; g is—by definition—expressible as a
composition

_ hj/ -dl 0 e1hj'
g = [i 0’51 ] st

idp, 5,0)¢2 h
50,C0,8) 0522 s sy

0173/2[ Sy sCrySr+1

where ¢;, 1 < r, are paths in X(fo, e; = £1, and s, and s/ are equal to the
appropriate copy s,° or s;1 of s5; € S, for i = 1,...,r. The germ becomes
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an element of I'r s if one identifies its source and target, s,41,50 € SISt
with their originals in S. If, in particular, the originals are in 1" C S then,
according to (4.1),

g:h GFF,T

i
SQ,C,ST+1
where

C = (co,j(s1),c1,4(82)%,...,¢).

In view of (4.3), I'rr is open in I'p g and is therefore a groupoid of germs;
the inclusion homomorphism is an equivalence, for T is complete. Further-
more, if (Hg)qea is any collection of holonomy projections of elements of a
covering U = (U,) onto T, then the unique extension of the collection to
a representative for the natural projections IIpgs : X — NI g is in fact
I'p p-valued; the ss-morphism it represents, X — NIp p, differs from ITg g
by an equivalence of groupoids and so is a minimal transverse projection for
F. Tt remains to show that for y € e, 'U, Ney'Up, Yap(y) given by (4.2)
satisfies

[Ha o1,y = Yab(y) [Hp © €0, 9]
(cf. (2.4) in the proof of Theorem 2.11), i.e.

HHQ(Ely)ycg> [El ) y] = fyab(y)HHb(Eoy),Cg> [EO, y]

where the dots mean £,y and gy, respectively. When restricted to any local
transversal through y, the above equality immediately implies (4.2), and so
assertion (i) is proved.

In order to prove (ii) we denote the epimorphism considered by h and
abbreviate I’ with I". Since the canonical equivalence of grupoids = (L) —
Tz (L) is represented by a~!(zg) C m(L) (cf. Corollary 1.4.7), the composi-
tion

m(L) = my (L) Iy = T|L
is represented by a (I'|L)-extension, X := a~!(xq) xj (I'|L), of the princi-
pal 7., (L)-bundle a~!(z). Elements of X are equivalence classes of pairs
(IC"], hi, 1) such that both C" and C” are paths in L, and o[C"] = i(tg) =
B[C"]; the equivalence relation is

([C/C]v éO,C”,t) ~ ([C,]7hzlfo,CC”,t)
for [C] € my (L), so that multiplicative notation for equivalence classes
is plausible. It is also readily seen that the turning point ¢ty € T where
homotopy changes into holonomy is inessential—every pair ([C’ ]’hi,C”,t)
gives rise to a well defined product [C']hl -, , € X provided C’ and C” are
composable paths in L and i(7) is their common end.
According to Theorem 4.5(ii), we have to verify the equality IIpr|L =
N X oIl which is—by Proposition I.1.19—equivalent to the commutativity
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of the square
L —  XF

f L L Ir,1)

NT|L — NIt
Here f denotes the composition N'X o IT;,. We intend to show that the
diagram does commute by comparing the principal I'fs-bundles over L clas-
sified by the two compositions.
In view of I(4.6) and Corollary 1.3.7, f classifies a (I'|L)-bundle equal to
Y — Lg at the 0-level and characterized by €; : ejX — X,

Ly X (gg,m) 23 (y,U) - [y]a € 27
at the 1-level. On the other hand, the restriction of IT l’p’T to L is known
from its cocycle description (4.2). More precisely, if we denote by UZ the
counter-image of U, via the immersion Ly — Xq, for a € A, then both H,
and 7, descend to continuous maps
H,: UL —(T,8), A~y :LiDel'Ulne'UE — (I6) = 't

for a,b € A, § being the discrete topology. Starting from the new cocycle,
we can construct a I'fs-bundle E = (E,,) it classifies—as in Remark 1.2.16.
In particular,

By =[] UF x0T/ ~

where

(b,z,9) ~ (a,2,Yab(M07)g)

for z € UFNUE. Note that outside I'|L, a transitive component of 1'%,
the action of the groupoid is only hypothetical.
We claim that X' and Ejy are isomorphic principal (I"|L)-bundles over
Ly. Namely, we shall show that the assignment
I
Ey 3 [a,z,9] =[] g e X
is a well defined isomorphism:

— if ¢ and ¢ are two paths in Ly which yield the same holonomy
projection H, about z, then [¢/|71g = [¢|7!g, for the loop ¢/c has then
trivial holonomy germ:;

— for x € UF NUL, one has

Yab(M0T) = hiHa(x),C(nox),Hb(x) where  [C(noz)] = [Ct(f)][cz(;r)]_l .
Consequently, we get

[y (moz)g = [ C(moz)]g =[] g
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so that Iy is correctly defined. Its smoothness follows from the fact that Ej
(as well as X)) is a covering manifold, and from the way of introducing the
differential structure on m(L). Being evidently (I'|T')-equivariant, Iy must
be an isomorphism.

In order to conclude the proof it now remains to use Corollary 1.2.14 and
verify that

e111(y, [b,20y, g]) = 1y, [c°Y] 1 g)

= [cg‘ely)erab(y)g
= [081(y7 [b, €0y7g])

[yl g

IO [(1, &1y, Wab(y)g]

at the 1-levels. m

I1.5. Foliated bundles and G-structures. A large class of I'-
foliations is supplied by specific geometric structures over the foliated ss-
manifold. In fact, explicitly given transverse projections are very rare in
the mathematical Nature. In this section we concentrate on G-structures,
which provide an elegant way of making transverse projections implicit.

Given a g-codimensional foliation F' of a manifold M, and a positive
integer k, we recall that the kth order normal bundle 7% : Pk — M is the
manifold of k-jets

P = {j; 1 € Subm(F), p(z) = 0},
together with the projection j¥¢ — z; the structure group of Pk is the k-th
order linear group
GLi(q) = {jfviv 1 RT D u>v C R, 4(0) = 0}

which acts by composition of jets.
For k > [, there are canonical order projections,

i Pp— Pp, GLi(g) — GLu(g),

which lower the order of jets. Furthermore, any map f : M’ — M transverse
to the foliation gives rise to a homomorphism of GL(g)-bundles called the
k-th prolongation f*) of f,

Pf.p34i(po f) = iy € Pi
for £ > 1. In particular, for every ¢ € Subm(F'), ¢ : U — RY, its prolon-

gation ¢(¥) : PE|U — P¥, is a submersion onto the kth order frame bundle
over RY.

LEMMA 5.1. For every k > 1 the prolongations ¢%) of submersions
¢ € Subm(F) pull the discrete foliation of Py, back to portions of a global
foliation F* of P}?. The latter foliation is characterized by the property that
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the canonical homomorphism

Er 3 [p,] 2 5 (t -y 0 ) € PE
induces a map of foliated manifolds,
J*  (Bp,m*F) — (PE, F¥),
which is a local diffeomorphism of the leaves. Here t,, a € R4, stands for

the translation z — z + a.
Furthermore, for any map f : M’ — M transverse to I,

(5.1) fEmER fRER = (fF )" on Pl
The foliation F* of PE will be referred to as the k-th prolongation of F.

Proof. The submersions p(¥), ¢ € Subm(F), define a foliation of the
kth order normal bundle, for every relationship of the form ¢ = yop between
elements ¢ and v of Subm(F) implies 1*) = 4*) o p*)  where y*) is a
local automorphism of the frame bundle.

If f h F then po f € Subm(f*F) for every ¢ € Subm(F). As (pof)*) =
o) o ) the last assertion of the lemma follows from Proposition 1.1(i).

In order to prove that J* : Ep — PE preserves the foliations it suffices

to restrict the map to any section, U 3 z > [p,2] € Ep, where ¢ : M D
U — R? is any element of Subm(F') (we recall that 7 : Ep — M is a local
diffeomorphism). Clearly,

Sp(k) © Jk([(107 33‘]) = ]Z;(m)t*Lp(:c) for x € Uv
which is locally constant on the leaves of F'; by Proposition 1.1(ii), we get
JE (@), T FI§(U)) — (Pp, F*).
As ¢ was arbitrary, and the leaves of both 7*F and F* are coverings of
leaves of I, this proves the lemma. m

DEFINITION 5.2. For k£ > 1 and a g-codimensional foliation F' = (F},) of
an ss-manifold X the k-th order normal GLg(q)-bundle for F' is the sequence

Pk = (P}%") of the respective normal bundles endowed with the structure

operators €; = agk), n; = ngk), and with the canonical bundle projection, to

be denoted by 7% : P& — X. The prolongations F¥ = (F,,)¥, n > 0, form
the k-th prolongation F* of the foliation.

ExaMpPLE 5.3. If the structure operators of an ss-manifold X are lo-
cal diffeomorphisms, then for each k, X admits a k-th order frame bundle
P% = (P% ), which is the normal bundle for the discrete foliation. The
prolongations of F' are all discrete.

EXAMPLE 5.4. For every ss-morphism f : ¥ — X transverse to a foliation
F of X, and k > 1, there is a canonical form (PF, ., f) of the pull-back of Pk
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by f such that the distinguished lifts of representatives f € f, f: Yy, — X,
are the prolongations

(5.2) (PE. ) w=1e(n) 3 (g, ... an;u) — fF) u € P

n,ag...Gn

where fy, 40...a,, stands for the appropriate restriction of f,,, n > 0.

For any closed subgroup G C GLg(q), k > 1, a G-structure on a foliated
manifold (M, F) (in the transverse direction) is an arbitrary G-subbundle
P C PF tangent to F*. The restriction F*|P is then the horizontal foliation
of P. According to Proposition 1.3, for any map f : M’ — M transverse to
F the G-reduction f~'P:= f(F)-1p c P}ZF,

(5:3) F7P = {ji(pof) € Pfpiijue € P},
is tangent to the prolongation of f*F (cf. (5.1)). This is the counter-image
G-structure on (M', f*F).

DEFINITION 5.5. A G-structure on a foliated ss-manifold (X, F) (G C
GLk(g),q = codim F') is any principal G-bundle P = (P,,) over X such that

(i) for every n, P, C P is a G-structure on (X, F,,), and
(ii) the structure operators of P are restrictions of those of PE.

The integer k is the order of the G-structure. The horizontal foliations
of the levels constitute the horizontal foliation of P.

It is readily seen that every G-structure P on (X, F') is completely char-
acterized by Py C P}%O such that Eo_ng = El_ng on (Xy, Fy).

ExaMPLE 5.6. For any groupoid of germs I, every G-structure P on
(N, Fs) comes from a G-structure Py on the manifold of units. We have
a"tPy = B71Py iff Py is invariant under (the prolongation of) the pseu-
dogroup that underlies I

DEFINITION 5.7. For G C GLk(q), a G-foliation on an ss-manifold X
is any pair (F, P) composed of a g-codimensional foliation F' of X and a
G-structure P on (X, F).

Usually F itself is called a G-foliation if (X, F') admits any G-structure.

The class of G-structures is closed—as we shall see later in this section—
with respect to pull-backs (counter-images) by ss-morphisms transverse to
the foliations. In fact, the notion turns out to be equivalent to that of I'g-
structure, for an appropriate groupoid of germs I'¢. On the other hand,
considering arbitrary ss-morphisms of foliated ss-manifolds as well as ar-
bitrary modifications of the structure group requires more general objects
called foliated G-bundles. This notion is originally due to P. Molino [19].

Recall that for G a Lie group, a foliated manifold (P, F) is a foliated
G-bundle over another foliated manifold (M, F') if P is a principal G-bundle
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over M, G acts on P via automorphisms of (P, F'), and the bundle projection

7w : P — M induces a covering map 7’ : P¥ — M. These properties of F
justify the name flat partial connection for its tangent bundle TF C TP. A
connection w in P is adapted to F if it extends T'F over the whole of T M, i.e.
if the leaves of F are horizontal. For M paracompact adapted connections
always exist.

DEFINITION 5.8. A foliated G-bundle over a foliated ss-manifold (X, F)
is any foliated ss-manifold (P, F') such that

(i) P is a principal G-bundle over X, and
(ii) for every n, (P,, F,,) is a foliated G-bundle over (X,,, F,).

If codim F' = 0, (P, F) is also called a flat G-bundle over X.

EXAMPLE 5.9. Every G-structure P on (X, F') together with its horizon-
tal foliation is a foliated G-bundle. The restriction of P to any leaf L of F
is a flat G-bundle.

The next theorem illustrates the naturality of the examined notion.

THEOREM 5.10. Let (P, F) be a foliated G-bundle over a foliated ss-
manifold (X, F).

(i) Given any ss-morphism of foliated ss-manifolds £ : (Y, F') — (X, F),
for every pull-back (P',f) of P by f there exists exactly one foliation F' of
P’ which makes P’ a foliated G-bundle over (Y, F') such that £ : (P, F') —
(P, F). If, in particular, f b F and F' = £*F, then f h F and F' = f*F.

(il) For any homomorphism of Lie groups h : G — G’ and every h-
homomorphism h : P — P’ of P to a principal G'-bundle P’ over X, there
exists exactly one foliation F' of P’ such that (P', F") is a foliated G'-bundle

over (X, F), and h : (P,F) — (P, F").

DEFINITION 5.11. Under the hypothesis of Theorem 5.10(i), (P’, F') will
be called a relative pull-back foliated G-bundle of (P, F) by f with respect
to F’.

As P’ is defined up to isomorphism, so is the pull-back (P’,F’). If
F’" = f*F, the adjective “relative” is superfluous.

We shall first prove the following particular case of the theorem.

LemmA 512 [1]. (i) Let f : (M',F') — (M, F) be a map of foliated
manifolds covered by a homomorphism f : P’ — P of principal G-bundles.
For any foliated bundle structure F on P the subbundle
(5.4) TF =7, 'TF'Nnf, 'TFcTP

defines a unique foliation F'" of P’ such that (P',F") is a foliated G-bundle
and f : (P, F') — (P, F). If w is any adapted connection for (P, F') then its
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pull-back by f is an adapted connection for (P',F'). Furthermore, f h F
and F' = f*F imply f h F and F' = f*F.

(ii) Let (P, F) be a foliated G-bundle over a foliated manifold (M, F).
For any Lie group homomorphism h : G — G’ and every h-homomorphism h
of P to a principal G'-bundle P' over M, h transfers F to a unique foliation
F' of P' such that (P',F") is a foliated G'-bundle. F' is characterized by

its tangent bundle,
(5.5.) Ty F' = ha(T, F)

for w € P. If w is any adapted connection for (P, F), then there is an
adapted connection W' for (P, F") such that h*w’ = h, ow.

Proof. The assertions are local, so we may, and do, assume the base
manifolds to be paracompact.

(i) If (P, F) is a foliated bundle over (M, F), and w € AY(P) ® g (g
the Lie algebra of ) is any adapted connection, so that TF C kerw, then
[17], Proposition I1.6.2, ensures that the pull-back w’ = f*w is a connection
in P', and f,”'TF C kerw’. In particular, for every v € P’ the subspace
(f*u)_le(u)F C T, P’ contains no vertical vectors; we claim that the pro-
jection of this subspace to Ty, M’ covers Ty, F’, i.e.

(56) Tﬂ'uF/ - 7T>$<(f*u)iljﬂf(u)p

Indeed, for every v € Ty, F’ the horizontal lift w € Tf(u)F of fuv € T(ru)F'
is (f,m)-related to v (i.e. mow = f.v). As P’ is isomorphic to the fibre
product M’ x (4 ») P, the pair (v, w) gives rise to a unique vector w’ € T, P’
such that v = m,w’ and f,w' =w € Tf(u)F.

In view of (5.6), TF', as defined in (5.4), equals 7, 'TF’ Nkerw’ and is
therefore a smooth vector bundle; since

fo(n'TF) c n] f,TF Cc o] 'TF

the flatness of w over TF—which is equivalent to the involutivity of TF—
implies the flatness of w’ over TF’. Hence (5.4) does define the required
foliation. Its uniqueness is an immediate consequence of the fact that the
requirements for F imply mnTF C TF', f*T|F’ CTF.

If fhF andwe T’y P, then there is a decomposition T,w = fev + o,
where v € TryM', v € Ttz F. Taking the horizontal lift T € Tf(u)F of v
we get T (w — v) = fyv', from which it follows that there is a w’ € T, P’
such that f ' = w —v. Hence we conclude

w= fow' +7€ f.T,P +Tf,F.

The tangent bundle Tf*F = f'TF equals TF', for it is contained in
A M TF =a Y f-ITF.
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(i) Let w € A'(P)®g, TF C kerw, be any adapted connection in P, and
W’ its extension to P’ such that h*w’ = h, ow (cf. [17], Proposition I1.6.1).
Then

TF :=kerw Nn 'TF

is a smooth vector bundle such that (5.5) is satisfied. Since the curvature
forms 2 and 2’ of the two connections are related via h* 2 = h,o8, 2
annihilates the bundle T'F" over the image of h; as TF' is G'-invariant, we
get 2'|TF’' = 0, which yields the involutivity of TF’. The uniqueness of

F’ follows from the fact that the requirements for F' imply TF' C keruw/,
I F CTF. m

Proof of Theorem 5.10. (i) Assume first that f is represented
by an ss-map f : Y — X. Any distinguished lift f of f is a sequence
of homomorphisms f, : P/ — P, of principal G-bundles. Since, for each
n > 0, f, projects to f, : (Yo, F.) — (X,, F,), Lemma 5.12(i) yields a
sequence of foliated G-bundles (P, F") over (Y,,F!). By (5.4), the face
operators of P’ are maps of foliated manifolds,

i (P, F) — (P, 1, F,,_1),

n—1»
and, therefore, F!, =i F! | fori<n,n=1,2,...

Passing to the general case we see that for any representative f: Yy — X
of f and any distinguished lift f of f there is a unique foliated G-bundle

(P',F") over (Y, F') such that
Fi(Proay Frmny) — (P, F)
(cf. Lemma 1.10). Equivalent representatives of f and their distinguished

lifts are easily seen to determine the same foliation of P’. Furthermore,
fMFEif fhF,and f m Fiff fh F;if this is the case then

Froy=TF=(E"F)ry.

(i) According to Lemma 5.12(ii), there is a unique sequence of foliations
F, on Py, n > 0, such that, for each n, (P, I'},) is a foliated G-bundle over
(Xn, ), and hp  TF, CTF],. For n > 1 and i <n the pull-back foliation
efF_, makes P} a foliated bundle such that

hn (P, Fp) — (Pl eiF! ).

*
7

By uniqueness, € F/,_; equals F’,; hence F' = (F In) is the required foliation

of P'. m

For a Lie group G and an integer ¢ > 0 let 7 : C*°(R?,G) — R? be the
sheaf of germs of smooth mappings of R? to G. The fibre product

Fq,G = Fq X(a,w) QOO(Rq,G)
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equipped with the product operation
(0, 2], W' 2]) - ([v, 2], [¥, 2]) = ([v o v, 2, [(W 0 7), 2])

for 2’ = ~(z) is a differentiable groupoid whose source and target maps
o, : I'yg — R? are local diffeomorphisms. In order to construct a uni-
versal foliated G-bundle over (N1 ¢, Fs), we consider a groupoid of germs
over R? x G, I'; ¢ C Iraxg, associated with the pseudogroup of local au-
tomorphisms of the trivial G-bundle R? x G — RY, i.e. diffeomorphisms of

the form

RY % G 3 (z,9) 2% (4(2), ¥(x)g) €RY x G

G acts on the nerve N/ Tq,g by translating the initial points of the germs:

[(v,9), (x,9)] - g" = [(7, %), (z, 99")],

and there is a projection

Iye 3 [(v, %), (@,9)] — ([v,2], [¥,2]) € Ty

which makes N'T; ¢ a principal G-bundle over N'T}, ¢ (foliated by the dis-
crete foliation).

THEOREM 5.13. For any foliated G-bundle (P, F) over a q-codimensional
foliated manifold (X, F) there is exactly one ss-morphism fpr + X —
NT, ¢ which is transverse to the discrete foliation and pulls the universal
foliated G-bundle (N'T ., Fs) back to (P, F).

We start with the following important

LEMMA 5.14. For every foliated bundle (P, F) over a foliated manifold
(M, F) there exists a local section through any point of P, continuous in the
foliation topologies.

Proof. Let U C M be any open subset such that (U, F|U) = R" 4 x
(RY,0). We fix a transversal 7' = R? < U which meets every leaf in exactly
one point, and lift it to a T < P. Since the leaves of F which pass through
T are coverings of those leaves of F' which meet T, their restrictions to
7~ Y(U) C P extend T to the desired section o : U — P. The smoothness
of o is a consequence of the standard fact that solutions to a smooth first
order differential equation depend smoothly on the initial conditions. m

Proof of Theorem 5.13. Choose sections s, : U, — P, as in
Lemma 5.14, and submersions ¢, : U, — R? in Subm(F}), both over a
covering U = (Uy)qeca of Xg. As the sections send leaves to leaves so do
the induced local sections of P;, and the associated G-cocycle consists of
functions which are locally constant on the leaves of F}. Consequently, the
basic data, (s,) and (p,), give rise to a I, g-cocycle,

T UL Neg Uy 3 2 — (WY, pve0al], (055, preon]) € Tyo
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such that

Y9 5 (pe0) = @at

(m,e0) " (id, spe0) = (m,e1) " (id, Sqe1) - (Qc(bxb) - PpED)

in a neighbourhood of each z. Clearly, the morphism f p 7y represented by
the corresponding ss-map f : Xy — NT, ¢ is independent of the choices
involved.

An ss-morphism f : X — N1, g classifies (P, F) iff there is a pull-back
(P,f) of NT, ¢ by f such that f*Fs = F. If this is the case then every
representative f : Xy — N1, ¢ yields a commuting square

PW*II/{ i} NTq,G

| |

Xy L NI

where f € f is a distinguished lift of f. Denoting by ¢., a € A, the
components of fo we get a collection of submersions over U such that f
establishes an isomorphism of foliated G-bundles,

(P0|Ua, F0|Ua) = (’DZ(Rq X G, F5) s
for every a; the local sections s, : U, — Py that come from
Ua 3z — (2, (pa(),€)) € 03 (R? x G)
carry leaves to leaves. It is now easy to see that f is characterized by (s,)
and (,) as in the former part of the proof; hence f =f p jy.

Reversing the above argument we conclude that fp 7y does classify the
foliated G-bundle (P, F). =

Remark 5.15. It follows from the above proof that a principal G-
bundle P over an ss-manifold X foliated by F' carries a foliated bundle
structure over (X, F) iff the classifying ss-morphism fp : X — NG has
a representative f such that every f, is locally constant on the leaves of
F,,. Those representatives which correspond to the same foliated bundle
structure are easily seen to form a connected collection with respect to
elementary equivalences.

Remark 5.16. For 0 < ¢’ < ¢, an identification RY = R? x R~ gives
rise to a homomorphism of groupoids,

Ty 3 (2] [ a]) L ((y X idga-ar, (,0)], [t 0 pr, (,0)]) € Ty,

where pr : R? — RY stands for the projection. The ss-map Nj pulls N/ T,
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back to N Tq/,g, for 7 admits a G-equivariant lift,

NTy a3 [(1,8), (2,9)] % [(v X idge—yr, v 0 pr), ((2,0),9)] € Ty

hence Nj : (NTy ¢, Fs) — (NI, q,Fs) pulls back one of the universal
foliated G-bundles to the other. In conclusion: every foliated G-bundle
over a foliated ss-manifold of codimension < ¢ is a relative pull-back of
NTyc, Fs).

Returning to G-structures, we now specify those particular cases of The-
orem 5.10 in which the new foliated bundles still remain G-structures.

PROPOSITION 5.17. (i) There is a natural counter-image operation such
that for any G-structure P on a foliated ss-manifold (X, F), and every ss-
morphism £ :' Y — X transverse to F, the counter-image of P by f is a
G-structure £ 1P on (Y,£*F); the naturality g~ 'f ' P = (fog) ' P together
with the requirement that

(5.7) 171 P = (f ' )

for any ss-map f 1Y — X transverse to the base foliation determine the
pull-back operation in a unique manner. For any P and f the G-structure
£7ip together with the appropriate prolongation £ of f and with the hori-
zontal foliation is a pull-back of the foliated G-bundle P.

(i) For any closed subgroups G C GLy(q) and G C GLg(q) such that
W’gG C G, k >k, and every G-structure P on a foliated ss-manifold (X, F),
there is a natural G-extension of P, i.e. a G-structure P -G on (X, F)

such that every level P, -G of P -G is the unique G-structure containing
W%Pn - Pllﬁn.

The two operations on G-structures described in (i) and (ii) commute
with each other.

Proof. (i) If f: Y, — X is a representative of an ss-morphism f : ¥ —
X transverse to a foliation F' of X, then for any G-structure P on (X, F),
(5.7) defines a G-structure on (Y, (f*F)y). Now a reasoning completely
analogous to our proof of Lemma 1.10 ensures that the G-structure on the
localization of (Y,f*F) is a counter-image—Dby [\] : Yy — Y—of a global
G-structure P’ on (Y, f*F). Since P’ is uniquely characterized by [\] 7! P’ =
[f]71P, it is independent of the representative of f. On the other hand, the
representative admits a natural lift,

Py =P =] P P

since the collection_? of all the lifts is connected with respect to elementary
equivalences, (P’,f) is a pull-back of P by f. Being restrictions of the
prolongations (5.2), the lifts preserve the respective horizontal foliations.
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(ii) Observe first that for every n > 0 the subspace
Py G:={jit-g€ P; jiv € Pa, 7€ G}
is a G-structure on (X,,F,). Indeed, any submersion ¢ : U — RY in

Subm(F},) gives rise to a simultaneous trivialization of all the normal bun-
dles,

U x GLy(q) 3 (2,537) = o (v " top@mp) € PR U,
h=1,2,...; in terms of the trivializations, the order projection w’g for the
bundles reduces to the projection for the higher order linear groups. Con-
sequently, if the G-subbundle P,|U C P}%ﬂ |U is characterized by a section
U— P}%ﬂ,

U>sx i) (ﬂj‘,g(iﬂ)) eU x GLk(q)7
then its image in Pf; |U is described by

U>zx L (x,ﬂ,’—:g(x)) e U x GLz(q),

which is a section over U of a G-subbundle. If, moreover, the component
g of o is chosen locally constant on the leaves of F;, (cf. Lemma 5.14) then
the same is true for W’]—:g and ¢’. This means that the projection P, —

P, - G sends T(,(QC)F,i€ onto Ta/(x)F,’f, for x € U. By group-invariance of the

prolongations of F},, we conclude that P, - G is tangent to Ff
By construction of the levels, P-G := (P, -G) is a G-structure on (X, F').
The last assertion of the proposition is obvious. =

Before we formulate a classification theorem for G-structures, let us re-
call that a kth order G-structure P on a foliated manifold (M, F) is called
integrable if for every x € M there is an integrating submersion ¢ : U — R?
about z, i.e. a ¢ € Subm(F) such that the map

K & k
Je U2y — jy(t_pmy) € Pr
is a section of P, t, being the translation z — z 4+ a in R?. As integrability
is preserved by counter-images by maps transverse to the foliations, for any

G-structure P = (P,) on a foliated ss-manifold the integrability of Py is
inherited by the other levels.

DEFINITION 5.18. A G-structure P on a foliated ss-manifold (X, F') is
integrable if each P, is integrable; P is G-integrable if its G-extension P-G is
integrable. If this is the case, the G-foliation (F, P) will be called integrable
(resp., G-integrable).

PROPOSITION 5.19. If P is a G-integrable G-structure on a foliated ss-
manifold (X, F), and f : Y — X an ss-morphism transverse to F, then the
counter-image £ 1P is a G-integrable G-structure on (Y, f*F).
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Proof. According to Proposition 5.17, the G-extension (f 'P) -G =
f (P - G) inherits integrability from P -G. =

The following classification theorem asserts that G-integrable G-folia-
tions are in fact I'-foliations. For arbitrary G-foliations (the case G =
GL(q)) the construction of a universal G-structure is due to T. E. Du-
champ [9].

THEOREM 5.20. Let G C GLy(q) and G C GLg(q), k > k, be closed
subgroups such that G projects into G. There exist a groupoid of germs
I'c ¢ and a universal G-structure Pg ¢ on (NTg g, Fs) such that

(i) the G-extension of Pg ¢ is integrable, and
(ii) for every G-integrable G-structure P on a foliated ss-manifold (X, F)
there is a unique ss-morphism fp : X — NTg o transverse to the discrete
oliation such that £ Fy = F and £ ;' P5 o = P (the classifying ss-morphism
P r faa
for P).

COROLLARY 5.21. Given a minimal transverse projection IlIp : X —
NTFg for a foliated ss-manifold (X, F), every G-structure P on (X, F') pro-
jects to a unique G-structure P on (N Tg, F5) such that P = H;lP.

P is G-integrable iff so is P.

Proof. If f p classifies P as a G-structure, then the unique factorization
fp = f o IIp (cf. Theorem 3.2(i)) is equivalent to P = H;l(f_lP@G)
where G = GL(q). For G arbitrary, the above equality yields the second
assertion. m

Remark 5.22. By a careful examination of the prolonged ss-morphism
MIp : P~ P N(Tr X(a,m 150) (cf. 1(3.2)), it can be shown that the
groupoid I'r X (4 r) 150 is a groupoid of germs of local automorphisms of ﬁg,
and that ITy is in fact a minimal transverse projection for the horizontal
foliation of P. We shall not need this result in the sequel, so the details are

left to the reader.

In order to prove Theorem 5.20, we shall construct canonical candidates
for both I'z ¢ and Pg . To this end we let N(G, G) be the sheaf of germs of
smooth maps R? — (W’g)*lé/G; the projection 7 : N(G,G) — RY induces
on it a natural structure of a g-dimensional (non-Hausdorff, in general) dif-
ferentiable manifold. The manifold carries a canonical G-structure Pg (0)

such that above each o = [s, 7] € N(G, G), we have
(5.8) R (t_,m)g € Pg ¢(0) iff ™G € G and gG = s(z).

Clearly, the G-extension of Pg (0) is nothing but the counter-image by m
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of the flat G-structure
(5.8') Pg(0) == {ji¢ € Piu; Jjs(pte) € G}

In order to obtain Pg ¢ = (Pg.g(n))n>0 it now suffices (cf. Example 5.6)
to define I'; ; to be the groupoid of germs of all automorphisms of the G-

structure Pg (0). The groupoid can be identified (via 7) with the fibre
product

FG‘,G = FG‘ X (o) N(Ey G)
where I'g C I, is the groupoid of germs of local automorphisms of Pg(0).
The product operation in I'; 4,
(¢',0")(g9,0) = (9'g,0) iff o' =go
for (¢',0"), (g,0) € I'c g, is an extension of a natural I'z-action on N(G, G),
(5.9) [v,2]ls,z] = [(D*y-s) oyt y(2)]  for [y,2] € I,
where Dy stands for the map
Domainy 3 y — jg (t_y ovoty) € (7F)'G.
DEFINITION 5.23. [ ¢ is the classifying groupoid for G-integrable G-

structures. In particular, I'c := I'g,q is the classifying groupoid for inte-
grable G-structures, and I'g := I'gr(q),c—for (arbitrary) G-structures.

Proof of Theorem 5.20. Let P be a G-integrable G-structure on a
foliated manifold (M, F). Every integrating submersion ¢ : M D U — R?
for P-G can be naturally lifted to a submersion ¢ : U — N (G, G) such that

(5.10) PlU = ¢ 'Pg4(0).
Indeed, there is a well defined map s, : U — () 'G/G such that
(5.11) se(x) =g9G iff jE(t_,wm)p)g e P.

As P is a union of leaves of F*, s, is locally constant on the leaves of F'. In
order to define  we pick a local section of ¢ through an arbitrary = € U,
i@ :RI DV — U, and set
P(x) = [sp 0 i), p(2)]
for z € U. For every jet u = j%(t_,,)¢)g in P|U,
M () = M jE(t_ @) T © B)F = 2y (t—p(@)™)T € P,:(0)

by (5.8). The resulting inclusion ) (P|U) C Pg (0) proves (5.10).

One easily verifies that if ¢ and ¢ = x o ¢ are any two integrating
submersions for P - G then Y is locally in the pseudogroup underlying I,
and

(5.12) ¥(@) = [x, (@) p(x)



II. Foliations of semi-simplicial manifolds 91

for every z (cf. (5.9)).
In addition to (5.10), we claim that for any submersion f : M D U —
N(G,G),

(5.13) f=(mof)" it f'Psul(0)=PlU.
To prove this, observe that the equality
P-GlU = f~H(Pg,(0)-G) = f~in~ 1 Pg(0)

ensures that ¢ := 7o f is an integrating submersion for P - G. As (5.8)
and (5.11) imply that s, is the composition of f and the evaluation map
N(G,G) — (7F)~'G/G, we conclude that ¢ = f.

Let now P = (P,) be a G-integrable G-structure on a foliated ss-manifold
(X, F). As shown above, the integrating submersions for Py - G give rise to
a collection of submersions of the form ¢ : Xo D U — N(G,G). According
to Theorem 2.11, the collection will generate a transverse projection for F',
fp: X — NIg g (such that f}lPGG = P, by (5.10)), if we show that for
any integrating submersions ¢ : U — RY and ¢ : V — R? there exists an
automorphism X of Pg (0) such that

Yoy =XoPoe
locally on e, 'U Ney 'V C X;. Since the counter-image G-structures are
(Boe) " Pag(0) =y (P|U) = Piley 'U
and
(Y 020) " Pi.6(0) = Pileg 'V
(5.13) implies

(2051:(90051)/\7 1/1050:(1/}050)/\'
By (5.12), X is the lift (to the pseudogroup underlying I'; ) of a x such
that Y oegg = xyopoe.
If f : X = NI ¢ is any transverse projection for F' such that f_lP@,G
= P then, by (5.13), its distinguished submersions must all be of the form
@. Hence f = f p is unique. =

Remark 5.24. We have concentrated our attention on G-integrable
G-structures, for the class contains both the integrable and non-integrable
G-structures, as well as e.g. complex G-structures which are—by definition—
GL(q, C)-integrable. One can expect that more complicated structures can
be classified in a similar manner. For example, Kdhler structures, i.e. U(q)-
structures which are both complex and symplectic (Sp(g)-integrable) are
classified by a restriction of I'qy,4,c),v(q) to an open submanifold of units.
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of paths, 30 fundamental ss-map, 35
of ss-morphisms, 10 fundamental ss-morphism, 35
connected components of
an ss-manifold, 14 Galois groupoid, 34
connected ss-manifold, 13 gluing projection, 9
connection, adapted, 82 graph of a foliation, 65
counter-image G-structure, groupoid, 8
by a map, 81 of germs, 52
by an ss-morphism, 87 holonomy chain, 57
degeneracy operators, 7 holonomy germ, 57, 74
discrete foliation, 45 holonomy group, 73
distinguished lift, 21 holonomy groupoid, 58, 63
distinguished submersion, non-reduced, 64
for a I'’-bundle, 53 reduced, 64
for a transverse projection, 54 holonomy homomorphism (for a leaf), 73

holonomy map, 57

along a path, 57
holonomy morphism (for a leaf), 73
holonomy projection,

along a foliation, 58

along a path, 58
holonomy pseudogroup, 58
holonomy translation, 58
face operators, 7 homomorphism of principal
fat realization, 15 I'-bundles, 17
flag, 42, 65 homotopic paths, 30

elementarily equivalent ss-maps, 10
elementary homotopy of paths, 31
endpoint of a path, 30
equivalence,

of foliated ss-manifolds, 47

of ss-manifolds, 12
G-extension of a G-structure, 87



horizontal foliation, 81

identification maps, 60

identity morphism of groupoids, 26
identity ss-morphism, 10

initial point of a path, 30
integrable G-foliation, 88
integrable G-structure, 88
G-integrable G-foliation, 88
G-integrable G-structure, 88
integrating submersion, 88

Kaéhler structures, 91

leaf of a foliation, 41, 44

level, 7

lift of an ss-morphism, 21

linear group, of kth order, 79

localization, of a foliation, 45
of an ss-manifold, 9

local transversal, 56

local triviality condition, 16

map, of foliated manifolds, 42

of foliated ss-manifolds, 44

transverse to a foliation, 42
minimal transverse projection, 63
morphisms, of groupoids, 26

of pseudogroups, 55

natural transverse projection, 64
nerve, of a covering, 8

of a groupoid, 8
normal bundle, of kth order, 79, 80

order of a G-structure, 81
order projection, 79

path, 30
source and target of, 33
Poincaré group, 33
principal I'-bundle, 16, 17
prolongation, of a foliation, 80
of a map, 79
pull-back foliated G-bundle, 82
pull-back foliation, by a map, 42
by an ss-map, 44
by an ss-morphism, 46

Index

pull-back principal I'-bundle, 21

refinement map, 10
relative pull-back foliated G-bundle, 82
restriction of a foliation, 43

semi-simplicial manifold, 7
simply connected covering ss-manifold, 39
simply foliated manifold, 56
source map, 8, 16
for paths, 33
ss-manifold, 7
ss-map, 8
of foliated ss-manifolds, 44
transverse to a foliation, 44
ss-morphism, 10
of I'-bundles, 21
of foliated ss-manifolds, 46
transverse to a foliation, 46
structural group, 34
structure operators, 7
G-structure, 81
submanifold tangent to a foliation, 43

tangent bundle of a foliation, 42
tangent submanifold, to a foliation, 43
target map, 8, 16

for paths, 33
transfer of a I'-bundle, 28
transversal, 56

complete, 58
transverse map, to a foliation, 42
transverse ss-map, to a foliation, 44
transverse ss-morphism, to a foliation, 46
transverse projection, 53

minimal, 63

natural, 64

underlying pseudogroup,
of a groupoid of germs, 53
union of ss-manifolds, 13
universal foliated G-bundle, 85
universal G-integrable
G-structure, 89
universal principal I'-bundle, 17
unrolling I'-bundle, 53
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